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ABSTRACT

ANALYSIS OF DISCRETE CHOICE PROBIT MODELS WITH
STRUCTURED CORRELATION MATRICES

Bhaskara Ravi
Old Dominion University, 2012
Director: Dr. N. Rao Chaganty

Discrete choice models are very popular in Economics and the conditional logit
model is the most widely used model to analyze consumer choice behavior, which
was introduced in a seminal paper by McFadden (1974). This model is based on
the assumption that the unobserved factors, which determine the consumer choices,
are independent and follow a Gumbel distribution, widely known as the Indepen-
dence of irrelevant Alternatives (ITA) assumption. Alternate models that relax IIA
assumption are the Generalized Extreme Value (GEV) models, which allow depen-
dency between unobserved factors. However, GEV models do not incorporate all
dependency patterns, other choice behaviors such as random taste variation and re-
peated responses over time. The discrete choice probit models are the most flexible
in the sense that they model any dependence pattern, random taste variations and
repeated responses. But, the probit models require evaluations of multivariate nor-
mal distribution function, which are difficult to compute. They were not pursued
because of this difficulty, except in a few cases with specific patterns in the covariance

structures.

In this dissertation, we study the discrete choice probit models for a couple of cor-
relation structures such as equicorrelation and product correlation. Using stochastic
representations, we derive and simplify analytical expressions for the computation of
choice probabilities for both of the structures. Further, we illustrate the procedure
of obtaining maximum likelihood estimates for the model parameters and analytical
expressions for the Fisher information matrix to compute their standard errors. Us-
ing simulations, we compare the performance of probit models with logit models in
both large sample case as well as small samples. We conclude that the probit models
are more asymptotically efficient than logit models as correlation increases. We have

provided a sample R-code in the appendix that was used for computations.



Finally, a more general form of choice models are presented using multivariate cop-
ulas. We presented a brief introduction of discrete choice copula models using the
Gaussian copula and the Extreme value copula. Copula representations are useful in
building multivariate distributions with several choices for marginals. The discrete
choice probit models are Gaussian Copula models with marginals that are standard
normal and the GEV models are Extreme Value Copula models with marginals that
are extreme value distributions. This work shows a way of constructing new models
using copulas by choosing different marginals within the copula representation. For
example, a Gaussian Copula choice model with Gumbel marginals or an Extreme
Value Copula choice model with normal marginals is possible. Such models are not
yet explored to model consumer choice behavior and this provides a road map for

future research.
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CHAPTER 1

DISCRETE CHOICE MODELS

1.1 INTRODUCTION

Almost everyday, consumers encounter several choices or alternatives such as
which phone to pick, which mode of transport to use, which car to buy, etc. Interest-
ingly, the decision to pick a pa.rticular choice not only depends on the characteristics
of the consumer but also heavily relies on the characteristics of the choice scenario.
Inherently, consumers attach a utility factor to each alternative and they choose the
alternative that has the highest utility. Statistical models that study such consumer

choice behavior are known as discrete choice models.
1.1.1 CHOICE SET AND ITS PROPERTIES

In a discrete choice setup, consumers are presented with a set of alternatives
known as “Choice Set”, that has three important characteristics. First, the choice
alternatives are mutually exclusive. This characteristic leads to the fact that only one
alternative is picked up as a choice and all others are excluded. Second, the choice
set is exhaustive so that all possible alternatives are included. Third, the number
of alternatives are countably finite. The first two characteristics are less restrictive
in the sense that the alternatives can be modified to satisfy the two characteristics.
For example, a choice experiment of travel modes that consists of alternatives such
as bus, train, or car can have a possibility of a consumer choosing both the bus and
the train as a choice. The choice set can then be modified to accommodate “bus and
train” as another option so that the list becomes mutually exclusive and exhaustive.
The third characteristic is more restrictive in nature in that it defines the dependent
variable to be discrete. Further, these three characteristics lead to the property that

the total probability of selection is equal to one among all alternatives.

This dissertation follows the style of Journal of the American Statistical Association.



1.1.2 CHOICE PROBABILITIES

In discrete choice models, we are interested in modeling the consumer choice be-
havior that involves computing the probability of choice. The modeling process is
based on the utility maximization theory. A subject assigns a value to each alterna-
tive in his mind, known as “utility” that is not observed and chooses the one that
has the highest utility value. Further, it is assumed that this latent utility comprises
of a deterministic component, “mean”, and a random component, “error”, that is
unobserved. We further make distributional assumptions about the random compo-
nent, that lead to several discrete choice models. The model with an assumption
that the unobserved factors are independent and follow a Gumbel distribution is the

McFadden’s conditional logit model.
1.1.3 DATA SOURCES

Data for discrete choice models usually come from two sources. The first source is
household panels or consumer panels, wherein a set of respondents are selected for a
pre-determined period of time and their purchase history is recorded. The purchase
history consists of all purchases made by households across several categories and is
divided into different categories for analysis. For a particular category such as hair
care, each purchase transaction has information about the brand bought, date of
purchase, purchasing store, number of units bought, its price, any promotion offered,
etc. On a given day, if two households bought two different brands, then the brand
bought by first household was available as a choice to the second household and vice
versa. Looking at all transactions on the same day and in the same store, a choice
set can be constructed that represents major part of the market. The purchase
history also has information about price, promotion, etc., that governs choice and
this information forms the explanatory variables that determine the consumer choice.
The second source is data that comes from discrete choice experiments or conjoint
analysis. In market research, a survey is designed to evaluate potential market for
a new product or an existing product to understand consumer choice or preferences.
A virtual choice set, known as “choice card”, is created using design of experiment
principles. The choice set consists of a several alternatives characterized by product
attributes such as brand, price, promotion etc. A set of choice cards are shown

to each respondent and their response is observed one after another. This data is



analyzed using discrete choice modeling framework. The data from consumer panels
is more robust in the sense that it reveals the true behavior of consumers where as
the data coming from experiments tend to be less robust due to sampling errors,

survey administration bias, etc.
1.1.4 REAL DATA EXAMPLES

Example 1. Detergent brand choice.

In this example, the data is from a market research study and contains information
about the brand and price of the laundry detergent purchased by 2657 consumers
originally analyzed by Chintagunta and Prasad (1998). The dataset contains the
log prices of six detergent brands Tide, Wisk, EraPlus, Surf, Solo, All, as well as
the brand chosen by each household. We are interested to model the brand choice

with log-price.

Example 2. Data used to study travel mode choice.

