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2.2.4 Topological Operators 

Delingette introduces four topological operators for the 2-simplex mesh in [31, 32]: TO1, 

TO2, TO3 and TO4. These operators can be used to improve the topological quality of the simplex 

mesh (uniformity among vertices and cells). Out of these four operators, TO1 and TO2 preserves 

the overall topology of the mesh while TO3 and TO4 alters the topology.  

 

 

Fig. 9.  Topological operators for the 2-simplex mesh.  

 

As can be seen in Fig. 9, a TO2 operation has the effect of splitting a cell into 2 adjacent 

cells, and conversely, a TO1 operation can be used to merge two adjacent cells into one. These 

features can allow a user to potentially use the TO1 and TO2 operators for targeted or localized 

mesh decimation and resolution control while still preserving mesh topology. 
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cube face. Each face of the ambiguous cube forms the base of two tetrahedra by joining the 

diagonally opposite corners of the face. Fig. 15(b) and Fig. 15(e) illustrates two ways for creating 

the diagonal, which is further explained below:  

 If the two diagonally opposite corners are contiguous with each other through the interior 

of the volume, then create a diagonal between the two corners, shown in Fig. 15(b). 

 If the two diagonally opposite corners are inside the volume, but not contiguous with 

each other through the interior, then create a diagonal using the other two corners Fig. 

15(e). 

 For all other cases, any appropriate diagonal can be used.  

The choice of creating the diagonal is important because the resulting polygonization can 

lead to topological changes. Fig. 15(c) depicts a situation where the two corners of the bottom 

face of the ambiguous cube are contiguous with each other inside the volume, and the diagonal is 

created as shown in Fig. 15(b). Fig. 15(f) shows a situation where the two corners of the bottom 

face of the ambiguous cube are inside the volume, but not contiguous through the interior, and 

the diagonal for the bottom face is created as in Fig. 15(e). In both examples, the center of the 

chosen face is sampled to determine whether that point lies inside or outside the volume. This 

rule for creating a face diagonal is important because it allows adjacently situated ambiguous 

cubes to have consistent face diagonals.  
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Fig. 15.  Creation of the face diagonal for ambiguous cubes. (a, d) Two ways in which a diagonal 

can be created on the front-most face of an ambiguous cube to generate two tetrahedra. (b) The 

corners of the cube are contiguously inside the volume, (e) the corners of the cube are inside the 

volume, but not contiguously (c, f). Two differing topologies can occur due to different choice of 

diagonals. 

 

It is useful to define a few terms at this point. An interior edge is an edge of a tetrahedron 

that is made up of a corner of the parent cube and the center of the cube. A sign change edge is 

an edge of a tetrahedron or a grid cube whose end points have inside and outside labels. A valid 
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Fig. 22.  Surfaces generated from a digital deep brain atlas using the proposed method. The atlas 

was not preprocessed in any way. All the meshes are watertight and 2-manifold. (a) Globus 

Pallidus (b) Globus Pallidus Internal (c) Globus Pallidus External (d) Nucleus lateropolaris thalami 

(e) Nucleus fasciculosus thalami (f) Subthalamic Nucleus. 

  

(a)     (b)     (c) 

(d)     (e)     (f) 
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Fig. 24.  Surfaces generated using the proposed method on preprocessed atlas data. These meshes 

are completely 2-manifold. (a) Globus Pallidus (b) Globus Pallidus Internal (c) Globus Pallidus 

External (d) Nucleus lateropolaris thalami (e) Nucleus fasciculosus thalami (f) Subthalamic 

Nucleus.  

 

 

 

 

 

 

(a)     (b)     (c) 

(d)     (e)     (f) 
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Fig. 26.  A comparison of meshes of the Asian Dragon model. (a) IC method, threshold = 0.3, (b) 

IC method, threshold = 0.5, (c) IC method, threshold = 0.7, (d) proposed method. The two insets 

near the bottom show a close-up of the mesh generated using the proposed method and one 

generated using the IC method. 

 

3.9 Mesh Smoothing 

The meshes generated using the proposed method, as shown in Fig. 22, Fig. 24, and Fig. 

26(d), all show a staircase-like appearance, even though they are 2-manifold and watertight. This 

section will elaborate on the reason for the staircase-like appearance, and offer a solution.  

(a)        (b) 

(c)             (d) 
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deformable splines, mass-spring models, tensor-mass models, finite element models, etc. Meier 

provides a thorough survey of the various deformable models in [82].  

Snakes [83] is the first deformable model to be used for segmentation using spline-based 

internal and image-features-based external forces. In order to be effective, the Snakes model 

needed to be positioned close to the boundary of the object in order to be effective. Cootes et al. 

[84] introduced the notion of using statistical shape information (called active shape models) to 

aid in the segmentation process. This process is dependent upon having landmarks for a number 

of training images, and one-to-one point correspondence between the boundaries of the objects in 

the training dataset. 

