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ABSTRACT

ANALYSIS OF MULTIVARIATE DATA USING
KOTZ TYPE DISTRIBUTION

Kusaya Plungpongpun
Old Dominion University, 2003
Director: Dr. Dayanand N. Naik

Most of the inferential statistical methods for multivariate data are developed under
the fundamental assumption that the data are from a multivariate normal distribution.
Unfortunately, one can never be sure a set of data is really from a multivariate normal
distribution. There are numerous methods for checking (testing) multivariate normal-
ity, but based on many published and our own simulation studies, provided in the first
chapter of this dissertation, we observe that these tests are generally not very power-
ful, especially for smaller sample sizes. Hence it is always beneficial to have alternative
multivariate distributions available along with the methodology for using them.

In this dissertation, we focus on a probability distribution, called the Kotz type
distribution, which has fatter tail regions than that of multivariate normal distribution

and has its probability density function (pdf) in the form

D=

feomB) =c| 272 exp {—[(x - p)' 7 (x - w)]2},

where p € RP, 3 is a positive definite matrix and ¢ = 2—1‘%2) . Using this distribution
72T (p

as the basis we have developed statistical methods for performing various statistical
inferences for multivariate data. Our main contributions in this dissertation are the

following:

(i) Various characteristics of this distribution, such as, its moments, the marginal,
and conditional distributions in specific forms, and a simulation algorithm for

simulating samples from this distribution are provided.

(i) Estimation of the parameters of this distribution using the maximum likelihood
method under different assumptions of one and more populations, and under

different covariance is performed. An interesting and important observation is
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that the maximum likelihood estimators derived under this distribution are the

generalized spatial median (GSM) estimators of C. R. Rao (1988).

(iii) Using the asymptotic distribution of the estimates, multivariate analysis of vari-
ance (MANOVA) is performed and simultaneous confidence intervals for contrasts

are constructed and illustrated on data sets.

(iv) Finally, discrimination and classification rules under a Kotz type distribution are
derived and compared with the rules based on a multivariate normal distribution
using estimated expected error of misclassification. It is concluded that the ex-
pected error of misclassification can be reduced by using the methods developed
here when the underlying distributions are not multivariate normal, but are of

Kotz type distributions.
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CHAPTER I

INTRODUCTION

Before doing any statistical modelling, it is crucial to verify if the data satisfy the
underlying distributional assumptions. Multivariate normal distribution plays an im-
portant role in analysis of multivariate data. This is especially true in the analysis
of mean vectors and multivariate regression where the multivariate analysis of vari-
ance (MANOVA) is used. Most of the techniques of multivariate statistical analysis
are based on the assumption that the data are generated from a multivariate nor-
mal distribution. Further, the normal distribution is often a useful approximation to
the true population distribution. Hence it is important for a practitioner to be able
to determine whether the data that are being used for statistical inference are from
multivariate normal distributions, if not exactly at least approximately.

The aim of this chapter is two-fold. First, if possible, to provide a practitioner, a
single most powerful and easily usable test, or at least a small group of tests, for testing
multivariate normality and secondly, to provide a brief overview of the chapters in the
thesis. To achieve the first aim, we have reviewed state of the art literature on the topic
of tests for multivariate normality and conducted our own extensive simulation studies.
Based on published work and our studies we are able to provide a set of three tests:
two tests based on already well known Mardia’s measures of skewness and kurtosis and
a third one which is recently proposed Henze-Zirkler test. However, we conclude that
all the three tests are needed to definitely conclude that the multivariate normality

holds. An overview of the chapters in the thesis is provided at the end of this chapter.

1.1 Tests for Multivariate Normality

In a series of recent articles Mecklin and Mundform (2002, 2003a, 2003b) and Henze

(2002) reviewed and summarized the procedures and tests for multivariate normality,

The model journal used for this dissertation is Statistica Sinica.
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developed by researchers over the years, into the following 5 categories.

(I) Procedures based on graphical plots or correlation coefficients (due to Healy
(1968), Gnanadesikan and Kittenring (1972), Gnanadesikan (1977), Cox and
Small (1978), Koziol (1982), Tsai and Koziol (1988), Ahn (1992), Singh (1993),
Fang et al. (1998), Liang and Bentler (1999) and Beirlant et al. (1999)).

(II) Tests based on skewness and kurtosis measures (due to Mardia (1970), Malkovich
and Afifi (1973), Small (1980), Isogai (1982), Bera and John (1983), Mardia and
Foster (1983), Srivastava (1984), Koziol (1983, 1986, 1989), Isogai (1989), Mardia
and Kent (1991), Méri et al. (1993), Jarque and Mckenzie (1995) and Kariya
and George (1995)).

(III) Goodness-of-fit tests (due to Weiss (1958), Malkovich and Afifi (1973), Hawkins
(1981), Moore and Stubblebine (1981}, Koziol (1982), Royston (1983), Machado
(1983), Fattorini (1986), Paulson et al. (1987), Ward (1988), Quiroz and Dudley
(1991), Mudholkar et al. (1992), Romeu and Ozturk (1993, 1996), and Kariya
and George (1995)).

(IV) Consistent procedures based on the empirical characteristic function (due to
Csorgo (1986), Baringhaus and Henze (1988), Henze and Zirkler (1990), Ghosh
and Ruymgaart (1992), Bowman and Foster (1993) and Naito (1996)).

(V) Miscellaneous procedures (due to Loh (1986), Hasofer and Stein (1990), Kuwana
and Kariya (1991), Smith and Richardson (1993), Zhu et al. (1995), Zhu et al.
(1997), Kariya et al. (1999), Slate (1999), and Liang et al. (2000)).

Based on analytical and several empirical and simulation studies, Henze and Zirkler
(1990), Henze (2002) and Mecklin and Mundform (2002) identified only 13 of the fol-
lowing tests as useful tests. These are, tests based on Mardia’s multivariate skew-
ness and kurtosis measures, based on the Mardia-Foster statistic and the Mardia-
Kent statistic, Royston’s multivariate Shapiro-Wilk test, the Romeu-Ozturk test, the
Mudholkar-Srivastava-Lin extension of Shapiro-Wilk test, the Henze-Zirkler empirical

characteristic function test using asymptotic critical values, Hawkins’ exension of the
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Anderson-Darling test, Koziol’s extension of the Cramer-von Mises test, the Paulson-
Roohan-Sullo version of the Anderson-Darling test, Singh’s test of the correlation of
the beta plot with classical estimates of mean and variance, and Singh’s test of the
correlation of the beta plot with robust M-estimates of mean and variance using the
empirical critical values. Based on further simulation studies Mecklin and Mundform
(2002, 2003a, 2003b) concluded that Henze-Zirkler test is the best. However, Henze
and Zirkler (1990) and Henze (2002) concluded that Henze-Zirkler test is the best,
but the descriptive use of multivariate measures of skewness and kurtosis derived by
Mardia (1970) is recommended as omnibus invariant tests for multivariate normality
(Henze, 2002). In the following, we provide some details about these three procedures
and conduct a detailed simulation experiment to compare them.

However, many times multivariate normality of a set of multivariate data can be
assessed using @ — @ plots, and these plots along with the univariate tests for testing
normality of the marginals should be routinely adopted. Univariate tests are discussed
in details in many books and review articles. For example, see Shapiro, Wilk and Chen
(1968), Lin and Mudholkar (1980), and D’Agostino (1986). A Q-Q plot can be drawn
using the following procedure. See Khattree and Naik (1999) for details and computer
programs in SAS.

Let x;, § = 1,...,n be a random sample from a multivariate normal distribution

Npy(p,X). Then

zZ; = 2_%(xj —p), j=1,..,n are ii.d. Np(0,I)
and hence each 5J2- = Z.Z;
= (xj - I"’)’Z—l (Xj - l‘l')a .7 = 17 N
independently follows a chi-square distribution with p degrees of freedom. The quantity
532- is the squared Mahalanobis distance between x; and its expectation p. If the

observations x’s are from a N,(p, 3) then the distances (the sample versions of squared

Mahalanobis distances)
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will approximately be distributed as a chi-square on p degrees of freedom. Hence the
ordered d? values are plotted against quantiles of p degrees of freedom of chi-square
distribution.

When the plot approximately looks like a straight line passing through the origin
at a 45° angle with the horizontal axis, it can be assumed that the observations come
from a multivariate normal population.

Mardia (1970) proposed tests for multivariate normality based on generalizations

of the univariate skewness and kurtosis measures respectively given by

B = Elx—p)Z (y-p)f,
and [y, = E[(x-— u)IZ“l (x — u)]Q,

where x and y are identically and independently distributed p variate random vectors
with mean p and variance covariance (dispersion matrix) 3. For the multivariate
normal distribution, 81, = 0 and B2, = p(p + 2).

For a sample x, ..., X, of size n, the estimates of §1, and f;, can be obtained as

~ 1 & 1 &
B = by = 5 > ()’ = > g

Gk=1 Jk=1
n n
~ 1 1
2 4
P = by = =Y gh==-) d
p P n 229 T [ 2. %
=1 J=1

_1 ,
where 1; = S, % (x; — %), gjx = (X; — %) S (xx — %), d;=/Gi» J» k=1,..,n, X=
%Z?:l x; and S, = % Z;’zl(xj —%)(x; — %)".

Then Mardia (1970)’s tests for multivariate normality are based on K; and K>,

where for large samples under the null hypothesis of multivariate normality,

nblp 2
K, = & Xewrnee and
6

bap —p(p+ 2) ~

[sp(p+2>] 3

Ko N(0,1).

Henze and Zirkler (1990) generalized Baringhause-Henze procedures (Baringhaus
and Henze (1988)) that extended Epps and Pulley test (Epps and Pulley, 1983) for
univariate normality based on empirical characteristic function to the multivariate case.

The Henze-Zirkler test statistic is based on a non-negative functional that measures
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the distance between two distribution functions, the hypothesized function (which is
the multivariate normal) and the observed function. In order to have the statistic be
consistent, the functional, say D,, 3, must equal to zero if and only if the observed data

is from the multivariate normal distribution. The non-negative functional considered

bus= |
Rr

where § denotes a positive number,

is

¥, () - exp (=5 1612 a(t) at,

_1
is the empirical characteristic function of the scaled residuals r; defined by S, *(x; —X)

and
% I[t]?

ot = (7)1

stands for the weighted function to be the multivariate normal distribution N,(0, 5°I,).

), t € NP,

Henze and Zirkler (1990) suggested the smoothing parameter 3 to be

5= min) = (L) wiks,

so that it changes slowly with n.
Then Henze-Zirkler test statistic for testing multivariate normality is given by
T, = nDy g, where
n 2

1 B 9
Dus = =5 > exp(=F ey —xl’)

Gok=1
B _p
- 21+ p7)E Zexp( i) + a2

with [|lr; — rel* = (x; = x)'S; (% — %) = 955 — 20k + gk and [r;])* = gj;.
For p > 1, and § > 0, Henze and Zirker (1990) provide mean and variance of the

asymptotic distribution, T3(p), of T,, 5 as

2 4
B|Ty(p)|] = 1-(1+26%)7" [1+1_’;52ﬂ2+’2)((1p:2?f)2] and

2y-§ 2\~ 2pp* 3p (p+2)6°
2(1+40%)7% + 2(1+25%)77 [1+(1+2ﬁ2)2+ 4(1+262>4]

Var [Tﬁ (P)]
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4 258
—4w@)F 14 2?(%) + (223;@)2[3 J
where w(3) = (1 + 5%)(1 + 35%).

Further, Henze and Zirkler (1990) approximated the distribution of Ts(p) by the
lognormal distribution with the parameters pg, = FE [Tﬁ(p)} and U,[%,p = Var [Tg(p)].
That is, the (1 — ) quantile of the asymptotic distribution of T, g, that is, of Ts(p), is
given by

2 2

g o)
ool = o1+ 7)™ apfo2 a1 (1 ) ]
Ho Fap

1
2
where ®1(.) is the inverse of standard normal distribution function.

1.1.1 Power Studies

As we have noted, large number of tests for evaluating univariate and multivariate
normality are available in the literature. However, there is no one test that is optimal
for all possible deviations from normality. The usual process adopted to detect the
sensitivity of these tests is to perform power studies where the tests are applied to a
wide range of non-normal populations for a variety of sample sizes, levels of significance
etc. Hence for our simulation study, we first determine the approximate upper a%
cutoff points of the null distribution of Mardia’s tests based on K; and K> and Henze
and Zirkler test, T, 3 for § = 0.5, 1, 3 and § depending on n and p, using Monte
Carlo simulation method based on 50,000 simulations on a variety of sample sizes, n =
20, 30, 50, 100, the dimension p = 3, 5, and the significance levels o = 0.01, 0.05, 0.1.
The results are given in Tables 1.1 - 1.4. In each table, the last row (except for the last
three columns in which 3 depends on n) is the x? with ’w degrees of freedom,
N(0,1) and lognormal approximation to the empirical quantiles of tests based on K,
K, (Table 1.1, 1.3) and T, s (Table 1.2, 1.4) respectively. It shows that our approximate
cutoff points are very close to the empirical quantiles.

Next, to compare the power of the Mardia’s tests with Henze-Zirkler test, we
perform the following simulation study. Five thousand samples from a variety of p-

dimensional continuous distributions are used under the same above combinations of
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Table 1.1: The approximate and empirical percentage points of K; and K of size 1 —«

and sample sizes n for p = 3.

K
l—-a 0.90 0.95 0.99 0.90 0.95 0.99
n =20 13.196 15.428 20.654 | 0.234 0.559 1.245
n =30 14.222 16.659 22.595 | 0.465 0.852 1.682
n = 50 14.988 17518 23.439 | 0.702 1132  2.067
n =100 15.660 18.234 23.978 | 0.918 1.366 2.352
qg,p(l — a) 15.987 18.307 23.209 | 1.282 1.645 2.326

Table 1.2: The approximate and empirical percentage points of T, 53 of size 1 — a,
sample sizes n and parameters 3 for p = 3.
B=0.5 B=1 B=3 B = f3(n)
l-o 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
n = 20 0.097 0.112 0.145 0.613 0.670 0.790 1.054 1.092 1.172 0.756 0.819 0.953
omo== 30 0.100 0.114 0.150 0.614 0.671 0.802 1.055 1.093 1.175 0.801 0.867 1.010
n = 50 0.102 0.118 0.151 0.616 0.676 0.805 1.057 1.094 1.169 0.852 0.921 1.067
n = 100 0.104 0.120 0.155 0.619 0.681 0.821 1.061 1.098 1.171 0.915 0.985 1.137
a3,3(1 — a) 0.106 0.121 0.156 0.620 0.684 0.823 1.062 1.096 1.165

n, p and a. We use the above obtained approximate cutoff points as an approximate

critical value for a level o test based on K3 and K, and 7T, 3. The number of rejections

are counted. We have implemented all the calculations using IML procedure of SAS.

The SAS programs are provided in Program 1 in APPENDIX.

However, in Tables 1.5 - 1.10, power estimates of the six tests are presented. Inter-

pretations of the entries in each of these tables are provided in the following categories.

Group 1: Multivariate normal distribution.

In this case, the null hypothesis is true, so each test should reject at about the

nominal probability a. We notice that four Henze-Kirkler tests based on different

parameters 3 have a rejection rate below or close to the « level but the Mardia’s

skewness and kurtosis measures based on K; and K5 tests have a rejection rate slightly

above the « level for p = 3 and 5.
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Table 1.3: The approximate and empirical percentage points of K, and K of size 1 —«

and sample sizes n for p = 5.

K, Ko
l1—-a 0.90 0.95 0.99 0.90 0.95 0.99
n =20 38.467 42.029 49.048 | -0.176 0.102 0.643
n =30 41.450 45569 54.156 | 0.151 0.484 1.145
n = 50 43.576 47.733 56.797 | 0.468 0.833 1.595
n = 100 45.139 49.230 58.408 | 0.769 1.168 2.022
ggp(1—a) | 46.059 49.802 57.342 | 1.282 1645 2.326

Table 1.4: The approximate and empirical percentage points of T, 53 of size 1 — «,
sample sizes n and parameters 3 for p = 5.
B=05 B=1 B=3 B = Bs(n)
l-« 0.90 0.95 0.99 0.90 0.95 0.9¢9 0.90 0.95 0.99 0.90 0.95 0.99
n = 20 0.186 0.200 0.229 0.813 0.843 0.905 1.008 1.018 1.044 0.880 0.909 0.971
n = 30 0.192 0.207 0.241 0.813 0.847 0.920 1.013 1.020 1.042 0.905 0.937 1.005
n =50 0.195 0.211 0.246 0.814 0.847 0.919 1.014 1.021 1.037 0.932 0.963 1.026
n = 100 0.197 0.214 0.249 0.814 0.848 0.924 1.015 1.021 1.035 0.961 0.991 1.083
qﬂ73(1 - @) 0.201 0.217 0.249 0.814 0.849 0.920 1.015 1.021 - 1.031

Group 2: p variate t distribution.

In group 2 we generate samples from multivariate ¢ distribution (as described in
Johnson and Kotz, 1972) with 1, 2 and 5 degrees of freedom for p = 3 and 5.

The t distributions are symmetric and have very high kurtosis compared to normal.
However, the t distributions are closer to normal when degree of freedom increases,
especially, t with degree of freedom > 30.

The Mardia’s kurtosis test based on K performs very well compared to the other
tests and the next best test is Ty 5. The Mardia’s skewness test based on K, performs
better for large n.

Group 3: p variate chi — square distribution.
We generate samples from multivariate chi — square distribution with 5 and 10

degrees of freedom for p = 3 and 5. Note that chi — square distribution is skewed
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to the right. We find that Tp 5 test is generally superior to K; test and most of the
Henze-Zirkler tests except T3 perform better than the Ko test.
Group 4: p.variate Gamma distribution.

We generate samples from multivariate gamma distribution (as described in Ron-
ning (1977)) with the scale parameter fixed at 1. These gamma distributions are skewed
to the right and have high kurtosis. However, the gamma distributions, for fixed scale
parameter, become closer to normal as shape parameter increases and hence it is ex-
pected that the power will decrease.

It shows that the test based on T} 5 performs very well compared to the other tests.
K test is comparative to Ty 5 test when sample size increases. K, and T3 tests perform
poorly in this group.

Group 5: p variate Fxponential distribution, Exp(1).

In this group we generate samples from multivariate Exponential distribution with
the scale parameter = 1. The performance of the tests based on Ty 5 and T; are better
than other tests and K test is comparable to Ty 5 and 77 when n increases. K, test
does not perform well for small n.

Group 6: p variate Contaminated normal and Ezp(1) distribution, $N(0,1) +
sEzp(1).

In this group, K5 test is superior to others but Ty and K; tests perform better
when n is large. ‘

Group 7: p variate Contaminated normal and t(5) distribution, N (0,1) 4 5¢(5).

In this group the K test performs well compared to other tests and more sensitive
for detecting normality with n for most cases. K; and Ty 5 tests perform better with
large n and p.

Group 8: p variate Contaminated normal and x?(5) distribution, N(0,1) + 3x*(5).

It appears that the Henze-Zirkler tests except T3 perform well compared to K test.
K test is comparable to Henze-Zirkler tests when n = 100.

Group 9: p variate Kotz type distribution.

We generate samples from Kotz type distribution (as described later in Chapter 2).

Kotz type distribution is symmetric and heavy-tailed. Here the K, test performs well

when compared to other tests and Ty 5 test performs better when p increases, but K,
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test does not perform well.

1.1.2 General Comments and Concluding Remarks

Rejection rates for Mardia’s skewness and kurtosis measures based on K; and K that
are above the « level for small n indicate a problem with Type I error rate. The power
comparisons among six tests show that the power performance of Henze-Zirkler test
varies considerably with the parameter 5. Choice 8 = 0.5 gives a very strong test
against skewed distributions. T3 appears inferior among Henze-Zirkler tests. Perhaps
a smaller value of 8 would do better, in general. Thus T3 is not recommended.

The Mardia’s skewness test based on K; test and Ty5 test have much the same
sensitivity with K is slightly inferior for some cases. The power performance of K test
depends on the tail behavior of X, that is, K test is consistent against all distribution
satisfying 1, > 0 (Henze and Zirkler, 1990).

The test based on K, is consistent against all alternative distributions satisfying
Bap # p(p+2). Our simulation results show that K test is generally inferior to Tp 5 test
if the distribution is light-tailed, but performs better against heavy-tailed distributions,
like Kotz type distributions.

In conclusion, it is clear that the Henze-Zirkler test based on Tj 5 performs reason-
ably well compared to the other tests for most cases. However, K; and K, tests are
comparative to Ty 5 for some cases.

Thus, a practitioner may use a combination of the three tests, namely, Mardia’s
skewness and kurtosis measures based on K7, K, and Henze-Zirkler tests and use the
strategy that all these tests must declare multivariate normality for claiming that the

data really come from multivariate normal distribution.
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Table 1.5: Monte Carlo power estimates of K, K», Tos, 11, 15 and 1), 3. Tests of sizes

a = 0.01 against multivariate normal, Cauchy, t, x? and gamma distributions.