The source of the data is Table 21.2 of Greene (2003). This data contains choices
made by 210 individuals traveling between Sydney and Melbourne in Australia. The
response has four modes of travel namely Air, Train, Bus or Car. The explanatory
variables that are specific to the alternative are waiting time, travel cost, travel time,
general cost, party size, and a individual specific variable like household income.
There are 840 observations by 210 individuals. We are interested in modeling the
travel mode choice using the explanatory variables such as time, cost, waiting time,

etc.
1.2 ORGANIZATION OF THIS DISSERTATION

Including the current chapter, this dissertation consists of six chapters. In Chap-
ter 2, we discuss the most widely used discrete choice model known as McFadden’s
conditional logit model. We introduce the notation needed for discrete choice models
and describe the formulation that lead to conditional logit model. The remaining
sections consist of identifying difference between a regular multinomial logit and
conditional logit model, that lead to variety of models to describe market dynam-
ics. Further, we illustrate the estimation of conditional logit model using maximum

likelihood method and analyze the laundry detergent example using this procedure.



Finally, we discuss the pitfalls of this model having the Independence of Irrelevant
Alternatives (ITA) assumption and conclude with the alternate models that deal with

this limitation.

In Chapter 3, we introduce the multinomial discrete choice probit model that fully
relaxes ITA assumption. The probit model requires difficult evaluation of multi-
variate normal distribution function to calculate choice probabilities. We present
a simplification of choice probabilities for equicorrelation structure using stochastic
representations. We derive the exact analytical expressions of the choice probabilities
and describe the estimation of probit model using ML approach. We also derive the
analytical expression of Fisher information to compute the standard errors of pa-
rameter estimates. Further, we demonstrate that the probit model is more efficient
than the logit model asymptotically as well as in small samples. Finally, we illustrate
the probit model using laundry detergent example and compare the results to logit

model.

Similar to Chapter 3, Chapter 4 describes the multinomial discrete choice probit
model with product correlation structure. We derive analytical expressions for com-
puting the choice probabilities with product correlation structure and describe the
procedure of model estimation using ML approach. Further, we compare the perfor-
mance of the probit model with product correlation structure to the paired combi-
natorial logit model, that is more appropriate when considering probit with product
correlation. We compare the performance of both models using asymptotic relative
efficiency. Finally, we illustrate the probit model with product correlation structure
using a real data example and compare the results to paired combinatorial logit

model.

Chapter 5 describes a unified approach to model the dependency between unobserved
factors using copulas. We present the derivations that show that the logit models are
special cases of the Extreme Value Discrete Choice Copula Models and the probit
models are special cases of the Gaussian Copula Discrete Choice models with normal
marginals. This insight lead to the possibility of developing new models to model

the consumer choice behavior.

In Chapter 6, we present a brief summary of results obtained in this dissertation.
Finally, the Appendix section contains important SAS and R programs we developed

for this dissertation.



CHAPTER 2

LOGIT MODELS

2.1 INTRODUCTION

A popular and widely used discrete choice model is the Conditional Logit model.
It is popular due to the fact that the choice probabilities in this model have closed
form expressions and they are easily interpretable. Under this model, the unobserved
utility factors are assumed to be independent and identically distributed as Gumbel,
which is an extreme-value distribution. This independence assumption leads to an
important property that the ratio of any two choice probabilities depends only on the
two alternatives selected and all others become irrelevant. This property is known as
“Independence of irrelevant alternatives (IIA).” While the ITA property is realistic
in some choice situations, it may not be appropriate in others, see Chipman (1960)
and Debreu (1960). Further, statistical tests developed by Hausman and McFad-
den (1984), McFadden (1987) and Train et al. (1989) are very useful to validate the
ITA assumption. When IIA assumption is not tenable, one needs to pursue several
alternate models that relax the ITA assumption. These alternative models such as
nested logit, heteroscedastic extreme value (HEV) and mixed logit, allow different
forms of dependency between alternatives. However, the model that allows most

flexible dependence structure is the Multinomial Discrete Choice Probit model.
2.2 CONDITIONAL LOGIT MODEL

Luce (1959) derived the logit formula from assumptions of the characteristics
of choice probabilities, namely ITA. As mentioned earlier, discrete choice models are
based on utility maximization theory and Marschak (1960) showed that logit model
is consistent with utility maximization. Later, Luce and Suppes (1965) showed
that the assumption of unobserved utility following an extreme value distribution
leads to logit formula. McFadden (1974) completed the proof by showing that the
logit formula for the choice probabilities necessarily implies that unobserved utility
has extreme value distribution. Hence, it is known as McFadden’s conditional logit

model.



Suppose we have n subjects and each subject faces ¢ choices, among which one is

chosen. Let y;; be the binary response given by,

1 if 7th respondent chooses jth alternative
i = { 0 otherwise.

We are interested in computing p;;, the probability of ith subject choosing the jth
alternative, 1 = 1,...,n; § = 1,...,c. A subject chooses the jth alternative if the
latent utility of jth alternative is larger than utilities of all other alternatives. Let
u;; denote the latent utility that the ith subject associates with jth alternative and
assume that wu;; = p; + 2;;, where p;; is the mean and z;; is the error component.
Further, we assume that yu;; = xj; B, where xj; = (zy1, . . ., Tgjp) is a p-variate vector
of explanatory variables and 3 is the vector of unknown regression coefficients. Fur-
ther, z;;’s are independent and identically distributed (iid) as Type I extreme value
(Gumbel) distribution with density

flzi;) = €7 exp(—e™™), —o00< z; <00 (1)
and distribution function
F(z;;) = exp(—e™*). (2)

Conditional on the choices, the model for the probability of selecting jth choice by
ith respondent is,
P = exp(x}; B)
7 Yk exp(x B)

To prove Equation (3), we proceed as follows:

3)

pi; = Pr(y;=1)

Pr(u; > ug; Y1I#j)

= Pr(za < (i — ba) + zi5; V1 # 7)

= /00 Pr(zy < (pij — pa) + 2|z = z; VI#§) f(2)dz

—CQ

00 c
= / H exp(—e~FTHi—m) | e7% exp(—e~?) dz

% \Uh)=1

o c
= / exp (—e’z Ze“("‘f"‘“)) e *dz.

