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stops farther downstream may mean that the translational- rotational temperature 

is increasing faster than the vibrational temperature is decreasing.

Case two produced similar results. Using the Steger-Warming flux vector split­

ting, the shape and the values of the contours were nearly the same. The densities, 

figure 4.16, dropped from 0.371kg/m3 to 3.27 x I0~5kg/m3. The pressure dropped 

from 3.3 x 105 Pa to 1.08 Pa [figure 4.17].

The radial and axial velocity contours, figures 4.18 and 4.19, also were nearly 

identical. The same restriction was applied to the Vr changes as in case one. The 

axial velocity increased to 2836 m/s, which differed case one by only one m/s.

The translational-rotational temperature [figure 4.20] dropped to 112.2 °A \ 

The vibrational temperature behaved similarly to case one [figure 4.21]. The vibra­

tional temperature was in nonequilibrium before the throat and freezing occurred 

downstream of the throat as in case one. The freezing temperature was exactly 

the same as in case one. The only difference was the point of freezing, which was 

slightly further downstream.

Overall, the behavior was similar enough to validate the results in case one. 

This case also produced uniform flow. The freezing of the vibrational tempera­

ture in the boundary layer downstream of the throat reaffirms the idea that the 

translational-rotational temperature is increasing faster than the vibrational tem­

perature is decreasing.

To remove the problems encountered in cases one and two, a third case is exam­

ined using different boundary conditions. The stagnation conditions and boundary
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conditions were the same as the previous cases except at the wall boundary. At this 

boundary, only the condition on the vibrational temperature was changed. Since 

the gas is not moving at the wall, the energy must be in equilibrium. Therefore, 

the translational-rotational temperature and the vibrational tempertures must be 

the same. To enforce this statement, the vibrational temperature is explicitly set 

equal to the translational-rotational temperature.

The contours for density [figure 4.22] showed that the density dropped from 

.371 kg /m 3 to 3.25 x 10~5kg/m'i. The pressure [figure 4.23] dropped equivalently 

from 3.3 x 105 Pa to 1.08 Pa.

A main difference in this case was the radial velocity [figure 4.24]. which showed 

some turbulent behavior. This turbulence begins at the nozzle throat within the 

boundary layer region. Downstream the effects are less noticeable. This is the 

behavior that was expected for the boundary layer region.

The axial velocity [figure 4.25] contours were similar to cases one and two. The 

velocities rise steadily from 6 m /s to 2850 m/s, which was higher than the other 

cases. The contours are uniform throughout the nozzle.

The translational-rotational temperature [figure 4.26] drops from 3000 ° K  to 

112.1 ° I\.  In the boundary layer region, the temperature still increases, but much 

less severly. The vibrational temperature [figure 4.27] freezes at the same frozen 

temperature as in cases one and two, but the boundary layer behavior is different. 

The vibrational temperature drops to the value of the translational-rotational tem­

perature on the wall boundary. Thus, the boundary behavior which stops at the
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throat for the other cases, now continues to the nozzles exit plane. This is the re­

sult that was expected. Therefore, the change in boundary conditions significantly 

improved the results.

For comparison purposes, the results of the three cases were compared to the 

results of a nitrogen flow with the same stagnation conditions but with the unrealis­

tic assumption of forced thermal equilibrium [21]. Figure 4.28 shows the difference 

between the centerline values for the equilibrium temperature compared to the cen­

terline values for the two temperatures found in case one. The actual measurements 

of Tv are difficult in a laboratory situation, since the gas would equilibrate upon 

contact with a temperature sensor. Therefore, it would be useful to convert the 

translational-rotational temperature and the vibrational temperature into a single 

temperature that could actually be measured. Park suggested a geometric average 

T ^T "-1 = Tavg, where 0 < a  < 1, in order to calculate reaction rates [22]. This is 

just a rough estimate, so it is not used here.

Other differences between case one and the equilibrium model results were 

the absence of boundary layer behavior for temperature, and an increased axial 

velocity for the equilibrium model. In this model, the exit velocity was 2900 m/s. 

This increased value may have been due to an improperly imposed conservation of 

mass flow condition in that program. That model also predicted uniform flow.
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Figure 4.4. Case One: Logarithm of Density Contours.

R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .



Numerical Results 64

j. log(p [kg/m'I)

0.006 

0.004 

0.002 

0.000 

- 0.002 

-0.004 

-0.006
0.005 0.010 0.015 0.020 0.025 0.030 z

Figure 4.5. Case One: Logarithm of Density Contours (throat region). 
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Figure 4.6. Case One: Pressure Contours.
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Figure 4.7. Case One: Pressure Contours (throat region).