Alternative n p=3 p=5
K, K2 To.s S T3 Th, 3 K, K2 To.s Ty T3 Tn,B
Np(0,T) 20 0.009 0.010 0.009 0.008 0.009 0.008 0.011 0.008 0.010 0.009 0.010 0.009

30 0.011 0.011 0.010 0.009 0.009 0.011 0.012 0.011 0.009 0.009 0.009 0.008
50 0.013 0.012 0.011 0.010 0.010 0.010 0.011 0.008 0.009 0.009 0.008 0.010
100 0.008 0.010 0.008 0.009 0.011 0.009 0.009 0.008 0.010 0.011 0.009 0.010

p-variate 20 0.961 0.979 0.969 0.975 0.935 0.973 0.995 0.998 0.995 0.992 0.892 0.990
Cauchy 30 0.992 0.999 0.996 0.998 0.994 0.998 0.999 1.000 0.999 1.000 0.991 1.000
50 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.715 0.782 0.718 0.695 0.462 0.669 0.875 0.904 0.851 0.772 0.328 0.744
t(2) 30 0.872 0.937 0.893 0.886 0.710 0.868 0.970 0.988 0.969 0.948 0.673 0.938
50 0.966 0.995 0.986 0.988 0.936 0.983 0.999 1.000 0.999 1.000 0.956 0.998
100 0.996 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.231 0.271 0.220 0.158 0.054 0.135 0.366 0.393 0.315 0.182 0.034 0.156
t(5) 30 0.360 0.442 0.346 0.259 0.093 0.214 0.552 0.637 0.502 0.323 0.062 0.283
50 0.550 0.706 0.557 0.466 0.180 0.387 0.798 0.908 0.777 0.656 0.163 0.582
100 0.731 0.850 0.829 0.793 0.439 0.707 0.940 0.996 0.971 0.952 0.489 0.913

p-variate 20 0.223 0.143 0.281 0.246 0.070 0.210 0.218 0.140 0.300 0.204 0.028 0.172
x2(5) 30 0.481 0.263 0.602 0.518 0.140 0.436 0.487 0.291 0.604 0.428 0.044 0.349
50 0.839 0.453 0.913 0.853 0.336 0.755 0.868 0.511 0.943 0.834 0.116 0.724
100 1.000 0.743 1.000 0.998 0.820 0.987 1.000 0.840 1.000 1.000 0.441 0.992

p-variate 20 0.107 0.072 0.126 0.100 0.029 0.084 0.087 0.051 0.101 0.064 0.018 0.053
XZ(IO) 30 0.202 0.119 0.259 0.187 0.036 0.142 0.188 0.117 0.233 0.127 0.023 0.099
50 0.490 0.209 0.575 0.428 0.084 0.310 0.495 0.244 0.589 0.362 0.035 0.260
100 0.922 0.394 0.953 0.861 0.269 0.686 0.954 0.461 0.975 0.837 0.085 0.656

p-variate 20 0.311 0.193 0.381 0.344 0.109 0.302 0.303 0.195 0.393 0.285 0.040 0.251
G(2, 1) 30 0.593 0.328 0.708 0.644 0.227 0.566 0.616 0.374 0.738 0.573 0.076 0.491
50 0.930 0.546 0.968 0.935 0.503 0.879 0.953 0.647 0.981 0.933 0.204 0.871
100 1.000 0.841 1.000 1.000 0.948 0.999 1.000 0.926 1.000 1.000 0.698 0.999

p-variate 20 0.095 0.064 0.118 0.097 0.025 0.080 0.089 0.056 0.115 0.071 0.023 0.061
G(5, 1) 30 0.207 0.110 0.258 0.187 0.041 0.147 0.190 0.111 0.243 0.129 0.021 0.105
50 0.482 0.213 0.575 0.433 0.085 0.309 0.498 0.228 0.591 0.364 0.035 0.263
100 0.920 0.395 0.951 0.862 0.268 0.685 0.957 0.469 0.976 0.862 0.092 0.675
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Table 1.6: Monte Carlo power estimates of K1, Ko, Tos, T1, T3 and T, g. Tests of sizes
a = 0.01 against Ezp(1), contaminated normal and Exp(1l), contaminated normal and

t(5), contaminated normal and x?(5), and Kotz type distributions.

Alternative n p=3 p=5

Ky Ko To.5 1 T3 Th,p Ky K2 To.5 Ty T3 Tn, s
p-variate 20 0.631 0.421 0.746 0.751 0.410 0.713 .| 0.647 0.456 0.767 0.691 0.154 0.647
Exp(l) 30 0.894 0.609 0.959 0.956 0.733 0.935 0.931 0.713 0.974 0.946 0.380 0.923

50 0.998 0.842 1.000 1.000 0.978 0.999 0.999 0.923 1.000 1.000 0.832 1.000
100 1.000 0.990 1.000 1.000 1.000 1.000 1.000 0.998 1.000 1.000 1.000 1.000
p-variate 20 0.169 0.200 0.161 0.125 0.063 0.110 0.188 0.197 0.162 0.098 0.029 0.089
%N(O, 1) 30 0.283 0.332 0.278 0.220 0.113 0.194 0.327 0.387 0.280 0.170 0.049 0.147
+%Ezp(l) 50 0.433 0.542 0.437 0.395 0.226 0.353. 0‘559. 0.655 0.520 0.396 0.114 0.346
100 0.689 0.846 0.742 0.755 0.612 0.733 0.828 0.930 0.847 0.800 0.362 0.745

p-variate 20 0.105 0.104 0.087 0.051 0.019 0.039 0.105 0.097 0.086 0.037 0.015 0.030
%N(O, 1) 30 0.165 0.185 0.141 0.073 0.023 0.055 0.197 0.207 0.150 0.055 0.017 0.041
+%t(5) 50 0.277 0.346 0.237 0.128 0.032 0.090 0.337 0.403 0.259 0.106 0.028 0.076

100 0.423 0.602 0.396 0.245 0.066 0.161 0.544 0.714 0.462 0.252 0.039 0.169

p-variate 20 0.299 0.168 0.427 0.476 0.201 0.441 0.280 0.161 0.427 0.379 0.065 0.339
—%N(O, 1) 30 0.565 0.254 0.752 0.775 0.432 0.738 0.572 0.289 0.771 0.712 0.146 0.648
+%X2(5) 50 0.929 0.441 0.984 0.983 0.812 0.970 0.944 0.516 0.989 0.979 0.415 0.958

100 1.000 0.728 1.000 1.000 0.999 1.000 1.000 0.820 1.000 1.000 0.945 1.000

p-variate 20 0.164 0.219 0.146 0.122 0.051 0.107 0.158 0.187 0.135 0.075 0.021 0.063
Kotz Type 30 0.229 0.337 0.224 0.181 0.089 0.164 0.266 0.375 0.219 0.140 0.037 0.128
50 0.359 0.594 0.393 0.394 0.191 0.360 0.417 0.639 0.391 0.317 0.081 0.276
100 0.461 0.879 0.662 0.736 0.482 0.699 0.617 0.924 0.740 0.727 0.256 0.657
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Table 1.7: Monte Carlo power estimates of K1, K3, Tos, 11, T3 and T), 3. Tests of sizes

a = 0.05 against multivariate normal, Cauchy, t, x* and gamma, distributions.

Alternative n p=3 p=5
Ky K2 To.s Ty T3 Th,p K K2 Tos Ty T3 Th,B
Np (0,1) 20 0.046 0.053 0.048 0.047 0.045 0.048 0.055 0.056 0.050 0.050 0.051 0.050
30 0.052 0.054 0.050 0.046 0.044 0.046 0.051 0.050 0.048 0.043 0.046 0.043
50 0.050 0.052 0.046 0.043 0.048 0.045 0.050 0.048 0.044 0.048 0.045 0.049
100 0.050 0.054 0.050 0.050 0.045 0.044 0.058 0.046 0.050 0.046 0.045 0.048
p-variate 20 0.980 0.992 0.982 0.983 0.957 0.982 0.997 0.998 0.998 0.995 0.942 0.994
Cauchy 30 0.996 0.999 0.998 0.998 0.995 0.998 1.000 1.000 1.000 1.000 0.997 1.000
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p-variate 20 0.833 0.890 0.836 0.799 0.609 0.777 0.936 0.958 0.926 0.859 0.524 0.840
t(2) 30 0.930 0.974 0.945 0.939 0.812 0.927 0.989 0.996 0.986 0.976 0.791 0.968
50 0.985 0.999 0.995 0.994 0.965 0.993 1.000 1.000 1.000 1.000 0.974 0.999
100 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
p-variate 20 0.413 0.426 0.377 0.288 0.127 0.251 0.543 0.592 0.499 0.311 0.120 0.278
t(5) 30 0.543 0.638 0.523 0.425 0.196 0.363 0.722 0.808 0.683 0.508 0.172 0.456
50 0.675 0.845 0.691 0.614 0.318 0.548 0.890 0964 0.881 0.775 0.303 0.707
100 0.832 0.983 0.910 0.891 0.602 0.827 0.980 0.999 0.991 0.982 0.647 0.962
p-variate 20 0.436 0.298 0.534 0.479 0.198 0.434 0.407 0:308 0.509 0.393 0.112 0.355
$*(5) 30 | 0.707 0.440 0801 0738 0309 0661 | 0.688 0470 0.796 0.650 0.149 0573
50 0.954 0.641 0.981 0.955 0.571 0.911 0.996 0.702 0.987 0.939 0.295 0.876
100 1.000 0.873 1.000 1.000 0.932 0.998 1.000 0.933 1.000 1.000 0.685 0.998
p-variate 20 0.253 0.181 0.297 0.245 0.100 0.217 0.216 0.167 0.271 0.184 0.072 0.170
X2(10) 30 0.437 0.267 0.506 0.414 0.145 0.343 0.380 0,256 0.463 0.309 0.078 0.257
50 0.721 0.374 0.780 0.659 0.230 0.539 0.717 0.414 0.802 0.600 0.115 0.476
100 0.978 0.592 0.991 0.958 0.486 0.864 0.991 0.663 0.998 0.953 0.250 0.852
p-variate 20 0.536 0.368 0.625 0.584 0.255 0.535 0.522 0.387 0.626 0.500 0.149 0.462
G(2, 1) 30 0.802 0.5635 0.881 0.827 0.425 0.771 0.809 0.578 0.900 0.775 0.202 0.711
50 0.981 0.722 0.994 0.984 0.726 0.958 0.985 0.792 0.996 0.980 0.417 0.953
100 1.000 0.935 1.000 1.000 0.987 1.000 1.000 0.974 1.000 1.000 0.856 1.000
p-variate 20 0.253 0.183 0.292 0.242 0.096 0.216 0.219 0.170 0.266 0.195 0.075 0.178
G(5, 1) 30 0.410 0.252 0.489 0.397 0.137 0.325 0.393 0.257 0.472 0.307 0.079 0.2556
50 0.703 0.368 0.767 0.653 0.229 0.540 0.721 0.414 0.798 0.599 0.123 0.480
100 0.981 0.579 0.990 0.952 0.489 0.859 0.989 0.666 0.996 0.946 0.246 0.844
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Table 1.8: Monte Carlo power estimates of Ky, K2, Tos, Th, T3 and T}, 5. Tests of sizes
a = 0.05 against Fxp(1), contaminated normal and Exzp(1), contaminated normal and

t(5), contaminated normal and x?(5), and Kotz type distributions.

Alternative n p=3 p=5
Ky K3 To.5 T T3 Th,8 Ky K2 To.s Ty T3 Th,p
Ezp(1) 20 0.816 0.595 0.898 0.891 0.623 0.868 0.819 0.654 0.904 0.849 0.367 0.820

30 0.974 0,783 0.992 0.991 0.879 0.984 0.987 0.862 0.997 0.986 0.602 0.975
50 1.000 0.936 1.000 1.000 0.995 1.000 1.000 0.974 1.000 1.000 0.929 1.000
100 1.000 0.997 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.332 0.383 0.318 0.247 0.158 0.224 0.378 0.420 0.339 0.211 0.112 0.194
%N(O, 1) 30 0.444 0.533 0.434 0.362 0.220 0.333 0.522 0.602 0.480 0.321 0.136 0.288

+%Emp(1) 50 0.617 0.754 0.627 0.594 0.424 0.562 0.720 0.816 0.687 0570 0.264 0.526
100 0.813 0.942 0.857 0.883 0.775 0.874 0.910 0.980 0.927 0.903 0.538 0.865

p-variate 20 0.215 0.234 0.195 0.137 0.070 0.120 0.231 0.241 0.204 0.109 0.070 0.099
%N(O, 1) 30 0.305 0.347 0.273 0.184 0.086 0.146 0.347 0.382 0.299 0.151 0.071 0.129
+%t(5) 50 0.408 0.508 0.375 0.252 0.111 0.191 0.487 0.576 0.418 0.224 0.080 0.174

100 0.561 0.7562 0.549 0.402 0.160 0.299 0.691 0.840 0.640 0.417 0.111 0.307

p-variate 20 0.564 0.334 0.688 0.716 0.408 0.687 0.500 0.328 0.666 0.600 0.200 0.566
%N(O, 1) 30 0.795 0.447 0.920 0.919 0.649 0.891 0.786 0.493 0.915 0.875 0.324 0.843
+%X2(5) 50 0.983 0.625 0.998 0.997 0.931 0.993 0.987 0.710 0.999 0.995 0.655 0.989

100 1.000 0.860 1.000 1.000 0.999 1.000 1.000 0.920 1.000 1.000 0.983 1.000

p-variate 20 0.334 0.417 0.300 0.248 0.137 0.230 0.351 0.424 0.308 0.193 0.104 0.179
Kotz Type 30 0.425 0.580 0.416 0.359 0.204 0.326 0.464 0.600 0.408 0.279 0.117 0.243
50 0.542 0.795 0.582 0.570 0.350 0.529 0.628 0.833 0.607 0.502 0.195 0.452
100 0.662 0.965 0.819 0.865 0.663 0.845 0.779 0.986 0.863 0.852 0.425 0.802
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Table 1.9: Monte Carlo power estimates of K, Ks, To5, 11, T3 and T;, 3. Tests of sizes

a = (.10 against multivariate normal, Cauchy, t, x? and gamma distributions.

Alternative n p=3 p=5
K, K2 To.s T T3 Tn,8 Ky K2 To.5 (31 T3 Tn,p
N,(0, 1) 20 0.100 0.102 0.096 0.100 0.096 0.098 0.097 0.100 0.094 0.096 0.100 0.094

30 0.102 0.099 0.097 0.098 0.098 0.097 0.097 0.096 0.095 0.092 0.094 0.094
50 0.095 0.094 0.096 0.096 0.096 0.098 0.101 0.092 0.098 0.100 0.106 0.099
100 0.099 0.103 0.100 0.098 0.092 0.098 0.091 0.087 0.100 0.095 0.096 0.096

p-variate 20 0.986 0.995 0.990 0.989 0.965 0.988 0.998 0.999 0.998 0.998 0.966 0.996
Cauchy 30 0.998 1.000 1.000 1.000 0.998 1.000 1.000 1.000 1.000 1.000 0.998 1.000
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.869 0.925 0.865 0.836 0.663 0.823 0.957 0.975 0.948 0.893 0.638 0.877
+(2) 30 0.956 0.984 0.961 0.956 0.846 0.943 0.993 0.999 0.992 0.984 0.842 0.977
50 0.990 1.000 0.997 0.997 0.974 0.996 1.000 1.000 1.000 0.999 0.984 0.999
100 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.506 0.580 0.483 0.375 0.202 0.340 0.644 0.701 0.588 0.403 0.206 0.367
t(5) 30 0.630 0.743 0.615 0.509 0.267 0.453 0.806 0.881 0.760 0.587 0.256 0.539
50 0.770 0.899 0.773 0.698 0.409 0.632 0.922 0.977 0.913 0.827 0.397 0.776
100 0.879 0.990 0.942 0.925 0.690 0.880 0.986 0.999 0.996 0.988 0.730 0.978

p-variate 20 0.566 0.408 0.647 0.596 0.278 0.552 0.537 0.412 0.638 0.512 0.200 0.465
x2(5) 30 0.795 0.532 0.867 0.808 0.423 0.751 0.797 0.584 0.878 0.761 0.247 0.692
50 0.973 0.716 0.988 0.974 0.680 0.940 0.980 0.792 0.994 0.964 0.412 0.925
100 1.000 0.922 1.000 1.000 0.959 0.999 1.000 0.958 1.000 1.000 0.772 0.999

p-variate 20 0.372 0.281 0.426 0.360 0.169 0.323 0.334 0.264 0.382 0.291 0.149 0.267
X2(10) 30 0.542 0.357 0.614 0.520 0.228 0.451 0.515 0.368 0.579 0.449 0.151 0.385
50 0.812 0.472 0.860 0.768 0.340 0.664 0.821 0.527 0.884 0.708 0.204 0.599
100 0.992 0.679 0.995 0.978 0.630 0.921 0.997 0.755 0.999 0.970 0.351 0.898

p-variate 20 0.668 0.476 0.750 0.701 0.360 0.647 0.621 0.485 0.721 0.605 0.236 0.565
G(2, 1) 30 0.864 0.613 0.926 0.893 0.544 0.849 0.874 0.675 0.940 0.861 0.304 0.811
50 0.992 0.801 0.997 0.992 0.814 0.977 0.995 0.867 1.000 0.992 0.537 0.972
100 1.000 0.959 1.000 1.000 0.993 1.000 1.000 0.988 1.000 1.000 0.917 1.000

p-variate 20 0.362 0.272 0.407 0.352 0.178 0.322 0.328 0.269 0.395 0.303 0.144 0.276
G(5, 1) 30 0.546 0.351 0.614 0.513 0.224 0.441 0.513 0.364 0.593 0.450 0.157 0.393
50 0.811 0.480 0.864 0.762 0.339 0.657 0.809 0.523 0.877 0.708 0.199 0.602
100 0.990 0.674 0.996 0.978 0.620 0.815 0.996 0.758 0.999 0.975 0.359 0.910
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Table 1.10: Monte Carlo power estimates of K1, Ko, Ty, T1, T3 and T, g. Tests of sizes
a = 0.10 against Ezp(1), contaminated normal and Exzp(1), contaminated normal and

t(5), contaminated normal and x?(5), and Kotz type distributions.

Alternative n p=3 p=5
K1 Ka To.s T T3 Tn,5 Ky K3 Tos T T3 Tn,p
Ezp(1) 20 0.892 0.696 0.945 0.936 0.725 0.923 0.895 0.757 0.950 0.905 0.480 0.884

30 0.989 0.852 0.997 0.994 0.923 0.990 0.993 0.901 0.999 0.994 0.717 0.989
50 1.000 0.962 1.000 1.000 0.996 1.000 1.000 0.985 1.000 1.000 0.956 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

p-variate 20 0.438 0.517 0.417 0.353 0.236 0.329 0.479 0.539 0.429 0.293 0.185 0.270
%N(O, 1) 30 0.558 0.668 0.540 0.476 0.340 0.442 0.636 0.712 0.585 0.432 0.231 0.395

+—%Ea:p(1) 50 0.705 0.838 0.708 0.676 0.515 0.648 0.798 0.882 0.771 0.656 0.345 0.609
100 0.868 0.972 0.912 0.926 0.842 0.920 0.949 0.990 0.978 0.932 0.651 0.908

p-variate 20 0.299 0.322 0.280 0.203 0.114 0.180 0.320 0.337 0.298 0.180 0.122 0.162
%N(O, 1) 30 0.382 0.439 0.359 0.265 0.148 0.224 0.437 0.480 0.382 0.222 0.127 0.190
+ % t(5) 50 0.505 0.605 0.469 0.347 0.184 0.285 0.587 0.663 0.529 0.307 0.149 0.259

100 0.641 0.826 0.636 0.505 0.242 0.393 0.762 0.894 0.722 0.503 0.192 0.394

p-variate 20 0.671 0.434 0.803 0.819 0.523 0.793 0.618 0.449 0.763 0.709 0.334 0.677
%N(O, 1) 30 0.885 0.566 0.956 0.953 0.761 0.937 0.879 0.596 0.959 0.932 0.452 0.904
+%X2(5) 50 0.997 0.727 0.999 0.999 0.958 0.998 0.996 0.786 1.000 0.997 0.749 0.995

100 1.000 0.921 1.000 1.000 1.000 1.000 1.000 0.955 1.000 1.000 0.993 1.000

p-variate 20 0.448 0.552 0.415 0.336 0.204 0.303 0.460 0.534 0.406 0.265 0.174 0.248
Kotz Type 30 0.543 0.713 0.539 0.468 0.285 0.432 0.580 0.713 0.519 0.368 0.192 0.336
50 0.631 0.868 0.666 0.657 0.436 0.616 0.725 0.903 0.697 0.589 0.276 0.548
100 0.751 0.987 0.891 0.919 0.750 0.895 0.856 0.992 0.913 0.891 0.507 0.848
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1.2 Overview of Thesis

As we noted, most of the inferential statistical methods for multivariate data are de-
veloped under the fundamental assumption that the data are from multivariate normal
distribution. Unfortunately, as we speculated in this chapter, one can never be sure
that a set of data is really from a multivariate normal distribution. As we observed,
there are numerous methods for checking (testing) multivariate normality, but based
on many published and our own simulation studies we conclude that these tests are
generally not very powerful, especially for smaller sample sizes. Hence it is beneficial
to have alternative multivariate distributions available along with the methodology for
using them.

In this dissertation, we focus on a probability distribution, called Kotz type distri-
bution, which has fatter tail regions than that of multivariate normal distribution and

has its probability density function (pdf) in the form
foom ) =c| 272 exp {~[(x— p)S7 x - w2},
&)

2m8T(p)
Since, for p = 1 this pdf reduces to that of a double exponential distribution we may

where p € RP, X is a positive definite matrix and ¢ =

consider this as a multivariate generalization of double exponential distribution. How-
ever, this is not a multivariate double exponential distribution, because its marginals
are not double exponential distributions.

In Chapter 2, adopting the Newton-Raphson method for optimization we derive
the maximum likelihood (ML) estimates of location parameter and covariance matrix
under a variety of covariance structures, such as, AR(1), equicorrelation, and unstruc-
tured covariance structures. The optimization process gives unique ML estimates in
the feasible regions under covariance structures. The ML estimate of the location pa-
rameter under the assumption of Kotz type distribution is same as the generalized
spatial median (GSM) defined by C. R. Rao (1988). Goodness-of-fit tests using multi-
variate skewness and kurtosis measures for Kotz type distribution are proposed using
the results of Baringhaus and Henze (1992) and Henze (1994). The ML estimates of

the parameters under Kotz type and multivariate normal distributions are compared
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using different criteria. As expected, the ML estimates under Kotz type distribution
do better than normal ML estimates when the data are simulated from Kotz type
distribution and vice versa.

