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ABSTRACT

ANALYZING CHOLERA DYNAMICS IN HOMOGENEOUS AND
HETEROGENEOUS ENVIRONMENTS

Drew Posny
Old Dominion University, 2014
Director: Dr. Jin Wang

Cholera continues to be a serious public health concern in developing countries
and the global increase in the number of reported outbreaks suggests that activities
to control the diseases and surveillance programs to identify or predict the occur-
rence of the next outbreaks are not adequate. Mathematical models play a critical
role in predicting and understanding disease mechanisms, and have long provided
basic insights in the possible ways to control infectious diseases. This dissertation
is concerned with mathematical modeling and analysis of cholera dynamics. First,
we study an autonomous model in a homogeneous environment with added controls
that involves both direct and indirect transmission pathways. We conduct a careful
equilibrium analysis and, in particular, investigate the threshold dynamics of this
model. Next, we propose a general multi-group model for cholera dynamics that
incorporates spatial heterogeneity and dispersal. Under biologically feasible condi-
tions, we show that the basic reproduction number Ry remains a sharp threshold
for cholera dynamics in multi-group settings. We verify the analysis by numeri-
cal simulation results. Then, we propose a deterministic compartmental model for
cholera dynamics in time-periodic environments. The model incorporates seasonal
variation into a general formulation for the incidence (or, force of infection) and the
pathogen concentration. The basic reproduction number of the periodic model is
derived, based on which a careful analysis is conducted on the epidemic and endemic
dynamics of cholera. Several specific examples are presented to demonstrate this
general model, and numerical simulation results are used to validate the analytical
prediction. Finally, we extend the general multi-group cholera model to a periodic

environment.
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CHAPTER 1

INTRODUCTION

Cholera is a severe intestinal infectious disease caused by ingesting food or water
contaminated with the bacterium Vibrio cholerae. Symptoms of cholera infection
include profuse watery diarrhea that rapidly causes dehydration, hypovolemic shock,
and acidosis and can lead to death if appropriate treatment is not promptly given
[60,70]. The World Health Organization estimates that there are 3 to 5 million cases
of cholera infection and 100,000 to 120,000 deaths due to cholera each year. Recent
years witnessed an increasing number of cholera outbreaks worldwide, including one
of the largest cholera epidemics in modern history that took place in Haiti from
2010-2012 with more than 530,000 reported cases and over 7,000 deaths {70]. Major
cholera outbreaks also include those in Sierra Leone (2012), Ghana (2011), Nigeria
(2010), Vietnam (2009), Zimbabwe (2008), and India (2007), among others. Thus,
cholera remains a serious public health concern in the developing world where poverty
and poor sanitation and hygiene are prevalent.

Consequently, provision of clean water and proper sanitation facilities are the
critical weapons in reducing the impact of cholera {15,70]. However, water and san-
itation investments, which are the key for long-term cholera prevention and control,
are usually not possible in emergency epidemic settings or not available in develop-
ing countries. These epidemics have increased in frequency, severity, and duration,
implying that current knowledge in cholera dynamics and public health guidelines to
control the disease are not adequate.

Cholera dynamics are subject to complex disease transmission pathways.
The transmission of cholera involves both direct (human-to-human) and indirect
(environment-to-human) routes, due to the multiple interactions between the human
host, the pathogen, and the environment [51]. Both symptomatic and asymptomatic
individuals shed the bacteria back into the environment, further fueling the pathogen
concentration and persistence of the disease. Direct transmission of cholera through
human-human contact is usually not expected because the infectious dose (ID) is
high [60,68]. Here, we define direct human-to-human transmission as cholera trans-

mission not involving the aquatic environment, i.e, cholera transmission through



other fecal to oral pathways of hyperinfectious vibrios such as ingesting food or wa-
ter contaminated by a food handler. A recent cholera outbreak in Zimbabwe, a
land-locked country in Africa, underscores such a direct human-to-human transmis-
sion pathway [47]. Indirect transmission of cholera arises from exposure to untreated
water and sewage.

Mathematical modeling, simulation and analysis is a key approach to gain insight
into the complex transmission dynamics of cholera. SIR and SIRS epidemiological
models are commonly used to study the dynamics of infectious diseases. The total
population is divided into homogeneous subpopulations, or compartments, based on
the stage of the disease. In general, individuals are classified into three distinct com-
partments: susceptible (S), infected (I), and recovered (R). The susceptible compart-
ment consists of individuals who could potentially become infected with the disease.
Individuals who are currently infected (symptomatic and asymptomatic) with the
disease are classified as infected. Lastly, individuals who have recovered and can no
longer transmit the disease are classified as recovered. These epidemiological models
describe the movement of individuals between S, I and R. In an SIR model, once
an infectious individual enters the recovered compartment, the individual develops
immunity and no longer transmits the disease. However, in an SIRS model, indi-
viduals are susceptible, then infected, then recovered, and finally lose immunity and
become susceptible again. Frequently incorporated amongst proposed mathematical
models studying cholera dynamics is an incidence function, which determines the
rate of new infection. The incidence function incorporates transmission routes such
as contact rates with the pathogen in untreated water (indirect transmission) and
among human hosts (direct transmission).

Since cholera is a waterborne infectious disease, many mathematical cholera mod-
els extend the classical SIR framework by adding an environment component, de-
noted by B, that tracks the concentration of toxigenic cholera vibrios in water. The
pathogen has a critical relationship with the aquatic environment. In the absence of
an infected individual excreting the bacteria back into the environment, the pathogen
can continue to persist and potentially infect others. That is, the aquatic environment
may serve as a reservoir of toxigenic V. cholerae allowing the bacteria to survive for
long periods of time [15,68]. Biofilms provide protection to the bacteria from stresses

in the environment, allowing for survival and persistence [60]. Hence, it is important



to understand the significance of the aquatic reservoir and its effects on cholera dy-
narnics. A number of mathematical cholera models have been proposed and analyzed
in recent years [2,7,13,15,28,31,43,47,61-63,65]; among these, several models have
been driven by the ongoing outbreaks in Haiti [2,7,13,63].

In particular, Codego [15] published a model that incorporated the environmental
component into a regular SIR epidemiological model, building on the previous work
in [10]. The environment component allows for the introduction of a function used
to describe the rate of change for the pathogen in the environment. Codeco’s model
illustrated the pathogen concentration as el — 3B, where e is the human contribution
to the pathogen concentration and 3 is the net death rate of vibrios. A saturation
incidence given by A(B) = aKL_;B was used to model the infection from the environ-
ment, where a is the rate of exposure to the contaminated environment and K is
the half saturation concentration of environmental vibrios. This model excluded the
human-to-human transmission pathway.

On the other hand, Mukandavire et al. [47] proposed a new model incorporating
both direct and indirect cholera transmission to study the 2008-2009 cholera out-
breaks in Zimbabwe. This model considered human-to-human transmission defined
in the context of infection by hyperinfectious vibrios [28,45,46,51]. The incidence
term was modeled as 5%% + Bnl where 3. and ) are rates of exposure to envi-
ronmental and hyperinfectious vibrios, respectively. The results in [47] elucidates
the importance of human-to-human transmission in shaping cholera epidemics in
non-riverine and estuarine environments such as Zimbabwe.

Similarly, Tien and Earn [62] proposed a model with both environment-to-human
and human-to-human transmission pathways; however, no saturation effect was con-
sidered. The bilinear incidence function was given by by W + b;I, where W is the
pathogen concentration in the environment, and by, and b; are defined in the same
role as 3. and (3, respectively. Moreover, Wang and Liao [65] recently proposed
a deterministic cholera model that incorporates general nonlinear incidence factors
and pathogen functions and that can unify many of the existing cholera models.-
These studies have certainly produced many useful results and have improved our
understanding of cholera dynamics. For reference, we have listed details of these
cholera models (Codego, Mukandavire et al., Tien and Earn, and Wang and Liao) in
Appendix A.

A major limitation of these cholera models and other current quantitative studies



(e.g., [28,57]) on cholera transmission and control is that spatial heterogeneity and
dispersal are not sufficiently addressed, resulting in poor understanding of the spread
of cholera infection. Mukandavire et al. [47] estimated basic reproduction numbers
for the 10 provinces in Zimbabwe. The results were highly heterogeneous, show-
ing that the underlying transmission pattern varied widely throughout the country.
Similarly, in the work of Tuite et al. [63], very different basic reproduction numbers
were established for the 10 administrative departments of Haiti. Although relatively
simple mathematical models were used in these studies, they did imply that spatial
heterogeneity takes an essential role in cholera transmission and the design of con-
trol strategies. Consequently, the effects of dispersal and movement among different
spatial regions, including the communication of human populations and dispersal of
vibrios, are critical in shaping the global epidemics and endemics of cholera.

One of the most successful approaches to investigate spatial heterogeneity and
dispersal in mathematical epidemiology is multi-group modeling. In multi-group
modeling, the entire population is divided into n > 2 distinct groups, with each
group containing S, I, R, and B compartments. Thus, disease transmission occurs
both within the same group and between different groups, reflecting the movement
of human hosts and the pathogen from one spatial region to another. In this study,
we will use the multi-group modeling approach to investigate the spatial dynamics
of cholera transmission.

Another critical limitation of these cholera models (e.g., [15, 28, 47,57, 62, 65]),
however, is that they all assume that the model parameters are constant in time,
meaning that the disease contact rate, recovery rate, pathogen growth rate, etc., all
take fixed values independent of time. From the mathematical point of view, such an
assumption has the advantage of simplifying the models and analysis, and facilitating
the use of some well known theory in autonomous dynamical systems. Yet seasonal
environmental and climatic factors could significantly affect cholera dynamics. For
example, temperature, salinity, rainfall and plankton influence the transmission of
cholera in regions of the world where the human population relies on untreated water
as a source of drinking water [17]. These seasonal and environmental variations
represent another kind of heterogeneous environment for the disease dynamics that
is defined in terms of time.

In many endemic places, cholera is a seasonal disease and infection peaks often

occur annually in the rainy or monsoon season [21,30,53,60, 68|, further illustrating



the concept of a potential reservoir of toxigenic cholera vibrios in endemic regions.
Such observations underline the limitation of current cholera models and imply that
mathematical insight on cholera seasonality has largely lagged behind. It is thus im-
portant for mathematical cholera studies to incorporate these seasonal factors to gain
deeper quantitative understanding of the short and long term evolution of cholera
dynamics, and to better predict and prevent future cholera outbreaks. We will take
a solid step in this work to investigate seasonal dynamics of cholera transmission. In
particular, we will analyze the threshold properties of cholera dynamics in a periodic
environment.

This dissertation is organized into five chapters. Following this introductory
Chapter 1, in Chapter 2 we modify an autonomous cholera model to incorporate
added control measures. This model is based on the essential assumption of a ho-
mogeneous environment; no spatial variations or seasonal oscillations are involved.
Although unrealistic in some sense, this simplified, autonomous model allows us to
conduct a careful analysis on the interaction between the disease control measures
and the multiple transmission pathways of cholera, results of which would provide
useful insight into the design of effective control strategies against cholera outbreaks.
In particular, we determine the basic reproduction number Ry and conduct an equi-
librium analysis for the epidemic and endemic dynamics of the system. In Chapter
3, we construct a general multi-group modeling framework for cholera with biologi-
cally reasonable assumptions to study spatial heterogeneity in cholera dynamics. We
derive the basic reproduction number and analyze the global stability of the equilib-
ria. We present numerical simulation results to validate our analysis. In Chapter 4,
we construct a generalized cholera model in a periodic environment that represents
seasonal variations. We again derive the basic reproduction number and study the
global stability of the disease-free equilibrium. We further analyze the existence and
uniform persistence of an endemic periodic solution and briefly study several spe-
cific cholera models. Then, we extend the general multi-group model to a periodic
environment. Finally, in Chapter 5, we draw some conclusions and present future

work.



CHAPTER 2

AUTONOMOUS CHOLERA MODEL

Mathematical modeling of cholera dynamics and conducting realistic numerical
simulations based off historical data offers useful insight for public health adminis-
tration. Cholera models can be utilized to establish potentially the most effective
control measures needed during a cholera outbreak or for long-term cholera preven-
tion. For example, appropriate sanitation facilities, safe water and medical treatment
are critical in reducing the impact of cholera [70]. Thus, from modeling and simu-
lation, public health guidelines can be improved. We will start our investigation by
considering a simplified scenario where all human hosts are homogeneously mixed
and all disease transmission rates are fixed, without complications from spatial and
temporal variations. Our first goal is then to study the effects of different public
health controls on cholera dynamics in such a homogeneous environment.

To that end, we modify the model of Mukandavire et al. [47] (original model
presented in Appendix A) by adding three disease control measures: vaccination,
treatment, and water sanitation, and by introducing a new class of vaccinated people
to the SIR epidemiological model. Thus, our model classifies the human population,
denoted by N, into the susceptibles (.S), the vaccinated (V'), the infected or infectives
(I), and the recovered (R). We assume that individuals are born and die at an
average rate u. The concentration of vibrios in contaminated water is denoted by B.
We, thus, have the following system of differential equations describing the cholera

dynamics with added controls:

%.ji = uN —(1—p) [ﬁe-———é +ﬂh1} S— () +1)S, (1)
% = ¢(1)S —o(1 - p) [ﬁe———- + ﬁhl] V-~ uV, (2)
% = (1-p) [56 + &J] (S+oV)~(r(t) +v+u)l, (3)
dB
- = & -(+v)B, )
together with IR
— = (r(t) + 1) — uR. (5)

dt



Susceptible individuals acquire cholera infection either by ingesting environmental
vibrios from contaminated aquatic reservoirs or through human-to-human transmis-
sion, at rates A, = (1 — p)ﬁen—{»iB and A, = (1 — p)Brl, respectively, with the
subscripts e and h denoting environment-to-human and human-to-human transmis-
sions. Here, k is the pathogen concentration that yields 50% chance of infection
cholera, and p = ¢;p is the sanitation-induced preventability to cholera infection
which is a product of the sanitation efficacy ¢; and compliance p. We further assume
that susceptible individuals are vaccinated at a rate ¢(t), where t is the time variable,
with a vaccine that has a degree of protection o = (1 — ¢;), where ¢, is the vaccine
efficacy. Infected individuals are treated at a rate 7(t) and some recover naturally
at a rate v into the recovered class. Infected individuals contribute to V. cholerae
in the aquatic environment at a rate £ and vibrios have a net death rate ¢ in the
environment. In addition, water sanitation leads to the death of vibrios at a rate
v(t).

In general, ¢(t), 7(t) and v(t) are functions of ¢, representing non-uniform and
time-dependent controls. For the special case when the rates of all the three controls

are positive constants, i.e.,
o(t)y=¢ >0, () =7 >0, and v(t)=v >0, (6)

the model (1) - (4) is reduced to an autonomous system, that is, a system of ordinary

differential equations of the form

dX
Q?‘F(X)»

where X = (S,V,I, R, B)T and the right hand side does not explicitly depend on
time. Therefore, any parameters incorporated into an autonomous epidemiological
model are constant and independent of time. In this regard, once an infected individ-
ual enters a susceptible community, disease transmission occurs and control measures
are put into place immediately at a constant rate. This simplifies the mathematical
model and allows us to conduct a careful equilibrium analysis on both the disease-
free and endemic equilibria. However, in most epidemic and endemic settings, control
measures are difficult to implement at the onset of an outbreak and at a constant
rate.

Since the total population NV is fixed and N = S+ V + I + R, we will not need

equation (5) in our model analysis. It is clear to see that in this case, the feasible



region of the system (1) - (4) is
EN
P={(SV,1,B)|S20,V20,1200<S+V+I<NO0<B< ==} (7)

which is positively invariant for the flow of the system (1) - (4).

In the absence of infection (i.e., no infected individuals nor toxigenic bacteria in
the water, I = B = 0), the disease-free equilibrium (DFE) of the system (1) - (4) is
given by

(8)

N N
X0: (507‘/6710130) = ( r ¢ 3 O) -

d+u o+ p
2.1 STABILITY ANALYSIS OF DISEASE-FREE EQUILIBRIUM

The basic reproduction number, denoted Ry, is a fundamental concept in epi-
demiology. It is defined as the expected number of secondary infections that occur
when a typical infective individual is introduced into a completely susceptible pop-
ulation [64,66]. Therefore, the basic reproduction number defines a key biological
threshold behavior for numerous epidemic models [66]. If Ry < 1, then the infectious
disease will die out, whereas the infectious disease will spread and persist in a popu-
lation if Ry > 1. This theoretical principle has been extensively applied to measure
the effectiveness of vaccination strategy and antibiotic treatment, to estimate likeli-
hood of eradicating a disease, and to guide public health administrators to properly
scale their efforts [29]. Hence, it is crucial to determine an accurate estimate of Ry
for any infectious disease. There are several ways to obtain the basic reproduction
number for an infectious disease. One approach in determining Rg is based on the
next-generation matrix theory [64,66].

Let x = (z1,...,z,)T where each z; is the number of individuals in each compart-
ment. The compartments are sorted so that the first m compartments correspond to
the infected compartments and (z,, ..., Z,) correspond to the uninfected compart-
ments. The set of all disease free states is defined by Xy = {z > 0:z;, =0, i =
1

ment, V" (z) be the rate of transfer of individuals into the ith compartment by other

,--., m}. Let F;(x) be the rate of appearance of new infections in the ith compart-
means, and V; (z) be the rate of transfer of individuals out of the ith compartment.
Then, a disease transmission model can be represented by

d.’l,'i

& = fi(z) = Fi(z) — Vi(z), i=1,...,n (9)




where V; = V| — V" and F;, V7 and V" are all assumed to be continuously differ-

1

entiable at least twice in each variable.

Lemma 1. [64] If o is a disease-free equilibrium of (9) and the following assump-

tions are satisfied

(A1) if £ >0, then F;, V', V7 >0 fori=1,...n.

(A2) if t; =0 then V, = 0. In particular, if r € X, then V, =0 fori=1,...,m.
(A8) F; =0 ifi>m.

(A4) if € X, then Fi(z) =0 and V (z) =0 fori=1,...,m.

(A5) if F(x) is set to zero, then all eigenvalues of D f(xo) have negative real parts.

then the derivatives DF(xo) and DV(x) are partitioned as

Df(ﬂfo):(]; g) Dvuo):(r f)

where F and V are the m x m maitrices defined by

OF; oV L
= = < < m.
F [axj (xo)} and 1% [axj (xo)] i<i, j<m

Further, F is nonnegative, V is a nonsingular M-matriz and all eigenvalues of J,

have positive real parts.

Following [18] and [64], we define FV~! as the next-generation matrix for the

mathematical model and set the basic reproduction number as
Ro = p(FV 1) (10)

where p(A) denotes the spectral radius of a matrix A.
Let x = (I,B,S,V)T. Thus, the first two entries of z are directly related to
infection. Our main interest lies in determining the matrices F’ and V in order to

explicitly define Ry. Hence, we consider the compartmentalized infectious subsystem:

_ (1—-p) (Be25 + BrI) (S +0V) | G
0 6+ v)B —¢I

dI/dt
dB/dt

—F-V
(11)




10

where F denotes the rate of appearance of new infections and V denotes the rate
of transfer of individuals into or out of each infected compartment. The Jacobian

matrices evaluated at the disease-free equilibrium (8) are given by

(- e (552) ¥ (= (s522)

F =DF(X,) = , (12)
0 0
and
0
v=pyxg=| THTTH . (13)
—£ (6+v)
Therefore, the next-generation matrix for the model (1) - (4) is
(1-p) Be ptod +o¢
FV-! = T+viu {ﬂh + :(75—4%—)} ( b+u ) N (1-p)gs R(5+) (%M) (14)
0 0

Furthermore, the basic reproduction number is defined by
RO((b) v, T) = p(Fv-l)
(1 - ,0) Be€ H+U¢)
S S N
THy+p 5h+/{(5+u) o+ p (15)

_ (1-p) p+od
S k()T +p) ( o+ ) (8 + k(8 +v)Ba] N

Next, we will show that if Ry < 1, the disease-free equilibrium is locally and
globally asymptotically stable, and if Ry > 1, the disease-free equilibrium is unstable.

