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Table	3. Relative Orbit Model Summary.

Model Equations

Nonlinear

Linear Time 
Varying
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 (18e)

 (18f)

where

 (19)

The orbit perturbed acceleration term, â, is different 
form the term used in the truth model in which it does not 
contain the unmodeled disturbance acceleration term  fw. Th is 
navigation target model is used only to assist in the process 
of estimation. Th e dynamic modelfor the relative navigation 
states are:

 (20)

where ϕLTV is the state transition matrix, and it is defi ned by Eq. 
(17) for the relative linear time varying model.

Th e navigation model for the target angular motion is used 
only to produce a reference attitude trajectory. Th is trajectory 
will be tracked by the chaser attitude control system. 

 (21a)

 (21b)

 (21c)

For the chaser vehicle, the propagation of the state can 
be accomplished by using numerical integration techniques. 
However, in general, the gyros observations are sampled 
at a high rate (usually higher than or at least equal to the 

same rate as the vector attitude observations). A discrete 
propagation is usually sufficient. Discrete propagation can 
be derived using a power series approach (Crassidis and 
Junkins, 2004).

 (22)

where

 (23a)

 (23b)

Th e propagation dynamic model for the error parameters 
is given by

 (24)

where ϕMarkov is defi ned as follows:ϕMarkov

 (25)

An extended Kalman fi lter is derived from the nonlinear 
models as illustrated in the equations below (Brown and 
Hawag, 1997).

 (26a)

 (26b)

Here, the state vector x can represent relative position, 
velocity, and orientations of the chaser as well as other 
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Figure	4. Closed Loop GN&C System.
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parameters that need to be estimated for the use by other 
fl ight algorithms. Th e time derivatives of the states x· are a 
function of the states, inputs, time, and additive process noise 
w. This process noise is used to approximate unmodeled 
disturbances and other random disturbances to the dynamics. 
Th e measurements ~zk are modeled as a function of the states, 
time, and measurement noise vk. The process noise and 
measurement noise are normally distributed with zero mean 
and covariance Q and Rk respectively. 

Th e following steps summarize the Kalman fi lter equations, 
that are used to estimate the relative motion states and it is 
based on minimizing mean square of the error.
•	 Enter prior estimate of x–k and its error covariance P–k  and 

compute the Kalman gain

 (27a)

•	 Update estimate by measurement ~zk

 (27b)

 (27c)

•	 Compute error covariance for updated estimate

 (27d)

•	 Project ahead
 (27e)

 (27f)

Th e term ϕk is the state transition matrix, and Hk is the 
measurement partial matrix that represents the sensitivity of 
the measurements to changes in the states. Th e state vector of 
the Kalman fi lter is defi ned to be:

 (28)

and Kalman fi lter matrices are given by:

 
(29a)

 (29b)

 (29c)

The state vector contains θc instead of qI
c because the 

quaternion must obey a normalization constraint, which can be 
violated by the linear measurement updates associated with the 
fi lter. Th e most common approach to overcome this shortfall 
involves using a multiplicative error quaternion, where aft er 
neglecting higher order terms, the four component quaternion 
can eff ectively be replaced by a three component error vector 
θc (Crassidis and Junkins, 2004).Th erefore, within fi rst order, 
the quaternion update is given by:

 (30)

and the discrete attitude error state transition matrix can 
also be derived using a power series approach to be:

 (31)

wherewhere

 (32a)

 

 (32b)

 (32c)

 (32d)

By following the line steps of Woffi  nden and Geller (2007), 
Woffi  nden (2004) and Lear (1985), the initial error covariance 
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matrix  P–o  , which represents how accurate the initial states are 
known, is given below for the proposed linear relative model, 
attitude, and error parameters.

 (33a)

 (33b)

 (33c) (33c)

Parameters σx, σy and σz denote the standard deviation 
uncertainties of the relative position components, and σx, σy 
and σz are for the relative velocity components. Th e coeffi  cient 
ε refers to the uncertainty correlation coupling between relative 
position and velocity components in the LVLH coordinate 
frame, and it ranges between a positive and a negative one. 
Th e standard deviations σw

b
θ, σw

b
ω, σwS and σwl are referring to 

the uncertainties of initial attitude, gyro biases, star tracker 
misalignments, and LIDAR misalignments, respectively. 
Th e discrete process noise matrix components of the relative 
motion canbe approximated by:

 (34a)

 (34b)

 (34c)

Here, σWx, σWy and σWx are the standard deviations for the random 
unmodeled acceleration disturbances that act on the relative motion 
during the sample time period ∆t and σV

ω
c, σV

b
ω, σVs and σVl  are the 

random process uncertainty noises for gyros, gyro biases, star 
tracker misalignments, and LIDAR misalignments, respectively.