In Chapter 3, the likelihood ratio tests are applied for testing the hypothesis of
the location parameters. Further, using the asymptotic distribution of these estimates,
construction of the simultaneous confidence intervals for linear combinations of the
location parameters is shown.

Finally, in Chapter 4, we use Kotz type densities for determining classification rules
that minimize the expected cost of misclassification under equal prior probabilities and
equal misclassification costs. The classification rule under a common variance covari-
ance matrix is same as the normal based method except that the parameter estimates
used are the ML estimates of the parameters under Kotz type distribution. The perfor-
mance of sample classification functions are evaluated using a nearly unbiased estimate
of the expected actual error rate calculated from Lachenbruch’s holdout procedure un-
der the equal prior probabilities and equal misclassification costs. The classification
rules under Kotz type distribution perform quite well as compared to those based on

multivariate normal distribution.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER II

A KOTZ TYPE DISTRIBUTION AND ESTIMATION OF
PARAMETERS

2.1 Introduction

In this chapter we introduce a multivariate probability distribution, named Kotz type
distribution, which will be focus of our study. In the following subsections we provide

the definition and properties of this distribution.

2.1.1 Definition

Probability density function of Kotz type distribution of a p x 1 random vector is given
by

f D) =c| S exp {~[(x—p)S x—p)2}, peR, T pd (21
r'(%)

212 r(p)
We note that this distribution has fatter tail regions than that of multivariate

where ¢ =

normal distribution and hence can be an alternative model to the multivariate normal
distribution.
The above pdf has appeared at many places in the literature in different forms. For

example, the pdf is a special case of the following families of distributions:

(i) Multivariate distributions proposed by Simoni (1968)
Simoni (1968) has considered generalizations of the univariate Subbotin distri-

bution. These have the pdf proportional to

exp{—1[(x ~ &/ AGx ~ O)]F},

where A is p. d. and r > 1. For » = 1 one obtains our multivariate distribution.
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(ii) Elliptically symmetric distributions (Johnson, 1987)
Definition. Let x be a p x 1 random vector, g be a p x 1 vector in R, and
¥ be a p x p non-negative definite matrix. Then x has an elliptically contoured
distribution, denoted by ECy(u, X, g) if the characteristic function ¢, _,(t) of
x — p is a function of the quadratic form t'Xt as ¢,_,(t) = ¢(t'Et). This form
can be written as
b pull) = explit wY(U'St)

for some function .

Therefore, the elliptically symmetric distributions denoted by EC,(u, X, g), have
the pdf in the form

F(%) = K|S 2gl(x — ) S (x — ),

where g is a one-dimensional real-valued function independent of p and

pL(%)
n0(1+ )2t e

k, =

For our distribution g(t) = exp{—t2}.

(iii) Power exponential distributions by Gémez, Gomez-Villegas and Marin (1998)
Definition. A random vector x has a p-dimensional power exponential distri-
bution, denoted by PE,(p, X, 3), with p, 3 and 3, where p € R”, Xisapxp

positive definite symmetric matrix and § € (0, c0). Its density function is

£, 1,3, ) = K1 exp{—[0x — S (x ~ )l

pl'(§)

here k = .
v W§P(1+%)2‘+%%

For g = % one obtains our distribution. This function is actually the pdf of an

elliptically contoured random vector EC,(u, 2, g).

(iv) Kotz type distributions proposed in Fang, Kotz and Ng (1990)
Definition. If x ~ EC,(p,3,g) and the density generator g is of the form
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N

g(u) = cuN"lexp(—ru’), r,s>0, 2N +p> 2 then we say that x possesses a

symmetric Kotz distribution. The pdf of x is given by

) = | B3 [(x— ) S x—m)]N Texp {—r[(x—p)S x-w),

sT(2) 2N-2+sg—2

where ¢, = —g——-—z—— T
P 2N+4p-—2
m I‘(———P——2s )

When N =1,s = % and r = 1 the distribution reduces to our distribution.

Although this distribution can be called by any of these different names, for con-
venience of presentation, we have refered to this distribution in this thesis as a Kotz
type distribution. Since for p = 1, this pdf reduces to that of a double exponential
distribution we may consider this as a multivariate generalization of double exponen-
tial distribution. However, this is not a multivariate double exponential distribution
because, its marginals are not double exponential distributions.

Many researchers have discussed statistical inference using elliptical distributions
(Fang and Anderson, 1990). This particular distribution however, is not considered in
their studies. No general theory of elliptical distributions applies to this distribution
because the joint pdf of independent, samples, xy, ..., X, from this distribution cannot
be written in the form of elliptical distributions.

In the following subsections we will provide various characteristics of Kotz type
distribution, such as, moments, the marginal, and conditional distributions. A simu-
lation algorithm and goodness-of-fit tests for Kotz type distribution are also provided.
Estimation of parameters of this model using maximum likelihood method under a
variety of covariance structures, such as, AR(1), equicorrelation and unstructured co-
variance is also discussed. We show that the MLE of the location parameter under the
assumption of Kotz type distribution is same as the generalized spatial median (GSM)
defined by Rao (1988). We provide computational algorithms and computer programs

to compute the estimates.

2.1.2 Moments and Other Properties

In the following we provide the expected value, variance covariance matrix, and Mar-

dia’s measures of skewness and kurtosis of the distribution given in (2.1) using some
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formulae in Baringhaus and Henze (1992).

E(x) = n,
Var(x) = (p+ 1),

B, = 0, Mardia’s multivariate skewness measure,

5 p(p+2)(p +3)
2” (p+1)

By Proposition 2.2 of Gémez, Gémez-Villegas and Marin (1998), if x has a pdf as

, Mardia’s multivariate kurtosis measure.

in (2.1) then its characteristic function is

Px(t) = —Leit’“ / U, (rvVt'St)rPte " dr,
I'(p) 0

where ¥y (z) = cosz, U,(z) = —%—% " exp{iz cos 8} sin?~2 0df, for every p > 1 and
2
R is an absolutely continuous positive random variable whose density function is

1
fr(r) = ) Pl I(g00) ().

2.1.3 Marginal and Conditional Distributions

Suppose x is partitioned as x = (Xl(l), x’(2))’, where x(1) = (X1, ..., Xi)', X@2) = (X415 -

X,) with £ < p and similarly, p = (u’(l),u’@))’ with gy = (41, .., )" and pgy =

Y 2312)
X X )’

where 317 is a k£ X k p. d. matrix and 39 is a p — k X p — k p. d. matrix and

212 = 2/21 Then

(Mk+1, ---s ). Further suppose ¥ is accordingly partitioned as X = (

1. x(1y has an elliptically symmetric ECk(pe(yy, Z11, g1) distribution with
gi(t) = t°7 /1wk—52 11— w)P;_}c 1 oVE du.
0
The marginal characteristics of x(;) are
E(xq) = Ky,

Var(xq) = (p+1)Zu,

/Blp(x(l)) = O, and

butag) = HEAED
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2. The conditional distribution of x(3) given x(y) is elliptically contoured

ECp (tha1, 221, g2.1), where

Moy = M)+ 22121_11(X(1) - /'l'(l))a
Yoo1 = Xy - 22121_11):'12; and

_ 1
g21(t) = exp {~[t+ (xq) — H(l))lzu1 (xq) — I~"(1))]2 }.

2.2 Simulation Algorithm

In this section we propose an algorithm for simulating data from Kotz type distribution.
Naik and Patwardhan (1991) had used a similar method for simulating data from a
bivariate Kotz type distribution. We shall use that method to generate a random
sample from a p-variate Kotz type distribution. The proposed algorithm is given in
the following steps.

Step 1. Simulate y’ = (yi, ..., y,) having the density

fly)=c exp{— y’y},

where —00 < y; < 00, and ¢ = 2—2;%. Note that f(y) is the standardized version of
w20 (p

Kotz type distribution given in (2.1).

The simulation of y is achieved by using the polar coordinate transformation,

¥y, = Rcost
Yo = Rsinf;cosb,

Yp-1 = Rsinfisinby - sinf,_5cosbp_;
Yp = Rsinb;sinf,---sind, ;sinfd,_;,

where 0; € [0,7) for 1 < j < p—2 and 6,1 € [ 0,27). The Jacobian of the
transformation is RP~' [[?Z7sin? 7~ (6;).
For an odd number p, Rand §;,, j =1,...,p—1, are independently distributed

with the probability density function given by

1

rP~le~" that is, R ~ G(p,1) and
I'(p) #:1)

g(r) =
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g(62)

9(63)

9(64)

9(0p_2)

g(ep—l)

24

=
ps [

27r— [(p_gl sin?~?(6,)
2[00 0] st
p-5 (E§§)! 5

271_ [(p—5}' sin?~>(6,)
%sin(ﬁp_g)

1

2

For an even number p, Rand 6;, j=1,..,p— 1, are independently distributed

with the probability density function given by

g(r)

g(61)

9(62)

9(03)

9(04)

9(0p—2)

g(ep—l)

F(lp) rP~le”" that is, R ~ G(p,1) and
op—2 (1%2)! : R
T li(p—_—% sin? (91)
p=37(p=5---3-11 .4
) [@—4y~4a]$n (62)
9p—4 (!;—4)! : _—
— —[@——_—Z}—'— sin?~*(6s3)
p=51p—7)---3-17 .
Lo a2
1 .
§s1n(9p_2)
1
7

We note that E(y) =0 and Var(y) = (p+ 1)L

Of course any uniform random number generating algorithm can be successfully

used with the inverse cumulative distribution function to generate pseudo-random non-

uniform distribution.
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To simulate 8 ~ g(6), we use the bisection method that is one of the three popular
numerical inversion algorithms for G(8) = U(0, 1).
Algorithm: Find an initial interval [a, b] to which the solution belongs.

REPEAT
§ — lath)

2
IF G(8) < U THEN a « 6

ELSE b — 0

UNTIL b—a<2)

RETURN ¢
Here § is a small number where § > 0.
Step 2. Obtain X’ = (z1, ..., z,) having the distribution (2.1) by making the transfor-
mation x = 'y + p, where p/ = (py, ..., ) and I'T' = X. Note that E(x) = p and
V(ix)=(p+1)X.
For example, to generate a 5-variate (p = 5) random vector x’ = (1, ..., 5) having the

distribution (2.1), first we simulate y’ = (v, ..., ys) which has the density

fly)= 6417T2 eXp{— y’y}, — 00 < y; < 00,
where
y1 = Rcosb
Yo = HRsinfcosby
y3 = Rsin#sinf;cosbs
ys = Rsin#, sinf;sinb;cosb,
ys = HRsin#;sinf;sinfzsinb,

and R and 0; are independently distributed with

1
g(r) = 51 rie”", that is, R ~ G(5,1) and

o) = Fsin’(6)

9(8y) = %sinz(%)

9(0;) = -;—sin(93)
9(94) = %
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where 8, € [ 0,7) for j = 1,2,3 and 8, € [ 0,27). Then we obtain x by making the
transformation x = 'y + p for fixed g and T'.
In the later sections, we will use this simulation algorithm to generate data from

the distribution (2.1) and discuss estimation of parameters.

2.3 Goodness-of-fit Tests for Kotz Type Distribu-
tion

We shall provide goodness-of-fit tests for Kotz type distribution using results by Bar-
inghaus and Henze (1992) and Henze (1994).

Baringhaus and Henze (1992) have derived the asymptotic distribution of Mardia’s
skewness measure, b;, under any elliptically symmetric distribution. The asymptotic
distribution of Mardia’s skewness measure is a weighted sum of two independent x?

variates. That is,

D 2 2
nby — a1X, + Xe-neE+s
6

where
a = §[—T—n—ﬁ———?m + p( +2)] and
1 = plpt2 4 T P\P
6m6
Qg =

plp+2)(p+4)

For the distribution given in (2.1), my = ﬂﬁpz%pi’), and mg = £ (p”)(p(: ?g’? H(E+5),

Henze (1994) has derived the asymptotic distribution of Mardia’s kurtosis mea-
sure, by, under any elliptically symmetric distribution. The asymptotic distribution of

Mardia’s kurtosis measure is

\/ﬁ(bzp —plp+1(p+2)(p+ 3)) 25 N(0,72),

2

2
where 72 =713 — 12 + %m(% — Tg)-

For the distribution given in (2.1),
v =E[R]=p(p+1)(p+2)(p+3)..(p+ (k- 1)), k=1

These facts can be used to test for this distribution.
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2.4 Estimation of Parameters

The importance of the model as an alternative to the normal model can be seen because

of the following. Reconsider the density given in (2.1)

Fom D) =c| B[ 5 exp {—[(x— )T (x — p)]7}, pe R, T pad.

First, we note that this distribution has fatter tail regions than that of multivariate
normal distribution. Secondly, if we observe X1, ..., X,, 7id sample from this distribution
then the joint pdf of x,,...,x, does not belong to the class of so called elliptically
symmetric distributions. Thus, when there is more than one sample from f(-) above,
the MLEs of i and X are not the same as those in the multivariate normal case. But
for those elliptically symmetric distributions for which the joint pdf of x,, ..., X, is also
elliptically symmetric, the MLEs of o and 3 (except for a constant) are the same as
those for multivariate normal distribution. See Fang and Anderson (1990).

Let x3,...,x, be a random sample from Kotz type distribution. Then the log-

likelihood function is given by

In L{p,X) = nlnc——ln|2| Z\/ - p) TN — )

The MLEs of p and ¥ are obtained by minimizing

n k)
S|S0 - Y= - )
i=1

w.r.t. p and X simultaneously.

When ¥ = I, the solution to the above problem or the MLE of u is the spatial
median introduced by Haldane (1948) and for general X it is generalized spatial median

introduced by Rao (1988) and studied by Naik (1993).

2.4.1 Generalized Spatial Median (GSM)

In this section we consider the estimation of the location parameter p of the Kotz type
distribution given in (2.1). Haldane (1948) defined the spatial median of the points

X1, ..., Xp, 88 a point & € RP which minimizes

Dl = ll = ZJ(XZ W) (i — )
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with respect to pu. For p > 1, the vector f1 is unique except when all the mass of
the distribution is concentrated on a line (Haldane (1948) and Ducharme and Mila-
sevic (1987)) and is invariant under orthogonal transformation but not under affine
transformation (Brown (1983) and Ducharme and Milasevic (1987)).

Rao (1988) defined two generalized spatial medians which are invariant under affine
transformation as follows

1. A vector & which minimizes

3 i — S i — ) (2.2)

with respect to u, where S is the usual sample variance covariance matrix.

2. A vector fi which minimizes

n - -
5 I+ 30y 6 — S - ) (2.3)
=1

simultaneously with respect to g and X.
Thus, we note that the MLE of pu under the assumption of Kotz type distribution

of x1, ...,X, is same as the generalized spatial median defined by Rao (1988).

2.4.2 Computation of GSM and ¥

Let x4, ...,X, be a random sample from (2.1). Then the log-likelihood function can be

written as

In L(s,E) =7 Inc— 2 %] - > Vo = - ). (2.4)

For a fixed general covariance structure X, Naik (1993) first showed estimation of

ft which minimizes 37, v/(x; — p#)’2 "' (x; — ) w.r.t. p by making transformation
y; =G 'x; and v =G 'y,
where 3 = GG'. Thus, he obtained the generalized spatial median £ and then obtained

n=Go.
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Next the MLE of ¥ is obtained as the matrix & which minimizes (2.3) with respect
to X as a solution to the non-linear equations given by
_1 zn: (xi — ) (x; — B’
niS V(X - RYS7H (% — f2)

Solving these equations generally requires computational algorithms. We have

adopted SAS’ IML procedure for writing the computer programs. The Newton —
Raphson method was used for optimization and to get the estimates. The optimization
gives unique ML estimates in the feasible regions under certain covariance structures.
The GSM results are similar to that of Gower’s algorithm (Gower, 1974).

Note that maximizing (2.4) simultaneously with respect to all parameters p =
(p1, ..., p)’ and parameters that appear in X, is equivalent to minimizing (2.3) simul-
taneously with respect to p and 3. The steps involved in our optimization procedure
are the following:

Step 1. Take the initial values for p and X, say & = X and £=8 (for general
covariance structure) or when ¥ = ¥(6) is a structured covariance matrix depending
on the parameter vector 0, take 3= Z(@), where 6 is the vector of initial estimators
obtained using the sample. For example, if ¥ = 3(0,d), (equicorrelation structure
with o as the common standard deviation and é as the correlation coeflicient) take
62 = the p-sample pooled variance and § = the average of the p-sample correlation
coefficients.

Step 2. Using initial values and the optimization procedure, minimize (2.3) to get
[t and 5.

Step 3. Taking £ and $ as the initial values repeat Step 2. Continue until
termination rules for all the estimators are met.

For example, for equicorrelation structure, continue until

” ﬂi+1 - ﬁ'i “ < e,
| 6i416; 1 =1 < e,
| Si+1 — &; | < e,

where €; = €3 = €3 = 1073, (say) and i,, 6;, and b; are the estimators of W, 0;, and 4;

respectively at the it iteration.
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2.4.3 Computation of GSM and 3 under Different Covariance

Structures

The computation of GSM can become easy under simpler structures of 2. In the fol-

lowing we present computation formulae for different structures.

The General Covariance Structure:

on 012 ... O1p
012 022 ... O
Suppose ¥ = i . .
Op 02 .-+ Opp
= (03),

where for 4,5 = 1,...,p, 05 > 0if i = j and 0y; € R if i # 5.

Naik and Patwardhan (1991) showed computation of GSM for the bivariate case

under the general covariance structure,

> _ o2 poyoy
pO102 U% ’

The ML estimators of p, 02, 02 can be obtained by solving the following three equations
simultaneously.

" (k) ()

noV1—p>+(1-p")> N

i=1

PY V-0

o2 1 Z (21— )? pZ (i — ,u1)($2i = fiz) _ 0
1T, /——1 = 0.

0% 1 Z (xQz 11'2)2 ﬁ(xli - ﬂl)(‘r?i ~ fi2) — 0,
ny1- VQi

where

lili“ﬂlz 1711'—/11 $2i—ﬂ2 2721'*,&22.
;= (——12)2 -2 ,t=1,..,n.
Q= (PP = 20 () + (B =

It was shown by Naik and Patwardhan (1991) that there is at least one real solu-

tion for each of these equations, when —1 < p < 1. For a p-variate case we have used
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optimization algorithm and SAS software to find the estimates.

The Diagonal Covariance Structure:

a11 0 0
0 0922 ... 0
The structure X = : — : ,
0 0 ... op

where o;; > 0 for ¢ = 1, ..., p can be used and the ML estimates can be easily obtained.
The Equicorrelation Structure:
This structure, sometimes known as the compound symmetry structure or the intr-

aclass correlation structure, has the same correlation coeflicient, say §. The covariance

matrix has the form,

Y = o2 [(1-0)L,+06J,)

The determinant and inverse of ¥ respectively are

1B = (@ [(1=0P 1+ (p—1)9)] and
1 )
> = —— [, - —]
A= A= -9
where o2 >0, — ;)‘}T < 6 < 1, that ensure X to be the positive definite matrix, and

I, is an identity matrix of order p and J, is a p x p matrix of all ones.
Naik (1993) derived the estimators of p and 33; that is, of u, o and § by maximizing
the log-likelihood function of the distribution with respect to ¢, ¢ and 4. The MLE

of o and § were obtained by solving the following non-linear equations:
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A

(1= (p— 1)1 = O] Ty Qi6)+

1+ (p-— 1)3](1 _ 8) zn: (p—D(xi — p)(xi — l:b) —[V(x = ))? —0

Vo)
6= : S Vad)

np\/[l + (p—1)8)(1 - ) =1

for & , and

for 6.
Here Q;(8) =[1+ (p— 1)8)(xi — i)/ (x; — fu) — §[(x; — fu)/1]%.
However, in this thesis we directly use the optimization algorithm to compute these

estimates. In addition, we have implemented the algorithm under the following struc-
tures.

The First Order of Autoregressive Structure, AR(1):

This covariance structure is often used in time series models. It also includes 2

parameters, ¢ and p and the structure is given by

1 p ... pPt
5 - 7 pol
1—p? : :
pp-l pp—2 1
2
g
- 1_p2v<p)?

where V(p)=plil i j=1,...p, 02>0, —1<p<l.

The determinant and inverse respectively are

2] = and

1
2 o= pes [, + P’C1 — p C,
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where

000 000
010 000
001 ..000

Co= [, (2:5)
000 100
000 010
0 00 000
010 000
101 0 00
010...000

Coo= |+ b (2.6)
000 010
0 00 1 01
0 00 010

The Circular Covariance (1):

These structures are sometimes useful for modelling certain types of physical phe-
nomenon. For example, see Khattree and Naik (1994). The form of the structure, for
example, for p =4 and p = 5 are:

I p1 p2 p2 ;
1
21 A pl1 Zf Z; 2 pro1opopa
Y = o and X =o¢ P2 P 1 P11 P2
p2 1 1 m 1
PPz P P2 P2 P1 1
prop2 p2 opr 1

where o>0and -1<p;<1,2=1, 2.
The Circular Covariance (2):

Another form of Circular Covariance structure that was used by Hartley and Naik

(2001) has the form for p =4 and p = 5:

1 p p* p Lop r?ep
Y N PN B A
X =0 2 and X=0 p° p 1 p p
1
PP P 2 .2 1
p P op 1 rep, b 4
p P p op 1

In this case, 0 > 0 and —1 < p < 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

A Special Case General Structure:

Sometimes the interest may be in fitting the general correlation structure, that is,

3> =R, where
1 pi2 p13a ... pP1p
piz 1 pa3 ... poyp
R — . . . . e .
Pip  P2p : . 1

and -1 < p;; <1, 4,7=1,...,p.

