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ABSTRACT

DOSIMETRY OF HIGH-ENERGY HEAVY-ION BEAMS 

USING ENERGY-DEPENDENT GREEN’S FUNCTIONS

Sang Yuli Chun

Old Dominion University, 1994 

Director: Dr. Govind S. Khandelwal

A theoretical description of the transport of high-charge and high-energy (HZE) 

ion bombardment of biological tissue is developed. The energy-dependent Green’s 

functions and particle fluxes are obtained for two boundary distributions -  the 

monoenergetic and the Gaussian. Approximate energy-dependent Green’s functions 

for the collision terms are obtained for computational simplicity. As an application of 

the energy-dependent Green’s function method, dosimetric quantities, such as dose, 

dose-equivalent, and average quality factor, for 600A MeV ^ F e , 517A MeV 4®Ar, and 

625A MeV 20Ne ion beams incident on a water target are obtained and compared 

with the values obtained from the energy-independent Green’s function method and 

existing experimental values.
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1

CHAPTER 1 

INTRODUCTION

The interaction of a living organism with high-charge and high-energy (HZE) ions 

has become an increasingly important area of radiation protection physics because 

of the hazard the ions pose for biological systems.1-7 The correct estimation of the 

biological damage by heavy ions is very difficult, however, due to the production of 

secondary heavy ions by primary or incident heavy ions. Recently, special attention 

has been paid to the safety of crew members in spacecraft®’® and airplanes flying 

at high altitudes6,1®-12 since biological damage can be produced by the cosmic 

rays, which contain heavy ions. As more extensive space-travel occurs, and as more 

new airline routes are opened near the earth’s pole to save time and fuel, possible 

biological damage to the crew members and passengers by heavy ions in cosmic rays 

will increase.

Clearly, there is a need to shield spacecraft and high-altitude aircraft against 

heavy ions in cosmic rays. Therefore, it has been necessary to develop theoretical 

and computational benchmark models in order to understand the complex reaction 

mechanism so that possible physical damage can be estimated. In addition, it is 

important to understand this complicated process in radiation therapy.1® Since the 

charges of heavy ions are relatively large and correspondingly require thick shielding 

structures, the correct estimate of biological damage due to heavy ions is very crucial 

in estimating the cost of shielding and radiotherapy.

In the present work, an efficient and simple heavy-ion transport model is studied 

to predict particle fluxes and radiobiological dosimetric quantities, such as dose, dose-
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equivalent, and average quality factor. Using a deterministic method, approximate 

solutions of the heavy-ion transport equation are derived. Since our attention is 

mainly on the heavy ions in cosmic rays, especially galactic cosmic rays, we also 

review their compositions14 and characteristics.

1.1 HEAVY IONS IN COSMIC RAYS

In these days, many individuals are exposed to possible radiation sources in their 

routine jobs. In addition to the radioactivity from accidental and experimental 

releases at nuclear facilities and other installations, occupational exposure to natural 

radiation sources and medical exposure for radiation therapy are our major concerns. 

Obviously, there exist more potential biological damages due to these natural and 

artificial radiation sources than ever before.

The most important natural radiation sources are “cosmic rays.” As a  primary 

radiation source, cosmic rays are mainly divided into two groups: solar cosmic rays 

and galactic cosmic rays. The solar cosmic rays consist of energetic particles produced 

by solar flares or solar wind, and their composition and intensity are strongly affected 

by solar activity.'* The galactic cosmic rays have fairly low fluxes with high energies; 

by contrast, the solar cosmic rays have high fluxes with relatively low energies. Not 

only the flux of galactic cosmic rays, which is consistently high at low-altitude, but the 

sudden rise of a radiation level due to the emission of the high-energy solar particles, 

which can arrive at the earth’s surface within approximately 30 minutes, affects the 

safety of crew members and passengers in spacecraft or high-altitude airplanes.5*

To describe the possible biological damage by cosmic radiation, we take an example 

from reference 10 and reference 11. The ICRP (International Commissions on 

Radiological Protection) recommendation15* for a pregnant woman is approximately 2 

mSv (oc MeV/g) for the entire pregnancy, with the recommendation th a t the exposure 

in any month should not exceed 0.5 mSv. As shown in Figure 1.1 which is taken
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from reference 10, the average dose-equivalent rate profile along the aircraft flight 

trajectories at 17 km from the earth’s surface is around 17 (iSv per hour for the fligh 

route of New York to Tokyo. If a pregenant woman stays 30 hours per month in flight 

as a crew member or as a passenger, not only the monthly dose-equivalent, a t the 

current stage of the solar cycle, but the accumulated dose-equivalent in a four-month 

period exceeds the pregnancy limit of the ICRP recommendation.

Next, let us look at the composition of cosmic rays. As shown in Table 1.1 and 

in Figure 1 .2 ,^  the most dominant constituent of cosmic radiation is the proton. 

Around 5 to 10 percent consists of alpha particles. The heavy ions comprise only 

less than 1 percent. Even though the abundance of heavy ions in cosmic rays is 

quite small, the heavy ions in cosmic rays are very important in a description of 

radiation protection. It has been known that the relative abundance of heavy ions in 

cosmic rays increases rapidly by three or four orders of magnitude above the galactic 

background level during solar activity.'’ In addition, heavy ions in cosmic rays have 

relatively large energies and can penetrate very thick shielding materials, although 

they have low intensity and short ranges. The high-charge of heavy ions causes them 

to produce very dense tracks inside a shielding material,**’ and such intense ionization 

can cause severe biological damages.

The low-energy protons and alpha particles in cosmic rays, which make up 

approximately 95 to 98 percent of the total flux, induce reactions that produce 

other heavy ions, protons, and neutrons from residual nuclei. The produced heavy 

ions induce other secondary productions. The secondary particles produced in 

this heavy-ion cascade process contain many neutrons. These secondary neutrons 

penetrate shielding materials very easily without decreasing the dose rate inside 

the shielding.17,1® As a result, there exists very strong concern to prevent possible 

biological damages due to heavy ions in cosmic rays.
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1.2 DYNAMIC MODELING OF TRANSPORT PROCESS

To model the transport process of heavy ions in cosmic rays, we should understand 

the nature of the energy spectra of cosmic rays. The differential energy spectra of 

cosmic rays are shown as a function of kinetic energy per nucleon in Figure 1.3.16 

The energy spectra of the various major components of cosmic rays indicate that 

proton, deuteron, alpha particle and other heavier ions follow very similar propagation 

mechanism, although their spectral intensity varies with the type of ion. The energy 

spectrum is roughly expressed in terms of a power law as N ( E ) d E  =  kE~?dE, where 

k and 7 are appropriate constants, and N{E)  is the number of nuclei with kinetic 

energy E.

Even though very close similarities can be noticed for the individual reaction 

events, the overall interaction schemes and tracks are different. For example, in 

the production of cascade particles by high-energy protons and alpha particles in 

the earth’s atmosphere, the alpha particles initiate more cascade processes and have 

wider tracks.1,14,16 For heavy ions, such as 56Fe with charge Z  =  26, the tracks are 

very dense and relatively wide, compared to those of protons. In addition, the relative 

rate of energy loss of heavy ions is several hundred times higher than that of protons.

To construct a transport model for the propagation of heavy ions inside a medium, 

we must consider the interaction mechanism of charged particles in the medium. 

When a high-energy nucleon, as a primary radiation source, passes through a medium, 

it will either penetrate the medium without interacting with constituent electrons or 

nuclei, or it will lose energy by interacting with atomic electrons (electronic collision) 

and with the nucleons inside a nucleus (nuclear interaction). These interactions may 

be elastic or inelastic. In moving through a target material, the charged particle loses 

its energy mainly by electronic collisions. As the incident energy of ions gets higher, 

however, the nuclear interactions play a major role in the energy loss mechanism. 

These interactions of heavy ions with a target nucleus result in a cascade process in
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which other nuclear fragments (target fragments or projectile fragments) are ejected 

due to the secondary production of particles. These characteristic processes are linked 

dynamically.

The energy spectra of attenuated particles and produced particles after the collision 

can be calculated using many exisiting dynamic models. The result depends on the 

geometry and the composition of shielding structure. To estimate the biological 

damage of nucleons and heavy ions, an efficient method to evaluate charged particle 

spectra is very important. Since the simplicity of the model is the most critical 

factor for more complex applications to estimate the radiobiological damage of 

radiation, there have been many investigations for simple benchmark calculations.15 

The computational efforts to generate radiobiological data, such as dose, dose- 

equivalent, and linear energy transfer (LET) distribution, have ranged from the Monte 

Carlo method25,21 to the Green’s function method22,2'1. These are categorized mainly 

by two methods: (1) statistical approach, such as the Monte Carlo method, and (2) 

deterministic method, such as the Discrete-Ordinate m ethod,24,25 and the Green’s 

function method.

In principle, the radiation transport calculations with very complex geometry are 

well suited to the Monte Carlo method. In the deterministic method, one solves an 

appropriate heavy-ion transport equation analytically to obtain the solution of the 

heavy-ion transport equation.25 In the Monte Carlo method, computational efforts 

are very stiffly increased to evaluate a statistical error, and it is very difficult to  handle 

the large amount of data. On the other hand, the analytical method to solve heavy- 

ion transport equation is very difficult due to the nonlinearlity of the problem. Since 

there exist many difficulties in the statistical method, the deterministic method has 

been continuously developed in order to obtain the solution of the heavy-ion transport 

equation25-55 even though this method is limited to one-dimensional applications. 

Since heavy-ion transport equation is an integro-differential equation, it is very hard
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to get an analytical solution even for a simple geometry. W ith several customary 

assumptions for the sake of simplicity, there have been many investigations22’2^’2®- ®̂ 

to obtain analytical solutions and their approximations.

1.3 GREEN’S FUNCTION METHOD

The analytical solution and other approximations22,2"* of the Boltzmann-like 

heavy-ion transport equation have been derived by Wilson up to the first-collision 

term  assuming that heavy ions penetrate a shielding material one-dimensionally. 

Wilson’s heavy-ion transport equation is given by

{n  • V -  J - J g S j l E )  +  «•;(£)} i } (x,E,h)

dE'  dD aj k (E, E',  0 , Of) i k(x, E 1, ST) (1.1)

where (j>j(x,E,Cl) is the number of the ions of type j  with atomic mass Aj  in a 

volume element at x traveling within dCl about Cl with an energy between E  and 

E  +  dE, crj(E) is the macroscopic cross section of the ions of type j  (total probability 

of collisions per unit distance traveled along the x-direction with energy E),  S j (E )  is 

the corresponding energy loss per unit length (stopping power), and <?jk(E, E',  Cl, Cl') 

is the production cross section of the fragment ions of type j  by the collision of the ions 

of type k with energy E 1 and direction Cl1. The lefthand side in Eq. (1.1) represents 

the drift of particles and the collisional particle losses due to atomic collisions and 

nuclear interactions. The righthand side represents the production of particles. The 

major advantage of Wilson’s approach is that a single particle balance equation is 

derived for describing atomic processes as well as nuclear processes. Compared to 

the statistical approaches, Wilson’s solution technique2® for obtaining an analytical 

solution is relatively simple and efficient, but still provides a high computational
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accuracy even with the straight-ahead approximation.2^

In the recent studies of Wilson et al.,22,2"* it is shown that the Green’s function 

method provides a better solution technique. In the Green’s function method, an 

arbitrary solution of the Boltzmann equation within a closed region is written as a 

superposition of the products of Green operators and the incident flux at its boundary. 

The Green’s function method for a realistic (laboratory) beam distribution at the 

boundary meets the objective of space-validated codes.22 Using the superposition 

rule, the solution of Eq. (1.1) is obtained as'*1

(f>j(x,E,Q.) =  ^  I Gjm (x  — x p ,fi — Q',E,  E 1)
m

x 4>m (£r , fi', E')  dxr  d fi'dE'  (1.2)

where ^ ( x - p , E ' )  is the incident beam distribution at the boundary Xp.

In Eq. (1.2), the solution <j>j(x,E,Cl) can be expressed as a complete series of 

the Green’s functions, and this method is called the perturbative Green’s function 

method. It also can be obtained in terms of approximate Green’s functions, so 

called the nonperturbative Green’s function method. In the perturbative Green’s 

function method, the solution is obtained up to the highest-order term  such that 

the contribution of higher-order collision terms is negligible. The main impetus for 

developing approximate solutions with the nonperturbative method is because of 

the computational simplicity, and this aspect is well demonstrated elsewhere.22,2'* 

Even for a one-dimensional case, the energy-dependent perturbative method requires 

tremendous computational time and cost.

1.4 OBJECTIVES OF THE PRESENT WORK AND SUMMARY

The computational results of perturbative and nonperturbative Green’s function 

methods show reasonable agreement with experimental values.22,2'* However, in the
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previous Green’s function approach, there exists a major limitation for it to be a 

realistic computational model. This is the assumption that nuclear cross sections are 

independent on the collision energy. In the previous Green’s function methods,1’22,2  ̂

the nuclear cross sections in Eq. (1.1) are assumed such that crj(E) ~  aj  and 

crjk{E, «  oj}.. We will call this method “the energy-independent Green’s

function method.” This assumption is reasonable for the transport of high-energy 

and heavy ions because nucleon-nucleon cross sections and, correspondingly, nucleus- 

nucleus cross sections are almost constant above 1A  GeV. However, nucleon-nucleon 

cross sections and nucleus-nucleus cross sections below IA  GeV vary drastically with 

energy. There is no clear justification of the use of the energy-independent method be­

low 1A  GeV. To check the validity of the energy-independent Green’s function method 

below 1A  GeV and to obtain optimized values of the energy-independent nuclear 

cross section for the energy-independent Green’s function method, the construction 

of energy-dependent formalism is inevitable. In the present work, energy-dependent 

nuclear cross sections are used, and we call the method “the energy-dependent Green’s 

function method.”

