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ABSTRACT

ANALYSIS OF CONTINUOUS LONGITUDINAL DATA WITH
ARMA(1, 1) AND ANTEDEPENDENCE CORRELATION
STRUCTURES

Sirisha Mushti
Old Dominion University, 2013
Director: Dr. N. Rao Chaganty

Longitudinal or repeated measure data are common in biomedical and clinical
trials. These data are often collected on individuals at scheduled times resulting in
dependent responses. Inference methods for studying the behavior of responses over
time as well as methods to study the association with certain risk factors or covari-
ates taking into account the dependencies are of great importance. In this research
we focus our study on the analysis of continuous longitudinal data. To model the
dependencies of the responses over time, we consider appropriate correlation struc-
tures generated by the stationary and non-stationary time-series models. We develop
new estimation procedures depending on the correlation structures considered and

compare those procedures with the existing methods.

The first part of this dissertation focuses on the robust correlation structure gen-
erated by the first-order autoregressive-moving average (ARMA(1, 1)) stationary
time-series model. ARMA(1, 1) correlation structure is characterized by two cor-
relation parameters and this correlation structure reduces to the AR(1), MA(1) and
CS structures in special cases. Although standard efficient procedures are preferable
to estimate the correlation parameters, there are computational challenges in imple-
menting them. To overcome these challenges we employ an alternative estimation
procedure based on pairwise likelihoods. A typical advantage of this approach is that
the inference procedure does not involve complex computations and it results in a
closed form expressions for the estimators of the correlation parameters. We show
that the estimates obtained using the pairwise likelihood method for ARMA(1, 1)
correlation structure are highly efficient asymptotically when compared to that of

maximum likelihood.
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The second part of the dissertation studies correlation structures generated by non-
stationary time-series model known as antedependence models of first order. These
correlation structures are capable of modeling the non-constant correlations between
the same-lagged observations. Note that while this correlation structure has been
extensively studied in the case of heterogeneous variance, we model homogenous vari-
ance and use a recent and new method known as quasi-least squares to estimate the
correlation parameters. A major advantage of the quasi-least squares method is that
it yields closed form expressions for the estimators of correlation parameters unlike
the maximum likelihood method. We provide the asymptotic and small-sample prop-

erties of these estimators and compare their performance using relative efficiencies.
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CHAPTER 1

INTRODUCTION

1.1 LITERATURE REVIEW

Longitudinal data occur frequently in many scientific studies including clinical
trials, psychology and public health studies. In these studies, data are typically
collected by following individuals over a period of time. Valid inference methods
for longitudinal data are of great importance in scientific research. In longitudinal
studies, data is collected on the variables of interest on individuals at scheduled times.
The analysis in longitudinal studies usually focuses on how the variables change over
time and how they are associated with certain risk factors or covariates. Various
statistical models and methods for longitudinal data analysis have been developed
over the past few decades. Davis (2002) provides a comprehensive introduction
to a wide variety of statistical methods for the analysis of repeated measurements.
Others authors Liang and Zeger (1986) and Diggle et al. (2002) discussed further

the statistical analysis methods for continuous and discrete data.

As stated in Davis (2002), key strength of longitudinal studies is that this is
the only type of design in which it is possible to obtain information concerning
individual patterns of change. This type of design also economizes on the number of
subjects. However, there are difficulties associated with analyzing such kind of data.
For instance, the analysis becomes complicated by the natural dependence among
the responses observed on the same subject, and in some instances the response
from a subject may be missing, resulting in an unbalanced or partially incomplete
data, which further complicates the analysis. Many approaches have been studied to

address these complications.

Weiss (2005) discusses the importance of the choice of correlation structures

to model the dependency among the responses observed on the same subject. In

This dissertation follows the style of Journal of the American Statistical Association
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particular Weiss (2005) elaborates on the techniques to choose an appropriate model
or generate additional correlation models. Choosing the correct correlation model is
crucial in longitudinal studies since it has an impact on the precision of regression
parameter estimator. The regression coefficients measure effect of the covariates on
the responses, which is the main objective in any statistical analysis. Hence, several
methods were suggested to estimate the correlation parameters accurately in the

literature.