—oo =1



Let v = e™#, then the choice probability p,; given by

o) [
0

=1
1
Zlc—l e—(Biz—pa)
e*i P
Y ket eXw P’

Note that, the advantage of choosing Gumbel distribution for the error terms results

in a closed form expression of the choice probabilities and it is easily interpretable as
it has logit form. Conditional on pair of choices 7 and k, this model can be written

as

log [pi; /pix] = (x5 — xuc)'B. (4)

2.2.1 DIFFERENCE BETWEEN MULTINOMIAL LOGIT AND CON-
DITIONAL LOGIT

It is worth noting the difference between a multinomial logit and conditional logit
model. In a conditional logit model, the explanatory variables are the characteristics
of choice alternatives such as price, cost, time, etc. and they vary over alternatives,
sometimes also vary over subjects. In a regular multinomial logit model, the explana-
tory variables such as age, income, are characteristics of subject and remain constant
across choices. In fact, the multinomial logit model is a special case of conditional

logit model.
Consider a response variable with M nominal categories. The traditional base-line

category multinomial logit model has (M — 1) logits given by

pij(xi)
Pim(Xi)

log = a; + x;06;, j=1,...,(M-1),

where o; are constants and 3, are vectors of regression coefficients. These (M — 1)

equations are simplified to compute the response probabilities p;(x) as

exp(a; + x'B; )
pi(x) = Mp—(1j 1) — J=1...,M—1 (5)
143 exp(ox +x'B)



with apr = 0 and 8,, = 0, being the last category as base-line. A conditional logit
model has the probabilities of the form (3) and the multinomial logit model has
discrete-choice form after replacing an explanatory variable by M artificial variables;
the jth is the product of the explanatory variable with a dummy variable that equals
1 when the response choice is 7 (Agresti 1990). For example, let z; denote the value
of ith subject, assuming a single explanatory variable,s =1...,n. Forj=1,..., M,
let 6;x equal 1 when k& = j and O otherwise. Let z;; = (6;1,--.,0;m, 65124, - .., Gjmx;)
and B = (cu,--.,oum,B1,- -, Bum). Then, z;8 = a;+ B;z;, the response probabilities
for the multinomial logit model (5) are
exp(a; + z:5;)

exp(ar + zif1) + - - - + exp(anm + z:By)
_ exp(z/,f) 6

exp(z;,B) + - - - + exp(z;yB)’
which are of the form (3). With this approach, the conditional logit model can

216

contain characteristics of consumer as well as choices and thus multinomial logit

model is a special case of conditional logit model.

This difference actually leads to an interesting formulation of “mean” using regres-
sion parameters. Three different model formulations are considered for doing market
share analysis (Lee 1988) viz., simple effects, differential effects and cross-effects
in increasing order of model complexity. Leaving the alternative specific intercepts
a1, ... apr, simple effects model assumes same regression coefficient for each covariate
across all alternatives. In other words, §; = 8 Vj = 1,...,c. Note that a simple
effects model requires less number of parameters to be estimated and less complex in
nature. A differential effects model assumes regression coefficients to be specific to
the alternative for each covariate. A differential effects model requires estimation of
a large number of parameters than a simple effects model. A hypothesis test can be
performed to test equality of regression coefficients to simplify the model. A more
complex model can be obtained by building the cross-effects, which measures the
impact of one alternative’s covariate (for example, effect of a brand’s price change on
a competitor) on another alternative’s covariate. Such a model requires estimation

of a large number of parameters and thus requires a large sample size.
2.2.2 ESTIMATION PROCEDURE

The probabilities for the conditional logit model are in closed form and they can



be easily calculated. The estimates of unknown regression coefficients are obtained
using maximum likelihood approach. Further, McFadden (1974) demonstrated that
the log-likelihood function with these choice probabilities is globally concave in pa-
rameters 3 and thus a solution can be obtained by solving score equations with

regular optimization routines. The log-likelihood £(83) for n subjects is

= log [ﬁ H;Df]’] =" i log(py;)-

i=1 j=1 i=1 j=1

The maximum likelihood estimate ,3 of B is the solution of score equations
04(8)/0B8 = 0. The expression for the first order partial derivative of the log-
likelihood is

D) = 55 s e (Somicas)

i=1 j=1 k=1

= Z Zyz] [xu Z (Z:}i(;;](i)kﬂ)) ]

=1 j=1

i=1 j=1 i=1 \j=1

= Z Z (Y — Pij) Xij- (7)

=1 j=1

The second order partial derivative of log-likelihood is

o%L(6
8'8(2) — 3,3 [ZZ Yis — pu)xn]

=1 j==1
_ opi;
- ZZ 36
_ Blogpz]
- ‘_Zzpz] Xij <xz] szlcxlzk) . (8)
i=1 g3=1

No closed form solution for the score equation (7) is available and a solution is
obtained using numerical optimization methods. We illustrate the conditional logit

model using the following real data example.
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Table 1. Sample data for the laundry detergent example

Log-price
Obs Choice Tide Wisk Era plus Surf Solo All

Wisk 0.0606 0.0549 0.0587 0.0389 0.0556 0.0389
All 0.0584 0.0450 0.0645 0.0630 0.0645 0.0389
Wisk 0.0587 0.0467 0.0645 0.0645 0.0587 0.0389
EraPlus 0.0553 0.0488 0.0473 0.0566 0.0645 0.0405
Surf 0.0596 0.0498 0.0618 0.0420 0.0655 0.0413
Wisk 0.0702 0.0231 0.0702 0.0545 0.0623 0.0436
Tide 0.0480 0.0637 0.0559 0.0528 0.0637 0.0405
Solo 0.0516 0.0455 0.0606 0.0489 0.0492 0.0352
Solo 0.0655 0.0483 0.0567 0.0467 0.0545 0.0436
Wisk 0.0637 0.0263 0.0777 0.0693 0.0570 0.0410

S ©00 oUW N -

2.2.3 ANALYSIS OF LAUNDRY DETERGENT DATA

In this example, the data is from a market research study and contains information
about the brand bought, price of the laundry detergent purchased by 2657 consumers,
originally analyzed by Chintagunta and Prasad (1998). The dataset contains the
log prices of six detergent brands Tide, Wisk, EraPlus, Surf, Solo, and All, as well
as the brand chosen by each household. Table 1 display a sample data of first 10
observations from laundry detergent data. Frequency counts of response variable
“detergent choice” show the market share owned by each brand and they are given
in Table 3. From this, we can observe that Tide and Wisk occupy about 53% of the
market and they are the main competitors in the market. Price is one of the key
explanatory variables of detergent brand choice, simple descriptive statistics of price
are given in Table 2. This gives us basic understanding of the market and the brands
price strategy. Further, Figure 1 plots the histogram of log-price for each brand. We
can see that all brands are operating at one or two price points and all other price
points occurring less frequent. This observation is useful to simulate a continuous

covariate for discrete choice model.