One of the main objectives of this work is to develop a solution technique 

for the energy-dependent Green’s function method and to understand the energy- 

dependence of the nuclear cross section in the solution of the energy-dependent 

Green’s function method. After evaluating the energy-dependent Green’s function, 

we obtained particle fluxes and compared them with experimental values. In addition, 

dose and dose-equivalent values for 517A MeV 4®Ar, and 625A MeV 2®Ne ion 

beams are obtained for monoenergetic and Gaussian distributions at the boundary. 

Since previous Green’s function methods are based on the multiple charged-ion 

approach1,2f̂ 2" with the straight-ahead approximation2  ̂and the velocity conserving 

assumption,2" we also use these assumptions in the present work.

In this work, we develop approximate energy-dependent Green’s functions since
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exact solutions are too complex for a numerically efficient code. For higher-order 

perturbative solutions, we make use of nonperturbative methods.2"* The contribution 

of the higher-order terms is obtained by the use of the approximate Green’s functions 

without the ionization-loss since nuclear interaction is a dominant process for high- 

energy incident ion beams. The development of the approximate energy-dependent 

Green’s functions is based on the fact that the range of ions below IA  GeV is on the 

order of one or two nuclear mean free paths. As a result, the energy-dependence of 

the nuclear cross section will be apparent only in the first generation or in the second 

generation of secondary ion fragments. The first few interaction terms are evaluated 

from the perturbation theory with full energy-dependence, and approximate energy- 

dependent Green’s functions are constructed to approximate collision terms.

To summarize, the transport mechanism of energetic and heavy ions is formulated 

using a particle balance equation, so called the Boltzmann heavy-ion transport 

equation. The nuclear fragmentation cross sections are generated through a simple 

nuclear reaction model. While the previous Green’s function method to solve the 

Boltzmann heavy-ion transport equation is based on energy-independent nuclear 

fragment cross sections, the present approach uses energy-dependent nuclear cross 

sections. The present approach resolves a major deficiency in the Green’s function 

method. W ith the straight-ahead approximation2  ̂ and the velocity conserving 

assumption,27 the energy-dependent solution of the heavy-ion transport equation is 

derived. Computational efficiency is achieved by developing approximate energy- 

dependent Green’s functions. We compare the calculated results with the values 

obtained from the energy-independent Green’s function method, and check the 

validity of these approximations. We calculate particle fluxes and other dosimetric 

quantities, such as dose, dose-equivalent, and average quality factor for 517A MeV 

^ A r , and 625A MeV 2®Ne ions incident on a water target. We compared the 

calculational results with the experimental values measured on the Lawrence Berkley
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Laboratory BEVALAC accelerator.'*2 - '*4

In Chapter II, we show a solution technique for the energy-dependent heavy-ion 

transport formalism. The approximate Green’s functions are also developed in this 

chapter. Chapter III is for describing nuclear and atomic data bases, which we 

used to  generate transport coefficients. In Chapter IV and Chapter V, we present 

computational results. The energy-dependent Green’s function, particle flux, depth- 

dose distribution, and quality factor are discussed. In Chapter VI, we summerize the 

present work and discuss possible directions for future work.
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Table 1.1. Abundances of nuclei in cosmic rays relative to hydrogen.

Element Abundances

Hydrogen 1

Helium 1.5 x n r 1

Lithium, Berylium, Boron 2.3 x 10-3

Carbon, Nitrogen, Oxygen 8.7 x 10" 3

Neon 2.0 x 10"3

Iron 7.6 x 10" 4

All other Heavy Ions as 1.5 x 10-7

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



12

>
CO

Ld
I—<
CC

20

15 -

i— 1 0  

Ld

5 -

Ld

o 0

0 ^ 0

NY -  TOKYO

PARIS -  RIO

A A A A A A A
A A A

o

A A A

0 2  4  6 8 10 12
DISTANCE FROM ORIGIN ( 1 0 3km )

Figure 1.1 Dose-equivalent rate profiles along the aircraft flight trajectories at 17 
km from the earth’s surface. The dose rate for N.Y. -  Tokyo is in excess of 15 
mSv per 1000 hours since the route is at high altitudes.
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Figure 1.2 The relative abundances of heavy ions in cosmic rays observed on the 
earth (triangles) and for the general solar system (asterisks).
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Figure 1.3 The energy spectra of the most abundant cosmic-ray particles. The 
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shapes of spectra are similar.
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CHAPTER 2

GREEN’S FUNCTION SOLUTION OF TRANSPORT EQUATION

The central idea of the Boltzmann transport equation is to determine particle 

distributions in a given medium by considering a particle balance. The assumptions 

to describe physical systems (projectile and target particles) and collision processes 

are: (1) A point particle at x  is characterized by an energy E  and an angular direction 

Cl. (2) The particles are assumed to travel in straight lines between collisions. (3) 

The collisions are assumed to be instantaneous, and the position x  remains unaltered 

during the collisions. The energy and angular direction are denoted by E'  and Cl 

respectively before the collision, and E  and Cl after the collision.

In the Green’s function method, the Green’s function is introduced as a solution for 

a monoenergetic boundary distribution to solve a heavy-ion transport equation.^ The 

energy-dependence of nuclear cross sections is imparted into the survival probability. 

In the present work, we solve a heavy-ion transport equation. From the energy- 

dependent Green’s function (i.e. when the nuclear cross section depends on the 

energy), the energy-independent Green’s function (i.e. when the nuclear cross section 

is assumed to be independent on the energy) is derived. The collision terms of the 

energy-dependent Green’s function are approximated.

2.1 BOLTZMANN TRANSPORT EQUATION FOR HZE IONS

When a particle in a volume element dx travels along a direction Cl within a cone 

dSl with an energy between E  and E  + dE, the total number of particles at time t is 

given by a quantity N(x ,  E , Cl, t) dx dE  df] where N(x ,  E,  ft, t ) is the number density
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of particles in a volume element at time f. The angular flux tp(x, E,  Cl, t) is defined by 

0 (x, E , fl, t) =  vN(x ,  E,  Cl, t) where v is the speed of the particle. The total number 

of collisions per unit time in dx is E(x, E ) ^>(x, E, Cl, t ) dA d/ dE  dfi where E(x, E)  is 

the collision probability per unit distance for the particle at x with energy E.  The 

quantities dA and dl are the area element and length element respectively, where 

d| x |=dA  dl. The change of particle number due to collisions in dx dE  dfi during d t 

is given by E(x, E) v N(x ,  E,  Cl, t ) dA dl dE  dfi dt.
A

Since the change of the particle number in d x d £ d £ t during the tim e dt is 

{N(x ,  E,Cl,t  +  dt) — N(x ,E ,Cl , t )}  dAdldEdCl  and the total number of particles 

scattered from dxdEdCl  during the time dt through x +  d/J7 is { N ( x + d l  Cl, E , h , t ) — 

N(x ,  E ,C l , t ) }dA  d l dE dS7, the particle balance equation is written as

{N(x ,E ,Cl , t  +  dt) — N(x ,  E,Cl,t)} d A d l  dEdCl 

= - { N ( x  + dl Cl, E,  Q, t) -  N{x, E, Cl, t) J v dt dA d E  dfi 

— E(x, E) N(x ,  E,  Q, t) v dt dA dl d E  dfi

+  9( x ,£ ,f i , t ) d A d /d £ d f id i  (2.1)

where d! =  vdt ,  and q(x,E,Cl ,t)  denotes the number of particles produced per unit 

volume due to collisions and internal sources along the angular direction dfl about Cl 

with energy E  during the time interval dt. The second term on the righthand side 

of Eq. (2.1) represents the loss of particles due to collisions. The Eq. (2.1) can be
^  A

written in terms of the angular flux rp(x,E,Cl,t) as

1 d d
-  ^  i)(x, E,Cl,t) + — 4>(x, E,  fi,f) +  E (x, E)  v>(x, E, Cl, t)

= J  dE'  dCl E s(x, E '  —> E,  Cl -* Cl) 0(x , E', i l ' , t) (2.2)

since q(x,E,Cl , t)  is expressed as f  dE'dCl Es(x ,E '  —> E, Cl —> Cl)il>(x,E’,Cl ,t)
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-*  . A /  A

where Es (x, E  —> E,  A —>• A) is the probability per unit length when the projectile 

with energy E'  and direction A is scattered into a direction A with energy E.

The solution ifi(x,E,Vl,t)  of Eq. (2.2) can be written as <j)(x,E,fl)e^t where A is 

the decay constant of the incoming particle and <f>(x, E,  fl) is the time-independent 

particle angular flux at x  with energy E  in the direction 17 at time t. Thus, Eq. (2.2) 

becomes

j  -  +  A • V +  E ( x ,£ ') | <j){x, £ ,f l)

dE'  dfl' £«(*, E'  - > E , t i  -> fl) E' ,  fl') (2.3)

where ^  is replaced by 17 • V  along the direction of particle motion.

Since we can assume that the volume and the density of the medium are not 

changed severely during the reaction processes, and a heavy-ion has a relatively long 

life-time compared to the collision-time, the time-dependent term  can be ignored. 

Then the transport equation for the j- th  particle which is produced by the collision 

with the fc-th particle is given by

j f l - V  +  cry(E)|d>j(x, E,  fl)

d E'  dfl (t^ E 1, E , £ l , fl) E' , Cl) (2.4)

where (Tj{E) is the total scattering cross section of the ions of type j ,  and

(Tjj.(E', E , 17 ,17) is the total production cross section of the ions of type j  with energy

E  and direction fl by the collision of the ions of type k  with energy E 1 and direction 
- 1
fl . We assume that the collision is instantaneous at x.

The total macroscopic cross section ffj(E)  and the production cross section 

<rj k {E', E,  fl , fl) can be written as

; , .(£ )  ^  o f  (£ )  +  a f ( E )  (2.5)
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aj k ( E E ,  a', h)  ~  ^ ( E ' ,  E,  t i ,  fi) +  afk(E', E,  fi', fi) (2.6)

where the superscripts “nu” and “a t” refer to the nuclear process and the atomic 

process respectively. The atomic cross section c r ^ E ' , E , h  ,£l) can be rewritten as

£  (£ ', £ ,« ' ,« )  =  £  < $  ( £ ) « ( £ +  e„ -  £ ')« (« ' • n -  1) Sjn  (2.7)
jfc n

where n represents the electronic excitation level and t n is the corresponding exci­

tation energy. Since the excitation energy is quite small compared to the particle 

energy E 1, we use the Taylor series. The definition of stopping power S j (E)  can be 

written as

S j(£ )  =  £  < „ < # (£ )  (2.8)
u

and the atomic contribution of the righthand side of Eq. (2.4) can be expressed as

Y ,  f  d E U r t a f k { E ' , E M , n ) f o ( x , E ' M )
k

d
£ ( l  + < » g g  +  - ) » f n ( £ ) ^ ( i , £ , f t )

ldE  11

= <rf{E)<l>j(x,E,Q.) + j g  S j { E )4 j ( x ,E ,Q )  + • • •  (2.9)

Then the heavy-ion transport equation is obtained by dropping the notation “nu” in 

the nuclear cross sections as

a

{fi • V -  Sj(E)  +  <-,•(£)} E,  n )

=  Y ,  I E ' M )  (2.10)
k>jJ

where the stopping power of a heavy-ion is defined by

( 2 - n )
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and <j>j(x,E,Q.) is the particle flux of the ions of type j ,  &j(E) is the macroscopic 

nuclear cross section, S j ( E ) is the stopping power (the energy loss per unit length), 

and <Tjh(E',E,h , fi) is the nuclear fragmentation cross section where E'  and fi are 

the energy and the direction of an incoming ion, and E  and fi refer to those of an 

outgoing particle.

Let us assume that <j}m (xp, Eg, fig) represents the particle flux at a  boundary X p ,  

where xp is the position vector of the incident ion of type m  at the boundary, and fig 

is the angular direction vector of the incident ion. The direction fi of a scattered ion 

satisfies the condition fi • n(xp) <  0, where n(xp) is the outwardly directed normal 

vector to the boundary surface at the point xp. For a monoenergetic beam, the flux at 

the boundary is assumed as a delta function. Thus, <£m (xp,.Eg,fig) =  6(x—x y ) S ( E — 

Eq) <H(fi—fig). For a realistic laboratory beam distribution at the boundary, the initial 

beam can be assumed to be a Gaussian distribution function with a given energy 

spread A. Therefore, <£m (xr ,f i0,£g ) =  <5(x-xr )<$(fi-fig) exp ’

where E q is the mean energy of the incident ion.

If the incident energy is sufficiently high, the energy shift caused by atomic 

collisions becomes negligible. Therefore, the heavy-ion transport equation can be 

approximated without the ionization-loss term as

{fi • V -(- <7j(£)j <f>j{x, E,  fi)

=  £  f  dE'  dfi' <jj k (E', E,  fi , fi) <t>k{x, £ ',  fi') (2.12)
k>j

which is valid for a high-energy approximation. This equation will be used later in 

Section 2.4, and the solution will be used as a higher-order approximation.

Going back to Eq. (2.10), we know that it is an integro-differential equation, 

and the analytical solution is very hard to obtain. Using the straight-ahead 

approximation2® and the velocity conserving fragmentation assumption,27 the one­
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dimensional form of Eq. (2.10) is written as

fi
{ j j -  +  «•,•(£)}#,•(*,£) =  Y ,  <rj k ( E ) h ( * , E )  (2.13)

k>j

where the fragmentation cross section 0 j k { E )  can be expressed in terms of the 

energy-dependent multiplicity. The boundary conditions at x=0 are given by 

(j>m(0,E) = 8(E — E q )  for a monoenergetic distribution, and <f>m (0,E)  =  f m (EQ) =

^ 4 eXP
I \2n(g 0 -4 )

2A2 for a Gaussian distribution, where A is the energy spread.