We make note of the following definition.
Definition 2. An equilibrium point u* of 4 = f(u) is:

e stable if for every € > 0, there is a 6§ > 0 such that |u* — u(t)| < e for allt >0
for any solution u(t) with |u* — u(0)] < 4.

e locally asymptotically stable if u* is stable and if there is a 6 > 0 such that
lu(t) — u*| — 0 as t — co for any solution u(t) with |[u* — u(0)} < 4.

e globally asymptotically stable if u* is stable and |u(t) — u*| = 0 as t = oo for

all solutions u(t).

e unstable if it is not stable.
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Thus, when Rg < 1, local stability of the disease-free equilibrium implies that a
small influx of infections will not lead to an outbreak, whereas global stability implies
that disease will be eradicated (converge to the disease-free equilibrium) independent
of the initial sizes of the sub-populations.

Furthermore, from [64], we immediately have the following theorem.

Theorem 3. Let Ry be defined as in equation (15). The disease-free equilibrium (8)
1s locally asymptotically stable when Rg < 1, and unstable when Ry > 1.

We mention that the basic reproduction number for the original model in [47] is

given by

Ro= st

Comparing the expressions in (15) and (16), we note that

Be + 0r3n) (16)

R() < 73.0 (17)

for all ¢ > 0, 7 > 0 and v > 0, due to the effects of disease controls.

Theorem 3 states that if the strengths of the (constant) controls are strong enough
to reduce the basic reproduction number below 1, then cholera will be eradicated.
Otherwise, a cholera epidemic would occur, though with a lower infection level than
that without controls owing to the reduced value of the reproduction number.

Indeed, the disease-free equilibrium is also globally asymptotically stable when
Ro < 1. We prove this by using the following global stability result established
in [11].

Theorem 4. Consider a model system written in the form

dX,

W = F(Xl,XQ) and — = G(Xl,XQ)

with G(X1,0) = 0, where X; € R™ denotes (its components) the number of uninfected
individuals and X, € R™ denotes (its components) the number of infected individuals;

Xo = (XE,0) denotes the disease-free equilibrium of the system. And assume,
1. For ‘%—l = F(X;,0), XE is globally asymptotically stable;

2. G(X1,Xs) = AXy — G(X1, X3), G(Xy, X3) > 0 for (X1 X2) € Q, where the
Jacobian A = g—)?;(Xf, 0) is an M-matriz (the off-diagonal elements of A are

nonnegative) and §2 is the region where the model makes biological sense.
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Then the disease-free equilibrium Xo = (XE,0) is globally asymptotically stable pro-
vided that Rg < 1.

Let X; =[S, V]T and X, = {I, B]T. That is, for our model (1) - (4) we have

d| S d| I
Etﬁ [ v = F(Xl,Xz) and Et‘ [ B } = G(Xl,Xz)
with G(X1,0) = 0. Applying Theorem 4, we obtain
ds N — S
F(X,,0) = [ @ ] - [“ (‘“f) ] . (18)
a1 (x,0) ¢S — pd

It follows from solving these differential equations that S(t) = fﬁ% + Cre~(¢rmit
and V(t) = "W + Che#t 4+ Ce~ (¢t for some constants C;, C, and Cs. Hence,
S(t) — -ﬁ—— a.nd V() — d’N as t — oo, showing that XF is globally asymptotically
stable and condltlon 1 holds.

Now, consider

G(X1, X2) = AX; — G(X1, X2) (19)
where A = %(Xf, 0). Specifically,

A=

[ (1= p)Bu(S+aV)—(r+v+p) (1—p)B3.(S+ oV)iey ]
€ —(6+v) (XE0)

R N R e
£ —{d+v)

where the off-diagonal elements are obviously nonnegative. Substituting into equa-

tion (19) gives,

) 1— 3 (u+a¢232N
G(Xl,XQ) — ( p)ﬁ 8(¢+M)\K+B) Z 0. (21)

Thus, condition 2 holds as well.

Summarizing these results, we obtain the theorem below.

Theorem 5. When Ry < 1, the disease-free equilibrium of the system (1) - (4) with

constant controls is globally asymptotically stable.

In addition, the following result now can be easily derived.
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Figure 1. The phase portrait of I vs. S for the system (1) - (4) with parameters set such
that Rg =~ 0.8. The curves correspond to six different initial conditions with I(0) = 1, 50,
100, 150, 200, and 250. All of the curves converge to the disease-free equilibrium where
So=pN/(¢+p) =~ 3333 and Iy = 0.

Theorem 6. When Ry > 1, the system (1) - (4) with constant controls is uniformly

persistent; i.e., there exists a constant d > 0 such that
litminf{S'(t), I(t), B(t)} > d.
—00

Proof. Based on Theorem 3, the disease-free equilibrium is unstable when Rg > 1.
Since the disease-free equilibrium is unique and located on the boundary of the

domain ', this implies the uniform persistence (Theorem 4.3 in [22]). O

Numerical evidence of the global stability of the disease-free equilibrium when
Ro < 1 is provided in Figure 1. We set the total population as N = 1,000 and the
model parameters in such a way that Rg = 0.8. We then choose different initial
conditions 7(0) = 1, 50, 100, 150, 200, and 250, conduct a numerical simnulation for
each, and plot the solution curves for the phase plane portrait of I vs. § in Figure 1.
We observe that all of these curves converge to the disease-free equilibrium (8). We

also observe the same pattern for various other initial conditions (though not shown

here).
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2.2 EXISTENCE AND UNIQUENESS OF THE ENDEMIC
EQUILIBRIUM

Now that we have completely described the dynamics at the disease-free equilib-
rium, by Theorems 3, 5 and 6, we turn to the analysis of the endemic equilibrium. As
discussed before, when the effects of the controls are not strong enough to reduce Ry
below 1, the disease-free equilibrium becomes unstable and the disease will persist.
Below we will study the endemic equilibrium when Ry > 1, which is related to the
long-term behavior of cholera dynamics.

Let X* = (S*,V*,I*, B*) denote the endemic equilibrium of the system (1) -
(4). The endemic equilibrium can be deduced by solving the following system of

equations,

uN — (1= p) [BeiZi + BI*] S* — (6 + 1)S* =0,

$S* — (1= p) [Berls + Bul*] V' — pV* =0,

(1= p) [BexZge + Bl (8" +0V™) = (T + 7+ )" =0,
& —(6+v)B*=0.

For convenience, let us denote
E=(1-p)8, H=Q0-p)bh, T=7+7+u. (22)

Thus, we obtain

uN

S = ; (23)
En(5+u)+£1 +HI* + (¢ + ,u)

Ve o= neN . ()
["Em +oHI* + p] [ER‘(?fWQT + HI* + (p + u)]

o= e (8T + V) (25)

T—H(S +oV*)
. £

B* = . 26

o+ v (26)

To proceed, we treat S and V as (implicit) functions of I, as suggested by equations
(23) and (24). Also, let

E€T

g(I) = S(I) + oV (I), 91(1)=m+f{1+(¢+ﬂ),
and Eel
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Therefore, from equations (23)-(26), we have that at an equilibrium,

uN
s = £, 27
@D g1(1) (27)
poN
V() = —iefoome 28
D= e %)
, _ mearadd) 29)
T - Hg(I) ’
&l
B(I) = : 3
(n = S (30)
From equation (29) and I # 0, it follows that for an endemic equilibrium to exist we
must have,
T - Hg(I) _ E¢ (31)
g(I) k(0 +v)+ &I
for some I = I* > 0.
T—Hg(I
Now, let us denote f1(I) = ﬁ_l = 9(1) — H and fo(I) = T(&%)Tgl' Clearly
both f; and fs are differentiable functions for I > 0. It is easy to see that
E¢?
() = — < 0,
LU =G vy v ere
whereas Tg()
)= =9\
fl( ) [ ,(I)]g
Since g(I) = ( 75+ Hlﬁ)(gz— the sign of fi(I) is determined by the sign of ¢{(I) and
g5(I). For I > 0, it is obvious that ¢g,(I) > 0 and g2(I) > 0. Also, we see that

k(6 +v)EE
[£(6 + v) +§I]2

aI) = +H >0,

and g5(I) = ogy(I) > 0. Thus,

pNgi(I)  oueN [g1(1)g2(1) + g1(1)gs(1)]

MY = —
9 lg:(D)] l9:1(1)g2(D))?

<0,

which yields f{(I) >0
Hence, on [0,00], fi(I) is an increasing curve and f>(I) is a decreasing one. We

can compare their vertical intercepts to determine if the two curves intersect and

thus, if a positive endemic equilibrium exists. We have that f,(0) = ;:(ﬁ;)’ and
f1(0) = m - H = 13’((:::2) — H. Using equation (15), we can easily observe

that if Ro > 1, then f;(0) < f2(0), and there is a unique endemic equilibrium I = I*;
if Ry <1, then f1(0) > f2(0), and there is no endemic equilibrium. Therefore, we

can establish the following theorem.



16

Theorem 7. When Ry > 1, there exists a unique endemic equilibrium of the system
(1) - (4) with constant controls.

2.3 BIFURCATION ANALYSIS

Let us now investigate the bifurcation of the system (1) - (4) at the bifurcation
point Ry = 1. We pick 8 as the bifurcation parameter. Our analysis makes use
of the following bifurcation theorem based on the center manifold theory, originally
stated in [12].

Theorem 8. Consider a general system of ODEs with a real parameter [3:
% = f(z, B); f:R*xR—R* and fe€C*R"x R). (32)
Assume x = Xy is an equilibrium of system (32) for all 3. Also, assume

(A1) A= D, f(Xo,B*) = (%(Xo,ﬁ*)) is the linearization matriz of system (32) at
the equilibrium r = X, with 8 evaluated at 3*. Zero is a simple eigenvalue of

A and all other eigenvalues of A have negative real parts.

(A2) Matriz A has a right eigenvector w and a left eigenvector v corresponding to

the zero eigenvalue.

Let fi. be the kth component of f and,

a = 24: Ukwiwj‘ggz‘lk—‘(XO: /3*) 3 (33)
k=1 0%;
’ 0 fi .
b = kﬂgl Ukwim(Xo, /3 ) . (34)

The local dynamics of the system (32) around x = Xy are totally determined by a
and b.

(i)a >0, b>0. When 8 — 8 < 0 with |5 — B8*] << 1, x = Xy is locally
asymptotically stable, and there exists a positive unstable equilibrium; when
0 < fB—p3*<< 1, = Xo is unstable and there exists a negative and locally

asymptotically stable equilibrium;
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(i) a <0, b<0. When 83— 3* <0 with |8 — 3*| << 1, z = Xy is unstable; when
0 < B8 —-p5 <<, z=Xq is locally asymptotically stable, and there exists a

positive unstable equilibrium;

(iii) a > 0, b < 0. When 8 — B* < 0 with |8 — 8*| << 1, z = Xy is unstable,
and there exists a locally asymptotically stable negative equilibrium; when 0 <

8 —pB* << 1, x = Xy is stable, and a positive unstable equilibrium appears;

(iv) a <0, b>0. When 8 — 3* changes from negative to positive, x = X changes
its stability from stable to unstable. Correspondingly a negative unstable equi-

librium becomes positive and locally asymptotically stable.

Let us consider Ry as a function of 3 such that

(k(6 +v)(1 — p)Br + EE) (u+ 0¢)

T(3 + 0)(6 + 1) V-

Ro(Br) =

Setting Ry equal to 1 and solving for 8, = B; gives

g — 1 [Tﬂ(é +v)(¢ + 1)
PTRE+)(1-p) | (uto)N

~¢p]

We consider the disease-free equilibrium (8) and Ry = 1 in terms of the parameter

By, and we have the following Jacobian,

uQ-p)Bp N EN

B R =il =

b —u _oo(1-p)BEN _ g¢EN

*) o+ w(p+u)

J(XO’ Bh) - 0 0 (l—p)ﬁ,:(u-{»a(g)N T E(u-%—U(b;lN
Ptp w(@+p)

0 0 £ —(6+v)

Denote w = (wy, wy, w3, w4)T, a right eigenvector such that

(¢ + pwr — __#(l;i)fin3 — 22w, =0,

s(e+p)
+u K(p+u ’
(l—p)li"! (u+od) N . E(u+og)N _
( orn T)ws+ =Gry wa =0,

fws — (6 +v)wyg=0.

Solving this system of equations gives

uT 4T 1 o ¢ \T
<_(¢+u)(u+0¢)’ u+a¢(¢+u+u)’l’ ) ' (35)

w =
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Now, denote v = (v1, vz, U3, v4), a left eigenvector such that

—(¢+p)v +dva =0,

—pvg =0,
Ao, AN, (O 7y, -
EN __ 0¢EN E(p+od)N _ _
'<J4(l<15+u)v1 corm V2t TG Vs (6+v)va=0,

and

K@+v)(@+p) & _
U4( E(p+o¢)N +5+l/)_1.

Solving this system of equations gives

k(0 + v)*(¢ + 1) E{p+ 0¢)N(6 +v) ) '

= (00 G AT+ BT oI TG ¢t 7 e

Note that we havev-w =1, J-w=0andv-J =0.
From equations (33)-(34), and considering only the nonzero derivatives for the

terms %(.,&(Xg,ﬂh) and aTZ’aLE'(X()’ﬁi:)’ it follows that

2 2

fa 0° fa

avar Ko BR) + 2oswnws grore (Xo, 57) (37)
2 (92 h

85’61(X0’ Br) + 2U3w1w4aSgB( 0, Br)

2 82
aval (X(), ﬁh) -+ 2’1)311)2’(1}4

0?
a =20, W W3 = (Xo, Br) + 2viwws s

BSBI

+ 2vwows
+ 2v3w1w3

+ 2v3wowy —"7— (X07 lgh)

f3
oVoB
and

2 2 2

0° f. o0
8]5f[)’ (Xo, Br) + 2vaws 7= (X07 Br) + 2v3ws f

b = 2vw;y

With our definitions of v and w and some algebra, we obtain

B —2k(6 + v)%(¢ + p) T2 RN D)
= TR PR [T g (oo )
26(8 + v)*(u + 04)(1 — p)N
k(0 +nu)?(¢p+pu) +EE(p+ o) N

b

Clearly, a < 0 and b > 0. Hence, based on Theorem 8, the following result holds.

Theorem 9. The system (1) - (4) with constant controls exhibits a forward bifurca-
tion at Rg = 1.
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Figure 2. A bifurcation diagram of I* vs. R which shows a forward transcritical bi-
furcation at Ry = 1. Red solid line represents the stable disease-free equilibrium (when
0 < Rp < 1) and red dashed line represents the unstable disease-free equilibrium (when
Ro > 1); blue solid line represents the positive stable endemic equilibrium (when Ry > 1).
The negative unstable endemic equilibrium (when 0 < Ry < 1) is biologically non-feasible
and not shown here.

A typical bifurcation diagram of I* vs. Ry near the bifurcation point Ry = 1
is presented in Figure 2, which is generated numerically by varying the bifurcation
parameter 8,. The diagram clearly shows a forward transcritical bifurcation at
Ro=1.

Theorem 9 precludes the possibility of backward bifurcation for the cholera model
(1) - (4). This reinforces our observation from the disease-free equilibrium analysis
that reducing the basic reproductive number below one by using control measures

would be sufficient to eradicate the disease.
2.4 ENDEMIC STABILITY ANALYSIS

We have presented Theorem 9 that describes the local dynamics of the system (1)
- (4) near the bifurcation point Ry = 1. Furthermore, we can establish the following

theorem regarding the stability of the endemic equilibrium.

Theorem 10. When Ry > 1, the unique endemic equilibrium of the system (1) - (4)
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with constant controls is both locally and globally asymptotically stable.

The proof of the local asymptotic stability follows from direct algebraic calcula-

tion. For simplicity, set

P = ;sliBB:* + HI” and Q= (—nf%r)? . (39)
The Jacobian evaluated at the endemic equilibrium is,
—P—(¢+p) 0 —-HS* -Q5*
—oP — —ocHV* —oQV*
TX) = i oP ! H(S" :a\‘//*) ~T Qs foV*) - (40)
0 0 13 —(6 +v)
giving the following characteristic polynomial,
det(A — J(X*)) = aoA* + a1 A + apA? + az) + ay (41)
where
( ap =1,

ag =P+o¢+pu+oP+pu+d+v+T - H(S*+oV*),
a =(P+o¢+pu)oP+pu+d+v+T—H(S*+oV*))
+(6+ )T — H(S* + aV*)) — £Q(S* + oV*)
+(oP+p)(d+v+T—H(S*+0oV*)+0?PHV* + PHS* |
a3 = (P+o+p(6P+ )0 +v+T—H(S +oV*))

. +(0+ v)(T — H(S* +0oV*)) —£Q(S* + aV*) + 6?PHV™]
+HoP+pw)[(6 + v)(T — H(S* + oV*)) — £Q(S* + aV™)]
+oP((§ + v)oHV* + 0€QV*) + 6pPHS* + P((cP + p)HS*
FHS*(6 + v) + £QS*)

ag = (P+¢+p)[(oP+p)[(6+v)(T— H(S* +0V*)) - £Q(S* + oV*)]
+oP((6 + v)oHV* + 0€QV™*)| + 09 P(HS*(6 + v) + £QS™)
+P[(cP + p)(HS*(6 +v) + £QS™)].

Based on the Routh-Hurwitz stability criterion, the necessary and sufficient condi-

tions for the stability of a quartic polynomial are

a; >0 (0 <1< 4), aias — agaz > 0; a3(a1a2 - (100.3) > 030,4 . (42)
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Clearly, ap > 0 is satisfied. From equation (25) and the fact that S*, V* I* > 0,
it follows that

E(k(d+v)+£&I)

. * *Y g * *
T H(S +0V7) = S f i (ST 40V > 0, (43)
Note that £Q = Gﬂ;“_i?}—)z , and thus
0+ v)(T — H(S" +aV*)) > £Q(S" + oV*). (44)

The inequalities (43) and (44) are both necessary and sufficient to show that a; > 0

for 1 <2 < 4. Next we show ajay — agaz > 0. Consider the following,

(P+o+pu+oP+pu+d+va —as=
(1-0)PHS" +(P+ ¢+ p)*(cP+pu+d+v+T—H(S* +oV*))
+(P+o+p)oP+p)(6+v+T— H(S + V")) +(P+ p)PHS"
+ (P + ) (P+éd+p) + (0P +u)?@+v+T—H(S +aV*))
+ (0P + p)o?PHV* + (§ + v)P(oP + u+ 8 + v)
+ @0+ v)(p+u(oP+pu+d+v+T — H(S* +aV?))
(6 + )T — H(S* 4+ 0V*)) — (6 + 1)EQ(S* + oV*))]
+ (5 +v)?0P+ (0 +v)u(6 +v+T — H(S* + oV*))
+ (6 + v)P(T — H(S" + oV*)) — PEQS"]
+ [(6 + v)oP(T — H(S* + oV*)) — a*PEQV™].

Using condition (44), we have that

G+ (T—-H(S*+aV*)) > (0+v)EQ(S*+aV*),
(64 v)P(T - H(S* +oV*)) > P£QS*,
(0 +v)oP(T - H(S*+aV*)) > o2PEQV*.