The measurements sensitivity matrices Hk and sensor 
measurements noise matrices Rk are defined for both star 
sensor and LIDAR as:

 (35)

 (36)

Th e measurement partials for the azimuth, elevation and 
range measurements are computed with the help of the LIDAR 
measurement range vector. Utilizing Eq. (13) and small angle 
approximations leads to the following equation for the relative 
range in terms of the navigation states:

 (37)

Using the chain rule, the partial of the range vector with 
respect to the navigation states can be expressed as (Woffi  nden 
and Geller, 2007):

 (38)

 (39)

Th e measurement geometry can now be computed by taking 
the advantages of the property that pα

l, pβ
l and pp

l are orthogonal to 
each other and taking the dot product with respect to each of them.

 (40)
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Th e evaluation of the relative range vector with respect to 
the navigation states yields

 (41)

Now, the LIDAR measurement sensitivity matrix and 
covariance matrix can be written as:

 (42)

and

 (43)

When processing star tracker data, a derived measurement 
is calculated (Woffi  nden and Geller, 2007). Th is quantity is 
eff ectively the residual to be processed by the fi lter.

 (44)

Th e derived star tracker measurement can be written as a 
function of the navigation states as:

 (45)

Th erefore, the measurement sensitivity matrix for the star 
tracker can be derived to be

 (46)

and the star tracker measurement covariance is 

 (47)

For close proximity operations, a propositional-derivative 
(PD) controller is employed for both the rotational and 
translational controls. Th e commanded torques for the chaser 
spacecraft  to match its orientation with the target vehicle are 
computed as

 (48)

where

 (49a)

 (49b)

and

 (50a)

 (50b)

 (50c)

q̂c
Idesc

 and ̂ωc
desc are the desired orientation and angular velocity, 

respectively, to be tracked by the chaser vehicle. Th e angular off set 
and angular rate off set between target and chaser are denoted 
by δq̂e and δω̂, respectively. Th e proportional and derivative 
control gains Kq and Kω are determined based on the desired 
natural frequency ωθ, damping ratio ζθ of the attitude control 
system, and the moment of inertia of the chaser spacecraft  Ic 
(Wie, 1998).

 (51)

On the other hand, The translation control algorithm 
computes the required continuous thrust, fc, based on the 
previous linear model, in order to track the desired trajectory 
specifi ed by the following guidance algorithm:

 (52a)

 (52b)

 (52c)

Th e proportional and derivative control gains Kρ and Kρ. 
are determined based on the desired natural frequency ωρ and 
damping ratio ζρ of the translational control system.

 (53)

Variables ρdes and ρ.des are, respectively, the desired relative 
position and relative velocity to be tracked by the chaser 
vehicle, and it is defi ned by the guidance algorithms. It is 
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worth noting that the equivalent continuous velocity increment 
∆V, based on the continuous thrust, can be approximated 
for small to be 

 (54)

SIMULATION	EXAMPLES

The key metrics of the analysis fall into three main 
categories. The first is navigation performance, which is 
how well the states are estimated by the filter. This metric 
is measured by the navigation error, the difference between 
the true states and the filter states. The second is trajectory 
control performance, which is a measure of how closely the 
chaser vehicle is able to follow the guidance algorithms. 
The third is fuel performance, or ∆V fuel usage, and it 
is computed based on the linear model developed in the 
previous section.

The preceding guidance and navigation algorithms are 
illustrated now through different examples. Initial conditions 
for simulation are listed in Tables 4 to 6.

A Simulink model is built using the MATLAB software to 
demonstrate the closed-loop guidance transfer of the chaser 
in order to approach and to depart from the target vehicle in 
any orbit, either circular or elliptic, given uncertain initial 
conditions, noisy measurements, and limited dynamics. 
This model consists of three main parts, guidance, navigation, 
and control. The proposed linear time varying model is used 
in designing the navigation filter and in maneuver targeting of 

the guidance system. The target is assumed to be in a passive 
nadir pointing mode andnot in maneuvering. The chaser 
uses star tracker data and gyro data to determine attitude 
and attitude rate. Momentum wheels and PD controller are 
used to point the chaser LIDAR at the target. The chaser uses 
LIDAR data to determine the relative position and velocity 
of the target. Maneuver targeting algorithms, based on PD 
controller, are used to compute commands in the chaser 
body frame as to track the desired trajectory.

The performance of the navigation system is shown in 
Figs. 5 to 7. In this case, the thrusters are off  and both target 
and chaser vehicles are initially in the same neighborhood 
(Table 5). Figure 5 shows the relative position and relative 
velocity between the vehicles during simulation. Figure 6 depicts 
how accurately the navigation system can estimate the chaser’s 
relative position and velocity. Form this fi gure, the fi lter is able 
to converge within few minutes and the relative position and 
velocity can be accurately estimatedwithin the accuracy of 
the sensors. Th e attitude navigation errors and the PD control 
tracking performance are shown in Fig. 7. As indicated by this 
fi gure, the chaser attitude navigation system is able to converge 
quickly and the chaser attitude PD controller can track the 
target attitude and angular velocity trajectories.