2.2 FIRST-ORDER ENERGY-DEPENDENT GREEN’S FUNCTION

u . ~  Z?
Let us assume with Bethe1’®2 the following: Sj(E)  = p- Sp(E)  where vj is Vj =

and “p” refers to the proton. This assumption is valid for all energies above 100

keV/nucleon provided that the ion remains fully stripped1. The range R j ( E ) of an

ion is defined by
rE J  pi

Rj{E)  = /  (2.14)J J  0 Sj(E')

and the inverse function of Rj{E)  is written as  E  = R J l [Rj(E)].  We will use the 

notation rj instead of Rj(E )  in (x, rj)-space hereafter.

Now, multiply both sides of Eq. (2.13) by Sj(E) .  Eq. (2.13) can be transformed 

to (x,ry)-space from (x,£)-space as

d d
■ + <Tj{rj)'f<Pj{x,rj) =

k>j
+  =  £  ~ aj k ( rj ) h ( ^ r j )  (2.15)

•7 *

where vk is defined by vk =  and <j>j^{x,rj) = S ^ { E ) < f i j ^ ( x , E ) .  It is 

convenient to solve Eq. (2.15) if we introduce the characteristic coordinates2®

■qj = x  — rj  (2.16)

t j  = x  + rj  (2.17)
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and a new field function

Xj iVj , t j )  = Sj(E)<j>j(x,E) (2.18)

where 77j  varies along a path from —£j to and is constant along the particle 

trajectory. In a similar fashion, the field function XkiVbZk)  ' s transformed into

{Vki £/b)-spa.ce for the k-th  particle using the characteristic coordinate transformation.

As a result, Eq. (2.15) becomes

1 ^ 9 ^  aj  X j iV j i ^ j )  = &jk (Vji^j) Xk (VkiZk) (2.19)
J k>j

where {r]j,^j) and ( % ,^ )  are related by

Vj +  Zj =Vk +  & (2-20)

(2-21)
Vj

Eq. (2.19) is an ordinary differential equation and can be solved using an integrating 

factor, exp j \  oj dTj'j j. The quantities % and £* are given by

i/l +  Vj . i/l — v ;

( 2 ' 2 2 )

Vu — Vj  , VU +  Vj  ,

( 2 - 2 3 )

and the solution of Eq. (2.19) is obtained as

Xj {Vj,Zj) =  exp { -  ^  I  3 <Tj 9 T>J )  & V j}x j  
“ J-Zj

1 v -  Vj  [ V j  / i j  — r ) 'j \

+  9 v , /  ,  aJk (, 9 j X k i V h t k )
“ k>j k

1 [V: ( t j  ~ V j \  „ \  ,

x exp { "  \  f i ’ ffj dT)' l} dT]'j
(2.24)
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For the Green’s function solution, the boundary condition X j (~ € j i t j )  is expressed in 

terms of delta functions as

Xj (~£ j5 £7) =  bjm & (£; — rm) (2.25)

where r m  =  Rj(Eq)  6 j m , and E q is the incident energy of an incoming heavy-ion.

Using the notation, exp |o;;-(g) j =  exp { -   ̂J% <?j ^Vj }> the solution of

Eq. (2.19) can be obtained in a series form:

00
Xj ~  Y  x f  fa i>&  (2-26)

i=0

where X ^ i V j i t j )  is the z'-th order perturbation term of the total particle flux 

XjiVj itj )-  The perturbation terms are then given by

X f  (VjAj)  = exp | o j  ^  } Sjm -  rm ) (2.27)

4 ”  ^  = § E  %  exP {“; ( ’? )}  H

X exp jofc |  St m 6{Zk -  rm) (2.28)

and

f  i n - y = \  £  v k a»  f i - r 1 ) exp {“z C ' ) } d,l

* \ V i t > ( ^ M » * f f i W

x e x p { a / ^ J } < 5 , m <5(£/-rm) (2.29)

where the particle indices obey the condition j  < k < I. The n-th  order perturbation
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term is generalized as

x {% p ( j )  = m  ( V 1) exp {“> (’ ' ) }  d,i

x 5 ? |  I I  '** ( ^ ) exp K ©  }̂

1 y ~  " j - . - i  T ' " - 1 .  / ^ - i _ ’ k - i \  r  , i
x j L t - L .  ”* - m — 5— J e x p b - - L  J  / d^ - .

Jn Jn J ^ n - l  vn-1

X {Qb  ^  ^(£j„ ~  rm) (2.30)

where the indices obey the condition j  < j \  <  J2 <  • • • <  jn  <  m and the

boundary condition is given by Xjn{~Zjn, i j n) = Hjn - r m )6jn m .

For the monoenergetic boundary condition, the solution of Eq. (2.19) is given 

by the Green’s function and the boundary condition is given by Gjm ( 0 , E , E q ) = 

8jm 6(E -  E q ).  The Green’s function solution of Eq. (2.19) is expressed as

00

Gj m (x, E, E q ) «  £  G $ , (*, E, E q) (2.31)
2=0

In (a:, £ ’)-space, the quantity exp{o;j(^)} is defined in terms of the survival probability 

Pj{E)  such that exp jo y (a ) j  =  Pj{Ea)/PjiEb),  where Pj{E)  is defined by1,26

P j l E )  ee exp  [ -  j f % ( £ ' )  ‘ A E '] (2.32)

Then, the zero-th order Green’s function solution which represents the attenuation

of incoming particles becomes

< $ > (* ,E,Eo) = ^  Sjm S [fib -  R j (E )  -  x] (2.33)
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where E  is the energy of the outgoing particle of type j

E  — Rj  [ rm x  ] Sjm (2.34)

The first-collision term  or the first-order perturbation term is given by

Pk (E') Pj(E) h r

where

E'  = R ?
Vi
1—  (x + rj  -  rm) 

L V k - V j
h m

(2.35)

(2.36)

The energy domain is obtained from the relationship —(j  < rj'- <  rjj. We found the 

energy domain using an inverse transformation. The energy domain is given by

—  (rm -  x)
L Uj

< E  < R -1 vm

v3
rm - x (2.37)

otherwise G ^ ^ x ,  E, Eq) becomes zero. For vj < vm , the inverse relation of the 

energy domain Eq. (2.37) provides the limits of the incident beam energy E q as

R -1
m i { r i + x )

< E q < R -1
771 —  T j + X

vm J
(2.38)

For vj >  vm , the inequalities of Eq. (2.37) and Eq. (2.38) are reversal, and it can 

happen in the case of neutron removal.

2.3 FIRST-ORDER ENERGY-INDEPENDENT GREEN’S FUNCTION

The energy-independent Green’s function solution of Eq. (2.19) can be derived from 

the energy-dependent solution Eq. (2.24) by replacing the integrating factor aj  (£) by 

Hj(a), defined as f i j (^) =  —^<Tj{b — a). Then the energy-independent solution of 

Eq. (2.19) can be written in terms of f i j ( \ )  and aj  (energy-independent nuclear cross 

section) as

X j°} = exp  | f i j  ^  |  Sjm 6 (£j -  rm) (2.39)
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( l ) /  c s 1 vi  P 3 ) 1 j  i
*) f o b )  =  9 L  f  ^  , e x p  i  h  ( j  j  r  dT)j

“ k k I VV J

X exp i fik 1 ) )► 8 k m 8 { t k - r m )

and

4 2)M j) = 5 £  ;S'* f ’ “ P{'•i (5 )}  d’i 5 £
“ lb k J < i  I VV J  / 1

X / f  GXP ( ^ )  } ^  CXP { W ( _ £ , )  } ^  * &  ”  :

Furthermore, x f \ v j i Z j )  and X ^ iV j iZ j )  can be expressed as 

x f ] {Vj, Zj) = exp {Vj +  <; ) j  Sjm 8 {Zj ~  rm )

x f \ v j , Z j )  = vJ^_ exp ^  {rjj -  Tjj) - l- a k {ij  +  t ? ') |  Skrt

where

, _  f  2vk n  + vj A  c
Vj — 1 rm Zj f O/br

3 \ v k - V j  Vk - V j  J ]

The n-th order perturbation term can be generalized as

X(B)M ; )  = \  E  ^ r ci h  f ’ expt a  ( vf } \  dT>j
" .• rJi >/—cv I \ 'U/3\

1
V s  n  n-

2 4 - ^
J2

? £
Jn ‘On

ajn-lJn

j^ in  ^  |  8jnm 8 (Zjn rm)

25

(2.40)

-n.X2.41)

(2.43)

(2.42)

(2.43)

(2.44)
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where the indices obey the condition j  < j \  < j<i <  • • • <  j n < m, and the 

boundary condition is given by Xjn{~(jni t j n) =  ^ ( j n - rm) &jn m- The energy domains 

for the first collision are given in Eq. (2.37) and in Eq. (2.38).

Through an inverse transformation from (7?j,£j)-space to (x, £)-space, the energy- 

independent Green’s functions in (x, £)-space are obtained as

Gf l  (*> * )  =  exp{-<Tjx} Sjm 6{x + Tj -  rm) (2.45)

and

( x ,  E ,  E q) =  = J —  a jk  , Vj  , 6 k m  
1 Sj (E)  3 W - v j \  km

x exp | - ^  *j(x  -  rj - T ) ' ) - 1-  ak {x +  rj +  j /)  j  (2.46)

where E  is given in Eq. (2.34), and rj1 is given by

v' = I  v ^ v Vm ~  {j'j + 6km 2̂'47^I  »k -  vj  vk ~  Vj J

The energy domains are the same in the energy-independent formalism.

2.4 APPROXIMATE GREEN’S FUNCTION FOR COLLISION TERM

In the present work, collision terms are approximated. The numerical difficulty 

increases with the order of perturbation terms. Even for the first-collision term, the 

numerical integration to calculate particle flux and dose is a time consuming process, 

especially, for a heavy and high-energy ion. On the other hand, the contribution of 

higher-order terms to the total flux becomes smaller except for light fragments. In 

general, the attenuation term and the first-order collision term dominate the entire 

transport process of particle propagation. For a light ion with a low incident energy, 

low-energy fragments dominate the transport process. As a result, more accurate 

calculations for the higher-order perturbation terms are required for light nuclei.
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Since the first-order Green’s function Gyj^ ( x ,E ,  E q ) is a slowly varying linear 

function of incident energy E q , we use the following approximation:

($> ( x , E, Eo) »  S f i  (x, E) + (x, E) ( 4  -  Bo) (2.48)

where Gy2 is the averaged Green’s function defined by

G l'i (x, E) =  ^  <3$ (x, £ , £o) d£o (2.49)

and Af?o =  Eo.max ~  In Eq. (2.49), Eo.min and Eo.maz are the limits given

in Eq. (2.38), E q  is the midpoint of the energy interval

■̂ 0 =  2 (-^Ojinax +  ^Ojimn) (2.50)

and E q is the average energy given by

, 5 % Z EO f m m i E o
4  =   (2-51)

JC f m m i E o

where / m(f?o) is the particle distribution at its boundary. The parametric slope 

function B j ^ ( x , E )  is expressed in terms of the Green’s function as

?(1) t r \  0,max) ^O.min){Xf E)  = j m  x ^  JTO v , u,uuu, (2 52)

In order to evaluate Gy^ {x , E , E q) in Eq. (2.49), the energy-dependent Green’s 

function Gy^ (x, E , E q)  is written as

(x, E M  = exp{ K ( E ,  £ 0)} (2.53)

where

K ( E ,  E q ) = In <jj m (E')  +  Om(E' )  R m (E')  +  O j ( E )  R j { E )

-  Om(EQ) Rm(Eo)  -  Oj ( E' )  R j ( E ' )  (2.54)
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and E'  is given in Eq. (2.36). The extinction coefficient Oj(E)  is defined by1,2®

C ( E ) -  1 f E E ' ) ^
R j { E ) J 0 S j ( E ’ )

(2.55)

Since the function exp j.E(E, Eo)j >s a smooth function of the incoming particle 

energy Eq, we may approximate it as

exp { /< (£ , £o)} «  exp { k (e , e 0

exp { A'(E, jBo,max)} -  exp {E(E, £o,min)}
+ AE0 (Eq Eo)tnin) (2.56)

Then, (x, E) becomes

where

( I ' E)  = s f e  m  ^c(£) £° + ( 2 ' 5 ? )

((E )  =  exp j  A'(E- £ 0.niax))  -  exp{A '(£ . £o,mi„ j)  (2.58)

K(E)=exp{E(E,E0,min ) } - ( W  ,min (2.59)

The parametric functions ((E )  and k(E) are introduced to simplify the approximate 

Green’s function. In Eq. (2.58) and Eq. (2.59), we used E q max and Eq min which are 

obtained from the limits in Eq. (2.38), and these are given by

p i  _  p —1 
■^O.max — Ihn

■ Vm ~  vj 

Vi

_  d" R j ( R )  R m ( E 0,min)) 

j - j -  ( x  +  Rj (E )  -  E m(Eo,max))

(2.60)

(2.61)

The higher-order terms (n >  2) are approximated using the g-function!’22,2  ̂ The 

^-function is obtained by solving Eq. (2.12). It should be noted that the higher-order 

approximations are dependent on x  for n >  2. In this work, the n-th order collision
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term  for a given incident ion is assumed to be22,23

E,  E q) =  J  :— — r V V - • Y '  o  j s.
J Si(E) A vm ~ v j  4^4^ 4  ̂ JJ1 Jn"1‘?n

J J l  J2  J n  

x ' '  ‘i n i ^ j nm n >  2 (2.62)

where

5 ( j i m ) =  c_<rj*  (2 -6 3 )

and

Gjn ajn- 1

X ' ‘ ' j n —h i n —l i m ) — 9 { h j \ i ' '  '3n—2i3ni (2.64)

The ^-function is useful in obtaining approximate expressions for the higher-order 

collision terms of the heavy-ion transport equation. The nonperturbative solution of 

the Green’s function uses the ^-function. Wilson et al.22,2’* have derived several ap­

proximate perturbative and nonperturbative Green’s functions using the ^-function.
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CHAPTER 3 

NUCLEAR AND ATOMIC DATA BASES

The heavy-ion transport calculation requires adequately simple but still accurate 

nuclear and atomic data bases. In this work, a computer code NUCFRG27,3 5 -3 7  js

used to generate a nuclear data base. For the atomic data base, Ziegler’s empirical 

forms'^’'^  are used. The calculated nuclear and atomic data base values (except the 

nuclear fragmentation cross sections) agreed within 5 to 10 percent compared with 

existing quantum mechanical values and experimental values.

