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ABSTRACT

ANALYSIS OF
REPEATED MEASURES DATA
UNDER CIRCULAR COVARIANCE.
Andrew Montgomery Hartley

Old Dominion University, 1997
Director: Dr. Dayanand N. Naik

Circular covariance is important in modelling phenomena in epidemiological, communications and
numerous physical contexts. We introduce and develop a variety of methods which make it a more versatile tool.
First, we present two classes of estimators for use in the presence of missing observations. Using simulations, we
show that the mean squared errors of the estimators of one of these classes are smaller than those of the Maximum
Likelihood (ML) estimators under certain conditions. Next, we propose and discuss a parsimonious, autoregressive
type of circular covariance structure which involves only two parameters. We specify ML and other types of
estimators of these parameters, and present techniques for selection between various covariance structures related
to circular covariance. Finally, we consider estimation assuming that observations on different individuals are
correlated in various ways. This model is generalized for use when varying numbers of observations are taken on
individuals. In all these contexts, we combine the measurements on individuals with covariates of varying

dimensions, and consider estimation of the correlation between the observations and the covariates.
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I PRELIMINARIES AND INTRODUCTION

'In many biological and physical situations in which measurements on individuals are taken
at relatively uniform intervals in a circular fashion, it happens that each measurement is equally
correlated with the two measurements next to it, equally correlated with the two measurements
next removed from it, and so forth. For instance, the disease incidence rate in each (relatively
homogeneous) geographical sector around the business district of a city may correlate equally with
those of neighboring sectors. Alternatively, during an outbreak of a disease, the incidence rate in
any sector around the initial etiological agent may correlate with those in neighboring sectors. As
a third example, in oil exploration, an explosive charge is frequently placed and detonated at the
earth’s surface at the center of a circle of microphones. The microphones subsequently record the
echoes they receive from the lower strata of soil and rock. Characteristics of the echoes received
by each microphone may be equally correlated with those of the two microphones next to it,
equally correlated with those of the two next removed from it, and so on. In any of these three
examples, the degree of correlation between any two points around the circle is a function of the
number of points between them, moving along the shorter distance around the circumference.
This type of covariance is known as circular covariance.

[f the observations z;;, j = [, 2,...,a within individual . = 1,2, ..., n are correlated accord-
ing to a circular covariance structure, and these are assembled in a vector X;, then we may write

cov (x;) = C, where C has elements

oy, L=} < a/2,
(C)yr = cou(zit, zar) = (1)

Ca-jl-1]s |l - lli > 0/2.

The pattern of the middle terms of C depends on whether a is odd or even, as is shown below

! The journal model for this thesis is Communications In Statistics.
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for a =1 and a = 5: if a is odd, then o(,_1)/2 appears twice in each row of C.

[ ) Jo 0, 02 02 O
o Oy 02 O
g, O Oy 09 O2
g, 0o 0O, O2
’ g2 Oy 0Op Oy 02
g2 Oy O O
g2 02 O Og O
gy 092 01 Og
- - gy 02 02 01 Og

Applications of circular covariance matrices abound in public health contexts. In a study of
the distribution of typhus fever in cities in the Southeastern United States, for instance, Maxcy
(1926) concluded that the focal point of the spread of this disease in most cities was the heart
of the business district, where the greatest number of contacts occur between infectious and
susceptible persons. Maxcy's findings confirmed the validity of the model proposed by Hamer
(1906), which considered the potential for the spread in any community of any one of a broad
class of infectious diseases to be the product of the number of contacts between susceptible and
infectious individuals, and a “transmission constant” 3. Thus, it is plausible to suggest (at least
in most cities) that the incidence rates of any one of these diseases in the sectors around the
city center correlate more or less equally with the rate of the city center, and that (as we have
suggested at the outset of this section) the rates in the sectors are correlated with each other in
a circular fashion.

Modelling the circular covariance structure of the disease rates in these sectors may offer
significant advantages in studying the effectiveness of interventions performed to improve public
health. For instance, a popular method of conducting a “community trial” (Lilienfeld and Stolley,
1994, p.181) is to select two or more cities which are as similar as possible in pertinent baseline
measurements and other, qualitative characteristics, and then intervene in one or more of them.
The intervention usually consists of disease control measures such as education or immunization
programs, or renovation efforts in public housing. Differences between the cities in the distri-
bution of a disease or of another public health measure are ultimately examined to assess the

effectiveness of the intervention. However, the rates of transmission of many contagions, such
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as influenza. are affected to a large extent by external factors (weather, disease exposure, etc.),
and therefore an important source of variation in the differences between the incidence rates of
the cities is the effect of these factors that bear upon the entire cities to different extents after
the baseline measurements are taken. Furthermore, as noted by Anderson (1982) and described
in detail for measles in New York City by York and London (1973), many of these disease rates
exhibit strong (often negative) autoregressive patterns from year to year, and disease rates of
entire cities commonly are at different points in their autoregressive cycles. A method which
may reduce the effect of the variation between cities due to these factors, is to allocate control
and treatment locales among sectors of the same city. If the (likely circular) covariance parame-
ters (and, ideally, the means) of the incidence rates of these sectors have been estimated with
reasonable precision, then simple likelihood ratio tests, multivariate linear regression and other
statistical tools may be implemented to quantify and test for the effects of the intervention in
the treatment sectors.

Countless examples of the usefulness of circular covariance matrices appear in mechanical
engineering contexts, as well. For instance, even a slight out-of-balance condition in certain ro-
tating mechanical components can have a negative impact on the lifespans of both the component
itsell and its parent equipment. Currently, the most sensitive means of quickly detecting such
a condition, as described by O’Connor (1993a), refracts laser beams. assessing the asymmetry
of the profile of the component through the pattern of misalignments measured by the beams.
However, the tests must often be conducted outside of a vacuum, and doing so introduces in-
terferences due to wind currents, airborne particulates, and extraneous magnetic charges. Thus,
it sometimes becomes necessary to account for randomness in the recording of the componen-
t's profile. In an adequately balanced component, if one were to extract measurements from a
number of evenly spaced points along the period of one rotation, the patterns of misalignment
(“false positives”) produced at these points by these purely environmental perturbations could

be expected to follow a circular covariance structure with a uniform mean for the measurements

around the circle.
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There is also a need to quickly detect out-of-balance conditions among the blades of the rotors
in steam turbines. in distributions of weights, temperatures and vibrations, in the presence of a
myriad of varying environmental, load and velocity factors (O'Connor. 1993b). Under normal
conditions, any of these types of measurements on the blades could be expected to follow a
circular covariance pattern.

Lastly, whenever it is necessary to investigate the turbidity (or another characteristic) of a
fluid in an enclosed, circular space (such as the interior of a pipe), and measurements are taken
at relatively uniform intervals around the circumference of the space, these measurements could
be modelled using circular covariance matrices.

Olkin and Press (1969) completed the first work combining understanding of the spectral de-
composition of C with a statistical model. They examined a model involving normally distributed

data with circular covariance wherein the first row of C is, applying (1), with m = int (a/2),

(007011627-"v0m—lsGM1am—lv-"sal)‘ a = 2m? (2)

(60,01,02,-.,0m-1.0m.0m,Om-1,...,01), @ = 2m+ 1.

They assume (09,0,,02, ...,0m) are unrelated parameters, subject only to the restriction C>0,
that is, that C is positive definite. As illustrated in (1), the subsequent rows are all cir-
culants of this first row. Olkin and Press showed the first m + | eigenvalues of C to be
8; = (00.01,02,....0m) Bj, where Bj; is the j*column of B, j = 1,2,....,m + L, and B is the

nonsingular (m + 1) x (m + 1) matrix having elements?

2 Olkin and Press write that the subscript on the aj in bj; indicates the column in which it appears. That this
is an error becomes evident when one calculates the eigenvalues §;,1 = 1,2, ...,a of C using a lemma in Basilevsky
(1983, p.223). When the first row of C is specified by (2), the lemma gives

m+1 - . - a . . -
1-1 -1
& = E 01-1005!-—'—-—'2“( ): + E Oq+1-{COS | 2mii- ) )( =
: a ! i a I
=1 - - l=m+2 -
m-1 - . -
2wl - 1)7
z a(dl_lcosf—(—a—)g .

=1
Hence the subscript on each aj,5 = 1,2,...,m + | must correspond to the row, not the column, of B in which aj
appears. Also, using the fact that cos8 = cos(2mrc - 8), for any integer ¢ and angle 8, their expression
(G- 1) (a-1+1)]
CoS ! !
a

in the definition of bj; simplifies slightly to the expression we give here.

{
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a

2m(j — )L = 1) } . 3

bj1 = aq; cos[

i, a =2m,
Here ay = lL,a = a3 = ... = am = 2 and Qe = Note the first row

2, a=2m+ 1.

(but not the first column) of B is 1’, a (1 x (m + 1)) vector of unities. The last a ~m — 1
eigenvalues of C are generated using §; = §,-,-2.J = m+2,m+13,...,a. The multiplicity of §; is
aj,j =1,2,...,m+L1. and the positive definiteness of C implies §; > 0. That the elements of B do
not depend on (0g,0,072, ....0n ) is both remarkable and convenient; it implies that estimators of
& = (61,62, ...,6m-1) can easily be mapped to estimators of (09,051,032, ...,0m). Olkin and Press
(1969) took advantage of these properties of C to derive the Maximum Likelihood Estimator
(MLE) of the §; and thus of the o;. The developments in all the sections of this thesis make use
of this MLE. Olkin and Press also derived Likelihood Ratio Tests for selecting between spherical,
circular and general (unrestricted) covariance.

A more recent paper treating circular covariance matrices in the context of statistical models
was that of Khattree and Naik (1994a), which extended the results of Olkin and Press by pairing
a covariate (such as a “parent’s” score) p; having variance oy, with each x; (scores on “siblings”
(sibs)) having circular covariance. In the framework of multivariate normality, Khattree and Naik
calculated the ML estimate of the interclass correlation coefficient p,, = cov(p;,zi;) //Gpp00,
and identified its distribution under various sets of assumptions about the mean structure and
about gpp.

Because such “parent-sibling” terminology is quite common in discussions of repeated mea-
sures models, we adopt it throughout most of this thesis. It is not envisioned, however, that many
particular characteristics about siblings will have circular covariance patterns, unless the sibs are
born or hatched at roughly evenly spaced points in time throughout the year, and the charac-
teristics depend on the season in which the sibs are born or hatched. Thus, this “parent-sibling”
language is purely a conceptual aid, not intended to suggest a particular application.

This thesis extends the ideas of Olkin and Press (1969) and Khattree and Naik (1994a)
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in a number of ways. Section 2 considers parameter estimation given non-normality or when
elements may be missing from the x,. Two estimation procedures are developed; the first enjoys
the benefit of unbiasedness, even when the (possibly incomplete) data arise from a non-normal
distribution, and the second (drawing important ideas from the Expectation and Maximization
(EM) Algorithm) is superior due to the smaller mean squared errors of its estimators, given
data arising from normal or ¢-distributions, when na is small or when a small proportion of the
observations are missing.

In Section 3, we extend Olkin and Press’ work by introducing a highly parsimonious, “au-
toregressive” case of circular covariance in which the parameters o’ = (0¢,04,...,0n) are all
functions of just two parameters (02, p) . After describing the model and its advantages, we de-
rive the ML estimate of (02, p), as well as an alternative, relatively nonparametric estimate of
p whose performance is superior to that of the MLE for small sample sizes. Then, we describe
two methods of selecting between spherical covariance, “autoregressive” circular covariance and
the general, relatively unrestricted circular covariance which Olkin and Press discuss. We also
present estimation methods for use when the numbers of sibs vary between families, using the
MLE when the sample size is large, and the relatively nonparametric, alternative estimator of p
when the sample size is small or the data are non-normal.

In Section 4, we estimate the parameters when observations in different families may be
correlated. That is to say, assume families may be grouped into “cousinships,” and any two
sibs in different families in the same cousinship are stochastically related through one or more
“compound symmetry” covariance parameters. Estimators are developed under these conditions
and various assumptions about numbers of families in each cousinship, numbers of sibs in each
family and the inter-family covariance structure.

All sections extend the ideas of Khattree and Naik by adding a parent’s score to each vector
x; (and, in some cases, a grandparent’s score to each cousinship of families) for each case that
has been cited above as an extension of Olkin and Press’ work. Estimation procedures have been

outlined for every one of these cases.
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2 ESTIMATION, DATA MISSING COMPLETELY AT RANDOM

2.1 _Introduction. While the methods of Olkin and Press (1969) can be used to find the MLE of

the circular covariance parameters given a complete, roughly multivariate normal dataset, they
cannot be immediately implemented when data are missing, or when the assumption of normality
is severely violated. In this section we develop two distinct methods for estimation when data
are incomplete or non-normal. The first method estimates all the covariance parameters without
bias and the second, more efficient (for small datasets, assuming normality) method applies
certain aspects (while employing commonsense substitutes of other aspects) of the Expectation
and Maximization (EM) Algorithm (Little and Rubin, 1987). With simulations, mean squared
errors of the estimators produced by these methods are compared assuming various multivariate
normal distributions and several of the ¢ distributions. We also develop parameter estimation
when the observations (the scores on “siblings™) following circular covariance are combined with
a covariate (“parent’s” measurement) on each family.

In a case related to the present, missing data case, families are available with different
numbers of sibs in each family, and the covariance between any two sibs is a function of the
number of sibs between them, moving along the shorter arc between them. More formally, this
is to assume that two or more distinct family sizes a; < a3 < ... < a. are observed, and in any
family having ax sibs,

Gij-js 17 = 7' < ak/2,

cov (Tij,Tij0) =

Tar—tj—js i =51 > ax/2,
z;; being the score of the j** sib in the i*» family of the group. One may refer to this setup as
“unbalanced,” to distinguish it from the “missing data” case of this section, in which all families
have the same number of sibs but some of the sibs’ scores are unavailable. The “unbalanced”
case requires different estimators than the ones introduced in this present section; Section 4 of
this thesis discusses a version of the “unbalanced” case, deriving an overall estimator of each o
by grouping families according to the a, estimating all the o, possible within each group, and

combining the resulting within group estimators.
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2.2 Unbiased Estimation of Circular Covariance Parameters. No Missing Data. To shorten cal-

culations in later subsections, we first consider the case in which no data are missing. Assume the
data consist of n families’ measurements x,. ¢t = 1,2, ..., n, each of which is a (a x 1)-variate (pos-
sibly non-normal) vector having mean ul and covariance C, where the elements of C, following

Section |, are

T ki, |7 — k|l < a/2,
(C)Jk =
Oa- j-kir|] — k| > a/2.

Many situations, including some listed in Section 1, will necessitate different mean structures
from that given by p1. In these cases, the methods of the present section will not apply.

Let m = int (a/2) . Note that whereas o; = E[(z;; ~ i) (zi ;-1 — p)] if j +1 < a, it may be
shown that

Bl(zy — %) (T~ — &) =01 —a™'Y o,

Here, £, is the sample mean of the i** family, and the sum is over the first row® of C, which is
(60.01,--.0m-1,0m,Om-1,....01) if @ = 2m and (00,01,---,0m-1.0m:0m.Om-1,-..,0;) if a =
2m + 1. Hence it seems that, whether or not data are missing, any estimator of ; composed of
sums of the form (z;; — Z;) (£, j— — T:) is biased unless }_o; = 0.

Estimators involving sums of terms of the form (zi; — £(;)) (%: j—1 — £(;))» J + I < a, where
Ty = [(n—1)a]™" O g#i 2_j=1Tg; is the sample mean of all measurements excluding those of

the i** family, are biased as well, despite the independence of z;; and Z(iy, and that of z; ;_; and

Z(y)- Specifically,

>.09;

E[(zi; — 2)) (Tijmt —Z()] =0 + (n—-1)a’

However, terms of the forms z;(z: j~1 —Z(;)), 7 +! < a, and z,;(T;i jwa-t ~-Zy)j+a—l<a,

are unbiased for oy:

E [2j(Zi,jmt — 2())] = B [2j(Tijea—t — )] =01 + 2 = ¥ =01

3 Equivalently, any row; the rows of C are all circulants of the first row, moving the elements of the first row

to the right and wrapping the last element back to the left.
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In what follows. we estimate o; by taking an average 6, of terms of this form. This estimator is
generalized in the next subsection to the case in which data may be missing.

For l =0.1,...,m let A={(¢,7,k) : j < k,cov(zij,zix) = 01}. Also let ¢; be the cardinality
of A;. Then, upon proposing

- -1 _
o = Cl Z.’L"'j(zgk - I(,’))
A
as an estimator of oy, we have E (&) = o;.
Let us describe the elements of A;, and find an expression for ¢c;. When a is even and ! = a/2,
upon distributing the z;; among the terms z;x and Z(;) of the second factor of each term in &,

the first set of terms of ¢;5, is

n {
inﬂik = Z TijTi jwt (4)
A =1 j=1

and ¢ = na/2. Next, for any a and any I < a/2, the first set of terms of ¢;; is

n a-1{ l
Zl‘ql‘ck = Z Zl'ijl'x‘,jq + Zl'ijl‘i,j—a-z (5)
Ay i=1 | j=1 1=1
and ¢; = na. For instance, take @ = 6 and [ = 3 = a/2. Fixing i, the only pairs (zi;, Zix) such

that cov(z,;,zix) = o1 are

(i1, xi4), (Ti2, Tis) and (Z:3, Z:6) ,

sothat ¢; = 3n. However. ifl = 2 < a/2, the number of pairs (z;, Zix) such that cov(z;;, Tix) = oy

doubles. These pairs are
(Ti1.Zi3), (Ti2, Tis), (Ti3, Ti5) . (Tis, Tig), (Ti1, Zis) and (2.2, Ti6),

keeping the second subscript of the second coordinate in each pair greater than that of the first,

to conform with the specifications of the elements of A;. Here, ¢, = 6n = an. In any case,
an,l < a/f2,
G =
an/2,l=a/2.
Expressing each J; as a quadratic form will aid in the calculation of its variance. We first

express each a-! Zi;T, ;-1 as a quadratic form. Forany [ =0, 1,2,...,a, let S; be obtained by
j=1 FijLug

shifting all the elements of an e x ¢ identity matrix upwards by ! positions. Note that S; has
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a — [ nonzero elements and rank a — [, that Sg is an identity matrix and S, is a zero matrix. and
that premultiplying x; by S; shifts the elements of x,; upwards [ positions, leaving zeros in its

last [ positions. Therefore,

a-{
!

XiSiXi = ZiTig~ + TiaZi2wf + ... + Tig-Tig = E Ti;Ti j—t and

j=t

t

’
X;Sa_i1Xi = ZIiZTilea-1 +Ti2Ti2wa-{ + ... + TiTis = E ZijTi jwa-1-
i=1

So, in the i** family (noting again that for = 0, we have S,_; = 0),
Z zijTie = X} (St + I:icas2ySa-1) Xi, (6)
(Acfix(3))

where, for any event A4, I is the indicator function of 4. Setting X' = (x'l,xé,...,x;) yields
Zzijxik = X' [In © (St + li1<a/2; Sa-1)] X.
Ay

The second sum of terms of 5; is 3, ;2% Z(;), inserting ¥, so as to retain the dependence
of the summation* on k. To write this sum as a quadratic form, as in (6), considering two cases
= a/2 and [ < a/2, noting how the sum in (4) and (5) were expressed, we have
n { a-1
Y zurhin =D Zw | DTy + Licase >z
A i=1 j=1 j=t

Now, whether or not [ < a/2, we can write
Zu =s"'1\DyX = s X'Dy, L,

where s = (n — 1)a and D(;y is a modified na x na identity matrix, obtained by deleting the rows
of identity which correspond to the measurements in X on the it* family (D) has dimensions

{(n — 1)a x na, and is of full row rank). Then for this i,

{

Zyd Ty = sT'X'DL1.S}x, and
=1
a-1

-’i'(,)Z.’L'(J‘ = S—IX'D(I)].’“S;_[X,'
i=1

! For the case £,x = 0, define 09 = 0.

Fi
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so that the second set of terms in §; expressed as quadratic form is
Zztﬂ?ki’(i)
A
= s lx’ [D(l)?D(Z)""‘D(n)] {[n ® [1,1; (S[ +I{,<a/2}Sa_,)] } X.
Assembling the two sets of terms in &; gives

aéd, = X' [[n ® (Sl + I{,<a,2}Sa_,)] X - (7)

57 X' [D1y: Digys - Dpmy| {In ® [L14 (S0 + LrtcasmiSasi) | } X
Simple analytic expressions for the variances of these &; do not seem to be available, as
will be discussed below in Subsection 2.5. We will refer to the &, and, later, the corresponding

estimator Gps; of Ope, as “leave one out” (LOO) estimators, due to their dependence on the

“leave one out” sample means Z;).

2.3 Unbiased Estimation of Circular Covariance Parameters. Missing Data. It is logical, when

data are missing, to first assume normality and attempt ML estimation of the o;. However,
maximization of the likelihood seems problematic. As noted in Section 1, Olkin and Press (1969)
accomplished ML estimation in the full data case by finding the MLE of the eigenvalues §; of C
(the eigenvectors I'; of C being functions of trigonometric functions only, unrelated to the a;).
The covariance matrix C; of the observed part of the i** family is obtained by deleting from C
the rows and columns corresponding to the unavailable measurements in this family. One might
endeavor to adapt the methods of Olkin and Press, therefore, by specifying the relation between
the (6;, ;) and the spectral decomposition (6;;,T};) of C;.

However, no relation between the spectral decomposition of a matrix and that of one of
its submatrices has been found in the literature, except in special, trivial cases. In fact, Hadi
(1988), working in the context of linear regression, showed that in the general case no closed
form equations can relate the eigenvalues of a matrix to those of one of its submatrices obtained
in this way.

Developing such an adaptation of Olkin and Press’ work may be worthwhile if a relation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e

12

closed form or otherwise, can be established between the §;; and the o; and if the [}, like the [';.
can be expressed without reference to the o;. We leave this adaptation (and ML estimation given
missing data in general) to a future paper, and continue by generalizing the LOO estimators
introduced in the last subsection to the missing data case.

When data are missing, elements of A; are removed and ¢; decreases commensurately. Define

the random variables z;; and y;;,i = 1,2....,n and j = 1, 2.....int(3a/2), as®

Zij, Ti; available, 1, r,; available,
%= and y;; =
0, otherwise, 0, otherwise,

with the stipulation that z;; = y;; =0 if j > a. Also define

B = {(i,g,k):J < k.cov(z, zik) = 01,40k = 1} .2y = (2i1, 22500 Zia)

and Z' = (21,23, 2y)-

Let a; be the number of available measurements in the ** family, and aiy = a, — a; be the
number of available measurements in the entire dataset excluding those in this family. Here. in

contrast to the last subsection, we estimate g; by
-~ -1 —
o1 =¢ Z zij(zik - :(.')),
3

where 3(,) = a(‘i)llgD(,-)Z and ¢; = card(3;).

The first sum of terms ) 5 2;Zix is expressed as a quadratic form in exactly the same
manner in which 3 A, TijTik was expressed when no data were missing, replacing all z;; there by
2;;. This is true because if z;; or zx is not available, then z;;2;x = 0 contributes nothing to &;.
This sum is therefore

Z %ijzik = Z' [In @ (St + Ii<ay2:Sa-1)] Z.
3,

The second sum of terms in ¢, is 23’ 2ij¥ix2(i), inserting yix to retain the dependence of the
summation in &; on k. Let the k** element of the a x 1 column vector e; be Yix-1,1=0,1,2,....a

and k = 1,2, ..., a so that, recalling y,x = 0 if k > a. the last [ elements of e;; each are zero. Also

* Defining 2y and y;; for j =a + l.a + 2....,int(3a/2) is necessary to properly define the vectors ey; below.
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let e = (ey,.€43;....€5,). We may then encompass both of the cases | = a/2 and { < a/2 as in
(1) and (3), by writing

z i Yik )

3

(€11 + iicasarar 1) (€12 + Liicas2:€0_12) p

D!,, D/ D!
= 7 [a(l)v a(2)1“‘r a(n):| block
1 2
W@ ™) s (€ + Lilcas2r€) 1 0)

where the block function joins matrices diagonally.