2.5 Example

To illustrate the estimation of g and 3 under a variety of covariance structures, we
select the Board data consisting of four different measures of stiffness on each of n = 30
boards. The first measurement x; involves sending a shock wave down the board, the
second measurement Xs is determined while vibrating the board and the last two mea-
surements x3 and x, are obtained from static tests. These data are taken from Table
4.3 in Johnson and Wichern (1998, p. 198) and displayed in Table 2.1. First, using
the methods discussed in Chapter 1, we tested for normality of these data and we
found that the data are not multivariate normal. Then we used goodness-of-fit tests
for Kotz type distribution and found that the Board data are from Kotz type distri-
bution with p-value = 0.0897 for Mardia’s skewness measure and p-value = 0.6627 for
Mardia’s kurtosis measure. Next, we provide sample statistics, namely, sample mean,
X, covariance matrix, S, and correlation matrix, R, and then provide ML estimates of

the parameters involved.
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Table 2.1: Board data: measurements on stiffness.

Observation no. | xy X2 X3 X4
1 1889 | 1651 | 1561 | 1778
2 2403 | 2048 | 2087 | 2197
3 2119 | 1700 | 1815 | 2222
4 1645 | 1627 | 1110 | 1533
5 1976 | 1916 | 1614 | 1883
6 1712 | 1712 | 1439 | 1546
7 1943 | 1685 | 1271 | 1671
8 2104 | 1820 | 1717 | 1874
9 2083 | 2794 | 2412 | 2581
10 1745 | 1600 | 1384 | 1508
11 1710 | 1591 | 1518 | 1667
12 2046 | 1907 | 1627 | 1898
13 1840 | 1841 | 1595 | 1741
14 1867 | 1685 | 1493 | 1678
15 1859 | 1649 | 1389 | 1714
16 1954 | 2149 | 1180 | 1281
17 1325 | 1170 | 1002 | 1176
18 1419 | 1371 | 1252 | 1308
19 1828 | 1634 | 1602 | 1755
20 1725 | 1594 | 1313 | 1646
21 2276 | 2189 | 1547 | 2111
22 1899 | 1614 | 1422 | 1477
23 1633 | 1513 | 1290 | 1516
24 2061 | 1867 | 1646 | 2037
25 1856 | 1493 | 1356 | 1533
26 1727 | 1412 | 1238 | 1469
27 2168 | 1896 | 1701 | 1834
28 1655 | 1675 | 1414 | 1597
29 2326 | 2301 | 2065 | 2234
30 1490 | 1382 | 1214 | 1284
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The sample mean, covariance matrix, and correlation matrix, respectively are
!
X = (1906.1, 1749.5333, 1509.1333, 1724.9667),
105616.30 94613.531 87289.710 94230.728
94613.531 101510.12 76137.099 81064.363

S = ,
87289.710 76137.099 91917.085 90352.384
94230.728 81064.363 90352.384 104227.96
1 0.9137620 0.8859301 0.8981212
0.9137620 1 0.7882129 0.7881034
R =

0.8859301 0.7882129 1 0.9231013
0.8981212 0.7881034 0.9231013 1
In the following we provide ML estimates of g and parameters of ¥ under various

structures for ¥ for the example.

Under General Covariance Structure for 35, we have p+ p(p—;lz parameters to estimate.
I

g o= (1850.4159, 1691.1202, 1481.2977, 1685.424) ,

91485.308 81017.783 77644.475 86380.137

81017.783 75470.307 69361.802 77060.054

77644.475 69361.802 70111.928 75515.426

86380.137 77060.054 75515.426 85505.102

M
Il

Under Diagonal Covariance Structure for 3, we have 2p parameters to estimate. The

estimation results are

!
no = (1852.7454, 1685.772, 1474.3039, 1681.4894),

14678.514 0 0 0

N 0 13766.555 0 0

> = 0 0 14022.531 0
0 0 0 16301.33
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Under Equicorrelation Structure for 3, we have p 4+ 2 parameters to estimate. The
estimation results are
!

g o= (1859.9366, 1697.3872, 1484.3861, 1691.7187)

& = 139.29078,
5 = 0.8898684,
19401.922 17265.158 17265.158 17265.158
N 17265.158 19401.922 17265.158 17265.158
SO 2 =

17265.158 17265.158 19401.922 17265.158
17265.158 17265.158 17265.158 19401.922

Under the First Order of Autoregressive Structure, AR(1) for 3, we have p+ 2 param-

eters to estimate. The estimation results are

Ny
po= (1859.3134, 1694.2681, 1485.1081, 1688.5484),
& = 62.804267,

p = 0.8946798,
19766.542 17684.726 15822.166 14155.772
N 17684.726 19766.542 17684.726 15822.166
S0 X =

15822.166 17684.726 19766.542 17684.726
14155.772 15822.166 17684.726 19766.542

Under the Circular Covariance (1) Structure for 3, we have p + 3 parameters corre-
sponding to  and ¢ > 0 and —1 < p; < 1,7 =1, 2. The estimation results are
7
no= (1858.0636, 1695.4335, 1482.6518, 1690.9761) ,
6 = 112.65213,

!
)

5 = (0.7999, 0.7693483)
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12690.502 10151.132 9763.4154 10151.132
10151.132 12690.502 10151.132 9763.4154
9763.4154 10151.132 12690.502 10151.132
10151.132 9763.4154 10151.132 12690.502

so X =

Under the Circular Covariance (2) Structure for X, we have p + 2 parameters to

estimate. The estimation results are

!
p = (1850.1956, 1692.4255, 1480.7527, 1689.693),
§ = 115.34328,
5 = 0.7292725,
13304.072 9702.2945 7075.6168 9702.2945
~ 9702.2945 13304.072 9702.2945 7075.6168
so ¥ =

7075.6168 9702.2945 13304.072 9702.2945
9702.'2‘9.45 7075.6168 9702.2945 13304.072

Finally, under a Special Case General Structure for 32, we have p + 1’(%_—1—) parameters

to estimate. The estimation results are

~

/
i

i o= (1856.2708, 1691.7989, 1481.0653, 1689.4673)
1 0.5246036 0.4518808 0.5346612
R 0.5246036 1 0.371565 0.4128659
> =
0.4518808 0.371565 1 0.550590
0.5346612 0.4128659 0.550590 1

We have used this example to illustrate the computation of the MLE’s under var-
ious covariance structures. All the computations are done using programs written in
SAS/IML software. The SAS program for computing the MLEs for g and the general
covariance 3 is provided in Program 2 in APPENDIX.
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2.6 Comparisons of ML Estimates Between Kotz
Type and Normal Populations

For non-normal distribution, theoretical expressions for the bias, square root of mean
squared error and Pitman Nearness probability of the ML estimates are not generally
available but they can be estimated using simulation.

In this section, we want to compare the performance of the ML estimators of u
and ¥ under the Kotz type distribution with those under normal distribution when
the data are simulated from normal and Kotz type distributions. We can expect the
ML estimators under Kotz type distribution to do better than normal ML estimators
when the data are simulated from Kotz type distribution and vice versa.

To compare the ML estimates under Kotz type population with those under normal
population, it is desired to estimate the bias, square root of mean squared error and
Pitman Nearness probability of estimates of u and X. We shall focus on the compar-
isons of ML estimates of g and X using these three criteria based on 1000 random
samples of various sample sizes n and variates p generated from Kotz type and normal
populations.

As we have discussed earlier, the ML estimates of g and 3 under the general
covariance structure are the GSM fi and $ for Kotz type population and they are
x and S,, for normal population. When the simulation of data is from Kotz type
population, we compute fi; = (fiyj, ..., flp;)’ and f)j as Kotz type ML estimates of p
and ¥ and X; = (Z4j,...,Zp;) and ﬁsnj as normal ML estimates of p and X for
the j* simulation, 5 = 1,...,,1000. However, when the simulation of data is from
normal population, we compute X;, S,; as normal ML estimates of p and ¥ and f;,
(p+ 1)23- as Kotz type ML estimates of p and X for the 5% simulation, j = 1, ..., 1000.
A reason for doing these adjustments is that Var(x) = ¥ if x ~ Np(u, %) and
Var(x) = (p+1)X if x is distributed as Kotz type.

Also for convenience of presentation, suppose all the v = M unknown parame-
ters in ¥ are placed in a vector (o1, ...,0,) (or sy, ..., s, are the corresponding elements

of S,) and the estimates of o; for the j% simulation is denoted by &;; (or s;;). Then
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we have the following formulae for computation.

(i) Bias:

The estimated bias for p :

bias(f1) = Z (fs — )2,
\ ;

bias(X) = \ }1’: (Z; — ).

The estimated bias for X :

For Kotz type distribution,

bias(E) = \Z (6 — 0:)?,

bias
(P

1 z 2
ISn) = \Z(p+151—0'z)

For Normal distribution,

bias((p+1)8) = \Z ((p—i—l)c’_}i—ai)?a

i=1

bias(S,) = \Z (8; — 0:)?,

where for any estimate, = 1000 21000 0;, is the average value of the estimate

from all 1000 simulations.

(ii) Square root of mean squared error (root MSE):

The estimated root MSE for u :

1000 Y
root MSE({ \/2 =1 iy = 1) ,
1000
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Y (@ — )
root MSE(x \/ 1600 .

The estimated root MSE for X :
For Kotz type distribution,

root MSE(S) =

St Djer (G4 = 03)?
1000 !

\/Zz— Emoo p}rlslﬂ ;)2

1
root MSE(;I——IS”) = 1000

For Normal distribution,

. 2
root MSE((pH)f:) - Zz_lzwoo (1;]:); 1)%*%) :

1000

root MSE(S,) =

(iii) Pitman Nearness (PN) Probability :-

For Kotz type distribution, the estimate of Pitman Nearness probability of fi
relative to X is computed as
PN(f1,%) =

1 _ .
1000 <#of times [l[u] pll < |Ix; — uH] in 1000 samples),

where

e — pll = \ > (fu—pm)? and

= pll =\ D @ w2

and the estimate of Pitman Nearness probability of 3 relative to —L-S,, is computed

+1
as

PN(Z, ~1—sn)

] (#of times [HZ -3 < || ——EH] in 1000 samples),

1
1000
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where

A

IE-3| = (6; —0;)? and

1 ! 1
— 8,3 = - g —

For normal distribution, the estimate of Pitman Nearness probability of X

relative to f1 is computed as

oo 1 : - . .
PN(x, 1) = 1000 (#of times [ij —pll < ||y — u,||] in 1000 samples),

where

(Z; — pn;)? and

M-

-
i
—

I —pll = \

M-

(foi — pi)?

I~ pll =
\

i=]1

and the estimate of Pitman Nearness probability of S, relative to (p+1) is computed

as

PN(Sn, (p+1)§) =L (#of times [Hsnj-zn < |l(p+1)§j~2||] in 1000 samples),

1000
where
“Sn - Z)” = Z (Si - 0',')2 and
\ =
Ip+ 1T -3 = \ > (o vs-e)

The comparison results for all three measures are provided in the following tables.
When the data are simulated from Kotz type population, the estimates of bias for
MLEs under Kotz type population appear to be smaller than those for MLEs under
normal population with the following relationship (see Tables 2.2 - 2.3):

bias(fp) < bias(x),
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2 1
bias(X) < bias(p+1Sn).

The estimates of root MSE for MLEs under Kotz type population also appear to

be smaller than those for MLEs under normal population with following relationship:

root MSE(f1) < root MSE(X),

root MSE(Z) < root MSE(LS,I).
p+1

Moreover, the estimates of Pitman Nearness probability of MLEs under Kotz type
population relative to MLEs under normal population are greater than 0.5. Thus,
we can conclude that the ML estimators under Kotz type distribution do better than

normal ML estimators when the data are simulated from Kotz type distribution.

Table 2.2: The estimates of bias and root MSE for £z and X and Pitman nearness

probability of fi relative to X for Kotz type samples.

p n Bias(f1) Bias(X) | root MSE(fx) root MSE(x) | PN(f, %)

2 20 0.0327292  0.0429589 1.2266231 1.4047429 0.629
30 0.0264755  0.0479547 0.9710988 1.1197025 0.632
50 | 0.0263113  0.0357640 0.7372502 0.8777592 0.631
100 | 0.0063597  0.0139617 0.5297203 0.6464303 0.663

5 20 0.1504333  0.1609594 7.4264586 7.9686126 0.618
30 | 0.3864212 0.4112645 6.2005286 6.6546604 0.623
50 | 0.1438450 0.1533291 4.7531360 5.1423876 0.611
100 { 0.1152852  0.1342547 3.3385742 3.6247224 0.647

When the simulated data are from normal population, the estimates of bias for
MLEs under Kotz type population appear to be greater than those for MLEs under
normal population with the following relationship (see Tables 2.4 - 2.5):

bias(x) < bias(fr),
bias(S,) < bias((p-i— 1)2).

The estimates of root M SFE for MLEs under Kotz type population also appear to be

greater than that for MLEs under normal population with the following relationship:

root MSE(X) < root MSE(f),
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Table 2.3: The estimates of bias and root MSE for ¥ and El—Sn and Pitman nearness

+1

probability of 3 relative to ﬁ-lsn for Kotz type samples.

p n | Bias(E) Bias(;}7Sn) | root MSE(®) root MSE(+;Sn) | PN(E, 7315n)
2 20 0.2173286 0.6136360 4.5729571 4.6180806 0.580

30 0.0594558 0.2972934 3.6564364 3.8758817 0.603

50 | 0.0397885  0.2024529 2.8092322 3.0098940 0.595

100 | 0.0423176 0.0496837 1.9725625 2.1130978 0.571
5 20 2.5227599 7.5841423 59.32383 59.885291 0.558

30 | 1.3631267  4.8771157 47.940337 48.826692 0.578

50 0.8710543 1.4684184 37.831514 39.230765 0.603

100 | 0.6455298 1.4271476 25.851964 27.179129 0.616

root MSE(S,) < root MSE((p+ 1)5:).

Moreover, the estimates of Pitman Nearness probability of ML estimators under

normal population relative to ML estimators under Kotz type population are greater

than 0.5. Thus, we can conclude that the ML estimators under normal distribution

do better than Kotz type ML estimators when the data are simulated from normal

distribution.

Table 2.4: The estimates of bias and root MSE for & and X and Pitman nearness

probability of x relative to fi for normal samples.

p n Bias(ft) Bias(x) | root MSE(ft) root MSE(%X) | PN(%, 1)

2 20 | 0.0419632 0.0250159 0.9201970 0.8175815 0.598
30 0.0235707  0.0146184 0.7436633 0.6521578 0.613
50 0.0103899  0.0067315 0.5750868 0.5067936 0.620
100 | 0.0036084 0.0033503 0.4029865 0.3635994 0.600

5 20 0.0685258  0.0337121 3.5255275 3.3563840 0.589
30 0.0653346  0.0331537 2.8187549 2.6684190 0.614
50 0.0612400 0.0431314 2.1983321 2.0978606 0.580
100 | 0.0313821 0.0227773 1.5524146 1.4771821 0.600
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Table 2.5: The estimates of bias and root MSE for (p + 1)¥ and S, and Pitman

nearness probability of S,, relative to (p + 1)f3 for normal samples.

p n Bias((p + 1)2) Bias(Sn) | root MSE((p+ 1)2) root MSE(Syn) | PN (s (+ 1)2)
2 20 1.5617102 0.4167722 4.3717427 3.2530058 0.599

30 1.4783830 0.3349251 3.7999676 2.8374782 0.602

50 1.7676229 0.1653396 3.2272657 2.1500709 0.654

100 1.7092323 0.1373975 2.5760868 1.5487331 0.711
5 20 7.6239726 6.9183541 56.9054100 49.532877 0.594

30 9.5055013 4.6867674 48.4888900 41.584469 0.584

50 8.5435641 4.2156948 35.7407750 31.135813 0.589

100 10.706864 1.7581084 28.4005960 23.347784 0.632

2.7 Concluding Remarks

We have considered one of the multivariate heavy-tailed distributions which has fatter
tail regions than that of multivariate Normal distribution and the family of these
distributions is called the Kotz type family. We have shown that the estimators of p
obtained by maximizing the lvog—likelihood function of Kotz type distribution is same
as the generalized spatial median of p introduced by Rao (1988). The estimators of p
and X under a variety of covariance structures, namely the general covariance, AR(1),
the equicorrelation and unstructured covariance structures are provided. Also we have
provided a simulation algorithm for generating samples from Kotz type distribution by
using the polar coordinate transformation and bisection methods. Next, we performed
a simulation experiment to compare the ML estimates of ¢ and ¥ by using three
measures, bias, root MSE and Pitman Nearness probability under Kotz type and
Normal samples. Based on all the three criteria and using the results provided in
Tables 2.2 - 2.5 we conclude that if we use normal ML estimates when the data are
from Kotz type population we will lose out on efficiency, estimators will be more biased

and further they will be inferior according to Pitman Nearness probability criteria as

well.
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CHAPTER III

STATISTICAL INFERENCE USING KOTZ TYPE
DISTRIBUTION

3.1 Introduction

In this chapter we shall use the concepts and results from Chapter 2 to develop tech-
niques for analyzing multivariate data. We consider statistical inferences about location
parameter of the Kotz type distribution(s) under variety of covariance structures, in-
cluding the general and AR(1) structured covariances. To save space however, here and
in the subsequent chapter, we have presented the results only for the general and AR(1)
structured covariances. In the following sections we shall discuss testing of hypotheses
about one or more population parameters of the Kotz type distribution. We use the
likelihood ratio method for the large samples to test the hypotheses. We also apply
the asymptotic distribution of GSM for finding simultaneous confidence intervals. The

results are illustrated using numerical examples.

3.2 Testing of Hypothesis for One Population Un-
der the General Covariance Structure

We will provide the likelihood ratio test for testing of hypothesis on location param-
eter of one multivariate population under a general covariance structure. Likelihood
ratio tests have several optimal properties for reasonably large samples and they are
particularly convenient for hypothesis formulated in terms of multivariate parameters.

Let x4, ..., X, be a random sample from Kotz type distribution with the parameters
pand X. Let @ = (fu1, ..., fhp , 011, -, O1py -y Tp—1,p, Opp) be the vector of all unknown
parameters and let L(8) be the likelihood function given the samples x, ..., X,,. Suppose

under the null hypothesis Hy : 8 € Oy, where @y C © and © is the parameter space.
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Under Ho, let 8 = (Ji1, ..., i, , 511, ., F1py s Op1p: Opp)’ be the MLE of 6. Then the

maximum likelihood function under Hy is given by

L) = c"|i|-%exp{—§j¢ (i~ A E (i — ﬁ)}-

Under 6 € ©® (that is, under no restrictions on 8), let 0= (fi1y coes fbp 3 O11y oy Tipy -y
Gp—1p, Opp)’ be the MLE of 6. Then the maximum likelihood function under no restric-

tion is given by

L) = Z| Fexp {— > Vs — s i ﬁ)} :

Then the likelihood ratio test of Hy : 8 € @y rejects Hy in favor of Hy : 6 & Oy if

A= iﬂ) < ¢,
L(6)
that is, if
A= [20?
[|)L‘|J

exp {— > [\/(Xi - ﬁ)'i—

where ¢ is a suitably chosen constant.

When the sample size n is large,

L(6)

—2InA = -21n(ﬁ) is approximately distributed as x?2

random variable, where the degrees of freedom, r = (dimension of @) - (dimension of
Oy).

Example 3.1. In the following, we illustrate this procedure for testing three specific
hypotheses by taking the Board data considered in Chapter 2. The considered hy-
potheses are just for an illustration that various linear hypotheses like these can be
easily tested using these methods and not for any specific relevance for the example in
hand. For this data set p = 4, n = 30. The hypotheses and the results from testing

are as follows:
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(i) Test Hy: u=0 vs. Hy:p#0.
Under Hj, the maximum likelihood estimate of p is g = 0. The asymptotic
distribution of —2 InA ~ x3.

The test statistic = —2 InA = 110.14185. The P-value = P[x3 > 110.14185] <
0.0001. Hence we reject Hy and conclude that p # 0.

(ii) Suppose we want to test Hy : g1 = pp = --- = pg = 7y (say) vs. Hy : p is
arbitrary. That is, test Ho: u=~1 vs. Hy: p# 1, where1l=(1,..,1)"
Under Hy, p =71, where 7 is the MLE of 1.

The test statistic = —2 InA = 54.197907. Using —2 InA ~ x2, we find that the

P-value is < 0.0001. Hence we reject Hy.

(iii) Next for illustration, suppose we want to test that the last two components of p

M1

are zero. That is, Hy : p = '%2 vs. H, : p is arbitrary.

0
Under Hy, B = (i1, 12,0,0)’ and the test statistic = —2 {nA = 178.72292.

Using —2 InA ~ X3, we note P-value < 0.0001. Hence once again we reject Hy.

3.3 Testing of Hypothesis for One Population Un-
der AR(1) Structure

Let x4, ..., X, be a random sample from Kotz type distribution with the parameters p
and ¥ and 6 = (u, ..., 4p, 7, p)’ be the vector of all unknown parameters and let L(8)
be the likelihood function. Suppose under the null hypothesis Hy : 8 € ©g, where
®, C O.

Under Ho, let 8 = (i, 7,5) be the MLE of 8. Then the maximum likelihood function

is given by

L(B) = c"[l(aj)p]_%exp{—i\/(Xi~ﬁ)"51—2[1p+/32cl“502](3(1‘—[7)}

Y

~9 n n
= c"[l(a_);} : exp {—% Z \/Au + p2Ag — /71431'} ;

i=1
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where C; and C, are as defined in (2.5), (2.6) and

Ay = (Xi - ﬁ), (Xz’ - INJI),
Ay = (xi—p) Ci (x5 — 1),

As;

H

(x; — i) Cs (x; - ).