We fit the conditional logit model with differential effects to identify the relation-

ship between detergent choice and the log-price. Table 4 provides point estimates,



Table 2. Descriptive Statistics of Price

Brand Mean SD Min. Max.

Tide 0.0595 0.0074 0.0059 0.1250
Wisk 0.0472 0.0091 0.0007 0.1538
EraPlus 0.0606 0.0067 0.0259 0.1547
Surf 0.0529 0.0098 0.0031 0.1280
Solo 0.0599 0.0078 0.0305 0.1405
Al 0.0391 0.0031 0.0216 0.1005

Table 3. Market Shares of laundry detergents

Brand  Frequency Share (%)

Tide 701 26.4
Wisk 703 26.5
EraPlus 507 19.1
Surf 406 15.3
Solo 253 9.5
All 87 3.3
Total 2657 100.0

11
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Figure 1. Histogram of log-price

standard errors and p-values for the conditional logit model. The first six coefficients
correspond to the intercepts in relative to the last brand “All.” They represent the
relative preference to the last brand “All.” Looking at the price coefficients for all
brands, they are all negative intuitively correct signs. Wisk emerges to be a stable
brand with lowest sensitivity to price. The last brand “All” is the most sensitive
brand to price changes compared to all other brands in the market. Assuming the
average prices, we compute the predicted market shares based on model (3) and
compared to the actual shares, presented in Table 5. The results show that the
conditional logit model fits the data well.

As a next step, this model can be very useful to study how the market reacts to
price changes. As an example, suppose we decrease the price of EraPlus by 5% from

its average price 0.0606 to 0.0576. This price change not only causes an increase in
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Table 4. Conditional Logit ML estimates for the laundry detergents data

Parameter B EST. SE  p-value

Intercept Tide -3.3248 1.2128  0.0061
Wisk -7.5648 1.1574 <0.0001
EraPlus -4.2412 1.2114  0.0005
Surf -7.0918 1.1733 <0.0001
Solo -6.4532  1.2324 <0.0001
All 0.0000

log-price Tide -159.795  7.9440 <0.0001

Wisk -111.102  6.7383 <0.0001
EraPlus -146.993 8.0835 <0.0001

Surf -122.847 7.0350 <0.0001
Solo -124.055 9.2168 <0.0001
All -392.411 30.9367 <0.0001

its own market share but a decrease in share of other brands. The increase in market
share is about 40.4%, drawn equally from other brands, as shown in Table 6. This
is not realistic to the market dynamics that brands tend to draw more shares from
their nearest competitors than the rest. This discrepancy is due to the assumption
that the unobserved factors are independent and follow Gumbel distribution and this

is shown mathematically in the next section.
2.2.4 ITA ASSUMPTION

From Equation (3), we can see that the choice probabilities in a conditional logit
model are in a closed form. This is due to the assumption that the unobserved factors
are independent and identically distributed as Gumbel. For any two alternatives j
and k, the ratio of choice probabilities are of the form

pi _ exp(x;8)

ik exp(xi)
= exp((xy — xi)'B).- (9)



Table 5. Actual versus Predicted share
Brand Actual Share Predicted Share

Tide 26.4 27.5
Wisk 26.5 28.0
EraPlus 19.1 19.9
Surf 15.3 12.8
Solo 9.5 9.6
All 3.3 2.3

Table 6. Impact of price changes on shares

Brand Avg. Price Original Share New Share Change(%)
Tide 0.0595 27.5 24.7 -10.0
Wisk 0.0472 28.0 25.2 -10.0
EraPlus 0.0606 — 0.0576 19.9 27.9 40.4
Surf 0.0529 12.8 11.5 -10.0
Solo 0.0599 9.6 8.6 -10.0

All 0.0390 2.3 2.0 -10.0
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Conditional on the choices 7 and k, a variable’s influence only depends on the differ-
ence between values for those alternatives and all other alternatives become irrele-
vant. Luce (1959) called this property as Independence from Irrelevant Alternatives
(ITA). It is unrealistic in some applications and hypothesis tests proposed by Haus-
man and McFadden (1984), McFadden (1987) and Train et al. (1989) are very useful
to test ITA assumption. When IIA assumption is no longer valid, several alternate
models that relax ITA assumption are applicable to choice situations.

2.2.5 TESTS OF IIA

Tests of IIA were first developed by McFadden (1978). Two types of tests are
used to test ITA assumption, choice set partitioning tests and model-based tests. The
choice set partitioning tests are based on whether the parameter estimates obtained
on a subset of alternatives are significantly different from those obtained from full
set. A test of the hypothesis that the parameters estimated on a subset are same as
the parameters estimated on the full set constitutes a test of [IA. This was developed
by Hausman and McFadden (1984). This test is based on likelihoods comparing the
restricted model to the full model. A second test proposed by McFadden (1987)
and Train et al. (1989) is based on model performance with inclusion of cross-
alternative variables. If the ratio of two alternatives depends on a third alternative,
the inclusion of attributes from a third alternative into the utility formulation of
initial two alternatives become significant, then ITA does not hold and this constitutes
a test of IIA. McFadden (1987) developed a procedure for performing this kind of a
test and Train et al. (1989) show how this can be performed within the logit model.
Model-based tests are those that test the validity of constraints imposed on a more
general model such as nested logit or probit that lead to IIA. The disadvantage of
this test is that it requires estimation of both models, often computationally difficult.
If 1IA assumption is not valid, we need to study alternate models and a review of

those models is presented in the next section.
2.3 MODELS RELAXING ITA ASSUMPTION

In discrete choice models, IIA assumption plays an important role in computation
of choice probabilities. In fact, the logit models with ITA assumption has proportional
substitution pattern across alternatives. In other words, the ratio of any two choice

probabilities are proportional to the two alternatives under consideration, as seen
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in (9). The class of models that exhibit a variety of substitution patterns including
proportional substitution pattern are Generalized Extreme Value (GEV) models. In
this class of models, we assume the unobserved factors follow a generalized extreme
value distribution which allows correlation between alternatives. Thus, it relaxes
ITA assumption and when the correlations are zero, the GEV model becomes the

standard logit.
2.3.1 GEV MODELS

The most widely used GEV model is Nested logit model, in which alternatives
are partitioned into subsets called “nests”. For any two alternatives in the same
nest, the ratio of choice probabilities is independent of other alternatives, so the
ITA assumption holds within the nest. For any two alternatives from two different
nests, the ratio of choice probabilities depend on attributes of other alternatives
from those two nests, thus ITA does not hold between nests. This model is also
consistent with utility maximization theory as shown by Daly and Zachary (1978),
McFadden (1978), and Williams (1977).