It remains to find ¢; for the case involving missing data. Recall that e;; has elements
L, T, x~: available,

(€1)ry = Yik—t =
0, otherwise.

Therefore (noting, for the case ! =0, that e,_g; is a zero vector),

en + liica/21€a 1,1
ez + Iiica/2:€a-1,2

Q= (e(l)l ’ e(l)27 seey e(I)n)

e + liicas2}€a-tn

L B

We can now express G, for the case involving missing data as a quadratic form:

4 /‘ b 3 '\‘"l

e €q-1,1

- 4 ’ ' ' €2 €a-1,2
g = (3017 902,...,60n) . + [':l<4/2:’ R f x

\ €in €a_t(n J
\ L P L . /

In @ (Sl + 1{(<a/2}Su_‘)
[ 1
ayDay

’ -
Z' (enn + Ijicas2r€a-i,1) 15s (12 + Iticay21€a-1,2) 1, a(z;D(Z) f Z,
—block

(e(ﬂ + I{,<a/2}e0_1'n) 1,

i () Din) I

.

which reduces to (7) if no data are missing. Recalling e’ = (eg,,ef,, ..., €),) simplifies the

expression corresponding to ¢; slightly: then, since e;; = S;eq,, we have

RS -~-e§nll =({I,®8S))e.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1t

Using this and a similar expression for e,-;, yields ¢; = €’ [I,. OIS + 1.:[<a/2:.sa_()] e.
To simplify the matrix producing ¢d;, we recall that D, is a modification of a na x na
identity matrix, removing the rows of identity corresponding to the i*" family, so that the elements

of a(:)l D(;) and e; are

i, a(_,»)l,j=k—l—af{m<k},
(a3 D(x))jk =
0, otherwise,

I

and (eq,-)q‘ Yiq,
j=12,..,8k=1,2,..,na;q=1,2,...,aandi=1,2,...,n. Thus

Ii-1)a Oi-t)axa Oti-1)jax(n-va
a(.‘.)leul;D(.) = a('i)le,,vlg

O(n-‘)ax(i— 1)a O(n—-z)axa I(n~:)a

= a(:')l [ell! €y .oy eliroay Oav .-y oayeliv L1 P eli]
with vectors of zeroes appearing in the (i — 1)a + 1,(i — 1)a + 2,...,ia columns. or

a("l)le;glgD(,) = a(_‘)l [e,,—l(,—_l)a,oaxa,e,‘-lén_i)a]

= alen [1@_1,,,,0[“,1;,,_,)“] .
Extending this expansion, in the matrix producing c¢;5;, we therefore have
a('l)l (e1i + :icas2r€a—1:) 1Dy = a.(—i)l (o1 + Iricaszr®a-1,i) [1&_ 1ar O1xas I(n—.)n]
Concatenating the a(“)[ (en + I:1cas21€a-1,) 1Dy, i = 1,2, ..., n vertically gives

agy (en + Iicas2;€a-11) ,a('2§ (ei2 + licas2r€a-12) »
block X

---,0-(_,,‘) (eln + 1{1<a/2)ea—1.n)
[(Jn - In) ® 1;] y

where 1,, has one row and no columns. Hence, &, reduces to

g = {€ [, ©(Si+ :1<a/2:Sa-1)] e}—l x (8)
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I.® (St + lii<a/2:Sa-1)

(1(-1; (et + Iicas2r€a-11) ,a(}; (et + Iricas2ra-12) -

Z'{ —block x »Z.

----a(,,l) (em + [{(<a/'2}ea.—l,n)

| (62 -ro1] ,

which greatly simplifies calculating var (6;). Note also that 69 > 0 with probability one for

continuous distributions, i.e.(noting S, = 0 and e, = 0)
{Ina — block [a(l§eol,a(2§eoz, ...,a(,},eon] [(Jn ~I.)® 1;] }

is nonnegative definite, with ¢ = 0 if and only if all the nonzero components of Z are identical.

2.4 Unbiased Estimation of Interclass Covariance, Missing Data. With each x;, a parent’s mea-

surement p; may be taken, having mean 7 such that o,y = cov(pi,z;), j = 1,2,...,a. In any

family with no missing data, the covariance structure is therefore

Caug = Opp  Opslg
Opsla C
Assuming that some of the z;; but none of the p; may be missing, we seek to estimate 0,,. Let
u, = E(zy). 1t = 1,2,..,nand j = 1,2,...,a. For these parameters, p, s, ps and pp are not
indices, but only subscripts. Noting E(p;z;;) = 0p, + Kpits. the independence of p; and z(;
implies & [pg(:c.- j— J':(,-))] = 0p,. Therefore, we might develop

5 =1 -~ 3.
Ops1 = Cpy Zpi(‘-u - "(*))
3,.

as an unbiased estimator of gp,, where
Bps ={(2.7):y5; =1,i=1,2,..,nand j = L,2,....int(3a/2)}

and card(3,,) = a. = )_; a: is the number of available measurements equicorrelated with the
pi- When all data are present, a, = na. Estimator &,s; may be considered to be the interclass

analog to ;. However, if we define 3 = 24, /a, = Z‘-j zij/a., then

23," Pl(zu ~-3)

Ope = 5
ps a, -3, a%/a,

f!
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is another unbiased estimator of gps, and (as will be discussed in the next section) var(G,,) <

var (Gps1) . with strict inequality (remarkably) if and only if data is missing. When no data is

-~ n -
Ops = n—1 Ops+

where 6, is the (biased) MLE (assuming normality) of o,, derived by Khattree and Naik (1994a).

missing,

If each of the pairs (pi,T;;) are bivariate normal, the MLE of the variance o of p; is simply
n-t S (i — ﬁ)z, as the z;;, 7 = 1,2, ...,a provide no information about this parameter.

To express G,s1 and Gp, as quadratic forms, let Z] = (p;,2{), i = 1,2,...,n and Z' =
(21,25, .-..Z}) (recall Z is not the same as Z, as it does not include the parents’ scores). If w is

obtained by concatenating a zero at the top of a @ x 1 vector of unities and a’ = (ay, a2, ..., an),

then

4 r 1 \

( e o .0 |
a1

82 T. :
Gpst = aJ'Z' 8 [Ia=@a-T)|  °® ®[w,0(4_1)xa]r2and

. . ‘. 0

\ o 0 e ) |

-1
6?3 = (ao - a:l Z ai) z, {(In - 1:113' ) Y [W, 0(a-l)xa] } Zw (9)

mentioning Gps; only because it is the interclass analog to the LOO estimators 4.

We have now proposed unbiased estimators of o;,l = 0,1,2,...,m, and of ops when p;
is available for each of the families. The initial definitions of these estimators are far more
practicable than the corresponding quadratic form expressions when actually calculating the
estimators, due to the large matrices involved in the quadratic forms. However, the latter make

possible the calculation of their variances, to which we turn in the next subsection.

2.5 Variances of the Unbiased Estimators . Let the nonzero elements of the diagonal n(a + 1) x

n(a + 1) matrix Dgug be unities corresponding to the observed (rather than imputed, zero)
elements of Z, so that Dy, (I, ®C“g)Daug. and D,y (I,l ® [up,,u, 1’}') = Dg,gu are the

covariance and mean of the (possibly) incomplete dataset Z including the parents’ measurements
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p.. conditional on Dgygln(a~1) (note € = Daygln(a~1))- If Fps is the symmetric matrix such that

Gps = Z'FpsZ, from linear models theory, the cumulants of (Fp,|e) are

tT F ,gDa,u (In®cau )Dau ]r}
I{ps.rzzr-l(r—l)! {[ ? ’ ’ ’ T EN.

+rI-‘IDaungs [Daug (In ® Caug) Daungs]r— ! Da.ugl-‘

Likewise, let the nonzero elements of the diagonal na x na matrix D be diagonal unities corre-
sponding to the observed elements of Z. Making F; the symmetric matrix so that §, = Z'F,Z,

1=0.1,2,...,m, the cumulants of (5/|e) are

Lr = - . '
+ru2e’F; [D (I, @ C)DFy|" ‘e

noting E(Zle) = p,e and cov (Z|e) = D (I, ® C) D. In particular,
Kps,t = E(0ps) = E(Gps|e) = 0ps and k13 = E(6;) = E(G/le) = oy,

as was shown in the last subsection. Also
tr {[FpsDaug (In @ Caug) Dausl’ }

+2#1Daungs Daug (In ® Caug) DaungsDaugp

Kps2 = Var (Gp.le) =2

and

tr {[F:D (L. ®C) DI’}
+2u%2e'F\D (I, ® C) DFe

K2 = Var (6['8) =2 (10)

Even when no data are missing, simplification of each x;2 does not seem possible, and missing
data make the expressions even less tractable, due to the series of unities and zeros e;; appearing
in the Fy,cou(Zle) = D,,, (In ® Caug) Daug and cov(Zle) = D (I, @ C) D. To illustrate, the
symmetric F; may be expressed as -A'%i. where A, is the matrix in (8) producing &;. The matrix
2¢/F is then

L. ®(Si+S_i + Liicaszp (Sazt + Si-a))

ey (e + liicaszra-1,1) ,8g) (€12 + [r1cas2r€a-12)

—block [(Jn ~-1,)® 1;]

...,a.('n‘) (e,,, + {{l<a/2}ea-l,n)
-1 ’ ’ -1 ' ’
(3 — 1) © La]block | " (e“ +[':‘<°’21’e°-‘-1) ) (€2 *"{t<a/21-ea-x,2) ’
- n — &n a
-1 4 .
e @y (e,n + I.j,<,,/2:.ea ~I.n)
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generalizing the definition of S; so that if-a < ! < 0, the unities of I, are shifted down [ positions,
and §; =8’ , foralll & N.

Hence it is seen that no means is evident of simplifying ¢;F; in the most general case (for
arbitrary e, a, n and C) to form a manageable expression for F; which can be analytically pre- and
post-multiplied by D (I, @ C) D (or Daug (In ® Caug) Daug ) and then squared, cubed, etc. The
expressions for ¢;F'; are complicated even if no data is missing, in which case all y;; = 1,e; = a
and e; = S;1. It may be shown that

i} ) Opp 3. 0j + ao?
var (Gps1) = var (Gps) = ppa(nJ—- 1) =

when no data is missing. When data is missing, though, convenient expressions for var (Gps1le)
and var(Gpsle) do not exist due to the difficulty of writing the eg;Ceq; without the use of
matrices. Only the variances of (Gps1]€), (Fps|€) and (G(|e) may be calculated, by machine, for
whatever C,,4. @ and n are postulated and for whatever particular e is observed.

In the sections that follow, we will wish to compare the LOO estimators with the estimators
we will form by extending the principles of Expectation and Maximization. It is preferable to
compare the unconditional (on e) variances of these estimators, under reasonable assumptions
about the missing data mechanism, rather than their variances conditional on, say, a small

number of selected missing data patterns. Since

var (6;) = var(E(G/e))+ E (var (Gle))

= 0+E(var(d]e)),

estimation of E (var (6]e)) constitutes that of var(5;). Estimating E (var (G|e)) may be ac-
complished by calculating var (G,|e) for a large number of different e, chosen at random from the
2" possible missing data patterns, with plausible distributional assumptions for e. Analogous
statements can be made about the estimation of the unconditional var (G,s) and var (Gpe1) . Be-
cause simulations seemed to show that var (G,s(€) < var (Gps1|€) uniformly in the missing data
case. at this point we discontinue mention of G,;.

One reasonable assumption is that the e,; are iid Bernoulli (1 — p,,) random variables. so
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that P(e;; = 0) = p, is the probability that r;; is missing. Since pm does not depend on r,;.
the process represents a Missing Completely at Random (MCAR) mechanism, as discussed by
Little and Rubin (1987). For each of several combinations of n, a, p, and setting the covariance
parameters to (0g,01,02,03) = (4.2.5,2,1.5), one hundred missing data patterns were chosen
at random (with replacement, except that any pattern for which any a(;y = 0 was discarded),
and the means and standard errors of the resulting one hundred variances of each of (p,le) and
(o1|e) were calculated. These means of variances estimate the unconditional (on e) variances of
the d,, and &, since we have randomized over all possible values of e. Table I displays the means

and standard errors of var (G;) only; those of var (Gp,) are very similar.

)
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Table I: Estimated Means and Standard Errors of
Conditional Variances of LOO Estimators.

Dm | N,a =0 =1 =2 |1=3
.1 | 10,4 | mean(var(;)) | 1.8682 | 1.8878 | 1.9888
1 StdErr(var(d;)) | 0465 | .1363 | .1077
1 | 10,7 | mean(var(5;)) | 1.3404 | 1.3379 | 1.2002 | 1.3675
.1 StdErr(var(6,)) | .0342 | .0814 0704 | .0782
1 | 504 | mean(var(:)) | .3508 | .3597 | .3814
1 StdErr(vaer(G;)) | .0034 | .0093 | 011l
.1 | 50.7 | mean(var(3,)) | .2495 | 2492 | 2386 | .2525
A StdErr(var(a;)) | .0023 | .0046 | .0047 | .0053
5 | 104 | mean(var(é:)) | 2.6045 | 3.8330 | 4.7459
3 StdErr(var(5,)) | 4903 | 1.1884 | 1.4121
3 10.7 | mean(var(G;)) 1.7378 | 2.6382 | 2.4413 | 2.2241
3 StdErr(var(5;)) | .1159 | .6063 | .3521 | .3405
5 [ 504 | mean(var(G;)) 4987 | .8326 | .8894
3 StdErr(var(d,)) | .0274 | .1448 | .1070
.5 | 50,7 | mean(var(G;)) 3347 | 1996 | 4543 | .4807
3 StdErr(var(3,)) | 0129 | .0467 | .0393 | .0445

It is seen from the tabulated values that for most of the combinations of Cg,4, a and 1, the sample

coefficients of variance (the quotient of sample mean and sample variance) of the conditional

sample cumulants of p, and each &, are quite large, especially as n increases and when pm

is small. Hence we may assume that, for the vast majority of missing data patterns e, the

conditional (on e) cumulants do not vary too much from the unconditional cumulants. This

implies that. as will be desired. the above estimates of the unconditional variances may be used
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in their places without introducing a significant source of error.

Of interest is a comparison of the performance of G,; and each §; with that of the corre-
sponding MLEs 6,5 and 6; derived by Khattree and Naik (1994a) and Olkin and Press (1969),
respectively, in the case of normal, complete data (no missing observations). Khattree and Naik
described the modifications to Olkin and Press’ MLE of o given the assumption E(x;) = ul.
[t may be shown that for each [ =0, 1,...,m, g, like &, is unbiased for 0/, and together the &,

have covariance

262 ]
%2 0 o0 0
&0 o % o 0
2
&1 o o &
cov = (B~ " B!
G ta o
262,
oo . 0 =%

so that comparing the mean squared errors of the &, with those of the 4, is equivalent to comparing

their variances. Also, it may be shown that (in the full data case with normally distributed data)

1)

E(O-'p_,) = (n;dps and var (6;13) = .(_n;l) (GPPZUj +0.0"2u) ,

n?a
so that
(n—1)0pp 305 + anol,

MSE (6ps) = var (6ps) + [bias (65s)]° = =

(1-2n)0,, S @, ~nac?

aaoi)y = is negative, provided that }"o; >

and hence MSE(6,,) —MSE(G,,) =

nac;,

P Alternatively,

MSE (6p:) _ (n—~1) (B50p Y 0; +a0?,)
MSE(Gps)  n (opp Y05 + ao?,)

can be viewed as a kind of relative efficiency of these estimators and is, for most reasonable

parameter values, less than unity. The advantages of 6,5 over &p,, therefore, are its unbiasedness

(even without the assumption of normality) and its immediate definition when data is missing.
In Table [I are compared the variances (which are mean squared errors. due to unbiased-

ness) of the d; with those of the 6; for various combinations of n and a with no missing data.
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for the normal population having the particular combination of circular covariance parameters
(Opp.0ps:00.01.02,03,04,05,06,07) = (4,2,4,2.52,1.5,1.3,1.13,1) (though some of these para-
meters may not appear in the density. depending on a). The MLE &, are guaranteed to achieve
asymptotic efficiency, whereas the information contained in the data about o; ignored by the &,
(due to the “leave-one-out” sample means 7, they implement) is bound to increase the vari-
ances of the latter above efficiency for all sample sizes. However, for moderate na it is seen in
the tabulated values of ver () /var (6,) that the majority of the &, have lower variances than
do the 6; and that, where 6, has lower variance than &, the difference in variances is slight. The
variances of the &, are seen to decrease below those of the &; as na becomes large. The theoretical
variances of the &; were derived from (10), substituting a vector of unities for e (corresponding

to a no missing data pattern).

Table II: Comparison of Mean Squared Errors of LOO

Estimators with MSEs of ML Estimators given No Missing Data.

n.a =0 l=1 =2 1=3 =4 =5 =6

2.7 9460 | .9828 | 1.0128 | 1.0027
2,10 | .9267 | .9581 | .9950 | 1.0102 | .9967 9753
2,13 | 9114 | .9391 | .9733 | 1.0000 | 1.0062 | .9957 | .9736
5,7 9783 | .9931 1.0051 | 1.0010
5,10 | 9707 | .9833 | .9980 | 1.0041 | .9986 .9901
5,13 | 9646 | 9756 | .9893 | 1.0008 | 1.0025 | .9982 | .9804
10,7 | 1.0110 | 1.0035 | 1.0026 | 1.0006
10,10 | 1.0156 | 1.0085 | 1.0010 | 1.0020 | 1.0007 | 1.0049

10.13 | 1.018 | 1.0123 | 1.0053 | 1.0052 | 1.0012 | 1.0008 | 1.0053

15.7 | 1.0072 | 1.0023 | 1.0016 | 1.0004

Exact variances were not calculated for 4, for na > 130. because of the enormous matrices

Fi
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involved in these quadratic forms.

Given the low MSEs of the g, relative to those of the &; for moderate sample sizes, we might
hope that an estimator p,, = Gp,/ V/Fpp00 could be constructed of the interclass correlation
Pps = Ops/\/Opp00, utilizing some suitable estimator Gy, of o,,, which would perform as well
as or better than the MLE p,, = Gps/ \ﬂipp_c‘ro of p,s for small or moderate na. The uniform

minimum variance unbiased estimator (UMVUE)

5 = Zi(Pi ‘ﬁ)z

g
P n—1

would probably be expected to serve as the best “suitable estimator” of oy, given the unbiased-
ness of G,, and &yq.

In fact, however, for normal data, the MSEs of Pps (constructed in this way) and p,, seem
almost identical across a wide range of (n.a), with a very slight advantage evident in the use of
Pps- It appears that the biases inherent in the d,,,8,, and 6¢ in large part mitigate each other,
combining to produce a relatively efficient MLE having small bias, even for small na. Simulations
involving t-distributions did not seem to change these comparisons significantly. It seems that
the advantages of 5,s and &, are their unbiasedness, relatively small MSEs (in the case of the
&) for moderate na, usefulness when normality cannot be assumed (since the behaviors of the
ML estimates, and the “EM” estimates described in the following subsection, have not been
identified), and (not least) their immediate extensions to any missing data pattern e for which
the missing data mechanism can be ignored. In the estimation of interclass correlation, Gps and
& do not appear to offer an advantage over the maximum likelihood approach except when data

is missing, or when normality cannot be assumed.

2.6 Development of EM Algorithm Estimators and Evaluation of their Performance. The meth-

ods of this subsection draw on important ideas of the popular Expectation and Maximization
(EM) Algorithm; nonetheless, important differences exist between EM and what we outline. The
estimates given in this subsection therefore bear the name “EM™ in quotation marks.

Following the formulation of EM given by Little and Rubin (1987). the E step, if it were
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possible, in the case of circular covariance with missing data and uniform sib mean. would begin
by assuming a particular multivariate distribution for the hypothetical. complete (no missing
data) dataset, and choosing appropriate sufficient statistics for the covariance parameters to be
estimated in the resulting likelihood. The expectations of these statistics would be calculated,
conditional on both the observed data and the current approximations of the parameters. The
M step would follow by maximizing the likelihood with respect to the parameters, using the
estimated sufficient statistics in the place of the actual values (had they been observed). Iterations
then would continue between the E and M steps.

The obvious choices for the sufficient statistics to be estimated would be the sums of squares
of the canonical variables §~; y?j ,J = 1,2, ..., a (these are not the y;; introduced in the last subsec-
tion) which Olkin and Press (1969) implement to maximize the likelihood, assuming normality
throughout. Unfortunately, methods for estimating these sums are not obvious. We respond
to this difficulty by estimating instead the sums }°, 3" zij = Zes. 3, 3°; Pizi; and 3, Zi;Tu,
7.1 =1,2,...,a. While these sums do not seem to allow ML estimation, they are sufficient sta-
tistics for p,,0,, and the o; in the likelihood of the hypothetical complete dataset, and can be
estimated when data is missing.

When possible in any multivariate situation with missing data, estimating z,, is accom-
plished using the ML regression of each missing data point z;; on the observed part of the i*h
family. At the ¢** iteration, we denote the current estimator of z;; by :z:f;) . which is simply x;; if
T;; is available.

If the missing data followed a monotone pattern, the procedure for estimating the missing
data points z;; for a given j and all i, would be to calculate the augmented sample covariance
matrix (Little and Rubin, 1987) of (zi;, Z:2,...,Z;;) using the data from the families ¢ on which
all the components of (z;i,Z:2,...,Zi;) are observed. The sweep and reverse sweep operators
would then conveniently provide estimates of the regression of the z,; on (z;1, Zi2, ..., Zij-1) , i =
1,2, ..., n. However, since a nonmonotone missing data pattern is a far more realistic development

of the model now at hand. we seek alternate methods of imputing values to the missing data.
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Another way of estimating the missing data x;; of the i** family using the observed sibs’
scores X2 from the same family and the current estimates of the parameters assumes that

E (X |xi2, 48, C") is linear in x2, so that
-1
E (x”[x‘z,C(‘)) =pu1 + Cth),i (ng)x) (xiz - #(t)l) ) (11)

where C(;z)" and C(ltz)'i are the appropriate submatrices of C(*). When a parent’s score is available
from each family, (11) could easily be modified appropriately. However, it is felt that calculating
(ng‘l) - for each iteration, for each family, would consume excessive computer resources, espe-
cially when the dimension a of each circle (family) is large (increasing the potential dimensions
of the ng“ .

A faster method also supposes that if z;; is missing and z; is available, then E (zj|r) is
linear in ., so that the conditional mean and variance of z;; given z;x are u, + g{; (zik — 1)

go

2
and (assuming normality) og (1 - (ﬂ) ) =09 — ;E, where

l7 - Kl.l7 — Kkl < a/2,
a —|j - k|, otherwise.
Similarly, assuming normality, the conditional mean and variance of z,; given p; are p, + %ﬁ(pi -
2
kp) and (assuming normality) oo — -Z—:;;; Letting the current estimates of the g, at the t** iteration
be Uf” .l=0.1,....,mand that of ops be aﬁ,‘,’ , the following statistics have approximately the same

expectations as the mean of the posterior distribution of z;; given the available data:

0
- _ g - . .
.tf;)k =Z+ —25 (zik — 2); ik available, k # j, and
9o

where p is the sample mean of all the parents’ scores (all of which are available, by assumption)
and Z is the sample mean of all available z,;. In fact, for ¢ = 1,2, ... 4, .if;?q, if available, is the
MLE of the posterior mean of z;; given the respective predictive observation and the current

parameter estimates. For each missing z,;, a; (a; + 1 if parents’ scores are available) linear

regressions of T, on the observed part of the scores on the i** family are available: at the t** E
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step. combining these regressions can be expected to yield a satisfactorily efficient predictor 1'(”

of z,;, with an acceptably small bias. We combine them in each iteration using weights inversely
() o9)?

e
proportional to the estimates of their sampling variances a((," - ﬁ?jL(for Z;; ;) and a((,‘) -5
0 o

(for #% ). That is to say, if z;; is not available, then at the t* iteratior, we put

Tijp)
-1
RCHAC (&) [, ()
©_ 2q =1 Wiiadiiy (vl) +z,»,~,(vp,) (12)

i a @\! )
Zq:l Wijq (Y ) + { Ups

omitting I‘ ;.p (and its associated weight, in the denominator of 1: ) if no parents’ measurements

are taken or if gp, is known to be zero. The notation in (12) uses the following additional

variables:

L, Z;j4 available,
Wijq =
0, otherwise

0)?