R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .



Numerical Results 67

Figure 4.8. Case One: Radial Velocity Contours.
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Figure 4.9. Case One: Radial Velocity Contours (throat region).
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Figure 4.10. Case One: Axial Velocity Contours.
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Figure 4.11. Case One: Axial Velocity Contours (throat region).
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Figure 4.12. Case One: Translational-rotational Temperature Contours.
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Figure 4.13. Case One: Translational-rotational Temperature Contours (throat region).
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Figure 4.14. Case One: Vibrational Temperature Contours.
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Figure 4.15. Case One: Vibrational Temperature Contours (throat region).
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Figure 4.16. Case Two: Logarithm of Density Contours.

R e p r o d u c e d  w ith  p e r m is s io n  o f  th e  c o p y r ig h t  o w n e r . F u rth er  r ep ro d u c tio n  p ro h ib ited  w ith o u t p e r m is s io n .



Numerical Results 76

P [Pa]

0.020

0.010  -

0.000

- 0.010  -

- 0.020  -

313148

280185
263703

230741
214259
197778
181296
164815
148334
131852
115371
98889
82408

49445

16482

Figure 4.17. Case Two: Pressure Contours.
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Figure 4.18. Case Two: Radial Velocity Contours.
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Figure 4.19. Case Two: Axial Velocity Contours.
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Figure 4.20. Case Two: Translational-rotational Temperature Contours.
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Figure 4.21. Case Two: Vibrational Temperature Contours (throat region).
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Figure 4.22. Case Three: Logartilim of Density Contours.
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Figure 4.23. Case Three: Pressure Contours.
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Figure 4.24. Case Three: Radial Velocity Contours (throat region).
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Figure 4.25. Case Three: Axial Velocity Contours.
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Figure 4.26. Case Three: Translational-rotational Temperature Contours.
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Figure 4.27. Case Three: Vibrational Temperature Contours.
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Figure 4.28. Centerline Equilibrium and Nonequilibrium Temperatures.
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CONCLUSIONS

The modeling of nozzle flow is a complicated problem. A wide variety of pos­

sible conditions and assumptions lead to a variety of flow characteristics, which 

makes general comparisons and prediction less meaningful. However, for specific 

cases, computer simulations are cost-effective tools for nozzle and wind tunnel re­

search.

The governing equations for fluid flow were derived for a gas in thermal nonequi­

librium. The internal energy is split into the energy from the translational and 

rotational degrees of freedom and the energy from the vibrational degree of free­

dom. Each energy is assumed to be a function of a separate temperature. The 

two-dimensional viscous Navier-Stokes equations were modified to include two en­

ergy equations coupled by means of the relaxation time. The relaxation time was 

derived from a new expression which was more realistic for the low temperatures 

that are characteristic of high-expansion nozzles. The other thermal properties were 

defined to be physically realistic and a function of temperature.

The continuous system of nonlinear partial differential equations were replaced 

by difference equations and were solved over a discrete grid. The implicit 

MacCormack method and the Steger-Warming flux vector splitting method were
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applied to the equations. A set of boundary conditions were used which were 

physically meaningful, and gave a unique solution.

To test the effects of vibrational nonequilibrium, the solution of low pressure 

nitrogen gas flow through the given nozzle was tested. A stagnation pressure of 

50 psi and stagnation temperature of 3000 ° I\ defined the test case. Results were 

found using both methods. The results showed that uniform flow existed for all 

cases, except in the boundary layer region. The axial velocities increased from 6 

m /s to approximately 2837 m/s. Translational-rotational temperatures fell from 

3000 0 I\ to 112 ° K,  except in the boundary layer which saw a marked increase in 

temperature. This was due to the addition of the coupling term to the translational- 

rotational energy equation. Properly defining the vibrational temperature boundary 

conditions reduced the negative numerical results.

A low pressure nitrogen wind tunnel would be a viable research tool, as it should 

produce mainly uniform flow. Since turbulent behavior was restricted, the actual 

behavior, and the extent to which it disrupts the flow is still not known. Based 

upon the relatively small radial velocities and the predicted size of the boundary 

layer, it is doubtful that turbulence would have had a pronounced effect on the flow.

The translational-rotational temperature falls throughout the nozzle, especially 

after the throat. In the boundary layer, the translational-rotational temperature 

increased significantly. The surplus was due to the vibrational relaxation, which is 

more complete in the boundary layer. Proper boundary conditions must be used 

to insure that the temperature does not increase unrealistically. Also, some of the
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surplus energy may be due to turbulence. Proper turbulence modeling may have 

accounted for some of the excess energy and limited the growth of this temperature.