2.3.2 NESTED LOGIT MODELS

Assume that the set of ¢ alternatives are partitioned into g non-overlapping nests
Ni, ..., Ng. The nested logit model is obtained by assuming that the alternatives
within nests are correlated and the alternatives between nests are uncorrelated. Let
¢, be the number of alternatives in the nest Ny, k = 1,...,g. To impose dependency
between alternatives in nest Ng, we assume that the unobserved factors for the ith
subject zy = (zi,-.., %) follow a multivariate extreme value distribution with
distribution function F(zi) = exp{—A(e™*2,...,e %)}, where A(z;) is known as
dependence function that governs the dependency between alternatives within nest
Ni,k = 1,...,9. McFadden (1978) proposed a dependency function of the form
A(wy, .. wm) = O,y wr*)* that lead to nested logit model, where A denotes
the degree of independeﬁce between alternatives in nest Ny with 0 < A < 1,k =
1,...,g. Due to the independence assumption between nests, the unobserved factors
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z; = (i1, - - -, Zig) follow an extreme value distribution with distribution function
g Ck Ak
F(z;) = H exp {— Z g™ Fr /M }
k=1 r=1
' g Ck Ak
= exp | — Z {Z e~ % /k } . (10)
k=1 r=1

This distribution function is one type of GEV distribution with the marginals z;,,
following univariate extreme value distribution, r = 1,...,¢. The statistic 1 — A
denotes the measure of dependence and a value of Ay = 1 indicates no correlation,
in which case it reduces to the standard logit model. The choice probability of ith

respondent choosing jth alternative in a nested logit model is

Dy = e/ [So0k | exp(pea/ M)
T explpa/ M)

Using the expression (11), the ratio of choice probabilities for alternatives j and j’

(11)

are

Py _ e[S explpa/ )

Cp/ —1° (12)
Dij’ eliijl/)xkl [Zlil eXp(llil//\k’)] el

If j and j' are from the same nests (k = k'), the term in parenthesis cancel out and
lead to ITA assumption within nest. If j and j’ are from different nests (k # k'), the
term in parenthesis do not cancel .out and IIA assumption does not hold between
nests. This property often rephrased as “Independence from irrelevant Nests (IIN)”

and it is not as restrictive as IIA property.

The value of A\; must be within a particular range for the model to be con-
sistent with utility-maximizing behavior. If 0 < Ay < 1,Vk = 1,..., g, then the
model is consistent with utility maximization for all possible values of the explana-
tory variables (Train 2004). For X, greater than one, the model is consistent with
utility-maximizing behavior for some range of the explanatory variables but not for
all values. Kling and Herriges (1995) and Herriges and Kling (1996) provide
tests of consistency of nested logit with utility maximization when A; > 1; and
Train et al. (1987a) and Lee (1999) provide examples of models for which A, > 1.
A negative value of A; is inconsistent with utility maximization. It means that an

estimated k outside the (0, 1] bounds suggests a misspecification problem with the
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model and requires reexamination of the specification. The estimation of a nested
logit model is similar to that of a conditional logit model using maximum likelihood
estimation. Other estimation methods exist but they are not of relevance in our

discussion.

Other dependency functions can be constructed based on multivariate extreme
value copulas that must satisfy some conditions such as min-stable multivariate ex-
ponential (MSMVE). A detailed discussion of multivariate extreme value (MEV)
copulas, properties of MEV distributions and a method to construct MEV distribu-
tions with several dependency functions is presented in Chapter 5.

The nested logit models discussed above are known as two-level nested logit mod-
els. One can create three or higher level nested logit models by partitioning the set
of alternatives into nests and then into subnests. The choice probabilities of these
models are generalization of (11) and exhibit the similar variations of ITA assumption

within nests and between nests.

So far, we have considered the nests that are non-overlapping and relaxing such
an assumption would lead to several types of other GEV models. Vovsha (1997),
Bierlaire (1998), and Ben-Akiva and Bierlaire (1999) have proposed models that
are called as cross-nested logits (CNLs) which contain multiple overlapping nests.
Another model proposed by Chu (1989) is the Paired Combinatorial Logit (PCL),
in which each pair of alternatives constitutes a nest. Wen and Koppelman (2001)
have developed a generalized nested logit (GNL) model that includes the PCL and
other cross-nested models as special cases. A brief discussion of the PCL and GNL

models are given in the following sections.
2.3.3 PAIRED COMBINATORIAL LOGIT

As the name suggests, each pair of alternatives are treated as a nest in this
model and each alternative is a member of ¢ — 1 nests. Similar to nested logit
model, we assume a parameter A;; that indicates the degree of independence between
alternatives 7 and k. This model becomes the standard logit model when Aji equal
to 1 for all 1 < j,k < e. The choice probability of ith respondent choosing jth
alternative is

Z#k etiil Ak [eﬂij/l\jk + euik/f\jk]'\"“"l

c—1 c R . Ay (13)
101 Doy €4/ + ebv ]

J
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The numerator in (13) is evaluation over ¢ — 1 nests in which the jth alternative
paired with other alternatives, similar to the choice probabilities in a nested logit
model. If Ajx is between 0 and 1 for all pairs, this model is consistent with utility
maximization theory and it is easy to see the model becomes standard logit when
Ajr = 1. Koppelman and Wen (2000) found PCL to perform better than nested logit
or standard logit. We will return to this model form in Chapter 4 while developing

a probit model with product correlation structure.
2.3.4 GENERALIZED NESTED LOGIT (GNL)