3.1 NUCLEAR DATA BASE

In NUCFRG, heavy-ion absorption cross sections are obtained from the energy- 

dependent parameterization. This method was developed by Townsend et a l .^ ’4® as 

an alternative method to the quantum mechanical optical model formalism based on 

a microscopic optical potential approximation.41 This is a simple parameterization 

based on a  classical collision model using the Bradt and Peter formula,42 and is given

by

*abs (AP , A t , E) = tttq p(E)  \ A f  +  Aj/ 3 -  6(AP, A T , £ ) | 2 (3.1)

where

/3(E) = 1 + 5 E ~ 1 (3.2)

and

6(Ap,  A t , E)  =  0.2 +  A p l +  A^}  -  0.292 exp - cos (0.229 £ U-4M) (3.3)
792 J

r0.453 n
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with the uniform nuclear radius ro=1.26 fm. The energy E  is in units of MeV/nucleon, 

and fm stands for the fermi unit. For a large value of energy, /3(E) becomes 1 so that 

6 becomes energy-independent. Eq. (3.1) is accurate within 5 percent above 1 GeV 

per nucleon where the cross sections are nearly asymptotic, but it is less accurate at 

low energies.27’****

The nuclear fragmentation cross section is a major input data base. At present, 

however, there exists neither an extensive experimental cross section data base nor 

an adequate theory to generate the nuclear fragmentation cross sections.**7 The code 

NUCFRG is based on the geometrical abrasion-ablation model.4** W hen high-energy 

heavy ions penetrate through a shielding material, the projectile nuclei collide with 

target nuclei in the medium. This interaction process is roughly divided into two 

major stages in the abrasion-ablation model. One is the abrasion step, in which 

some portions of the nuclear overlap volumes are sheared away. The next step is the 

ablation step in which the highly excited prefragments resulting from the abrasive 

process release energy by emitting nuclear fragments and electromagnetic radiation. 

This geometrical two-step nuclear fragmentation model is adequate to describe high- 

energy nucleus-nucleus collisions.

In the code NUCFRG, the total excitation energy is deposited by two processes; 

(1) the surface distortion excitation energy of the projectile prefragment following the 

abrasion of nucleons (this quantity is denoted as Es ), and (2) the excitation energy 

due to the transfer of the kinetic energy of relative motion across the intersecting 

boundary of the two ions during the ablation stage (this is denoted as E x ). Therefore, 

the total excitation energy E* is given by

E*(b) = Es(b) + E x(b) (3.4)

where both Es(b) and E x {b) are given in terms of the impact param eter b through 

several parametric relations.27’**7
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The number of nucleons removed through the abrasion-ablation process is also 

defined in terms of the impact parameter b as

A A(b) =  Aabr(6) +  A abi(&) (3.5)

where Aabr(6) and A ab[(6) are the numbers of abraded nucleons in the overlap region 

and removed nucleons from the overlap volume respectively. The number of nucleons 

removed through the abrasion stage is the amount of nuclear m atter stripped away 

in the collision. This is taken as the volume of the overlap region times an average 

attenuation factor. The number of nucleons removed during the ablation stage is 

obtained by assuming that 10 MeV of the total excitation energy is required to remove 

one nucleon.

The quantity A abr(6) for the projectile ion mass A p  and the target ion mass Ap  

is expressed as'*7’’*7

Z W » )  =  F  AP [ l  -  ie * p  ( l & f f l )  -  i e x p  ( A l M )  ] (3.6)

where Cp(b) and Cp(b) are the maximum chord lengths. The chord lengths represent

the distances traveled by any target constituent nucleons through the projectile

interior of the intersecting surface in the projectile nucleus and target nucleus 

respectively. The mean free path A is an energy-dependent quantity,44 and it is taken 

as A =  1 6 .6 /£ ^ '^ . The parametric constant F  is a value depends on the nature of 

the collision and the relative size of the colliding nuclei. As shown in the Appendix, 

one can obtain the effective mean free path by considering the Pauli-blocking and the 

Fermi-motion for a low-energy nucleus-nucleus collision. Since a nucleon is removed 

for every 10 MeV of the excitation energy during the ablation stage, the ablation 

factor A abi(6) is given by

+ (3, )
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where E s (b) and E x (b) are the excitation energies. The complete procedure for 

determining the values of Cp(b), Cp(b), F,  E s(b) and Ex (b) is given in reference 27 

and reference 37.

The cross section cr(AA) for the mass removal of AA(6) nucleons is obtained using 

the abrasion-ablation model of Bowman et a l.,^  and it is given by

f f(AA) = 7x{b\ -  b\) (3.8)

where b\ and 62 are the impact parameters which correspond to the inner radius

and the outer radius of a cylinder-in-sphere shape target nucleus. The volume of the

intersection of the projectile contains A aj r (6) nucleons and the excitation energies give 

Aay (6) nucleons at the rate of one nucleon for every 10 MeV of excitation energy such 

that

Aabr(h) + \ b l ( h )  = & A - l j 2  (3.9)

A *(62) + Aaw(^) = A 4 +  l/2  (3.10)

The charge distribution of the final projectile fragments is normalized by the 

Rudstam formula4  ̂ as

<,[&A) = J ^ o(Af,Zf) (3-11)
ZF

where cr{Ap, Zp)  is the Rudstam charged target fragmentation distribution, and A p  

and Z p  are the mass and charge numbers of the fragment respectively. The Rudstam 

formula for a (A  A)  was not used in NUCFRG because AA-dependence is so simple and 

breaks down for heavy ta rg e ts . '^ "  The charge of the removed nucleons is calculated 

according to charge conservation as

A Z = ZP -  Z p  (3.12)

and is divided among the nucleons and alpha particles according to the following 

rules: (1) The abraded nucleon charge is proportional to the charge fraction of the
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projectile nucleus and is given by Za^r =  (2) The charge release in the

ablation process is given by Zan  = A Z  — Za^r.

For the calculation of the cross section v (A A )  for the mass removal of A A  nucleons, 

the assumption of straight-line trajectories makes the impact parameter to be the 

closest distance of approach. As a result, the validity of the abrasion-ablation model 

rests on the high-energy heavy-ion fragmentation. To extend the calculation to a 

lower energy heavy-ion fragmentation, the Coulomb correction due to the low-energy 

trajectory must be included.4® The impact parameter corresponding to the distance 

of closest-approach in the Coulomb field satisfies

i 2 = (r2 -  (3.13)

where r  is the separation distance at impact between the two charge centers; Zp  and 

Zp  are the charges of the projectile nucleus and the target nucleus respectively; e is 

the electron charge, and E t0t is the total energy in the center of mass system.

The Coulomb correction factor is taken as A; =  £tot/(f?to t— 5AA) and the impact 

parameter b for a straight-line trajectory is obtained from =  r ( r  — r m), where rm is 

the distance of closest-approach at zero impact parameter. The Coulomb trajectory 

is to move the separation at impact r to a smaller impact parameter b. Thus, the 

new trajectory reduces the cross sections, especially at low energy. The distance of 

closest-approach r at a given AA is used to calculate the impact parameter, and 

this value is used to evaluate the Coulomb trajectory corrected cross sections. The 

average kinetic energy in passing through the reaction zone is obtained by assuming 

tha t 10 MeV per nucleon is the average binding energy.

In Table 3.1 and in Table 3.2, we tabulate the nuclear fragmentation cross sections 

for 470A MeV 20Ne +  12C, 210A MeV 46Ar +  12C, and 1.88A GeV 56Fe incident 

on several nuclei.2^’4"’4® The inclusion of the Coulomb correction improves the 

nuclear data base for low-energy ion fragmentation, but it is relatively ineffective at
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energies above 200 MeV per nucleon. In Figure 3.1 and in Figure 3.2, the calculated 

fragmentation cross sections for the reaction ^ 0  +  9^Mo and for the reaction 8^Kr 

+  188Er below 50 MeV per nucleon are compared with the experimental values.49,39

3.2 ATOMIC DATA BASE

A charged particle in passing through a material mainly interacts with the 

negatively charged electrons which occupy most of the volume of the material but 

posses little of the mass. The charged particle loses its energy continuously, and finally 

stops after traveling a finite distance called the range. The electrons in the material 

are raised to excited energy levels, and these energy increments are taken from the 

kinetic energy of the incident particle. To calculate the energy loss per unit distance, 

which is called the stopping power, two different processes should be considered. Since 

the total energy loss mechanism is divided into two processes (electronic interaction 

and nuclear interaction), the total stopping power S'p(E) is obtained by summing the 

electronic stopping power S e (E)  and the nuclear stopping power Sjy(E)  as

S t {E) = S e {E) + S m {E)  (3.14)

where other processes of energy transfer, such as bremsstrahlung and pair production, 

are ignored in Eq. (3.14). In the present work, the stopping power and the 

corresponding particle range are calculated using a semiempirical method developed 

by Ziegler.38’39

The energy loss by ionization above 500 keV is adequately described by the 

Bethe-Bloch f o r m u l a . F o r  low energies below several hundred keV, a satisfactory 

approach is not available. The electron transfer, or the charge exchange reactions 

alter the ion charge over its path and the contribution of the electronic stopping 

power is quite small. As a result, the energy lost by an ion occurs mainly due to 

nuclear collisions. The Bethe-Bloch formula for the energy loss per unit path length

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



36

is given by

i v N Z ^ Z r e 4 r r 2mv^  9 C  1
( « 5 )

where Zp and Zp are the charges of the projectile nucleus and the target nucleus 

respectively, N  is the number of target molecules per unit volume, m  is the electron 

mass, c is the velocity of light, I j  is the mean excitation energy, and C is the velocity- 

dependent shell-correction term.'11-'1*1 For an arbitrary composition of material, the 

Bragg rule'’”- ®1 is used. The electronic stopping power for a heavy-ion is related to 

the alpha particle stopping power through the effective c h a r g e , g i v e n  by

Z* =  ZP { l - e x p ( ^ M ) }  (3.18)
Zp

In Eq. (3.15), the mean excitation energy /p  is obtained from

ZT ln(IT ) = ' £ f n ln(en) (3.17)

where f n is the electric dipole oscillator strength of the target atom, and t n is the 

corresponding excitation energy. Recently, a powerful model was used to  calculate 

electric dipole oscillator s t r e n g t h s . T h i s  model describes the atom by single­

particle hydrogenic wave functions and treats the initial state and the final state  by 

two different effective charge parameters Z; and Zy, respectively. The calculated 

results for a helium-like atom*1*1 showed that this model can generate values of the 

dipole oscillator strengths reasonably well.

For the nuclear stopping power, the Ziegler’s empirical formula,38,39,69 wj1jc[1 ;s 

a modification of the theory of Lindhard, Scharff, and Schiott,'*1 is used. There 

have been several extensive theoretical studies of the nuclear stopping power using

the rms (root-mean-square) value of the interatomic potential. This is an empirical

formula called the universal interatomic potential."1 -"'* This empirical formula is
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used to evaluate the nuclear stopping power of an ion in a solid. The accuracy of the 

empirical fit was less than 1 percent. In reduced units, the nuclear stopping power is 

given by

' 1.59c1/ 2 c <  0.01

1.7e1/ 2 /n[e +  exp(l)]
sN(E) = 1.686 +  3.4£3/2 001 < £ < 10 (3.18)

M IM T.) 1 0 < e
2c

where e is the reduced energy in units of keV/nucleon

f =  (, 19)
Z p Z r i A p  + A T ^ Z ^  + Z ^ )

and A p  and A j  are the atomic masses of projectile and target respectively.

If we neglect the small lateral deflections of the ion, the range is calculated by the 

integration of the reciprocal of the stopping power as

( 3 - 2 0 )

and the penetration length is written as

A X  =  R (E ,) -  R(E2) =  /  ‘ AE  (3.21)
J e 2

The range was also calculated from Ziegler’s empirical form in which a transport 

algorithm is used to calculate the range distributions for several ions. Calculated 

ranges for several heavy ions in water are summarized in Table 3.3 as a  function of 

their incident energies.
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Table 3.1 The fragmentation cross sections for the reaction 2®Ne+12C 

at 470 MeV/nucleon and 4®Ar±12C at 210 MeV/nucleon.

A Z a

20N e+12C 

470 MeV/nucleon

Exp.6 NUCFRGrf

40A r+ 12C 

210 MeV/nucleon

Exp.c NUCFRGd

1 129 ± 3 125.6 (93) 198.7(160)

2 214 ±  3 133.3 (90) 154 ±  26 105.3 (80)

3 155 ± 3 101.7 (71) 122 ±  16 88.99 (71)

4 140 ±  3 84.75 (43) 144 ±  19 78.18 (62)

5 74 ± 2 70.68 (53) 81 ±  15 70.21 (50)

6 33 ±  1 25.57 (21) 112 ±  15 64.11 (40)

7 90 ± 0 3 58.94 (59)

8 92 ±  13 54.56 (44)

9 65 ± 1 1 50.52 (49)

10 83 ±  13 46.98 (33)

a. A Z  denotes the charge removal number.
b. Webber et al. reference 47 (taken from reference 27).
c. Guerreau et al. reference 48 (taken from reference 27)
d. Values in parentheses are the old NUCFRAG values.
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Table 3.2 The fragmentation cross sections of projectiles 
at 1.88 GeV/nucleon on 7 Li, ^B e, ^ C , and ^ C u .