Recent works in the field of longitudinal studies concentrate on developing ro-
bust estimation procedures for estimating the association parameters. Some of these
works use the composite likelihood method as an alternative to standard likelihood-
based inference to overcome the difficulties caused by high-dimensional interdepen-
dencies. For example, Kuk and Nott (2000), Varin and Vidonib (2006) and
Zhao and Joe (2005) discuss the idea of composite likelihood and some modifications

in order to model different types of data.

1.2 MODEL SPECIFICATIONS

In this section we introduce some basic notation to facilitate the discussion in
this dissertation. Recall that longitudinal data consists of responses or measure-
ments taken at different time points on several independent subjects in a study.
Let y;; denote the response observed on subject ¢ observed at time point j for
i=1,2,...,n; 5 =1,2,...,t;.. We represent the response vector on subject ¢ as
a t; dimensional vector Y; = (yi1, Yz, - - -, Yit;)- Suppose z;; = (Zsj1, Tija, - - -, Tijp) be
the p x 1 vector of covariates observed along with y;;. For convenience we restrict
our attention to the balanced data case, that is, we assume ¢; = t for all :. Extension
of our results to the unbalanced case is straightforward. In addition we also assume
that the responses y;; are continuous but the covariates z;; could be either discrete
or continuous. Let X; = (x;1, Zi2, ..., Zi) be the t x p matrix of covariates observed
on subject . The main interest in longitudinal studies is to study the relationship
between response Y; and covariates X; by taking into consideration the within subject

dependency among the responses.

Specification of a multivariate family of probability density functions f(Y;|X;;8),

indexed by the parameter € often involves modeling the marginal distribution
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fyi;lzi;;6). A natural and convenient set of candidate models for the marginal

distribution is the exponential family given by

f(yijlzis; 0) = exp [{yivi; — b(vi;)} /a(@)] Ay 0),

where a(.), b(.) and h(.) are some known functions, ¢ is a constant that quantifies
over-dispersion. Here v;; is a function of the parameter # and it is known as the
canonical parameter. It is easy to check that E(y;;) = ui; = V'(v;) and Var(y;) =
a(¢)b”(v45). In generalized linear models we assume that the mean p;; is a function

of the covariates given by
9(i) = =i; B,

where ¢(.) is a known monotone and differentiable function, commonly known as the
link function since it links the mean with the covariates. Here 8 = (81, ...,5,) is an
unknown p X 1 vector of regression coefficients. When ¢(-) equals the inverse of ¥'(-),

it is known as the canonical link function and it satisfies
vij = () i) = () = 5 B. (1)

If we assume that y;;’s (1 < j < t) are independent then the multivariate density
f(Yi|X;; 0) is simply

FYil X5 0) = [ [ £ (wislzs; 0.

j=1

However, the independent assumption is invalid for longitudinal setting since the
observations y;; are dependent with respect to j for each value of 7. Therefore, var-
ious types of multivariate distributions are proposed to feature different association
structures present in longitudinal data. For instance, in this dissertation, we assume
that the responses are continuous and hence multivariate normal distribution can be
employed to construct the joint distribution. Furthermore, under the assumption of
continuous responses the canonical link function in equation (1) can be taken as the
identity function. Thus, we model E(Y;) = u; = X8 and Cov(Y;) = ¢R()\) where
A is a vector of parameters that determine the correlation matrix and ¢ is a scale
parameter that does not change with 7 and ¢. Hence, the parameter vector in our
model is 8 = (8, ¢, \').
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In any statistical analysis, estimation of the regression coefficient £ plays a vital
role since it quantifies the effect of the covariates on the responses. However, to ob-
tain accurate estimates for regression coefficients it also becomes equally important
that we estimate the correlation parameters A accurately and efficiently. There are
several estimation methods proposed in literature such as method of moments, max-
imum likelihood method and many other robust estimation procedures to estimate
the correlation parameters and to calculate their standard errors. However, before
studying the estimation procedures, emphasis is laid on practical aspects of choosing
an appropriate correlation structure. It is desirable to choose the correlation model
that fits the data best since the use of the correct or optimal correlation model in-
creases the efliciency of the regression estimator. However, increase in the number
of parameters of the correlation structure corresponds to increase in the number of
estimating functions. Hence, choosing a suitable and parsimonious correlation struc-
ture is equally important. In the following section we describe few such potential

correlation structures.