Under 8 € ©, let 6= (i, 6, p) be the MLE of 8 € ©. Then the maximum likelihood

function is given by

L) = c”[ (62)P ]‘% exp {— Zj: \/(Xi - ﬂ)/gg[lp + p?Cy — pCo)(x; — ﬂ)}

1— 72

A2 _n n
= c”[(o )p] 2exp{—éZ\/Bu-H?BQi—ﬁBai},

— A2
1 P i=1

where

By = (xi— @) (%~ fr),
By = (xi— @) Cy (% — 1),

By = (%, — ) Cy (x; — fa).

Then the likelihood ratio test of Hy : @ € ©q rejects Hy in favor of Hy : 0 & Oy if

that is, if

N
i
'}é
Rt
SN

w3

QAIQ
)
SN’

exp {—' Y [% V Avi + PP Agi — PAsi — 3/ Bui + p?Bai — f)B:ai] } <,

where ¢ is a suitable constant.

When the sample size n is large,

—2InA = -2 ln(iﬁ%i) is approximately distributed as x?
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random variable, where the degrees of freedom, r = (dimension of ®) - (dimension of
©y).

Example 3.2. In the following once again we illustrate this procedure for testing three
specific hypotheses by taking the Board data. The hypotheses and the results from

testing are as follows:

(i) Test Hy: p=0 vs. Hy: p#0.
Under Hy, the maximum likelihood estimate of p is g = 0 and the asymptotic

distribution of —2 InA ~ x3.

The test statistic = —2 InA = 228.5621. The P-value = P[x] > 228.5621] <
0.0001. Hence we reject Hy and conclude that g # 0.

(ii) Next, we want to test Hp: w3 = po = ... = g = 7 (say) vs. Hy : p is arbitrary.
That is, Hy: ¢ =1 vs. Hy : p# 1, where1=(1,...,1)".
Under Hy, p =71, where 7 is the MLE of ~.

The test statistic = —2 InA = 108.22776. Using —2 InA ~ X2, we find that the
P-value is < 0.0001 leading to rejection of Hp.

(iii) Next, suppose we want to test that the last two components of p are zero. That
Hi
K2
0
0
Under Hy, p = (i1, 82,0,0) and the test statistic = —2 InA = 209.20829.

is, Hy : pp = vs. Hy : p is arbitrary.

Using —2 InA ~ x3, we note P-value < 0.0001. Hence once again we reject Hy.

3.4 Testing of Hypothesis for Several Populations
Under the General Covariance Structure

Suppose X1, X2, ..., Xin,; i a random sample of size n; from Kotz type population with
the parameters p; and ¥;, i = 1,...,¢9. The random samples from different g popula-
tions are assumed to be independent.

Let p; = (wir, Moy phip) and let oy = (0411, -5 Oiips-es Tipipy Tipp)s & =

1,..,9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

Let 8 = (3, ..., u,, 04, ...,0,) be the vector of all unknown parameters.

(i) Test Hy : py = py = --- = p, = p under the assumption 3; = %, =
=3, =% thatis, 61 =+ = 0, = 0, where o = (011, ..., T1p, .., Op_1p, Opp)-
Under Hy, let 8 = (ji’,&") be the MLE of 6. Then the maximum likelihood function
is given by

g n4

L(6) = C(Zgn")‘fﬂl‘&;ﬂ exp {_ >, \/(Xij — S (ky — ﬁ)} .

i=1 j=1

~/

Under 6 € ©, let 6 = (1, s By, X ) be the MLE of 8 € ©, that is, under no

restrictions. Then the maximum likelihood function is given by

-~ PR % ) I - | R

i=1 j=1

Then the likelihood ratio test of Hy : @ € ©q rejects Hy in favor of Hy : 8 &€ Oy if

L
A= —(,9\) <c,
L(6)
that is, if
/2 (251]"1)
A== 7
[|2|}

exp { = 2 S5 [Voes = S 05y ) = v s - 005 = ) bee

(ii) Test Ho : uy = py = --» = p, = p when X;’s are different, that is,
when os are different.

Under H,, let 8 = (i, &%, ...,0,) be the MLE of 8. Then the maximum likelihood
function is given by

L) = S [ 547% exp{—ZEN (ki — 'S, (o, - ﬁ)}-

i=1 i=1 j=1

1

Under no restrictions, that is, 8 € ©, let 8 = (&, ..., i, ill, ..., 2,) be the MLE of 6.

Then the maximum likelihood function is given by

R o g ng g 1 T
L®) = [ % exp{-zz\/(xij—ni)’zil(xij—pi)}.

i=1 i=1 j=1
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Then the likelihood ratio test of Hy : @ € O rejects Hy in favor of H; : 0 € O, if

A= E(_f_ <¢,
L(6)
that is, if

1

A= H?:l [%:‘:] ?
=1 ~-1

exp {_ zg=1 272:1 [\/(Xij -y (x5 —p) — \/(x,-j — )Y, (x; — ﬂz)] } <ec,

where c is a suitably chosen constant.

When the sample size n is large,
—2InA = —2ln(£(—9\l) is approximately distributed as x?
L(6)

random variable, where the degrees of freedom, » = (dimension of ®) - (dimension of
Q).

In the following, we illustrate the procedure for testing the equality of several pop-
ulation means using the Football helmet data given in Example 3.3. Before testing the
equality of the means, we first test the equality of the variance covariance matrices.
The hypotheses and the results from testing are provided in the example below.
Example 3.3. Data on three variables, x; = eye-to-top-of-head measurement, x; =
ear-to-top-of-head measurement, and x3 = jaw width are given for three groups of
players, namely, high school football players, college football players, and nonfootball
players. There are 30 observations in each group. The data are displayed in the follow-
ing Table 3.1. The helmet data collected as part of a preliminary study of a possible
link between football helmet design and neck injuries (see Rencher, 2002, Table 8.3,
pp. 280 - 281). The hypotheses and the results from testing are as follows:

(l) Test HO : 21 = 22 = 23 = 3.
The test statistic = —2 InA = 13.054878. Using —2 InA ~ x3,, the P-value =
0.3650646. Hence, we do not reject Hy and conclude that the variance covariance

matrices are the same for the three groups.
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Table 3.1: Helmet data for football players (HS: high school, C: college and NF: non-

football).
HS C NF
X1 Xo X3 X1 X2 X3 X1 X2 X3
125 14 11 (103 134 124 | 74 13 12
12 16 12 1128 145 113|105 13.8 11.5
10 13 12 {114 141 1211 9.7 133 115
135 15 12 11 134 11 8.5 12 115
13 155 12 | 96 111 117|115 145 11.8
12 14 13 99 128 114 | 13 134 115
135 155 13 (102 128 119|108 12.8 126
13 14 13 8.8 13 1294} 111 139 11.2
13.5 145 125105 139 1181115 134 119
13 15 13 (104 145 12 | 106 13.7 122
14 145 115|112 134 124|104 135 114
13 16 125 92 128 122 10 131 109
14 145 12 |[11.8 126 125 | 12 136 11.5
14 16 12 {102 127 1231102 136 115
13.5 15 12 {112 138 113|113 136 113
15 15 12 94 143 122|105 135 121
12 145 12 9.8 13.8 126 | 9.9 14 121
13 14 125 (101 142 116 | 11 151 117
125 14 125 | 12 126 11.6| 121 146 121
12 14 11 99 134 115 | 11.7 138 121
12 13 12 99 144 119|118 147 118
145 145 13 91 128 11.7 | 108 139 12
14 155 135 86 142 115|113 14 114
13 155 125 | 82 13 126104 138 122
12 13 1257 98 138 105} 102 139 11.7
145 155 125 96 13 11214124 134 121
145 165 135} 86 135 11.8 | 10.7 14.2 108
13 16 105} 96 141 123|131 145 11.7
135 14 12 9 13.9 133 | 121 13 127
125 145 125103 138 128|119 133 133
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(ii) Next, we want to test Hy : 1, = iy = 3 = p1, given Xy = Yo = Y3 = ¥, that is,
test Hy : by = gy = p3 = M, given o1 = 02 = 03 = 0,

where & = (011, ..., T1py ey Tp_tip, Opp )

Under Hy, let 8 = (i',5") be the MLE of 6. Then the maximum likelihood function
is given by

~ NN L) S ~on—1 -~
L(B) = TSy exp{—ZZWxi,-—u)z (x,-j—m}.

i=1 j=1

Under 8 € ©, let 8 = (f1}, fi, ji}, &) be the MLE of 6 € ©. Then the maximum

likelihood function is given by

' 3 o~
f)|_§“]3§ﬂ exp {— ZZ \/(Xij — ;)% 1(Xij - ﬁz)} :

i=1 j=1

L(6) = Zin)

Therefore, the resulting likelihood ratio test is to reject Hy if

e _E3n
-3

e { - TL Ty Vs, -

-1

(xij — ) — \/(Xz'j — i) S (i — ﬂi)}} <g,

where ¢ is a suitable constant.

When the sample size n is large,

—2InA =-2 ln(i%i) is approximately distributed as X%-

The test statistic = —2 InA = 91.70311. The P-value = P[x2 > 91.70311] < 0.0001.

Hence we reject Hy and conclude that at least some p)s are different.

3.5 Testing of Hypothesis for Several Populations
Under AR(1) Structure

Suppose X;1,Xi2, ..., Xin;, ¢ = l...,¢ are random samples of size n; from ¢ indepen-
dent Kotz type distributions with the parameters p, and ¥;, ¢ = 1,...,g. We assume

that ;s have AR(1) structures with different variance and correlation parameters.
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IJ'i = (/1*1'17 Hiz, -y /l‘ip)/a 1= 17“'7g' Let 0 = (ﬂlp--~aU,970'1,-~-70'g:p1a---;pg), be the

vector of all unknown parameters

(i) Test Ho : py = ptg = -+ = p, = p when 3; = ¥y = ... = ¥, = ¥, that
isol=---=o02=0c"and p; = = py = p.

Let 8 = (f1},..., ft,, &, p)' be the unrestricted MLE of # € ®. Then the maximum

likelihood function is given by

_E{n
L(8) = (Zim) [(6%”] 2

1-52

exp {"‘% -1 2;1:1 \/Dlﬂ'j + p?Daj — '[)D3’ij}’

where

Dy = (x5 — B;) (xij — ),

Daij = (xi5— ;) C1 (x5 — ;)

Dgy; = (x5 — i) Cz (xi5 — i;),
and C; and C, are defined in (2.5), (2.6).

Under Hy, let 9= (i, &, p)' be the MLE of . Then the maximum likelihood function

is given by

Zg] "

s g .. 2y |
L(0)=c<zlm)[<1_%2} 2

exp {4 2, Y /By TPy~ B |
where
El,ij = (Xij - ﬁ')l (xij - ﬁ')’
Briy = (x5 —p) Ci (x5 — 1),

Es;; = (x5 —n) Cs (x5 — Ib).

The resulting likelihood ratio test rejects Hy if
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& o
A — ﬁ 1_~'22 2
|52 1-p2

l¢]
]
ol
—~
I
e
—
| ——

i1 |3V B + PP Baij — pEsis — 31/ Dy + P Das — ﬁDs,ia‘] } <
where ¢ is a suitable constant.

(ii) Test Hy: py = py = -+ = p, = p when o}

Under 0 € ©, let 6 = ([Ll,...,ﬂ;, 81,y 04y P1y--y Pg)’ be the MLE of 8. Then the

s and p,’s are different.

maximum likelihood function is given by

_n

L(8) = (S ]2 [wz)p] ;

Under Hy, let 6 = (i, G1y...,0g, Py--,Py)" be the MLE of 8. Then the maximum

likelihood function is given by

ng

L(e)—c(zgm)n [(o?)p] 3

lpl

exp {—— f 1 0'1, \/El ] + p’z EZ Ji7 szS zy}

Now the resulting likelihood ratio test rejects Hy if

n=TEA[(3) ()]

exp {— 1 D e [2;1“ V' Evij + P E2i5 — piBass — 5.4/ D + pDasy — ﬁiDs,ij] } <c

where ¢ is an appropriate constant.

When the sample size n is large,

L(8
—2InA = -2 ln(z%) is approximately distributed as x?
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random variable, where the degrees of freedom, r = (dimension of ®) - (dimension of

o).

Example 3.4. In the following, we illustrate this procedure for testing the equal-
ity of several population means using the Football helmet data considered in Example
3.3. Before testing the equality of means, we first test the equality of the variance

covariance matrices. The hypotheses and the results from testing are as follows:

(i) H()ZZl:EQ:Eg:E. Thatis,H0:0%=a§:0§=023ndp1=p2:p3:p.

The asymptotic distribution of —2 InA ~ x2. The test statistic = —2 InA =
2.3775286. The P-value = 0.666692. Hence, we do not reject Hy and conclude

that a common AR(1) structure can be used for the three groups.

(ii) Next, we want to test Ho: pty = fay = i3 = t, given 3y = ¥p = 33 = 3.

The test statistic = —2 InA = 153.46125 . Using -2 InA ~ x3, we note that
P-value < 0.0001. Hence once again we reject Hy and conclude that at least one

p; is different from the others.

3.6 Simultaneous Confidence Intervals for Linear
Functions of a Single Mean Under the General

Covariance Structure

If Hy : u = 0 is rejected, it may be of interest to provide confidence intervals for the
individual components or for certain linear functions of u. Using the same arguments
and derivations as in Huber (1981), Ducharme and Milasevic (1987), and Naik (1993),

the asymptotic distribution of GSM, [, can be summarized in the following theorem.

Theorem 3.1 Let xy,...,x, be a random sample from Kotz type distribution with

parameters pu and X and f1 and $ be the ML estimates of p and . Then

V(s — p) = N(0, EAT'BAT'S),
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where

B::E'<m—@g—uy] o
(- S (a— n)

A =E ! 5__(@zpE=p) )
_\/(w—u)’i_l(w—u) (x— )% (z—p)

Further B and A can be estimated by
5 - Iy _@-)(wm—p)
z L —,
MO (- p)E (- )
41 1 [A_<n—mm—ny
= - B -
(g \/(mi — S e — ) (x— p)S (@ — p)

n

Using Theorem 3.1 we can summarize 100(1 — o)% confidence interval for any p;,

where p = (1, ..., 4p)" as follows:

Proposition 3.1 If fi and S are the ML estimates of p and X, then 100(1 — a)%

confidence interval for u; is given by

(A Ti . n 7A'i) 1
i— 2 \/-—, i+ 2 \/— ,1=1,..,p,
H )2 " 2 /2 " P

. anlaa-la .
where 7; = the it diagonal element of T =XA BA X, and zaj» is the upper

100(1 — «/2)th percentile of the standard normal distribution.

The following proposition provides simultaneous confidence intervals for a set of m

linear functions of .

Proposition 3.2 Using Theorem 3.1, the 100(1 — a)% Bonferroni simultaneous con-

fidence intervals for m linear functions of u;s, are given by

[d7a [d+a,
(a’;ﬁ'_za/?m %"'z’ a;ﬂ+za/2m a’z;al ) ) i = 17"'am (31)

where a;s are vectors of known constants and zajam = is the upper 100(1 — a/2m) th

percentile of a standard normal distribution.
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Proof. For a fixed a, a’p is a linear function of the u}s and using Theorem 3.1 we

have the large sample distributon of a’'fs as:
a'fL 2, N(a'p, a'ta).

Then 100(1 — )% Bonferroni simultaneous confidence intervals for the linear func-

tions ajp, ..., a,, p are clearly given by
' ajfa; . a;Ta; ,
Al — Za/2m Ta ai“+za/2m n y U= 1;"'7m‘ O

In the following we construct simultaneous confidence intervals for the components

of the mean vector in Board data of Example 3.1.

(i) The 95% Bonferroni simultaneous confidence intervals for the individual p;, ¢ =

1,...,4 as given by (3.1) are:

. T 7;
i = Zos/2) \[ > i+ Z.05/2(4) oy

where 7; is the i** diagonal element of T defined in Proposition 3.1. For our data,

o

the 95% Bonferroni simultaneous confidence intervals for p;, ¢ = 1,...,4 are:

p € (1715.813, 1985.0188),
gy € (1565.0283, 1817.212),
ps € (1361.8197, 1600.7757),
ps € (1553.4839, 1817.3641).

(ii) Using Proposition 3.2, the 95% Bonferroni simultaneous confidence intervals for
i — pg, | < k = 1,...,4 are given with the choices aj = (1,-1,0,0), aj =
(0,1,-1,0), and a} = (0,0,1,—1) as

= pp € (10017677, 218.41464),
ty — s € (148.81812, 270.82676),
s — ps € (—265.3922, —142.8604).
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(iii) The 95% Bonferroni simultaneous confidence intervals for ps, j14 are given with

the choices a] = (0,0,1,0), and aj = (0,0,0,1) as

(1370.2547, 1592.3408),
(1562.7987, 1808.0494).

3.7 Simultaneous Confidence Intervals Under AR(1)
Structure

Using Proposition 3.2, the 100(1 — @)% Bonferroni simultaneous confidence intervals

for m linear functions of us are given by

R [alTa; R [alTa; ,
(aill' — Za/2m __z_n_17 a;l-l' + Z1—-a/2m zn : ) y U= 1v wery T (32)

where ajs are vectors of known constants, zq/2m = is the upper 100(1 — a/2m) th

~ o]~ o~ =1~
percentile of a standard normal distribution, and + = XA BA ¥ with

3 =25 V(p) and V(p)=pH, jk=1,.p.

142

In the following examples, we illustrate finding the simultaneous confidence intervals

for linear functions of y;s on the Board data considered in Example 3.2.

(i) The 95% Bonferroni simultaneous confidence intervals for the individual y;, i =
1,...,4 using (3.2) with the successive choices aj = (1,0,0,0), a;, = (0,1,0,0), aj =
(0,0,1,0), and aj = (OV,O,O, 1) are given by

pr € (1740.2172, 1978.4096),
pe € (1581.5249, 1807.0114),
us € (1379.4208, 1590.7865),

ps € (1567.8883, 1809.2085).

(ii) The 95% Bonferroni simultaneous confidence intervals for py; — g, | < k =
1,...,4 are given with the choices a] = (1,-1,0,0), a;, = (0,1,—-1,0), and a} =
(0,0,1,-1) as

i —pp € (99.01871, 231.07178),
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e —ps € (139.92105, 278.39899),
ps —ps € (—265.6623, —141.2182).

(iii) The 95% Bonferroni simultaneous confidence intervals for p3, py are given with

the choices aj = (0,0,1,0), and a} = (0,0,0,1) as
(1386.8905, 1583.3258),
(1576.4067, 1800.6901).

3.8 Simultaneous Confidence Intervals for Several

Population Means

Let X;1,Xi2, .., Xin;, ¢ = 1,..,9, be g independent random samples of size n; each from
Kotz type distributions with parameters pu; and ¥;, ¢ = 1, ..., g. Suppose the tests have
revealed that a significant difference exists between the population means. In order
to pinpoint the differences we construct simultaneous confidence intervals on various
contrasts of difference between any two mean vectors. The following proposition pro-
vides distributional results that enable constructing simultaneous confidence intervals

for linear combinations of ;;s.

(i) Assume that ¥, = --- = ¥, = ¥, thatis, 0y = -+ = 0, = 0, where

_ !
g = (0'11,..., O1py «++y Op—1,p, Upp) .

Proposition 3.3. Let x;1, Xis, ..., Tin, be a Tandom sample of size n; from Kotz type
distribution with parameters p, and X;, i = 1,...,9. The random samples from dif-
ferent g populations are independent. We assume that 31 = --- = 3, = Y. Using
Theorem 8.1 and Proposition 3.2, the 100(1 — )% Bonferroni simultaneous confidence

intervals for m linear combinations of pu, — py, L <1 =1,...,g are given by

. N 1. 1 .
Gl ) & 2aom [+ ) K=, (33)
l 2

where ais are vectors of known constants, ze/om s the upper 100(1 — «/2m)th per-

~ el o~ —1
centile of the standard normal distribution, 7; = XA, B;A, X i =11 =1,..,g
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and
B o= Lo (= ()
i = N ~—1 N
i j=1 (‘nij — ;)% (mij - ;)
i - 1y 1 [g (ai; — ) (@i — )’ }
7 - ] P R ~—1 R
R R N O

Proof. For a fixed a, a'y; is a linear function of the ;s and using Theorem 3.1 and

Proposition 3.2 we have

N N D 1, 1 .
a(fy — ) — N (a'(uz = p), ATt m,ﬁ')a>

Then 100(1 — a)% Bonferroni simultaneous confidence intervals for the linear func-

tions aj (u; — py) are clearly given by

A 1. 1.
a, (i — fy) £ Zajam \/ajc(;l'rl + nll'rl/)ak, k=1,...,m, I<l'=1,..,9. O

(ii) Assume that X;s are different, that is os are different.

Proposition 3.4. Let x;1, To, ..., Tin, be a random sample of size n; from Kotz type
distribution with p, and 2;, ¢ = 1,...,g. The random samples from different g popu-
lations are independent. We assume that s are different. Using Theorem 3.1 and
Proposition 3.2, the 100(1 — a)% Bonferroni simultaneous confidence intervals for m

linear combinations of p; — py, 1 <l =1,...,g are given by

N . 1, 1.
a’;c(p’l - u’l’) + Za/2m \/a;c(;L—lTl + n—l;Tl’)a'k’ k= 1) -y M (34)

where a,.s are vectors of known constants, zajam s the upper 100(1 — a/2m)th per-

L o aly aly
centile of the standard normal distribution, T; = 3;A, B;A, ¥;,i =011 =1,.,g

and
B = 1 (- ) (i — )’
P = ‘ S O
M (@ — 'Sy (i — )
A = L Ny 1 S _ (i — fo;) (@ij — fr;)’
1 - . T 7 N ~—1 "
M= \/("L'zj — ;)% l(-'l:ij - ;) (i — o) By (i — i)
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Since we reject the hypothesis of equality of means in Example 3.3, Section 3.4, we
want to find simultaneous confidence intervals for linear functions of p, —py, | <1’ =
1,..,3. Let g, = (pa1, -, ptip)’y @ =1,...,3. Then with the choices, aj = (1,0,0), aj =
(0,1,0), and a} = (0,0,1) using (3.3), the 95% Bonferroni simultaneous confidence
intervals for pq; — po;, 7 =1,...,3 are:

p1— pa € (2.2932274, 3.9341077),
pi2 — e € (0.4294995, 2.0009086),

13 — Mo3 € (—0.212608, 0.923095).
The 95% Bonferroni simultaneous confidence intervals for pq; — ps;, J =1, ...,3 are:

pnn — par € (1.3875155, 3.1273591),
2 — g € (0.3040446, 1.6128665),
M3 — U3z € (—0.000264, 1.0659512).