Li Be C Cu

13 50 ±  05 ( 45.32)6 50 ±  07 (44.75) 83 ±  11 (44.24) 179 ±  27 (68.66)

14 54 ±  05 ( 47.86) 75 ±  08 (47.36) 57 ±  10 (46.88) 72 ±  11 (71.08)

15 57 ±  06 ( 50.85) 57 ±  08 (50.41) 59 ±  10 (49.82) 88 ±  15 (74.09)

16 56 ±  06 ( 54.50) 63 ±  08 (53.45) 54 ±  10 (52.95) 56 ±  11 (77.62)

17 38 ±  04 ( 57.82) 54 ±  07 (57.14) 53 ±  07 (56.65) 86 ±  13 (81.40)

18 55 ±  06 ( 61.70) 54 ±  07 (61.07) 55 ±  09 (60.59) 95 ±  15 (85.60)

19 56 ±  05 ( 66.32) 65 db 07 (65.95) 52 ±  07 (65.14) 88 ±  14 (90.94)

20 64 ±  06 ( 72.10) 68 ±  07 (71.36) 78 ±  11 (70.87) 98 ±  14 (97.05)

21 67 ±  06 ( 79.27) 77 ±  08 (78.46) 54 ±  09 (77.75) 100 ±  15 (105.2)

22 75 ±  06 ( 89.10) 83 ±  09 (88.26) 87 ±  11 (87.40) 101 ±  14 (116.3)

23 88 ±  07 (102.9) 88 ±  09 (102.1) 100 ±  11 (101.2) 121 ±  15 (132.1)

24 98 ±  07 (125.3) 111 ±  09 (124.4) 124 ±  13 (123.5) 149 ±  16 (157.4)

25 141 ±  18 (185.3) 156 dh 21 (184.4) 181 ±  27 (184.3) 219 ±  20 (267.9)

Total 1443.82 1558.59 1698.22 3026.13

a. Z p  is the fragment charge number.
b. Quantities in parentheses are the values from refernce 27.
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Table 3.3 The calculated ranges (g/cm2) of several ions from 

0.025 GeV/nucleon up to 1.0 GeV/nucleon.

E° 7 Li 9Be 12C 16o 20Ne 30Si 40Ar 56 Fe

0.025 0.492 0.357 0.213 0.162 0.132 0.093 0.089 0.067

0.050 1.717 1.243 0.738 0.556 0.447 0.304 0.286 0.203

0.075 3.562 2.577 1.529 1.149 0.922 0.621 0.580 0.402

0.100 5.950 4.307 2.555 1.919 1.537 1.031 0.961 0.658

0.200 20.05 14.50 8.603 6.452 5.166 3.449 3.199 2.164

0.300 39.74 28.74 17.03 12.78 10.23 6.820 6.320 4.259

0.400 63.59 45.99 27.25 20.44 16.37 10.91 10.11 6.802

0.600 119.7 86.53 51.28 38.47 30.80 20.53 19.01 12.78

0.800 183.3 132.6 78.56 58.92 47.13 31.42 29.10 19.55

1.000 251.5 181.9 107.7 80.83 64.67 43.11 39.93 26.82

a. in unit of GeV/nucleon
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Figure 3.1 Fragmentation cross sections for 11.7 MeV/nucleon ^ 0  +  ^ M o  
collision. The Coulomb correction is included in the NUCFRG results, and 
the experimental data are taken from reference 49.
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CHAPTER 4

RESULTS AND COMPARISON 1: GREEN’S FUNCTION

The energy-dependent attenuation coefficient shows a difference of a few to 

about 10 percent from the values obtained from the energy-independent Green’s 

function method. The first-collision Green’s function shows large difference, but its 

contribution to the total Green’s function is relatively small. The difference between 

the two formalisms is mainly due to the attenuation term and the first-collision term. 

For most ions with energy above 300A MeV, the energy-independent monoenergetic 

attenuation terms are underestimated. On the other hand, the first-collision terms 

are overestimated in the energy-independent formalism.

4.1 ENERGY-DEPENDENT GREEN’S FUNCTION: ATTENUATION

The attenuation is the most fundamental feature in the transport of an ion. To 

understand the energy dependence of the nuclear cross section on the attenuation 

term , we calculated a relative ratio of the attenuation terms of the energy-dependent 

Green’s function method and the energy-independent Green’s function method as a 

function of depth. We used the nuclear cross sections at 2000A MeV in the energy- 

independent method. In Figure 4.1 through Figure 4.5, we show the ratio of the 

energy-dependent attenuation coefficients to those values obtained from the energy- 

independent method for "Li, 12C, 2®Ne, 4^Ar, and ^6Fe incident on a water target 

with incident energies between 50A MeV and 1000A MeV. As shown in Figure 4.1 

through Figure 4.5, heavy nuclei have shorter ranges than light nuclei of the same 

initial energy. Ions with incident energy below 200A MeV are completely stopped
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within a depth of 5 cm, except for a few light ions such as 'Li. These features are due 

to the Z2-dependence of the stopping power. The contribution of energy-dependent 

nuclear cross sections becomes important when the ion penetrates deeper.

The characteristic shape of the ratio can be investigated from the correlation 

between the nuclear absorption cross section and the extinction coefficient 0 ( E)  

given in Eq. (2.55). In Table 4.1, we summarize these two values for 12C, 20Ne, 40Ar, 

and 56 Fe. As shown in the table, most ions have larger extinction coefficients than 

nuclear absorption cross sections for energies ranging from 50A MeV to 400A MeV. 

The nuclear absorption cross section decreases slowly up to about 300A to 400A MeV 

and starts to increase above this energy, while the extinction coefficient continues to 

decrease up to about 500.4 MeV to 600A MeV. The nuclear absorption cross sections 

at 100A MeV and at 2000A MeV are approximately the same. For incident energies 

below 100A MeV, the ratio is slightly lower than one and continues to decrease. This 

is due to the fact that the nuclear cross section at 2000A MeV, which we used for the 

energy-independent nuclear cross sections, is very close or slightly less than the cross 

section at 100A MeV. Above 100A MeV, the extinction coefficients are smaller than 

the nuclear cross sections. Since the nuclear cross sections between 100A MeV and 

2000A MeV are smaller than those values at 100A MeV and 2000A MeV, the ratio 

is greater than one.

When the incident ion reaches the depth corresponding to its primary range around 

100A MeV, the ratio starts to increase. As shown in Figure 4.2, the range of the 12C 

ion with 300A MeV is approximately 17 cm in water. When the 12C ion reaches the 

depth of 15 cm, the energy of the primary *2C ion is approximately 90A MeV. Since 

the nuclear absorption cross section is smaller than the extinction coefficient at this 

energy, and these two values become close when the energy of 12C ion reaches 50A 

MeV, the ratio quickly drops after a slow increase.

The energy-dependence of the nuclear cross section on the attenuation term  was
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dominant for light nuclei with a deep penetration depth. In Figure 4.6 and Figure 

4.7, we showed the ratio as a function of energy at a depth of 5 cm and at a depth 

of 10 cm. Heavy nuclei, for example 56Fe, show more energy-dependence of nuclear 

cross sections than lighter ions, such as 'Li. The overall energy-dependence is less 

than 2 or 3 percent at a depth of 5 cm, while the energy-dependence is increased up 

to 8 to 10 percent at a depth of 10 cm in water.

The attenuation terms are underestimated in the energy-independent Green’s 

function method for energies between 300A MeV and 1000A MeV. For heavy nuclei, 

the energy-dependence of the nuclear cross section on the attenuation term  becomes 

significant for deep penetration depths and for high incident energies. At 1000A 

MeV, most ions show strong energy-dependence of the nuclear cross section on the 

attenuation term, especially for light nuclei at a deep penetration depth as shown in 

Figure 4.1 through Figure 4.5.

4.2 ENERGY-DEPENDENT GREEN’S FUNCTION: COLLISION

The propagation of fragments is caused by the secondary production of ions inside 

a medium. During the propagation process, the projectile ion breaks into pieces 

by collisions with target nuclei, and the fragment or prefragment particles continue 

to propagate. In the transport of a heavy-ion, the propagation of the fragments is 

described by the collision term. The first-collision term represents the ion flux of 

fragments produced after the first-collision of the incident ion. Since the produced 

fragments also propagate and collide with other target nuclei until they lose all their 

energy, other fragments are produced subsequently. Eventually, all kinds of nuclei 

lighter than the incident ion and the target nuclei are produced.

In this work, we calculated the ion fluxes of 7Li, 12C, 2(̂ Ne, ^ S i, and 4(̂ Ar 

fragments produced by 600A MeV monoenergetic '^Fe ions incident on a water target. 

For the energy-independent method, we used the nuclear cross section at 2000A MeV
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energy. Note that the nuclear cross sections of heavy ions are almost constant above 

1000A MeV. The ion flux of the first-collision term depends on the depth, the energy 

of fragments, and the incident energy. The energy-dependence varies slowly as a 

function of depth, and the difference between the two methods become significant for 

heavy fragments.

We compared the ion fluxes of the first-collision Green’s function from the two 

formalisms. In Figure 4.8 through Figure 4.10, we show the ion fluxes of fragments 

produced by 600/1 MeV ^ F e  ions incident on a water target at depths of 5 cm, 10 cm, 

and 15 cm as a function of the energy of fragments. The energy-dependent Green’s 

function (solid line) was obtained from Eq. (2.35), and the energy-independent 

Green’s function (dotted line) was obtained from Eq. (2.46). The energy-independent 

Green’s function overestimates the flux of the first-collision term. For a light fragment 

with low energy, the difference of the ion fluxes between the two formalisms becomes 

large, and those differences are reduced as we increase the energy of the incident ion. 

For 600A MeV 56Fe ions incident on a water target, the largest energy-dependence 

is seen at a depth of 10 cm for light fragments, and at a depth of 5 cm for heavy 

fragments. We see that 7Li fragments have the largest energy-dependence among five 

fragments. As the fragments propagate deeper, the difference of fluxes obtained from 

the energy-independent method and the energy-dependent method becomes larger.

4.3 APPROXIMATE ENERGY-DEPENDENT GREEN’S FUNCTION

Using the approximate Green’s functions, given in Eq. (2.53) and in Eq. (2.62), 

we recalculated the ion fluxes of fragments. We compared the first-order approxi­

mate energy-dependent Green’s function, given in Eq. (2.53), with the exact energy- 

dependent Green’s function, given in Eq. (2.35). For a higher-order approximation, 

energy-dependent nuclear cross sections were used in Eq. (2.62). The first-collision 

approximate Green’s function reproduced the exact energy dependent Green’s func­
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tion quite accurately. However, it shows slight deviations at deep penetration near 

the incident ion’s range.

In Figure 4.11 through Figure 4.13, we show the results of the first-collision 

ion fluxes obtained from the approximate Green’s functions and the exact energy- 

dependent Green’s functions for the fragments 7Li, 12C, 2®Ne, ^ S i, and ^ A r  

produced by ^ F e  ions with 600A MeV incident on a water target. The ion fluxes 

obtained from the approximate energy-dependent Green’s function (solid line) are 

compared with the values obtained from the exact energy-dependent Green’s function 

(dotted line). It shows excellent agreement at depths of 5 cm and 10 cm. A minor 

deviation is shown for 4®Ar at a depth of 10 cm due to the uncertainty of the nuclear 

fragmentation cross section data base. The linear dependence of the Green’s function 

on the energy of fragments breaks down as the ion propagates deeper. It indicates 

that the multiplicity of fragments at a deep penetration depth is no longer linearly 

dependent on energy. The approximate Green’s function shows more deviations for 

light fragments than heavy fragments. The collision terms of the energy-dependent 

Green’s function were reproduced quite reasonably using the first-order collision 

approximation and the higher-order approximation.
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Table 4.1 The nuclear absorption cross sections and the extinction coefficients 
of ions in water.

Ea

< 4s

12C

O c

20Ne 

^abs ^

4 0

°abs

A t

0

56Fe 

°abs ^

0.025 6.837 6.831 8.855 8.845 12.90 12.88 15.52 15.50

0.050 6.602 6.536 7.841 8.465 11.39 12.33 13.69 14.85

0.075 5.2S7 6.078 6.827 7.863 9.888 1.45 11.87 13.79

0.100 5.084 5.716 6.566 7.396 9.507 10.76 11.40 12.95

0.200 4.646 5.035 6.009 6.509 8.710 9.449 10.46 11.36

0.300 4.582 4.830 5.942 6.246 8.642 9.076 10.39 10.91

0.400 4.681 4.754 6.065 6.150 8.817 8.939 10.60 10.75

0.600 4.878 4.771 6.313 6.173 9.167 8.967 11.01 10.78

0.800 4.953 4.821 6.400 6.240 9.279 9.061 11.15 10.89

1.000 5.027 4.868 6.487 6.297 9.391 9.137 11.27 10.97

2.000 5.048 4.992 6.517 6.445 9.441 9.326 11.33 11.20

a. in unit of GeV/nucleon
b- 0"abs: absorption cross section (m- 1 )
c. 0:  extinction coefficient (m- 1 )
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Figure 4.1 The ratio of the attenuation coefficients obtained from the  energy- 
dependent Green’s function and from the energy-independent Green’s function 
for ' Li ions incident on a water target as a function of depth.
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Figure 4.2 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for 12C ions incident on a water target as a function of depth.
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Figure 4.3 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for 20Ne ions incident on a water target as a function of depth.
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Figure 4.4 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for 40Ar ions incident on a water target as a function of depth.
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Figure 4.5 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for 56Fe ions incident on a water target as a function of depth.
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Figure 4.6 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for ~Li, 12C, 20Ne, 30Si, 40Ar, and 56Fe ions with 6004 MeV in water at a depth 
of 5 cm as a function of energy.
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Figure 4.7 The ratio of the attenuation coefficients obtained from the energy- 
dependent Green’s function and from the energy-independent Green’s function 
for ~Li, 12C, 2®Ne, ^ S i, ^ A r , and ^®Fe ions with 600A MeV in water at a depth 
of 10 cm as a function of energy.
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Figure 4.8 The energy-dependent (solid line) and the energy-independent (dotted 
line) first-collision ion fluxes of 7Li, 12C, 2^Ne, ^ S i, and 4®Ar fragments 
produced by 6004 MeV monoenergetic ^ F e  ions in water at a depth of 5 cm.
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Figure 4.9 The energy-dependent (solid line) and the energy-independent (dotted 
line) first-collision ion fluxes of 7Li, 12C, 20Ne, 30Si, and 40Ar fragments 
produced by 600A MeV monoenergetic ^ F e  ions in water a t a depth of 10 
cm.
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Figure 4.10 The energy-dependent (solid line) and the energy-independent (dotted 
line) first-collision ion fluxes of 7Li, 12C, 20Ne, 30Si, and 40Ar fragments 
produced by 600A MeV monoenergetic 3®Fe ions in water at a depth of 15 
cm.
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Figure 4.11 The approximate (solid line) and the exact (dotted line) energy- 
dependent first-collision ion fluxes of 7Li, ^ C , ^N e , ^ S i, and 4®Ar fragments 
produced by 600A MeV monoenergetic ^ F e  ions in water at a depth of 5 cm.
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Figure 4.12 The approximate (solid line) and the exact (dotted line) energy- 
dependent first-collision ion fluxes of 7Li, ^ C , ^N e , ^ S i, and 4®Ar fragments 
produced by 6004 MeV monoenergetic ®®Fe ions in water at a depth of 10 cm.
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Figure 4.13 The approximate (solid line) and the exact (dotted line) energy- 
dependent first-collision ion fluxes of 7Li, 12C, 20Ne, 30Si, and 40Ar fragments 
produced by 600A MeV monoenergetic ' Fe ions in water at a depth of 15 cm.
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CHAPTER 5