. . g t t oy . . . ey .

is an indicator; v,( Y= a((, - 7—. if wijq = 1, is the current estimate of the conditional variance
Ta

of z;; given 4 for g =1,2,...,a

gl - <a/2.
L= 1(j.q) = li—ql.li~—qd <a/

a—|j — q|, otherwise;

=(t) |

ij.p and

v,(;fq) = U‘(,t) - %%:‘T),Z is the current estimate of the conditional variance of z;; given I;
the index (t) on all estimates indicates the current iteration. Because (12) includes information
about z;; given by its parent’s measurement p;, the “EM” estimators, unlike the &;, can be
expected to improve in efficiency in the presence of the p; (and, more generally, with increases

in corr(pi, zij)) since the ; do not use information from the p; at all.

The expectations of % .'L' k and xg)p are only approximately equal to the conditional expec-

o)
tation of the missing z;; given the available data because the first moments of —{-y and —f'y are

not known to be —L and respectnely, and the covariances of these random fractions with
Zi,j—1, i j=ls Tij~a-1: Zi,j-a+l, £, Pi and P, are not zero. No theory exists to calculate the expecta-
tions of these fractions, because the fractions derive from “EM” iterations. The highly appealing

Laplace Approximations developed by Lieberman (1994) could be used to estimate the errors

(¢) a(t)
e

of the ratios of quadratic forms %‘)— and —L However. the biases of the am and -2 0 used in
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estimating the posterior means of the missing z;; cannot be quantified: justification for their use
in the (likelihood-based) E step rests on their status as the best substitutes for ML estimates.

The sum of the z ) estimates T,o in the likelihood of the complete data. The second part
of the modified E step is to substitute suitable values in this likelihood for the sums of squares
and cross products Y, z;Zi, J,{ = 1,2, ...,a. We calculate

E (Z Ty Tipl Z, Cg‘gg) = Z ( () (t) +c§:,),)
- -

t

where CYJ, is the estimate of Caug at the tth iteration and

(t)

cou(zij, Tip|Z, CLy), vij + vip = 0. » Yij +Yip =0,

&8 = ’ -
Cipi =

0, yij +uip >0, 0, yij +yip > 0.
The laglis given by | = |j — p| if |j — p| € a/2 and I = a — |j — p| otherwise in these expressions.
as usual.
Having found suitable substitutes for the sufficient statistics we have chosen, we estimate
the parameters o directly, without reference to 8, since the ML estimation procedures of Olkin
and Press, and of Khattree and Naik, cannot be applied here because they use different suffi-

cient statistics than we have estimated to calculate the ML estimates of the eigenvalues of C.

Because gg = var(zi) = var(zig) = ... = var(zi), 01 = cov(zi1,Tiz) = cov(Tiz, Ziz) = ...

cov(T; -1, Tia) = COU(Ziq,Zi1), €tc., we put

7

2
1 - (e, (t) (¢ t)
= [ ! :I“l(ztj z:)—l +c 3—-(,:’) - (“’g ) J

2
t - () _(¢) t) (t)
+Zj=1 [ ! zz—x(:‘ Z; Je-a-1 + gjoa 4 I (#’ ) ]

, I<af?,

af‘) = !

l _ 2
[ o AL ()T e

PROINO) RO
ZJ——I Zl— ( x]—l +c JJ=1, x)

2
- (#gt)) y < 0/2,
() (2) (t)
+ZJ=1 Zt—*l ( l]-—a { +¢ .J‘a—l,i)

L
N

t t t t
na Z]—- Zl:l(‘t( )IS ])-—l + C(v ])-l T (u( )) = 0/2'

\
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as the estimate of o7 and

n a
-1 -
o) =(ma)™' Y m Yozl - apul?

=1 j=1

as that of op,, all at iteration t. While other divisors within a’f‘) and of) could be devised

which attempt to correct for the biases which result from the losses in the degrees of freedom
in the observed part of the data, the estimates we employ use the divisor na, as they are the

substitutes for ML estimates in our adaptation of EM. No adjusting constants analogous to the

(¢)
Cip

in the cr,(t) are needed in o§,‘,’ since none of the p; are missing. Here napl? = ij 1.'5;) is the
current estimate of nay,, and is the proxy for the sufficient statistic z,, in the likelihood of the
hypothetical complete data. Note that (ﬂp,&pp) , the ML estimate of p, and the variance gpp of
the parents’ measurements, is available without the use of either E or M steps since none of the
parents’ measurements are missing. Once the 0',(') and d§,§) are calculated, a new iteration may
begin. Upon convergence, the final estimators are denoted by Opse and Gie,l =0, 1,...,m.

)

When no data are missing, all the cﬁ

. are zero and the sufficient statistics noted above

are available from the data, requiring no estimation of their own. Even in this case, analytic
expressions for the variances of the ., like those of the LOO estimators, appear to be intractable.

The expected values of the *EM” estimators, though, are easily found to be

E(Gpse) = (E_:;_l') Ops and E(Gc) =0, — Zaj :

na

for the case in which no observations are missing, the sum involving j being over any row of C.
For each of the one hundred missing data patterns e sampled above in estimating the cu-
mulants of 6,5 and the &, for each of the choices of combinations of Caug, Pm, 7 and a, an
incomplete (having missing elements) dataset of n + 1’e observations, following the missing data
pattern e, from a normal population having circular covariance matrix C,,, and zero mean was
simulated. “EM" estimates were obtained for each of these datasets, stopping the iterations in

each case when the sum of the absolute differences

m
t-1 (t) (e-1)
of) ~of ]+ ) |l — o
(=0
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was less than .001, or when the number of iterations had reached one hundred. The sample mean
errors and variances of the resulting one thousand estimates Gpsc and 100(m + 1) estimates G
were calculated for each combination of Cgaug, pm, 1 and a. Table III lists these sample mean

errors (sample biases).

Table III: Estimation of Biases of EM Estimators.

Pm | N.a Opse 0qe Ole O2e O3e

1| 5,4 | .0065 | -.4482 | -.6944 | -.6004
1] 5,7 | -0829 | -.3144 | -.6072 | -.5380 ) -.4333
.1 [ 15,4 | -.0601 | -.1346 | -.3468 | -.1794
1| 15,71 -.1313 | -0126 | -.2965 | -.2443 | -.1739
11254 ] -.0534 | -0876 | -.3703 | -.2405
1 | 25,7} -0363 | -0169 { -.3067 | -.2393 | -.1704
.5 | 15,4 | .0058 ( -.3184 | -1.3307 | -1.055

5 | 15,7 ] .0368 | -.1570 | -1.3471 | -1.0804 | -.7465

5 | 254 | .0531 | -.0567 | -1.2415 | -.9859
5 | 25,7 .0733 | .15397 | -1.2657 | -.9412 | -.6502

Table IV compares the variances (mean squared errors) of the “EM” estimators with the esti-
mated (sample mean) unconditional (on e) variances of the (unbiased) 6,5 and &;. The tabled
values are r =MSE(Gpse or G1c)/MSE(Gp, or &;). The mean MSEs of the G,y and &y, used in
computing the values of r, can be considered to be close to the true variances of the Gps and Gy,

because of the uniformly small standard errors of the variances randomizing over all possible e.

Fi
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Table IV: Comparison of Mean Squared Errors

of LOO Estimators with MSEs of EM Estimators.

Pm | n,a | ps =0 =1 =2 =3
1 154 .5535 7942 3789 3776

1 (5.7 7812 | .8422 8165 | .7674 [ .7378
.1 15,4 | 1.4291 | 8134 | .7574 | .6572

1 15,7 | 9411 8420 | .8547 | .8415 | .892
d 1254 1.0256 | 1.22 | 1.0944 | .9646

10 25,7 .9984 | 1.1536 | 1.0351 | 1.0039 { .9515
S5 | 154 | .5938 814 | 1.0871 | .492

3 | 15,7 .7941 9522 | 1.2654 | .9372 | .5486
5 | 254 | .7943 .803 | 1.5003 | .6910

5 | 25,7 1.3432 | 1.295 | 1.8628 | 1.2624 | .7269

Computer simulations showed that, for ¢-distributions of various degrees of freedom, the compar-
isons between the (Gpse,7ic)and the (Gps.5;) were substantially the same as those of Table IV.
As a fixed point of reference for this table, in the normal, full data case with (n,a) = (5,4) and

with the above parameter values, we have MSE(6p,) /MSE(G,,) = .6827, which is fairly close to

MSE(G pse) /MSE(Gp,) = 5535 for (n,a) = (5,4) at pp, = .1 in Table IV.

Summarizing the comparisons of the 6. and 7y, with the &,, and &/, the variances of the &,
but not the &;, can be expected to decrease with increases in corr(p;, z,;), because the g;. make
use of the information about the missing data contained in p;. In fact, if [corr(p;, z;;)| is close to 1.
then the availability of p; makes immaterial the potential missingness of the z;;. Predictably, these

improvements in efficiency are especially marked when the proportion of missing observations is

large.
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The 6,5 and G, have the additional slight advantage over 6 pse and ;. of being calculated in a
noniterative fashion. While calculating the "EM” estimates above, on two occasions convergence
was not reached in the 100 iterations allowed. Furthermore, if the data are severely non-normal.
the expectations of the “EM" estimators are not known and may be highly undesirable in some
cases; however, computer simulations showed that the ratios of the MSEs of the two sets of
estimators do not change significantly over a wide range (in terms of degrees of freedom) of
t-distributions. On the other hand, (G,,,5;) are unbiased for any distributional assumptions.

In the case of normally or ¢ distributed data, the MSEs of the “EM” estimators are, on
the whole, less than those of (Gp,.5;), especially when na or p,, is small. The advantage of
unbiasedness in the latter apparently has been bought with a price in terms of efficiency.

If data is distributed normally or according to a t distribution, the MSE of dp,. seems to
be smaller than that of G,, for a wide range of parameter values, sample sizes and missing data
patterns. Under these assumptions, Gpse Will be preferred in applications unless unbiasedness is
of much greater value than efficiency. Simulations in a future paper may show that the MSE of
Gps may be reduced when the divisor of G,, is changed from a, — Y, a?/a, to a figure which

more optimally balances bias with efficiency.

2.7 __Analysis of Simulated Dataset. As an illustration, we apply the iterative (“EM") and non-

iterative estimation procedures defined above to a dataset generated from a central multivariate

ty4 distribution. Assume any family having no missing data values is composed of a parent and
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six siblings and has covariance

Ca.ug =

l

1

4.6

4.2

3.8

4.2

4.6

1.6

6

4.6

42

3.8

1.2

4.2

4.6

6

4.6

4.2

3.8

3.8

1.2

4.6

6

4.6

4.2

42 416

38 42

42 38

4.6 4.2

6 1.6

46 6

.

and let any sibling’s score have probability .2 of being missing. The scores of ten such families were

simulated, and certain siblings' observations were subsequently replaced with zeros according to

the outcome of a stream of iid Bernoulli(.8) random variables y;;; below, each row is a family's

vector of observations, with the parent’s score appearing in its first position:

-3.32

-3.10

2.26

~2.24

2.10

-1.11

-.03

—~1.83

The resultant unbiased estimators are (treating p, and g, as unknown)

(Gps,00,01,62,63) = (1.077,5.6315,4.7682, 4.4111, 4.0714) .
P

6.34

-3.20

49

2.20

~-2.96

.16

2.34

-3.92

.03

1.18

—1.09

-.82

~1.52

=21

.86 2.56
—-3.96 —4.89
.32 0
-.19 .62
~1.06 O
-.16 .13
-.19 ~143
03 0
-.91 .66
-97 -199

4.22

—2.96

1.64

-3.20

1.45

0

~2.84

-1.60

0

0

0

“EM" iterations, on the other hand, produced the following estimators:

(Opse.-00e.CG1e. O20.03.) = (.9549.5.2885.3.3421.3.0135. 2.9438) .
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With the exception of .. all the “EM™ estimators have negative errors (reflecting their negative
biases) which are larger, in absolute value, than those of the LOO estimators. Nonetheless,
because of the moderate sample size, t distribution, moderate p,, and availability of covariates
(parents’ scores), the (Gpse,0i) can in the long run be expected to perform better than the

{(Gps,61) in minimizing mean squared error, if more datasets are generated from this distribution.
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3 AUTOREGRESSIVE CIRCULAR COVARIANCE

3.1 Introduction. In this section we introduce and develop a highly parsimonious case of cir-

cular covariance which. when its assumptions adequately characterize the data, has important
advantages over general (unrestricted) circular covariance. All the covariance terms in this model
depend on only two underlying parameters p € (—1,1) and 6% > 0. It possesses the following

structure within the i** family:

o2pi=t, -1 < a/2,
Cou(zij,zy) = (13)
o?p2~ -0 |5 =1 > af2.
We may refer to this phenomenon as “autoregressive” circular covariance, as it is the circular
analog to the covariance of the AR(1) time series models. As with all circular covariance struc-

tures, the middle terms differ depending on whether e is even or odd. as displayed below for

a=41and a=35:

r 7 L p P P p
L p P p
, , p 1 p P PP
p p P
o C 9 1 p PP
P p 1 p
iP P e L p
p P op 1
- . p A P p 1

If the autoregresssive circular covariance assumption is a valid representation of the data in an
application, the advantage of modelling only two parameters, instead of the many required given
general circular covariance, can be significant. This advantage is especially great if n/a is small,
indicating many parameters are to be estimated by observations on only a few families. In fact,
wherever circular covariance is used to model data, we advocate that autoregressive circular
covariance be considered as one possible structure.

As observed in Section 1, Olkin and Press (1969) examined a less restrictive model involving

normally distributed data with circular covariance wherein the first row of C is

02(1'p19p2f-"vpm-lvpmvpm-lv"'?pl)v a = 2171, or (14)

(L. Py P2 Pt P P P 1+ Py). @ = 2m+ 1,
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with (p;,ps.--.. pm) being independent parameters, subject only to the restriction C>0. In the

case we are now considering, p; = ¢’.j = 1,2,....m, so that
6; =o%(L,p,p%,....p™B;, i =1,2,...,m+1 (15)

are the first m 4 | eigenvalues of C, and the last a — m — 1 eigenvalues of C are (again) obtained

using §; = 6,_jo2, J=m+2,m+3, .., a.

3.2 Maximum Likelihood Estimation: Equal Numbers of Measurements within Families. Let

Xi = (Tit, Tiz, -+ Tia)' ~ Nao(11.C), i = 1,2,...,n and X' = (x],%},....x,) where 1, as in the
previous section, is a vector of unities of the appropriate length, and C has elements defined by

(13). Define I' as the a x a symmetric orthogonal matrix having elements

Y= a2 {cos [&T(—J——EM] + sin [M—(Il)g—_—l)] } (16)

Then the rows (columns) of I are the eigenvectors of C, so that C = I'diag(é,, ..., 8, )T (Basilevsky,

1983). Also, create the canonical variables

Yi = WYz ¥ia) =Tx;, i =1,2,...,n; then

Yi ~ ‘\’G("l’ﬁ diag(‘sh s 64)) = 1\[ﬂ-(ﬂ'r azdia'g(dlr eese dﬂ))e

where the d; are functions of p only, not depending on o2, that is, 6; = a2dJ~, and (noting all

rows of I but the first are orthogonal to 1) ' = (y/au,0,0,...,0). Here

dzag (6lv 621 ey 6m—11 6m7 5171—17 L) 62) y @ = 2m7
diag(8y, .-.5,) =
dlag (611 627 "~76m-.-17 6m+l: 617!.1 ‘Sm— 1. "-752) y &= 2m + 1'
Let Y' = (y{,¥2.--,¥r)- Then Y is an orthogonal (one-to-one) transformation of X, and conse-
quently contains all the information in X about (u,6') and therefore about (02, p). Furthermore,
the VMILE of these parameters expressed in Y is equivalent to that expressed in X.
Olkin and Press (1969) obtained the MLE of (6’,02, p”) in terms of Y for their (less restric-

tive) model. We modify their approach first, as did Khattree and Naik (1994a), to accommodate

our requirement that the mean vector be estimated from {g =gl :u € X}: that is. while they
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estimate the mean of the j** measurement in each family by its MLE B; = I.;, we estimate
the overall mean p by its MLE g = Z,,. Additionally, while they calculate the matrix of
sums of squares and cross products as S=(sj;), with s;; = > (zij — 2;)(za — ), we let
sjp =y (zij — #)(zu — ). No further modifications to the argument of Olkin and Press are

necessary to obtain & in our situation. The MLE of o2 is

= ;ll_a' Z (i — i) (diag(d, .,d'z,..,.,d(,,)]"l (yi — ), (17)
=1

solving the score equation in 02 while making use of the fact that 3_;_, d; = 0~%tr (C) = a. Until
estimates of the d; are available, from & and using the fact that p = (1, p, p%,...,p™) =2 (B"1)' 6
an initial estimate of o2 can be calculated as (&2)(1) = b'8, where b’ is the j** row of (B~1)".

To find the MLE of the autoregressive parameter p using the canonical variables Y, let
n; =Y: — p have elements 1,;,7 = 1,2, ....a and note that the first derivative with respect to p
of the loglikelihood is

alnp(Y)z—Z Zr,l]__n'_
dp 2 ; dp 52 6; |

Solving a—";%‘-ﬂ = O iteratively can be accomplished using either the Newton Raphson (NR)
algorithm pt~1 = p — (Hpp) ™ S(p) or the Fisher Scoring (FS) algorithm o=V = p) 4
(I(p)) "' S(p) where H,p is the second derivative ?’—‘{;,giﬁ , [(p) = =E(H,,) is the information

about p, and S(p) = a——'%%(x)- is the score of p. To implement both of these methods, we calculate

Plnp(y) _ Z Zims _n\_ (96\*(n _2%:7
T T2 3p2 T8, dp 82 83 ’

which has expected value equal to the negative value of the information about p:

e e

Recalling that §; = 0%(1, p, p?, ..., p™)B;, and that B does not depend on p,

26—--—0'(012 3 - ; 826’—02(0026 m ( 1) p™"2)B;
ap 0 P ceey p ] apz - TV & py"-v m P 7

Substituting these first and second derivatives into H,,, [(p) and S(p). using the current estimate

of p in place of p. together complete the elements of the equations required for the NR and FS
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iterations. For either of these methods, a new estimator of a2 is calculated using (17) at each
iteration.

Simulating one hundred datasets from normal distributions with autoregressive circular co-
variance, for each of the several combinations of n, @ and the covariance parameters p and o2
shown in the comparison of p with the alternate estimator p of p below, it was found that NR
and FS produced essentially the same results for g, although FS usually converged (to the same

dln

convergence criterion} in fewer iterations. While multiple roots of o) = 0 may exist, both

NR and FS iterations seemed to converge, in simulations, to the true values (p, 0'2) .

3.3 Selection of Appropriate Covariance Structure. Consider the following (nested) hypotheses:

H; : Cou(x;) = o°I (sphericity),
4
o%p7=4, i -l < a/2,
H, : Cov(zij.zy) =< (autoregressive circular covariance),
o2pe= U, |j ~ 1| > /2,

gj-u, li—1<a/2, , ) . .
H. : Cov(zi;,zy) = ¢ (*unrestricted™ circular covariance).

| a-ij=tiy [§ =1 >a/2

Although the o, given H., must meet the restriction C>0, we may call H. the hypothesis of
unrestricted circular covariance, to distinguish it from H,.

Olkin and Press (1969) give the likelihood ratio test (LRT) (Khattree and Naik, 1995) of
H versus H.. Our acquisition of the MLE p in the last subsection permits the use of the LRTs
of H versus H, and H, versus H.. Whether H;, H, or H. describes the covariance structure, if

8; are the eigenvalues of the appropriate covariance matrix, the loglikelihood is

2
-2 LR %zz T
Under H;, §; = o2 for all j, so that the covariance structure depends on a single parameter,
and 6% = La (X~i1)' (X—/1) completes ML estimation of all covariance parameters, in which
case the MLE of In L simplifies to —‘VT“ [ln (62) + 1]. Assuming H,, the 1x{(m + l)-vector of
distinct eigenvalues is given by §' = a2(1,p, p?,...,p™)B and depends on two independent para-

meters o2 and p. In this case the MLE of In L simplifies to —3% [Z] Iné; + a] . Next., f, implies
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that §' = (0g,01.02,....0m)B depends on the m + 1 independent parameters 0g,01.02,....0m,
and the MLE of In L is again —3 [Z, Ind; +a.} with the sole difference from H, that the §; are
derived differently.

Again letting B; be the j** column of B, the MLE of —2In(L,/L.) . which has an approx-
imate chi-squared distribution with (m + 1) — (2) = m — 1 degrees of freedom when H, is true.

can be expressed as

~2 Py ~m
r r g (l’pvp yees P )BJ

- - _ = ' . 9

21n Ape = =2 [mL,, lnLc] nY ajln TR T (19)

The LRT statistic for H; versus H, is similar; each of these statistics can be interpreted as the
log of the ratio of the sample generalized variances under the two hypotheses concerned.

For each of the two nestings H; versus H, (which actually tests p = 0) and H, ver-
sus H,., the sizes of the LRT under the combinations of a,n and p listed below were esti-
mated by generating one thousand normal datasets from distributions under the null hypoth-
esis, and calculating —2In\ for each simulation. This test statistic fell in the critical region
{ —2InA:-2InA > xg'_05} (causing type I error; here d is the difference in the number of para-
meters estimated) on the proportions of occasions listed in Table V. In each case, the proportion

2

estimates the size of the test. The variance 0* is everywhere fixed at 1:

Table V: Estimated Sizes (Rejection Proportions)
of LRTs of Sphericity versus Autoregressive Circular Covariance,

and Autoregressive versus Unrestricted Circular Covariance.

H; versus H, H, versus H.
nila . nla p=-~—4 p=24
10 | 4 .064 10 | 4 073 .062
10| 7 .058 10| 7 056 .066
30 (4 057 30 | 4 052 064
07 052 017 048 .061
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It seems the size of each test is a small amount larger, on average, than the desired 5%, as long
as na is moderately large.

To examine the power of the LRT of H; versus A, under various nonzero values of p, one
thousand normal datasets having autoregressive circular covariance were simulated for each of
several different combinations of n. a and p while fixing 62 = 1. The proportions of rejections

(estimating the power) were tabulated in each case in Table VI:

Table VI: Estimated Power (Rejection Proportion) of LRT
of Sphericity versus Autogregressive Circular Covariance.
n |a p=—.d p=-.2 p=.2 p=.4
10 | 4 784 .269 171 675

10| 7 .923 428 335 .894
30 | 4 997 617 .582 .994
3017 1.00 .843 .804 1.00

As is expected and desired, the LRT seems to have greatest power when |p] is large.

To examine the power of the LRT of H, versus H_ under various cases of H., it is necessary,
when choosing a non-autoregressive structure, to develop some notion of the relation between
the covariance parameters and the eigenvalues § = B'c of the covariance matrix C. Obviously,
this relationship is important because there is a need to keep all §; > 0. However, it is also
important to have some idea of the somewhat surprising effects the choices of the parameters
o'=(09,01,-..,0m) have on the power of the LRT, as this power depends on the extent to which
the eigenvalues differ from those of an autoregressive C.