Thus, (P+ ¢+ p+ 0P+ pu+ 6+ v)az > az holds. From condition (43), we see that
a3 > P+¢+pu+oP+p+6+v. Hence, ajas > az. The last inequality in (42) can be
proved with similar algebraic manipulation. Thus, the endemic equilibrium is locally
stable. Disease will remain in the population if the initial sizes of the sub-populations
contain a sufficient number of infected individuals and pathogen concentration; i.e.,
the initial conditions are sufficiently close to the endemic equilibrium, the solution

of the system will converge to the endemic equilibrium.
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2.5 GLOBAL ASYMPTOTIC STABILITY

The global asymptotic stability of the endemic equilibrium, however, is more
challenging and requires significantly more work. The main reason for this difficulty
is that the model (1) - (4) is a four-dimensional dynamical system, for which very few
analytical theories and techniques can be applied. We establish the global endemic
stability of our model by using the geometric approach originally proposed by Li and
Muldowney {40,41], and extended in [24,67].

First let us present the main result of the geometric approach based on the second
additive compound matrix. For a 4 x 4 matrix 4 = [aij], the second additive

compound matrix is defined as

( an + ax az3 Aoy —as3 —ai4 0 \
aszz apn + ass as4 a2 0 —Qa14
AR — a2 a43 a1 + Qaq 0 a2 a13
—as1 az1 0 a2 + ass as4 —Q24
—aq 0 azy Q43 azz + Q44 Q23
0 —ay as —ay2 ass as3 + agq )

Now consider the dynamical system

dX

— = F(X 45

= = F(X) (45)
where F : T + R™ is a C?! function and where I' C R™ is a sinply connected open
set. Let X(t, Xo) denote the solution of equation (45) with the initial condition

X(0) = Xo. We assume:

(H1) There exists a compact absorbing set K C T';

(H2) The system (45) has a unique equilibrium point X* in T.

Moreover, let X — W(X) be a (3) x () matrix-valued C* function in T". Set
P=WeW 1y wjlw-1, (46)

where W is the derivative of W (entry-wise) along the direction of F, and J @ is
the second additive compound matrix of the Jacobian J(X) = DF(X). Let m(P)
be the Lozinskil measure of P with respect to a matrix norm [16], i.e.,
I +hP|—1

; (47)

) =
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For a norm || - || on R", it is established in [24] that the Lozinskil measure of P

associated with || - || can be evaluated as
m(P) = inf {c ' D,)|Z|| € ¢||Z]| for all solutions of Z' = PZ} (48)

where D, denotes the right-hand total derivative with respect to ¢. The following
result is implicitly stated in [24].
Theorem 11. Assume that T' is simply connected and the assumptions (H1) and
(H2) hold. Then the unique equilibrium X* of (45) is globally asymptotically stable
inT if m(P) <0.

Based on Theorem 7, our system (1) - (4) has a unique endemic equilibrium when
Ry > 1. Meanwhile, the uniform persistence (see Theorem 6) and the boundedness of
the domain I" imply that the system has a compact absorbing subset of I [9]. Hence,
the assumptions (H1) and (H2) hold for the system (1) - (4). Below we verify the
condition m(P) < 0.

The second additive compound matrix associated with the Jacobian of the system

(1) - (4) is,

[ —oHV  —oQV  HS QS o |
o(EE +HI) jn Q(S+oV) 0 0 QS
_(:BB + HI) ) 0 Jaa Q(S+oV)  oQV

0 @ € Jss —ocHV
i 0 eS+HI 0 o(E5+HI)  je |
where
FEx
= wrer
. EB
Ju = —(1‘*‘0)(:354—]{[)—2/1—(1),
EB
Jz = —(—-——-&—Hl)—d)——,u—l—H(S—FoV)—T,
k+ B
. EB
Jsz = —(K+B+Hf)—<f>—lt‘—5—'/,
. EB
Jan = "—0<K+B+HI>—;L+H(S+UV)-—T,
. EB
Jss = "‘U(K+B+HI)—',U—5-—V,

jes = H(S+oV)~T—6—v.



Set

Note that

Wp =

Thus, we have

wJlw-1 =

and

P oo
0 10
0 0 0
00 %
0 0 0
0 0O
0 0
-~1dI
1212? 0
0 0
—-1dB
0 B
0 0
0 0
-cHV HS
22 0
o) Ja4
£ 0
0 ¢L
0 0
0 0
—1d
7% 0
0
0 0
0 0
0 0

0 0 O
0 0 0
: 00
0 0 0
0L 0
00 -g-“
o o 0 |
0 0 0
AL 0 o
0 0 0
0 L 0
—1dB
0 0 '3%37_
——O'QV% QS-?—
Q(S—i—aV)% 0
0 QIS+ov)E
Ja3 0
) J55
EB v HI o(E5 +HI)
0 0 0 |
0 0 0
L 0 0 0
-1dB
ZdE 0
0 F¥ 0
0 0 F4

Qs%
oQVE

~-HS
—ocHV

Je6

24
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Hence,

P=WgW !4+ wJjlly-?

g1 —-ocHV HS —O'QV? QS? 0
o(EE+HI) gn 0 QS+oV)% 0 QsE
_ | -GEH+HD 6 g: 0 QS +oV)2 oQV2
0 f% 0 Gaa 0 —~HS
0 f“{g ¢ gs5 —~cHV
I 0 0  ZE+HI o(E5+HID)  ges |
where
_ —E(S+dV)B EB
gu = Py 7—(14—0)(K+B+HI)+T—H(S+UV)-—2;1—¢,
—FE(S+oV)B EB
S S A HI) — ¢ —
922 k+ B I (K+B+ I) o=,
_ —E(S+dV)B EB
g3z = IH-—BT_U</{+B+HI) o,
1 EB
= - ==L HI)—-¢-—
944 fB (n+B+ ) p-p,
I EB
gs5 = ‘§§—0<K+B+HI)—H,

1
Jee — H(S“FUV)"T—&E

To proceed, we need to define a norm on R®. Here we use the one introduced

in [24],
l|2]| = max {Uy, Uz},

where z € R®, with components z;, 1 < < 6. Also, define

max {|z], |z2] + |23}, if sgn(z;) = sgn(z2) = sgn(zs)

max {|22(, |z1] + |23]}, if sgn(z;) = sgn(z2) = —sgn(z3)
U](Z],ZZ,Z:}) = . .

max {|z1], |22}, |z3]}, if sgn(z,) = —sgn(zz) = sgn(z3)

max {|z1| + |zs|, |22] + | 25|}, if —sgn(z1) = sgn(z2) = sgn(zs)

and
|za] + |25] + |26], if sgn(z4) = sgn(zs) = sgn(ze)
max {|zs] + |25, |za] + |26]}, if sgn(z4) = sgn{zs) = —sgn(ze)
Usz(24, 25, 26) = ,
max {|zs|, |2a] + |26}, if sgn(zq) = —sgn(zs) = sgn(ze)

max {|zs] + |26, 25| + |26]}, if —sgn(z4) = sgn(zs) = sgn(zs).
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Consequently, there are 8 different cases for ||z|]. We discuss each case separately as
follows:

Case 1: U(z) > Ua(z) and 21, 29,23 > 0. Then ||z|| = max{|z], |22] + |z3]}.

(i) 21l > 22| + |zs]
Then ||z|| = |z1] = 21 and Uy(z) < |z1|. Taking the right-hand derivative we

obtain,
Dijz] =2z
= g1121 + g1222 + 91323 + J1424 + 91525 + 1626
S+o
= (FEEE _(140) (BG+ HI) + T - H(S+oV) - 21— ¢) 2
—0HV 2z + HSz3 — 0QV B 24+ QS8 25

< (:@%%—(1+o)(ﬁé+m) —{—T—H(S+UV)—2;L—¢) 121

+HS(|22| + |23]) + Q(S + o V) B (|24l + |25])
< (-E(-f%“gﬂ? (1 +0) (K+B+HI> 4T —cHV - 2u— ¢ )|211
which yields
Dllz|| < (T = 2u - ¢z (49)

(i) |21} < 22| + [23]

Then ||z|| = |22| + |23| and Uz(2) < |z2|+ |23|. Taking the right-hand derivative

we obtain,
Dijlzlf =23+ 2
= (921 + gs1)21 + (922 + g32)22 + (923 + g33) 23 + (924 + g34)24
+(925 + 935)25 + (926 + g36) 26
= —(1— o) (K+B+HI)Z +(—(———~.Enizov)£; (%—%H[)«—ﬂ) 2o
b (B o (£8 4 1) - ) 24
+Q(S + aV)!-’i(z4 + 25+ 26)
—(1-0) (25 + HI) |2
+ (%’L’—? — 0 (£5 + HI) - ) (|2 + |z3])
—(1 a)(EB +HI) |22|+Q(S+UV)$|Z4+Zs+z6|
< (EZSHDE - (B + HI) - 1) (1] + |2s)
Hence,

Dzl < —pllzll. (50)

Case 2: U)(z) > Uy(z) and z3 < 0 < 21, z2. Then ||z|| = max{|z2|, |z1] + |23]}.
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(1) [2z2] > Ja1] + |23
Then [|z|| = |22] = 22 and Uy(z) < |zz|. Taking the right-hand derivative we

obtain,
D+“z” = zé
= 02121 + g2222 + 92323 + g2424 + o525 + G262
= o (E8 + HI) 2y + (FES02 (BB L HI) 6~ ) 2
+Q(S + JV)§24 + QS%ZS
<o (5 + HI) o] + (EE0E — (E5 + HI) - ¢ — ) |l
+Q(S + oV) 2 (|za] + |2])
_EB(S+aV
< (FEESNE — (1~ 0) (B + HI) = 6 — 1) ||
Hence,

Diljz|| £ —pllzll- (51)

(i) |22l < 21| + [2s]
Then [|z|| = |z1| + |23] = 21 — 23 and Us(2) < |21| + |z3|. Taking the right-hand

derivative we obtain,

D lzll =2 — 2

= (911 — g31)21 + (912 — 932)22 + (913 — g33) 23 + (914 — 934)24
+(g15 — 935)25 + (916 — 936) %6

- (:%ﬁ%’ﬁ%-o(ﬁ%nLHI) +T—-H(S+0V)—2u~¢)z1
~(aHV + ¢)zs + (HS + EEEE 5 (BB 4 HT) + u) 23
—O'QV-?(Z4 + z5 + 2)

< (FHSNB g (£ + HI)+T - H(S +0V) = 2u - ¢) ||
—(cHV + ¢)| 22| — (HS + EBeV)B oy o (BB 4 [T 4 u) 23|
+Q(S+0V) 2|24 + 25 + 2

< (HEGHIL — o (E5 + HI) = HS = 1) (|aa] + |2s))

HT ~oHV — pu — ¢)|a]
< max{—u,T — 2u — ¢}(|z1] + |23])

Hence,
Diflzl] < max{—p,T — 21 — ¢}z||. (52)

Case 3: Uy(z) > Uy(z) and 22 < 0 < 21, 2z3. Then [|z]| = max{|z1], |22}, | 23]}
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(1) 1zl > |22l, | 23]
Then ||z]| = |z1] = 21 and Uy(z) < |z;|. Taking the right-hand derivative we

obtain,
Dzl =4
= g1121 + G222 + g1323 + 91424 + 91525 + 91626
- (%B (1+a)( S+ HI) + T~ H(S+0V)-2u-¢) n
—0HVzy + HSz3 — GQVBZ4 + QS—I—z5
< (%B (1+0) (”B +H1) +T - H(S+0aV) —2,u——¢) 2]
+oHV 22| + HS|z3| + Q(S + V) F(|z4] + |25])
< (%@ﬂl* 1+ o) (,ﬁ—g+m) +T—2,u—¢) 21
Hence,
Diflzll < (T = 2u — ¢)ll=]. (53)
(ii) fz2] > |21, |25
Then ||z|| = |22} = —22 and Uz(z) < |22|. Taking the right-hand derivative we
obtain,
Dillzll =-2=
= —gn21 — 2222 — §2323 — g2424 — G25%5 — G26%6
=0 (25 + HI) o — (E552% - (B + HI) — 0 - ) =
~Q(S+0oV)Ez — QSE2
<o (B + HI) |2 + (EE0E (B8 L HI) - g - ) |
+Q(S + UV)7(|Z4| + |26l)
< (BESFRE — (Z2 + HI) — ¢ — 1) [
Hence,
Di|jzl] < —pllz]|. (54)

(111) |Z3I > |21¥, |22!

Then ||z|| = |z3] = z3 and Uy(z) < |z3]. Taking the right-hand derivative we
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obtain,

Il

Dz 2z

I

93121 + g3229 + g3z2z3 + 93424 + 93525 + g3626

= = (EZ 4 HI) 21+ 620 + (FE55 8 — o (BB + HI) — 1) 2

+Q(S + O’V)?Zs + aQV?—zs
~ (25 + HI) 20| — dleal + (“ES70E — 0 (E5 + HI) - 1) |24]

x+B B !
+Q(S + o V) E(|z5] + |26])
(ﬂ%v_vzﬁ —o (B +HI) ~ “) |24

(r+B)? I x+B

IA

Hence,
D.|lz|l £ —ullzll- (55)

Case 4: Uy(z) > Ux(z) and z; < 0 < 22, 2z3. Then ||z|| = max{|z;| + |23], |22| + |23]|}.

(i) lz1] > [22|
Then ||z]| = |z1|+|23] = —21 + 23 and Uz(z) < |21]+]=z3]. Taking the right-hand
derivative we obtain,

Dyllzll =~z +z3
= (g31 — g11)z1 + (932 — g12)22 + (933 — 913)23 + (934 — g14)24
+(935 — 915)25 + (g36 — 916)26
= (BSNB 1o (BB + HI) =T+ H(S+0V) +2u+ ) 2
+(cHV + ¢)zp + ("Eﬁ%@? -0 (;E;% +HI) - HS - u) 23
+0QV%(Z4 + 25 + 26)
< - (E<f+gvl£?- +a(‘;—f—§ +HI) —T+H(S+aV)+2,u+¢) |21 ]

+OHV + @)l + (EGFAE — o (BB, + HI) — HS — 1) ||

+Q(S + oV )B|z4 + 25 + 26|

(RS0 L — o (E£5 + HI) - HS - 1) (|a1] +zal)
HT —aHV — i — ¢)|z1] + (G HV + ¢)|z2]

(BB B o (BB + HI) — HS — 1) (a1l + |2s])
T - plzi]

< (FEESE — o (5 + HI) + T~ HS - 2u) (21| + |23])

IN

IN

Hence,
Dzl (T - 2u)=||. (56)
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(i) |z1] < lz2]
Then ||z]| = |22] + |23] = 22 + 23 and U,(z) < |22] + |23|. Taking the right-hand

derivative we obtain,

Dillz|l =z + 2
= (g21 + g31)21 + (922 + g32)22 + (g3 + 933) 23 + (goa + g34)24
+(g2s + 935)25 + (926 + 936) %6
= ~(=0) (B + HD) o1 + (EEFRE = (B + HD) — 1) =

- (BB o (8 4+ HI) - ) 2

k+B
+Q(S + aV)——(z4 + 25 + 26)
(1—0) (25 + HI) || + (258 — (5 + HI) — ) |2
+ (MB (,g.}.B + HI) ﬂ) {Zsl

IA

x+B
+Q(S + oV) 2|24 + 25 + 2|
< (1-0)(EE + HI) (1] — |22])
(M_ — o (MB + HI) — p) (|22 + |23])

(x+B)? 1
S+oV
< (————ﬁfggz 18 — o (E8 + HI) = ) (1z2] + |2a])
Hence,
Dyljz < —plzll (57)

Case 5: Ux(z) > U, (z) and 24, 25,26 > 0.
Then ||z]| = |z4| + |25] + |26] = 24 + 25 + 26 and Ui (z) < |24 + |25] + |26]. Taking the

right-hand derivative we obtain,

Dillzll =zi+ 2+ 2
= (941 + gs1 + ge1)21 + (gaz + gs2 + g62)22 + (9a3 + gs3 + g63) 23
+(9aa + 954 + goa)za + (gas + gs5 + ges)2zs + (946 + g56 + g6 )26
= &5z + z8) + (—6F — Wzt (€5 — )z + (T — £4)z
< Eflz + 23l + (=65 — )|zl + |z]) + (=T — €5)] %l
< —p(lza| + |25]) — T2
< —p(lza| + 25| + |z6l)

Hence,
Dz < —plizll- (58)

Case 6: Uy(z) > Uj(z) and z6 < 0 < 24, 2z5. Then ||z|| = max{|z4]| + |2s|, |24] + |26]}-
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() |zs| > |zl
Then ||z|| = |z4| + |25| = 24 + 25 and U;(z) < |24] + |25|. Taking the right-hand

derivative to obtain,

D |zl =z +z
= (941 + gs51)21 + (9a2 + gs52)22 + (g3 + g53)23 + (Gaa + gs4)2a
+(g45 + gs5) 25 + (946 + g56) 26
= (a0 + (€4~ (E + H1) — )
+(-&% -—a(,ﬁ_—%+HI) —p)zs — H(S +0V)z
<Eflze+zs| + (=65 — o (BH + HI) — p) (|za] + |25])
—(1—0) (E& + HI) |24] + H(S + oV)|z]

< (-0 (E5+HI)+H(S+0V)—p) (lza + |25])

Noting that 0 <1 and S+ oV < N, we thus have

Dozl < (H(S +oV) — pllzll
< (HN — p)l2ll.

(59)

(ii) |25] < |z
Then ||z|| = |z4] + |26| = 24 — 26 and U1(z) < |z4| + |2z¢|. Taking the right-hand

derivative we obtain,

Dellzll =2, -2

= (9a1 — ge1)21 + (912 — ge2)22 + (943 — g63) 23 + (g4 — 64) 24
+(g45 — gos)zs + (gas — ge6) 26

=Efn+ (65 -2(B5+HI) —¢—p)zs—o (BB + HI) z
—(HS+H(S+0oV)—T —&L)z

<Eflza| + (€5 —2(E5 + HI) — ¢ — p) |zl — o (BB + HI) |25
+HS+ H(S+0V)~T — &%)l

< (-2 (%4—]{1) — ¢ — u) |z —a(f—_—%+HI) |25

+HS+ H(S+ aV) —T)|z|
<max{—u, HS + H(S + oV) — T}(|z4] + | 2])

Hence,

Dy|lz|| < max{—p, HS + H(S + oV) — T}l

(60)
< max{—u,2HN — T}|z||.
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Case T: Ux(z) > Uy(z) and z5 < 0 < z4, z6. Then ||z|| = max{|zs], |2z4] + |26]}-

(i) lzs| > |za| + |26l
Then ||z|| = |25] = —2z5 and U,(2) < |25]. Taking the right-hand derivative we

obtain,

Di|lzl] = -z

= —@s5121 — g5222 — (5323 — 5424 — 5525 — §56<6
= L2z — dpzg — (—{é -0 (n}ff; +HI) —p)zs+0cHVz
< &glasl — dlaal + (=65 — o (E5 + HI) — p) |2s| + o HV |z

< oHV (2] + |26]) + (—0 (5% + HI) — p) |s]

< (-0 (i% + HI) +oHV — p) |z

Hence,

Dzl < (eHV — p)|2]|

(61)
< (HN = pil]].