1.3 CORRELATION STRUCTURES

The selection of the correlation structure to model the complex dependency
among the correlated responses observed on the same subject plays a vital role.
In the literature, a large number of correlation models have been proposed as well
as methods to generate additional covariance models have been studied. However,
in this research we focus on the popular parameterized correlation models which are
generated by the time series models. A parameterized correlation matrix R(A) is one
where all correlations in the matrix are functions of a parameter A whose dimension

g is usually small.

The primary class of correlation structures we consider in this dissertation are
autoregressive-moving average of first order, autoregressive of order one, moving av-
erage of first order and compound symmetry structure. We also consider a special
case of non-stationary correlation models known as antedependence correlation struc-
tures. We discuss the motivation and properties of each correlation structure. We
also study the positive definite ranges of the parameters involved particularly for the

first-order autoregressive-moving average correlation structure.
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1.3.1 AUTOREGRESSIVE MOVING AVERAGE STRUCTURE

A general structure for the correlation matrix considered for analyzing real world
longitudinal data is the first-order autoregressive-moving average or ARMA(1, 1),
which is a generalization of the first-order autoregressive (AR(1)), moving average
(MA(1)) and compound symmetry (CS) structures. The ARMA(1, 1) correlation

matrix of dimension £ is given by

( Ly e ot e 2
Y 1 Yy oo R
RA)=R(v.p)=| w ~ 1 v - 97, (2)
Kvp” VoS ptt pS 1)

where A = (7, p). We can see that this correlation structure is characterized by
two parameters A\; = v and Ay = p. The first parameter vy is known as the lag one

correlation because
Corr (Y5, Yij+1)) = 7,
whereas the second parameter p is the additional decrease in correlation for each

additional lag. Thus, lag k correlation is given by

Corr(ys5, Yi j+x)) = vt

The rate of decrease of lag k correlation is directly proportional to k, and it
depends on the value of p. The ARMA(1, 1) structure is appropriate for longitudinal
data that exhibit this correlation pattern.

1.3.2 AUTOREGRESSIVE, MOVING AVERAGE AND COMPOUND
SYMMETRY STRUCTURES

As discussed in Section 1.3.1 the AR(1), MA(1) and CS structures are spe-
cial cases of the autoregressive-moving average correlation structure. Unlike the
ARMAC(1, 1) correlation structure, these three correlation structures are determined
by only one correlation parameter and hence they are more parsimonious correlation

models. The idea of reducing the correlation models to a simpler form depends on
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how we want to characterize the correlations between the repeated measurements or
in other words which pattern better fits the data. These correlation structures were
studied extensively in the literature and hence in this dissertation we discuss briefly

their theoretical properties.

First-order autoregressive or AR(1) correlation structure often is an adequate
model for longitudinal data. This correlation model arises from first-order Markov
process and is extensively studied in time series analysis, see Fuller (1996). In case

of ¢ repeated measurements, the AR(1) correlation matrix is given by

( 1 p p? 3 . ptl \
1 p pZ . pt—2
RN=Rp)=| »V» p 1L p - p?|. (3)
-1 -2 -3 t-4 )
\ P P PR

In the AR(1) model the correlation between two observations y;; and y;(;+x) depends

on the absolute value of the time difference between them, that is,
Corr(yij, Yij+k)) = p* for k > 1.

Notice that the correlation decreases exponentially with the time lag. The farther
apart two observations are, the lower is the correlation between them. In longitudinal
studies, it is common for correlations to diminish as the lag between the time points
increases and AR(1) structure serves as a potential candidate model to account for

the dependency.