As shown by (19), the distribution of the LRT statistic depends on o through 8; hence, the

power depends on the distributions of the MLEs of § calculated assuming the null and alternative
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hypotheses. Because the 5, appear in the denominator in the log in —21n \. the variance of this
statistic can be expected to increase dramatically when one or more of the expected values of
the 5} approach zero. This will certainly occur when any of the true §; approach zero, and it
is plausible to suggest that, if the alternative hypothesis H, is true, one or more of the E(éj),
calculated under the null hypothesis Hp, will approach zero even when the true §; do not do so.
Because In(L;/Lq) > 0 when Hp is nested within H,, this increased variance implies an increased
frequency of rejection of the LRT, and hence a higher power of this test.

As measured by the LRT, therefore, circular covariance structures are “different” in terms
of the differences between their eigenvalues, not so much in terms of differences between their
covariance parameters o. This fact is demonstrated empirically in the tables below, where it is
seen that small deviations from autoregressive circular covariance derived by 02(1,p + ,,p° +
£€2,...), where the ¢; are small numbers, often result in high power of the LRT.

The importance of the distinction between the effects of deviations imputed to the o,
and those of deviations imputed to the §; becomes evident upon consideration of some ex-
amples. For instance, the C associated with the choice a = 4 and (0g,0,,02) = (1,.75,.30)
is singular. The C associated with (¢g,01.02) = (1,.75,.675) and a = 4 is nearly so, as its
smallest eigenvalue is 0.7, only 6% of the largest eigenvalue. These two facts are surprising
because it would seem that both sets of covariance parameters are quite “close”, for exam-
ple, to the (09,01,02) = (1,.75,.5625) which appears in autoregressive circular covariance with
(az,p) = (1,.73). For a = 7, the choice (09,0,,02,03) = (1,.75,.675,.50) also produces an
extremely small eigenvalue (when compared with the largest eigenvalue), and is thus shown to
be very “different” from autoregressive circular covariance with (az,p) = (4,.75), which pos-
sesses covariance parameters (0q,0,,02.03) = (1,.75,.5625,.4225). Furthermore, data arising
from non-autoregressive circular covariance with these parameters are actually extremely differ-
ent from that arising from autoregressive circular covariance, as is shown below by the high power
of the LRT under these alternatives.

Consequent to the need for C to have §; > 0 which are more or less evenly proportioned.
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we proceed as follows in constructing non-autoregressive circular covariance structures. To in-
vestigate the power of the LRT when the circular covariance parameters o are highly non-
autoregressive, we assume that the covariance between any two observations increases with the
lag between them, and choose (0g,0,,02,03) = (1,.25, .375..50). which results in a circular co-
variance matrix with relatively evenly spaced eigenvalues (8;, 82, §3) = (1.875,.625,.875) ifa =4
and (6,, 62,03,64) = (3.25,.2439, .8366,.7947) ifa = 7.

To construct non-autoregressive circular covariance matrices which generate data more
closely resembling that which arise from autoregressivity, in each case we start by choosing a p
which would seem reasonable as an autoregressive circular covariance parameter, find the eigen-
values of the resultant covariance matrix, and adjust one or more of these eigenvalues slightly.
Pre- and post-multiplying the eigenvalues, in diagonal form, by the eigenvectors contained in I’
produces a new, positive definite matrix if all the adjusted eigenvalues are positive. Assuring that
the new matrix is not itself an autoregressive circular covariance matrix is then accomplished by
examining the ratios between the elements of its first row.

Assuming autoregressivity and setting (02,p) = (1,.4) implies

§ = (1..4,.16)B = (1.96,.84,.36) when a = 4, and

§ = (1,.4,.16,.064)B = (2.248,1.3123..6135,.4502) when a = 7,
in each case using the B matrix applicable to the dimension a. We adjust one or more of the
smallest of these eigenvalues upwards for each a, first by a small amount and then by a larger
amount. For a = 4, adjusting 3 to .5 implies &’ = (1.035,.365,.195), and adjusting it to .8
implies &’ = (1.11,.29,.27); neither of these o satisfy the autoregressive assumption, although
loi| > o1~ for each ! and each adjustment. Dividing each of these &’ by its gg normalizes them
to (1,.3527,.1884) and (1,.2613,.2432). For a = 7,

adjusting &4 to .6 implies &' = (1.0428,.3615,.1867,.0545),

and adjusting (83, 64) to (.9,.8) implies &’ = (1.1818,.2918,.1485,.0928);

both of these o’ approximate. though do not replicate. 6%(1. p, p2. p®) for appropriate (o2. p). Di-
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viding each of these o’ by its o normalizes them to (1,.3467..179..0523) and (1..2469, .1257, .0785) .
One thousand datasets were simulated for each of several combinations of (n,a), all with
normal, non-autoregressive circular covariance having the parameters o listed below, which were
derived using the adjustments described above. The LRT statistic —2ln A, = —2In %—‘j fell into
the critical region on the proportions of instances listed in Table VII, in each case estimating the

power of the LRT.

Table VII: Estimated Power (Rejection
Proportion) of LRT of Autoregressive
versus Unrestricted Circular Covariance.

(n,a) o’ Rejection Proportion
(104) (1,.75, .675) 354
(10,7) (1,.75, .675,.50) 769
(30,4) (1,.75, .675) 675
(30,7) (1,.75, .675,.50) 1.00
(10,4) (1,.25,.375) 257
(10,7) (1,.25,.375,.50) 981
(30,4) (1,.25,.375) 749
(30,7) (1,.25,.375,.50) 1.00
(1044) (1,.2613,.2432) .083
(10,7) | (1..2469,.1257, .0785) 066
(30,4) (1,.2613,.2432) 204
{30,7) | (1,.2469,.1257,.0785) .098
(10,4) (1,.3527,.1884) .066
(10,7) | (1,.3467,.179,.0523) .080
(30.4) (1,.3527,.1884) 077
(30.7) | (1..3167..179..0523) 152

y

ﬁeproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

As expected. the power of the test depends on the amount of perturbation away from autore-
gressivity.

Another means of testing for covariance structure is that provided by Akaike (1973a, 1973b).
See Jones (1994) for a description of this method. Akaike’s Information Criterion, AIC=~2In L+
2d, where d is the number of estimated parameters, is calculated for each proposed model. The
decision rule then chooses the model yielding the lowest AIC. We here use the criterion to choose
between the three alternatives for covariance considered above: spherical, autoregressive circular,
and unrestricted circular. It is known (Jones, 1994) that AIC is not a consistent estimator of the
order of an autoregression. Therefore, an argument could be made in the present context in favor
of the modified AIC due to Schwarz (1978), SC=—21In L +dlnn (where n is the total number of
units) over the original AIC. However, since switching between decision rules based on ~2In L
simply redistributes the probabilities of choosing among the possible structures, the election of
one of these rules over another actually must depend on the cost of misclassification associated
with each wrong decision. We present results using the original AIC, as the proportions of correct
decisions using this criterion seem to be approximately equal for the three covariance structures.

Given m = m(a), the AIC statistics for the three covariance structures under consideration

are
—2InL +2(m+1) : Unrestricted Circular,
~2InL+2(2) : Autoregressive Circular,
—2In L+2(1) : Spherical,
ignoring for the moment the number of estimated mean parameters.
First, one thousand datasets were simulated for each of several combinations of (n,a, p), and

the proportions of correct choices based on AIC among the three alternatives were tabulated in

Table VIII. Note that if p = 0, a correct decision is one in favor of spherical covariance.

4
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Table VIII: Estimated Accuracy Rate (Proportion
of Correct Decisions) of AIC under

Sphericity and Autoregressive Circular Covariance.

n |a p=—-4 p=0 p= 4
10 | 4 .743 776 671
10| 7 819 .802 799
30 | 4 834 84 841
307 .833 .805 872

Next, one thousand datasets were simulated for each of several combinations of (n, a), all with nor-
mal. non-autoregressive circular covariance having parameters o’ = (1, .25, .375, .50) , (1,.2613,.2432)
or (1,.2469, .1257,.0785) , as applicable. The proportions of correct decisions based on AIC among

the three alternatives for covariance structure are listed in Table IX:

Table IX: Estimated Accuracy Rate (Proportion of
Correct Decisions) of AIC under Unrestricted Circular Covariance.
n |a o’ Proportion
10 | 4 (1..25,.375) 380
10 |7 (1,.25,.375,.50) 976
30| 4 (1,.25,.375) 835
3047 (1,.25,.375,.50) 1.00
10 ] 4 (1,.2613,.2432) .208
10} 7 (1,.2469,.1257,.0785) 125
30 | 4 (1,.2613,.2432) 505
30 71| (1,.2469,.1257,.0785) 234

J
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Again, correct decisions are less frequent when the unrestricted circular covariance closely resem-
bles an autoregressive circular covariance structure (the last four cases in the table). The low
accuracy displayed by this criterion for @ = 4, even when the unrestricted circular covariance
is highly non-autoregressive, is perhaps due in large part to the fact that, with this dimension
(as well as with a = 5), just one parameter estimate, &2, is useful in differentiating between
autoregressive and unrestricted circular covariance. In fact, if a < 4, all possible circular covari-
ance structures are also at the same time both autoregressive circular and compound symmetry
structures. The lower power of the LRT seen above in differentiating between autoregressive and

unrestricted circular covariance for a = 4 can probably be explained in this way, as well.

3.4 An Alternative Estimator of the Autoregressive Parameter. By the properties of efficient

likelihood estimation assuming any of the regular families of distributions, the MLE p is guaran-
teed to be asymptotically efficient and consistent, having variance in the limit 1/7 (p). However,
for small Vap, another estimator g has very favorable qualities compared with g, which we
develop in what follows.

Given the MLE &, estimators of m powers of p are available as p/ = 6~ ?b/ 18, i=L12,..,m,
where b’ is the j** row of (B~!)’. Since for j = 1,2...,m, b’~'6/b’ 6 =p, we have m estimators
ofpasp, = b—’“l—S/b)g. j =1,2,...,m. The final estimate p will be found as a linear combination
of the p;.

Because of the efficient likelihood estimation properties of § (Lehmann, 1983), it is known
that

V(8 = ) = Nm-1(0,171(8)),
where

m-1

n .. ap az Q1
I(6) = =diag | =5, =, .., 55—
(6) = 5 diag (5? 52 52 )
is the Fisher information matrix of 6.
Suppose

0 =(01.02.....0m) = (b'6.b%....b™"16) = (B )6

Fi
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and

M=l a7

6 =(81.02.....0,m-1) = (b'6,b%,...b" ') = (B-1)':

then,
V(@ - 6) =v7 ((B™') 8- (B™")"6) — Nt (0, (B)'I'(6)B ).

If we denote

8;.; bi*tls
9:(0) = 9i == =gz =P
- 0,‘.»_[ b“‘3
(@) = gi=—5—=—= =5
9:(9) b= 03 P
g@) = (g1.92,--,9m)'= & =plm, and
g6) = &=(d1.029m)' = (B1:P20r Pm)',

then by the Delta Theorem (Lehmann, 1983) we have
V(g ~ ) =Vn(g ~ 1))—Nm(0,D, (B™') I (8)B~'D;),

where Dy is the m x (m + 1} derivative of g having elements

o7 2p 7 j=i+1,

(Dg);; = o720, j =1,

0, i+l#j#0
Now it can easily be shown, using a version of the extended Cauchy-Schwartz inequality (Johnson
and Wichern, 1992, p. 66), that the final estimate p of p which is optimal in the sense of having

minimum asymptotic variance among all consistent linear estimators based on the elements of g,

is

1'(D, (B“)'I“(&)B“D;)-l )
1'(D, (B-!)'I-4(6)B-'D;) " 1>

p=

! -1 -1
p has asymptotic variance (1' (Dg (B°YH) I“(&)B‘ID;) 1) and the (Z,7)** element of
D, (B~')'I"!(6)B~'D), is, after much simplification,

m~1 62
{

(Do (B TO)B7D;) =28t S — ) @ ), (20)
=1
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where b" is the (ij) element of (B~!)".

In practical situations, the MILE (62,3) is substituted for 62 and & in the above expres-
sions. Then, subsequent estimates f)(‘),t = 1,2,3,... are substituted into the expressions until
convergence is reached.

One thousand datasets were simulated from each of the normally distributed populations
with autoregressive circular covariance having the combinations of n, a and p listed in Table X,
with o2 fixed at 1. The sample mean squared errors of p are compared with those of the MLE
p, where p is approximated using FS algorithm iterations. It is seen that MSE(p)<MSE(p) for
small .Vap. Furthermore, while p is derived in an iterative fashion, as is p, the iterations leading
to p always converged, whereas both the FS and NR algorithms were found not to converge on
several instances. However, the performance of p, when FS converges, quickly overtakes that of

p as .Nap increases, implying p is to be preferred for datasets of appreciable size.

Table X: Comparison of Mean
Squared Error of Linear Combination
Estimator with MSE of MLE.
p |nila MSE(p)/MSE(p)
-6]2 1|4 4310
-6(217 5325
-241214 7355
-212|7 8974
0 1214 .8649
0 217 .9645
2 12104 1.6214
2 1217 1.3819
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3.5 Estimation. Unequal Numbers of Measurements within Families. The immediately preced-

ing subsections identified methods of estimating p when all families have the same number of
measurements. When numbers of measurements vary between families, 2 modification of these
methods is necessary. Although not dealing specifically with circular covariance models, Gleser
(1992) and C.A.B. Smith (1957) have each approached the estimation of mean and covariance
parameters in the case of unequal numbers of measurements on families (albeit with altogether
different models). Gleser pooled families into g groups according to the numbers of measure-
ments on each family, obtaining maximum likelihood estimators é'(i) = (0:(:),02(), ...,9,,(1‘)) of
the p parameters within the i** group of families, i = 1,2, ....g, and then solving for the overall
estimates 8 = (91,92, 9,,) in the equation

i 1.(6 -6(:)) =0,

i=1
where I;(8) is the estimate of the information in any family in group ¢ on . To apply these
methods in our estimation of (p,o?), if an appreciable number of families are available in each
group, we would combine the MLE (p(), %(i)) from group i,i = 1,2, ..., g, which were specified
in the last subsection.

On the other hand, C.A.B. Smith discussed estimation of the variance components in an un-
balanced one way random effects general linear model. Smith in essence pooled blocks (families)
into groups according to size, as did Gleser (1992). From the i** group, i = 1,2, ..., g he obtained
a preliminary estimate vg(Z) of the variance Vg of the random effect. Smith then estimated the

variance of each within-group estimator as

- va .
wi = —=+vg(i),
1

where n; is number of observations on each block in the i** group and v, is the usual estimate
of the error variance. The within-group estimators of Vg were then iteratively combined and
improved, using weights inversely proportional to progressively improving estimates of their vari-
ances (proportional to the w;). It can be shown that this method minimizes the variance of

the overall estimator. and produces a linear combination of the within-group estimators analo-
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gous to the minimum variance estimator of p found in the last subsection using the extended
Cauchy-Schwartz inequality as a linear combination of the p,.

We adopt a modification of C.A.B. Smith’s method here. As he combined the within-group
vg(i),i = 1,2, ..., g, we combine within-group estimators of (1,62, p). Group families according to
the number of measurements on each family, letting / be the maximum number of measurements
on any family. Also, forz = 1,2, ..., [, let .V, be the number of families having ¢ measurements. Let
I, be the k** measurement on the j** family having i measurements, i : .V; >0; j = 1,2, ..., V;

and k = 1,2,,_,,i, Deﬁne
Xi; = (Iijl,IiJQ,-...I"j")' ~ ¢Vi(‘[1, (:,")y

where the elements of C; are

o2pl*=F1 |k~ k| < if2,
COU(.’E"jk.I,Jkl) = (21)
o2p kK kK] > i/2.
C, has eigenvalues 4,5 = 1,2,....7. which can be expressed in a manner similar to (15). Also,

let m, =int(¢/2) and X = (x{;,X{3,....X{y ). ¢ : .Vi > 0. The MLE

-1

Z::N. >0 5:1 I,
: ~1

va. >0 idViby

of u is easily found using the loglikelihood involving X'=(X}, X3, ..., X}). Solving the score

b=

equation for u is facilitated by expressing each C, as C,; = I'idiag (8:;,6:2,-..,6:i) I'i, where I;
has rows I';; and is the obvious adaptation of (16) to the dimension i.

At this point, the within-group MLEs of p can easily be combined to produce an asymptot-
ically efficient estimate of this parameter. Equation (18) specified the information about p when
all families have the same size: adding the subscript ¢ to denote the group (i.e., the dimension)

for the present context, we have that

Ii(p) = %—;[(66") -}2}

is the reciprocal of the asymptotic variance of the MLE of p within the group in which ¢ mea-
surements are taken on each family. Combining these MLEs using weights proportional to the

[,(p) produces the overall asymptotically efficient estimate of p.
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When all of the pi.V,,i = 2,3, .... I are small, we can specify a better overall estimate p of p
than the overall combination of the within-group MLEs p(i), as the latter are less efficient than
the within-group combination estimators p(z). Discard all families having a single measurement
each, as they provide no information about p. Group the other families according to the number
of measurements available on each of them, as was done for the estimation of 02 and u above.
Within the group having i measurements on each family, and following the development of the
last subsection, create the matrix B; = (b;;;) using an adaptation of the B matrix described
in Section 1, and calculate the MLEs &; of the vectors of eigenvalues &;. Also let p,(i) be the
“combination” estimate of p obtained by dividing the /** and (! + 1)** linear transformations of
&, induced by the rows of (Bi'l)', ie.,

1—12
~15.

p(i) = ?,;,—-" l=12,..m,.
i6i

Define M = max,{m,} = m; and L; = min;{i : m; > 1}, l = 1,2,..., M. Because p(i) is not
available if I > m, + 1 (since (B 1) has only m; + 1 rows), for a given {, L; can be viewed as the

smallest z so that p(i) exists. For [ = 1,2,..., M, let

l‘; = (pl(Lf)v Z’I(Ll + l)v'-'nbl(l))

be the vector combining across groups of families the estimates of p using the I** and (I + 1)*»
orthogonal transformations of 8;. For i = L;, Ly + 1,...,[ — 1, the P () is not present in r; if no
families in the sample have i measurements; let k; be the resultant row dimension of r;. The
strategy we follow is to (i) combine the p,(z), i = 2,3,...,] as p; = u;rl for some vectors u; so
that w1 =1,1=1,2,.., M, (ii) set Q' = (,, P3,....Pyy) and then (iii) find the best combination
p = w'q of the p, for some vector w so that w'l = 1.

To find the elements of u;, we note that for a given I, the p;(), i = L;,L; + 1..... M are
mutually independent, as they are obtained from different groups of families. Therefore, the

covariance of r; is cov(r;) = diag(v,:“,,v[ll_l 1+ ;") where, from (20), it is known that

N L 2ppm A et 2 §2

1 - . ~1,a la a
L, = pi-ha _ ) Zia
vy var [p(1)] o ai_l ( \ ob; -
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In p;, we wish to assign weights to the elements of r; inversely proportional to their estimated

sampling variances. This is achieved by creating the 1 x k; vector

-1
w = (Up, 0 ULyt g, - Up) = (Z Uu) (ve,iovL=10y - u1 1)

and letting p, = u;r,, the sum being over all 7 : V; >0 and i > L,.

To find the elements of w'= (wy,wy, ..., wy), we find the terms in the asymptotic covariance
of q'=(py, P21 Par)s
(cov(q));, = cov(p;, pr) = cov(ujr;, wirr) = uj [cov(r;, ri)] w,

and yet again use the extended Cauchy-Schwartz inequality to minimize the asymptotic variance
of p. We consequently find the elements of cou(r;,r;), which has dimension k; x k; (nonsquare
for m; # my, though possibly square even if j # [ since different j can map to the same m;).
Matrix cou(r;,r;) has nonzero diagonal elements proceeding leftward and up from its last [i.e,,
its (k; x kl)"‘ element cov [bj(l),i),([)]]. If, for instance, j < [, then m; < m,; and k; > ki, so

that cou(r;,r;) is at least as high as it is wide, and the first nonzero element of cou(r;,r;) is

cov[p;(Lt), py(Lt)] and appears in its (k; — ki + 1, 1) position. In this case,
(cov(@)); = Y uizcoulp; (i), py(d)]ua.
>L,:N, >0
On the other hand, if j > [, then cov(rj,r;) is at least as wide as it is high and
(cov(@)yu= D wjcoulp; (i), pu()]ua.
t2Li:N. >0

Let L, = max{L;, L;} = min{i : m; > j and m; > {}; then regardless of whether j is as large as

{, we can write the elements of couv(q) as

(cov@)u= Y wizcoulp; (i), pyli)ua.

i>L,1:N,>0
Here, for each i,i = 2,3,..., I, cou[p;(i), py (1)) is the (j,1)** element of Dy (B ') 17! (6)B ' D),
defining the matrices of this product by applying the results of the last subsection to the dimension

i. Consequently, using (20). the nonzero elements of cou(r;.r;) can be specified as

c '[‘_’ N T 2p2—l‘j m,~1 bJ-l.ﬂ 50 6?‘1 I~1.a la .
ov J(Z),pl(l)] = —\?‘— E ( 2 = po; )a—(b' —pbl ) e=1.1—-1,.., LJ(.
-V a1 ta

{!
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where b° is the (j,a)'" element of (B ')’. Our estimate of p then becomes

5= 1’(60v(q}):1q
1'(cov(q)) 1

having asymptotic expected value p and variance (1’(co*u(q))' l1) )

Now we proceed to find an overall estimate 3° of o2. Even the families, if there are any,
having only one measurement each will provide information about o2, although they provide
none about p. So, fori =1,2,...,7, let b{ be the jt* row of (Bi‘l)', i=L2,...m+1LIfN; >0,
then 6 = (8,1,b:2,... ‘m‘-l) the MLEs of the eigenvalues 6; = (6;;,8:2, ..., 0im,~1) of C; can be
found within group ¢ of V; families (each having ¢ measurements). This is accomplished following
the methods of Olkin and Press (1969). Then an initial estimate of 02 from the families in the

h group can be found following the methods outlined in Subsection (3.2) as 6%(:)(!) = blé;.
Subsequent iterations then proceed between the 6%(i)(*) and the p(i)*) in a manner similar to
that described in that subsection, which will converge to the MLE (62(i),b(i)) within group i.
To combine the %(i) into an overall estimator 32, we first calculate the information I,(0?) =
-BE [3—(%%; In pg(Xi)] (inserting the subscript i everywhere to indicate the dimension of each
family) that the i** group of families contains about a2.