(i) |zs| < |zal + |26l
Then ||z]| = |z4] + |26] = 24 + 26 and U1(z) < |z4] + |26]. Taking the right-hand

derivative we obtain,

Dillzll =23 +z
= (ga1+ ge1)21 + (922 + go2) 22 + (943 + ge3) 23 + (gaa + goa)z4
+(9as + ges) 25 + (gas + ges) 26
=tfn+ (¢ —o-wa+o(EL + HI)zs+ (cHV —= T — ££)zs
< ehleal + (~€4 — 6 — w)lzal — o (£ + HI) |z4]
HoHV — T — €4)]2|
< (=¢—p)laal — o (FF + HI) |25 + (0 HV — T)|z]
< max{—u,c HV — T}(|24| + | 26|)

Hence,

D, flzll < max{—p, o HV — T}z|

(62)
< max{—u, HN — T}|z||.

Case 8: Uy(2) > Uy(z) and 24 < 0 < z5,26. Then [|z]| = max{|z4] + |26], |25] + |26}
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(i) |zal > |z
Then [|z|] = |za| +|26] = —24+ 26 and U1(z) < |24]+|26|. Taking the right-hand
derivative we obtain,
Dijlz|l =~z + 2
= (ge1 — ga1)z1 + (go2 — ga2)22 + (ge3 — 943)23 + (g6a — Yaa) 24
+(ges — gas)2s + (goe — 9a6) 26
= (- (65 -2(E5+HI) —p—p)au+o(EE + HI) 2
+HS+H(S +0oV)—T - £L)2
< Eglel + (=65 —2(E5 + HI) -0 —p) laal + o (5 + HI) 2]
+(HS+ H(S+0V) =T — £4)| 2]
(—2(E5 +HI) — ¢ — ) |zal + 0 (EE + HI) |z
HHS+ H(S+0oV) —T)|z]
S{-2+0)(EE+HI)—¢—p) |zl + (HS+ H(S+ V) = T)|z|
<max{—p, HS+ H(S + V) — T}(|z4] + |26])

IA

Hence,
D |jz|| < max{—u, HS+ H(S + oV) — T}z

(63)
< max{—u,2HN — T}|z|.

(i1) [za] < |zs|
Then ||z|| = |z5| + |26| = 25 + 26 and U;(2) < |z5| + |2z¢]. Taking the right-hand

derivative we obtain,

Dilizll =2+
= (gs1 + ge1)21 + (gs2 + ge2)z2 + (gs3 + gsa) 23 + (gsa + Gea) 24
+(gs5 + ges) 25 + (gs6 + ges) 26
=¢tfhn+ 0+ (E5+HI)) za+ (€5 — Wz + (HS — T — €4)z
< Eglasl — (0 + (5 + HI)) l2al + (=65 — p)lzs]
+HS ~ T ~ &)l
~(p+ (F% + HI)) |2l = plzs| + (HS — T
—plzs| + (HS — T)|z|
max{—pu, HS — T}(|zs5] + |26])

IN A IA

Hence,
D.||z|| < max{—p, HS — T}||z||

(64)
< max{—u, HN — T}|lz].
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We now summarize our results from the analysis above. To ensure m(P) < 0,
from Cases 1 — 5 we need
T —-2u<0; (65)

and from Cases 6 — 8 we need
HN —pu<0 and 2HN - T < 0. (66)

Using the condition (65), the inequalities in (66) yield
T pyy T
2H' HJ — 2H’
Hence, we conclude from Theorem 11 that under the conditions (65) and (67), the

endemic equilibrium of the model (1) - (4) with constant controls is globally asymp-

N < min { (67)

totically stable when Ry > 1; that is, the solution of the system will converge to the
endemic equilibrium independent of the initial sizes of the sub-populations.

The existence of a stable endemic equilibrium when Ry > 1 is demonstrated in
Figure 3. We set the total population as N = 1,000 and the moedel parameters in
such a way that Rg ~ 2.0. We again pick different initial conditions I{0) = 1, 50,
100, 150, 200, and 250, conduct a numerical simulation for each, and plot the phase
plane portrait of I vs. S for each case in Figure 3. We observe that all of these
curves converge to the endemic equilibrium over time, a pattern that also takes place
for various other initial conditions.

The focus of this study is to better understand the effects of different control
strategies coupled with multiple transmission pathways of cholera. The mathemati-
cal model fully captures the epidemiology and pathogenesis of the disease and com-
prehensively explores the usefulness of public health control responses to cholera epi-
demics in resource constrained settings. The model consists of three types of public
health controls: vaccination, treatment, and sanitation. Comprehensive mathemati-
cal analysis of the model using both analytical and numerical approaches is carried
out and presented.

The mathematical results demonstrate that despite including vaccination in a
framework that has previously shown backward bifurcation [37], our model does not
exhibit such a phenomenon and retains Ry as an epidemic threshold governing the
dynamics of the model system. This model shows that the unity of Rq as quantitative
statistic to quantify the amount of cortrol effert required to contain epidemic cholera

is not compromised. Thus even with public health interventions, cholera epidemics
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Figure 3. The phase portrait of I vs. S for the system (1) - (4) with parameters set such
that Ry = 2. The curves correspend to six different initial conditions with I(0) = 1, 50,
100, 150, 200, and 250. All of these curves converge tc the endemic equilibriumn where
S* 23225 and I* =~ 403.1.

and endemism could still occur and the disease couid persist, if the controls are not
gtrong enough to reduce Ry to values below unity.

Effective control and eradication of cholera in the developing world remains a
public health chalienge because of the complex biological, epidemiologicai and envi-
ronmental factors that contribute to the dynamics of the disease. The recognition of
cholera burden combined with efforts to implement efficient control measures have
become cntical with the growing trends in cholera incidence in developing countries,
and require a comprehensive and integrated strategy to implement public health con-
trol measures. The rurrent study can be extended by a number of ways. Our model
assumes that the vaccine eficacy o and sanritation-induced preventability p are con-
stants, whereas in reality both decrease after several months, thus time-dependent..
Additionally, we have assumed that all the control meacures, including vaccination,
can be implemented from the very beginning of disease outbreak and carried out
with chHnstant strength throoghout the course. It wouid be worthwkile te study dis-
ease dynamics with {(more realistic; viges-dependent zonsrol meesures. P.articularly,-
an optima: cortrol study [23,3%, 33, 35, 39, 50] can be employed tc seek the optimal -

alance petween the gains and costz of the control measures.
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CHAPTER 3

MULTI-GROUP CHOLERA MODEL

The effects of dispersal and movement among differert spatial regions are critical
in cholera dynamics. Disease transmission occurs through the interaction of infectious
individuals amongst susceptible communities [19] and the circulation and spread of
toxigenic vibrios in the aquatic environment [54]. Human hosts, symptomatic and
asymptomatic, could potentially travel between susceptible communities spreading
the disease. Additionally, vibrios ia contaminated water may not be isolated to a
certain water source. Indeed, infected individuals may shed the bacteria in multiple
water sources. Furthermore, the movement of the bacteria within the aquatic en-
vircoment could affect the reservoir of V. cholerae and spread the disease to other
regions. Therefore, it is important to study disease transmission within and be-
tween different groups, investigating the movement of infected human hosts and the
pathogen from one region to another.

A heterogeneous population whose individuals are distinguishable by some factor
can be divided into n homogeneous compartments [64]. In general, for epidemic
models, individuals are grouped into compartments according to stage of the disease
or spatial position. For example, in an SIR model, the population is divided into
susceptible, infected and recovered compartments. Furthermore, in a multi-group
SIR model, spatial position is considered in addition to stage of the disease when
generating compartmenis. The total population N is divided into n distinct groups
each partitioned 1nto 2 susceptible compartment S, an infected compartment I, and
a recovered compartment R, where the population in each group 1s given by V; =
S;+ I, + R;, for : = 1,...,n. Once an infected individual enters the recovered
compartment, the newly recovered individual ro ionger influences the dynamics of
the system. Also, since R; = N; — S; — I;, we can ignore the recovered compartment
completely from each group. The pathogen concentration in the contaminated water
is denoted by B; for each groupi=1,.. ,n.

The nciderce function is given in the form Y77, f;(I;, B;), where susceptible
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individuals can be infected either by interacting with infected individuals (human-
to-human direct transmission) or by ingesting contaminated water (environment-to-
human indirect transmission). The rate of change for the pathogen concentration in
each group is denoted by the function h;(I;, B;) fori =1,...,n.

Based on these conditions and building on the cholera model in [65] (reproduced

in Appendix A), a general multi-group model can be formulated as the following

system
ds; -
E-szgﬁmgm-w, (68)
dl; - \ :
= = ;;Sifj(lj,Bj,—(%--i-b)I,, i=1,...,n (69)
dB;

ARS i) 7

= hi(I;, B) (70)

where the parameter b represents the natural human birth and death rate and ~;
. represents the rate of recovery from cholera in each group. We assume that f;(I,, B;)

and h;(I;, B;) satisfy the following biologically sensible properties for i = 1,...,n:
(M-1) £:(0,0) = h;(0,0) = 0.

M-2) fi(i;, B;) > 0 and f; only vanishes at {0,0).
\ )

(M:3)
afi . af; - Oh; oh;
Ui, Bi)) 20, ——=(;,B;) 20, +(I;,B;) >0, I;,B;) <0.
81,-(1 )20 aB,-( ) =0 811( ) 0Bi( )
(M-4) f.(I;, B;} and h;(I;, B;) are both concave; i.e. the matrices
&fi #f 82h; 32hy
© 8 3 ' 82hy 52h;
BI,OE, ﬁ;é ook o5

are negative semidefinite everywhere.

It follows from assumption (M-1) that the model admits a unique disease-free equi-
librium (DFE), denoted by

Xo=(501°.8),...,8° 1%, B%) == (N,,5,0,. .,N,,,0,0), (71)

ana assumpticn (M-2) guarantees a non-negative force of infection. The inequalities

in (M-3} respectively state that the rate of new infection increases with rises in
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infected population size or bacterial concentration, increased infected population
also leads to a higher growth rate for the pathogen, and the infective vibrio cannot
independently thrive in the absence of replenishment of their numbers in the inflow
of contaminated sewage [15]. Finally, assumption (M-4) is based on the saturation
effect. We mention that another multi-group cholera model was recently proposed
in [58], yet our model is more general in both the incidence representation and the
pathogen dynamics

Assumption (M-4) implies that the surfaces h; = h;(I;, B;) are below their tangent

planes at any points (I, By,) > 0; i.e.

oh; i
0B;
In particular, setting (I, B;,) = (O, 0) and using assumption (M-1), equatior: (79)

hi(Ii: B) < h (Ilo’ Bto) + ( i) Bio)(li 10) + 55 IzovBto)(B Bio)'

yields
dB; Oh; Oh;

— = hi(l, B) < - % 2(0,0)L; + — (o 0)B; < 57

whick implies that for any initial values B,-0 < w;N; ,

—(0,0)N; + 8g (0,0)B;,

(Gh;/0I;)(0,0)

< Bi(t, B;p) < wilV; ith =T ‘
0 < Bi(t,B;;) < w wit w (8h;/0B;)(0, 0)

Therefore, the feasible region is given by

F={(5171]7B17'"7S’r:,]n-,B’n)€R3n0.<_5i+1 N O<B<u}lh2al<1< }
L .
72)

and it 1s positively invariant in R3".
3.1 BASIC REPRODUCTION NUMBER

Following the next-generation matrix theory [64], the basic reproduction number,
Ko, is mathematically defined as the spectral radius of the next-generation matrix,
In srder to determine the next-generation mairix of our model, we first consider the

compartmentalized infectious subsystem:

dlL/dt ] [ Yo Sifilli, By) 1T [ m+on

dIn/dt _ 5:?.—-1 Snfi(Iz'; Bz) . ('Yn +. b)l'r, =F_V. (7'2)
- dB; /dt 0 : ~hy(lx, By) ) . ~
| amja || o- I (B
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For convenience, let

3fz 8fl Oh

SE0.0=a,  FEO0=n,  SEO0=u,

(00)——1,

fori=1,...,n. Then, the 2nx2n Jacobian matrices evaluated at X, the disease-free

equilibrium, are given by

il

[ Nipy -+ Nipn Nigg -+ Ngn ]
Nn ot Nn n Nn e Nn n
F=DF(Xy)=| " Pn Snt 1, (74)
o ... 0 0o .- 0
| 0 0 0 0 |
and
[ T+ b 0 |
0 w+b 0
0 0 b 0 P 0
V = DV(X) = Tt
. 0 0 P | B |
0 -1y 0 0 —u; 0
0
| 0 0 —Tp 0 0 -u, )
(75)
- Hence, the next-generation matrix is defined as
C D
FVv™l= (76)
0 O
where _ i,
(o — 22) s (pn — TI2)
N 1 nTn
#( gl_) ~,,,+b(Pn - g:)

G

;ﬂ—v.ﬁg(pl—%) e SN (pn — 2 |
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and _ -
— Q.. In

Nl’ul Nlun

b | N N

— @ ... NI

| N, Na2 |

are both matrices of dimension n x n.
To find the spectral radius of FV ™!, we proceed to determine its characteristic

equation. For convenience, let

Then,
A—NA —-N A,
det(M\ — FV™1) = \" : :
—~N, A, A—NyA, |
Denote _ -
NiA, N Ay -+ NA,
X, - N2.A1 N2.A2 cee N2.A'n.
N, A1 N,A; --- NA,
We claim: ) " -
det(A] — FV 1) = A1 ()\ — Z NiAi) ) (77)
i=1

or, equivalently,
det(A — X;) = A" (A - ZIViAi) :
i=1
Preof. We prove the claim by induction. When n = 2, it can be easily verified that
equation (77) holds. Now, assume that equation (77) is true for n. Let us test the

case n + 1. Then, we have

det(M — FV~1) =A™ det(A\ — X))

A-NA - —Ni4, ~N1Aniy
— /\'n+1 e
_NnAl e A= NnAn "‘]VnAn-i-l
~Npp1 Ay - =NppiAn A= NpnrAnpy
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Let us split uip the iast column so that the determinant can be written as the sum -

of two determinants; i.e., let

A=NiA, - -NA, 0|
det(A] — X;) = ' : : -
-N, A, -+ A=N_,A, O
—Npp1Ar -+ —=Npdn A
A-NA -+ —-MA, N,
n : . : :
'—N"Al A= Ny A, _NnA'n.+]
- "+1A1 T n+1An _Nn+1An+1
= V1| +|24].

From our assumption on n, it is clear that the first determinant is the following
r n ‘I 2 n
|70 = ) lt)\""l ()\ - ZNiAi)J = A" ()_ - ZN,-A,-) :
i1 _ i=1

For the second determinant |Z)|, note that the following elementary row operaticn
(Ci + Ci— (A:/Ans1) - Cps1) , i =1,...,n, yields

A 0 -—=NA
R ’ A =N.A, .
= A1 ‘ 1 l = —A"Npi1Angr -

0 tee )\ _NnAn-J-l ’ 0 - n+1An+1 [

0 -+ 0 —Npndnn
Therefore,

n ’ n+i \
Set(A-,) = D] =3 (3 ZN"A") R (A -3 ma)
\ i==1 1==1 J.

Thus,
n+1
det(A] — FV 1) = y¥n+D)-1 (,\ -y NiA,-) ,
=1

and the clsim holds. a
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Hence, the basic reproduction number is given by

n

o v = 352 (5 8)

i=1 i -+ b u;
NN Jos Ofi Oh; ~! Bh;
- ; it b {57;(0’0) ~ 75,00 (BBi(O’O)) SE0.0) .

(78)

Note that g}%f < 0 from assumption (M-3). Equation (78) clearly shows that the
basic reproduction number Ry for the entire system is the summation of individual
reproduction numbers from all the n groups. Within each group, the reproduction
number consists of two parts: one is the contribution from the direct (or, human-

to-human) transmission ;1%%%(0, 0) ; the other is the contribution from the indirect

-1
(or, environment-to-human) transmission, %%(0, 0) (—-—g%‘;(0,0)) %’}f(O, 0).
Based on the work of [64], we immediately obtain the following result regarding

the local stability of the disease-free equilibrium.

Theorem 12. Let Ry be defined as in equation (78), Then the disease-free equilib-
rium Xo of the system (68) - (70) s locally asymptotically stable if Ry < 1, and
unstable if Ry > 1.

3.2 STABILITY ANALYSIS OF DISEASE-FREE EQUILIBRIUM

Indeed, we can establish a stronger result regarding the stability of the disease-
free equilibrium. We prove global stability by constructing a Lyapunov function and

utilizing LaSalle’s Invariance Principle [38]

Lemma 13. Assume (M-1) - (M-4). If Ro < 1, then the disease-free equilibrium X,
1s globally asymptotically stable in T'. Additionally, if Ro > 1, the system (68) - {70)

1s uniformly persistent.
Procf. Let
[wl e wn wn+l Tt w27l ]——: [pl T pn ql o qn':,v_l' (79)

Since V is a nonsingular M-matrix, then V~! > 0 [6], and it follows that w; > 0 for
all i =1, ...,2n. Also, note that

i=1
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Let us construct a Lyapunov function
L=w111+---+wnln+wn+1B1+—--+w2an. (81)

Differentiating L along the solutions of the system (68) - (70) yields the following

Ue=wy w98, 9B
I mar U g T
= w, (Z Sufill;, Bs) — (n + b)h) + ot wn (Z Safil; Bj) — (va + b)In)
J=1 =1

+ wn—th(Ih Bl) + -+ w2nhn(In’ Bn) .
From assumption (M-4) and (M-1), it follows that

L'<w (Z Ni{p;I; +¢;B;} — (m + b)ﬁ) + -

=1

n
+ wy (Z N, {pjlj -+ quj} — (’Yn + b)In) + 1Un+1(7'1[1 -+ ulBI) + -

i=1

+ w2n(7'n1n + uan)

I
> N J| E
= W PPN n .. n
- P1 Pn @1 q By
= Bﬂ -~
- I .
| vl g
—— w « s . wn wn . .o w
1 +1 2n Bl
- Bn wnd




Further, from equation (79), we obtain

n
LISZNiwi[Pl  Pn 1 - Gn
i=1

""[Pl © Pn G

That is,

LIS{(ZNiwi)—l}[pl  Pn @1
i1

r

=Ro-D[p - Pu @ - 4

—d

Now, note that L’ = 0 if and only if either
(a) Ro<iand [ =By = ---=1,=B, =0, or
) Ro=1land S;=N; feri=1,.. |n.
Let K be the largest compact-invarnant subset of

G= }i‘(Slr[‘n‘eli"')Snvl’n.‘Bﬂ) el
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L
1| In
] B
]
I
dn B,
- Bn -
o
I,
4 | 5
B,
. - - (82)
5L
I,
B,
BnJ

=ob.
J
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In Case (a), each solution in K satisfies S} = bV, —bS; fori = 1,...,n, and obviously
the solution converges to S; = N; for i = 1,...,n. In Case (b), note that S; = N;

satisfies

S; =bN; = > S:f;(I;, B;) — bS;
j=1

which implies .

> 5l B)=0.

j=1
Hence, from assumption (M-2), it is obvious that I, = By = --- = I, = B, = 0.
Therefore, all solutions in I' converge to the disease-free equilibrium; that is, the
largest compact invariant set where L’ = 0 is the singleton {X,}. By LaSalle’s
Invariance Principle, Xj is globally asymptotically stable in I" if Ry < 1.

If Rp > 1, then L' > 0 in a neighborhood of X, in the interior of I. Thus,

solutions in the interior of I sufficiently close to X; move away from X, implying
that X, is unstable. Consequently, the instability of X, (which is on the boundary

of the domain I') implies uniform persistence of the system [22]. a

3.3 EXISTENCE AND UNIQUENESS OF THE ENDEMIC
EQUILIBRIUM

The dynamics of the system (68) - (70) when Ry < 1 have been completely
described by Theorem 12 and Lemma 13. Now, we conduct an endemic analysis
when Ry > 1. The following theorem shows the existence and uniqueness of the

endemic equilibrium.