The 95% Bonferroni simultaneous confidence intervals for pg; — ps;, j =1,...,3 are:

Ho1 — U3y € (—1.709631, - 0002829),
poo — 32 € (—0.835963, 0.3224655),
foz — 33 € (—0.374984, 0.7301842).

3.9 Simultaneous Confidence Intervals for Several

Population Means Under AR(1) structure

As before, suppose we have independent random samples from g Kotz type distribu-

tions with parameters p; and 3;. We assume that X:s have AR(1) structures.

(i) Assume that ¥, = ... = B, = %, that is, 0] = -+ = ¢2 = o? and

p]_:'.':pg:p-
Using Proposition 3.3, the 100(1 — )% Bonferroni simultaneous confidence intervals
for the linear functions of aj (p, — py), I <l'=1,...,g, are given by

1

. R . 1,
a,(fuy, — i) £ Zo/2m \ﬂﬁc(n——l‘rl + n—l,Ty)ak, k=1,....m (3.5)
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where a,s are vectors of known constants, z,/e, is the upper 100(1 — a/2m)th

~ o~ =1

- S Aol
percentile of the standard normal distribution, 7; = XA, B;A;, X, i=[1'=1,..g

and
B = 1 S (x5 — ;) (%55 — 1;)'
(2 ] N ~—1 R I}
53 (kg — )2 (% — )
A = L Y 1 : s (xy - [I’i/)\(—xlij — i)
M j=1 \/(Xij — ﬂi)’E (Xi]’ — ﬂz) (xij - l‘l’i)lz (xij - “z)

(ii) Assume that Xs are different, that is 0.’s and p;s are different.
Using Proposition 3.4, the 100(1 — «)% Bonferroni simultaneous confidence intervals

for the linear functions of a} (p; — py), I <l' =1, ..., g, are given by

N . 1, 1,
a,/lg(u‘l - "l’l') + Za/2m \/a;g(n_lrl + 'fl_l/Tl’)ak, k= 17 L (36)

where a; s are vectors of known constants, z,/2m is the upper 100(1 — a/2m)th

~ _axlaxla
percentile of the standard normal distribution, 7; = 3;A;, B;A, X,,i=[1I=1,...,g

and
B — 1~ (x5 - ﬂi/)\(_xlij ~ ;) ’
MG (% — 0)'S; (% — ;)
A = b N 1 Sl (i — ) (%55 — 1)’
T o - S g i) L 00— S 0 — )

In Example 3.4, we rejected the hypothesis of equality of means. In the following
example, we want to find simultaneous confidence interval for linear functions of p; —
wy, L <l'=1,..,3. With the choices aj = (1,0,0),a}, = (0,1,0), and a3 = (0,0,1)
using (3.5), the 95% Bonferroni simultaneous confidence intervals for py; — paj, 7 =

1,...,3 are:

Hi1 — 21 € (23546585, 39408238),
fs — s € (0.4765961, 2.0264683),
jns — s € (—0.216871, 0.9422181).
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The 95% Bonferroni simultaneous confidence intervals for ju,; — us;, J =1,...,3 are:

Hi1 — M3 € (1.3531563, 3.2021812),
je — g € (0.3352931, 1.6503519),
p13 — p3z € (0.0230982, 1.0618578).

The 95% Bonferroni simultaneous confidence intervals for po; — p3;, 7 =1,...,3 are:

Ho1 — U31 € (-—1.756473, 00163278),
Hoo — U322 € (—0808331, 0.2909115),
lios — zs € (—0.377271, 0.7368803).

3.10 Concluding Remarks

We have considered inferences about location parameters of the Kotz type distribu-
tion(s) under the general covariance and AR(1) structures. We have discussed testing
of hypotheses about one or more population parameters of the Kotz type distribu-
tion using the likelihood ratio test for the large samples. We have also applied the
asymptotic distribution of GSM for finding simultaneous confidence intervals for linear

combinations of j;;s.
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CHAPTER IV

DISCRIMINATION AND CLASSIFICATION ANALYSIS
USING KOTZ TYPE DISTRIBUTION

4.1 Introduction

The statistical methods for estimation, hypothesis testing, and simultaneous confidence
intervals under Kotz type distribution have been shown in the preceding chapters. In
this chapter, we shall consider this distribution for determining classification rules
which minimize the expected cost of misclassification under equal prior probabilities
and equal misclassification costs. The procedures we develop will be same, in spirit,
as the multivariate normal distribution based rules. In fact, the rule under common
variance covariance matrix is same as the normal based method except that the pa-
rameter estimates used are the ML estimates of mean and variance under the Kotz
type distribution. We will show sample classification procedures under the general
covariance and AR(1) structures. Computation of misclassification probabilities using

cross validation are also provided.

4.2 Separation and Classification for Two Popula-

tions

Let fi(x) and f2(x) be the probability density functions of a p x 1 random vector X
under populations II; and II; respectively. Let € be the sample space and R, C €2
be the set of x values for which we classify objects into II; and Ry = 2 — R; be the
remaining x values for which we classify objects into II,.

The conditional probability P(j/7) of classifying an object into II; when it is from
Hi is
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P(j/i) = P(X € R;/IL;)

Il

g
fi(x)dx, with P(i/i) = ZP (3/9), 3,7 =1,2 and 7 # j.
R; j=1

Let p; be the prior probability of II; such that p; +p; = 1.

P(the object is correctly classified into IT;) = P(the object comes from II;

67

and is correctly classified into II;)

= P(X € R;y/II;) P(IL;)

= P(i/i)p;, i=1,2.

P(the object is misclassified to II;) = P(the object comes from II,

and is misclassified to II;)

= P(X € Ry/IL;) P(I1))

= P(i/j)pj, i, =1,2 and i # j.

The costs of misclassification can be defined by a cost matrix

Classify  into:
15} I,
I, 0 c(2/1)
True Population:
My | ¢(1/2) 0

We shall consider the expected cost of misclassification (ECM) given by

ECM = ¢(1/2)P(1/2)p2 + c(2/1)P(2/1)p.

Result 4.1 The regions Ry and Ry that minimize the ECM are defined by the values

x for which the following inequalities hold, that is,

g D@ /2
(@ T eMn

and R : otherwise.

Under equal prior probabilities and equal misclassification costs, these regions re-

duce to

Chix)

> 1 and R : otherwise.
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4.2.1 Classification Rules Under Kotz Type Distributions and

General Covariance Structure

We now assume that fi(x) and fa(x) are Kotz type densities with parameters p,,
3, and p,, 3o respectively. We consider two cases based on whether the variance
covariance matrices are equal or not. First we shall consider the case of equal variance
covariance matrices. That is,

Casel. X1 =3y=X

Suppose the Kotz type densities of X for populations II; and II, are given by

fix) = | D72 exp {~[(x = p) = (x = )]}, p €W, T p.d,i=12,

where ¢ = _1“_127(_12!_)_.
2n 21 (p)

Suppose Xi1,Xj2, ..., X1n, and X1, Xag, ..., X2, are two random samples of sizes ny
and n, from Kotz type populations, II; and II; with unknown parameters p, and g,
and a positive definite common variance covariance matrix (p+1)X, respectively, with
the conditions ny+ny—2 > p. Then the minimum ECM regions determined by samples

of sizes ny and n, respectively from (4.1) are simplified to

Ry : exp {—\/(X - ﬂl)’ﬁ:“‘l(x — fy) + \/(X - ﬂz)'ﬁ)_l(x —fp) } 21

and Rz . otherwise.

Given these regions Ry and Ry, the sample classification rule proceeds as in the

following result.

Result 4.2 Let the populations I1, and I1, be Kotz type populations with equal general
covariance matrices. Then the linear classification rule that minimizes the ECM under
equal prior probabilities and equal misclassification costs is as follows:

Allocate xy, a new observation vector to be classified, to Il if

-1

. . 1,. T .
(o, — f13)'8 %—jm—uﬂﬁ(m+uﬁZQ (4.2)

where ju,, fi, and 3 are MLEs of Wy, 1y and 3 respectively.
Allocate xq to Iy otherwise.
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We note that this rule is similar to the rule based on the normal densities except
that here we estimate p;, p, and X differently; that is, by the optimization method

mentioned in Chapter 2.

Case 2. X; # 3,
Suppose the Kotz type densities of X for populations II, and II; are given by

fix) = B [72 exp {~[(x — ) =7 (x - )2}, p €W, Bipodi=12,

(%)
2B ()’
Let X311, X12, ..., X1n, and Xo1, X292, ..., Xon, be two random samples of sizes n; and n;

where ¢ =

from Kotz type populations II; and Il with unknown parameters p,, %; and p,,
3., respectively, with n; — 1 > p and ny — 1 > p. Then the minimum ECM regions

determined by samples of sizes n; and n, respectively from (4.1) are simplified to

Rl . (l?\}ll
| 3 |

R; : otherwise.

)—% exp {_\/(X - ﬂl)'i;l(x — f1,) + \/(x - ﬂ2)’f];l(x — )} >1

Given the regions Ry and R,, we can construct the sample classification rule as

given in the following result.

Result 4.3 Let the populations II; and Ily be Kotz type populations with unequal
general covariance matrices. Then the non-linear classification rule that mintmizes the
ECM under equal prior probabilities and equal misclassification costs is as follows:

Allocate xq to 1, if

V@ — i3 (@0 ) — (@0 — S (@0 — ) - S1n(

that is, if

-1

Lol . 1 P . . 1 2
\/(mo-ul)’zl (2o — 1) + 5ln | By | < \/(:ro—ug)’zz (@0 = fp) + 5 In [ 3z |,
where fuy, fLo, 3 and ¥, are MLEs of Hq, He, 21 and 3o respectively.
Allocate xy to Il otherwise.
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Example 4.1. For illustration, here we consider Fisher’s famous Iris data. The two

species of Irises we have selected are Iris Versicolor and Iris Virginica and the data are

displayed in Table 4.1. Data on four variables, x; = sepal length, x; = sepal width,

x3 = petal length and x4 = petal width are available. There are 50 observations in

each sample. These data have appeared in many places, but we have taken the data

from Table 11.5 of Johnson and Wichern (1998, pp. 715 - 716).

These data were found to have unequal covariance matrices and hence we used Case

2 to illustrate our procedure. Next, we computed the MLEs of p,, p4, 231 and 35 under

Kotz type distributons. The results are as follows:

IT; (Iris Versicolor) : nq = 50,

0.0651039
= 0.0220169
0.0426881
0.0135329

39.706180
—18.48802
—-37.56574
31.451537

and f)l—l =

I, (Iris Virginica) : ms = 50,

p, = (5.9301907, 9.7846629, 4.2389524, 1.3164927)

0.0220169 0.0426881
0.022449 0.0206865
0.0206865 0.0489653
0.0101087 0.0167524

—18.48802
101.38476
8.9867497
-~-104.3503

—37.56574
8.9867497
94.079695
—130.6641

1, = (6.5506952, 2.9737207, 5.5073221, 2.0322709)

!
?

0.0135329
0.0101087
0.0167524
0.0088665

31.451537
—104.3503
—130.6641
430.62776

/
’

0.0836885 0.0193137 0.0613979 0.0109602
— 0.0193137 0.021707 0.0147842 0.0108312

0.0613979 0.0147842 0.0625200 0.0110904

0.0109602 0.0108312 0.0110904 0.0175368
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Table 4.1: Iris data: Iris Versicolor and Iris Virginica.

Iris Versicolor Iris Virginica
Sepal length Sepal width Petal Length Petal width Sepal length Sepal width Petal Length Petal width
7.0 3.2 4.7 14 6.3 3.3 6.0 2.5
6.4 3.2 4.5 1.5 5.8 2.7 5.1 1.9
6.9 3.1 4.9 1.5 7.1 3.0 5.9 2.1
5.5 2.3 4.0 1.3 6.3 2.9 5.6 1.8
6.5 2.8 4.6 1.5 6.5 3.0 5.8 2.2
5.7 2.8 4.5 1.3 7.6 3.0 6.6 2.1
6.3 3.3 4.7 1.6 4.9 2.5 4.5 1.7
4.9 2.4 3.3 1.0 7.3 2.9 6.3 1.8
6.6 2.9 4.6 1.3 6.7 2.5 58 1.8
5.2 2.7 3.9 1.4 7.2 3.6 6.1 2.5
5.0 2.0 3.5 1.0 6.5 3.2 5.1 2.0
5.9 3.0 4.2 1.5 6.4 2.7 5.3 1.9
6.0 2.2 4.0 1.0 6.8 3.0 5.5 2.1
6.1 2.9 4.7 1.4 5.7 2.5 5.0 2.0
5.6 2.9 3.6 1.3 5.8 2.8 5.1 2.4
6.7 3.1 4.4 1.4 6.4 3.2 5.3 2.3
5.6 3.0 4.5 1.5 6.5 3.0 5.5 1.8
5.8 2.7 4.1 1.0 7.7 3.8 6.7 2.2
6.2 2.2 4.5 1.5 7.7 2.6 6.9 2.3
5.6 2.5 3.9 1.1 6.0 2.2 5.0 1.5
5.9 3.2 4.8 1.8 6.9 3.2 5.7 2.3
6.1 2.8 4.0 1.3 5.6 2.8 4.9 2.0
6.3 2.5 4.9 1.5 7.7 2.8 6.7 2.0
6.1 2.8 4.7 1.2 6.3 2.7 4.9 1.8
6.4 2.9 4.3 1.3 6.7 3.3 5.7 2.1
6.6 3.0 4.4 1.4 7.2 3.2 6.0 1.8
6.8 2.8 4.8 1.4 6.2 2.8 4.8 1.8
6.7 3.0 5.0 1.7 6.1 3.0 4.9 1.8
6.0 2.9 4.5 1.5 6.4 2.8 5.6 2.1
5.7 2.6 3.5 1.0 7.2 3.0 5.8 1.6
5.5 2.4 3.8 1.1 7.4 2.8 6.1 1.9
5.5 2.4 3.7 1.0 7.9 3.8 6.4 2.0
5.8 2.7 3.9 1.2 6.4 2.8 5.6 2.2
6.0 2.7 5.1 1.6 6.3 2.8 5.1 1.5
5.4 3.0 4.5 1.5 6.1 2.6 5.6 1.4
6.0 3.4 4.5 1.6 7.7 3.0 6.1 2.3
6.7 3.1 4.7 1.5 6.3 3.4 5.6 2.4
6.3 2.3 4.4 1.3 6.4 3.1 5.5 1.8
5.6 3.0 4.1 1.3 6.0 3.0 4.8 1.8
5.5 2.5 4.0 1.3 6.9 3.1 5.4 2.1
5.5 2.6 4.4 1.2 6.7 3.1 5.6 2.4
6.1 3.0 4.6 1.4 6.9 3.1 5.1 2.3
5.8 2.6 4.0 1.2 5.8 2.7 5.1 1.9
5.0 2.3 3.3 1.0 6.8 3.2 5.9 2.3
5.6 2.7 4.2 1.3 6.7 3.3 5.7 2.5
5.7 3.0 4.2 1.2 6.7 3.0 5.2 2.3
5.7 2.9 4.2 1.3 6.3 2.5 5.0 1.9
6.2 2.9 4.3 1.3 6.5 3.0 5.2 2.0
5.1 2.5 3.0 1.1 6.2 3.4 5.4 2.3
5.7 2.8 4.1 1.3 5.9 3.0 5.1 1.8
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45.953273 —15.75067 —42.84096 8.1010053

~1 —15.75067 77.428683 4.3874471 —40.75300

and % = —42.84096 4.3874471 59.427269 —13.51723
8.1010053 —40.75300 —13.51723 85.678729

If xy3 = (zo1,...,Toa) is data on a new specie, then we have the distance from

Xo to fi; as

n 2 —1 n
Vo — iy (x0 — )

39.70618 ... 31.451537 xo1 — 5.9301907 1

= [(zm — 5.9301907, ..., Tos — 1.3164927)’ : : : !
31.451537 ... 430.62776 Tosa — 1.3164927

and distance from xo to fi, as

N R
(X0 — f13)' 3y (Xo — fto)

45.953273 ... 8.1010053 To1 — 6.5506952 1

= [(g;m —~ 6.5506952, ..., To4 — 2.0322709)’ : ; : :
8.1010053 ... 85.678729 Toq — 2.0322709

The rule that minimizes the ECM under equal prior probabilities and equal mis-
classification costs is given by “ allocate xg to Iris Versicolor specie (II;) if the
distance from xo to fi, plus 11n | s |= —8.496731 is smaller than or equal to the
distance from Xo to ft, plus 11n | 3, |= —7.519708.” Otherwise, allocate xg to Iris

Virginica specie (Ils).

4.2.2 Under AR(1) Structure

Sometimes when the data are repeated measures of a single variable or when they are
of time series type then instead of using a general variance covariance matrix, a special
structure like AR(1) may be more appropriate. In this section, we provide discriminant
functions under AR(1) structure.

Suppose the Kotz type densities of X for populations I1; and Il are given by

1) = ¢ (125) P e (/e m) I+ G — G (=) ), i = 1,2

1
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where ¢ = 2%(—12%%, C, and C, are defined in (2.5), (2.6).
n2T(p

Case 1. 3, = 3, = X, that is, 0? = 02 = ¢? and p; = p2 = p.

Let x11,X12, -, X1n, and X1, X22, ..., X2n, be two random samples of sizes n; and ny from
Kotz type populations II; and II; with unknown parameters p; and p, and a positive
definite common covariance matrix (p + 1)X, respectively, with ny +n2 —2 > p. Then
the minimum ECM regions determined by samples of sizes n; and ng respectively from

(4.1) are simplified to

. 1 ~ - 1 - -
R, : exp {—5\/511 + 2Dy — pD31 + g\/Dlz + 2Doy — pD3} > 1

and Rz : otherwise.
Here
Dy = (x~ Ijl)l (x — ), (4.4)
Dy = (x— i) Cy (x— fy), (4.5)
Dai = (x—=f1) Co (x— 1), (4.6)
Dy = (x—fiy) (x— f1y), (4.7)
Dy = (x— ﬂ?), Ci (x— f1g), (4~8)
D3 = (x—f15) Co (x — fay). (4.9)

Given these regions R, and R,, we can construct the sample classification rule as

given in the following result.

Result 4.4 Let the populations II; and I1; be Kotz type populations with equal AR(1)
structured covariance matrices. Then the linear classification rule that minimazes the

ECM under equal prior probabilities and equal misclassification costs is as follows:

Allocate g to T if

1 - A 1 - <
—5\/D11 + p2Day — pD3y + g\/Dlz + p?Dyy — pD3z >0
This classification function is equivalent to allocating xy to Iy if

(1 = o) o + 57 (1, — fa) Crto — p(fay — f22) Como — k> 0, (4.10)
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where [1,, 1, and p are MLEs of p,, w, and p respectively and C; and Cy are as in
(2.5) and (2.6) and

1
k=501 = ) (o + ) + §p2(u1 = fg) Calfey + i) + 5Py = 1) Colfy + o).

Allocate xq to 11y otherwise.

Case 2. 3; # X, that is, 0,-2 's and p;s are different.

Let X11,X12, ..., X1n, and Xo1, X9, ..., X2,, be two random samples of sizes n; and ng
from Kotz type populations, I1; and Il with unknown parameters p,, 3; and p,,
Yo, respectively, with n; — 1 > p and ny — 1 > p. Then the minimum ECM regions

determined by samples of sizes n; and n, respectively for (4.1) are simplified to

A (&%)—‘3(1—,6%)"%
T >
3 1-p
1 " - 1 . A
exp {—&—1\/1711 + P Da1 — p1Da1 + g\/Du +P3Dn — p2Dsy } 2 1

and RQ :  otherwise.

Given these regions R; and R,, we can construct the sample classification rule as

given in the following result.

Result 4.5 Let the populations I1; and Iy be Kotz type populations with unequal
AR(1) structured covariance matrices. Then the non-linear classification rule that
minimizes the ECM under equal prior probabilities and equal misclassification costs is

as follows:

Allocate xy to I if

1 R N 1 R N
5;\/1712 + p2Dag — poD3y — &—\/Dn + 2Dy — 1Dy — k> 0,
1

where Dll,D21,D31,D12,D22 and D32 are as in (44) - (49} and

~2 A2

p 0y 1 1-p3
k:—l (-:_> _l( A).

7 M5z T T

Alternatively, allocate xy to 11, if
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(67)"

1- 4t

) < (%\/Dm + 5Dz — /521732-*—1 ln( (&%)2),

1\/ 1
= /Du + P#Da1 — 1D +—1(
P 11+ pMPDa— ;s n 9 -

2

1 1. /(62)P 1 - - 1 (33"
— /D1 + Doy — 1D —1( t )<7D 2Dy — D+—1( >)
&1\/ 1 +pPa — ;1 31+2 L 7) S 02\/ 12 + P32 — p2l/32 9 n 72

otherwise, allocate xy to 1l,.

Example 4.2. Although, AR(1) structure may not be appropriate for this example,
we illustrate this procedure using Iris data of Example 4.1. These data were found to
have unequal AR(1) covariance matrices and hence we used Case 2 to illustrate our
procedure. Next, we computed the MLEs of p,, u,, 01, 02, p1 and ps under Kotz

type distributions. The results are as follows:

IT; (Iris Versicolor) : ny = 50,

f
3

¥

f = (5.9048405, 2.7879834, 4.2520208, 1.3172935)
&, = 0.1523249 and j; = 0.5391383.