For the i so that V; > 0, create the canonical variables y;; = (yi;1, ¥ij2,.-.. ¥iji), where within
the j** family having i measurements, yijx = [xXi;, k = 1,2,...1, Tix being the k** column of

[.. Then y;; = [ix;,5 = 1,2,..., N;. Each y;; has mean p; = [';1p = (V/ig,0,0, ...,0)’ and the

likelihood of the parameters in y;; is

’dza.g(‘su 7612 vy ul)(ny p’x)}
2 .

pilyy) = (2m) 2 |G~ exp {—(yu - )

Here 6, = 8,,-1-2, | = 2,3,...,i. If 6, = (6:1,8i2,..,8i,m,~1) and p, = (1,p,p?,....,p™), the

relation between §; and p; is given by
6: = Uz(prilvpgg'Q""’ péBi:m-*"l)v

where By is the I*" column of B;. Defining By = Biiste2 forl=m; +2,m; +3,...,1, gives

lnpx(y,,) const — =~ Zln(g Bup)) ~ = Z (y;;p Blf)
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Vip,l=1

where p,, = Thus,
0,1=2,3,...1i

a 1 L (yije —~ pa)®
Voz,ilysj) = g3 Inp(yij) = -3 (;5 - OJAP{B—.:
=1 i

and so

L ¢ 1 (wijt = pa)®
Voo i (yy;) = 52 (; - 2046‘0?3‘.—:‘

=1

implies that the information about 62 conveyed by a family in the i** group (i.e., a family having
{ measurements) is

e
so that the information about ¢ within the i** group of .V; families is proportional to i.V;.
Consequently, in the overall estimate 62 of 02, the MLE 62(i) of 02 within i** group should
receive a weight proportional to 7.V;, so we let

62 = Z‘:‘v' >0 i‘V!az(l) . (22)
>k Ne>0 KVk

Because these ¢2(i) are mutually independent, their covariance matrix is diagonal. Consequently,

this method of combining them is equivalent to using the extended Cauchy-Schwartz inequality
to find their consistent minimum variance linear combination (6%(1),62(2), ...,62(I))v for some
vector v subject to the restriction that v'1 =1. Setting the derivative with respect to o2 of
the entire loglikelihood (involving X) equal to zero shows that the MLE 6° of 02 is also a
linear combination of the within-group MLEs dz(i). The MLE is asymptotically efficient for
Y i.v.>0 tVi — oo (increasing without bound at least one family’s number of measurements or

one group's number of families, or the number of groups), but cannot be more asymptotically

2

efficient than the consistent minimum variance linear combination 6%; hence 52 is asymptotically

efficient as well.

3.6 Estimation of Interclass Correlation, Unequal Numbers of Measurements within Families.

In applications in which the measurements on a family follow a circular covariance structure,

these measurements can be equicorrelated with some other measurement. Citing once more our
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example involving measurements on disease incidence rates in sectors around a city center. these
measurements may correlate uniformly with a measurement on another temporary or permanent
characteristic of the city, such as the amount of rainfall in some preceding period of time. The
main interest here is to estimate the correlation between the rainfall and each incidence rate.

Utilizing the “parent-sib™ language common in discussions of repeated measures models, the
case in which all the families have a parent and the same number of sibs, and the covariance
parameters (02, py, P2, - P ,) are all functionally independent, has in effect been examined by
Khattree and Naik (1994a). Assuming a multivariate normal distribution with a uniform mean
for the sibs’ scores, they specified the MLE for the mean and covariance parameters, as well as
for the interclass correlation between each parent’s score p;; and any one of the sibs’ scores. We
seek to extend their arguments by allowing for different numbers of sibs within families, while
restricting the (circular) covariance structure between sibs’ scores by assuming that the elements
of C, are all 02 times powers of p, as described by (21).

With (Zi;1, Lij2,.... Ziji) defined as in the last subsection and Xi; = (pij, Zij1, Zij2, ---- Tiji)’

as the family’s entire set of measurements, assume

!
Hp Opp  Opsl
Xij ~ V-1 s ’

ysl Up,]. C,‘

1:.N; >0and j = 1,2,...,V;, where C; is as defined in (21), and let p,; = ops/ [appaz] Y2 pe
the interclass correlation.

The initial strategy here is to specify the MLE (Gpp(Z), Gp4(2), &2(i)) for (Opp:Tps, 0?) within
each group of families. Subsequently, we calculate two consistent estimators of p,, and compare
their variances. In finding the first estimate p,,, we combine the (&m,(i),dp_,(i),éz(i)) across the
groups to obtain overall estimators §pp,0ps, and &2 having minimum variances among all con-
sistent linear combinations of the (Gpp(i), Gps(i),5%(z)). Then, another use of the Delta Theorem

allows the calculation of the limiting distribution of

Pos = Gps/ [53507] """
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The second estimator p,, is the minimum variance consistent linear combination

Zx:;\'. >0 pps (i)w"
va, >o Wi

pps =
where the w; are appropriate weights and the p,,(Z) are within-group sample correlation coeffi-

cients {MLEs)
Gps (7)

Pps (1) = ————.
7 Gpp (2) 62 (3)

Of the two estimates of p,,, it seems reasonable to choose the more efficient one, assuming their
small-sample biases are comparable and given (as will be shown) they are both consistent.

Khattree and Naik (1994a) in effect found the MLE (Gpp(7),6ps(7)) within each group of
families having the same number of sibs. Their estimator remains the MLE under our “autore-
gressive” assumption; this assumption changes merely the estimation of the circular covariance
parameters, which involve 02 and the autoregressive parameter p. In the last subsection, we
produced the minimum variance consistent linear combination 62 of the 62(1') when no parents’
scores are available. However, the presence of the parents’ scores increases the information about
02, as is shown below. Hence, our main task with respect to Pps consists of finding the Fisher
information, first in each group and then over all groups, of 8’ = (6;,0;,03) = (opp,ap,,az),
specifying overall estimators of 0,,,0ps and o?. With respect to Pps» in each group we must
calculate the asymptotic variance of each p,,(i). These derivations allow the calculation of the
asymptotic variances of the two estimators of p,,, which we compare.

Let 8'(i) = (8,(i). B2(2), 83(3)) = (Gpp(1),0s(i),62(3)), i : N; > O be the vectors of within-
group MLEs of 6. Let the elements of the information matrix about € in any family in the i**

group, and in all the groups, be described by

& In p(x;)
. = — = " £
Ii(k,1) E( 56,56, ) and I(k,1) i:NE >0x ili(k, ),

modifying slightly the commonly used notations so that I;(@) =(/; (k,!)) and 1(8) = (I (k,1)).
The matrix sum (@) will be used in the approximation of the distribution of p,,. and the
I,(@) will be used in that of p,,. Using the efficient likelihood properties of the 0, (i), we have

(L(k. k)% /N7(Bk(i) - 0x) — N (0.1) and I'%(8)/N;(6(:) — 8) — N(0.1I) as .V; — oo. Let

¥i
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N, > 0. The minimum variance consistent linear combination estimator of 8 is ék = l;qk, where
-1
1;;[ Z .Vi[-i(k,k)] (lefl(k,k),.ngg(k, k), ... No I (k. k)).
:N. >0
Also let 8 = (l'lql,l;cm,léqg); we wish to estimate cov (5) =  and then find the limiting
distribution of Pps = g(é) = g =. For k,1 = 1,2,3, if the \V; are large, we may consider the
1v3

estimate ffk'l) of Ifk"), the (k,!) element of I7 (), to be sufficiently close to cou(Gx(i),8,(i)).

Then,

= 2 ~(k.k)
var(las) = 3 ( Nifi(k, k) ) 7
k = =
e8NS0 | \ Xtvs0 Vidi(k.k) AL

-2
= (Z i‘!'(ﬂ(k,k)) Z N; (iﬁ(k,k))z [.‘-(k'k)
!

N >0 12V, >0

and, more generally, for j, k= 1,2,3,

cov (jqj, leax) = Leov(q;,qe)l (23)
JOR jOR R
= l'di 1 2 - 1
] 109( .‘Vl ] AV2 v Y AVI k

-1
[( Z Jvlil(J!])) ( Z ~Vlil(kvk))] X
LN >0 LN>0

> [NEG PRk k)] -

&N, >0
Because the elements of @ are consistent minimum variance linear combinations of (efficient)
maximum likelihood estimators, and because of the additivity of both variances and infor-
mation across independent groups of families, the elements of @ are efficient for estimating
6. Furthermore, as ¥ Ni ~ oo, 271/2 (8 -o) — N(0,T) and (D,2D;)"* (9(8)-p,,) =
(DgQD;)_U2 (Pps—Pps) — N(0,1), where Dy is the (1x3) derivative of g with respect to 6.
With respect to the approximation of the distribution of Pps, it remains to find I.i(j'k), N >0,

J.k =1,2,3, to which we next proceed.

To find each I;(j, j), we follow Khattree and Naik, for the i** group of families creating the

|
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nonsingular ®; = (i~ '1.T,2,[3,...,[',,) using the
i-1/2 {cos (2#51‘-120) +sin (2«;1:120) .cos (2rgl:121) +sin (277 l—l 1)
cos (27:“'—12(:’—12) +sin (2711'-?(;'-12)}

yoesy

;=

defined in subsection (3.5). Then, we employ the canonical variables yi; = (pij, ¥ij1., ¥ij2, .- Yiji) =

1 0
xij- The covariance of y;; is
0 &
6, 6, 0 0 ... @
82 N\, O 0 0
0 0 kK O ... 0
cou(yy;) = N (24)
0O 0 0O 033
0
0 0] ... 0 0 93.'(",'

where A; = var(y;;1)=03ki;1. The x;; here are

m.-1
Kq = i 21'Cil1=i"" [1+2 Z o +a¢m,p”“J and
=1
m,—-1
: - 1)
Kk = 1+2Y p‘cosﬂk—i—)+a.-m,p’"-,k=2,3,....i.

=1

Also, defining d; = 8;03x:; — 82 in [cou(y;;)]” ", the loglikelihood involving each Yij is
1 i) T
In D: (y,-j) = const — § In [(elegﬁu - 0%) 9:(, D gﬂgl]

1| (P — mp) 2B — 2(pi; — ) (wis1 — 1) B + (i1 — 1,)2 %
-5 _ .
y‘l
+ Z;=2 ,c,,al;,
The information about 6 in any family having i measurements is therefore

62111 i\Yi; -
L) = -E [_50%_(()_?’_1_)]:(01,\,--05) % x

- -
/\‘2/2 —02/\,' 0%&,’1/2
G, +0§ —0102'&1

i02\2+ \
/285

(i — 1) 63 (20, +62)
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using the expectations

E [(pii ‘f"p)z] = 6, E [(yijl —#3)2} = K f3,

E (y?jk) = Ribszand E [(Pij - #p) (i1 — #,)] =02,

for k = 2,3,...,i. Combining this information across all families, the information in all the data

about 8 is

1) = Y Ni(Gin-63) " x
1: ¥, >0
[ b

/\"2/2 —02A¢ 0%’((1/2
Oi)i +0%  —0,02k:
0222+
‘ /263
(i — 1) 63 (6% — 20,\) ]

Within the i** group of .V; families, i : .V; > 0, the methods of Khattree and Naik and
(for 83) those outlined in Subsection 3.5 can be adopted to find the within-group MLE é(i)
=(91(i), B2(i), 03 (i)) of 8. Finally, minimizing the asymptotic variance of each ; (and therefore

of trace (2)) is accomplished by setting

-1
, N2
I, = _— x
1 {:L;o (01/\‘2—92)2}

M2 N2AZ N2
(0uA1 - 03)% (0102 — 83)*" " (810 — 62)°

N; (0 A? +92) o
12 = 2 2 X

N (91/\1 + 02) N (91/\2 +02) Ng (011\[ +0§):|
| (Bin - 62)° T (022 -02)° T (01 - 62)°

_ 4 -1

0222+

N,-
(i—1)63 (63 —20.))

I, = X
: P> (6132 - 62)”

Fi
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( 1624 20222+ )
A N2
(1-1)6% (85 ~26,\,) (2~ 1) 6% (67 —20,)2)
(612 -63)° ’ (6:22-62)°
16322+
Ny
(1 —1)63 (65— 26, ;)
\ @oae-a) /
andq, = (B(1),0k(2),...0:(1), k=1,2,3.

Because the elements of the 1; involve 6, the estimations must be performed iteratively, at each
step substituting into the 1; the current estimates of 8.

We now use the preceding arguments to derive the large-sample variances of p,, = 02//6,85

T v >025 (){(var(s,, (i) ™'
iz >o(var(a,, un) ™

and p,, = . With respect to p,,, Cramer's rule obtains

9232 _ (¢ 4 2
2:0,.\ —Ag;-lgaz 2ﬂA92 2_22_

K1

o) =it . 02 20,8, | - (25)

262 _J
setting m;, = i@\, — (i — 1) 0%. This inverse is easily estimated, substituting (él,ég,ég) for @ and
Ri1 = K1 (P) (as derived in the last subsection) for x;; into the above. This result, with (23),

produces the distinct elements of Q =cov8 as

-2
S . 2 K3 &3 (03N~ (i -1)68
var(()l) = I(l‘l)::a;( E *Vl?l) § N; 1( 1 d41( ) 2),
t i i

N >0 i:NV, >0

-1
A REE . 20 K% 01\ + 62
cov(Bidy) = 10922 [( v N,?‘) ( > M2
N >0 t LN >0 1

Z V. Ki1 T (01/\1‘ +0§)
<1 id;‘ *

( ( 10222+ \|

(1—1)6% (6% —26,\)

2
(1.3) = op2 v o N,
143 = 262 (§ Md?) 2:‘\, z x

U:N; >0

l:;v. >0

cov(él ,1-93)

\ /]

>N (037 + (- 1) 63 (63 - 26,0)).

N, >0

|
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-2 2

> ) ) L0 N+ 02 Oy \; +02\" =, + 8%

UaT(az) = I(2'2)= (1 VZO‘\[—"tTI—z) Z -Vi L 2) : . 2.
N> t

2
:N, >0 d: i
4 -1
ValM—Gz
cou(B2,03) = I3 =20,0, (ZI:NDO‘ I—Tl) X )
| 19223 (1-1)82(0%2-20
(Z'=-V:>ON‘ 2 Ud,:(2 "\'))
2 v (0% +0) 9N + = 1) 65 (05~ 200)]]
=N, >0 o id? | .
-2
( 16N+ )
L~ 1)63 (63 — 26,
ar@) = 109 2203 3w 22: M) )
LN >0 n

0222+
(i —1)6% (63 —26,\,)

Z ;V,' ld‘:

N, >0

\We remark that a large-sample confidence region for 8'= (8,,85,03), the components of Ppss
can be calculated on the basis of the consistency of each element of 8 and the expressions for the
elements of 2 specified in (23).

Another use of the Delta Theorem now gives the large-sample distribution of Pps 8S

(De02D,) "% (pps —pps) — N(0,1), implying
var(pp,) = DgQD;,

taking the elements of §2 as those identified in (23) and D, = 753:& [;—g}, 1, ;gs ] as the derivative
of g with respect to 6.

Now we focus on the distribution of p,,. Having let é,(i) = (8,(i),02(i).83(i)) using the
methods of Khattree and Naik and those of Subsection 3.2, we start by finding the asymptotic
distribution of p,,(t) = g(8(3)) = .9" ) as a within-group estimator of 9(@) = p,,- The

01(1)93(!)

g(6(i)).i : Ni > 0 will be combined to produce an overall estimate Pps- It is known from the

Delta Theorem that

(DL, '(8)D}) % /Nu(9(B(i))=pps) — N1(0.1).
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From the expression for I7 (@) in (25), we therefore have. after considerable simplification.

var(g(8())) = wvar(p,(i)) = N 'DI H(6)D,

id? [0% (617 + 03 — 46,) +263),] + 63 (63 — 0,63 + di6))
2.V;i030: ’

Combining the p,,(7) =g(8(3)) across groups by assigning weights to them inversely proportional

to their variances produces a consistent minimum variance linear combination estimator

- Nyid,

Zi::\’- >0 Pps(7) 1d?[02 (611, ~63 — 481 ) +263 A, [ -63(03-6,63+4.6,)
Z Nl °
ENE>0 142162 (60, Ai~63 - 46, )+263 ), |~632 (63 - 6,63 +d16y )

bps =

In practice, the consistent minimum variance linear combination estimators (5',,,,,6';2,,,02, p) are
used in place of the parameters in this expression for p,,. To find the approximate expected value

and asymptotic variance of p,,, letting

wi [var (i’m(i))] o
2N:i0303);

id? [02 (81 + 65 — 48,) + 20°\,] + 63 (03 — 6,62 + d.0;)

2 -1
va.>o wiw;

(Zi;.’V.>O w‘)z

var (py,)

L ( > i) ) -
T 26303 \ 520 id? [03 (61 + 6% — 40,) +207)\,] + 63 (63— 0:03+di8,) )

We now compare the large-scale variances of pps and p,, which, ignoring the biases of both
estimators, amounts to specifying the relation, for large 5" .V;, of

r= M = (DgQD'g ( Z UJ")
var (Pps) N, >0

to unity. In particular, p,, is more (less) efficient than p,, whenever r is less than (exceeds) 1.

Computer calculations of the theoretical variances (using the above expressions with the pa-
rameters (6,p) themselves, not their estimates) across a wide range of sample sizes and parameter

values show that r depends chiefly on Pps and the the evenness of the spacing of the eigenvalues

of
8, 0,1’
COU(X"J‘)z
821 C,

i
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To be brief, we may say that generally. r > L. indicating that p,, is more efficient than Pps for
the majority of cases. The exceptions occur when p,, = 0 (in which case r = 1) or when [0} is
so large in relation to (6,83, p) that too much of trace (cov (xi;)) belongs to the largest of the
eigenvalues (in which case r < 1). The value of r depends hardly at all on the .\V; or the number
of groups.

Computer calculations showed r < 1 whenever l pp,[ is close to 1; however, r may be less than
1 even for relatively small values of Ipp,l , provided that some of the eigenvalues of cov (x;;) are
close to zero in relation to the largest eigenvalues. As an example, the case (B', p) = (2,1.2,3,.5),
Ny = 35, N7 = 2 and all other .V; = 0 possesses a relatively small | pp,| (i.e.. .4898); vet r = 4997 <
1, because the smallest of the eight eigenvalues of cov (x;;) for ¢ = 7 are quite small in relation
to the first eigenvalue. In fact, the first eigenvalue is almost half of trace (cov (x;;)) .

However. p,, is more efficient than p,, in most cases; it usually is to be preferred unless

Ippal is known to be very close to unity.
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4 COMPOUND SYMMETRY WITHIN COUSINSHIPS

4.1 Introduction. In certain biological and physical settings, a disturbance may emanate from

a single source to various nodes, from each of which other disturbances are transmitted to a
number of receivers in a circular fashion. For instance, a communications satellite might send
signals to central earth stations, from each of which the signals are relayed to points (such as
end users of the information conveyed from the satellite) on a circle around it. Assuming that
the strengths (or another characteristic) of the signals received by the points around any single
station follow a circular covariance structure, it is of interest to estimate the circular covariance
parameters, the correlation between the signal strength at the points and at the stations, and
the correlation between the signal strength at the stations and at the satellite. Such patterns
arise also in accelerometers used in certain automobiles to deploy air bags; these devices may be
arranged in groups around the car to record disturbances experienced by the car, each device
consisting of a circle of sensors whose measurements are analyzed by a microprocessor.

To adapt the “parent-sib-family” terminology of the previous sections, we may assume that
degrees of a quantitative feature tend to be passed from grandparent to parent, and subsequently
from parent to child, and the covariance of the feature among the siblings is circular. We will seek
to estimate the correlations of the feature between generations. In other words, assume sibships,
each of which is multivariate normally distributed having circular covariance, can be grouped into
“cousinships” (csp’s) so that the measurements on the sibs in any two different families within
the same csp are associated by a single “compound symmetry” parameter V. Also, extend the
terminology so that with each cousinship may be associated a “grandparent.” Then, under some
sets of assumptions, we calculate the ML estimator of the intergenerational covariances, V and
the circular covariance parameters (go,01,...0m). Under other, less restrictive assumptions, we
present ANOVA-type estimators based on reductions of sums of squares which are easier than

the MLE to develop and calculate.
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4.2 CUniform Family and Cousinship Sizes with no Scores of Parents or Grandparents . In this

subsection, assume that nc families, each with a sibs, are arranged in n csp’s having ¢ families

each, and that the covariance between any two sibs in the same family is

G-y, L=V < af2,
(C)l,l’ = m(zijl,-'rijl') = (26)
Ta—g—1tis ll — l’l > 0-/2,

zij; being the score on the {** sib in the j** family in the i** csp. Without loss of generality,

assume in this and the subsequent subsections, where estimation is by maximum likelihood, that

all the sibs’ scores have mean zero®. Also let the covariance between any two sibs in different

families in the same csp (*“cousins”) be
cov(Tiji, T,jr) =V,
J # i'. The covariance structure within csp 7 can thus be written succinctly as
cov(x;) = cov ([Zu11, Tir2, . Tica) ) =L ® (C—VI,) + Ve

where Jx. & € N is a square matrix of unities of dimension k.
We mention briefly that the data can also be represented using a random effects general linear
models framework. If G; are random effects having zero mean and variance V, representing the

effects of the grandparents, then the data may be written as

Tijk = p+ G+ ek,

T = 1,2,...n: 3=1,2,...,c; k=1,2,...,a.

The (circular) specifications for the covariance structure of the errors e;;x would, in this case, be

that

COU(e,‘j) = cov ([e,jl,e‘-jg,...e,-ja]') = C-VJ and

C L,
cov(eij,ei;r) = 0,i1#iorj#j,

6 No generality is lost because, if estimation is by maximum likelihood, we may at any time adjust the data so

that they are deviations from the ML estimates for the mean parameters.
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making use of the C defined in (26). General linear models could be constructed. if desired,
corresponding to the assumptions of the subsequent subsections of this section, as well. These
models would be analogous to those employed by Khattree and Naik (1994b).

Reduction of the data of this subsection to the canonical variables y;,t = 1,2,...,n by the

one to one transformation y; = (I. ® ') x; is convenient because I reduces C to diagonal form

diag(6,,82,..6m~1,0m, ...02), a =2m,
diag(&l, 52, "6171"-11 6m_;.1, 51111 ...62), a=2m+ 1.

Noting all the rows (columns) of T but the first are orthogonal to 1, the covariance of each y; is

(IcOT)(I.® (C~VIa) + VI ) (1. ®T)

i

cov(y:)

i

I® (A—eV') +aV (1 ©f) (1'6f")

where f' = (1,0, ...,0) is L xa. The covariance of each family’s set of canonical variables, excluding
the first, is thus
, diag(d2,63, -.6me1,8m,...02), a =2m,
cov ([yijZ:yij:h--nyija] ) =
diag(ég, 63, --am—ls 6m_1, (Sm, ...52), a=2m+ I,
and the (yij2, ¥ij3. .-+ Yi;a) are independent of each other and of all the y;;,. Assuming normality,
the MLE of (62,83,...,0m~1) can consequently be obtained using the methods of Olkin and

Press (1969). On the other hand, the first canonical variables of the families of each csp have a

compound symmetry structure:
cov ([yillxyimy---yyicl]l) =601, + 623,

2
where §, = §; —aV and 02 =aV. Lettingp=3_, (2;1 yij[) and s = Y, .y, and using the
well known ML estimator of compound symmetry covariance parameters given balanced data,

unbiased estimators (which will be MLE assuming normality) of (6, 62) are (is)

- sc-p _P-5 -
0,,8;) = .
( b 2) (nc(c—l)'nc(c—l))’ (27)
implying unbiased estimators (MLE, assuming normality) of (V,§,) are (is)
U.8,) = (a7'05,6, +aV) = ( £=2_ 2}, 28
( l) (a 2.01 +a ) (anc(c- 1) nc (28)

i
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The expression for 8, is especially noteworthy because it is the same as the MLE Olkin and Press
identified. Thus it is shown, in this balanced case, that the possibility of correlation between
cousins does not change ML estimation of §. The same cannot be asserted for the unbalanced
cases below.

It can be shown (see Lehmann, 1983, p. 197) that, assuming normality, the values in
(27) represent the uniform minimum variance unbiased (UMVU) estimators of (8;,82). Using a
theorem in Lehmann (1983, p. 77), it is seen that (28) consequently gives the UMVU estimators
of (V,61).

If the mean structure is generalized so that the normally distributed sibs have a common,

unknown mean, the UMVU estimators of (8,,82) become

ou) = (o = - =l

implying the UMVTU estimators of (V,6,) are

S\ _(L[p-ntwd cs—p p—ui, s
(V’él)_(a_c[ c(n~1) _nc(c—l)]’c"’n(n——l)-*‘ﬁ)'

Most of the results of the subsequent subsections of this section can be viewed as gener-

alizations of (28), with the addition in some cases of a parent's score to each family's vector
of observations, and a grandparent's score to each csp's vector of observations, under various

assumptions about the covariances between members of different families.