Th e basic glidelope rendezvous and close proximity operations 
scenario used to evaluate the performance of the entire closed-
loop relative position and attitude control system with the 
navigation fi lter consists of two main segments: the inbound 
and theoutbound segments. Each segment of the glideslope 
is followed by 3 minutes of station keeping. First, the inbound 
segment: the chaser starts to approach the target form [58-580 0] 
m behind the target and ends at [0-100 0] m. Aft er 3 minutes 

Parameter Value 

Initial Relative
Position and Velocity 

Uncertainties

Process Noise

Measurements 
Noise

Simulation Step 0.1 s

Measurements 
Update 1 Hz

Table	4. Navigation Filter Parameters.

Parameter Target Chaser 

a,km 6723.2576 6723.2576

e 0.1 0.1

i, deg 51.6467 51.6467

Ω,deg 188. 0147 188. 0147

ω,deg 174.3022 174.3022

f,deg 270.0882 270.0832

Table	5. Vehicles Orbital Elements.
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of station keeping at -100 m behind the target, the chaser starts 
to depart away from the target and leading to a new location 
-1000 m behind the target. Th e chase then stays at rest at that 
location for another 3 minutes. Th e results of this scenario are 
shown in Figs. 8 and 9. In all of these fi gures, diff erent segments 
of the glideslope are shown, and the variations of in-plane relative 
motion of the chaser with respect to target vehicle are presented.
Figure 8 shows the relative position and velocity plots of relative 
motion along with the required in order to achieve this trajectory 
maneuver, while Fig. 9 shows the error in relative position and 
velocity between the truth model and the navigation model. 
In all of the above glideslopes, the overall performance of the 
rendezvous and proximity operations are satisfactory.

Th e continuous thrust is calculated using the estimated 
relative position and velocity, either from the Kalman fi lter or 
from the knowledge of initial conditions, not from the true 
relative position and velocity of the chaser. As such, the chaser 
is not expected to reach its intended place exactly, but in 
the neighborhood thereof. Aided by the sensors, the initial 
estimation errors subside to an optimal level, determined by 
the ratio of the process noise matrix , and the measurement 
noise matrix ,earlier defi ned. Because of the active range and 
the angle measurements from the LIDAR system, and relatively 
small measurement errors, the true and the estimated relative 
position and velocity states are almost indistinguishable, as 
seen in previous fi gures during the steady state.

Initial Conditions Parameter Value

Inertia

Chaser Ic

Target It

Initial Relative Attitude Errors δϕ,δθ,δψ [(7.5&-7.5&7.5)]deg

Control 
Parameters

Rotationalnatural frequency ωθ 1/30 s-1

Rotational damping ratio ζθ 0.7

Translational natural frequency ωρ 1/50 s-1

Translational damping ratio ζρ 0.7

Unmodeled 
Disturbances

Rotational disturbances τId  kg-km2/s2

Translational disturbances fw  km/s2

Sensors Errors

Gyro error (3)
Drift  rate 3 deg/hr/axis

Random walk 0.05 mrad/s1/2

Star Tracker error (3)

Misalignment 1 mrad/axis

Noise 1 mrad/axis

Measurements 1 Hz

LIDAR error (3)

Misalignment 1 mrad/axis

Noise [1 mrad 1 mrad 0.5 m]

Measurements 1 Hz

Table	6. Simulation Initial Conditions.
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CONCLUSION

Th e results of this study indicate that the proposed linear 
model is clearly eff ective at estimating the relative position and 
velocity and controlling the relative trajectory. In addition, this 
model is not restricted to a circular orbit but it can be used as 
well for an eccentric orbit. Furthermore, by using this model, 
simple guidance algorithms for glideslope are developed to 
autonomously approach and depart form a target vehicle. Th e 
relative navigation in this study is utilizing range, azimuth, and 

elevation measurements of the target relative to the chaser froma 
simulated LIDAR system, along with the star tracker and gyro 
measurements of the chaser and an extended Kalman fi lter. Th e 
vehicle attitude dynamics, attitude tracking control, attitude 
determination, and uncertainties like measurement biases and 
sensor misalignments are considered in this study to fi re the 
thrusters in the right direction and spin the momentum wheels 
at the proper rate in the chaser coordinate frame. Th e analyst 
must consider, in addition, off  nominal situations, limitations 
and operational range of the sensors, and limitations of the 
actuators. Th ese topics and others will be addressed in the future.
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