I, (Iris Virginica) : ng = 50,
/

it (6.5320442, 2.9815112, 5.4915763, 2.04259659)

09 0.1909728 and po = 0.389897.

Substituting these values in (4.11), we obtain the non-linear classification rule that
minimizes the ECM under equal prior probabilities and equal misclassification costs is
as follows:

Allocate x; to Iris Versicolor specie (Il;) if

1
ST (D12 +0.15201967Dygy — 0.389897D32> g

Boj=

T 01523249
where DH, Dgl, D31, D12, D22 and D32 are as given in (44) - (49)

L (Du + 0.290670106 D9y — 0.5391383D31) + 0.815193 > 0,

Allocate xq to Iris Virginica specie (Il) otherwise.
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4.2.3 Evaluating Classification Functions for Two Populations

Because parent populations are rarely known, we consider the error rates as a measure
of judging the performance of any classification procedure. The performance of sample
classification functions can be evaluated by calculating the actual error rate (AER)
given by
AER=p | [(X)dx+p2 [ fo(x)dx,
Ra By

where R, and R, are the classification regions determined by samples of sizes n; and
ng respectively.

The AER indicates how the sample classification function will perform in future
samples. In general, it cannot be calculated because it depends on the unknown density
functions f1(x) and f>(x). However, a nearly unbiased estimate of the expected actual
error rate (E(AER)) can be calculated by using Lachenbruch’s holdout procedure
under the equal prior probabilities and equal misclassification costs (see Lachenbruch
and Mickey (1963)). Constructing the error-rate estimates do not require distributional
assumptions and can be calculated from what is called as confusion matrix. This
procedure is sometimes referred to as jackknifing or cross-validation. For n; and n,
observations from Kotz type populations II; and I, respectively, the confusion matrix

has the form

‘ Predicted membership

IT; II,
I nic niM =nN1—Mge | M
Actual membership
Iy | nop = n2 — oo nac n2
where
n,c = number of Il; items correctly classified into I1; items, ¢ =1, 2
niyy = number of II; items misclassified into II; items, ¢, 7 =1, 2 and i # j.

A nearly unbiased estimate of the expected actual error rate, E (AER) is given by

(H) (H)
~ n +n
BABR) = =0
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(H)

where n;y/ are the number of holdout (H) observations misclassified in the i" group,
i=12
When we adopted the Lachenbruch’s holdout procedure using Kotz type densities,

we obtained the confusion matrix as follows: (II;: Iris Versicolor, Ily: Iris Virginica).

Predicted membership

I Iz
I, 46 4 50
Actual membership
I, 1 49 50

A

and consequently, F(AER) = 35 = 0.05.

When we adopted the quadratic discriminant rule under multivariate normal distri-

butions with unequal covariance matrices, we obtained the confusion matrix as follows:

Predicted membership

T, I,
Im; 47 3 50
Actual membership
I, 1 49 50

A

and consequently, E(AER) = & = 0.04.

100

However, Iris data were found to have come from multivariate normal distributions
with unequal covariance matrices. In general, for the data that satisfy multivariate
normal distribution assumption, the error rate seems to be lower for the rules based
on multivariate normal densities than those based on Kotz type densities.

It would be interesting to compare these two error rates, that is, the two error rates

based on multivariate normal and Kotz type distribution assumptions when the data

are from Kotz type distributions. For this purpose, we adopt the following samples
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simulated from Kotz type densities.

Example 4.3. We generate data with four variables and 30 observations each from

two Kotz type populations II; and II, with the following means and variance covariance
matrices; where

!

n = (5.9301910, 2.7846634, 4.2389532, 1.3164930)7

0.0651017 0.0220158 0.042686 0.0135321

0.0220158 0.0224482 0.0206853 0.0101082

0.042686 0.0206853 0.0489631 0.0167515

0.0135321 0.0101082 0.0167515 0.0088661

2 =

By = (6.5506954, 2.9737208, 5.5073221, 2.0322710)I,
0.0836884 0.0193137 0.0613978 0.0109602
0.0193137 0.021707 0.0147842 0.0108312
0.0613978 0.0147842 0.0625199 0.0110904
0.0109602 0.0108312 0.0110904 0.0175368
The SAS program to compute the estimates and discriminant rule is provided in
Program 3 in APPENDIX.
The Lachenbruch’s holdout procedure using Kotz type densities provides the fol-

lowing confusion matrix:

Predicted membership

1 I,
115} 30 0 30
Actual membership
11, 1 29 30

and consequently, F(AER) = 3 = 0.0167.
When we adopted the quadratic discriminant rule under multivariate normal distri-

butions with unequal covariance matrices, we obtained the confusion matrix as follows:
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Predicted membership

15 15}
II; 29 1 30
Actual membership
Il 1 29 30

and consequently, E(AER) = 626 = 0.0333. This rate is considerably higher than

0.0167. Thus, the discriminant function using Kotz type densities is a better measure

of performance and can achieve effective classification when the samples are from Kotz

type populations.

4.3 Separation and Classification for Several Pop-
ulations

Let f;(x) be the probability density function of a p x 1 random vector X under popu-
lation I;, 1 =1, ..., g.

Let p; = the prior probability of population II;,
c(j/i) = the cost of allocating an object into II; when it comes from II;,
R; = the set of x’s classified into II;

and P(j/i) = P(classifying an object into II; when it is from II;)
g

_ /R‘fi(x)dx with P(ifi)=1— S P(j/i).

=1, j#i

We shall consider the expected cost of misclassification,

ECM =3 p >, P(/i) /i)

=1 j=1, j#i

as our criteria for assessing various classification procedures.
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Result 4.6 The classification regions that minimize the ECM are defined by allo-
cating x to population I1;,5 = 1,..., g for which

g

> pifi(w) cli/i),

i=1, i#j

18 smallest.

Under the equal prior probabilities and equal misclassification costs allocate xo, &

new observation, into population II; if

fj(Xo) > fi(Xo), for i = 1, . g, ’L?é ]

Alternatively, allocate x, into population II; if

In f;(x0) > In fi(x0), fori=1,...,g, i # J.

See Johnson and Wichern (1998) for proofs and other details.

4.3.1 Classification Rules Under Kotz Type Distributions and

General Covariance Structure

We now assume that f;(x) is a Kotz type density with parameters p; and 3;, ¢ =
1,...,9. We consider the two cases, of equal and unequal covariance assumptions.
Casel. ¥1=3=...=3,=23.

The Kotz type densities of X for population II; with parameters p; and a common

variance covariance matrix (p + 1)X, i =1, ..., g are given by
fz(X) =c | ) |~% €xp {_[(X - I’l‘i)lz_l(x - I“l’z)]%}7 i c %p’ b ya d’; 1= 1) -5 8,
r%)

2n 8 (p)’
Let X1, X4z, ..., Xin, e random samples of sizes n; from f;(.) with Y 7 (n,—1) >p

where ¢ =

We provide the classification rule below.

Result 4.7 Let the populations I;, i = 1,...,g9 be Kotz type populations with equal
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general covariance matrices. Then the classification rule that minimizes the ECM un-
der equal prior probabilities and equal misclassification costs is as follows:

Allocate zy to I1; if

~

d;(20) = max di(xp),

where

~ -1

| NS NN .
dfa) = I file) = — 3|8 — (o - w)VE (@ - )
This classification function is equivalent to allocating xy to II; if

dii(@o) = d;(0) — di(0)
A~ ~ o1 ]- A ~ /A_l ~ ~ . . .
= (/J'j_l'l’i)/z (L‘()—‘-2‘([.l:]—-[l,z)2 (l‘l'_y_,-”’z)zoa fOT’Lzl,...g, 7'74.7’
(4.12)

where fu;, f1; and S are MLEs of w;, p; and X respectively.
The result is obtained by following similar steps as in Johnson and Wichen (1998).
We note that this rule is similar to the rule based on the normal densities except that

here we estimate p;, u; and X by the optimization method mentioned in Chapter 2.

Case 2. X;’s are different
The Kotz type densities of X for population II; with parameters p, and 3;, 1 =1,..., g

are given by

fit) = | Zi[72 exp {=[(x - p) =7 (x — w2}, p € WP, i pod, i=1,..,0,

INC)

Where CcC = m—)-
T D

Suppose Xji1, X2, ..., Xin, are random samples of sizes n; from f;(.) with n; — 1 >

p, t=1,...,g. Then we have the following result.

Result 4.8 Let the populations I1;, i =1, ..., g be Kotz type populations with unequal
general covariance matrices. Then the classification rule that minimizes the ECM un-
der equal prior probabilities and equal misclassification costs is as follows:

Allocate @y to 1I; if

ds(@) = max di(z),
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A ~ ~ A—l ~ .
where di(zp) = Infi(x) = — %ln | 2 | —\f(a'ﬁ — i) B, (w— fy), i=1,..,9.

This classification function is equivalent to allocating xy to II; if

dji(z) = dj(z0) — di(T0)

= Vi w5 i) - - 1) E; (i)~ 3w (L2) 50

that is, if

pae 1
\/(wo ~ )%, 1(:1r:0 ~ fu;) + 3 In| X, | is smallest, (that is, if In f;(ao) is largest)

where fi;, ft;, s and ij are MLEs of p;, p;, 3; and X; respectively.

Example 4.4. For illustration of the results we once again consider Fisher’s Iris
data, but now with all the three species. The three species of Irises data considered
are Iris Versicolor (Il,), Iris Virginica (II3) displayed in Table 4.1 and Iris Sesota (II;)
displayed in Table 4.2 respectively. Data on four variables, x; = sepal length, x; =
sepal width, x3 = petal length and x4 = petal width for 50 observations each from the
three species are available. Again, we have taken the data from Table 11.5 of Johnson
and Wichern (1998, pp.715 - 716). These data were found to have unequal covariance
matrices and hence we use Case 2 to illustrate our procedure.
Here we provide ML estimates of g and ¥ and the discrimination rule for the new
group that we included in this example (as compared to Example 4.1).
II; (Iris Setosa) : n; = 50,
i, = (5.0003585, 3.4047069, 1.4585232, 0.2283304)',
0.0276767 0.0213725 0.0033927 0.0020632
. 0.0213725 0.0301198 0.0023413 0.0022393
0.0033927 0.0023413 0.0057416 0.0009577
0.0020632 0.0022393 0.0009577 0.0021534
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Table 4.2: Data on Iris Setosa.

Sepal length

Sepal width

Petal Length

Petal width

5.1
4.9
4.7
4.6
5.0
5.4
4.6
5.0
4.4
4.9
5.4
4.8
4.8
4.3
5.8
5.7
5.4
5.1
5.7
5.1
5.4
5.1
4.6
5.1
4.8
5.0
5.0
5.2
5.2
4.7
4.8
5.4
5.2
5.5
4.9
5.0
5.5
4.9
4.4
5.1
5.0
4.5
4.4
5.0
5.1
4.8
5.1
4.6
5.3
5.0

3.5
3.0
3.2
3.1
3.6
3.9
3.4
3.4
2.9
3.1
3.7
3.4
3.0
3.0
4.0
4.4
3.9
3.5
3.8
3.8
3.4
3.7
3.6
3.3
3.4
3.0
3.4
3.5
3.4
3.2
3.1
3.4
4.1
4.2
3.1
3.2
3.5
3.6
3.0
3.4
3.5
2.3
3.2
3.5
3.8
3.0
3.8
3.2
3.7
3.3

1.4
1.4

[
w

T e o
PR - Y-S T SRS S B O S S C TS - S R R N I S O N

e T T R e = T = T i T I R S
BT R D R DO W W WU WA WY GRS D

0.2
0.2
0.2
0.2
0.2
0.4
0.3
0.2
0.2
0.1
0.2
0.2
c.1
0.1
0.2
0.4
0.4
0.3
0.3
0.3
0.2
0.4
0.2
0.5
0.2
0.2
0.4
0.2
0.2
0.2
0.2
0.4
0.1
0.2
0.2
0.2
0.2
0.1
0.2
0.2
0.3
0.3
0.2
0.6
0.4
0.3
0.2
0.2
0.2
0.2
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~24.62621
7.4663227
197.70168
—72.09592

84

—10.27257
—26.82105
—72.09592
534.18177

83.726660 —56.73314
1 —-56.73314 74.871435
and ¥; =
—24.62621 7.4663227
—10.27257 —26.82105
If x; = (zo1, ..., Zosa), then we have
N ) a
\/(XO — )3 (%0 — i)+ 3In | 3 |
83.72666
— [(zm — 5.0003585, ..., Tos — 0.2283304)" _
~10.27257
— 9.700359,
NS N &
V0o~ a)S; (@0~ ) + 10 | S |
39.70618
= [ (201 — 59301907, ..., w04 - 1.3164927) :
31.451537

— 8.496731,

RS R S
and \/ (20 ~ 1355 (3o — fig) + 31 | S |

45.953273
= |(@o1 — 6.5506952, .., z04 — 2.0322709)’ :
8.1010053

- 7.5197089.

X

~10.27257 201 — 5.0003585 ]1
534.18177 €04 — 0.2283304

)

31.451537 T — 5.9301907 \ ,
430.62776 ) T4 — 1.3164927 ]

8.1010053 zo1 — 6.5506952 \
. . 2
85.678729 To4 — 2.0322709 ]

The rule that minimizes the ECM under equal prior probabilities and equal mis-

classification costs is given by “ allocate %o to IL; if the distance from xo to f1; plus

sIn| .1, =1, 2, 3 is smallest.”
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4.3.2 Under AR(1) Structure

The Kotz type densities of X for populations II; with parameters p; and 3;,i =1, ..., g,
are given by

(2

2PN~z 1 ; ,
filx) = C(I—_—;g) exp {—‘a—i\/(x — 1) I+ piC1 — piCo (x — i)}, i =1, 9,

where ¢ = ;FELE%’ C, and C, are as in (2.5), (2.6).
m20(p
Case 1. X, =3, = ... =%, = X that is, 07 = 02 = ... = 02 = 0% and
P1L=PpP2=..= Pg=p.
Suppose X;1, X2, ---, Xin, are random samples of sizes n; from f;(.) with Y7 _,(n; —

1) > p.

Result 4.9 Let the populations II;, i = 1,...,g9 be Kotz type densities with equal
AR(1) covariance matrices. Then the estimated minimum ECM rule under equal prior

probabilities and equal misclassification costs is as follows:

Allocate o to I1; if

A

d;(xo) = max ci,(:no),

1<i<g

where Ciz(m()) = "%\/Dli ~+ ﬁQDgi — ﬁDgZ and
Dy = (z0— ) (20— i),
Dy = (mo— i) Cy (20~ f;),
Dy = (z0— f1;) Co (w0~ f1;).
This classification function is equivalent to allocating xy to II; of
djz’(mo) - (ﬂg - ﬂz)lmo + f’z(l:l'j - [Li)/Cle - ﬁ(ﬂ] - ﬂi),CZwO - kl > 0, (4-14)
where f1;, f1;, & and p are MLEs of p;, p;, o and p respectively and

1, o
ka = 50 — ) (B + ) + 5P°( — ) Cali + i) + 50(8; — 1) Colf; + ).

Case 2. 3;’s are different, that is, af 's and p;s are different.
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Result 4.10 Let the populations I1;, i = 1,...,9 be Kotz type densities with unequal
AR(1) covariance matrices. Then the estimated minimum ECM rule under equal prior
probabilities and equal misclassification costs is as follows:

Allocate zy to I1; if

d;(@0) = max di(),

where di(zp) = _%ln((ii);) ~ /Dy + P2Dai — piDsi.

1-p;

This classification function is equivalent to allocating xy to I1; if

PN

1 - N 1 ~ N
dii(z0) = ;\/Dli + p2Dg; — p:D3; — Z;___\/Dlj + P?Dzj — pjD3j ~ k1 20
i J

whers ks = §in(5F) + 43
: J
that is, if

( (63)"

1
—4/D D Ds; + =1
\/ 1j +p7 2; — P53+ 5 In 1‘/3]

5 ) is smallest. (4.15)
Example 4.5. We illustrate this procedure by using the Iris data considered in Ex-

ample 4.4. The MLEs for Iris Sesota group and the classification rules are provided

below.

I, (Iris Sesota) :mny = 50,

/
; (5.0105823, 3.4134009, 1.4686691, 0.2409602) ,

S
I

01 0.1077129 and p; = 0.456636.

If xj = (zo1, ..., Zoa), then we have

(Dn -+ p1D21 - p1D31> +1 111(%)

1
= ToeEs (Du +0.208516436 Dy — 0.456636D31) ? . 8.796221

(Dm + p3Dao — P2D32) +1 1n(ﬂ;)

1-p:

Bl

= s (Du +0.290670106 Dy — 0.5391383D32) — 7.355241
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1

« A 52)P
> (D13 + p3Dg3 — P3D33) * + %111((1—0_?%%)

Nl

= s ( Dia + 0.152019436 Dz — 0.3898967Dsg ) * — 6.540048

The rule that minimizes the ECM under equal prior probabilities and equal mis-

classification costs is given by

-

@3)r

allocate xq to IL; if %(D]_j + ﬁszj — ﬁjD3j> ? + %ln<ﬁ?), j=1, 2, 3 is smallest.

4.3.3 Evaluating Classification Functions for Several Popula-

tions

In a similar way as in the case of two populations, we can judge the performance of
the discriminant function by evaluating the error rate using Lachenbruch’s holdout
procedufe.

If ngﬁ) is the number of misclassified holdout observations in the i group, i =

1,...,g then an estimate of the expected actual error rate, E (AER), is given by

) 9 i)
E(AER) = &4zl M
i=1T4

For Example 4.4, that is, for the Iris data, we adopted the Lachenbruch’s holdout
procedure using Kotz type densities, and obtained the following confusion matrix (II;:

Iris Setosa, I1p: Iris Versicolor, II3: Iris Virginica).

Predicted membership

I Iy I3
IT; 50 0 0 50
Actual membership Il 0 46 4 50
I3 0 1 49 50

and consequently, E(AER) = =5 = 0.0333333.
When we used the multivariate normal densities for the same example, the sample

quadratic classification rule provided the the confusion matrix as follows:
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Predicted membership

m I, I3
I 50 0 0 50
Actual membership Il 0 47 3 50
I3 0 1 49 50

and consequently, the estimate of the expected actual error rate = 0.0267. It shows that
the discriminant function using Kotz type densities provides slightly higher error rate
than that using quadratic discriminant rule based on multivariate normal distributions
with unequal covariance matrices. Once again, this could be due to the fact that the
Iris data are found to follow multivariate normal distribution.

To evaluate the performance of the discriminant rules when data are from Kotz
type distributions we consider the simulated data in the following example.
Example 4.6. We generate data with three variables for 30, 35 and 40 observations
from three Kotz type populations I1;, I15 and I3 With the following means and variance -
covariance maftrices respectively where

p, = (5.006, 3.428, 1.462)',
0.121764 0.097232 0.016028
¥ = 0.097232 0.140816 0.011464
0.016028 0.011464 0.029556

bl

!

ty = (5.936, 2.77, 4.26),
0.261104 0.08348 0.17924
¥, = | 008348 00965 0.081
0.17924  0.081  0.2164

py = (6.588, 2.974, 5.552)
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0.396256 0.091888 0.297224
¥ = 0.091888 0.101924 0.069952
0.297224 0.069952 0.298496

Now for these data the Lachenbruch’s holdout procedure using Kotz type densities

provides the following confusion matrix.