Another simpler correlation structure is the first-order moving average in which
each response is assumed to be correlated only with its succeeding and preceding

responses. The MA(1) correlation matrix is given by

(1 p00 - 0)

p 1 p 0 -~ 0
RA)=Rp=|0p1p--0]. (4)
o000 . 1y

Here p characterizes the correlations between two neighboring responses, that is,

Corr(yij, yi(jﬂ)) =p
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and any two responses separated by lag more than one are uncorrelated. Compound
symmetry (CS) correlation structure is another correlation model used commonly
in clustered data studies, and occasionally in longitudinal studies. The compound

symmetry correlation matrix has the following form

(lppp-~-p\
plpp - p

RA)=R(p)=| p » 1 p |- (5)
\pppop 1)

Here Corr(y;;,yi) = p for all j # k. Even though this structure is employed in
some longitudinal studies, it is most appropriate for clustered data where there is no
reason to believe that some pairs of observations have strong or weak correlations

than other pairs.

1.3.3 ANTEDEPENDENCE STRUCTURE

In Sections 1.3.1 and 1.3.2 we discussed the commonly used correlation models for
analyzing longitudinal data. These are stationary models because the correlations
only depend on the lag rather than the time point at which the measurements were
taken. However, there are instances where the correlations vary according to the
time point and vary even for two pairs of observations with the same lag. Such
dependencies are captured by the antedependence correlation models. A first-order
antedependence correlation structure accommodating different correlations between

observations lagged same distance apart, is given by

( 1 p, ppy PPPs Hpj\
pp 1 py ppy Hpj
R(A) = Rlp,py -+~ py) = oo, b, 1 p ﬁp_ - ©
J
\HP HP HP HP S
Jj=
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This ¢ dimensional antedependence structure is characterized by ¢ — 1 correlation
parameters. Although parsimony is being compromised compared to the stationary
correlation models, it is essential to consider these models to analyze the varying
correlations between equally lagged observations. A detailed description of the an-
tedependence structure and its corresponding time series concepts will be discussed
in Chapter 3.

1.4 ESTIMATION PROCEDURES

Methods for estimating the regression and correlation parameters have been well
researched in the literature for longitudinal data with AR(1), MA(1) and CS corre-
lation models. However, methods of estimating the parameters of the ARMA(1, 1)
correlation structure in the context of longitudinal data are scanty. Thus, focusing
on the ARMA(1, 1) correlation structure we will first study parameter estimation in
a repeated measures setting in Section 1.2. Later, we extend the estimation methods
to other correlation structures defined in Section 1.3.2 and study robust properties
of the methods.

Under the normality assumption the maximum likelihood estimate of the regres-
sion parameter and the scale parameter are in a closed form. Besides the maximum
likelihood estimates are well known to be optimal. The maximum likelihood method
is the standard estimation procedure, nevertheless, applying this method to estimate
the correlation parameter A involves intense computations in most cases. Therefore
we employ a new algorithm for the estimation of A depending on the correlation struc-
ture considered. The alternative methods discussed in this dissertation are pairwise
likelihood method for ARMA(1, 1) and quasi-least squares method for first-order

antedependence correlation structure.

Pairwise likelihood method is a two-stage approach which first maximizes the
complete likelihood of Y; to obtain the estimate of the regression coefficient 8 and
the scale parameter ¢. The second stage consists of maximizing likelihood composed
of two-dimensional densities, resulting in the estimator of A\. As a result of the first
stage, the functional form of the estimates of 8 and ¢ turn out to be the same as that

of maximum likelihood since both methods maximize the same likelihood function.

The pairwise likelihood method is discussed elaborately in Chapter 2 along with
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the mathematical details involved. In this dissertation, we also study the asymptotic
efficiency of the pairwise likelihood method with respect to the optimal maximum
likelihood method.