Theorem 14. For the system (68) - (70), if Ro > 1, there exists a unique positive

endemic equilibrium, and if Ro < 1, there is no positive endemic equilibrium.

Proof. Under assumption (M-3), the equation h;([;, B;) = 0 implicitly defines a
function B; = g¢;(1;) with ¢i(I;) > 0, for ¢ = 1,--- ,n. In addition, diffcrentiating
hi(I;, B;) = 0 twice with respect to I; yields

Phy O _
=77 3795 1 oh;
[ ]| 2 LT My e
) 8L0B; OB l g'(1i) i

Using assumption (M-4), we can readily see that ¢/([;) <0, fori=1,---  n.
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Then, setting the right-hand sides of equations (68) - (70) to zero, we obtain

bN

Sk = - 0 _ , 83
CF S, A0 (10) 53
bN,, { Z’LI filli, g:(I;)) }
I = S : 84
¢ w+b Lo+, filli, g:i(5)) (84)
By = gi(lx)- (85)
in particular, from equation (84), it follows that
£}£_ kar.’71+b~_’)’1+b'ﬂ k“l n
L w+b BNy  m+b N T
implying that
7 +b N
= — I, = . k=1,...,n.
I wib N D e - I, N (86)
Note that ¢x > 0 and thus I; > 0 implies that I, > 0 forall k =1,...,n. Also, it is
clear that ¢y = 1.
Let us define the following
bN, { 1 filadh, gi(aly)) }
HI)=1 = =1 . 87
D)= 0= b oo, Aa, a(al) 5D
Note that H(0) = 0 and H(I,) > 0 for all I. > 0 with k = 1,...,n. Denote
P,(Il\) = fi(cill,gi(ci-!l)) 7 = 1,...,7’1,.
Then we have,
N, Pi() + Po(Lh) + -+ Po(h) } .
H(I) = — ‘ , 88
() 71+b{b+P1(Il)+P2(]1)+---+Pn(11) (88)
and taking the derivative we find that
b " b(P(1,) + Py(I o PH(L))
H’(Il) — Nl )( l( 1) i’— 2( 1)+ TL(rl))2¥ (89)
y+b L (b+ Pi(L)+ Po() + - Po(I1))?
where
0 , , a
Pi(h) =« “:&(Ckllsgk\\ckfl)) + 5 L (exdq, gi(edh)) - gllc(ckll)} > 0, (90)
oI OB .



47

for k =1,...,n. Therefore, H'(I;) > 0 for I; > 0. In particular, note that

N1

H'(0) = (P’(O) + P3(0) + - - - + P.(0))

{ ‘”"(o 0+ 220,0) g <0))}

71+b{ 2 X (Gre0+5k00- k(O))}

Vi -+ b
{2;‘1 ©0.0)+ 52.0,0) - 6,0
"N e 8 080 88000 0]
o S (20 Y (TR0 + R0 o) Y
- {500+ 510,060
2 {2 0.0+ 6f“"(OO) 40)}
b {GR00 (0]

n

_Z N {‘”"(0 0)+8f’°(0 0) - k(O)}

Yo +b

:R().

Next, we have

BN (XL P+ S, P(L)) — 2(5, P 11))2}
H" I — i=1"1 1.—1n 92
) 71+b{ b+ s, L)) (92)
where
i 0 , o fi \
Pi(h)=c} {—51%(01:11,%(%11)) +2 - gi(endy) - 5108, 8fB (cedy, g(cedy))

02 fi dfx
wl1))? anz (cely, gelexdr)) + Bé (cedv, gr(crdh)) - gk(”kll)}

O

+(gi

Fj%‘(ckll,»gk(ckfl)) Eﬁéiﬁ;(ckll,gk(ckll)):l [ 1 ]
(

2 .
=<k Ut gkleh) [ g T e o
a1 o5y (Crd, g (ckly)) 357 (cxlv, gelcelr)) gr(eely)

T

+ C 3B, gx (ckir)
(93)
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< 0, it follows that
P!(I;) < 0for k = 1,...,n. And therefore, H"(I;) < 0 for I; > 0. That is, the
function H(I,) is increasing and concave on (0, oo) with H'(0) = Ry. If H'(0) = Ry >
1, there is a unique positive fixed point I} for H(I;), and thus, from equation (86),

for kK = 1,...n. From assumption (M-4) and the fact g{(I;) <

unique positive fixed points I3,..., ;. Furthermore, with I > 0 for k =1,...,n
and equations (83) and (85), it follows that there exists a unique endemic equilibrium
denoted by

=(Sy,I;,B;y,...,S;

noln, Br)- (94)
In contrast, if H'(0) = Ry < 1, there is no positive fixed point for H(I;) and thus no

endemic equilibrium. O

3.4 GLOBAL STABILITY OF THE ENDEMIC EQUILIBRIUM

We proceed to show the global asymptotic stability of the endemic equilibrium.
By Theorem 14, the endemic equilibrium X* = (S7, IT, BY,...,S;, I, B}) exists and
is unique when Ry > 1. Note that St, I, By,..., Sk, I, B} are positive and satisfy

ny )

the following equilibrium equations:

bN, = Zs,;f,-(z;,B;) +bS}, (95)
(e +b) = Zs,c (2, B - p, (96)

fork=1,...,n

To study the endemic global dynamics, we introduce another assumption here.
We assume that the solutions to the system (68) - (70) implicitly define a function
B; = B;(I;) with Bj(I;) > 0 and Bj(I;) <0, for j = 1,--- ,n. Biologically, this
means that the bacterial concentration in the aquatic environment will increase with
the rise of the infected human population, but the rate of the increase will slow down

when the infected population is high due to saturation. Let us denote
QJ(Ij)zfj(ijBj(Ij)), j=1,---,n.
Then we have

QL) = 57+ 52

Bj(I;) > 0, (98)
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and-
62f 92F.
217 318, 1 of;
Qi(I;) = | 1, Bi(I) 27, 2y + 2 Bj(I;) <0, (99)
[ e ] 31,0B; 3_3% B;(Ij) 9B;

where the inequalities follow assumptions (M-3) and (M-4). Using equations (98)
and (99), we obtain that Q;([;) is monotonically non-decreasing and Q-Iif?—) is mono-
tonically non-increasing with respect to I;. It is then easy to observe that

In other words,
fild;, B;) Hill;, B;) I
(f;(\I},B;) 1) (1- f](lg,B) I*) =0 (100)

We now establish the following resuit.

Theorem 15. Assume (M-1) - (M-4). If Ry > 1, then the unique endemic equilib-
rium X* is globally asymptotically stable in the interior of T.

Proof. We will use an approach similar to that described in [58]. In particular, we
will construct a Lyapunov function and determine the appropriate coefficients by
graph theory. For completeness, we list some related definitions and results from
graph theory in Appendix B.

Let

1,
DkzSk—S,:—S;ln%-*-[k—lg——ffc‘hl'j‘l;+Bk—B,” Bkl (101)
k k

for k = 1,...,n. Differentiating and using the equilibrium equations (95) - (97)
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Sk — S} I, - Iy B, - B},
DL=( kSk k)g;c_|_( kaIk)IL+(*ILB‘_k—‘) By
= ( --g-:) [Zskfj(lijj)+bSk—Zskfj(‘[j’Bj) —bSk:I
j=1 J=1

I\ [ N

- 1—-1—; Zskfj(lj;Bj)_Zskfj(lj’Bj)'F

j=1 j=1 k

B*

+ (1—- B:)hk(lk’Bk)

. = g7 * S; Skf(IaB) f(I’B)
=Y sunom) 1~ - SRR+ ]

Sy .

Z g0 [Skfj(IJ’Bj) L SHULB) I ]

I k4
Sif(IL,B) L Sifi(I,By) I

B:\ [he(Iz, Be) — hi(1g, BE)]
4+ 11— he (1 ,B
( Bk) [ he (17, Br) (ls. Br)

_ - P (T* [ fJ(IaB) Iy Ska(IﬁB) Ig
=SS oo SRS - B S

S , B; ) hx(Ix, Bi)
‘*" ( - ?k) b(Sk - Sk) + (1 - Bk) [hk([ Bk) hk(Ikak)] ( (II:’Bk}

Let ax; = S; f;(I}, B}) and

Sy fiU;,B;) I Skfil;,Bj) Iy
Fo,(Sk, I, B, 1, B)) =2 — =k 22 0707 8 2RIV Tk 102

It is clear that g
( ‘k)(sk_gk)so.

Meanwhile, we have
[hi(I, Be) — hi(I5, By)) (Bx — Bg) < 0

which immediately follows from the last inequality of assumption (M-2). If we further

assume that hy(Iy, By) and hi(I, Bi) have the same sign, then we obtain

Dy < ak; Fij(Sk, Ix, Be. I, B)) . (103)

=1
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Let ®(z) =1 -z +1Inz for x € (0,00). Note that ®(x) < 0 with &(z) = 0 if and
only if z = 1. Using the inequality (100), it follows that

) S\ L Sefi(l;, By) I I
Fyi(Sk, I, Be, I;, B;) = ® 20 Il IR S et A Skt LAt A RN (.
kJ( kydk, Dky4j ]) (Sk) I,: + (S,:fj(l*,B*) 1 nIk

N (fj(Ij,Bj) _ 1) ( fi;, By) _Ii) ]

fi(l3, B}) f]( B;) Iy I:
MPBv£J I
+¢<fJ(IJ,B) Ir 1“1;

Sk Sefi(l, B;) Iy fil;,By) I
=& J) @(—’” 3 -—k) <I>( -—’)
(Sk + S*fj(I;v ;) Ik M fJ(IJ>B) I;
fils, B;) ) M“%lﬁ)
*(mrF)l @ LB T
I I I I;

*F*‘F*F“‘p

= Gi(lk) - G;(I;)
(5 (3 ) (50 1
(w0 (- Fam )

< Gr(Ix) — G3(15)

(104)

where
Ge(lx) = —=—+In—. (105)

Note that

Dy = ag;Fij(Sk, Ix, B, I;,B;) and  Fy;(Sk, Iv, Bi, I, B) = Gi(Ii) - Gi(I))

=1

if and only if

(1 _ ‘-5&) (St~ Sk) =0, (106)
Sk

(l — —g—i) hi(Ix, By) =0, (107}
A0 3 1) (1 LB LY 108

(mrw> 70,8 )= (208)
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Let A = [ax;] and ¢, be as given in Proposition 3.1 [58] for the weighted digraph
(G, A) (also defined in Appendix B). For k=1,...,n
d~(k) =d*(k) =n-1.

Then, for n > 2,

D = Z Cka < Z Z ckakJFkJ

li—‘

< Z Z CkQp; [Gk(lk) - GJ(IJ)]

kljl

I I; I
=Y cean, (————+l ~j§-+f—;—1n7§_)
7

k=1 j=1

I

0.

Hence, D is a Lyapunov function.
Now, suppose n = 2. Since d*(k) = n —1 =1 for k = 1,2, by Theorem 3.2
of [58],

2
Crlk; = E CiGji ; that is, ¢ = g cjjif akj -

Then,
2 2 2 2 2
Z ckagjFr; = Z Z Z ¢, 05 Fy;
k=1 j=1 k=1 j=1 i=1
2 2 2
<353 e (- ez o)
k=1 j=1 i=1 Ik I] I
=0.

Therefore, D is a Lyapunov function for n = 2 as well.
Thus, D' <0 for all (5,11, By, . ,Sn, In, Bn) in the interior of I'. Furthermore,

D’ = 0 implies that for some constant A > 0,

S1=8;, ..., 8. =8,
L=M7, .., L,=A",
By=B], ..., B,=B,

using conditions (106) - (108), the properties of ®(z) and strong connectivity of the
weighted graph (G, A). Now, substituting these relations into the equation dSx/dt +
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dI/dt gives
0 = bNg — bS; — (v + DAL

Frcm our equilibrium equations (95) - (97), we clearly see that this holds only if
A = 1; that is, only at the endemic equilibrium X*. Therefore, the only invariant
set such that D' = 0 is the singleton X*. By LaSalle’s Principle, X* is globally
asymptotically stable in the interior of I'. O

3.5 EXAMPLE AND NUMERICAL SIMULATIONS

In this section, we will conduct numerical simulations to verify some of our ana-
lytical results. For simplicity, we consider only two groups; i.e., n = 2. Meanwhile,
we use bilinear incidence for both the direct and indirect transmission pathways
(see [62]), and we express h;(I;, B;) as a linear function for each group.

Our two-group cholera model thus takes the form below:

%} = mN — (A51B1 + AS51B:) — (BuSily + Bi2Si L) — 1S, (109)
%It—l = (AuS1B1+ Ai2S1Bg) + (BuSily + Bi2S1Iz2) ~ (pa + )L, (110)
id]? — &I, - 8,B, (111)
%?;2 = paN2 — (A0152B1 + A2252Ba) — (Ba1S2ly -+ B225212) — p2S2,  (112)
%Itz = (A152B1 + A252B2) + (B0 S21h + B22.5212) — (p2 + 12) I, (113)
d_f; &1y — 828, (114)

The parameter A;; (7,7 = 1,2) represents the transmission rate from vibrios in group
Jj to susceptibles in group 4, and f;; (i,7 = 1,2) represents the transmission rate.
from infectives in group j to susceptibles in group ¢. Definitions and values for other
parameters are provided in Table 1.

We have run the numerical simulation for this two-group model with various
parameter values and initial conditions, and the results are consistent with our an-
alytical predictions: when Ry < 1, the disease dies out; when Ry > 1, the disease
persists and all solutions converge to the endemic equilibrium X™*. Ia particuiar,
using the parameter values given in Table 1 (with Ry > 1), we display a typical set
of results in Figures 4 and 5, where we plot the phase portraits for I; vs. S; and I,

vs. S, separately with three different initial conditions and zoom in the results. We



Table 1. Parameter values for the two-group cholera model

54

Parameter Symbol Value Source
Total population in each group Ny, Np 5,000 -
Natural human birth

and death rate in each group w1, 2 (435yr)~! [47]
Rate of recovery from

cholera in each group 7,72 (5day)~! [15,28]
Rate of human contribution

to V. cholerae in each group &1, & 10 cells/ml-day  [15,28]
Death rate of vibrios

in the environment in each group 81,02 (30day)~! (15,28]
Ingestion rate from

environment to humans in each group A11, Az2  0.0001/day [62]
Ingestion rate through human-human

interaction in each group Bi1, B2z 0.00011/day [47]
Cross transmission rate from

vibrios in group 2 to susceptibles in group 1 Bz 0.0005/day -
Cross transmission rate from

vibrios in group 1 to susceptibles in group 2 B 0.0001/day -
Cross transmission rate from

infectives in group 2 to susceptibles in group 1 A12 0.00008/day -
Cross transmission rate from

infectives in group 1 to susceptibles in group 2 A21 0.00001 /day -
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—10)=10

1.5951 - - ~11{0)=100 [
- ~ 11{0)=1000
1,59} ]

1.585} ’ E
158} :
1575 (‘—_\ 1
157} 1
1.565) ) .

1.56 :

T

Infectious Number 1

1.5585} E

3.62 3.64 3.66 3.68 3.7 3.72 3.74
Susceptible Number S1

Figure 4. I vs. S;. Phase portrait (zoomed-in) for the two-group cholera model with
different initial conditions, and Rq > 1. All of the curves converge to the endemic
equilibrium with I7 =~ 1.572, ST =~ 3.664.

observe that all three curves approach the endemic equilibrium over time, indicating
the global asymptotic stability of the endemic equilibrium.

We have proposed a general multi-group model describing cholera dynamics that
involve spatial heterogeneity and dispersal. Both direct (or, human-to-human) and
indirect (or, environment-to-human) transmission pathways are incorporated into the
model in a most general manner, and the pathogen dynamics are also represented by
a general function. Under biologically feasible assumptions, the basic reproduction
number Ry, given in equation (78), remains a sharp threshold for cholera dynamics
in multiple groups. If Ry < 1, the disease will completely die out whereas if Ry > 1,
the disease will persist. Additionally, when Ry > 1, there exists a unique positive
endemic equilibrium that is globally asymptotically stable. The analytical predictions

are verified by our numerical simulation results for a two-group cholera model.
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o7

CHAPTER 4

PERIODIC CHOLERA MODEL

Environmental and climatic factors play an important role in cholera epidemics.
In particular, in developing countries where endemicity is established, cholera tends
to settle into a seasonal pattern [60]. Runoff from monsoons and floods during the
wet seasons can wash sewage into the local rivers and drinking water, causing a bloom
of V. cholerae in the aquatic environment. Thus, environmental influences, such as
monsoons, floods, droughts, and water temperature changes, dute to the alternating
dry and wet seasons, can disrupt the toxigenic vibrio concentration in the aquatic
environment, as well as their survival and epidemic spread [15,60]. That is, seasonal
variations could cause epidemics and lead to a heterogeneous environment for disease
transmission in the time domain.

Building on the cholera model in [65] (reproduced in Appendix A), we construct
the following non-autonomous dynamical system to describe cholera dynamics in a

time-periodic environment,

as

= BN -Sf(t1,B)-bS, (115)

= SALLB) - ()L, (116)
- dR

S = 1R, (117)

dB

where S, I, R and B denote the susceptible population, infected population, recovered
population and the concentration of vibrios in the contaminated water, respectively.
For simplicity, we assume B to be scalar. The total population N = S+ T+ R
is assumed to be a constant for all ¢ > 0. The parameter b represents the natural
human birth and death rate, and - represents the rate of recovery from cholera. In
this generalized model, the incidence function, f(t, I, B), which determines the rate
of new infection and the function h(t, I, B), which describes the rate of change for
the pathogen in the environment, are both periodic in time with a common period

w. That is,

ft+w,I,B)= f(t,1,B) and h(t +w,I,B) = h(t, I, B).
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To make biological sense, we extend assumptions (M1) - (M4) from Chapter 3 to
incorporate time; that is, we assume that the periodic functions f and A satisfy the

following conditions for all ¢ > 0:

(P-1) f(t,0,0) = h(¢,0,0) =0

(P-2) f(t,I,B) >0.

(P-3) 2(t,1,B) >0, 9L(t,1,B) >0, 2(t,1,B) >0, 2&(t1,B) <0.

(P-4) f(t,I,B) and h(t, I, B) are both concave for any t > 0; i.e. the matrices D?f

and D?h are negative semidefinite everywhere.

Hence, from assumption (P-1), it is obvious that the model has a unique, constant

disease-free equilibrium
Xo=(So0,10,Ro,By)" = (N,0,0,0)7. (119)
In addition, we assume that
(P-5) f(¢,0,B) >0 if B>0; h(t,1,0)>0if I >0.

The first condition in (P-5) implies that infection can start by the indirect trans-
mission route alone; in other words, a positive bacterial concentration can lead to a
positive incidence even if I = 0 initially. The second condition in (P-5) states that
infected people will contribute to the growth of the vibrios in the environment (e.g.,
by shedding) even if B = 0 initially.

Furthermore, we introduce an additional regulation on the profiles of the incidence

and pathogen functions for small I and B. We assume that

(P-6) There exists €¢* > 0 such that when 0 < I < ¢*, 0 < B < ¢,

f@t,1,B) > f(t,0, 0)+I-g§(t,0,0)+3-ﬂ(t,0,0)

1., 8f Af 1, 8%F
+ 517 =3 (6,0,0)+ 1 B 535(5,0,0) + 5B - 225(t,0,0),
and
h(t,I, B) > h(t,0,0) + I - g;(t,o, 0)+ B - @(t,o, 0)
1., 0%h 32h , O%h
+ 517 575 (5,0,0) + 1+ B o755(6,0,0) + 5 lp o5z (:0,0).
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Here we make some comments on the assumption (P-6). Based on concavity of f
(assumption P-4), the surface of f is below its tangent plane every where. Meanwhile,

since the matrix D?f is negative semidefinite, we have

of of of of
f(£,0,0)+1-25(£,0,0) + B - 55(¢,0,0) > f(£,0,0) + I - 55(,0,0) + B =5(¢,0,0)
1., 8f 3% f
+ 517 275 (6,0,0) + 1 B 55 (8,0,0)
+1iB2. »>f (tOO)
2"  0B?