A generalized nested logit model is an overlapping nested model with varying
levels overlapping of alternatives among nests. In other words, an alternative can
be part of several nests with more preference given to some nests than other nests.
This is characterized by an allocation parameter o;m,,1 < j < ¢;1 < m < g, which
is nonnegative and Y ¢ _, om = 1. The parameter o, represents the portion of
alternative allocated to mth nest. Similar to nested logit model, a parameter )\,, is
defined to measure the degree of independence within nest m. The choice probability

of ith respondent choosing the jth alternative is

an=l (ajmeuij )1/)\,,. [Zf:l (almeuu )I/Am] Am—1

S [0 (umerst 1 m

This formula is similar to (11) except that the numerator is sum over all the nests that

pij = (14)

contain jth alternative, with respective weights o, m = 1,..., g. If each alternative
belong to only one nest, then the model becomes nested logit. In addition, if the nest
independence parameter A,, is equal to one, then it reduces to standard logit model.
Wen and Koppelman (2001) derive various cross-nested models as special cases of
the GNL. Including these models, McFadden (1978) developed a process to generate
GEV models (see Train 2004), with which new formulations of GEV models can
be developed that best fit the specific circumstances of a particular choice situation,

discussed in Chapter 4 to generate GEV models.
2.3.5 HETEROSCEDASTIC LOGIT MODEL

Another way to relax ITA assumption is to allow the variance of unobserved factors
vary across alternatives. Such a model is known as “Heteroscedastic Extreme Value
(HEV)” model, first described by Steckel and Vanhonacker (1988), Bhat (1995), and
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Recker (1995) . In this model, we assume z;; follow an extreme value distribution

with distribution function
Zij :
F(z;;) = exp | —exp 2| (15)
7
where 8; is the scale parameter for the jth alternative. With this formulation, the
choice probability of selecting jth alternative by ith respondent (Bhat, 1995) is

Pij = / [H exp(—e—(#if—#ik+91”)/9k)] exp(—e™")e duv. (16)
ki

This expression does not have a closed form and often evaluated through simulations.

Further, Bhat (1995) showed that the heteroscedastic logit probabilities can be

calculated effectively with quadrature rather than simulation.
2.4 LIMITATIONS OF LOGIT

The goal of modeling consumer choice behavior is to identify models that are
able to incorporate the effects of taste variation, allow different substitution patterns
across alternatives and model repeated response over time. The first one, taste vari-
ation refers to the differences in response due to differences in respondent tastes and
their behaviors. This can come from systematic variation that relates to the observed
characteristics of respondent such as age, income, etc. and random taste variation
that cannot be linked to consumer characteristics. Second, substitution patterns
refers to the way the alternatives are correlated, such as proportional substitution.
Third, repeated response refer to the choices made over time or responses to several

choice cards by the same respondent.

The conditional logit model based on the assumption that unobserved factors are
independent and follow an extreme value distribution is restrictive with IIA assump-
tion, also known as proportional substitution. Even though GEV models alleviate
this restriction of proportional substitution by allowing different substitution pat-
terns, they are limited to incorporate random taste variation and correlated response
over time. Discrete choice probit models are the most flexible models that incorporate

random taste variation, any substitution pattern and include repeated choices.

Probit models are derived under the assumption that the unobserved factors

are jointly distributed as multivariate normal with a unknown correlation structure
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among alternatives. The only limitation of probit models is that the computation
of choice probabilities require difficult evaluation of multivariate normal distribution
function. But, we can derive the exact analytical expressions for choice probabilities
with correlation structures such as equicorrelation, product correlation etc. Chap-
ter 3 and Chapter 4 present a detailed discussion of derivation of choice probabilities
for equicorrelation structure, product correlation structure using stochastic represen-
tations and compare the performance of probit models with logit models. Chapter 5

presents a unified way of handling the correlated repeated choice data using copulas.
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CHAPTER 3

DISCRETE CHOICE PROBIT MODELS

3.1 INTRODUCTION

The multinomial discrete choice probit model is derived under the assumption of
multivariate normal unobserved utility components. Thurstone (1927) derived the
formula for a binary probit, and Hausman and Wise (1978) and Daganzo (1979)
extended the generality of the specification for representing various aspects of choice

behavior.

Similar to the assumptions of conditional logit model, let u;; = p;; + 2y and py;
= xgj 3, assuming the same beta coefficients for all alternatives, i.e., 3; = 3. Instead
of assuming the random components z;;’s are iid Gumbel, let z; = (z;,. . ., 2;.) follow
a Multivariate Normal (MVN) Distribution with mean 0 and correlation structure

R. The density of z; is given by

1 1
(z;;0,R) = ———ex ——zgR_lzi) . 17
0O R) = oo a7)

Under these assumptions, the model for the probability of selecting jth choice by ith

respondent is,

Pii = Pr(ug+zy > pat2; VI#7)
/1(%‘ + zij > pa + za; Y1 # j) ¢c(2:;0,R) dz;, (18)

il

where I(.) is the indicator function for the condition in parenthesis to hold and the
integral is over all values of z;. This multidimensional integral does not have a closed
form and is often evaluated using numerical simulations. This is one of the main
restriction in application of probit models in choice situations despite their ability
of incorporating various of choice behaviors. Numerous simulators such as “accept-
reject”, “smoothed accept-reject”, and GHK have been proposed for evaluation of
probit choice probabilities (Hajivassiliou, McFadden and Ruud 1996). The GHK sim-
ulator is the most widely used probit simulator compared to other simulators. Along
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with simulators, algorithms developed by Genz (1992) based on Cholesky decomposi-
tion and a series of transformations compute multivariate normal probabilities to the
best possible level of accuracy. The computation of choice probabilities become less
difficult in the cases of correlation structures that represent specific substitution pat-
terns between alternatives. For example, Yai, Iwakura and Morichi (1997) estimate
a probit model of route choices where the covariance between any two routes depends
only on the length of shared route segments; this structure reduces the number of
covariance parameters to only one, which captures the relation of the covariance to
shared length. Bolduc, Fortin, and Fournier (1996) estimate a model of physicians
choice of location where the covariance among locations is a function of their proxim-
ity to one another, using a “generalized autoregréssive errors” as in Bolduc (1992).
Haaijer, Wedel, Vriens and Wansbeek (1998) impose a factor-analytic structure that
arises from random coefficients of explanatory variables; Elrod and Keane (1995)

impose a factor-analytic structure, that arises from error components.

In this work, we present simplification of probit models for simple structures such
as equicorrelation and product correlation using stochastic representations. Later,
we present simplification of a much general dependency structure using multivariate
copulas and obtain these as special cases. In the following sections, we derive the
exact analytical expressions for computation of choice probabilities under equicor-
relation structure and present the maximum likelihood method of estimating probit
model. We also derive the analytical expressions for the Fisher information matrix

to compute standard errors of parameter estimates.
3.1.1 SIMILARITIES TO THE MULTIVARIATE PROBIT MODEL

The Multinomial Discrete Choice Probit (MDCP) model is similar to the multi-
variate binary probit model with some differences in the ranges of marginals. The
response variable in a discrete choice model, even though univariate, can be regarded
as multivariate binary random variable and it can be shown that it is similar to a
multivariate binary probit model, with choice alternatives treated as repeated mea-

surements.