Predicted membership

II; Iy I3
I 30 0 0 30
Actual membership Ilg 1 29 5 35
I3 0 7 33 40

and consequently, E(AER) = & = 0.1238.
When we used the sample quadratic classification rule under multivariate normal
densities with unequal X; for the same example, we obtained the confusion matrix as

follows:

Predicted membership

1 I, II;3
I 29 1 0 30
Actual membership Il 1 28 6 35
I3 0 9 31 40

and consequently, the estimate of the expected actual error rate = 0.1619. This rate
is considerably higher than 0.1238. Thus, the discriminant function using Kotz type
densities performs better and can achieve effective classification when the samples are

from Kotz type populations.
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4.4 Concluding Remarks

Before implementing a sample classification rule, multivariate normality of the data
should be checked. If multivariate normality holds, then already well established pro-
cedures based on normality can be utilized for classification. If normality fails and
Kotz type distribution assumption holds, then we can use the discrimination function
rules based on Kotz type densities that we have developed in this chapter as an al-
ternative procedure. If we are not sure about the appropriateness of using normal or
Kotz type densities, rules based on both the densities can be constructed and the one

that provides smaller error rate can be used.
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APPENDIX

PROGRAM 1: This program is to compute the power comparison between

Mardia’s skewness and kurtosis measures and Henze-Zirkler test.

options 1s=70 nodate;
proc iml;
count1=0; count2=0; count3=0;

count4=0; countb=0; count6=0;

seed=0;
sample=5000;
n=100;

ql_95= 18.234;
q2_95= 1.366;

qtnb_5_95= 0.120;

qtnbi_95= 0.681;

qtnb3_95=  1.098;

qtnb_n_95= 0.985;

p=3;

kappal=j (sample,1,0);

kappa2=j (sample,1,0);
tnb_b=j(sample,1,0);
tnbl=j(sample,1,0);

tnb3=j (sample,1,0);
tnb_n=j(sample,1,0);

* compute beta for HZ statistic;
ttl=( (2%p + 1)/4 )*x(1/(p+4));
tt2=n**(1/(p+4));
beta_n=(1/sqrt(2))*tti*tt2; print beta_n;
beta_5=0.5; print beta_5;
betal=1; print betal;

beta3=3; print beta3;
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* generate new normal samples;
do k=1 to sample;
z=j(n,p,0);
x=j(n,p,0);
g_matrix=j(n,n,0); newg_matrix=j(n,n,0);
x=normal (repeat (seed,n,p));
dfchi=p* (p+1)*(p+2)/6;
g=i(n) - (1/n)*j(n,n,1);
s=(1/n)*t (x) *q*x;
s_inv= inv(s);
g_matrix=qrx*s_inv*t (x)*q;
do i=1 to n;
do j=1 to n;
newg_matrix[i,jl=g matrix[i,i] -2*g_matrix[i,jl+g_matrix([j,jl;
end;
end;
betalhat=( sum(g_matrix#g matrix#g matrix) )/(n*n);
beta2hat=trace( g_matrix#g_matrix )/n;
kappal [k] =n*betalhat/6;
kappa2[kl=(beta2hat - p*(p+2))/sqrt(8*p*(p+2)/n);
if (kappall(k] > q1_95) then
countl=countl+1;
if (kappa2[(k] > q2_95) then
count2=count2+1;
* compute tnb,HZ statistic for betal.5;
terml=sum( exp( -0.5x(beta_5+*2)*newg _matrix ) )/(n**2);
t1=-(2/n)*(1+beta_5**2) *x(-p/2) ;
t2=trace( exp( -0.5*(beta_5**2/(1l+beta_b**2))*g_matrix ) );
term2=t1*t2;
term3=(1+2*beta_5**2) **(-p/2);

tnb_5[k]=n*(terml + term2 + term3);
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x compute tnb,HZ statistic for betal;
terml=sum( exp( -0.5*(betal**2)*newg_matrix ) )/(n**2);
t1=-(2/n) * (1+betal**2)*x(-p/2) ;
t2=trace( exp( -0.5*(betal**2/(1+betal**2))*g_matrix ) );
term2=t1*t2;
term3=(1+2%betal**2)*x(-p/2) ;
tnbl[k]=n*(terml + term2 + term3);
* compute tnb,HZ statistic for beta3;
termi=sum( exp( -0.5*(beta3**2)*newg matrix ) )/(n*x2);
t1=-(2/n)*(1+beta3d**2)**(-p/2) ;
t2=trace( exp( —-0.5*(beta3**2/(1+betal3**2))*g_matrix ) );
term2=t1*t2;
term3=(1+2%betad**2)**(-p/2) ;
tnb3[k]=n*(terml + term2 + term3);
* compute tnb,HZ statistic for beta_n,;
termi=sum( exp( -0.5%(beta_n**2)*newg_matrix ) )/(n**2);
t1=-(2/n)*(1+beta_n*x*2) *x*x(-p/2);
t2=trace( exp( -0.5*%(beta_n**2/(1+beta_n**2))*g_matrix ) );
term2=t1*t2;
term3=(1+2*beta_n**2)**(-p/2) ;
tnb_n[k]=n*(terml + term2 + term3);
if (tnb_5[k] > qtnb_5_95) then
count3=count3+1;
if (tnbl[k] > qtnbi_95) then
count4=count4+1;
if (tnb3[k] > qtnb3_95) then
countb5=countbs+1;
if (tnb_n[k] > gqtnb_n_95) then
countb=count6+1;
end;

power_blp=countl/sample;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

99



100

power_b2p=count2/sample;
power_tnb_b=count3/sample;
power_tnbl=count4/sample;
power_tnb3=count5/sample;
power_tnb_n=count6/sample;

title2 ’Power for normal data’;

print seed; print p;

print ’The number of’ sample ’samples of size’ n;
print ’by (1) using kappal, kappa2, tnb’;

print ’Based on skewness: ’ countl power_blp;

print ’Based on kurtosis: ’ count2 power_bZ2p;

print ’Based on Henze-zirkler: ’ count3 power_tnb_5;
print ’Based on Henze-zirkler: ’ count4 power_tnbl;
print ’Based on Henze-zirkler: ’ countb power_tnb3;
print ’Based on Henze-zirkler: ’ count6 power_tnb_n;
quit;
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PROGRAM 2: This program is to compute MLEs for p and general covariance
3.

options 1s=70;

proc iml;

/* Log-likelihood function:f_ha */

start f_ha(x) global(data,optn,con,xbar,p,n);

t=j(n,1,0); v=j(p,p,0); d=j(p,p,0);

sum=0. ;

pi=3.1416;

c=1./(2*pi);

k=1;

do i=1 to p;

do j=1 to p;
if (i<=j) then do;

v[i,jl=x[p+kl;
v[j,il=x[p+k];

k=k+1;
end;
end;
end;
varcov=v;

* check if the varcov is pd;
call eigen(lambda,u,varcov);
d=diag(lambda) ;
do i=1 to p;
if (d(i,i1<=0) then d[i,i]=0.0001;
end;
varcov=u+d*t (u) ;
inv_var= inv{(varcov);

detsig=det (varcov);
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do i=1 to p;

xbar [i]=x[i];
end;
* use original data of X;
do i=1 to n;

diff=datal,i] - xbar;

tt= t(diff)*inv_varxdiff;

t[il=sqrt( tt );

sum=sum + t[i];
end;
f_ha=n*log(c) - (n/2)*log(detsig) - sum;
return(f_ha);
finish f_ha;
/* Main program */
n=30;
p=4;
cc=p*(p+1)/2; ,
par_ha=p+cc; par_hol=cc; par_ho2=1l+cc;
par_ho3=2+cc;
data=j(p,n,0); xbar=j(p,1,0);
x_ha0O=j(par_ha,1,0); muopt_ha=j(p,1,0);
vi=j(cc,1,0); v=j(p,p,0);
a_hat=j(p,p,0); b_hat=j(p,p,0); asym_mu=j(p,p,0);
sigma2=0; rho=0;
suml=0; sum2=0; sum3=0;
alpha=0.05;
x_ho10=j(par_hol,1,0);
x_ho20=j(par_ho2,1,0); muop_ho2=j(1,1,0);
x_ho30=j(par_ho3,1,0); muop_ho3=j(2,1,0);
sigma=0;

asy_lmul=j(p,p,0); hi=j(p-1,1,0);
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asy_1mu3=j(3,3,0); h3=j(3,1,0);

asymi=j(p,1,0); lowl=j(p,1,0); upl=j(p,1,0);

asym2=j(p,1,0); low2=j(p-1,1,0); wup2=j(p-1,1,0);

asym3=j(3,1,0); 1low3=j(3,1,0); up3=j(3,1,0);

s1=j(p,1,0);

* board data;

tdata={ 1889 1651 1561 1778,
2403 2048 2087 2197,
2119 1700 1815 2222,
1645 1627 1110 1533,
1976 1916 1614 1883,
1712 1712 1439 1546,
1943 1685 1271 1671,
2104 1820 1717 1874,
2983 2794 2412 2581,
1745 1600 1384 1508,
1710 1591 1518 1667,
2046 1907 1627 1898,
1840 1841 1595 1741,
1867 1685 1493 1678,
1859 1649 1389 1714,
1954 2149 1180 1281,
1325 1170 1002 1176,
1419 1371 1252 1308,
1828 1634 1602 1755,
17256 1594 1313 1646,
2276 2189 15647 2111,
1899 1614 1422 1477,
1633 1513 1290 1b16,
2061 1867 1646 2037,
1856 1493 1356 1533,
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1727
2168
1655
2326
1490

data=t(tdata);

1412
1896
1675
2301
1382

1238
1701
1414
2065
1214

xbar=(1/n)*data*j(n,1,1);

g=i(n) - (1/n)*j(n,n,1);

1469,
1834,
1597,
2234,
1284} ;

ss=(1/(n-1))*data*xg*tdata;

do i=1 to p;

sigma2=sigma2 + ss[i,i];

end;

sigma2=sigma2/p;

* initial value of (mu,sigma) under Ha;

k=1;
do i=1 to p;

do j=1 to p;

if (i<=j) then

end;
end;
x_haO=xbaxr//v1;
tx_ha0=t (x_ha0)
optn={1 2};
con_ha={.
1l.e-6 .
1l.e-6 .
1.e-6 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

2

do;

k=k+1;

end;

vilk)=ss[i,jl;

* for maximizing ;

104
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¥

call nlpnra(rc,x_hares,"f_ha",x_ha0,optn,con_ha);

* Save result in xopt_ha, fopt_ha ;

xopt_ha=x_hares;

fopt_ha=f_ha(xopt_ha);

print rc;

print xopt_ha;

print fopt_ha;

* Solve for muopt,sigmaopt under Ha,

do i=1 to p;

muopt_hal[il=xopt_ha[il;

end; sigop_ha=xopt_ha[p+1l:par_hal; print muopt_ha sigop_ha;

*Compute the optimal covariance using the optimal values of

MU,SIGMA;

k=1; do i=1 to p;

do j=1 to p;
if (i<=j) then do;
v[i,jl=xopt_hal[p+k];
v[j,i]=xopt_ha[p+k];
k=k+1;
end;
end;
end;
bigsopt=v;
print bigsopt;

quit;
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PROGRAM 3: In this program, we are computing APER and E’(AER) using

Kotz type densities for unequal general covariances for p=4 and g=2.

options 1s=70;

proc iml;

/* Log-likelihood function:f_ha_1 */

start f_ha_1(x)

global(datal,data2,optn,
con,p,pl,p2,n,n1,n2,g);

v_1=j(p,p,0); v_2=j(p,p,0);

t1=j(n1,1,0); t2=j(n2,1,0);

suml=0.; sum2=0.;

xbar=j(p2,1,0); d=j(p,p,0);

pi=3.1416;

c=1./(2*pi);

* find Sigmal;

do i=1 to p;

do j=1 to p;

if (i<=j) then do;
v_1[i,jl=x[p2+ki];
v_1[j,i]=x[p2+ki];
k1=k1+1;
end;
end;

end;

varcovi=v_1;

* check if the varcovl is pd;

call eigen(lambda,u,varcovl);

d=diag(lambda) ;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



107

do i=1 to p;
if (d[i,i]1<=0) then d[i,i]=0.0001;
end;
varcovi=uxd*t (u) ;
inv_varil= inv(varcovl);
detsigl=det (varcovl);
* find Sigma2;
cc=p*x(p+1)/2;
k2=cc + 1;
do i=1 to p;
do j=1 to p;
if (i<=j) then do;
v_2[1i,jI=x[p2+k2];
v_2[j,i]=x(p2+k2];
k2=k2+1;
end;
end;
end;
vVarcov2=v_2;
* check if the varcov2 is pd;
call eigen(lambda,u,varcov2);
d=diag(lambda) ;
do i=1 to p;
if (d[i,i]<=0) then d[i,i]=0.0001;
end;
varcov2=uxd*t (u) ;
inv_var2= inv(varcov2);
detsig2=det(varcov2);
do i=1 to p2;
xbar[i]=x[i];

end;
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* use original data of X;
do i=1 to ni;
diffi=datail,i] - xbar([i:p];
ttl= t(diffl)*inv_varlxdiffi;
t1[il=sqrt( ttl1 );
sumi=suml + t1[i];
end;
do i=1 to n2;
diff2=data2[,i] - xbar(p+1:p2];
tt2= t(diff2)*inv_var2xdiff2;
t2[il=sqrt( tt2 );
sum2=sum2 + t2[i];
end;
sum=suml+sum2;
sum_sig=nl*log(detsigl) + n2*log(detsig?);
f_ha_1=nxlog(c) - (1/2)*sum_sig - sum; * maximized fn ;
return(f_ha_1);
finish f_ha_1;
start check_dist(data,muopt,invsigl,invsig?2,
detsigl,detsig2,i,p,gl,g2,n12_m);
diff=j(p,1,0);
nl2_m=0;
diff = datal,i] - muopt{,gll;
distsql = sqrt( t(diff)*invsigl*diff ) + 0.5xlog(detsigl);
diff = datal,i] - muopt([,g2];
distsq2 = sqrt( t(diff)*invsig2*diff ) + 0.5%log(detsig2);
if (distsq2 < distsql) then nl2_m = 1;
finish check_dist;
start get_xbar_sigma(muopt_ha,invsigl,invsig2,
detsigl,detsig?)
global(tdatal,tdata2,datal,data2,
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cc,p,p2,n1,n2,g);
vl =j(cc,1,0); v2 =j(cc,1,0);
muopt_ha=j(p,g,0);
vvi=j(p,p,0); vw2=j(p,p,0);
xbarl=j(p,1,0);
xbar2=j(p,1,0);
* find sample means for 2 groups;
xbarl=datal[,+]/ncol(datal);
xbar2=data2[,+]/ncol(data2);
* find sample var-cov matrix;
ql=i(n1) - (1/n1)*j(nl,n1,1);
g2=i(n2) - (1/n2)*j(n2,n2,1);
ss1=(1/(n1-1))*datal*ql*tdatal;
ss2=(1/(n2-1))*data2xq2*tdata2;
ss=( (n1-1)*ss1+(n2-1)*ss2)/(nl+n2-2);

* find the initial values for sigma?2;

do i=1 to p;
do j=1 to p;
if (i<=j) then do;
vi(ki1l=ssi[i,j];

kil=ki+1;
end;
end;
end;
k2=1;
do i=1 to p;
do j=1 to p;

if (i<=j) then do;
v2[k2]=ss2[i,j];
k2=k2+1;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



110

end;
end;
end;
* initial value of (mull,..,mul5,mu4dl,...,mu4b5,
sigmal,...,sigma3);
xbar=xbarl//xbar2;
sigma_po=v1//v2;
x_ha_10=xbar//sigma_po;
tx_ha_10=t(x_ha_10);
optn={1 0}; * for maximizing ;

con_ha={
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.}

call nlpnra(rc,x_hares,"f_ha_1",x_ha_10,optn,con_ha);
* Save result in xopt, fopt ;
xopt_ha=x_hares;
fopt_ha=f_ha_1(xopt_ha);
* Solve for mulopt,...,mu2opt, sigmalopt,...,sigma3opt;
do i=1 to g;
muopt_ha[,il=xopt_ha[((i-1)*p)+1:p*i];
end;

* find Sigmatl;

ki1=1;
do i=1 to p;
do j=1 to p;

if (i<=j) then do;
vv1i[i,jl=xopt_hal[p2+kl];
vv1[j,i]l=xopt_ha[p2+k1];
ki=k1+1;
end;
end;
end;
* find SigmaZ2;
cc=px(p+1)/2;
k2=cc + 1;
do i=1 to p;
do j=1 to p;
if (i<=j) then do;

vv2[i, jl=xopt_ha[p2+k2];
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end;
end;

sigl=vvl;

vv2[j,il=xopt_ha[p2+k2];

k2=k2+1;

end;

invsigl= inv(sigl);

detsigl=det(sigl);

sig2=vv2;

invsig2= inv(sig2);

detsig2=det (sig2);

finish get_xbar_sigma;

/* Main program

g=2;

p=4; p2=2%p;
cc=p*(p+1)/2;
par_ha=p2+2*cc;

tdatal={
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5.7806923
5.4164124
5.8224671
5.915706
.0615442
.5635799
.0405752
.9646149
.1000764
.9264868
.6443527
.9006483
.6374569

(o2 T o ) TR & 2 B & 2 BN & £ I © ) B & 1 I o B ¢ 1 I

.4346199

2.9711524
2.8093463
2.6413571
2.75205698
3.1057031
2.922983
.59556045
.6004935
.7878842
.8248937

.1013458
. 7429361

2
2
2
2
2.3811418
3
2
2.4490424

. 7236083
.1048688
.1156555
.4367974
.0010325
.5625164
.2735683
.6010724
.1367692
.2337807
.2266821
.1848988
.1684296
.0686659

.50285612,
.3894683,
.2004034,
.3211563,
.4469908,
.4017037,
.2460578,
.1288722,
.2718204,
.3092521,
.2690787,
.4086161,
.1353632,
.1920723,
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tdata2={

5.686537
.5398378
5792779
. 7580576
.7195076
.2880095
.6827247
.9629738
.2534427
. 7880453
.4859478
.9656021
.8308631

o> YN & 2 BN & 2 I o RN ¢ » NN & 2 SN @ 2 RN & 1 IR > NN © ) BN & 2 BN @ D IR

.3202378
6.246117
5.284534
.8462112
.1805166
.2938092
.0491458
.5687688
.5103595
.4857636
.4811978
.4331137
.4994476
.4880198

D 0O OO o o0 ;0 oo OO N O

6.356663
6.6537091
6.5688772

7.357926

.7037714
.9877456
.8897342
.6495915
.7513127
. 7209261
.9219009

2
2
2
2
2
2
2
2.8588019
2.8480558
2.7655088
3.2043381
3.0616776
2.8428823
2.9035702
3.2109154
2.5278402
3.046601
3.3370394
3.0646918
2.8742568
2.9170615
3.1343121
3.3183748
3.3335411
2.874984
3.2233767
3.1290922
2.8471859
3.3155046
3.0201839
2.6389793

o N A B < A B < s AR N TR <, BR'e » SR S <, B ~S'S » B < B G » NN < 2 B @ C B N S S I L = T N ¢ - D S S

.3215518
.1977785
.3448149
.3011515
.8838301
.5542073
.2515982
. 3858777
.1071094
.1234011
.2138811
.1505009
.0287503
.2867455
.0325683
.9808005
.9178479
.9864498
.3058226
.4588787
.7702703
.6372549
.9128641
.3803565
.3741692
.3671073
.2651431
.8390458
.5364078
.7T733679
.7314072

1.3376282,
1.4275273,
1.2068549,
1.2496377,
1.2760272,
1.4095898,
1.4155149,
1.3956366,
1.2321512,
1.2536415,
1.3666392,

1.312617,
1.2345323,
0.9928669,
1.3407778,

1.1471642};

1.8842269,
2.2277146,
2.0478006,
2.4409555,
1.8806772,

2.315888,
2.2565673,
1.8987372,

1.758083,

2.534746,
2.1074788,
2.4549109,
2.2072308,
2.3116469,
1.5106304,
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.0316135 1.8806569 4.4691248 2.1438683,

4
.8310662 2.9633427 5.7297421 2.0299421,
.6569992 2.8223333 4.8557879 1.9384321,
.5815036 1.9986782 4
.2810534 3.317477 5.83851 1.8618643,

.2051024 2.4717544 4.6737335

.5067316 1.9977182,

.1316235,

1
.8058637 3.1057605 5.9300564 2.0530363,

A OO o N o ;O O,

.6884489 2.758086 5.58295556 1.9810277,

6.418012 1.9943875,
.7003529 2.0546334,

.6470089 1.7982288,

.7143569 3.0428895

.3792509 2.8108183

4
5
5
3.0816724 5.6730993
3 5
2 5
.1085266 2.6748243 5.1651656 2.0292148,
3
2
2

2
.4734502 3.2315595 3.769565 1.9606387,
2

.9880721 2.8316502 5.1363329 2.1609173,

~N g OO

.4433548 2.6297364 6.5193664 1.7712821};
sigl=j(p,p,0);

sig2=j(p,p,0);

nl=nrow(tdatal); n2=nrow(tdata2);

n=nl+n2;

datal=j(p,nl1,0); data2=j(p,n2,0);

datal=t(tdatal);

data2=t(tdata2);

nl2_mm = 0; n21_mm = 0 ;

run get_xbar_sigma(muopt_ha,invsigl,invsig2,

detsigl,detsig2);

sigl = inv(invsigl);

sig2 = inv(invsig2);
print muopt_ha sigl invsigl sig2 invsig2 ;
do i =1 to nil;
run check_dist(datal,muopt_ha,invsigl,invsig2,

detsigl,detsig2,i,p,1,2,n12_m);
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ni2_mm = n12_mm + nl2_m;
end;
nil_t=nl - n12_mm ;
do i =1 to n2;
run check_dist(data2,muopt_ha,invsig2,invsigl,
detsig2,detsigl,i,p,2,1,n12_m);
n21_mm = n21_mm + nl12_m;
end;
n22_t=n2 - n2i_mm ;
count_mm=ni2_ mm + n21_mm ;
aper=count_mm/n;
print ’The confusion matrix’;
print ’Classify as’;
print ’ Popl Pop2’;
print ’True Pop’ nli_t nl2_mm ;
print ’ ’ n21 mm n22_t ;
print ’APER’ aper;
store_datal=tdatal;
store_data2=tdata?2;
nol=nrow(store_datal);
tdatal=j(nol-1,p,0);

nll_true = 0; ni2_miss = O;

do i 1 to noi;
k = 0;
do j = 1 to nol;
if i "= j then do;
k=k+ 1;
tdatal(k,] = store_datall[j,];
end;

end;

datai=t (tdatal);
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ni=ncol(datal); n=nl+n2;
run get_xbar_sigma(muopt_ha,invsigl,invsig2,
| detsigl,detsig?);
run check_dist(t(store_datal) ,muopt_ha,invsigl,invsig2,
detsigl,detsig2,i,p,1,2,n12_m);
nl2_miss = nl2_miss + nl2_m;
end;
nll_true = nol - nl2_miss ;
tdatal=store_datal;
datal=t(tdatal);
nl=ncol(datal);
no2=nrow(store_data?2);
tdata2=j(no2-1,p,0);

n22_true = 0; n21_miss = 0;

do 1 1 to no2;
k = 0;
do j =1 to no2;
if i "= j then do;
k=k+ 1;
tdata2[k,] = store_data2(j,];
end;
end;
data2=t (tdata2);
n2=ncol(data2); n=nl+n2;
run get_xbar_sigma(muopt_ha,invsigl,invsig2,
detsigl,detsig2);
run check_dist(t(store_data2),muopt_ha,invsig2,invsigl,
detsig2,detsigl,i,p,2,1,n12_m);
n21_miss = n21 _miss + nl2_m;
end;

n22_true = no2 - n2l_miss ;
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count_miss=nl2 miss + n21_miss ;
tot=nol + no2 ;
ex_aer=count_miss/tot;

print ’'The confusion matrix’;

print ’Classify as’;

print ’ Pop1l Pop2’;
print ’True Pop’ nll_true nl2_miss;
print °’ '’ n21_miss n22_true;

print ’The estimate of E(AER)’ ex_aer;

quit;
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