Thus, assumption (P-6) essentially states that at least in a small neighborhood of
I = B = 0, the surface of f lies below its tangent plane and above a concave tangent
paraboloid. Similar reasoning holds for h.

Finally, we mention that many well known cholera models, such as those in [15,
28,47,62], all satisfy the above assumptions (P-1) - (P-6), though these models are

based on autonomous dynamical systems.
4.1 BASIC REPRODUCTION NUMBER

Following the standard next-generation matrix theory [64], we consider the sub-
system of model (115) - (118) that is directly related to the infection:

-[ (o) ]:f--v.
~h(t, 1, B)

dI/dt
dB/dt

[ sre,1,B)
B 0

For this non-autonomous model, we have

ity = DF(xg) = | VHB0.0 NG (tOO)]

0 0

and

V(t) = DV(X,) =

| vy+b 0

| —28(t,0,0) —2%(t,0,0) }

where X is the disease-free equilibrium of the model defined in equation (119).
Generally, for a compartmental epidemiological model based on an autonomous

system, the basic reproduction number is determined by the spectral radius of the

next-generation matrix, FV -1 (which is independent of time). It is thus a simple

matter to calculate the time-averaged reproduction number, [Ro], for our cholera

model. Wesley and Allen [69] showed that for some epidemic models with periodic
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coeflicients and constant population size, the time-averaged basic reproduction num-
ber is a threshold for disease extinction. For any continuous periodic function g(t)

with period w, we may define its average as

l9) = % /0 ’ g(t)dt.

Thus, keeping with this notation, we define the time-averaged matrices of F'(t) and

V(t) as the following, respectively,

of 9f

Therefore, the time-averaged basic reproduction number, defined as the spectral

radius of the next generation matrix [F][V]™!, is given by,

[Rel = p(FIVI™) = =5 { 2] - 2] (o] 2] } )

Although the definition of the basic reproduction number of a general non-
autonomous model system is still an open question, Wang and Zhao [66] extended
the framework in [64] to include epidemiological models in periodic environments
(background reproduced in Appendix C). Wang and Zhao [66] introduced the next

infection operator L by
1o)®) = [ Y(tt- P s)o(e - s)as, (121)
0

where Y (¢, s), t > s, is the evolution operator of the linear w-periodic system dy/dt =
—V(t)y and ¢(t), the initial distribution of infected individuals, is w-periodic and
nonnegative. The basic reproduction number is then defined as the spectral radius

of the next infection operator,
Ro = o(L). (122)

Analytical determination of p(L) is impossible in general. Therefore, we will
numerically calculate the basic reproduction number Rg by explicitly determining
the maximum eigenvalue A of the next infection operator L such that (L#)(t) = A¢(t)
for all w-periodic functions ¢(t) € C,. From equation (121) and the w-periodicity of

¢, we obtain

Loyt = [ Gt syt - syas, (123)
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where -
G(t,s) = ZY(t,t——s—rmu)F(t—s—nuu). (124)
m=0

Since Y'(t, s), t > s, is defined as the evolution operator of a linear w-periodic system,
there exist K > 0 and @ > 0 such that ||Y(¢,5)]| < Ke 2t~ for all t > s with
s € R [27]. Then it is clear that ||Y(¢,t — s — mw)F(t — s —mw)|| < K||F(t — s —
mw)|je"®G+™) for all t € R and s > 0. Hence, we may approximate G by a finite

sum
M

G(t,s)~ Y Y(t,t —s — mw)F(t — s — mw) (125)

m=0

for some M > 0 sufficiently large. We proceed to numerically integrate equation
(121) with the integrand approximated by (125).

Let us partition the interval [0,w] uniformly into n nodes labeled as ¢; = ¢ - £

for i = 0,...,n — 1. Using the trapezoidal rule, we can approximate this integral in

equation (121) with second-order accuracy,

n—1 1
(Lo ~ = (Z GUE 1B = 1) + 3G 0)(8 — t0) + 56t ta) (¢ ~ m) .
i=1
Since ¢(t) is w-periodic, it is clear that ¢(t — tp) = ¢(t — t,,). For convenience, let
Gt to) = %[G(t,to) + G(t,tn)} .

Then,

(Lg)(t) ~ =

G(t,to)$(t —to) + Z_:G(t, t)o(t - ti)} :

Now (L¢)(t) = A¢(t) can be written as a matrix equation,

¢(t — to)
B(t —t1)
% { G(t,to) G(tt) G(t,ts) -+ G(t,tn-y) ] $(t—t2) | = r(2).

| ¢(t "tn—l) _
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Setting t =t; (j =0,...,n — 1) in the above equation yields

o(t; — to)
P(t; — t1)
w ~
7—1' [ G(tj,to) G(tj,tl) G(tj,t2) T G(tjvtn-l) ] ¢(tj - t2) = ’\¢(tj) .
| d)(t] - tn—l) J
(126)
Again, by the periodicity of ¢(t), it follows that
o(t; —to) = ¢(t;),  B(t; —t1) = (t;-1),
oty —tia) = d(tr), ot —t;) = d(te), &t — t541) = S(ta-1),
(tj — tao2) = B(tjs2), Ot — ta1) = G(tj41),
and we can rearrange the terms in equation (126) to obtain
¢(to)
#(t1)
%[ G(tjt;)) Gltjti1) - Gltjte) - Gltjtiea) Gltjtin) ] #(t;) = Ap(t;) -
¢(tn——2)
L ¢(tn—l) p
(127)

. Note that this equation holds for all 7 = 0,...,n—1, thus generating a matrix system.

The coeflicient matrix, denoted by A, is given by

G(to, to) G(to,tn-1) --- - Glto, ta) G(to,t1)

G(t1,ty) G(t1,to) o Gty ts) G(t1,t2)

A= G(t;,¢5) Glt;,t;-1) -+ Gltj,te) -+ Gltj,tiz2) Gt tis)
G(tn~27 tn~2) G(tn—21 tn—3) T e e é(tn—ZytO) G(tn—27 tn-—~l)

| G(tn-1,tn-1) G(tn-1,tn-2) - o Gth-1,t1)  G(ta-1,10)

(128)
Therefore, equation (127) can be put into a compact form,

YAd =2 (129)
n
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where A is a matrix of dimension (nm) x (nm) and ¢ is a vector of dimension (nm)x 1.
Hence, to find the basic reproduction number defined by Ry = p(L), it is equiv-

alent to find the maximum A such that the matrix equation (129) is valid; i.e.,
w
Ro = — p(A). (130)

For the periodic cholera model (115) - (118), the evolution operator can be easily
determined by solving the system of differential equations dy/dt = —V (t)y with the

condition y(s) = Izx2; thus,

(131)

e~ (Y+d)(t—s) 0
f’(t, s) els BB 00dr |’

Y(t,s) = I:

where

t
Yt s) = { / et 3—1’3“’0*’)‘“%(7, 0, 0)6_(7+b)(r_s)d’r} / e~/ 35 (t0d  (139)

8

The next infection operator can be numerically evaluated by

(Lop)(t) = /000 Y(t,t —s)F(t — s)p(t — s)ds = /Ow G(t, s)o(t — s)ds, (133)

where

M
G(t,s) =D Y(t,t —s—kw)F(t — s — kw)

k=0
~ N i 9 (t ~ s — kw,0,0)e(r+D)(s+kw) 9L (t — 5 — kw,0,0)e~ (1) (s+kw)
= et | Gt — s~ kw,0,00Y (t,t — s —kw) Bt —s5—kw,0,0)7(t,t — s — kuw)

(134)

for some M > 0 sufficiently large.
From the work of [64], we immediately obtain the following result regarding the

local stability of the disease-free equilibrium.

Theorem 16. Let Ry be defined as equation (122). The disease-free equilibrium of
the system (115) - (118) s locally asymptotically stable if Ry < 1, and unstable if
Ro > 1.
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4.2 DISEASE EXTINCTION

We proceed to investigate the global stability of the disease-free equilibrium for
our cholera model, which will also provide a condition for the extinction of the disease.
Consider the matrix function F(t) — V{(t),

F(it)y-V(t)= . (135)
9%(¢,0,0) 2(¢,0,0)
It can be easily shown that the above matrix function is continuous, cooperative,

irreducible and w-periodic. Let ®(p_v))(t) be the fundamental solution matrix of

the linear ordinary differential system
= [F(t) - V(D)la, (136)

and p(®(p_vy()(w)) be the spectral radius of ®(p_vy()(w).

From Lemma 2.1 in [71], we immediately obtain the following result,

Lemma 17. Let p = 2 Inp(®r_vy(y(w)). Then there exists a positive w-periodic

function v(t) such that e**v(t) is a solution to equation (136).

Now let us consider equations (116) and (118) from our cholera model. It can be

easily obtained, using assumption (P-4), that

%-Sf(tIB)——(7+b)I<N[I (t00)+B (t()())]—('y—i—b)l,
and dB oh oh
7 h(tIB)<Ial(t00)+BaB(t,0,O).
That is,
d | I I
. [ S| <rFro-ven| o } (137)

Meanwhile, based on Lemma 17, there exists v(t) such that
z(t) = (I(t), B(t)) = e'v(t) (138)

is a solution to equation (136), with p = 1 1np(®(F_vyy(w)). It follows from equa-
tions (136) and (137) that

(1(8), B(t)) < (I(2), B()) (139)
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when ¢t is large. Theorem 2.2 in [66] (also presented in Appendix C as Theorem 2)
states that Ro < 1 if and only if p(®(r_vy()(w)) < 1. Therefore, . < 0. Then, given
equation (138) and inequality (139), it is clear that

lim I(t) =0,  lim B(t) = 0. (140)

Next, we consider equation (117) from our model. For any ¢ > 0, there exists
T > 0 such that whenever t > T, it follows that
dR
I<=< and — < e —bR.
~ dt

And hence, R(t) < ¢/bfor t > T. Since ¢ > 0 was arbitrary, it is clear that
lim R(t) = 0. (141)
t—r00

Finally, since population N = S+ I + R is a constant, we have that
lim S(t) = N. (142)
t—>00

Hence, we have established the following result.

Theorem 18. If Ry < 1, then the disease-free equilibriumn of the model (115) -
(118) is globally asymptotically stable, and lim;_,o, X (t) = Xo = (N,0,0,0)T for any
solution X(t) of the system (115) - (118).

Theorem 18 shows that the disease will completely die out as long as Ry < 1.
This further implies that reducing and keeping Rg below the unity would be sufficient
to eradicate cholera infection even in a periodic environment. Similar result was
established for the autonomous system in [65]; i.e., the cholera model with time-

independent f and h.
4.3 UNIFORM PERSISTENCE OF THE DISEASE

Now we consider the dynamics of the periodic model (115) - (118) when Ry > 1.
For ease of discussion, let us omit equation (117) from the system, since the total

population is fixed such that N = S + I + R. Define
X =R3; Xo =R, x Int(R,) x Int(R,); 0Xo = X\ Xo.

Let P : X — X be the Poincaré map associated with the model (115) - (118) such
that P(xo) = u{w, z) for all z, € X where u(t, z¢) denotes the unique solution of

the system with u(0, z9) = zo.
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Definition 19. The solutions of the system (115) - (118) are said to be uniformly

persistent if there exists some n > 0 such that

liminf S(t) > n, litm inf I(t) >, li{n inf B(t) > n
—00 00

t-300

whenever S(0) > 0, 1(0) > 0, and B(0) > 0.

A more general definition of uniform persistence can be found in [72]. We now

state the following theorem, the proof of which is inspired by the work of [71].

Theorem 20. Let Ry > 1 and let (P-1) - (P-6) hold. Then the solutions of the
system (115) - (118) are uniformly persistent, and the system admits at least one

positive w-periodic solution.

Proof. Set
My = {(5(0),1(0), B(0)) € 0X, : P™(S(0),1(0), B(0)) € 0Xo, Vm > 0}.

We first show that
My = {(S5,0,0) : S > 0}. (143)

Clearly, My 2 {(S,0,0) : S > 0}. Consider any initial values (S(0), 1(0), B(0)) €
0Xo\ {(5,0,0) : S > 0}. If I(0) = 0 and B(0) > 0, then I’(0) > 0 by assumption
(P-5). Similarly, if B(0) = 0 and I(0) > 0, then B’(0) > 0. Thus, it follows that
(S(t),1(t), B(t)) ¢ 0Xo for 0 < t << 1. This implies that My C {(S,0,0) : S > 0},
and hence, we have (143).

Now, let us consider the fixed point My = (N,0,0) and define W5(M,) = {0 :

P™(xy) = My, m — oo}. We show that
WS(Mo) ()Xo = 0. (144)

Based on the continuity of solutions with respect to the initial conditions, for any
e > 0, there exists § > 0 small enough such that for all (S(0),1(0), B(0)) € X, with
1(5(0), 1(0), B(0)) — Mol| < 4, we have

llu(t, (S(0), I(0), B(0))) — u(t, Mp)|| < e, vt € [0,w]. (145)
We claim that

limsup [|[P™(S(0), 1(0), B(0)) — Mo|| > 6,  ¥(S(0),1(0), B(0)) € Xo.  (146)
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Suppose by contradiction; that is, we suppose limsup,,_,., [|P™(S(0), 1(0), B(0)) —
My|| < ¢ for some (S(0),1(0), B(0)) € Xo. Without loss of generality, we assume
that ||P™(S(0),1(0), B(0)) — My|| < 8,Vm > 0. Thus,

lu(t, P"(S(0), 1(0), B(0))) — u(t, Mo)|| < ¢, Vt € [0,w] and m > 0. (147)

Moreover, for any t > 0, we can write t = t' + nw, where ¢ € [0,w) and n being the

greatest integer less than or equal to t/w. Then we obtain

lu(t, (S(0), 1(0), B(0))) — u(t, Mo)ll = |lu(t’, P™(5(0), 1(0), B(0))) — u(t', Mo)|| < e

(148)

for any t > 0. Let (S(¢), I(t), B(t)) = u(t, (5(0), I(0), B(0))). It follows that N —¢ <
S(t) < N+¢ 0<I(t) <eand 0 < B(t) < e. Note again that ¢ < ¢*. Then, based

on assumptions (P-1) and (P-6), we have

(Z_N I. 8f(t00)+N B. é(t,0,0)—(’y—%—b)I
1. 8%*f 1 0% f O*f
+N-e~§ 812(t00)+N 2B Bz(tOO) N - e-I-IaIaB(t,O,O)'
of of °f
—e-I-gf(t,0,0)— B-Ei(t,O,O)—e- I‘alaB(tOO)l
and
dB oh Oh
E—zl-m(t,o O)+B-a—B(_t,O,O)
1., 0°h 1 0*h &%h
6-51 al(tOO) 2B 6B2<t00) l&IBB(tOO)
Hence, we obtain
dI/dt I
/ >[F-V-eK] , (149)
dB/dt B

where F' - V was given by equation (135) and

INZL(£,0,0) — %(2,0,0) — (N + <)

2
6,63(t 0, 0)’ 1N ZL(t,0,0) — 8L(t,0,0)
—’E'K: €-

121(¢,0,0) - toml 12°4(t,0,0)

(150)
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Again based on Theorem 2.2 in [66], Ry > 1 if and only if p(®r_v(w)) > 1.
Thus, for € > 0 small enough we have p(®p_v_.x(w)) > 1. Using Lemma 17 and
the comparison principle, we obtain

lim I(t) = co and tlim B(t) = oo, (151)

t—o0
which is a contradiction.

Hence, M, is acyclic in My, and P is uniformly persistent with respect to
(Xo,0Xo), which implies the uniform persistence of the solutions to the original sys-
tem. Consequently, the Poincaré map P has a fixed point (S(0),1(0), B(0)) € Xo,
and it can be easily seen that S(0) # 0. Thus, (5(0), 1(0), B(0)) € Int(R,) x
Int(Ry) x Int(R,) and (S(t),1(t), B(t)) = u(t, (S(0),1(0), B(0))) is a positive w-
periodic solution of the system.

O

4.4 EXAMPLES AND NUMERICAL SIMULATIONS

We briefly discuss three different, and specific, cholera models in periodic en-
vironments. The models presented below are extended from work of Codego [15],
and more recently, of Mukandavire et al. [47] and Tien and Earn [62] (see Appendix
A for the original models). We focus on simulating seasonal variations by incorpo-
rating periodic environment-to-human transmission rates and periodic rates of hu-
man contribution to the population of V. cholerae in the aquatic environment. We
study the epidemic and endemic cholera dynamics of a hypothetical community with
N = 10,000 as the (normalized) total population, and compute the basic reproduc-
tion number R for each model. Meanwhile, the time-averaged reproduction number
[Ro] can be easily calculated for each of these models, though it has been noted that
[Ro] may overestimate or underestimate the infection risk for a non-autonomous epi-
demiological system [66]. Thus, it is of our interest to compare the values of Ry and
[Ro] for these models. Also, we conduct numerical simulation for each model with
initial conditions B(0) = R(0) = 0,5(0) = N, and I(0) = 1; that is, one infected
individual enters an entirely susceptible community. For easy comparison, we use the
same parameter setting for all the three models, and these parameter values are based
on the cholera data published on the recent Zimbabwe cholera outbreak {47,70]. We
present typical infection curves for both scenarios, Ry < 1 and Ry > 1, demonstrat-

ing disease extinction and disease persistence. Finally, in presenting each of these
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Table 2. Incidence functions and pathogen concentration functions

Model Incidence function Pathogen concentration rate of change
f(t, I,B) h(t,1, B)
Codego a(t)\(B) e(t)I — BB
Mukandavire et al.  SB.(t)-25 — Bul &) — 6B
Tien and Earn bw ()W — b1 a(t)I — EW

models, we keep the same notations for variables and parameters from the original
autonomous model. We will clarify the different notations among the three extended

models when necessary.
4.4.1 THE MODEL OF CODECO

The original model in {15] is now modified as

%f_ — n(H - S) - a()A(B)S, (152)
dI

d(_g = a(t)MB)S -1, (153)
— = et)] - pB, (154)

which includes seasonal oscillations of the rate of exposure to contaminated water,
a(t), and the rate of human contribution to the population of the pathogen, e(t),

that are both periodic functions of time with a common period, w = 365 days, or 1

a(t)y =a [1 + asin (%)} , e(ty=¢ [1 + €sin (%é)} : (155)

The periodic contact rate a(t) simulates the seasonal variations in water quality

year:

whereas the periodic per capita excretion rate simulates the seasonal variations in per
capita water contamination. Here @ (or €) is the baseline value, or the time average, of
a(t) (or e(t)), and a (or €) denotes the (relative) amplitude of the seasonal oscillation
in a(t) (or e(t)). To ensure both rates to be positive, we require 0 < a < 1 and 0 <
€ < 1. In this model, H is the total population, A(B) = B/(K + B) is the probability

a susceptible person becomes infected with cholera, 3 = mb — nb represents the net
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death rate of vibrios, and only the environment-to-human transmission pathway is
considered. The incidence is f(t,I,B) = a(t)MB) and the pathogen function is
h(t,I,B) = e(t)] — 3B. It is easily verified that the assumptions (P-1) - (P-6) hold
for the system (152) - (154).