Delingette formulated a specific type of deformable models: the k-simplex mesh [31, 32], 

for 3D shape reconstruction and segmentation. A k-simplex mesh is defined as a k-manifold 

discrete mesh where each vertex is linked to exactly k + 1 neighboring vertices. Delingette 

specifies a simplex angle and metric parameters, which can be used to represent the position of 

any vertex with respect to its neighbors. Fig. 7 shows an illustration of the vertex P, along with 

its three neighbors P1, P2 and P3. In Fig. 7, the simplex angle φ, defined by Equation (7), 

represents the angle between the segments that that join P to the projection of the circle C. Gilles 

in [33] computes the simplex angle as the height h of P above the plane made by its three 

neighbors P1, P2 and P3. 2-Simplex meshes are dual to triangular meshes, as shown in Fig. 6. 

Resolution control can also be achieved through the use of topology operators, as illustrated in 

Fig. 9. Simplex forces (where internal forces are based on mesh geometry, and external forces 

are based on input image gradients), together with enhancements such as shape constraints [85], 

smoothing parameters, shape memory and internal and external constraints [33, 39] and 

statistical shape information [86-88] have allowed simplex meshes to be used for accurate 
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segmentation of anatomical structures. Montagnat extended the simplex mesh for segmentation 

of the liver from CT scans, ventricles from MRI brain data and the myocardium from SPECT 

images [85, 89-91]. Gilles introduce a multi-surface 2-simplex model with collision detection 

and handling to segment muscles and bone from MR data [33, 39]. Tejos extended the 2D 

Diffusion Snakes process [92-94] and combined it with simplex meshes and statistical shape 

information for segmenting the patellar and femoral cartilage. Recently, Haq et al. [95-97] used a 

shape-aware based multi-surface simplex model to segment the lumbar spine, along with healthy 

and pathological intervertebral discs. Sultana et al. [98-100] used an implementation of the 1-

simplex active contour incorporating shape statistics-aware deformation forces to segment the 

intracranial portion of ten pairs of cranial nerves attached to the brainstem, and build a patient-

specific atlas of cranial nerves.  

Registration is the process for determining the correspondence of features between 

images collected at different times or using different imaging modalities. Registration can be 

performed with images/volumes as well as discrete models (like surface and tetrahedral meshes). 

Therefore registration can be categorized into (1) image-to-image, (2) model-to-image and (3) 

model-to-model registration. The main goal of registration in the medical field is to find 

corresponding anatomical or functional locations in those images and models. Registration can 

be applied to images of the same subject but of different modalities. This is called multimodal 

registration. Registration can also be applied to images of the same subject but acquired over 

different time periods. This is called serial image registration. Another application of registration 

is to align images acquired from different subjects. The typical registration process consists of a 

transformation model which defines the transformation between images, a similarity metric 

which measures the degree of alignment between images, and an optimization method which 
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2. The triangular mesh is assumed to be 2-manifold. 

A closed 2-simplex mesh is a watertight 2-manifold mesh with no gaps and/or boundary 

edges. On the other hand, a multi-material 2-simplex (MM2S) mesh will contain non-manifold 

edges and/or vertices. This situation is analogous to the multi-material triangular surface meshes 

discussed in the previous section. The Multi-material and 2-manifold Dual Contouring method 

described in the previous section were used to generate multi-material triangular surface meshes, 

and use these to initialize MM2S meshes. 

While the duality between 2-simplex meshes and triangular meshes remains true even for 

multi-material meshes, the above algorithm needs to be adjusted slightly to account for the multi-

material nature of the meshes. The multi-material triangular meshes contain material information 

associated with triangles, and this information can be exploited to produce MM2S meshes in the 

following manner: 

 Step 1: Compute the centroids of each triangle of the triangular mesh.  

 Step 2: For each material index 

o Step 2.1: For each ith vertex of the triangular mesh,  

 Step 2.1.1: Locate all the triangles with the current material index that contain 

the ith vertex 

 Step 2.1.2: Use the centroids of these triangles to create one simplex cell.  

Since simplex vertices and cells are being created for each material index, care must be 

taken to avoid duplicate and overlapping cells along the shared boundaries. Fig. 44 illustrates the 

conversion process for a multi-material triangular mesh. Fig. 44(a) shows a synthetic box 

comprising two materials, Fig. 44(b) shows a wireframe rendering of the box. In this figure, the 

red colored part of the mesh represents one material while the blue colored part represents the 
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second material. The green colored part of the mesh represents the shared boundary. In Fig. 44(c) 

the dots represent the centroids of triangles, and Fig. 44(d) shows the duality of triangles to 2-

simplex cells. Fig. 44 (e) and (f) show the multi-material 2-simplex and its wireframe 

representation, respectively.  