4.3 Unequal Family and Cousinship Sizes with no Scores of Parents or Grandparents . In this

subsection, let the distinct family sizes be a; < az < ... < a., and let csp ¢ have b;; families of
size a;, allowing the possibilitiy that some of the b;; may be zero. We assume, placing the sibs in
any family on a circle whose circumference is proportional to the family size, that the covariance
between any two sibs is a function of the length of the shorter arc between them, and that this

function does not change with family size. E.g., families with three and four sibs have covariance
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structures _ -
[ h (¢fi] gy 02 0
(o] g1 0O
g0 O O2
oo 0O and ,
gp O1
symm. . Oo
- - symm. . . oq

respectively, with the parameters &’ = (09,01,02) constant for both family sizes. Retain the
assumption that any two cousins have covariance V.

Let z,;1; be the I** observation, and y;;x be the I** canonical variable, in the k** family
having a; sibs in csp i. The vector y;jr of canonical variables from this family is obtained by
premultiplying the vector x;;x of sibs’ scores by T;, an orthogonal matrix whose elements and
dimensions are derived using an obvious generalization of the I’ matrix given in Subsection (3.2),
depending on the family size q;.

Under these assumptions and generalizing the results of the last subsection. setting zﬁj =
(vijk2: Yijk3, - Yijka, ) implies

diag(6;2,0;3,..8;,m,~1,0;m,,--.0;2), a; =2m;,
cov(zijx) =
diag(6;2, 63, -bim,<1:65m,<1,6jm,,---652), a; =2m; + L.
Here, m; = int(a;/2) and §;,,1 = 1,2,3,...,m; + 1 is the I** distinct eigenvalue of the covariance
matrix C; pertaining to the observations in a family having a; sibs. Following the development

of the last subsection, the 2,j; are independent of each other and of

-
w, = (yilllyyiwl:--vyilb.llv---vyicllyyi&l:---yicb.cl)
= (Wi, Wir2, - With,y s--r Wicls Wic2, -~-vwicb'<) .

To express the covariance structure more specifically,

COU(yl') = block [Ib‘l ® (Al —a; ‘/f1 f{) g oney Ib.c 2] (Ac - achcfé)]
Vvarls, ®fi

i Vazls, ®f2
i | vam, ef) (van,of) -~ (/au, o)

\/-a—clb.c © fc
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where f/ = (1.0,...,0) is a; x | and A; = T,C,T, = cov [(y‘jkl,zijk)] is diagonal.

Put M = max;(m;). If j # j', then §,; and §;/- are different functions of the covariance
parameters ¢’ = (0q,01,02,...,0 ur), and so their within-family-size estimators (MLE, given nor-
mality) resulting from manipulating the z;;x in the usual way, cannot be immediately combined
across groups of families of different sizes to obtain overall estimators. The last part of this
subsection describes a method of combining instead the within-family-size estimators of .

Given normality. the MLE of V and of the first eigenvalues (6;,,d2;,...8¢1) is obtained using

the w;, each of which has covariance defined by

6j1.j=j and k=K,
cov(Wijk, Wijrkr) =

V/aa;.j #j ot k#K.

Expressed in matrix form, this structure is

cov(wi) = diag (fi'1;,.f7 Y, fT'15) (29)
Vallbtl
\/a;]'btz

+V

[,/—aagd Vazly, o al, ]

Vacls,.

letting f; = (6;, — aJ»V)'l .J=1,2,....c. The loglikelihood given (w;,W;, --.,W;) is the sum of
the loglikelihoods given each of the w;, the latter of which for each i involves the determinant

and inverse of cou(w;). Setting t; = 2;1 bija; f;, the results

|A+un’| = |A[(1+u'A"'u) and

4

_ ~15u’A -1
T VwA g A

[A+Vuu]' = A7!

(Henderson and Searle, 1981) give

leov(w;)| = Hfj'b" [1+ Vt] and
j=1
[coviw)] ™" = diag (/113 fo1h,0 o feli,) -

i
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F fHivails,

1% f2\/a21,,,
L+ Ve | . fivay, fov@zl,, - feacl;

fev/acls,

so that in the likelihood involving w;,

-

wi [eov(wi)] ™" w

bu V c 2
Zf; Z ik T TR VL Z\/a-jfjwijo
j=1 k=1 =1
Assembling these elements, we have
li = InL(w;)
1
- g -1 _
= const — -2—23216,, In(f; ')~ 51n [1+ Ve
2
v < _
_"lefj ; gkt Ve ; VEaifiwije

We now prepare to obtain the score function and information of 8’ = (V.81;,821,...,6¢1). Iter-
~(t~1) () 1 [a(0) ~(¢) .
ations of the Fisher Scoring algorithm 6 =6 "+I (6 )S (0 ) can then begin with
~(1
suitable initial estimates 6( ) and, assuming the uniqueness of the roots of the score equations,
will converge with probability one to the MLE . For shortness of notation, call the following

random and nonrandom sums (conditional on the a; and b;;)

by,
sij = Z wiix, P = Z\/‘_l;wij-fj, pai =t + Vzbija?szy Pai = Za?ﬂwu.f?,
Z‘"/zw.,.f, , Dei = Za s,,fJ , PTi = Zb,,anJ , D8i = Zbu‘nf]
poi = Za,sqf = Zbua,fj

Using these sums, the first and second partial Jderivatives of /; can be specified as in Appendix

Dsi

A

Before computing the expectation of the Hessian of csp i, let us find the expectations of the

sums s,,. and the required (random) squares and crossproducts among p;, through pg,. We first
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0

take advantage of the fact that the expected squares and cross products of ps;, py; and ps, are of

the form
E Za;w‘-,—.f;‘l/z Za;‘-wij.ff“/z
f j
for the values d,e =1/2, 3/2 anzi 5/2. To find these expectations, notice that
E(w%,) = b;(6j1 + Vaj(bij — 1)) and, for j # k,
E (wijewike) = Vbijbix\/aja.
Therefore,

e —1/2 d —~1/2
E Za]-wij.f; E ajw,-_,-.fjd
j J

d-1/2 ;d+1/2
& sy es1y2 ay i (0 + Var(bi — 1))
= > oA e
£1/2 pd+1/2
k=1 +V ¥k 12 fim %y

Using this general form, the expectations of the required squares and cross products of ps;, py;

and PDsi are
c
p2i = E(p3) =) axfrbi | fe(Sr1 + Var(bix — 1)) +V > arfiby
k=1 £k
[+4
p2i = E(p2ipu) =) awfebi |akfE(6k1 + Var(bu — 1)) + V'Y alfFbal
k=1 1k
[~4
pai = B(pL) =) ok fZbix |anfR(6k1 + Var(bu — 1)) + V'Y a? fPbu
k=1 £k
c
p2si = E(p2ipsi) = Zakfkbik a2 f2(6k1 + Vag(bix — 1)) + VZ a? f2ba
k=1 £k

Next, E (wijsPri) for k = 2,4 are of the form

eo1
E(wij.pki) = by a; ? fflz (5J'1 + Vaj(b.'j ~-1))+ Ve Zafﬂ lk/2b,'[ ,

I£j
implying
-
Pr2i; = E(wijep2i) =bij\/a; | fj (651 +Va,;(bi; — 1)) + Vzakfkbik and
k#j
Prai; = E(wgepn)=by@ |a;f7 (61 +Vaj(b; ~ 1)) + VZaiflgbik
] Py
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E (sij) = bi;6;1, and p1s: = E(ps:) = Zajszb:ﬂs;l-
J

Once initial estimates of the §;, and V are obtained, all these sums allow estimation of the
elements of the expected values of the second partial derivatives that contribute to the information
I(8) about 8. The elements of —I (8) are given by the terms in Appendix A, summing over all i.

Now that I(B)—E( W) and S(6) =% have in effect been specified (since the entire
loglikelihood is { = 3", ;) it remains to suggest suitable initial estimates 6" of 6. For a starting
value of V, let A; =Jp , —Is,,. Using the expression (29) of cov(w;) and the assumption that all
sibs have mean zero, E(WA;w;) =V ((ZJ__l i \/_) }: a; ,J) , which conveniently does
not involve any of the §;,. So. a commonsense, unbiased initial estimate of V' is, combining the

data from all csp's,

o = 2 Wi (Jo., — go..) w; _
> ((2;:1 bi; a'j) -2 ajbij)
1
A reasonable initial estimate of each §;, is 6( ) = :-1 S b y%n, since each yZ;, is
1
unbiased for §;;. We then start the FS iterations with 8" ( vt 651), 6;), ey 6(1)) Simulations

showed that the iterations converge to the actual values 8, over a wide range of parameter values
and sample sizes.

Grouping all families by size, the methods of Olkin and Press (1969) yield within-group (ML,
given normality) estimates ([5,-2, 5,-3, s 51',,,,,1) of the sets of family-size-specific 6;-, i=L2,..c
of the c distinct circular covariance matrices’. As already stated, for j # j, §;x and §;:xs are
different functions of the covariance parameters o. Therefore, within-group estimates of §;x and
§;:x» cannot be directly combined to form overall estimates of the eigenvalues of any specific

C,;. The method we propose below for obtaining overall estimates of & is to calculate instead

" Despite the segregation here of families according to family size, and thus the increase of parameters (i.e.,
eigenvalues) to be estimated, there is no chance the number of parameters will exceed the number of observations.
Even if all by; are 1, meaning the number of families is equal to the number of family sizes and the number of
observations is equal to Z,‘ aj, the number of parameters is only 1 + m; + 1 (the first 1 applying to v) in the
j"" group and 1 + Z,‘ (m; + 1) overall. Also, we mention that the methods of Olkin and Press may be applied
to each group of families because the canonical variables in z;jx are mutually independent, even within the same

csp.
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within-group estimates of o, and combine these last estimates across groups according to the
estimated information about each o; within each group. This procedure minimizes the asymptotic
variance of the estimate of each oy; hence, it minimizes the trace of the asymptotic covariance
of the (M + 1)-variate estimate of &, letting M = max; m;, where m; = m(a;) = int(a;/2),
i=1.2,...c

For the remainder of this subsection, assume normality and fix [ € {0, L,2,..,M}, ie., sup-
press the subscript of g;. Let 3; be the ML estimate of 6;, and e; = 3;-3}.",1 be the (unbiased)
MLE of 0 = o from all families of size aj, where BJ-",l is the [t" column of the inverse of the B ma-
trix (as identified in Section 1) corresponding to family size a;. Put h = min {j : m; > {,b.; > 0},
so that ay is the smallest family size observed in the data large enough to provide any informa-
tion about 0. We obtain the minimum asymptotic variance consistent estimator & as a linear
combination of the within-group estimators in e’ = (ey, €41, -.-,€.) of 0.

The e; are within-group MLEs of ¢. Minimizing the asymptotic variance of the linear com-
bination v’e of them through the choice of v while keeping v/1=1, is achieved at v =i£,'(:—‘—’"c;(u%))L_l|1—l.

The diagonal elements of cov(e) are, for j = h,h +1,....c,

var(e;) = (Bj',l) [cou (3,—)] B!
' 2%, 267 26% . 1
= (B3') diag (X' (0),_, ., , —22-, 2 . 2=l yp-t
( g ) ! (( O;1-1 Tbej@j2 bej@j3’ T bei@im, 1 ) It
letting a;x be the multiplicity of §x in |C;| and continuing the use of the parameter 8’ =

(V,611,621,..-,6.1), whose negative information was found in Appendix A.

Ifj#kand 5,k > h,the (j —h+1,k—h+1) element of cov(e) is

cov(ej,ex) = cou(sij',l,ékB,:,l)

= (B;') cov (8,.8:) B
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where

-

cov (5,1,5“) cov (611,5:;2) -o- cou (3j1,5k.m.,—1)

cov (5,‘2, Skl cov (51'2’ 51:2

cov (8,84) = s ) )

i cov(5j,m1-1,5kl) Cov((‘s‘j'm,‘l,gkg) cov(Sj,mJ,l,Sk'mk-l) |

However, cov (5'jg,5kgr) =0, unless g = ¢’ = | in which case cov (5jg,5'kg:) =(I! (0))1.__1‘,:_1 .

Therefore, if j # k ,
cov (e, ¢) = (B7'), (Bit), (171 (0)),_,4ey -

Combining the cov (ej,ex) for all j,k > h yields the elements of cov(e). Concluding, we have
that & = 0, = ;—,'EZ—:";(%I)L::—;-, {=0,1,...., M, using the final estimate of cou(e), is both consistent
(though not unbiased, due to the biased estimators of the §;,) and asymptotically efficient, being

the minimum variance linear combination of (asymptotically efficient) within-group MLEs e.

4.4 Uniform Family and Cousinship Sizes with Scores of Parents. In this subsection, again

invoke the restriction that each family has a sibs and each csp has ¢ families, assuming normality
throughout. To the (i,j )"‘ family’s vector (zj1, ..., Ti;a) of sibs’ scores, append a parent’s score
pi; having mean zero and variance a. Each csp's scores can now be represented by a cA (with

A = a + 1) vector of observations
!
X; = (Pi1, Ti11, Ti12, .-y Tilay --+ Dics Ticl s Tic2s <oy Tica) -

Let 3 be the parent-sib covariance, and let V be the covariance between any two observations

from different families in the same csp. If

oj-u.lj =1 La,

(C =
Oa-j-1,17 =1} >a,
a 31
then the covariance structure in each family is C,yy= , and that in any csp is
31 C

therefore cov(x,) = I. @ (Caug—VJI4) + VI 4.
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1 O
Under these assumptions, if ¥ = X' = where I is as specified in Subsection

or
(4.2), then transformation of the data to canonical form y; = [I. ® Y] x; reduces the within-csp

covariance to

cov(y:) = [Ie® Y] ®(Caug—VIa)+VIs]I.© Y]
ra 3\/.30.--0- —1\/&0--.0-
8va &, 0o : : vea a 0
=IL®lfo o0 & : P |[-YIio o o
0
IR 0 & | 0 0]
[ ’1 1]
va
+V [1.®| ¢ [1::@[1 Ja 0 --- 0”,
L L° ]l

making use of the fact that all rows (and columns) of Y but the first and second are orthogonal
to 1. Therefore. for all (i,j), the third through A** canonical variables (¥ij2+Yij3,--- Yija) of
the (2, j)'h family have diagonal covariance, and are independent of each other and of zfj =

(zij1, %ij2) = (Pij» @~ ?yi;1) . On the other hand,

3
cou(zij) = ¢ (30)
B v

with v = §,/a, whereas cou(zijk, zij:xr) = V if j # j'. Defining 2} = (2!,,2ly, ..., Z.) , we have

a 8
cov(z;)) =1 ® V3| +VIsge.

8 v

Thus, the MLE of a. 3,V and §, is found maximizing the likelihood involving 2z’ = (z'l \Zgy ey z.,)

and. as in the last subsection. the MLE of the remaining 4; is found maximizing the likelihood
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involving the canonical variables in y that were excluded from z. Turning first to the likelihood

involving each z;, the result (A+Vuu')™' = A"! - (1 + u'A“u).l VA 'uu’'A~! gives

. " y~-V V-3
(COL' (zi)) = dv I®
V-8 a-V
Vd;? (1~8? (-8 (a=2)

_ Je
L+ Ved (atv-28)°° (=B (@-8) (a-23)°

where d, = (a — V)(y = V) — (V — 3)%2. We therefore have

4 3\
¥y-V v-3 va-?
- 1-'—Vcd;'[z’<‘x-'y—23) x

I.®

V-3 a-V
zl(cov(z:)) 'z = dj'zl{ ) 2,
(v -3)° (v=38)(a=3)

(r=38)(a-3) (e —8)°

J.@

\

[-4 c

= 4! [(7—V)Zzi2jl +(a- V)Zzizjz +2(V—3)ZZU12;J’2
=1

=1 i=1

|4 02 2 n2 2
——— (v — : - z -3 - 3) z, z(.].
Zrvars (0~ e = 8P e+ 20 -9 (@ - D) 2z
Next, it can be shown by induction that |cov (z;)| = (d+ (c — 1) V8) (d - V)", where d =
ay~3%and 0 = a+v—28. Assembling the members of the loglikelihood involving (z'l,z'z, ...,z;,)

gives

20l = 2InL= (31)

I

const — nln {(dy +cV0)d‘v“}
4ot (Y~ V)Se11 + (@ — V) Se22 +2(V = 8) 3012

% (= 8 mars + (o = 8 maza +2 (7~ 9) (o~ ) mu]

where, shortening the notation, we set
Sekt = Zzijkzijl and My = Zzi.kzi.u k,l=1,2
(] i

and reiterate that, in terms of the original parameters, the present parameters are

d = 0—61—32,9=a+ﬁ—23.d.,=g§l—32—v(a+ﬁ—23),
a a a a
a.Jandy = 6 /a

i
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(31) may be differentiated implicitly with respect to (a.8; 3.V') to find the score and infor-

mation of {@,8; 3, V) required to perform Fisher iterations converging to the MLE of (a.§, 3. V).

However, the calculations are extremely detailed. Simplification is possible by transforming each

1 1
Zi to u,j = z;;. If u} = (u],,u,,...,ui) for each i, the covariance of u is
1 -1
J
1 1 a 38
cov(u;) = I.® I.® VI +VIa I.®
1 -1 3 v
T O 1 0 1 O
= I.® —-w +wlJ. ® ,
o o 00 00
T O 1 1 a 8 I 1
putting = and w = 4V so that the reverse trans-
o o 1 -1 8 v 1 -1
formation of parameters is i }
, [ [
a 3 IR T O 1 1 w
= - and V = —
4 4
3 v i 1 -1 o o 1 -1

Thus, for each (i,j) and for £k, k' = 1,2,

ri=jk=k=1,
0,j=3"k=k=2,
0.3 =J"k#K,

COU(U"J',,, u,-jrkr) =

w,j#jk=k=1,

0,7 #ik=k =2,

0, #5"k#k.

\

Deriving the likelihood involving each u;, we have that

T—w 0o
|cov (u;)] = d°~ ! (d + wcp) where d =
4 o

again using the result |A+wtt’| = [A]| (1 +wt’A~!t) . Also,

(A+wtt) ' = A T u(1+t/A ) AL A!
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aQq,
<
&

~1 1 o - @ J 02 —o0
(cov(w) ™ = 2 { L@ -2 2
-0 T—-w -00 o
Therefore, in the exponent of the likelihood,
u; (cov (u:)) ™ wy
2 X
_ g e [ -0 ,_ @ 1 e o] —o0 "
- W fle sl A 2 '
-0 T—Ww —-00 O

. Z;:l [Ouizjl + (T -w) “121'2 - 20uijl“ij2]

: .2 )
—d+:co [° utzol +02u?.2 - 200“;’-111(-2] )

and hence twice the entire loglikelihood is

2l

2iln L(w;)
=1

= const —nln[d* ' (d + wco)] ~d™! oqu + (T —w) g2 — 20q12
— 22 [0°r1 + 0%ran — 200715)]
where ¢z = Zi'j Uikt and rg = Y Uieglier for k0 =12
Differentiating ! with respect to 8’ = (7,¢,0,w) gives the elements of the Hessian as in
Appendix A. To calculate the information about @, we refer to the covariance structure identified
in (32) and find the expectations of g; and ry; :

Bla) = B (ZZ“?J'I) = ner, E(%2)=E(Zzusz> = nco,

=1 j=1 i=1 j=1

n c n
E(q2) = E Z Uijilij2 ="CO'sE("n)=E§:U?ﬂ="c("'+(c“1)w),

i=1 j=1 =1

E(r2) = E (Z u?.«,;) = nco and E (r12) = nco.

=1

Substituting these expectations for their respective random sums in the second derivatives in the
Hessian and simplifying gives the elements of the information as specified in Appendix A.

Suitable unbiased initial estimators of 8’ = (7, ¢,0,w) are

- -1 -(1) -1
#' = (ne) Z ul,. o ' =(nc) Z uZ,,
1] t,J
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2 [
(1) _ -1 R L0 ) .
g = (nc) EU uij Uiz, and O = nee—1) E‘j Ui E uiny -

l=3~1

Using the covariances specified in (32), it may be verified that each of the forgoing is unbiased for

T @
its corresponding parameter. Under the assumption that V' = 0, the MLE of would
g 0
#1) o 5) #HD o &1
be ; hence, seem to be especially appropriate starting values.

. ~(t . ~(1
& O() 0_(1) O()

Simulations showed these estimation procedures produce consistent estimates of all the covariance

parameters.

4.5 Uniform Family and Cousinship Sizes with Scores of Parents and Grandparents. In this

subsection, most generally, we desire a setup that would be appropriate in modelling data from
cousinships whose sibs’ and parents’ scores between families are stochastically related due to both
common lineage and common environment. Consequently, let the assumptions of Subsection (4.4)
hold, with the additional condition that a normally distributed grandparent’s score g; with mean

zero and variance 7 is appended to each csp’s cA-vector (with A = a+1) of observations. Assume

, a 381
cov (xi;) = cov ([pij, Tiji. Tij2, s Tija) ) = Caug= )
81T C

as in the last subsection, and cov (g:, X:;) = [8,,3,1,], so that the covariance in any csp can be

represented by

(. 1

gi
Xi1 R 12@[ G, 8,1; J
cou (x;} = cov Xi2 = 8,
1.® I. ® (Caug—VIa)+VIca
811

\-xicJ/

Transformation of the x; to y; = Yx;, where

Y= and ¥ =¥’ = ,
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results in canonical variables y; with a relatively simple covariance structure. Extending the

results of Subsection (4.4), we have that the lower right and upper right submatrices of cov (y,)

are,

[IC ® ‘P] [IC ® (Caug—VJA) + VJCA] [Ic ® \I’]

”a 3/a 0 --- 0 (1 va 0 --- 0
3va 6, 0 : : a a 0
= I® 0 0 5, : V1o o0 o
0
__0 0 6” -0 0“
- “ -
va
+V |1.® | 0o [12@[1 Ja o 0” and
0
L L 4 J
1{1;&;[32 31151}}[Ic®\ll]=1;®[32 3,v/a 01,_, } (33)

Consequently, as in previous subsections, the third through A** canonical variables within each
family have a diagonal covariance diag(62, 83, ...,8,) and are independent of all other statistics
and of each other, so that the methods of Olkin and Press (1969) may be used with them to find
the MLE of the second through (m + 1)** eigenvalues of C.

Let z/; = (pi;,a~2y;1) and 2} = (gi, 2,25, .-, ) - By extending the results of Subsection
(4.4), it can be inferred that omitting the appropriate rows and columns from cov (y;) and

dividing the third, fifth, seventh,... rows and columns of the resulting, smaller matrix by \/a

gives
2 19| 3, 3
cov (z:) = 8, a 3
1.® I.® —VIz 3 + VI
i 3, 3 CJ
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letting ¢ = 6, /a.

Further simplification of the covariance structure is possible through the transformations

1 o’
u; = 1 -1 Z;,
0 I.®
0 1
because
7 1;®[32-'31 31 }
cov (u;) = 3,-38; T O 00 ,
1. @ I.® +J.®
3, o o oV ]
with
T O 1 -1 a—-V 3-V 1 O
o © 0 1 8-V ébif/a-V -1 1

so that the inverse transformation of parameters is

a 3 1 1 T o 1 0
=VI;+
3 6,/a 01 o o 1 1
Considerable simplification of cou (u;) and therefore of the following calculations would be pos-
sible if 3, = 3,; however, this condition seems excessively restrictive, as grandparents could

seldom be expected to be related to their children in the same way they are related to their

grandchildren.