In the diverging section of the nozzle, the gas was found to be in nonequilib­

rium. The vibrational temperature remains higher than the translational-rotational 

temperature. This means that the assumption of thermal equilibrium before the 

throat is incorrect.

Downstream of the throat, the vibrational temperature freezes. This ‘frozen’ 

behavior extends from the centerline to the boundary layer. In the boundary layer, 

the vibrational temperature decreases to the value of the translational-rotational 

temperature.

A point in question is the formulation of the vibrational model. It is somewhat 

questionable as to whether the thermal properties can be split into two components 

as easily as was done here. Also, one would expect that the equation of state would 

be a function of the two temperatures. Finally, a reasonable relationship between 

the two temperatures and a physically meaningful single temperature would be 

useful for comparison purposes. These questions are areas for further research.
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APPENDIX A

LIST OF SYMBOLS

a Speed of Sound [m/s]

A  Cross sectional area [m2] 

b Nozzle length [m]

C Characteristic length [m]

Cv,C vrt ,Cvv Specific heat at constant volume [J/KgK]  

D Diffusion constant

D d
—- = +  V ■ V Material or substantial derivative
Dt dt

e,ert,ev Energy per unit mass [J/Kg] 

f  function: radius of nozzle [m] 

h Planck’s constant [J  s] 

h Enthalpy [J/m 3 s] 

hi, h2, k l ,k2  Irregular grid spacings

k Boltzmann’s constant [ J / K ]

K, K rt , K v Thermal conductivities [W/m K]

K n Knudsen number 

L, 6  Scaling lengths [m]
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List of Symbols

m  Number of grid points in axial direction 

M  Mach number 

n Number of grid points in radial direction 

Ni Population densities [1 / m 3] 

q, qrt, qv Heat input per unit volume [J/m3 s]

P  Pressure [N / m 2]

Pr  Prandtl number 

R  Gas Constant [J/KgK]

Re Reynolds number 

r, z Physical coordinates 

s Entropy per unit volume [ J / m 3 s K ]

Sc Schmidt number 

t Time [s]

T, Trt , Tv Temperatures [K]

V  Velocity [m fs ]

Vr,Vg, Vz Velocity components [m/s]

W  Molecular weight of N2 [Kg]

X  Coupling term [K/s] 

x ,y  Computational coordinates
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List of Symbol

V Viscosity coefficient [Kg/ms]

A Second coefficient of viscosity [Kg/ms

Amaz Maximum mean free path [m]

e Density [Kg/m3]

T Relaxation time [s]

hi Boundary layer width [m]

Aj;, Ay Forward difference operators

< H <1 Backward difference operators

e* Energy states [J]

CTij Stress tensor [N/m2]

T i j Shear stress tensor [N/m2]

Characteristic temperatures [K]

$ Viscous dissipation function [N/m2 s]

V Frequency [s-1]

-> II
P

l-
P

Ratio of specific heats
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APPENDIX B

NOZZLE DESIGN

The nozzle used in this study had a length, b, of 350 milimeters. The domain 

used in the simulations was the top half the a cross-section of the nozzle cut by 

the plane 0 = 0, see figure Bl. The equation representing the nozzle shape was 

actually four separate equations which represent a section of the nozzle. Starting 

from z =  0, the sections are described by a straight line, a circle, a cubic spline, 

and another straight line. The location of the divisions are the points a l, a2, and 

a3 [figure Bl].

The equation of the nozzle is the equation of the radius, r, in meters, which is 

a function of the axial distance z, in milimeters. The equations for each section are 

as follows:

0  <  z  <  d j ,  

a j  <  z  < 02 , 

a,2 <  z  <  a s ,

0 3  < z < b,
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r = f(z )  =  10 3 * (mi * (z — a2) — oq + R  — 3 — y  R 2 — 3)

r = f(z )  =  10 3 * (a0 + R -  \ / R 2 — (z -  a2)2) 

r = f ( z ) =  10-3 * (a4 + m 2 * (z — 0 3 ))
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Nozzle Design

where
mi = — tan 60° 

m 2  = tan0 

6 =4°

ao =0.5 mm  

R  =2.0 mm 

ro =5.0 mm.

5 — aQ — R  + V R 2 ~  3
ai= 75
a2 = a l + V3R/2

dz =d2 + 2 R m 2 

ARml
d i  = d o  H  —
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Nozzle Design

r

line 1

line 2

circle cubic spline

0
z

Figure Bl. Nozzle Design
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