Suppose we have m variate random variable Y = (Y3, ...,Y,,) where each Y; is a
repeated response of a binary outcome. In a multivariate probit model, we assume

that there exists a latent random variable U = (U, ..., U,,,) that follows multivariate
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normal with mean p and correlation R. such that

Y. = 1 if Uj < 122
! 0 otherwise,

where p;’s are constants. Then the probability of Y = y can be obtained as

Prv=y) = [ [T onUinR) aU (19)

Im
where
{ljz——oo,ujzpj ify; =1
li = pj,u; = o0 otherwise.
Note that, there are 2™ possible values of the response variable Y to which the
probability adds to 1.

In a discrete choice probit model with m alternatives, the response is a m variate
binary response vector with the restriction that only one of them can be equal to 1
and rest are all zero. Therefore the number of possible values of the response variable
are m and the total probability adds to 1 of these m possibilities. Further, the choice
probabilities can be described in terms of latent variable known as “utility”, similar
to multivariate probit model. As mentioned before, the discrete choice model is
based on utility maximization theory, in which a respondent assigns a utility value to
each alternative, that’s not observed. The discrete choice probit model is obtained
by assuming the latent utility U follows a multivariate normal with mean g and
correlation R such that

E={1 ﬁ@f@;W%j
0 otherwise.
Then the probability of jth alternative picked up by a respondent, Pr(Y; = 1), is
the joint probability Pr(U; > U; VI # j) and it can be evaluated as

Pﬂg:q):/' ”Z/ bma(w; ", RY) dw, (20)
H1— 5 m— ]

where W = (U; — Uj,...,U, — U;) is a m — 1 multivariate normal with mean

p* = (g1 — g4, ..., bm — #;) and correlation structure R* = CRC’ with
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The expressions (19) and (20) are similar except the ranges of integration are different
and are of different dimensions. The discrete choice probit model become more
complex when we introduce repeated measurements into the model formulation and
it requires to accommodate two types of dependencies, one between alternatives and

other between repeated measures.
3.1.2 PROBIT MODEL WITH EQUICORRELATION STRUCTURE

Let R = (1 — p)I + pJ, where p is the assumed correlation between any
two alternatives. Assuming such a structure eliminates the identification problem
(Train 2004) of choice models. However, for R to be positive definite, p should sat-
isfy —1/(c— 1) < p < 1. Under the assumption that unobserved factors z; follows a
multivariate normal with mean 0 and correlation structure R, the choice probability

of ith subject choosing jth alternative is

pii = Prp+ 2z > pa+ za)
= Pr(zij —za > pa — ;)

_ Pr( Zij — Zil > ﬂil—ﬂij)
V21 -p)  2(1-p)

= Pr(wg>py; VIFj=1...0),

where
wy = (2i5 — 2za)
2(1-p)
and th (Hu - ,Uz'j)

V2(1—p)

Note that, E(w;) = 0; Var(wy) = 1; and Cov(w;, wyr) = % Hence,

pii = Pr(wyg > ph;VI#7)

_ / / / / be_1(wi; 0, R*) dw;, (21)
”:l u,?. p,’,’ *

ij—1 i7+1 HKic
where Wi = ('LUﬂ, veey W1, Wij41, - - --wic),; R* = %I + (1 - %)J and ¢c—1(wi; 0: R*) is
the probability density function of multivariate normal distribution of dimensionality
¢ — 1. Though the dimension of integral reduced from ¢ to ¢ — 1, we still need to

evaluate multivariate normal integrals to calculate the choice probabilities. However,
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a simple transformation known as “stochastic representation” will reduce this task

to computation of a univariate integral.
3.1.3 THE STOCHASTIC REPRESENTATIONS

Suppose Xi, ..., X, are jointly distributed as multivariate normal with correla-
tion structure R. Then the random variables (/1 — pV} + /pVo,...,/T—pV. +
\/PVo) follows multivariate normal with mean 0 and correlation structure R, where
Vo, Vi, ..., V. are ¢+ 1 i.i.d N(0,1) random variables. (Tong 1990 Theorem 5.3.9).
The representation X; = /1 — pV; 4+ ,/pV% is known as “stochastic representation”

of multivariate normal random variables.

Therefore, for the new correlation structure R*, let wy = (v + vy)/v/2, where
Vg, Vi1, - - - , Vic are ¢ + 1 independent standard normal random variables. Note that,

E(wy) = 0, Var(wy) = 1 and Cov(wy, wy) = . Hence, (21) simplifies to

pi; = Pr(wg > VIl # 7)

1
= Pr{—(vio+vy) > :;Vl ]
(\/5( 0 1) > pg #J)

= [ [Prtou> Vg — ol £ 5] o) o

- e (B )] ko

T U(#5)=1

YA _ O —xy)'8 '
b s @

The expression (22) can be computed easily using built-in functions of popular soft-
ware like SAS and R. After obtaining the choice probabilities for the multinomial
discrete choice probit model, we obtain the regression parameter estimates using

maximum likelihood approach as outlined in the next section.
3.2 MAXIMUM LIKELIHOOD ESTIMATION

Similar to the logit model, we assume the means p;;, 7 = 1... c are linear functions
of x;;8 and our goal is to estimate the unknown parameter 6 = (B, p) using the
maximum likelihood estimation method. The log-likelihood £(8) for n subjects is

¢8) = log [Hﬂpﬁ’}j =YD uislog(py).

i=1 j=1 i=1 j=1
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The maximum likelihood estimate of @ = (B,75) of @ is the solution of likelihood
equations 94(6)/06 = 0. The expressions for the first order and second order partial

derivatives of the log-likelihood are:

) _ (200 220)

06 a8 Op
[8@_@) 82(6) o¢(6 )J
3" B, p |’

with the first order partial derivatives are given by

2e(6) n & 1 pi;
S = 22 u(-52)

i=1 3=1
O ( 1 apij)
and 22 — i [ — .
% ,ZT,;% P Op

The Hessian matrix is

82¢(6) %) . 8% 8%
ag§ 850dp1 3PodBp  IPadp
8%¢(6)  8%(6) . 0%(0) 9%(6)
62.6(9) aﬁl aBO 6[31 aﬂlaﬂp aﬂlap
;5 . . - . . 1
0600 a2(0)  0%(6) .. 2%40) B%(6)
96p080  90p05 ap2 3Bpdp
a2e)  o%(8) 2%e(o)  82(6)
9pdfo  Fpdh 0p0fp ap?

where the second order partial derivatives are given by

AC) 1 Op;;
862, ~ 9Pm [ZZ i (5{;8[3;)}

=1 j=1
_ . 1321%')_ by ._(iap,-j)z
;;y” (pij aﬂ?n ; j;yz] Pij aﬂm !