 

 

 

Fig. 44.  Conversion of a multi-material triangular mesh of two boxes, colored red and blue and 

having a shared boundary, shown in green, into a multi-material 2-simplex mesh.  

 

5.3 Description of Multi-Material 2-Simplex Meshes 

In the previous section, the multi-material nature of the triangular surface meshes were 

described by assigning pairwise material indices to triangles. Since the vertices of 2-simplex 

(a)      (b)      (c) 

(d)      (e)      (f) 
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meshes are dual to triangles in triangular meshes, it is reasonable to assign the triangles’ pairwise 

material indices to their corresponding dual vertices in the 2-simplex mesh. This procedure 

ensures the preservation of material information in the conversion process. The number of 

vertices of the 2-simplex mesh will be the same as the number of triangles in the triangular mesh. 

Furthermore, as mentioned previously, a MM2S mesh will have shared boundaries as well as 

non-manifold edges and vertices. Because of its multi-material nature, this type of a k-simplex 

mesh is not a true 2-simplex mesh in the sense that vertices along the non-manifold edges of the 

shared boundary can have more than 3 neighboring vertices. Fig. 45 shows such an example. The 

vertex represented by the yellow dot is a vertex on the non-manifold edge of the shared boundary 

and is connected to five vertices. The two red colored dots represent two vertices belonging to 

the red material group, while the blue colored dot represents two vertices belonging to the blue 

material group. The lone green dot represents a vertex belonging to the shared boundary. 

A MM2S mesh can be described as the set 𝐒𝑀 = {𝐕, 𝐄} where V is the set of n vertices 

{𝑣𝑖
𝑝,𝑞}, {𝑖 = 0, … , 𝑛}, 𝑣𝑖 ∈ ℝ3, {𝑝, 𝑞 ∈  𝐌}, 𝑝 ≠ 𝑞 where 𝐌 ∈ ℕ+ is the set of positive integers 

describing material indices, and p and q are the pairwise material indices assigned to each vertex. 

E is the set of m edges{{𝑣𝑖 , 𝑣𝑗}
𝑚

} , ∀𝑣𝑖 ∈ 𝐕, ∀𝑣𝑗 ∈ 𝐕, 𝑖 ≠ 𝑗. In the previous section, multi-

material triangular surface meshes (which contain non-manifold edges and vertices) were 

described as being 2-manifold in the sense that the sub-mesh of each material was purely 2-

manifold and watertight. Fig. 46 (left) shows an example of the whole multi-material 2-simplex 

mesh and Fig. 46 (right) shows the material sub-meshes that are pure 2-simplex. The same 

analogy can be applied to the case of MM2S meshes: each material sub-mesh of a multi-material 

simplex mesh is a pure 2-simplex mesh in the sense that all vertices of the sub-mesh have exactly 
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3 neighboring vertices. This aspect of the MM2S mesh can be effectively utilized when 

performing deformation of the mesh. 

 

 

 

Fig. 45.  An example of a multi-material 2-simplex mesh. The highlighted vertex on the non-

manifold edge has more than 3 neighboring vertices.  

 

 

 

Fig. 46. An example of sub-meshes in a multi-material 2-simplex. (left) The whole multi-material 

2-simplex mesh. (right) the constituent pure 2-simplex sub-meshes. 

 

Vertex 18 
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5.4 Overview of Deformable Multi-material 2-Simplex Meshes 

Once the initial MM2S mesh is generated from the triangular mesh, it is split into its 

constituent sub-meshes. Both the MM2S mesh and its sub-meshes are kept in memory. As 

mentioned above, each sub-mesh is a pure 2-simplex mesh where every vertex is connected to 

exactly three neighboring vertices.  

For every iteration of deformation, internal and external forces are computed. Internal 

forces are based on mesh geometry, and external forces are based on an input image or volume. 

The input image or volume is not used directly in the deformation process. Instead, edge-

preserving anisotropic diffusion smoothing filter (implemented in VTK’s 

vtkImageAnisotropicDiffusion3D filter) is applied, and then the gradient of the volume is 

computed. This gradient image is used to determine external forces for each vertex. Both internal 

and external forces are computed independent of each sub-mesh. The forces are then used to 

separately deform each sub-mesh sequentially using the mesh evolution process described in 

Chapter 2. 

Since forces are computed independently of sub-meshes, the corresponding vertices 

making up the shared boundary may not necessarily remain consistent after deformation. It is 

therefore necessary, after each deformation iteration, to ensure that all corresponding vertices of 

the sub-meshes making up the shared boundary are aligned and consistent. This is done by 

averaging the positions of each corresponding shared boundary vertex, and then updating the 

shared boundary vertices in the MM2S mesh as well as the sub-meshes with these newly 

computed vertex positions. Fig. 47 shows a flowchart of the deformation process.  
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Fig. 47.  A flowchart of the multi-material 2-simplex deformation process.   
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