A U
Using the result = |D| IA —U'D"!'U]|, and setting d = 70 — 02 gives
U D

leov ()| = d°7'(d+Ver)
y-= [¢(32 ~8)*+8,(20 (8, - By) + .31T)]
+ e 082 = B (0 + 1))

The variation
-1
AU (A-uDp 'u)”! -(A-uDp'u) 'UD"!

-1

U D -D'U'(A~-UD'U) ' D '+D'U'(A-UD'U) 'UD!

|
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of an identity given by Henderson and Searle (1981) allows the derivation

Nl —f
[ d(d+Ver) ~1.80| & e
d(d+Ver) @ -0 | % 02 i
7 Ic® - TJC@
er - T -0 T2 ,
~1.®
(0] L e% €1e2
+a@=ven e @
ejez e ]
setting
d(d+ Ver
;o (@+ver) |
(8, — 8,) , .
vd(d+ Ver)—c{ (d+ Ver) —~Ve(08y — 3, (0 +T))
+8, (8, (T +20) - 5,)
e1 = (3,-38)[ed+ Ve(ro-0?)] - 8,04,
e2 = d[3,(c+7)—00,] andd =76 -2

In the unrestricted case under consideration now, iteratively maximizing the likelihood with
respect to (v,7,w.0,9,3,, B2) requires the inversion, at each step, of a 7 x 7 information matrix,
having 7—(—72:—1)- =28 distinct terms, each of which is a complicated function of the estimates of
these parameters.

The dimension of the calculations, though not their complexity, can be reduced with the
restrictions that grandparents and parents have equal variances, and that the covariance between
sibs and parents is the same as that between parents and grandparents, so that ¥ = a and
3, = 8. However, assuming that sibs share this variance (i.e., 09 = v = @) actually complicates
the estimation, for then the likelihood involving the u; no longer suffices in estimating ;.

Under the conditions v = a and 3, = 3, assuming normality, five covariance parameters
remain to be estimated by the information given by the u; (in addition to the last m distinct

eigenvalues of the circular covariance matrix C), and the information matrix contains 15 distinct

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



terms. In this case,

F T+20+0+V 1::®[0+V+0—,31 3,
cov (i) = o+V+o-3 T o 00
1.® I.® +J.®
31 g o oV J

witht=a—-28+6,/a,0 =83~ 6 /a,and ¢ = 6;/a — V. Also,

jcov ()] = @' (d+ Ver) x
o(o+V+o-3))°
T+20+0+V -3
+83,(20(8, —0o+V +0) + 3,7) )

2 . 2
N Cor) j{w) [0+ V+0)—8,(0+7)]

and [cou (u;)] 7! is still given by (34), now setting

f o= d(d+ Ver) ,
(t+20+0+V)d(d+Ver)
B (d+Vc‘r)[o(¢+V+U—,31)2+,31(61(T+20)—(¢+V+a'))]
~Ve(a(o+V +0) -3, (0 +1))°
er = (0+V+o-3))[ed+ Vc(ro—0?)] - 3,04,
e2 = d[B,(c+7)~0(0+V +0)] and d =10 — 5%

Unfortunately, while the conditions v = a and 3, = 3 reduce the dimension of the parameter
space, they increase the complexity of the calculations. In fact, whether or not v and «, and 3,
and 3 are distinct, the score and information of 8’ = (7,0,0,3,,3;,7, V) are too involved to be
of practical use, and hence maximum likelihood estimation is not a functional means of obtaining
estimates.

A realistic special case which simplifies maximizing the likelihood is that which assumes
families are related through lineage but not through environment. This condition is equivalent

to setting V' = 0, in which case (now with v and a, and 3, and 3 distinct)

jeov (w,)] = & { = 2 [0(8, = 3)° + 8, (20 (3, = &) + 8,7)] }.

¥i
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and
[eov (us)] '
- L
d2 ‘1c®
where
f =
€1 =
€9 =
Here.

ol

u; [cov ()] ws

’
—lc ® [ €, €2
e o -0 e2 e
1 a2 L 1 1€2
€2 -0 T ejea €3

d
1d~c[o(3; — 3,2 +8, (3, (r+20) - 3)]
(82 — 8,) 6 — 3,014,

d[B,(c+T1)—08,], and d =T — 02,

7

d?g? — 2g; (e1tie1 + €2Uis2) + (d—;—"— + %) Yot
+2(~42 +98) T8 ujiug
+ (G5 +3) Tior e
'*'% [“?-1 - Z;=1 U?jl]

+2edc§ Ujo1Uie2 — Zt?:l. Uij1Uij2
J

3 [ 2 c 2
+222 [uiQZ - Z]:l Ujj2

.

2
171

)

33

However, even the restriction that V = 0 does not make ML estimation practicable; the elements

of the Hessian and the information of @ are too complicated to be of any use. Some of these

elements have more than 200 terms each in certain sufficient statistics in the loglikelihood of 8.

On the other hand, ANOVA-type estimators are available for the elements of 8 through

simple manipulation of the sums of squares and cross products of the gi and u;;. Let v and «,

and 3, and 3 be distinct, allow V to vary from 0, and generalize the mean structure of the data

so that

The covariance parameters (excluding (42, ....8,)) may then be estimated without bias by

Lgi-n'g

¥ =

J

E ([9:,pij» Tijk]) = [Hg: ttpo 1] -

n—1
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2 -1 2
ij Yij1 — € > Uier

;‘
]

n(c-1)

5 = Z,’,- Uijrtije — €71 Y, Uie1Uie2

- n(c—1)

5 = 2 ufip —c 7t Y ud,
n{c-1) ’

vV = (ne= 1Y vl ~c(n—1) 2;} "?jz — a2 n

n2c2(c_1) 002 n-1"

3 _ Zi Gillie2 — ncgoﬂOQZ

3, = cm—1) and

5 Y. Gi (Uie1 + Uie2) — NCTa (Tee1 + Tae2)

32 = .

‘ c(n—-1)

Advantage is taken here of the facts that the g; (as well as the u;j1) are iid, and the u;j2 have

compound symmetry covariance structure within each csp.

4.6 Unequal Family and Cousinship Sizes with Scores of Parents and Grandparents. In this

subsection, again assume that in csp ¢ there are b;; families having a; sibs, j = 1,2,....c, ¢; <
-+ <@, i=1,2...n and let Aj =a;+1so that t; = Zj bijA; is the number of descendents
of the i** grandparent. Suspend the assumption of normality, except within sibships. In the kt*
family having a; sibs in csp 1, let T, be the score on sib [ and p;jx be that on the parent. Also,

adapt the less restrictive mean structure
E ([9:, piji Zisual) = [1g0 tpo 115 -

of the last subsection. Denote by C; the (circular) covariance within any sibship having a; sibs

so that, generalizing the covariance structure proposed in Subsection (4.5), the covariance of

a (1

the observations in any such family is cov (Xijx) = Caugj = and the covariance

81 C;

between the grandparent’s score and the scores in any family of this size is cov(gi.x\jx) =
[,32, 8, 1;1] . If we were to retain V" as the universal within-csp covariance parameter for sibs and
parents (as is helpful for ML estimation, to limit the number of parameters), then assembling

these suppositions would yield a within-csp covariance structure for each 7 of

! -
cov(x;) = cov([g,-,x(“,xﬁm,....xﬁd,m]) (35)
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v 1;‘; ®[ 3, 311;, J 1;.=® [ 3, 3,1, }
L

1, @
: j‘l"' ] L., ® [Caug1 — VIal],

= | n.0| " block{ 1, ® [Caug2 — Vs,

| Siler | T, ® [Cauge — VI 4]
- . VI,

1, ® %

_ | 3,1, | ]

However, since in the present subsection we specify ANOVA-type estimators, it is both less com-
putationally complex and. perhaps, more realistic in the majority of applications, to allow three
separate parameters to represent the parent-parent, sib-sib and sib-parent covariances across

families within csp's. We therefore set
Vop = €0v (Dijk, Dijrkr) » Vs = €0V (Tijrt, Tijrkerr) and Vi, = cov (pijic, Tijrxt)

for all j # j" or k # k’, and define

n - — a—Vp -
v [ S| 3- Vs
o; I 8j1/a; = Vs ]
That is to say, setting
Ve Visla,

ij = ]
Voela, Viela1i,

let the lower right submatrix of cov (x;) (excluding the row and column corresponding to the

grandparent’s score) be

(cov (xi))oy =

block [Ib., ® (Caug.l - Fll) be.: ® (Cnug.2 - F22) !"'YIb.c ® (Caug,c - Fcc)]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



P

-

Jo, @F11 (s, 12‘2) ® Fi2 (lb., 11’:.3) ®@F3

Jp, ® Fa2

symm.

(].b'2 1;,‘3) @ Fy

Js,, ®F33

x

(Ls, 15, ) OFic
(Le,,1;, ) @ Fac

e (16,3 1(’).5) ® F3C

Jb.c ®Fcc

Later in this subsection, we return to the case in which V,, =V, =V, = V.

Letting ¥; =

L

0 T,

o’ 1
and r,' =

making the transformations y; = Y;x; gives

(cov(yi)) =

OI

L,®H —-Gu).L,, ®(H2 — Gz),

block

where

seey Ib.c =Y (Hc - Gcc)

Iy, @ Gy (1b.| 1;,'2) QG2 (1b-x 11”.3) ®G3

Jb‘, ® Gpo

VPP
r - -
Vaj
0
‘/pa 0 Vas
0

(11,‘2 1{,‘3) O Gnu

Jo, @ Gaz

Vs (v/@%,0,0....,0)

,/ajak 0 0
0 0
0 0
0

. and

0 block(Ly, @ ¥y, 1, @¥s,....I;, @ F,)

(lb.l lf,m) ® Glc
(1s..15 ) ® Ga.

(lb-:s lg.c) ® Gac

JbIc s Gcc

0
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and - -
« 3(\/217,0, 0,...,0)
- .
Vi
0
Hj =
31 o Aj
o

again using A; = diag (6,-1,6,-2, ...,5]-QJ). Consequently, once more the grandparents’ and par-
ents’ scores and the y;;x, are independent of the other canonical variables. The methods of Olkin
and Press can thus be used with each group of sibships of uniform size a; to estimate the second
through (m; + l)th eigenvalues of each C; without bias (these will be MLE given normality).
Obtaining an estimate of the first eigenvalue §;; of each C;, as will be accomplished in what
follows, allows within-group estimation of the circular covariance parameters (gg,04,....0m_) .
However, because ML estimates (assuming normality) of these first eigenvalues are effectively in-
tractable, and we instead propose ANOVA-type estimators, the standard errors and covariances
of the within-group estimates of (0¢.01, ...,0m, ) differ from those of the MLE of (09,04, ...,0m_)
presented in that subsection. This fact is important because it implies the within-group estima-
tors of (09,01,...,0m_) are now combined across groups using weights that differ from those of
Subsection (4.3). However, the adjustments are slight and not difficult to implement; we omit
them here.

-1

i / 2y,~,~k1 = a] 'z;jt.. Unbiased ANOVA-type estimators of

For each (i.j,k), put m;jx = a J

¥,3, and 3, can be given as

~ Zgz _n‘lg? y nZ'gimino "‘nbcogoﬁloco
= &t 7 3 = i
! n—1_ b (M= 1) and
3 —_ n Zt giPise — nbtﬁgopoco
s =
boo (n - 1)

The unbiasedness of these last expressions does not depend on any normality assumptions. Ma-
nipulating the p;;x and m,;; produces estimates of «, 3, all the §;;, V,,, Vps and Vi,. The p,jk

have a compound symmetry covariance structure within csp’s. and the m,jx have a compound

Fi
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symmetry covariance structure within family sizes within csp’s:
; - -
(1. 1) ([ i 1N
Piny mMij1

bi12 m;2 )
cov = nly,, + VppJs,., and cov = @;Is,, + Visds,,.

\ | P | ) \ | ™t 1)

where n = & — Vpp and @; = 6j1/a; — Vi, for each family size a;. Similarly, the p;jx and myjx

together have a covariance structure resembling compound symmetry:

Y+ Vps, j=3 and k=¥,
cov (Pijk, Mijrrr) =
Vs, otherwise,
where ¥ = 3 — V},. Estimating a, 3, all the §;;, Vpp, Vps and Vi, then, can be accomplished by
treating the present setup as 2+ ¢ separate unbalanced compound symmetry arrangements (each
of which can be modeled as a one-way random effects linear model) .

Optimal (in the sense of minimizing mean squared error) estimation of compound symmetry
covariance parameters with unequal block sizes using reductions of sums of squares has been
shown by C.A.B. Smith (1957) to require an iterative weighting scheme. In Smith’s model. the
correlation between observations in the same block is the ratio between the within-individual
and the between-individual covariances V4 + Vg and Vg. Without knowledge of this correlation,
the ideal weight to be assigned to each block when computing weighted sums of squares for
estimating Vg (though not V,4) cannot be determined exactly. If Vg is very small compared
with V4, then the units in the i** block should be treated as independent observations, so that
the block receives a weight proportional to its number of units n;. On the other hand, when
Vg is much larger than V4, then each block should be treated as a single observation, meaning
that all blocks are weighted (almost) equally, without respect to their sizes. Obviously, in most
applications, the true balance between V, and Vg is at some point between these two extremes.
The usual one-way random effects linear model analysis of variance weights all blocks equally.

If V4 and Vg were known, the ideal weight of the it* block in estimating Vg in any case
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could be expressed as

V -1
w, = (nf‘ + va) : (36)

T

the reciprocal of the variance of its sample mean. The obvious procedure, then, is to estimate

V4 by the usual sum of squared deviations v,4 (which weights blocks according to their sizes)

)

divided by the degrees of freedom, assign initial weights wfl , compute an initial estimate vg) of

Vp. and use v4 and vg) to compute new weights wfz) through (36) . Iterations between the w‘m

and vg) may continue in this way until convergence.
Adapting Smith’s methods to the estimation of 7, 9,7 =1,2,...,c, Vpp and V,,, we estimate
n and o; without bias (or iterations) by

ik Phx = i Plo/bie -
and @;
b.. -n boj - n_,»

_ Yk m?jk -3 m?jo/bii

n=
settingnj =), [ {b,,>0}- Here and henceforth, sums over i specific to a particular family size q;

are over i : b;; > 0. Assuming the parents’ scores are normally distributed,®

. 2n?
var (7)) = ;———

. 202
and var (o'j) = 5———J—n—
o] — 14

Next, set
2

2
9n = Z wﬂiﬁ?‘. - "Vn‘! (Z wﬂ‘ﬁio') and q; = Z Weij mlgj' - ‘ngl (Z w'°‘jﬁlij.> !
T t 3 t

(b,;j +5.j) /2,6,'1' >0,

where® wy = (bie +bes) /2, Woij = W, = >,wp and W,; =
Ovbij =0’
Z‘- Weoyj- Put
Wi (Wy — wy, ~
= G k= -
t i
Weij (Wei — Waij _
kojl = Z (-33] (bi;:voj ou) and k¢j2 = PVéj - Wojl zwgi]__
: i

Initial estimates of Vp, and V,, from the parents’ and siblings’ scores are subsequently found as

— k7 i — koj10;
U%l) = u‘l_q and vgl-) = Mvj s 17 27 wes Gy
n2 k¢j2

$ The assumption of multivariate normality within sibships is global throughout the present subsection.
9 The best initial estimates of the ideal weights actually depend on professional knowledge of the approximate
values of the parent-parent and sib-sib correlations; the initial weights here merely take a middle ground between

those that would be appropriate given no correlation. and those that would be appropriate given total correlation.
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the subscripts of these estimates indicating that (f].v,(,‘) ) jointly estimate (1, V) and (éj . v(o? )

jointly estimate (oj, Vis) - Updated weights are then computed as

- -1 ~ -1
T] D 1
Wy = (5: + U%l)) and w°,j = (b—:'- +Ug])> ,
@) 2)

the appropriate adaptations of (36) . From these new weights, updated estimates vy, ’ and v o; are

available, and so on, iterating in each of these two cases. At each step ¢, vs,t) and vgj) are unbiased

for V;p and V,, and (assuming the parents’, like the sibs’ scores, are normally distributed) have

variances
o — 2+ k2, 20 W\ _ 2 —2+"§nrz—§r
var (vl?) = *=—= and var (v,; ) = 2 (37)
n k2 ) k2
n2 ®j2

In the same way, V,, and the intra-family parent-sib covariance 3 may be estimated using
the crossproducts of the parents’ scores p;jx and the sib means m;jx, and the within-csp means

of these statistics. We may set w = 3 — V], and then its estimate

2,-,-,: DijxMijk ~ Zx Dies Mive /bie
bee — 1

@ =

2
has expected value v and (assuming bivariate normality) variance 2 Letting

bee—n°

qu = Z Wyiliee Mies — (Z UJwiﬁiu) (Z w,,,.-rh,-..) /Ww’

with wy; = (bie + bee) /2, Wy = 3 wyi byt = 3 lg_“&%&z and kyo = Wy — W' T, w2,

the initial estimate of V},, from the parent, sib-mean crossproducts is

() _ Qu— kwﬂzl
v, = ——/————.
kw2

Iterations may then proceed between the weights wy,; and the estimates vg ). At each step ¢ after

-~ -1
/

Wyi = (—bv +U'(bt)) .
1

If all the p;jx, mi;x are together multivariate normal, the final estimate vy of V,, has variance

the first, the updated weights are

~ey R
2"_2‘,‘3}!5‘ -n
k:

w2

4
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The model under consideration demands that within any csp, the covariances between sibs of
different families be represented by the same parameter V,,, regardless of the size of the sibships.
Thus, the estimates v,j, 7 = 1,2, ..., ¢, obtained above separately by convergence of the iterations
with the ws;;, must be combined to produce a final value v,,. Setting f' = (vo1, Vo2, -..,Voc) , the

optimum (unbiased minimum variance) linear combination is

_ 1'(cov(f))"'f

S V(e ()L *

s

The unbiasedness of the above estimates of (7, n.v,0;,8,, 3;) does not depend on any distri-
butional assumptions beyond those of (35). However, providing an exact expression for cov (f)
does require assumptions about the fourth moments and expected squared cross products, etc.,
of the data within csps. If no such assumptions can be justified, then the elements of f may be
combined into a single unbiased estimator of V;, by ignoring all cov (ve;,vek) .7 # k, and simply
weighting each v,; according to the reciprocal of some estimate of its variance.

Henceforth, we retain the assumption of normality within sibships, and obtain cov (f). Each
var (vsj), 7 = 1,2.....c, was given by (37). Computing cov (vej,Uek) .7 # k, could be done by
directly expanding the sums of squares involved. Because terms of the form E (mf;,m%,) appear
in the expansion, it would be helpful to note the fact that, for any bivariate

2
x o% POxCy

~N|o, ;
y poxay 0%

we have (Lehmann, 1983, p.64)
E (x’y?) = 0202 +2 (poxoy)?. (39)

However, the computations proceed more easily by expressing the q; and the 5)]- as quadratic

forms, and finding the covariances of the pairs of the four terms (as quadratic forms) in the

B-kon® ) (@-kond\ .
, Le.,

expansion of vejuer = ( o Tors

1 cov (g, qt) — ket cov (q,-,é‘,)

cov (vo, . Uol) = m
J

—kc,,lcov (ql.éj) +k°11ko“COU (éj.é[)
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Assume t, are normal with zero means for j = 1.2 (not necessarily of the same dimension),
E(tit5) =E12, A; = A] and A2 = A). Then the methods developed by Evans, as outlined by

Searle (1971, p. 65), may be used to write the multivariate extension of (39) as
cou (t1 Aty t5A0t2) = 2tr (A1 E2AE},) . (40)

We first apply (40) to find cov(q;,q).J # l. q; is a weighted average of squared deviations
of the within csp, within group sample sib means 77, around a weighted mean of the myj,,
and is therefore invariant with respect to the theoretical sib mean u,. We may simplify the
calculations without loss of generality, therefore, by assuming p, = E (mijx) = 0. For each j,
set ) = (Mije, M2je, s Mmje) s Wi = (Worj, We2j, - Wen;) and (b, 051, ....07}) as (1 x n)
vectors of means of sib sample means, weights and within-csp reciprocals of numbers of sibships
of size a;, each vector having zeros in the positions in which b;; =0, ¢ = 1,2,....n, and let the

(i.i)"‘ element of the n x n diagonal matrix D; be I3 50;- With these conventions,

cov (ﬁl]) = ‘/sgD] + onzag (bl_jlybijly ---?b;j‘) b}
cov(mj.my) = V,,D;D;and
gj = m; [diagw,- - Wo'j‘ij;] m;.
Thus (for § # 1),
[diang - W‘;-IWJ'W'-] D;D;x
cov (g, @) = 2Vitr T =

[diagw, - Wg,‘w,w,’] D,D;

2
Wei;  Wea ; Woij Wei
2‘/;‘: [z Weij Woil (1 — 8 éM) + (3 wousWeit) ]

Woi Wau Wi War
which, surprisingly, is independent of any of the ¢; except insofar as the distributions of the
estimates of the ideal weights w;; depend on the ¢; and V4.
With respect to the cov (q,—,c;k), J # k, each myjp is well known to be independent of (L)
the deviations m,;; — m,j, for all /,p, and hence q; L 51 Using matrix expressions for m;;, and

each m g — Mxe it may be shown, too, that q; L 6k, so that cov (q,-.ak) =0.

=
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Lastly in the expansion of cov (vej, tor), if m} = (myj1, myj2,....Majs,,) (no longer filling

with zeros where b;; = 0) is (1 x b,,) , we have (for j # )

cov(mj,my) = Viblock (15,14, 1s,, 15,0 15,15, ) and
- 1 - _ -
0; = ———mj [I-block (bi;'Js,,,b5;'Jss,, 05} Js,, )] mj,
byj — n;
so that
< - 2v2
“’L("i"") = ey —15) (ber ~mp)
4

N

[I-block (b7} 3s,, 65 sy, s s b7} Ts,,)] X

block (16‘1 1Ibu . lbz, llb-n 3oy lbny 1{),.1) X

tr ¢
[I—~block (b7,' Ty, .05, Tngy s or b7 T, )] %
| dtock (16,1, Teg 1, s Do 1, ) J
= 0
and therefore, for j # I,
L
cov (Vsj, v, = ——x (41)
orntet) = ke

oy2 Yo WoijWoit (1 -~ %?:- - %’;’)

ss

+ (2. wor,wou)*

Wo,Wor
Substituting 5)1- and ¢, and an initial estimate of V,, such as ¢~ ZJ- Usj, (41) for all combinations
{(.1) : j #1}, with (37), yields an estimate of the covariance of the minimum variance, sibship
size specific, unbiased estimators f of V,,. This estimated covariance is refined iteratively through
(38) to produce an overall minimum variance unbiased estimator v, having approximate variance
(1’ (cov (£)) 1) }

It is important and at the same time enlightening to note the inadequacy of (vs_l.,))2 =
(c'l >; voj)2 and (vgf,))z ,t > 1, as initial and subsequent estimators of V2 in (41). Estimating
covariance matrices through direct substitution of such quantities (as in Newton Raphson or
Fisher Scoring iterations) is usually a functional technique. Nonetheless, in the present instance

2 2
the tendency of these (Lf,i)) to overestimate Vf, (due to the fact that E [(Lﬁ? ) ] = st +
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var (v’;? )) has unfortunate consequences since the estimates of the diagonal elements

<2
_ 2 20
2n; —2+ky;, o,
2
k3,

7

of cov (f) do not depend on v!? in the same way as do the off-diagonal elements in (41). Further,
the overestimation of each :p? by 6,2 does not adequately mitigate the overestimation of V2 by
these (vf‘,) )2 because of the tendency of the k) towards zero in the b;;. Thus, except when both
n and the b;, are quite large, direct substitution of (vg) )2 for V2 often produces unacceptable
estimates of cou (f) (having correlations, in absolute value, too close to or greater than unity).
The use of
(49)" - (v (ow (e *2) ™

is recommended, instead, as an estimate of V2 in (41) at the (¢t + 1)** step.