The quasi-least squares method is also a well known two-step estimation proce-
dure developed to overcome the computational shortcomings of the maximum likeli-
hood. This method, based on the principle of generalized least squares, is developed
as a distribution-free estimation procedure. Detailed discussion of the quasi-least
squares method and its performance compared to maximum likelihood method is

given in Chapter 3.

1.4.1 MAXIMUM LIKELIHOOD ESTIMATION

Assume that Y; is distributed as a ¢t dimensional multivariate normal with mean
X;B and covariance Cov(Y;) = ¢R(A) for i = 1,2,...,n, where A = (A1, Ag,.. ., Ay),
is a g-dimensional vector of unknown correlation parameters. Further assume that
Y;, 1 < ¢ < n are independent. Let 8 = (8', ¢, ')’. The likelihood function is given

by
@i Y = Tl RO exp {35 - X0) A 0) 4 - Xi
= (2m)"T¢ ™% |RO)|"F exp {—%tr (R"I(A)Zn)} : (7)
where Z, = Zn: (Y; — X,;8) (Yi — X:8)". The loglikelihood function is
P
6.(6) = logL,(6]Yy,...,Y,)
= const — 5 log(6) - 7 log [RO)| — 5ot (RN Z) . (8)

To find the maximum likelihood estimate of # we equate to zero the partial derivatives

of (8) with respect to 8 and ¢. Thus, estimators E and a are given by
n -1 n
f = (Z X{R"‘1<X)X,~> (Z X;R*I(Xm) ,
—Z(Y X8) R () (Y- X.B), (9)

)
I
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10

where X is an estimate of \. We obtain the estimates of the correlation parameters by
equating to zero the partial derivative of (8) with respect toeach A; forj =1,2,...,q.

This results in the following score equations

—5tr (R—l(A)aai)(\jl) + 5%5 tr (R-I(A)%I%?R—l(/\) Z,,) =0, (10)

for 1 < j < g. For different parameterized correlation matrices R(\) we can ob-

tain simplified expressions for tr (R’%A)%ﬁ—j’) and (R‘l(/\)af—i;\)}%"l()\)). Further

details about the maximum likelihood estimation for different correlation structures

3

are given in Section 2.3.1 of Chapter 2, along with an overview of the computational

complexities involved.

In the literature there are other estimation procedures such as restricted maxi-
mum likelihood method, where 0 is estimated by maximizing the following modified

loglikelihood function

t
log RL,(6) = const — %— log(o) — glog |R(A)] — %log IX'R™*(\) X|

1 -1
- %tr (R7Y(N) Z,) - (11)

The function (11) is similar to (8) except that it involves an extra term
—2log|X'R™(A)X|. We do not pursue the restricted maximum likelihood in this

dissertation.
1.4.2 PAIRWISE LIKELIHOOD METHOD

Pairwise likelihood method is a special case of composite likelihood method which
has been studied extensively in the context of discrete longitudinal data. Composite
likelihood method was initiated by Besag (1977) and further developed by Lind-
say (1988) and many other authors including Zhao and Joe (2005). Composite
likelihood provides a useful inference alternative for full likelihood based inference.
The inference function is derived by multiplying a collection of component likeli-
hoods, whether or not they are independent; the particular collection used is often
determined by the context. The inference function obtained by this method retains

some properties of the likelihood from a complete model.

The simplest composite marginal likelihood is the inference function constructed

under independence assumption of the marginals. This inference function permits
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inference only on marginal parameters. If parameters related to association are also
of interest it is necessary to model pairs of observations as in the pairwise likelihood,

see Varin and Vidonib (2006). The inference function in this case is

n t
log PLn(6) = > > log f(uij, yij|zij, 7477;0).

i=1 j<j'=1

Thus, instead of specifying the full distribution, we only need to specify a partial
structure for the distribution f(Y;|X;;6). This eases the issues related to complex
modeling and the advantages become more obvious when the dimension of Y; in-

creases.