RESULTS AND COMPARISON 2: PARTICLE FLUX AND DOSE

One of the objectives of this work is to develop a laboratory validated code for 

estimating biological damages by heavy ions. This goal can be accomplished by 

obtaining a factor called the average quality factor. In this work, the particle fluxes 

produced by 600A MeV 3®Fe ions incident on a water target are calculated. The three- 

dimensional distribution of the particle flux is obtained. After evaluating the particle 

fluxes and the Green’s functions, we determine doses, dose-equivalents, depth-dose 

distributions, and average quality factors for 33Ne, 4®Ar, and 3®Fe ions incident on 

a water target. The depth-dose distributions are compared with the data  measured 

on the Lawrence Berkely Laboratory (LBL) BEVALAC accelerator33,34 and with the 

values obtained from the energy-independent method.^4

5.1 PARTICLE FLUX

In the Green’s function method, the particle flux <j>j(x,E) for a boundary distri­

bution can be obtained by the superposition of Green’s functions over the

boundary.31 Thus,

fOO
<?j{x,E) = Gjm (x ,E ,Eo)  / m (E o)d£’o (5.1)

where /m (£ o ) is the particle distribution function at the boundary (x =  0). For a 

laboratory ion beam, the Gaussian distribution with energy spread A at its boundary 

is used. The Gaussian distribution function is given by
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r  , n >  1 T ( « 0 - £ o ) 21/m (£o) =  ~ f= ~  e x p --------------«-
\ / 2 7 r A 2A2

(5.2)

where E q is the mean energy of the incident ion. In a series form, the particle flux 

<f>j(x, E ) for a  distribution f m (Eq) at its boundary may be approximated by

00

<f)j{x, E)  «  ] T  (x, E)  (5.3)
i=0

where

#  (*, £ )  =  /  d &  (x, £ ,  £b) /m  (£o) d£o (5.4)

The attenuation term  is obtained in terms of the survival probability as

jl(0) ^  SjiEo) Pj{E0)

where E q =  +  rj]. The first-collision term is obtained from Eq. (2.35) as

m  1 V : fE o,m ax

3 Sj{E)  Wk ~  vj\ J e 0Md

P k m P j i E ' )
Pk{E') Pj(E) f m { - o ) 0 ( }

where E'  is given in Eq. (2.36), and i?o,min an<̂  ^O.max are the limits of the incident 

energy given in Eq. (2.38).

The energy-independent particle fluxes are obtained in a similar fashion by 

introducing the energy-independent Green’s functions given in Eq. (2.45) and in 

Eq. (2.46). The lowest few terms of the energy-independent particle flux are given by

<t>f E ) =  exP{~°JX} fm{Eo) 8jm (5.7)
bj (E)
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where tj' is given in Eq. (2.47). The energy domain for the first-collision term  is 

obtained from the limits given in Eq. (2.37) and in Eq. (2.38). The energy-dependent 

particle flux for the first-collision term (x, E)  is approximated as

4 1’ (*,£) = Gfl  (*, E) Im + (x, E ) ( C -  E01m) (5.9)

where Im = j f 0" '  /„,(£&) d£fo and 4  = E0/ m(E,)iE0.
^U,rmn -^O.min

Using the approximate Green’s function for higher-order terms, the approximate 

energy-dependent particle flux for i > 2 is written as

4 ° ( x ,  £?) =  G ^ (X , E, E 0) Im (i > 2) (5.10)

where the Green’s function G ^ ( x , E ,  E q) for i >  2 is given in Eq. (5.10).

In order to make a comparison between the two formalisms and to check the 

reliability of the energy-dependent Green’s function method, we evaluated the particle 

fluxes of the fragments produced by 600A MeV ^ F e  ions incident on a water target. 

The energy spread A is taken as 1.5x4 MeV. We calculated the fluxes of 80 fragments 

as a function of the particle’s energy at depths of 5 cm, 10 cm, and 15 cm. The 

results are plotted three-dimensionally for the fragments, and are shown in Figure 5.1 

through Figure 5.3. The large contribution of light nuclei, such as a , t, d, and p, can 

be seen in the figures. This is due to the fact that many heavy fragments break into 

pieces of light fragments during the propagation. The light fragments below Z=6  are 

reduced in the figures for a graphical view, and the actual unit is 20 ions MeV-1
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cm- ^. Neutrons are not included in this calculation, even though the contribution is 

quite large compared with that of a light fragment. Since the neutron is chargeless, 

the three-dimensional transport equation should be solved.

The light ions are still emitted at depths greater than the range, as shown in Figure 

5.3. The range of a 600/1 MeV ^ F e  ion is approximately 12.8 cm. The propagation 

of the incident ion and produced fragments can be clearly noticed in Figure 5.1 and 

in Figure 5.2. As the primary ion propagates deeper, it loses energy and slows down, 

while more fragments are produced with a wide energy distribution. The fragments 

produced inside a medium also propagate until they lose all their energy, and finally 

come to a stop. As a result, at a depth of 15 cm, the propagation of the incident ion 

is no longer seen. Only the propagation of the produced fragments can be seen. The 

energy-independent method with 2000A MeV nuclear cross sections overestimated 

the particle fluxes of fragments throughout the entire depths. For light fragments, 

the energy-independent method underestimated the total particle fluxes.

5.2 DEPTH-DOSE CURVE

When a charged ion passes through a medium, energy is transferred from the 

incident ion and the produced fragments to a certain volume of the target material. 

In this process, the amount of energy absorbed in a unit mass is called the dose. To 

provide a factor that describes the relative effectiveness of a given absorbed dose of 

a specific type of radiation, the quality factor is introduced. The resultant modified 

dose is called the dose-equivalent. We evaluated the dose and the dose-equivalent by 

the use of the energy-dependent Green’s functions and the energy-dependent particle 

fluxes. We also evaluated the relative depth-dose distributions for 625A MeV ^ N e  

ions and 517A MeV 4®Ar ions incident on a water target.

The dose and the dose-equivalent are expressed in series forms, and the energy- 

dependent approximate Green’s functions are used. The dose of an ion at a depth x
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is then given by
/‘0 0 ~

Dm(x) = 2 2 A j  /  Sj(E)<l>j(x,E)dE (5-11)
j  Jo

where </>j(x, E)  is the particle flux at depth x with energy E, Sj (E)  is the energy loss

per unit length (stopping power) of the ions of type j ,  m is the type of the incident

ion, and A j  is the mass of fragment ions. The dose-equivalent is defined in a similar 

manner using the quality factor which is a function of the linear energy transfer Lj. 

Then, the dose-equivalent is expressed as

r°o
Hm(x) = Y t Aj  /  Sj (E )Q (L j )<f>j ( x , E ) d E  (5.12)

j  Jo

where Q{Lj)  is the quality factor of the ions of type j  with the linear energy transfer

Lj.  In the present work, the quality factor of the ICRP 199015 recommendation is

used, and this is given by

'1  L < 10 (k e V /n m )

Q{Lj) = 0.32 L -  2.2 10 < L <  100 (k e V /n m ) (5.13)

. 3 0 0 / \ / r  L > 100 (keV/jj,m)

The total dose is expressed as

Dm{x) ^ m ( i )  (5.14)
i

where

D $ ( x )  = £  Aj  J ™  S'j(E) <f>f(x, E) dE  (5.15)

and the total dose-equivalent is written as

Hm(x)  ~  y ]  Hfi)(x) (5.16)
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where

= Y Ai SiW <?<%> E)iE (5-17)

The particle fluxes <j>^\x,E) for a monoenergetic boundary distribution are the 

Green’s functions, given in Eq. (2.33), Eq. (2.35), and Eq. (2.62). For a  laboratory 

boundary distribution / m(Eo), the particle fluxes are given in Eq. (5.5), Eq. (5.6), 

and Eq. (5.10).

The lowest few terms of the dose for a monoenergetic boundary distribution are 

obtained as

o f f ( * ,  Bo) =  Y  S j(E ) 6jm  (5.18)

M l v— \  1/4 f E m a x

D'£l( x ,E l!) = ' £ , Aj T - ! r - , h m  (C(£) B o +  « ( £ )} '! £  (5.19)
j  vk •'•Emin

where ( (E)  and k(E)  are given in Eq. (2.58) and in Eq. (2.59), and E mjn and E max 

are the limits given in Eq. (2.37). For a laboratory boundary distribution /m (£ 0), 

we found

/n\ _—, fEjnax . PifEnl
D % \ x )  =  Y .  Ai  Si ■» /  £ j(B o )- f j ^ r  U Eo) d £  (5.20)

4 • 'E m i n  r 3 \ r j !

m t—, 1 /4  [ E m a x
D 'k’ix)  =  Y  Ai  T— TTT skm /  {Cm(B) +  « „ ,(£ )}  i E  (5.21)

■i I * j  * J  ̂ min

where (m(E)  =  C(£)4 with I'm = j f 0,max E0 / m(E0)d E 0 and « „ ( £ )  = k(E) Imx-'0,min

w i t h / m =  / ^ O'max/m (E 0)d E 0.A-'U,nun

For the higher-order collision terms (i >  2), the dose and the dose-equivalent are 

approximated using the ^-function.1,22,23 For a monoenergetic boundary, the higher- 

order terms for the dose are given by
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$(*,£0 ) = E ajg%
j

and for a realistic boundary, these are expressed as

D l$(z,E < s) = Y ^ A j G f m ( x , E ) I Qj  ( . > 2 )  (5.22)
j

D% (x) = £  Aj  Gfm ( x , E ) I m IQj  (: >  2) (5.23)
j

where

r  m a x __

(5.24)
Emin

fEn

>En___

In Eq. (5.24), Iq  j  is a smooth function of energy E  but it fluctuates a t low-energy.

The attenuation term and the first-order collision term of the dose-equivalent for 

a monoenergetic boundary are expressed as

f f £ W o )  =  £  S , U ! ) ^ < 5 ( £ j ) « j m  (5.25)

f'1’1 v - ^  Vi fE m a x
Hln)( x , E 0) = Y i Aj T - ^ r --Skm /  { a E ) E 0 + K(E)}Q(Lj )dE(5 .26)  

j  ' ^ 'O'I “'■S’min

For a laboratory boundary distribution function f m(Eo), these are written as

h£\x) = Y. Ai SM I Sj(Eo) ttM  Q(h) M Eo )iE <5 -2 7 )
j  J Emin

m  t — v V; fEm&x
HX>(x) =  Y ,  A J I— I ~ y  «tm /  {Cm(£) +  «m (£) } Q (£ j) d£? (5.28)

j  I ^ J '  ''Emjn

where £m ( E ) and Km (E)  are given in Eq. (5.21). For the higher-order terms (i > 2) 

with a monoenergetic boundary distribution, the dose-equivalent is
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f f S )( x ,£ o )  =  E Ai GSm(I '-B ) / C,j ( !̂ 2 ) <5-29)
j

and for a laboratory boundary distribution fm{Eo),  it is expressed as

4 ? W  =  £  Aj G $ , (*, £ )  /m  / q j  (i >  2) (5.30)
j

where

fEmax__
I'Q J = Sj (E )Q j (Lj ) d E  (5.31)

Using Eq. (5.21) through Eq. (5.31), we obtained the dose and the dose-equivalent 

cis a function of depth for 625x4 MeV 2®Ne ions and 517x4 MeV 4® Ar ions in water. The 

results are compared with the experimental values measured on the LBL BEVALAC 

accelerator.^ ’̂ 4 in Figure 5.4 and in Figure 5.5. The dotted lines in the figures denote 

the partial sum of the energy-dependent perturbation terms. The lowest dotted 

line from bottom represents the contribution of attenuation term, and the following 

dotted line from bottom represents the sum of those contributions due to attenuation 

term and the first-order collision term. The actual experimental incident energy 

for 20Ne ions was 670x4 M eV .^ However, the incident energy when the neon beam 

enters the water column after passing through several experimental apparatuses^ was 

approximately 625x4 MeV. The results are evaluated by assuming 0.25 percent energy 

spread. This is a slightly smaller value than the value used in the energy-independent 

results of Wilson et ah'*2 As shown in Figure 5.4 and in Figure 5.5, both the energy- 

dependent Green’s function and the energy-independent Green’s function methods 

slightly underestimated the LBL experimental values. The fluctuation of nuclear 

fragmentation cross section data causes the difference between the two formalisms 

and the experimental results. For 4®Ar ions, the values from the energy-independent
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method are slightly lower than those values obtained from the energy-dependent 

method.