The disease-free equilibrium is given by
Xo = (So, o, BO)T = (H,0, O)T- (156)

From the next generation matrices

a(t)H r
F<t>=[g g}, v<t)=[_e(t) g]

it follows that basic reproduction number of the time-averaged autonomous system,

based on (120), is given by

[Rol = 2 (%%) _ Hae (157)

The evolution operator Y (¢, s) is given by

—r(t—s)
Y(t, s) = ° 0

Y(t,s) e P9
where
V(t,s) = emt=9g [ L g —rysin (2Z8) 27 o (2701
Y(ts)=e e(ﬂ“r+(%)2+(ﬂ—r)2 [([3 r) sin (365) 365 <5 | 365 J

oAl [ 1 ¢ ~r)sin ( 2ES) Z 2T e (218
) e(ﬂ—’”+ Z) (62 - (55) - e (5)])-

Thus,

G(t,s) =

M
2 - 4 0 —r{s+kw)
~ B2 (1rasm (D)) S| D
K 365 0 V(t,t—s— kw)

Y(t,t — s — kw)F(t — s — kw)

= I

k=0
for some positive integer M. To compute the basic reproduction number Ry, the
matrix A can be constructed by arranging the entries of G and the spectral radius
of A can be numerically determined as described previously in Section 4.1. We

have conducted numerical simulation to this model, and computed the reproductive
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Figure 6. Plot of the periodic threshold of Ry for various @. Ry = 1 when @ = 0.0625
and [Ro] = 1 when a@ =~ 0.0667.

numbers Ry and Ry}, for various values of a(t) and e(t). For illustration, we focus
on the variation of a(t) here. In Figures 6 and 7, we vary a and da, respectively,
while keeping the values of other parameters fixed. In Figure 6, we see that Rg ==

when @ =~ 0.0625 and [Ro] = 1 when a = 0.0667. It is clear that the time-averaged
basic reproduction number underestimates the infection risk. Meanwhile, in Figure
7, we see that Ry = 1 when @ = 0.8407 and [Ro| = 0.9 for all @, again showing the
inaccuracy of using [Ro] for infection prediction. In addition, Figure 8 shows a typical
infection curve of this model when Ry < 1, where we observe the disease quickly dies
out and the disease-free equilibrium is asymptotically stable. In contrast, Figure 9 is
a typical infection curve of this model when Ry > 1, where the disease persists and

there is a positive w-periodic solution.
4.4.2 THE MODEL OF MUKANDAVIRE ET AL.

We extend the original model in [47] to a periodic environment based on the
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Figure 7. Plot of the periodic threshold of Ry for various a. Ry = 1 when a = 0.8407
and [Rp] = 0.90 for all a.
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Figure 8. The model of Codego: A typical infection curve when Ry < 1, with initial
condition 7(0) = 1. The solution quickly converges to the disease-free equilibrium
with I() = 0.
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Figure 9. The model of Codego: A typical infection curve when Ry > 1, with
initial condition /(0) = 1. A periodic solution with w = 365 days forms after a long
transient period.

following differential equations:

dS B

il uN — 5e(t)5m — BrSIT — uS, (158)
dl B

il Be(t)sm + BnST — (v + )1, (159)
fldg = &(t)] - 6B, (160)
dR

— = 2 -uR (161)

The two periodic functions are defined as

_ ~ 27t - P 27t
Be(t) = B |1 Be sl e s t)= i Fr ) 162
a0 =g [1edsn ()] ew=epréam(GR)] s
where 3,.(t) is the environment-to-human transmission rate and £(t) is the rate of
contribution to V. cholerae in the aquatic environment. Though in different nota-
tions, B.(t) and £(t) have the same meaning as a(t) and e(t) in (155). The incidence
is f(t,1,B) = Be(t);% + BrI and the rate of change for the bacterial concentration is

h(t, I, B) = £(t)I —4B. Both environment-to-human and human-to-human transmis-

sion pathways are included in this model; in particular, the environment-to-human



74

transmission factor is based on a saturating form, which is the same as that in model
(152) - (154), and the human-to-human transmission mode takes a bilinear form. It
is clear that the assumptions (P-1) - (P-6) hold for the system (158) - (161) as long
asO<;§e<1andO<§~<l.

The disease-free equilibrium is given by
Xo = (So, Io, Bo, Ro)T = (IV,0,0,0)7. (163)

From the next generation matrices

N Be(t)N 0
F(t) = Br p ’ V(t) = Y+ u ab
0 0 =&ty o
it follows that the time-averaged basic reproduction is
N Be € ) -
[Ro] 7+u(ﬂh 5 ey ) (k68n + £Be) (164)

The evolution operator Y'(t, s) is given by

—(vu)(t-s)
Y(t,s) = ¢ j g 0
Y(t,s) e~ 8(t-s)
where
y = (-8} 1
Yt )= [5-(7+u)
é . 2nt 27 2nt
RS TR ((6 - w)sin (E) 365 (ﬁ))} .
_ e b(t=s)F 1
° ¢ [5 —(v+n)
é . 27s 27 2rs
&+ 6- P <(5 ~ Ot p)sin (?ﬁ) 365 (3_6—5»} '
Thus,
G(t,s) =3 Y(t,t — s — kw)F(t — s — kw)

,,.
i

)
2 [}
NWE

365

By e~ ) (sThe) Be (1 + A.sin (2w t—s))) e~ () (s+hw)
v BLY (t,t — s — kw) % (1 + B, sin (2—"3%—5‘-3—2)) Y(t,t—s— kw)

x>

Using the function G(t,s), the matrix A can be constructed and its spectral radius

can be computed. In Figures 10 and 11, we vary 3. and Be, respectively, while
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Figure 10. Plot of the periodic threshold of Ry for various 3.. Ry = 1 when 3, ~
0.0321 and [Rg] = 1 when 3, = 0.0334.

keeping other parameters fixed. In Figure 10, we again observe that the curve of
[Ro] is below that of Ry, and we notice that Ry = 1 when 3, = 0.0321. In Figure
11, we see that Ry = 1 when 3. ~ 0.05688 and [Ro] = 0.9797 for all 3.. Note that
3. and B, correspond to @ and @, respectively, in (155). Comparing the result in
Figure 10 to that in Figure 6, we see that a lower value of the magnitude of the
indirect transmission rate (3, =~ 0.0321 versus @ ~ 0.0625) is needed to reach the
threshold value Rq = 1 for the current model, due to the incorporation of the direct
transmission mode. Similarly, we observe that the values of [Ro] in Figures 10 and
11 are lower than those in Figures 6 and 7 for the same value of the parameter. In
addition, Figure 12 is an infection curve when Ry < 1, and Figure 13 is an infection
curve when Ry > 1, for the current model. We observe similar patterns as in Figures
8 and 9. Figure 14 shows a zoomed-in picture for the periodic model of Mukandavire
et al. where the periodic solution is highlighted and a period of w = 365 days (or 1

year) can be observed.
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Figure 12. The model of Mukandavire et al.: A typical infection curve when Ry < 1,
with initial condition 7(0) = 1. The solution quickly converges to the disease-free
equilibrium with Iy = 0.
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Figure 13. The model of Mukandavire et al.: A typical infection curve when Ry > 1,
with initial condition 7(0) = 1. A periodic solution with w = 365 days forms after a
long transient period.
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Figure 14. A typical infection curve for the model of Mukandavire et al. when
Ro > 1, with initial condition I(0) = 1 zoomed in.
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4.4.3 THE MODEL OF TIEN AND EARN

The original model in [62], where the pathogen concentration is denoted W in-

stead of B, is extended to a periodic environment in the form of

% = uN — by ()WS — b;SI — uS, (165)

dI
- = bw ()WS + b; ST — (v + ), (166)
id‘i;/— = at)] — EW, (167)

dR

where
- ~ . 2wt _ - . {2mt

bw (t) = bw [1 + by sin (%)} , aft) =a [1 + @ sin (%5):' , (169)

denote the water-to-person transmission rate and the shedding rate from infected
individuals into the water, respectively. Here the time-periodic parameters by (t)
and aft) play the same role as a(t) and e(t) in model (152) - (154), or S.(t) and
&(t) in model (158) - (160). The incidence in the current model is f(t,I,W) =
bw ()W + I and the pathogen function is h(t,I,W) = «(t)] — EW. The dual-
transmission pathways are included in this model by using bilinear forms, however, no
saturation effect was considered. It is straightforward to verify that the assumptions
(P-1) - (P-6) hold for the system (165) - (168) given that 0 < byy < 1 and 0 < & < 1.

Clearly, the disease-free equilibrium is given by
Xo = (So, In, Wy, Rp)T = (N,0,0,0)T. (170)

From the next generation matrices

F(t):[NbI wa(t)], v :{v—ku 0],
0 0 —a(t) ¢
it follows that
N - & N _
TS e b _— = e—— Y .
[Ro o (b,+ Wg) CET) (€br + abw) (171)

The evolution operator Y (t, s) is given by

e—(r+m)(t=s) 0 }

Y(ts)= f’(t, s) e—E(t—9)
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where
V(t,s) = e-(rHt-9)5 [ ?—(i—-i-u)
a 2nt 2T 2nt
M ES LTSy ((5 ()i <365) 365 °° (’3‘6‘5))}
_emEt-9)g 1
e a[&—(w—u)
a 27s 2T s
+(%)2+ (€ = (v + 1) (( = (v + p))sin (365) ~ 3g5 08 <§B€))} i

Thus,

Gt s) = ZYtt—s—-kw)F(t—s—kw)
k=0

bye— () (s+hw) b (1 + by sin (229} ) e- (rtm (k)

NN;% bIY t,t—s—kw) by (1+bwsm<2—"§f3g—sl>) Y(t,t—s—-kw)

We have conducted similar numerical simulations as before and calculated the two
reproduction numbers. In presenting the results of Ry, we could, in principle, vary
bw while keeping other parameters fixed. However, due to the bilinear form of the
indirect transmission mode employed in the current model, the meaningful values of
bw are several magnitudes smaller than those of @ in equation (155), or Be in equation
(162), making it impossible to compare the result with the other two models. Thus,
we have chosen to only present the result of Ry (and [Rg]) versus by in Figure 15.
We see that Rg = 1 when by ~ 0.3706 and [Ro] = 0.9872 for all by. The result
shows similar pattern to that in Figure 11 as both models include dual transmission
pathways. Figure 16 displays an infection curve when Ry < 1 for the current model,
and Figure 18 shows an infection curve when Ry > 1.

Finally, from Figures 8, 12 and 16, as expected, we see that when Rq < 1, the
infected population I quickly decreases to zero and stays there forever (for example,
see Figure 17 for the long term behavior of the periodic model of Tien and Earn),
showing that the disease dies out in each model. Indeed, similar patterns were
observed for various initial conditions (not shown here), an evidence that the disease-
free equilibrium is globally asymptotically stable for each model. Figures 9, 13 and
18 illustrate typical infection curves for the three models when Ry > 1. In this case,
for each model, the disease persists and after a long, transient period, the infection

approaches a positive w-periodic solution.
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Figure 15. Plot of the periodic threshold of Rq for various bw. Ro = 1 when
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Figure 16. The model of Tien and Earn: A typical infection curve when Ry < 1,
with initial condition I(0) = 1. The solution quickly converges to the disease-free
equilibrium with Iy = 0.



81

08 4

Infectives
o o o ° ° o
w o w0 m ~ ®
1 i 1 1 1 1

e
LM
!

1.2 1.4 1.6 1.8 2

0 0.2 0.4 0.6 0.8 1
time (days) x 10

Figure 17. The model of Tien and Earn: Long-term behavior of a typical infection
curve when Ry < 1, with initial condition I(0) = 1. The solution quickly converges
to the disease-free equilibrium with [y = 0.
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Figure 18. The model of Tien and Earn: A typical infection curve when Ry > 1,
with initial condition I{0) = 1. A periodic solution with w = 365 days forms after a
long transient period.
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4.5 MULTI-GROUP CHOLERA MODEL WITH SEASONALITY

Finally, we extend the generalized multi-group model in Chapter 3 to a periodic
environment, thus, incorporating spatial and temporal heterogeneity. Therefore, we

have the following dynamical system,

ddi" = bN; - ) Sifj(t,1;, B;) — bS: (172)
J=1
dI; = .
- = D " Sifi(t, 15, By) = (v + b, i=1,...,n (173)
j=1

L (174)
dt

dB;

= : iy Di) - 1

7 hi(t, I, B;) (175)

The functions f;(t, I;, B;) and h;(t, I;, B;) are both differentiable and periodic in time

with a common period w. Hence, we have
fi(t—!—w, Ii,Bi) = fi(t,Ii,Bi) and hi(t+w,Ii,Bi) = hi(t,Ii,Bi).

We assume (P-1) - (P-6) are satisfied for i = 1,...,n and t > 0. It is clear that the

disease-free equilibrium is given by

Xo= (8, 10,BY,...,8,1°,B% = (M,0,0,...,N,,0,0). (176)

? n! " n:?

For convenience, let

(?fz- afz

ar =D y A\, =(q; t )

Oh; _ Oh; B

'6—7;“,0,0) :’f’1(t), EE;(t,0,0) __’U,z(t),
for i = 1,...,n. Then, the next generation matrices evaluated at the disease-free
equilibrium, Xy, are given by

[ Nipi(t) - Nipa(t) Nigi(t) -0 Naga(t) |

Nopi(t) --- Npp.(t) Nuogi(t) -+ Npgo(t
F(t) = pi(?) pa(t) a(t) gn(2) :
0 ... 0 0 ... 0
i 0 0 0 0 ]
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-’71+b 0 .o P “o . .. O
0 e .0 b 0 0
V(t)= Tn +
—r®) 0 e e 0 —w(t) 0 - 0
0 —r(t) 0 -0 .. 0  —w(t) 0 -~ 0
o T | R ) I e 00 —ug(t) |

It follows that the time-averaged basic reproduction number is given by

-2 (20 2] [ [2]) o

i=1

The evolution operator Y (¢, s) is given by

E 0
Y(t,s)= [ T
where _ -
e~ (m+b)(t-s) 0 e 0
0 e-(rtd)t=s)
E = : : ,
: . 0
0 . e 0 e~ (mtb)(t-s)
| ef;ul(f)df 0 0 ]
0 elsuz(n)dr
U= )
0
0 0 efsun(nar
and ] )
[ Yi(t, s) 0 0o |
0 Ya(t,s) O
J= . . . ’
: . 0
|0 e 0 Y(ts) |
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with .
Y,—(t, s) = {/ e fsT"‘(Z)dzri(T)e"(""*b)(“s)d’r} /e‘f:“"(r)dr.
s
Thus,
M
G(t,s) = ZY(t,t — s —kw)F(t — s — kw)
k=0
& A A
ol A
where
[ Nipi(t—s - kw)eMm—0)(sthw) .. Nip(t — 5 — kw)e(m =0 (s+kw) ]
Ay = : : )
| Napi(t— s — kw)e(n=8(s+kw) . N b (t — s — kw)eln D) (s+hw) |
[ Niqi(t — s — kw)eM=D6+k) . Ng(t — 5 — kw)eln—b)(s+hw)
Ay = : : )
| Naqi(t—s— kw)elm=b)s+kw) .. Ngn(t — s — kw)e(tn—b)(s+hw) |
i Nipi(t — s — kw)Yl(t,t —s—kw) - Nipp(t—s— kw)Yi(t,t — s — kw) 1
Az = : ) : ;
| Nepi(t — s — kw)Yo(t,t — s —kw) -+ Nppnlt —s — kw)Yu(t,t — s — kw)
[ Nigi(t — s — kw)Yi(t,t —s — kw) -+ Nign(t —s— kw)Yi(t,t — s — kw)
Ag= : :
| Naqi(t — s —kw)Yu(t,t —s —kw) - Npgn(t — s — kw)Yn(t,t — s — kw)

4.5.1 DISEASE EXTINCTION OF A PERIODIC MULTI-GROUP
MODEL

We follow a similar argument of disease extinction as that seen in Section 4.2
for the general periodic model (115) - (118). First, consider the matrix function
F(t) - V(t),

(178)

Ft) ~ V(1) = [Cl C”} ,

Cs Cy
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where
M) - (n+b) Nipa(®) Nipalt) ]
. Nap(t)  Nama(t) = (4 D) Napa) |
| Nm(d) Nopa(t) = (n +b) |
| Niai(t) Niga(?) |
C, — qul (t) Nz({n(t) ;
| Naa(2) Nngn(t) |
(@) 0 - 0 ] [ w@) o0 - 0 ]
= O r?(t) O o= 0 u?(t)
R I .

Note that F'(t) — V/(t) is continuous, cooperative, irreducible and w-periodic. Using
assumption (P-4), it follows that

n

d[i , n
a > SifilI By) = (% + 0L < Y N {Ip;(t) + Big;(t)} — (v + b)I;, (179)
§=1

1=1
and
dB; ,
—Et'— = hi(t, Ii, B,) < Ii'l'i(t) + Bzu,(t) . '\180)
Thus, i i
Il [ Il
d In ITl
— <[F@)=-V{(t 181
il | =re-ver| o (181)

Therefore, by a similar argument presented in Section 4.2, we obtain the following

result.
Theorem 21. If Ry < 1, then the disease-free equilibrium of the model (172) -

(175) is globally asymptotically stable, and lim,_,., X (t) = Xo = (N, 0,0,0)7 for any
solution X (t) of the system (172) - (175).
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4.5.2 DISEASE PERSISTENCE OF A PERIODIC MULTI-GROUP
MODEL

Again, we take a similar approach to proving uniform persistence as the proof in
Section 4.3. Let Ry > 1 and define

X =R Xo=R? xInt(R?) x Int(R?);  8Xo = X\ Xo.

Let P : X — X be the Poincaré map associated with the model (172) - (175) such
that P(zo) = u(w, xp) for all zo € X, where u(t, zo) denotes the unique solution of
the system with u(0,z¢) = xp.

Let S =(S51,....8.), I=(L,...,I,), B=(B,...,B,) and set

My = {(5(0), I(0), B(0)) € X, : P™(S(¢t), I(t), B(t)) € 8Xp Ym > O}.

Consider the fixed point My = (N,0,0) where N = (Ny,...,N,). And define
WS (Mo) = {xo : P™(x0) — My, m — co}. We show that

WS (Mo) () Xo = 0.

Based on the continuity of solutions with respect to the initial cenditions, for any
€ > 0, there exists § > 0 small enough such that for all (S(0), I(0), B(G)) € X, with
1(5(0), I(0), B(0)) — Mol} < 4, we have

”'Lt(t, (S(O)v I(O)’ B(O))) - u(tv MO)” <k, Vi e [O,w‘].
‘We make the claim that
lim_f‘up | P™(S(0), 1(0), B(0)) — Mo|| =4,  V(S(0),1(0), B(0)) € Xo.

Suppose by contradiction, that is, we suppose limsup,, ., I1P™(S(0),1(0), B(0)) —
M|l < 8 for some (S(0), I(0), B(0)) € X,. Without loss of generality, we assume
that [|P™(S(0), 1(0}, B(0)) — Mylj < §,Vm > 0. Thus,

[lu(t, P™(S(0), I(0), B(0))) — u(t, Mp)|| < ¢, vt € [0,w] and m > 0.

Mcreover, for any t > 0, we can write t = t' + nw, where t’' € [0,w) and n being the

greatest integer less than or equal to t/w. Then we obtain

[l 4(2, (50}, 1(0), B(0))) — u(t, Mo)li = |lult’, P™(S(0), 1(0), B(0))) — u(t', Mo)i| < e
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for any t > 0. Let (S(t), I(t), B(t)) = u(t, (S(0), I(0), B(0))). It follows that N - ¢ <
S(t) < N+¢ 0<I(t)<eand 0 < B(t) <e¢, and thus,

N; —e< 5i(t) < N; + ¢, 0< Ii(t) <e, 0 < Bi(t) <e.