Construction of the above likelihood and solving for the estimates is the second
stage estimation in the pairwise likelihood method. To obtain the estimates of the
parameters we derive the estimating equations with respect to each of the correlation
parameters. In addition to that, for continuous responses, based on the correlation
structures the above likelihood is being modified accordingly with inference focused
on the dependence parameters. The pairwise likelihood estimation method is ex-
plained in detail in the later chapters depending on the correlation model that is

being considered.
1.4.3 QUASI-LEAST SQUARES METHOD

The quasi-least squares method developed by Chaganty (1997), Shults and Cha-
ganty (1998) and Chaganty and Shults (1999), is an extension of the method of
generalized least squares. This method uses the quasi-score or quasi-loglikelihood
function (12) to obtain the estimates of correlation parameters. For the regression
parameter estimates, this method uses the same functional estimates as the maxi-
mum likelihood method. However the method differs from the maximum likelihood
in the way the correlation parameters are estimated. The advantage of this method
is that it results in closed form expressions for the correlation parameter estimates
for many commonly used correlation structures. Chaganty (2003) establishes the

consistency and efficiency of the correlation parameters.

The quasi-loglikelihood function used in the quasi-least squares method, under
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the assumption of homogeneous variance, is given by,

n

Q) =Y (Y = XiB) R (V) (Yi — XiB) = tr (R™'(X) Zn) (12)

i=1

A minimization of (12) with respect to A is done to obtain the first step estimate X,

which is the solution of the equation

e mwz) e (M5Ra) 0wy

where Zn is Z, evaluated at the estimate B of 8.

It is shown in Chaganty and Shults (1999) that X is a biased estimate of A due

to the fact that the expectation of (13) evaluated at X in not zero, that is,
-1(Y) ~ -1/ _ -1/
tr (aRB—A(A) Zn> = tr (aR &) E(Zn)> = otr (8%7@ RW) 70

E 7t A\
O
Thus, we try to adjust the bias by equating the above expression, to zero and solve

for A for fixed value of A. The drawbacks associated with considering the original
expression with ¢ is discussed in Chaganty and Shults (1999). Quasi-least squares
estimation method overcomes these drawbacks by considering only the trace term.

Thus at the second stage of the quasi-least squares method, we solve the equation
OR-1(X)

to get the estimate /):, which is asymptotically unbiased. Thus, to obtain the final
quasi-least squares estimates we iterate between (9), (13) and (14) until convergence.
We then use A to obtain the final estimates of 3 and . Chaganty (2003) discusses the
estimation of correlation parameters for patterned correlation matrices and studied

their asymptotic distributions.
1.5 ASYMPTOTIC THEORY

In this section we briefly discuss the statistical properties of the estimates de-
rived using the maximum likelihood, pairwise likelihood and the quasi-least sqau-

res method. In the case of n independent observations Yi,...,Y, from the model
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f(YilX;;0) and n — oo with ¢ fixed, some standard asymptotic results are summa-

rized below.
1.5.1 MAXIMUM LIKELIHOOD METHOD

The asymptotic theory for the maximum likelihood estimators is well known.
Under the normality assumption, the asymptotic covariance matrix for the ML es-
timators can be derived using the loglikelihood function given in equation (8). For
a sample of n observations, the Fisher information matrix Z,(#) is found by taking
the negative expectation of the second derivative of the loglikelihood function £,,(9)

with respect to §. Then, under the regularity conditions, Z,(6) is given by

50 = (T35’

According to Cramer’s theorem, the maximum likelihood estimate §ML of 8 is ap-

proximately distributed as multivariate normal with mean 6 and covariance matrix
7, 1(0), for large n.

1.5.2 PAIRWISE LIKELIHOOD AND QUASI-LEAST SQUARES
METHODS

The theory of unbiased estimating equations can be used to derive the asymptotic
variances and covariances for the pairwise likelihood and quasi-least squares estima-
tors. For these alternative methods discussed in this dissertation, we make use of the
following theorem given in Joe (1997), to obtain the asymptotic covariance matrix

of the parameter estimates.