5.3 AVERAGE QUALITY FACTOR

The average quality factor is an effective quantity based on the quality factor and 

the linear energy transfer. The average quality factor is known to be an appropriate 

quantity after surveying many measured values of the relative biological effectiveness 

(RBE) of radiation, especially at a low absorbed dose. In this work, we obtained 

average quality factors for 454A MeV 2®Ne, 620A MeV 4®Ar, and 813A MeV '^Fe 

ion beams.

In general, the dose-equivalent Hm for a  specific type of incident ion m  can be 

related to the dose D m through a weighting factor Qm which is called the effective 

quality factor or the average quality factor. Therefore, we may write

H m  =  Q m  H m  (5.32)

From Eq. (5.32), the average quality factor Q m { L )  is simply defined by

5 ”*( l ) = i n ^  (5-33)L/m\x )

where x  is the depth, Dm (x) is the energy transferred to the target medium per unit 

mass and per unit length, and m  refers to the incoming particle. The average quality 

factor for a monoenergetic boundary is then given by

=  < 5 ' 3 4 )

We evaluated Q m i x i Ho) and Qm(x) for a fixed range R = 20 cm for 454A MeV

20Ne, 620A MeV 40Ar, and S13A MeV 56Fe ions in water using the approximate

energy-dependent Green’s functions. The calculated average quality factors are shown
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in Fiqure 5.6 through Figure 5.8. Since we used series forms for the Green’s functions 

and the particle fluxes, the average quality factor is also obtained in a series form. 

For a monoenergetic boundary distribution, the average quality factor is expressed as

5(1, £o) = S £ ° g ”;)(l'£o) (5.35)
£ > „  £>«(*, £o)

and for the laboratory boundary with / m(i?o), we used

=  (5.36)E i > o W W
The quantities H $ ( x , E q), D m (x ,E o) ,  H $ ( x ) ,  and D $ ( x )  are given in Eq. (5.21) 

through Eq. (5.31).

The average quality factor is relatively constant over the range of the primary 

beam except in the Bragg peak region. For the monoenergetic beam, the average 

quality factor for ^ N e  ions increases quite rapidly around the Bragg peak and then 

drops. The average quality factor declines slowly at the higher depths over the 

range because only lighter ions penetrate to those large depths. The average quality 

factors for 4®Ar and ^ F e  ions show different characteristics. The strong reduction 

of the average quality factor at the Bragg peak is shown for 4^Ar and ^ F e  ions. 

This is due to the fact that the primary ion quality factor declines as 3 0 0 / \ / r  in 

Eq. (5.13). Beyond the Bragg peak, a rapid rise in the primary ion quality factor 

is seen for the monoenergetic boundary distribution. The energy-dependent results 

with a Gaussian boundary distribution agreed with the energy-independent results 

with a monoenergetic boundary distribution because we used a relatively small energy 

spread. Both the energy-dependent method and the energy-independent method show 

reasonable agreement.
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Figure 5.1 Total energy-dependent particle fluxes (ions MeV-1  cm ) as a 
function of the energy of fragments produced by 600./1 MeV ^ F e  ions at a 
depth of 5 cm in water.
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«§5=>

Figure 5.2 Total energy-dependent particle fluxes (ions MeV-1 cm- 2 ) as a 
function of the energy of fragments produced by 600A MeV ^ F e  ions a t a 
depth of 10 cm in water.
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5  crri

Figure 5.3 Total energy-dependent particle fluxes (ions MeV-1  cm-2 ) as a 
function of the energy of fragments produced by 600/1 MeV ^ F e  ions at a 
depth of 15 cm in water.
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Figure 5.4 The relative depth-dose distribution (Bragg curve) of 625A MeV 2®Ne 
ion beams in water. The values from the energy-dependent method (solid line) 
are compared with the values from the energy-independent method (dashed 
line) and the LBL experiments (triangles).
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Figure 5.5 The relative depth-dose distribution (Bragg curve) of 517A MeV 4®Ar 
ion beams in water. The values from the energy-dependent method (solid line) 
are compared with the values from the energy-independent method (dashed 
line) and the LBL experiments (triangles).
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Figure 5.6 Energy-dependent Gaussian (solid line) and energy-independent 
monoenergetic (dotted line) average quality factors for 4544 MeV ^ N e  ions 
in water for a fixed range R  =20 cm.
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Figure 5.7 Energy-dependent Gaussian (solid line) and energy-independent 
monoenergetic (dotted line) average quality factors for 6204 MeV 4®Ar ions 
in water for a fixed range R  =20 cm.
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Figure 5.8 Energy-dependent Gaussian (solid line) and energy-independent 
monoenergetic (dotted line) average quality factors for 813A MeV Fe ions 
in water for a fixed range R  =20 cm.
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CHAPTER 6 

CONCLUSION

In this work, we have solved a heavy-ion transport equation. This work improved 

the Green’s function method and provided more accurate approach to estim ate pos­

sible biological damage due to the heavy ions in cosmic rays. We obtained the a t­

tenuation particle flux of the incident ion and the first-collision particle fluxes of the 

produced fragments by introducing a fully energy-dependent formalism. The calcu­

lated results were compared with the values obtained from the energy-independent 

formalism. We found that the energy-independent method underestimated the a t­

tenuation term and overestimated the first-collision terms of the Green’s function for 

600A MeV ^ F e  ions in a water target.

We also developed approximations for the collision terms. For the first-order 

collision term, we used a linear function. The higher-order collision terms are 

approximated by removing the ionization-loss term  in the transport equation. After 

evaluating the energy-dependent Green’s functions and the fragment fluxes of 600A 

MeV 56Fe ions in water, we obtained depth-dose distributions for 625A MeV ^ N e  

and 517A MeV 40Ar ions incident on a water target. We evaluated the average 

quality factors of 20Ne, 40Ar, and 56Fe ions in water for a fixed range of 20 cm. The 

calculated depth-dose distributions for 625A MeV 2®Ne and 517A MeV 4®Ar ions in 

water were well agreed with the values measured at the Lawrence Berkeley Laboratory 

(BEVALAC).33’34

In the LBL experiments, comprehensive measurements for 625A MeV 2®Ne ions 

incident on a water target have been performed.33 For 517A MeV 43Ar ion beams,
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the experimental depth-dose curves were also published."*4 In the 29Ne experiment, 

the energy spectra of 7Be, 9B, 12C, 14N, 160 , 18F, and 20Ne fragments were 

measured. The values from the energy-independent formalism were compared with 

the experimental values in the recent study of Wilson et al.22 The results obtained 

from the energy-independent method were reasonably matched within 30 percent. 

However, the dynamic range of the LBL detector system was found to be inadequate 

for more specific comparisons for 'B e and 9B. The energy-dependent results showed 

reasonable agreement with the values obtained from the energy- independent Green’s 

function method.

Until now, fully analyzed experimental data  for 600/1 MeV "*®Fe ion beams in water 

were not available. Due to the strong energy-dependence of the acceptance function 

of the LBL detector system, it is very hard to compare the calculated results with the 

experimentally measured values directly. To investigate the validity of the energy- 

dependent formalism for heavy incident ions, such as 56Fe ion, the energy-dependence 

of the acceptance function in the detector system should be provided. When we 

compared the present results with the calculation of Wilson et al.,22 the energy- 

dependent results showed reasonable agreement, and the energy-dependent method 

generated particle spectra quite well. To understand and predict the comparative 

risks of high LET and low LET radiations due to the energy- dependence of the 

nuclear cross section, more accurate experimental informations must be provided.

In the future, the accuracy of the higher-order approximation in the two formalisms 

should be addressed. The development of an accurate nuclear cross section data 

base is very important. A multidimensional model to include the secondary neutron 

transport and the target fragmentation should be reformulated using the present 

energy-dependent formalism. Some other shortcomings of the present calculation, 

such as the straight-ahead approximation and the velocity conserving assumption, 

should be resolved.
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APPENDIX

EFFECTIVE NUCLEON-NUCLEON MEAN FREE PATHS

1. INTRODUCTION

In the recent years, there has been growing interest in the nucleon-nucleon (N-N) 

correlations inside nuclei. In this work, we will describe a simple analytical effort to 

understand the Pauli-blocking and the Fermi-motion in the N-N two-body interaction 

inside a nucleus. The analysis is carried out within a framework of simple kinematics 

and basic quantum statistics. The subject is analytically described and tedious 

mathematical procedures are not given, but it is organized as much as possible in 

a self-contained manner. The kinematical procedure is very similar in the relativistic 

calculation unless one uses the on-the-energy-shell transition m atrix or the medium 

correction in the definition of the N-N cross section.

The purpose of this work is to obtain a simple kinematical description of the N-N 

two-body cross section inside a nucleus, which is called the effective two-body N-N 

cross section or the quasi-elastic N-N cross section.7'*-77 The effective two-body N-N 

cross sections are very important for the microscopic approach of nuclear reaction 

theory.7** In the microscopic nuclear reaction approach, the interaction probability of 

an incident nucleon or a  heavy-ion with a  given impact parameter b can be described 

in terms of the N-N scattering processes. Unlike the free N-N two-body interaction, 

the N-N interaction inside a nucleus is strongly affected by the Pauli-blocking and the 

Fermi-motion, and these two medium effects limit the available phase space of the free 

N-N scatterings inside the nucleus. In this work, in a classical sense, the effective N-N 

cross section is derived using the Galilean transformation, and the effective mean free
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path of constituent nucleons inside a nucleus is obtained. We compared the results 

with the values obtained from the free N-N interaction.

Since our main interest is on the medium effect due to the Pauli-blocking and 

the Fermi-motion on the N-N two-body scattering inside a nucleus, it is natural 

to choose the Fermi-gas model. The Fermi-gas model is the simplest independent- 

particle model and has been well exploited in many existing reports."^ The main 

reason for choosing the Fermi-gas model is the simplicity of the nuclear model. In a 

many-nucleon system, the nuclear shell model is very difficult to adopt as a nuclear 

model due to its complexity. For the N-N two-body scattering inside a nucleus, 

loosely bound nucleons are probable candidates, and only a small fraction of the 

constituent nucleons near the Fermi-surface is easily excited with a certain amount 

of the momentum transfer from one occupied state to another state  higher than the 

Fermi-surface. Therefore, the Fermi-gas model is preferable, and it is practically very 

difficult to use the nuclear shell model. When the incident energy of the projectile 

nucleon is lower than 200 MeV, these medium effects are very im portant although we 

will neglect the Coulomb effect in the present work.

2. PAULI-BLOCKING AND FERMI-MOTION

In the Fermi-gas model, the constituent nucleon moves with a certain momentum 

below the Fermi-momentum, and this is called the Fermi-motion. As a result, the 

differential N-N cross section and the total N-N cross section are quite different from 

those in the rest frame of the target constituent nucleon. When the target nucleus is in 

its ground state, all the energy states are occupied up to the Fermi-momentum. When 

a collision occurs between the projectile nucleon and the target constituent nucleons, 

the only available phase-space for these nucleons to be excited is above the Fermi- 

surface. Otherwise, collisions can not occur because the Pauli principle prevents two 

different nucleons from being in the same state. This is called the Pauli-blocking.
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When the target nucleus is excited, only a  small fraction of the constituent nucleons 

near the Fermi-surface is easily transferable. When a collision has occurred, the 

incident nucleon loses a portion of its energy. If the transferred energy is large enough 

to  get over the Fermi-sea of the target nucleus, the two-body N-N scattering is allowed. 

W hen the energy is not large enough to get over the Fermi-energy, the collision is 

not allowed because there is no available phase-space in the ground state  nucleus. 

Therefore, the final momenta of the two body N-N scattering should exceed the 

Fermi-momentum in the effective N-N scattering. The role of the binding energy is in 

the emission process. If the transferred energy is large enough to get over the Fermi- 

energy, but not large enough to get over the potential well including the Coulomb 

barrier, the amount of the energy transferred is deposited as excitation energy.

In the Fermi-gas model, a nucleus is considered to be a system of A  noninteracting 

free fermions each with mass of m jy in its ground state. The nucleus has a volume V’, 

and each constituent nucleon has a momentum p 2  with spin s and iso-spin r .  Each 

nucleon can be described by a well-defined wave function, and the wave function 

is considered to be a plane wave. The nucleus is assumed to be a quantum  gas 

which obeys the Fermi-Dirac statistics, and shows characteristics of a quantum many- 

particle system, especially when the de Broglie wavelength of the incoming nucleon 

becomes comparable to the average spacing between the constituent nucleons. It is 

assumed that the degenerate Fermi-gas has the property that the system parameters 

are not modified by the individual interactions. It retains the essential properties of 

a non-degenerate fermion system, and has a  well-defined momentum. This is called 

the Fermi-momentum.

The nucleon distribution in an element of the phase space inside a nucleus is given

by

d̂ x d̂ p
diV =  A— p - ^ n ( e )  ( A l)
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where A refers to the spin and iso-spin degeneracy, h is the Planck’s constant, and n(e) 

is the occupation number. The occupation number n(e) for a ground state  nucleus is 

given by

n(e) =  —5-^—  (for fermions) (A.2)
ePe +  1

where e is the energy of the constituent nucleon, T  is the nuclear tem perature with 

/? =  &71-1, and k is the Boltzman constant. For a ground state nucleus, the nuclear 

tem perature is zero and the occupation number n(e) is then expressed as

f l  (e < E F )
n(e) =  (A.3)

1 0 (e >  E F )

where E p  is the Fermi-energy. The degeneracy A represents the spin and iso-spin 

degree of freedom, and is given by A =  (2s +1) (2r + 1), where s is the spin degeneracy 

and r  is the iso-spin degeneracy. Since a nucleon has spin |  and iso-spin 5 , the value 

4 for A is used.