When it should be assumed that V,, =V, = V,, =V, as was the case in previous subsec-

tions of this section, then V' is estimated by combining v, and v,, with the v,; as

o= V(0w [, w0, £)]) " a0, £
- o l)

1 (cov [(vg,00.)]) 1

To identify cov (vy,vy) . cov (vg,Us;j) and cov (vy, Us; ) for each j, we assume normality throughout

the data except in connection with the grandparents’ scores and (for convenience and without
loss of generality), as before, assume that p, = p, = 0. It is helpful to take advantage of a
generalization of (40) to bilinear forms (Searle, 1971), because ¢y and ¥ can be expressed as
bilinear but not quadratic forms: If t; are multivariate normal with zero means and possibly

unequal dimensions, E (tit;) =Ei;,1,7=1,2,3,4, Aj2 = A}, and A3y = A3, then
cov (t1Aatz, t3Aasts) = tr (A2 (BE2s A By + E24AgiEqy)]. (42)

We turn first to the derivation of

1. cov (¢n,qy) — kyrcov (‘Im'-/’)
cov (vn, vy) = kp k)

~knicov (qy, 0) + kgrkycov (77, 1,71)

Set

=1

P = (plco- ---~ﬁno-) . ‘ﬁ’ = (Thl'i--... ﬁln..) .

v

Fi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



’
P = (Plll7Pll2y---vplcbncy----Pnd.lg) and
4 .
m' = (M1, M2, Michby er o Mncbac ) s
’ ¢
w, = (wp1,...,Wyn) and w,, = (w1, Wen) -

p, m,w, and w,, are each (n x 1), and p and m are each (b,e x 1). Then we may write

@& = D [diagw, - W,,"lw,,w;] P,
. P [Te,. — block (b3,!Ty,,, ... 07135, )] P
" bee — 1 ’
qw = P [diagww -W, 1w,,,,w(‘,] m and
- p'[Is,, —block (b5,'Js,,, ., 07 Ts,.) ] m_
LY - b.. —_n ?
E(p) = diag(bi'n+V....0 ) n+V),
E(pm') = diag (bj v +V,...b 00+ V),
E(Bp) = block[(by,'n+V) 1, .. Grin+V) 1 ]
E(pm') = block[(blu+V)1,,,..(badv+ V)1, ],
E(pp) = block[nLs,, +VIs,,, ..., 1ls,, + VIs,.] and
E(pm') = block [wls,, + VI, .., 0s,, + VIs..]-
Consequently,
(diagwy, — W tw,w)) diag (bi!'n+ V,....b7tn+ V) x
cov(gq,qu) = 2tr

(diagww - Ww—‘www'w) diag (5710 + V,....bZ v + V)

n ) wo, Wy,
Ly V) ] — & _ 2

S (L ev) | V) O )

L e - -

= W W S wagwe, (& +V)

In the adaptation of (42) for cov (q,,, 1,71) . we may take advantage of the fact that

E (P’) [Is,, — block (b1,'Js,,, - b70ds,,)] =0

appears twice, so that cov (q,,, 1}) = 0. cov (qy.7) = 0 for analogous reasons.

|
Fi
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Concluding the expansion of cot (v,. ) ,we have

r (Xs,, ~ block (b7,'Te,, s - 07136, ))
block (nls,, + Ve, tlyy, +VI,,)
x (Is,, — block (b7,' oy et 070 T5,.))
cov (7'7, {0) = (bee —7)7? trJ xblock (WL, + VI, +VIs.) | ¢
X
+block (VIy,, + VI, ... ¥ls,, +VIs,,)
x (Io,, — block (b7, b,y s - 070 35,.))
{ I xblock (nIy,, + VI s-oes ey, + VIs,.) I
2 nblock (Iy,, — b7 Joyes - Lo, — 072 3s.0.)

——2 T
(bes —n) xwblock (Ip,, — b7 Toys o Ton, — 07135,,)

= 2Trw (bo' n) = 2W

= N

(b.. - n) - boo —n

noting the idempotency of block (I,,, — b;,!'Js,,, ... Is,, — b7 lJs,.,) . Summarizing and simplify-
ing,
cov (Un, Uy)

4 Woy Wy
2av) (1- g - )
Z:‘___l w,,"ww, (F:I: + V (bu Wn Ww

_ —1p-1 .
= 2k ky; +W Wt 30 waiwe; (;‘f—. +V)
+knlk¢'l b,.tfn

The calculations of cov (vy, Uy;) and cov (vy, Ue;) are more difficult than those of cov (vy,vy) but
for the most part follow the same types of steps, and complete the derivation of cov [(vy, Vy. f')].
The added difficulty arises mainly from the possibility that some of the b;; are zero, so that
notation similar to that used in the derivation of cov (vej,vsr) is necessary. With respect to

cov (vy, Ugj) , Wwe have

E (f)rh_;) = diag(cyj,C2j,...,Cnj) and
_ Y Y ,
E(pm)) = block [(W + V) 15,0t (bn. + V) 1{,1,] .
E"é’: + “’- bx] > 02

in E (pm)) setting ¢;; = and, in E (pm}) if any b;; = 0. making 1o a vector

0.5, =0
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having no rows and no columns. Also, we can write
E (pm;) = wblack (hyj, ..., hn;) + Vblock (1s,, , ..., 1b,,)

where each hl; = (o, 0,..,0,6;'1; ,0,0, ...,0) is (1 x b,) and has bj;! in the positions corre-
sponding to the families (if any exist) in csp ¢ having a; sibs each, and a zero vector replaces 15,,

in block (1s,,,...,1s,,) wherever b;; = 0. Lastly
E (pm)) = wblock (L, ..., ln;) + Vblock (1,,,_1,,1 ,1bn,1;,“,)

where I; = (0, I, ,0) is (b;; x by, ) and has I, in the position corresponding to the families in

csp t having a; sibs each. This notation allows the derivations

covlan qs) = 2tr{(diagwy - W, 'w,w}) [E(pm;) (diagw; — W5'w;w)) E (5] }
2
_ Wi wn) | (30 waiGiwi)
= {z w'qzc‘J Wij ( "Voj PV,,) + ‘/VanoJ )
ov (4,0;) = cov(q. 7)) =0and
- 24ir°
cov (r’;,oj) = b..v— e so that

4 Y\ e } Y 2
2 Z;‘wmczwu(]_—l‘-'l__ﬁ’a:)_;.w

WOJ W'1 n W°J

cov (Uy.Vej) = P
n2/h¢j2 k. k . v?
HhniRejig,

The remaining elements of cov [(vy, vy, f’)] to be specified are cov (vy,vs;), 7 = 1,2,...,¢,

which are found using

E(mmm;) = diag(dij,dej, -, dn;),

E(m;p') = diag(cyj,c2j,--,Cnj),

E(mym]) = block (di,1},,.dz;1p,, - dns1},, ) and
E(mm)) = block (v1,,1,1,',“ +¢j11,-,...,V1b",1;,M+¢>j1,,,-)

o
EL+V, bi; >0,

where di; = * These expressions yield
0, bij =0.
) _ Wy Wy (O, wuicijwiy) (3, weadsjwij)
cov(qe-q;) = [Z Wenll Gy (1 Wo, W'._,.) + W, W,
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cov (qw.:.-');) = cov(qj,z;) =0 and
- - 2Yo;
cov(/ i) = b"_n,sothat

W Wy Z-w 1 Gy W Z.w vdyyw,
2 > Weiwi;Cijdi; (1 - W, T w_“;) + (e ufj,)v(v,, e ty)

kyvakejo vo
+hutkejig =25

cov (Vy, Uoj) =

cov (vy,, Vs;) completes the specification of the elements of cov [(vy, vy, f')]. At each iteration ¢,

the new estimate of V is

o0 — L (e0v [(vn,ve, £)]) " (wn, v, £)
1 (cov [(vq, vw, £)]) 7" 1

r

where the current estimate of cov [(v4, vy, f’)] depends on the previous value v(*~1, A suitable

starting value for the iterations is

p = Wn Ve, f11
c+2

*

the simple average of the elements of (vn,vy,f’). Because of random variation, any current
estimate of cov [(vn, vy, f’)] can in some cases fail to be positive definite, giving undesirable v(t);

in practice. therefore, v(*) should be bounded using
min (vy, vy, £) < v < max (vy, vy, £) .

2
As noted above, (v(*))" tends to overestimate V2 by var (v(*)); where V2 appears in cov (vs;ver) »

J # L, it should therefore be estimated by (u(‘))2 - (1' (cov [(vg, ve, £)]) " 1) )
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5 _RESULTS AND CONCLUSIONS

5.1 Introduction. This thesis presents a number of techniques which make circular covariance

a more efficient and versatile modelling tool, facilitating new, useful applications of circular co-
variance. For instance, if we may assume that the correlations between disease rates in sectors of
a city decay in an autoregressive fashion, then modelling the covariance structure using autore-
gressive circular covariance may improve significantly the efficiency of estimation. Alternatively,
if the disease rates in these sectors in different cities can be expected to be correlated according
to a compound symmetry structure, then the covariances between observations in different cities,
and those around the same city, may be estimated under various sets of assumptions about the
availability of covariates or the correlations between sectors of different cities. We may summarize

the results and conclusions of the three main sections of this thesis as follows.

3.2 Missing Data. We have developed two classes of estimators for the circular covariance para-

meters and the parent-sib covariance for use when some observations are missing. Each of these
classes has advantages under certain conditions, in terms of ease of calculation, unbiasedness and
efficiency. We have shown that professional knowledge of the approximate expected sample sizes
(na), the expected proportion of missing observations p,, and the value of unbiasedness relative
to that of efficiency, will play a potentially important role in opting for one class of estimators
over the other. Briefly, these considerations amount to the following: The unbiased LOO esti-
mators and G, are usually more efficient than the (biased) “EM” estimators for large na or pn,,
and are calculated without assumptions about the relation between the available and unavailable
measurements. However, simulations demonstrated that the “EM” estimators are more efficient
for a wide range of reasonable sample sizes assuming normality or any one of the t-distributions,

especially when the parents and sibs’ scores are highly correlated.

5.3 Autoregressive Circular Covariance. Only two parameters characterize the covariance struc-

ture of the “autoregressive” type of circular covariance we propose. Therefore, when this kind

of covariance adequately explains the observed patterns of variation in the data, the advantages.
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in terms of parsimony and efficiency of estimation, of fitting the model under the autoregressive
assumption can be enormous, especially with a paucity of data or a large number of sibs in each
family. We identified straightforward methods of finding the ML estimate of the autoregressive
circular covariance parameters, adding to the utility of the model. We also showed that two
methods (the Likelihood Ratio Test and Akaike's Information Criterion) of selecting between
alternative covariance structures are easily performed and, under reasonable assumptions, have
desirable sizes and powers. The alternative estimator we derived of the autoregressive parameter
p is superior to the MLE when p and the sample size are small. The autoregressive assumption
is easily extended to the case in which families are observed having different numbers of siblings:
estimation of the circular covariance parameters and the parent-sib covariance can be accom-
plished by grouping families according to size, obtaining within-group estimators, and combining
the within-group estimators so as to minimize the variances of the overall estimators. On the
other hand, computer calculations of variances showed that the parent-sib correlation is, in most
cases, more efficiently estimated by combining within-group estimates of the correlation, than by
calculating the appropriate function of the overall estimates of its components (the sibs’ variance,

the parents’ variance and the parent-sib covariance).

5.4 Compound Symmetry within Cousinships. Assuming members of different families may be

correlated, we showed ML estimators of the circular covariance parameters, inter-generational co-
variances and inter-family covariances to be available under various sets of assumptions about the
inter-family covariance structure. In the balanced case (all cousinships having the same number
of families and all families having the same number of sibs) in which no parents’ or grandparents’
scores are available, we calculated ML estimates of all parameters through a simple extension
of the work of Olkin and Press (1969). In other, unbalanced situations (including that in which
parents’ scores are available), iteratively maximizing the likelihood requires manipulating com-
plicated information matrices and score functions, but does produce consistent estimates, as we
have shown through simulations. However. when data from a third generation (grandparents)

are added. the complexities of the resulting information matrices and score functions make ML
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estimation impractical. Given balanced data involving these three generations, in lieu of ML
estimates. we calculated (without iterations) unbiased ANOVA types of estimators of the inter-
generational and inter-family covariances. On the other hand, given unbalanced data involving
all three generations. iterations, while not absolutely necessary, have been shown to improve
the estimates of some of these covariance terms, through successively improved weightings for
families and cousinships of different sizes. Different assumptions regarding the covariance struc-
ture between families, require different methods of combining parameter estimates into overall
estimates. Computer simulations strengthened the claim that all the estimation procedures we
describe (especially those based on ML, due to the possibilities of multiple roots to the likelihood

equations) produce consistent estimators.
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A. SOME LENGTHY HESSIANS AND INFORMATIONS

The elements of the Hessian of Subsection (4.3) for the i** csp are

ol L P3i Poi P2i
ov 2 2(1+Vt) 2 2(1+Vty)
Vp2ipai _ Vp%ip&'

T ve 21+ V)2
&, _ Pni_pri+Vpsi p3;
av? 2 1+ Ve, 2(1+ V)2
2paipai p3:pai Vol

P& T ve, L+ Ve T 11 Vi,
_2Vp2ip3ipsi | 2Vp2ipsi Vi
(1+vt,)? 1+ Vit  (1+Ve)3
_Vpdi(pri + Vpsi)
1+Vve)z
621l» _ _b,-ja_,-ff + bija.jff + 2Vb“ja?f? _ Vpg"bgjajf?
6V86]-1 2 2(1 + Vt{) 2(1 + Vti)z
s f3 = P2i /G Wije f2 3V bija;f}
7794 1+ Vi, 2(1 + Vt;)?
_szV\/ajwijoP«ti V2paipaibija; f?
1+ Vi, (14 V)2
3/2
—2Vp2iaj/ Wijo f} | VD2psi/@jwije f}
1L+ V¢ (]. + Vt()z
_ V2p%l.p3l-b,-jajf12 + Vp%,-(b,-jajsz + 2Vb‘-ja?ff)
(L + V)3 (1+Vt,)2
al; ~biif;  Vbiaif? siif?
E 2 T 20+Ve) | 2
_Vp2i\/ajwijofj2 V2plbija; f?
L+ Vt 2(1+ V)2’
&l bijff  Vbijaify  V2Ealf}

383, 2 L+Ve,  2(1+Vt)?

y

3/2
—si f3+ Vajwizj.fj4 _ 2V2p2iaj/ Wijebij ,f‘j
VI 1+ v (1+ Vt,)?
2Vp2i /a5 wise I} p2tb?1 a?f} _ V2pdbija; f3
(1 + Vit;)3 (1+V¢e,)3 (1+Vt)2
- Vbi,a,bea /B w; 0\/;.10- .
2, VR S  Aorte e
85106k 1+ Vi, _qu,(,/n_,w.,.b‘,,zz,,-—\/a._;wl,"bva’) L PR.b boea,ae

1=V, (15Ve, )2

for k # j. The expectations of the elements of the Hessian for that subsection are

(32l'> _ bri _ pri+Vpsi p3,

av? 2T I+ ve 2+ V)2
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2p2-h

105

P22.:D3: Vp4~h

—Di6;i +

2V p3ipzas

L+ Ve, (L+Vt)?
2V pas;

1+ Ve,
V p22ip3; Vp2i(pri + Vpsi)

T+ ve)?
8%, _b-’ja-jf_,-2

1+ Ve,
b,;ja.jsz

+ _
(L+Vte,)3 (1+Vt)2 !

B (ava:s,«‘) - 2

2(1 + Vit;)
P12i /& f}

T2+ ve)?
P22iVbija; f?

+ajbi,-5jlf13 -

_ [V fa@p1i;

1+ Vi,
V2poybija; f2 2V 3/2 3 2
P24biia; f7  2Vpizija; 7, VmeipsiJ/asf;

2(1 + Vt,)2

L+ Ve,
_ V2paaipsibija; f7

(1+Vt:)? L+ Vt; (1+ve,)?

Vpazi(bija; 7 + 2Vbi;a2 f3)

(1 + V)3

2(1 + V)2

r2p2 .2 £4
V7biiaif;

E 621,' - bijsz _ Vb.-jajff +
a2, 2

: 1+ Vi,

Vajbij (551 +Va; (b — 1)) £} 2V2puaiia} by £}

2(1+ Vi,)?

.t

—bi;6;1f7 +

+2Vpl2ij Vaif}

V3p22,'b2 a; j

1+ VtL)?
_ V2P22ib-'jajf,3

1+ Vi,

2 42 £4
1

(1+Vvie,)3

Vfif?

g5 _
L+ Vi,

85,1065,

_ﬂplz-, VB b1l —Prase ,/m,b.,a.,)

1+ Ve)3 Q+Ve)

Vb. a b.knk

=viy T Va;akbijbix

VzP’n-b-Lb-kaJ Qe

1-Ve, (1=V1,)?

The Hessian of Subsection (4.4) is found using

ol —n(c—l)o‘__rizg_’{_ (g‘ﬂ/ﬂ)o 422'*-“—(%%9
or d f (a)? - d '
ﬂ _ —n(c—-1) (T ~w) _ n(r—w+ cw)
do d f
. (9 - i%)) (T—w) (‘hl + w(h)(z'!—)f‘wcz - 2“@”}_"”))
2 (g — =)
a 2n(c—-1)a+&zg (g i )‘7
do d f (d)?
2 (q12 + 24 + ermmona) )
+
d A
o _ ne-lo nofc—1) (9“%&)0
Ow d f - (d)?
_ _ & w(h)e(e—1
_ 92 — 5 + —(—)—L;—l(f)
d b
Pl _ n(e-1)0*  ne’ 2(g-—#l)o’2
or (@) (f)? ()°
w(h)o 2
T (022 + _((f)%_) o L who?
(@)* (d) ()}

i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2% _ nle- )(t~w)’  n(r+w(c—1))? _2(9_ :'(?ﬂ) (r=)°
d0* (d)® (f)° (@)®
(qu + 2Bzl Mornj—"m) (T~ w)
+2 >
(4)
_2 [w(h) (T+w(e~1)?  2w(ory—orz) _wru
d ° (n)* Fy
%l - ~-1)o? 2
27 = 2”(Cd DIAIC i)” +22 +4 22
. (d) o
=) (o g+ )
(@)° (d)®
_2¢‘Iu +(T—w) g2 —20q12 — ﬂfﬂ
(a)®
2| w(h)o?  w(orpp—orwp)e  w(h)  wre
Z 14 +4 + .
d [ f)? (f)* () f
Pl ne=0&  notlc—1) (9-%)
EX d)2 + 2 -2 3
(d) (f) (@)
N s L o
(d)* d '
& —n(c—1)+n(c—l)o(r—u) n
oo d (d)? f
L no(T—w+uwe) 2 (g-— g&!ﬁ) o(7~w)
(f)? (a)°
N (g0 + 2edrmgmen) _ 2elomymera)) L9 -
(d)* (a)®
(Q22 + '”(i}';?') (r-w)
+
(4)°
_ow(h)o(r~w-wc) 2w(dr ) —or12)e w(h
guitdlgmsl 4 Mlenyspmal 4 2
d A
#l  _ —2n(c—1l)¢0 2ngo N 4 (g - ﬂfﬂ) %o
9rdo (@) (f)? (@)
2 (412 + U(fh) 7 4 w(‘"nf-é’"u)) é
(@)
4J1(l})’¢d + 2{..1!6"2(};61'12!0
- - ,
&2l - _n(c—1)¢>2+noz(c—1) 2(9-#)02
870w (@)* (f)* (@°

t
i
i
l

{4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

106



107

(reu= 1)
(@)
(q22+c_d_(_(j%2,_) 2u§h!8’)¥c- )
(d)° d
&l __2n(c-1)(-r—u)a 2n(7‘—w+uc)a
8600 (@) - ()
(g-—ﬂ!ﬁl)(r—u)a 2(@2-&-@-&-1&3—’—&2)(1‘—;‘;)

i
-

)
(a)° (d)?
(‘Iu + “!h!!:!_)“"“"q — %!éru!-aru!) o

(@®
4:‘1(’1) (t+(c~-1w)o 2;‘;(01'22—4’77'12) (T+(c—1)w)
() @) (@
_w(or —omiz)o Wry2
(f)? (d) (f) (@)’
Pl _ n(e=1) nr-lo(r~w) n(c-1)
60w d (d)? f

n(r+(c-NHwlo(c-1) 2(9“#2)0(7"“’)
)?* (@)
("6122 - ? + ﬂ—LLr—lh(?)c 1 ) (7 —w)

(4)
_ w(h) ( w(A)(r=(e= L) z»(m.-crlg))
9-= \qu+ 0n? 7

T @ (d)?
_(h)(-r+2(c—l)u)+2u(h)(1‘+(c-31)w)¢(c—1)
(f)" (d) (f) (a)
_wh)(e—1) ,oru—orz ,w(ru=or)o(c—1)
(£)* (a) (H@ (f)* (d)
&l .)n(c—1)4‘)0_271045(0—1)_4(g—ﬂfﬂ)d"7

dodw T (d)? (f)? (d)°
(ommbe 200 (o s+ o)

(d)® (@)

h)o _Qxldﬁ(t:* 1) 07‘12—:01"3
L2 | —pT HE 7

w(aryz ~driz)o(c-1)
nN*

—+

o

Q.

Twice the expectations of the above second derivatives are

) %712 4+ 30%w2 (¢ — 1) — 4027w + 16wo?
—-o‘ne
B ( 821 ) +w?c20® + ot + 20%Twe ~ 202weo — 20702

ar? @2 (F)?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



108

0212 — 30%w2 (¢ — 1) — 4627w + dowo?

—o“nc
1 +w?c20? + 0* + 20°Twe — 20%weo ~ 20702
2E (&7) = 2 2 ’
o (@) (f)
02712 — 30%.2 (¢ — 1) — 46%Tw + dowo?
200nc
Pey +w2c29? + ot + 20%Twe — 20%weo — 20102
2E ( g ) = 3 5
a (@)” (f)
- ( &%l ) _ o ncw (20w ~ 3wed — 207 + 202 + weko + 2¢ (o1 — 02))
Or0w @)?(H? ’
( 6% + 720* + wié? — 2awte? ~ w0t + Awio? \
+ew?ot — 4130%w — 27002 + 2cm30%w + 6720°%wW?
—nc
+47260wo? — 6cT29%w? — 2crowo? + 2r2¢%w?
e ( 21 ) \ ~47w30% — 27w2002 + 6cTw30? + 2cTw00? — 221302 }
2 el —
3 '
00 (d)%(f)?
X +20%w® - 3uwco® +40°Tw )
+201202 — 2c729%w — 5T70%w? — dTowo?
—20mnc
+5c10%w? + 2cTowo? — ATo%w? + 20w?0?
+w3c2e? — 2wlcoo?
w() - — .
o (@)
- ( a2 ) _  o%wonc (20w — 3wep ~ 207 + 20% + wclo + 2coT — 2¢0%)
90dw (d)? (f)? ’
2038 —~ 30%wlc + 6%wBe? + 4032w ~ 505 Tw?
2nc +50°Tw?e — 9%w20? — dowot + ¢*w2o2c — 6° T3 — o°
o8 ( 1 ) +0°1202% — 2037%wc + o10t — 63w + 20%weo — o2wicRo?
——5 = y
oo @2 (f)?
) ( 32l ) _ —~200%ncw (20w — 3wed — 207 + 202 + wco + 2o — 2co?)
800w @° () ’
—Q nc
2F ( &l ) + (0% —2¢70%) (c~ 1)
=) = )
Ow (@) (f)?

|

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



giving the information in the csp for these parameters. In these expressions,

[ = d+wco=(T-w)o—0?+ wco,
g = oqu+(7—w)qe—20q2 and
h = 027’11 + 0’27‘22 - 200T2.
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