Suppose h;(0) is an unbiased equation for 6, that is, E(hi(6)) = 0. Let 6, be the
root of the equation )., h;(#) = 0. Under the regularity conditions, for ¢ fixed and
large n, we have 67,1“ is approximately distributed as multivariate normal with mean
6 and covariance matrix G~!(6)/n, where G(0) is known as the Godambe information
matrix given by G(8) = D(8) M~1(8) (D(6))’, where

n

D) =-~3 E (-Q%%@) and M(6) = %Z Cov(h(9)).

i=1 1=1

This result due to Godambe, is actually a generalization of the Cramer’s theorem.
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The estimating equations in the pairwise likelihood method are obtained by taking
the derivative of the pairwise likelihoods constructed as a linear combination of the
scores associated with each loglikelihood term. Thus the large sample properties of

o~

the pairwise likelihood estimator, 6, follow from the above stated theory of unbiased

PL’
estimating equations. Similarly, by considering the unbiased estimating equations
used to obtain the quasi-least squares estimates, we can establish the corresponding
asymptotic theory. Particular cases of the above two methods are discussed in detail

in Sections 2.4.2 and 3.4.2 respectively.

1.6 DATA EXAMPLES

We will use three motivational real data examples to illustrate the methods in
this dissertation. These data examples exhibit the dependency patterns similar to

the correlation patterns described in Section 1.3.

1.6.1 OZONE DATA

The first example is the Ozone data. In recent years, the amount of ozone in the
atmosphere has decreased which results in a direct exposure to the harmful sun rays
and its one of the reasons why ozone is being looked at a lot by scientists who study
climate and changes in earth systems. Hence, a study of the ozone in the atmosphere

helps in understanding the change in the pattern of the levels.

This data set records ozone over a three-day period during late July 1987 at 20
locations (ANAH, AZUS,...,WSLA) in and around Los Angeles, California, USA.
Five hourly recordings during the peak hours of the day are recorded starting from
1pm to 5pm giving us a set of 20 x 6 x 3 ozone readings. Measurement units are
in parts per hundred million. The data has 60 = 20 x 3 records with 5 longitudinal

measures each. Table 1 shows a subset of the Ozone data.

The objective in this study is to assess the effect of day on ozone readings. The
repeated response variable is the ozone readings observed on each day between 1pm to
5pm at an hourly interval. We consider day as the covariate having three levels(Day-
1, Day-2 and Day-3) and the data is balanced.
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Table 1. Ozone Changes Data

15

Hour
Site Day 13 14 15 16 17
ANAH 1 10 9 7 6 6
2 8 8 7 8 6
3 10 12 11 9 7
AZUS 1 13 13 13 10 8
2 18 17 12 13 10
3 19 24 21 16 13
BURK 1 8 9 8 7 5
2 15 14 11 7 4
3 16 17 15 10 6
CELA 1 8 8 7 6 5
2 8 9 8 6 4
3 8 10 11 8 5
CLAR 1 147 169 173 168 133
2 187 239 229 188 158
3 194 252 286 263 17.6
FONT 1 12 16 18 16 13
2 15 19 22 19 16
3 11 17 14 23 21
WSLA 1 8 6 7 6 )
2 7 7 5 5 5
3 9 9 7 6 5

1.6.2 OXYGEN SATURATION DATA

The second example is the oxygen saturation data. This data is the result of a

study to check the effectiveness of three different methods of suctioning an endotra-

cheal tube. The first is standard suctioning, and the second is a new method using

a special vacuum, and the third is manual bagging of the patient while suctioning.

The outcome is the oxygen saturation levels measured at five time points: baseline,

first suctioning pass, second suctioning pass, third suctioning pass, and 5 mins post

suctioning. The covariate is method of suctioning which has three levels. T'wenty-five
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ICU patients were randomized to each of the three methods. Table 2 displays the

oxygen saturation data.