Again, note that € < €¢*. Then, assuming (P-1) and (P-6), we have

n

ﬂl--ZSf (4.1, By) — (3 + B)
> 300 (15 ) = o+ D

Z Ni—¢)- <th00)+1 Ij(t,0,0)+Bj-%(t,0,0)

+ip. 3f’(to,o)+1j.B,-. &/ (t,0,0) + B? af’(tOO))*(vﬁb)Ii

27 or? d1;0B; OB?
I df](t 0,0) + B; - az% (t,o,O)) ~(n+HL
+;Nt ( -%Ij-%a,o,o)ﬂ- %B,- ngg(t 0,0) —¢-I; - 61:,){;3 (1,0 O‘D
5:‘1(<] oL, 2(¢,0,0) + B; - de (tOO‘ -1 8?26{23 {t, 0,0)D
=
and
dﬁi = hy(t, I;, B;)
> hi(t,0,0) + I, - ‘?—}I‘f’(z,o,O) + B; - 2Iﬁ(t,ﬂ, 0)
+%I§ ‘22]’2 (¢,0,0)+ I - B; - 8?2;'3 (t,0,0) + 232 321:2@ 0,0)
> Ii-g}; (t,0,0) + B; - aBi(t,O,O)
+c-%1,. 'i;;’ {t,0,0) +¢- ;B; ZZLNOO) -1 a?ng (too'

For further convenience, let

22 821 a?l
Chton=nn, Theon=aw. L-¢,00= i),
oI 0B:; 8[(’33

O2h; . &h, . O”h;
812( ,9,0) =7:(t), W(t,O,O)Eui(t), 31.9B. (t,0,0) = hi(t),
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for¢=1,...,n. Thus,

dl; = 1. 1.

= DN (I -ps(0) + B - gi(8) — (i + L+ ) Ni- e 51 Bi(t) + € 5B;-55(t)
j=1 i=1

—e- ;- ifj(t)') - i;e- (Ij -p;(t) + Bj - g;(t) — €~ Ijifj(t)i) )
.

and
B; 1 . 1 . "
gi—— < Ii - T'-i(t) + B,‘ : ’LL,(t) + € - "‘Ii - Ti(t) +e€- ‘-Bi . Ui(t) - € - Ii . h,z(t) .
dt ‘ 2 2 | |
Hence, we obtain
[ dr,/dt ]| [ ]
dI,/dt I,
e [ F-V-eK] ,
dB,/dt B,
| dB,/dt | | B |
where F' — V' was given by equation (178) and
D D
—e- K =¢- to , (182)
Ds D,
where
[ ANpI(t) = i) = N+ OLAO - ENipalt) — palt) — (N1 + €)1 fal2))]
D, = : . : ;
INGBL(E) = Pi(t) — (Na + OLFi@)] -+ 3Nabu(t) = Palt) = (Va + OIfn(D)]
[ AMa®) —a®) - NGl - ) ]
D, = : T : ;
%Nnél (t) -0 (t) T %Nn(in(t) - Qn(t)
371(t) - !hl(t)’ 0 Lig(t) - 0
D3 - ’ D4 =
. 15
0 dalt) = [0 0 o ()
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Again based on Theorem 2.2 in [66] (also presented in Appendix C as Theorem
2), Ro > 1 if and only if p(®p_yv(w)) > 1. Thus, for € > 0 small enough we have
p(Pr_v_ek(w)) > 1. Using Lemma 17 and the comparison principle, we immediately
obtain

tl_i)m Ii(t) =00 and tlim B;(t) = oo, i=1,...,n, (183)

which is a contradiction.

Therefore, M, is acyclic in My, and P is uniformly persistent with respect to
(Xo,0Xp), which implies the uniform persistence of the solutions to the original
system. Consequently, the Poincaré map P has a fixed point (5(0), I(0), B(0)) € X,
and it can be easily seen that S(0) # 0. Thus, (5(0),1(0), B(0)) € Int(R,) x
Int(R,) x Int(R,) and (S(t), I(t), B(t)) = u(t, (5(0), I(0), B(0))) is a positive w-

periodic solution of the system. Hence, we have established the following result.

Theorem 22. Let Ry > 1 and let (P-1) - (P-6) hold. Then the solutions of the
system (172) - (175) are uniformly persistent, and the system admits at least one

positive w-periodic solution.

We have presented a general non-autonomous cholera model in a periodic en-
vironment. Seasonally variational factors have been incorporated into the incidence
function f and the pathogen function k. Using the next infection operator introduced
in [66], we have derived and computed the basic reproduction number R, of our pe-
riodic cholera model, and have conducted a careful analysis on the epidemic and
endemic dynamics. Our results have established Ry as a sharp threshold for cholera
dynamics in periodic environments; i.e., disease completely dies out if Ry < 1 and
uniformly persists if Ry > 1. The general analysis is demonstrated through three
specific cholera models, and numerical simulation results are consistent with ana-
lytical predictions. We have also extended the generalized multi-group model to a
periodic environment. More detailed analysis of this multi-group periodic model will
be completed in the near future.

The complication of cholera modeling lies in that, on top of the multiple transmis-
sion pathways that involve both environment-to-human (or, indirect) and human-to-
human (or, direct) routes, disease dynamics are also subject to strong seasonal vari-
ation. Thus, many different factors, ranging from ecological, environmental, societal,
and climatic, need to be considered in constructing a more accurate mathematical

model. We have incorporated periodicity into the general incidence and pathogen
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functions in our model, in order to represent these various seasonal oscillations in
a generic manner. Although in the three specific examples presented in Section 4.4
we have focused on two periodic parameters (i e., the rates of human-environment
contact and human contribution to environmental vibrios) for the purposes of demon-
stration and easy comparison, one can easily incorporate periodicity into other model
parameters, depending on the context of the modeling. In addition, similar analysis
can be conducted to other cholera models (e.g., {28]), and the framework can be
extended to model other water-borne infectious diseases, such as dysentery, typhoid

fever, and campylobacteriosis.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

Cholera is currently in its seventh pandemic and remains a growing public health
problem in different, parts of the world, with outbreaks showing complex patterns,
partly explained with genetic changes in the organisms [49,55]. Despite the available
knowledge on its prevention and treatment, the disease is emerging as one of the
leading cause of mortality in developing countries. Successful control and eradication
of the disease requires good understanding of the biological, epidemiological and
environmental factors shaping these outbreaks. Infectious disease modeling helps us
to understand the mechanisms influencing disease transmission dynamics. To that
end, we have presented and analyzed three different cholera mathematical modele:
an autonomous model with added public health control measures, a general multi-
group model incorporating spatial heterogeneity and a periodic model incorporating
seasonal variations.

First, we modified an autonomous cholera model in a homogeneous environment
to include three public health interventions (vaccination, medical treatment, and
water sanitation) in an effort to better understand the effects of different control
strategies. We explicitly determined the new basic reproduction number and con-
ducted a stability analysis of the disease-free and endemic equilibria for the system
with the added controls. The addition of these three control measures reduces Ry,
and hence, reduces the risk of infection. However, a cholera epidemic could stiil occur
if the control measures are not strong enough to reduce Ry to below one. Conse-
quently, Ro remains a significant epidemic threshold (if Ry < 1, then the disease will
be eradicated, but if Ry > 1, then the disease will persist and spread) and effective
control of cholera remains a critical and complex problem tc solve.

Next, we proposed a general multi-group model to study the effects of spatial het-
erogeneity and dispersal on cholera transmission via direct and indirect pathways.
This model incorporated a general formulation for the incidence and pathogen con-
centration in each group. By design, this framework allows for variation of the risk of

infection and concentration of toxigenic vibrios in the aquatic environment between
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different regions, and hence unifies many existing multi-group cholera models. Un-
der biologically reasonable conditions, the basic reproduction number Ry continues
to be a sharp threshold for cholera dynamics in multiple groups. In fact, the basic
reproduction number Ry is the sum of the individual reproduction numbers from all
of the n groups. The individual reproduction numbers consist of a contribution from
the direct transmission and a contribution from the indirect transmission within each
group, implying that the two modes of transmission can independently or jointly start
an epidemic, first within the group and then potentially spread into other groups.
Therefore, we now can more accurately model cholera dynamics and the implementa-
tion and effects of specific control measures in various spatial regions where infection
risks are high, toxigenic vibrios are prevalent, accessibility is restricted, or provisions
are not readily available or in dire need. Additionally, we conducted a stability anal-
ysis of the disease-free and endemic equilibria. We presented a two-group cholera
model to verify our analysis.

Finally, we proposed a generalized cholera model in a time-periodic environment.
The force of infection and pathogen concentration in the aquatic environment are con-
sidered as periodic functions to illustrate seasonal and climatic patterns. We derived
the basic reproduction number using the next infection operator and established Ry
as a sharp threshold for cholera dynamics in periodic environments; when Ry < 1,
ihe disease dies out, and when Ro > 1, the disease persists. Further, we conducted
a careful analysis on the epidemic and endemic dynamics. We validated our analysis
through numerical simulation of three different cholera models with time-periodic
incidence and pathogen concentration functions. Specifically, we studied periodic
variations of contact rate with contaminated water and a periodic rate of human
contribution to the pathogenic concentration. These factors allowed us to simulate
the seasonal variations in water quality and the aquatic reservoir due to climatic oc-
currences such as monsocns, floods, droughts and water temperature changes. Thus,
the significant contribution of this general non-autonomous cholera model in a peri-
odic environment is that it provides a basic framework for the consideration of many
different temporal environmental factors in an effort to more accurately model the
complex cholera dynamics which are subject to seasonal oscillations.

Furthermore, we have extended the generalized multi-group model to a periodic

setting. That is, we have constructed a model that incorporates seasonality as well
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as spatial heterogeneity to more realistically describe cholera dynamics. In the fu-
ture, we hope to conduct a more detailed study of this non-autonomous model with
spatial heterogeneity. To that end, this research illustrates some weaknesses in the
proposed generalized models. While the multi-group and periodic models provide
a basic framework for autonomous and non-autonomous infectious waterborne dis-
ease models, respectively, the multi-group model omits seasonal factors which are
significant in endemic regions. On the other hand, the periodic model does not con-
sider movement and interaction between various spatial regions and their impact on
cholera dynamics; i.e., the entire population being studied must exist under the same
conditions in the same environment which is not realistic. Hence, a non-autonomous
model that incorporates spatial heterogeneity would provide significant insight into
and a better representation of the complex cholera dynamics.

In addition to a more thorough study of a multi-group periodic cholera model,
we hope to have a better comprehension of the ecology of cholera vibrios and, thus,
can describe the dynamics of the toxigenic vibrios in the aquatic reservoir more
realistically. Since V. cholerae can survive for long periods of time in water, we wish
to improve our understanding of this autochtonous growth of vibrios and include
this behavior into a cholera model. Another attribute of V. cholerae is that it can
assume a viable, but non-culturable form [68] which complicates the modeling and
understanding of cholera dynamics. Thus, in the future, we aim to expand our
knowledge and comprehension on more complex cholera epidemiological models. We
are currently studying and analyzing cholera dynamics through a PDE cholera model
that includes diffusion coefficients to incorporate spatial heterogeneity and a cholera

model that incorporates bacterial growth and possible Allee effects.
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APPENDIX A

SOME CHOLERA MODELS IN HOMOGENEOUS

SETTINGS

We briefly present four autonomous mathematical cholera models in homogeneous

environments for reference.
A.1 CODECO’S MODEL

In 2001, Codeco [15] proposed the following mathematical cholera model:
dS

il n(H — S) — aA(B)S, (A1)
% = aA(B)S —-rl, (A2)
%ltz = B(nb— mb) +el. (A3)
In this model, H represents the total human population and n is the human birth
and death rate. The incidence is given by aA(B) = aB+LK where a is the rate of

exposure to contaminated water and K is the concentration of V. cholerae in water
that yields 50% chance of catching cholera, also known as the half saturation rate.
The parameter r = n + v where -y is the rate at which people recover from cholera
and the parameter e is the contribution of each infected person to the population of
V. cholerae in the aquatic environment. Finally, nb and mb are the growth rate and

loss rate, respectively, of V. cholerae in the aquatic environment.
A.2 MODEL OF MUKANDAVIRE ET AL

Mukandavire et al. [47] proposed the following system of differential equations
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describing cholera dynamics in 2011,

% — uN - ﬂeS;—f—B- — BuSI — S, (A4)
‘% = 5,35“% + BaST — (v + )1, (A5)
%? = - pR, (A6)
Eﬁg = &¢I -4B. (A7)

In this model, N represents the total human population and p is the natural hu-
man birth and death rate. The incidence is given by Be;% + BrI where . and
Br denote environment-to-human transmission and human-to-human transmission,
respectively. Further, x corresponds to K, v corresponds to r, £ corresponds to e,

and ¢ corresponds to mb — nb in the model of Codeco.
A.3 TIEN AND EARN’S MODEL

Tien and Earn [62] proposed the following compartmental ODE model in 2010,

d
Eg = pN —bwWS — b, ST — S, (A8)
I
% — bwWS +b,SI — 4 — pl, (A9)
dw
— = ol =&, (A10)
dR
Pl v —uR. (A11)

The pathogen concentration is denoted by W instead of B. Parameters by and b,
represent the transmission rate for water-to-person and person-to-person contact,
respectively. Also, a corresponds to e, and £ corresponds to mb — nb in the model
of Codego. We note that this model is similar to that of Mukandavire et al., but no

saturation effect was considered.
A.4 WANG AND LIAO’S MODEL

In 2012, Wang and Liao [65] proposed the following generalized cholera model in
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a homogeneous setting:

% — bN — Sf(I, B) — bS, (A12)
= SfU.B) - (b, (A13)
dR
— = 7l -bR, (A14)
dB
— = h(,B) (A15)

where f(I, B) is the incidence function which determines the rate of new infection,
and the function h(I, B) describes the rate of change for the pathogen in the envi-

ronment. In this model, b represents the human birth and death rate.
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APPENDIX B

GRAPH THEORETICAL METHOD FOR

CONSTRUCTING LYAPUNOV FUNCTIONS

We briefly review the background of the graph theoretical approach in [58] to
construct a Lyapunov function to assist in proving global stability of the endemic
equilibrium. Let (G, A) be a weighted digraph where G has n vertices and A = [a;;] >
0 is the n x n weight matrix. If the directed arc (j,%) exists, then the entry a;; is
equal to the weight of the arc, otherwise a;; = 0. A digraph G is strongly connected
if for any pair of distinct vertices 7, j, there exists a directed path from 7 to j (and
also from j to <) [58]. A weighted digraph (G, A) is strongly connected if and only if
the weight matrix A is irreducible [6].

Let T; be the set of all spanning trees of (G, A) that are rooted at vertex . For
T € T;, the weight of T, denoted by w(7), is the product of weights on all arcs of
T. Let

ci:Zw(T), i=1,...,n. (B1)

TeT:

Then ¢; > 0, and for any family of functions H;(z)._, with z = (21,...,2,)7 € R™,
the following holds . .

Z ciai; Hi(z) = Z ciay; Hj(z).

ij=1 4g=1
In particular, if (G, A) is strongly connected (i.e., A is irreducible), then ¢; > 0 for
t=1,...,n

Then, we have the following result for construction of Lyapunov functions for

infectious disease models.

Theorem 1. [58] Let U be an open set in R™. Let
zi = fi(z1, 22, - -y Zm), k=1,2,...,m, (B2)

be a differential equation system with z = (z1,29,...,2m) € U. Suppose that the

following assumptions are satisfied:
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(i) There exist functions D; : U — R, Gi; : U = R and constants a;; > 0 such
that for every 1 <i < n, Dj = Di|2) < > ., aiGi;(2) for z € U.

(it) For A = [a;;], each directed cycle C of (G, A) has 3, ey Grs <0 forz €U,
where €(C) denotes the arc set of the directed cycle C.

Then, the function D(z) = 3 7. | ¢;D;(z), with constants ¢; > 0 as given in equation

B1), satisfies D' = D'|(ga) < 0; that is, D is a Lyapunov function for the system
(B2)
(B2).
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APPENDIX C

BASIC REPRODUCTION NUMBER FOR EPIDEMIC

MODELS IN PERIODIC ENVIRONMENTS

We briefly review the work in [66] below. Following the setup for autonomous epi-
demic models [64] (also briefly reviewed in Section 2.1), consider an epidemiological
model represented by the non-autonomous system

dIi

o = fi(t,x) = F(t,x) — Vi(t, ) i=1,...,n (C1)

where F;(t, z) denotes the rate of appearance of new infections in the ith compart-
ment, and V;(t,z) denotes the rate of transfer of individuals into or out of the ith
compartment. Both F;(¢,z) and V;(t,z) are w-periodic in ¢t for some w > 0. Let
zy,Zo, ..., I, denote the infected compartments, and T,,41, Tmy2, ..., T, denote the

uninfected compartments. Define X to be the set of all disease-free states:
Xs={z2>20|z;=0,1 <i<m}.

In addition, assume that system (C1) has a disease-free periodic solution z°(t) =

T
(O, e 0,28 1(0), ... ,Ig(t)) and define

M(t) = <w>m+lsi715" '

Let ®ps(t) denote the monodromy matrix of the w-periodic system dz/dt = M(t)z.
It is further assumed that z°(¢) is linearly asymptotically stable in the disease-free
subspace Xg; i.e.,

p(Pum(w)) <1 (C2)

where p(®p(w)) is the spectral radius of ®pr(w).
It follows that

D, F(t,2°()) = ( Fét) 3) and DV(ta(0) = (2(3 —Ag(t))
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where F(t) is a non-negative matrix and —V(t) is a cooperative matrix defined by

i(t, 20 3(t, z°
i - (Z2420) vy = (AW
Oz; 1<i, j<m Oz 1<i, j<m
respectively.
Further, let Y(t,s), t > s, be the evolution operator of the linear w-periodic
system
dy

== -V (t)y. (C3)

Now assume that ¢(s) is w-periodic and is the initial distribution of infectious indi-
viduals. Define the linear operator L : C, — C,, where C,, is the ordered Banach
space of all w-periodic functions from R to R™ equipped with the maximum norm
I-llc and the positive cone CI = {¢ € C,, : ¢(t) > 0,Vt € R} by

(L)() = /0 TY(tt - $)F(t — )t — $)ds,  VEER. (Ca)

This L is referred to as the next infection operator, and the basic reproduction

number is defined as the spectral radius of L, i.e.,
Ro = p(L). (C5)
The following theorem is established to characterize Ry.

Theorem 1. Consider the linear w-periodic equation
dw
dt

Let W(t,s,A), t > s, s € R be the evolution operator of this system on R™. Then

(—V(t) + %F(t)) w, teR, weR" Ae (0,00).

the following statements are valid:

(i) 1fp(W(w,0,))) =1 has a positive solution Ao, then \g is an eigenvalue of L,
and hence Ry > 0.

(ii) If Rg > 0, then A = Ry is the unique solution of p(W(w,0,1)) = 1.
(#ii) Ro = 0 if and only if p(W(w,0,1)) < 1 for all A > 0.
On the other hand, based on the assumption (C2) and the observation

F(t)-V(t) 0 )

sz<t,x°<t>>=( o e

one obtains the result below.



Theorem 2. The following statements are valid:
(i) Ro =1 if and only if p(Pr_v(w)) = 1.
(i) Ro > 1 if and only if p(Pp_y(w)) > 1.

(iit) Ro < 1 if and only if p(Pr_v(w)) < 1.

Thus, z°(t) is asymptotically stable if Ry < 1, and unstable if Ry > 1.
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