The total number of nucleons inside a nucleus is obtained by integrating Eq. (A .l) 

with n{e) =  1 over the energy up to E p  as

A = J  A (A.4)

The Fermi-energy and the Fermi-momentum for a ground state target nucleus are 

derived from Eq. (A.4) as

3*’  ' I/3
P F  =  ( — PD ] (-4-6)

where po is the uniform nuclear density. In Eq. (A.5) and in Eq. (A.6), one can use 

p(r) with the local density approximation to account for the realistic nuclear m atter 

density.
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The single particle nuclear m atter density pq is determined from the electron 

scattering of nuclei and the N-N scattering experiments.*^ The density distribution 

Pq is obtained from the uniform nuclear radius as

Rq = 1.29 < r  >5 (A.7)

where <  r 2 >2 is the nuclear rms (root-mean-square) radius. The nuclear rms radius
ft 1 A 1

<  r z >2  is obtained in terms of the charge rms radius < r j  >2 and the mean square 

of the charge radius as

2 -  2r  S I  r*< r  > 2= <  r i >2 -  <  r > i  + — < r* >4 (A.S)

where <  r 2 > |  and < r2 > |  refer to the mean square of the charge radius of the 

proton and the neutron respectively. The inclusion of the neutron mean square charge 

radius takes into account the rms charge difference between isotopes. The quantity 

<  r 2 > 2  is taken as**®

2 -  

r c  > 2

'0 .84 A =  1

2.17 A =  2

1.78

COII

1.63 II

2.40 6 <  A <  14

k -82A3 +  .58 A >  16

(A 9)

with <  r 2 >p= .64 and < r 2 > „ =  .117 in units of fm. The above Eq. (A.9) is very 

accurate for light nuclei but is less accurate for A > 20. Eq. (A.9) assumes that the 

nuclear m atter distribution is a Gaussian function.

The non-uniform nuclear m atter distribution is assumed to be a harmonic oscillator 

form for light nuclei (A < 16). For nuclei heavier than oxygen, the Wood-Saxon form
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is assumed. The harmonic oscillator nuclear m atter density distribution is taken from 

a parameterization^1 as

Pir ) =  C o (Q  + C2 r‘2) ex p (-C 3 r 2) A  <  16 (.4.10)

where Cq, C i , C2, and C3 for several nuclei are given in Table A .l taken from 

reference 81. The density for nuclei heavier than oxygen is given by

p(r) =  pN . r - V " 11 +  exp
a

A  > 1 6  ( A l l )

where Rft is the radius at half-density, and a  is the surface diffuseness. The surface 

diffuseness a  is related to the skin-thickness t as t =  4.4a, and pjy is determined 

throgh a normaization. The values for the skin-thickness are shown in Table A.2®11

3. EFFECTIVE TWO-BODY N-N CROSS SECTIONS

Let us consider a reaction 1-4-2 —»• 3 +  4 with two nucleons in the initial states 

before the collision, and two nucleons in the final states after the collision. The 

particle 2 is the constituent nucleon, and the particle 1 is the projectile nucleon. 

The collision has occurred in a nucleus, and the constituent nucleon is moving with 

a certain momentum p2, which is lower than the Fermi-momentum pp, before the 

collision. The angular components of the constituent nucleon are 6 2  and <f>2. The 

incoming nucleon with momentum p\ and angular components 6 \ and (j>\ collides 

with the constituent nucleon and gets scattered out when the phase-space is available. 

Therefore, the collision is allowed only if the energies of the scattered nucleon and 

the recoiled nucleon are over the Fermi-energy Ep.

In the rest frame of the nucleus, we transform the projectile nucleon’s momentum 

pi and the constituent nucleon’s momentum P2 into a coplanar system using sucessive 

rotational operations. The momenta pi and p2 are then mapped into the coplanar
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momenta k\ and &2- The rotation matrices are Rz (<j> 1), Ry(91), R z (<j>2), and Ry(O'), 

where O' is the angle which aligns the direction of the product of two momentum 

vectors along the z-axis. In the laboratory system, the rotated momentum vectors 

are given by

h  =

h =  <

- p iP 2 s in 0 2  n PliPl +P 2 COS62 )
s ,  U ,  *

+  p2 +  2piP2 cos 62 yjp\  +p% +  2pip2 cos02 J

P lP 2  s in  h
= , 0,

P2 iP2 +Pl  cos 02)

yJp \+ P 2  + 2p\P2 cos 0 2  yjP 1 +P 2 + ‘2 p m  cos 0 2  ^

(A . 12)

(A13)

where p\ = mi|i>i| and P2 =  are the projectile nucleon momentum and the

constituent nucleon momentum respectively. The quantities m i, «i, m 2 and V2  are 

the masses and the velocities of the projectile nucleon and the constituent nucleon 

respectively.

Using the Galilean transformation, we found the energies of the scattered nucleon 

and the recoiled nucleon in the center of mass system as

Ez =

£ 4  =

f a  -  12
(m i +  7712)2 Ifejp

77117712 1̂ 1 ~ ^ ^ 2|2

(m i +  7712)2 |fcj|2

E l

El

(A14)

(A15)

where the bar denotes the center of mass system. For simplicity, let us use the one- 

component Fermi-gas model. The masses of the projectile nucleon and the constituent 

nucleon are assumed to be the same: m i =  m 2 =  mjy. Since the interaction is not 

allowed unless

£3 > E p  and £4 > E p (A .16)
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we found the differential energy dE% of the scattered particle after the collision in 

terms of the differential scattering angle dQ in the center of mass system as

4 * |t , |S  '

where E \ is the incident energy of the incoming nucleon, and E% is the energy of the 

scattered nucleon.

The cross section is defined as the transition rate T ^  per unit incident flux per 

target constituent nucleon. The transition rate for a given reaction process is given 

by the product of the square of a transition matrix and the available phase-space 

volume. The transition probability rate is then given by

d r /-  =  f | r / i |2 ( W d ? ' (^ - J i )  (A I8)

where V  and “/ ” denote the initial state and the final state respectively. In 

Eq. (A .18), V  is the nuclear volume, h is the reduced Planck’s constant, and A is 

the degeneracy. The transition matrix operator T ji can be obtained in free space 

using the Lippmann-Schwinger equation. In Eq. (A.18), the 6-function is introduced

to ensure the energy conservation. In applying the definition of the free N-N cross

section, we ignore the energy-dependence of the target constituent nucleon in the 

transition matrix so that T fi is treated as the “off-the-energy-shell” transition matrix. 

From Eq. (A .18), the free two-body N-N cross section is obtained as

Ufree= i r m N H  (A.19)

where if is defined as

? =  V 2 IT;,-!2 (A.20)
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Since both the projectile nucleon and the target constituent nucleon are treated to

be free in Eq. (A.19), the square of Tj i  is proportional to the inverse of the nuclear 

volume. Consequently, the free N-N cross section, given in Eq. (A. 19), is independent 

on the nuclear volume. The free differential N-N cross section is then expressed as

where £ j  is the incoming nucleon energy.

In a similar fashion, the effective N-N cross section and the differential spectrum 

are obtained from Eq. (A. 18) by replacing dtt  with dE% using Eq. (A.17). The effective 

N-N cross section is integrated over the Fermi-sphere. Therefore, the effective N-N 

cross section is obtained in terms of the free cross section as

(A.21)

(A.22)

where

and the effective differential spectrum is

where

The quantity / i(p i,P 2) can be evaluated using the following relations:

0 < l̂ l2 < Pf for l̂ il  ̂2p|

2?F “  l^ll2 <  \ h \2 < Pf  for l^iI <  2 p | (A.26)

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



a e f f  ~~ a free (A. 27)

96

The effective cross section is then written as

f 1 ~  K  for C <  2

. l - | C  + i r 3/2(2 C - l )5/2 for C ^ 2

where (  =

The quantity l2(PhP2) is evaluated using a simple quantum statistical concept 

that the available phase density A/>y is given by

f 1 -  (1 -  4 ? )n for A E  < E p
A />/ =  />/ b r  “  (A.28)

1 1 for A E  >  E p

where p f  is the phase density of the free N-N scattering, and A E  is the transferred
o

energy. The constant n is given by n =  ^ for a non-relativistic calculation and n =  3

for a  relativistic case. Therefore, the non-relativistic differential energy spectrum is

rewritten as

^  _ _ L  J 1 ^ 1 - ^ ) 372 f o r A e > e f

E ) e f f  ^ l l  for A E  < E p

4. FREE N-N CROSS SECTION DATA

As shown in Eq. (A.27) and Eq. (A.29), the effective N-N cross section is expressed 

in terms of the free N-N cross section. We parameterized experimental free N-N 

cross sections. The total N-N cross section of the proton-proton scattering app is 

parameterized as

' (1 +  5/ E)  {40 +  109 cos(0.199\/£)}

<rpp{E) =  x exp [ -  0.451(£ -  25.258)] for E  > 25M eV  (A.30)

_ exp [6.51 exp [ -  (E/134)0-70] ] for E  < 25M eV

where E  is the energy of the projectile nucleon. For the neutron-proton scattering 

cross section crnp, we found
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^njp{F) —

38 +  12500 exp —1.187(£? — 0.1)0.38 for E  > 0.1 M eV

 ̂ 26000 exp ^ —
0.30 (4 .31)

for E  < 0.1 M eV

The forward free N-N differential spectrum is written as

, exp [ - B ( E ' - E ) }  
f j ( E , E ) - B (4.32)

2 me2where B  =  and me  is the nucleon rest energy, and $ is the slope param eter in 

units of GeV- ^. The slope parameter is expressed as

3 +  14 exp g^ (for p-p scattering) 

3.5 +  30 exp (for n-p scattering)

(4.33)

where E'  is the initial nucleon energy in the rest frame of the target constituent 

nucleon. The backward free N-N differential spectrum has a similar form:

r (F p ' \ -  B  exp { - B E )  
h { E ’ E ) -  l - e x p ( - B E ' )

( A M )

where we assume for the backward scattering slope parameter the forward value. The 

forward-to-backward ratio for the neutron-proton scattering is taken as

Fb {E')  =  0.12 -  0.015E' +
0.41

(4.35)
1 + e x p  [4(E' —1.2)]

where E 1 in Eq. (A.35) has units of GeV. Fb (E' )  = 1 for the proton-proton scattering. 

The total free N-N differential spectrum is then expressed as

tit?  pi) B e x p [ - B { E ' - E ) ]  + FB { E ' ) B e x p { - B E )  , A ^
! ( E ' E  ’ = ------------- [ l - e Xp ( - B F ) ] [ F B (£ ')]-------------  ('1'36>
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The mean free path of a nucleon inside a nucleus at a given spatial coordinate r  

is defined by

A(r) = W r > e / /} _1 (A.  37)

where p(r) is the target nuclear m atter density distribution at r , and aej j  is the 

effective N-N two-body cross section. On the other hand, in the nucleus-nucleus 

collision, the mean free path is obtained by averaging the values for different incident 

nucleons in the target nucleus. Thus, the mean free path for a nucleus-nucleus collision 

is defined as

A( 0  =  K / /  J  ^  J  pP {r')pT {r,rl)dr, } ~ 1 (A.38)

where “P ” and “T ” refer to the projectile nucleus and the target nucleus respectively.

In this work, we obtained the mean free path of the neutron and the proton 

in 4®Ca and in ^ Z r  with incident energies below 1 GeV using an uniform nuclear 

m atter density distribution. We show the effective mean free path of the neutron 

in Figure A .l, and the effective mean free path of the proton in Figure A.2. They 

are compared with the free N-N cross sections. The experimental values and other 

theoretical values are taken from reference 44. Clearly, there exist quite large 

differences between the free N-N cross sections and the effective N-N cross sections. 

Since the proton mean free path is much bigger than the neutron mean free path, one 

may use an averaged cross section defined by

0 Z ( A - Z )  (A - Z f Z 2
< a > -  2 • 0-pp,e // +  anp,eff (A39)

The effective mean free path of a nucleon is approximately 5 to 7 times bigger than 

that of the free N-N scattering at around 15 MeV. Between 10 MeV and 50 MeV,
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the effective mean free paths drop rapidly. Above 40 MeV, the difference is reduced 

significantly.

6. CONCLUSION

In this work, we developed a simple kinematical approach to estim ate the effective 

N-N two-body cross section inside a nucleus by using the Galilean transformation. 

This method will be used to calculate the charged particle emission spectra by the 

use of a transport algorithm. The present results were previously derived by Kikuchi 

et al.,®  ̂ Goldberger,^ and Brown et al.”  independently. In this work, we started 

with two arbitrary momentum vectors p\  and P2  in the nuclear rest frame without 

aligning the center of mass vector along the z-axis. The present work requires tedious 

calculations, but it is relatively easy to transform the differential cross sections 

between the center of mass system and the nuclear rest frame. It can be easily 

applied to heavy-ion reactions. The relativistic calculation can be achieved in a similar 

manner using the Lorentz transformation. However, the medium effect is important 

for a low-energy nuclear reaction, and the Galilean transformation is relatively simple 

and valid. To improve the present method, the two-component Fermi-gas model 

should be considered.
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Table A.l Nuclear skin thickness.

Al/3 t(fm) AV3 t(fm)

1.75 1.81 3.46 2.16

2.02 1.75 3.71 1.90

2.19 1.51 3.90 1.69

2.38 1.19 4.13 1.53

2.46 1.01 4.43 1.67

2.66 0.90 4.73 1.77

2.83 1.08 5.11 1.83

2.94 1.44 5.50 1.80

3.03 1.78 5.86 1.77

3.22 2.06 6.00 1.75
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Table A.2 Harmonic well m atter density parameters.

Nucleus C0 fm“ 3 Ci C2 fm 2 C3 fm 2

7Li .0282 .906 .148 .380

9 Be .0211 .829 .268 .370

n B .0225 .739 .419 .425
12C .0190 .571 .691 .452

14N .0156 .607 .625 .402

16q .0112 .591 .636 .350
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Figure A .l The effective mean free paths of the neutron in 4®Ca (dashed line) 
and in ^ Z r  (solid line) as a function of the energy measured from the bottom  of 
the Fermi-sea. The experimental values (triangles) are taken from reference 44.
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Figure A.2 The effective mean free paths of the proton in 4^Ca (dashed line) and 
in ^ Z r  (solid line) as a function of the energy measured from the bottom  of the 
Fermi-sea. The experimental values (triangles) are taken from reference 44.
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