Table 2. Oxygen Saturation Study

Time

ID Method sl s2 83 sd s
1 1 95 96 94 97 95
1 94 94 92 93 95

3 1 94 93 92 91 93
24 1 98 100 100 100 96
25 1 91 90 92 92 92
1 2 94 95 95 95 94
2 2 96 96 95 95 94
3 2 92 94 93 94 92
24 2 95 96 97 96 94
25 2 94 93 94 94 94
1 3 92 97 98 97 91
2 3 9 99 97 99 99
3 3 94 96 96 98 96
24 3 95 94 97 98 97
25 3 95 93 92 93 95

1.6.3 CATTLE GROWTH DATA

The third data example considered in this dissertation is the Cattle growth

data Kenward (1987). In this experiment, cattle were given two treatments, la-

beled A and B, to treat intestinal parasites. The response, weights (in Kgs) of the

cattle, were recorded 11 times over a 133-day period with the first 10 measurements

on each cow recorded at two-week intervals and the last measurements recorded one-

week after the tenth measurement. Thirty cattle were randomized to each of the

two treatments. Thus, here we have a longitudinal data measured at 11 time points
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on each subject(cow), with treatment as the only covariate with two-levels. The

objective is to study the effects of the treatment on the cattle weight loss. Table 3

displays the partial data for Treatment-A and Treatment-B.

Table 3. Weights of Cattle from Growth Study

Week

Treatment Cow 0 2 4 6 8 10 12 14 16 18 19
A 1 233 224 245 258 271 287 287 287 290 293 297
2 231 238 260 273 290 300 311 313 317 321 326

3 232 237 245 265 285 298 304 319 317 334 329

4 239 246 268 288 308 309 327 324 327 336 341

5 215 216 239 264 282 299 307 321 328 332 337

29 233 241 252 273 301 316 332 336 339 348 345

30 221 219 231 251 270 272 287 294 292 292 299

B 1 210 215 230 244 259 266 277 292 292 290 264
2 230 240 258 277 277 293 300 323 327 340 343

3 226 233 248 277 297 313 322 340 354 365 362

4 233 239 253 277 292 310 318 333 336 353 338

20 221 232 251 274 284 295 300 323 319 333 322

30 233 238 254 266 282 294 295 310 320 327 326

1.7 OUTLINE OF THE THESIS

This dissertation is organized as follows. In Chapter 2, we study the ARMA(1, 1),
AR(1), MA(1) and compound symmetry correlation structures. We provide a brief
summary of the time series model which generates the ARMA(1, 1), AR(1),MA(1)

and compound symmetry correlation structures and discuss the positive definite

range of the parameters characterizing each of the four correlation structures. We

introduce the alternative approach known as pairwise likelihood method to estimate

the correlation parameters incase of each correlation structure and define the esti-

mation procedure in particular for each correlation structure. Next we discuss the

asymptotic properties of the estimators obtained using pairwise likelihood method
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and compare these estimators with maximum likelihood estimators using the asymp-
totic relative efficiency. We analyze the ozone data in Table 1 and oxygen saturation
data in Table 2 using the pairwise likelihood and maximum likelihood methods and
compare the results. The R code that we developed is used to compute the pairwise

likelihood estimates of the parameters in the data analysis.

In Chapter 3, we introduce first-order antedependence correlation structure. We
provide, using a real life data given in Table 3, the appropriateness of using the
first-order antedependence correlation structure to model the dependencies among
the responses that exhibits a peculiar correlation patterns. Next, we study some of
the properties of these first-order antedependence correlation structures. We discuss
two methods of estimation procedures, maximum likelihood and quasi-least squares
method to estimate the correlation parameters under the assumption of first-order
antedependence correlation model. In this chapter, we also study the large-sample
properties of the estimators obtained using each of these estimation methods and
discuss the large-sample and small-sample efficiencies between the maximum likeli-
hood and quasi-least squares estimators. Using these two estimation methods, we

analyze the data introduced in Table 3.

In Chapter 4, we summarize the alternative approaches used in case of each
correlation structure and the advantages associated with these methods compared to

the standard estimating procedures in each case.

Finally, we end this dissertation with an Appendix that contains the impor-
tant formulae used in deriving the parameter estimators and their corresponding
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