(0 o ( 1 32p,_,) ( 1 ap,-j)2
9 Zzy’ Py Op? ;; “\pij op )’
o) < ( 1 0%p; ) —~ ( 1 sza) ( 1 8pij)
aﬁmap B Z Z sz p 1] aﬁmap ; ]Zl yt] p'I.J aﬁm pij aﬁ ’
) v 1 &py i 1 9pi; 1 Opi;
aﬁm’ 8.Bm - Zzyw (pz aﬁmaﬁm’ ) Z Zyﬂ (pz a;Bm) <E'; aﬁm’ ) ’
= J 7

=1 g=1
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where m(# m’) = 0,1,...,p is the number of covariates. All the first order and
second order parital derivatives involve evaluation of the following six terms

OL(6) 0L(6) 8%4(0) 5%¢(9) 0O°L(F) %¢(6)

Bm’ Op ' OB " 8p* ' OBmOBm’ OBmOp’

and their analytical expressions are derived in the following section.

3.2.1 PARTIAL DERIVATIVES

i — _ (xi!—xi')Iﬁ — _ (xu—x-;-)'ﬁ
Let 8 = (8, p), Ai(B,v) =® (v —ﬁ—-_—ﬁ)—) and ;(0,v) = ¢ ('v \/—_(T-L—p)—>

Then the derivatives of A4;(@,v), &;(0,v) with respect to S, m =0,...,p; p are
_Q_Al(e:’u) = —¢ (v _ (xa— %) '3) (Zitm — Zijm)

OB =y vI—p
_ —a(6,v) ‘f""
%Az(e,v) = —¢ (U (e — (1 = "B) e — XU.??/;B
= —a(6, U)—(“—*"')g;g,
8gmaz(9 v) = ¢ (v—— "”)ﬁ ) (1 = ) (‘”’””1\/;;"‘)

— v d;lﬁ dzlm
- )( \/—1—p))\/1—/-’
on = o)

a(6,v) ( /———(1 — )) 2(1 — )3/2’

where dilm = (x,-lm SC.,Jm) and d /3 (Xu - Xij)’ﬁ. HGHCG,
Bp.,-j _ a ot __1_ < _ (xil - xij),ﬁ
%m ~ Fm [/m 7w 11 (” N ) #o) d”}

o 1 c
[oo (’f("—) ( H Al(e 'U)aﬁm (Ak(e,’l)))) qﬁ(fu)dfu

U£k)=1

= _/—: <I)1'U) 2 ( H AI(O v)ak(G ’U) \/(_ﬁn__)_) ¢(’U)dv’ (23)

I(#k)=1

xc]) B ( X’ij)'.a
2(1 - p)*2

—~



29

U(#k)=1

3pij / * 1 - i d’.k J6]

—— fmnd —_— 0 _'_—'_1 -

3p _3() 2 I I Al ,v)ak(B,v)2(1 A p(v)dv. (24)
Further, the second order partial derivative of £(8) w.r.t 8, is given as

8%py; _ 9 A)(0,v)a(8,v i v)dv
562, 6ﬁm[/ )kzl(,(,gl - ))(p()}

c

ax(0,v)
I;[A(B 'U)Ak( )} ¢(v)dv

_ zkm
= / U)Zfr:*aﬁm
m ak(g’ ’U) ak(B ’U)dzk'm
/ v)zxf(l—[ A’“(G”’); (l(#IkI) 1Al(0 =S V-») )
ak(e,'u) _ d:kﬁ dikm.
+EAI(9’“) {Ak(e,v) (” V1 —p) V- p)

i (Ziﬁii?))? Eif“f - H B(v)do.

Therefore,

azpij _ oo 1 < ( 'U) dzkm akl(e 'U)
o8, ’/_MWZ(HA’(G ”)) A(6,v) (1 p) ZAk 6,0) %"

() o

(25)

Similarly,

62pi_'i . ®< 1 c c v ak(e 'U) d’ekm ax (0 ’U)
OBt B /-oo o(v) (EAI(B' )) Ax(8,v) ( l—p)[ ZAk 8,0) ™

LB, w),
+ (’U \/1_:_[;) dzkm’ + Ak(e,'l))dzkm'] ¢(’U)d’0
(26)

withm #m’ =0,...,p. Next, the second order partial derivative of £(f) w.r.t p and
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Bm is
2o - & a1 semon ) wosl
- [t s Lm0 e s
- Lot a5 I aeo
o) + Tl (208 (- 72
g () T
140055 s | s
Therefore,
N -5 k (QA’(G ”)) et 2(1%2[ ZAk .0y

i B ’ ak(e ’U
+ (’U - —,___1’1 p) d,.8 + A4(0, v \/I—Z—.:I $(v)dv.
(27)

Similarly, the second order partial derivative of £(6) w.r.t p is

U(#£k)=1

ak(e ’U) zk;B
- / D(v) & Z dp [H A6, 0,v)2(1 — )3/2} Alujdy
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Simplifying further,

52]%_,' /oo 1 ° ak(e ’U) d’ ik <
- — z A 0, v
9p? co ‘I’(‘U) k—1 Ak(e ’U) 2 1- P)3/2 Z_:l l(¢Ik;)[=1 l( )

akf(G ’U)d k'lB d:kﬁ ak(97 U)
21— p) HA‘ T oy {Ak(e,v)

(- ) e (253 )

H A6, v )f;k (Z v)) 4(3 dikﬁ;’/z} d(v)dv.

Therefore,
o ig * 1 Z = 0, B : 9 r
A (H A8, ”)) AT [ Z Z(ﬂ s
d; :B ' ak(g ’U) /
+(v—\/I__p>dk,B+ A.(0, )dkﬂ 31— } (v)du.

(28)
Here m represents the number of covariates.
3.3 ASYMPTOTIC EFFICIENCY COMPARISONS

In this section, we compare the discrete choice probit model with the conditional
logit model in large samples and also in small samples. For the large samples case,
we compare the asymptotic variance of parameter estimates for both logit and pro-
bit models. But, this is not straightforward due to the underlying distributional

assumptions of within each model.
3.3.1 NORMALIZATION OF SCALE

In the probit model, the error terms have unit variance by assuming an equicor-
relation structure. However, the variance of error terms in conditional logit model
are not of unit variance and hence both models are not directly comparable. As the
error terms are assumed to follow iid extreme value distribution in a logit model,

their variance is 1'6—02. To make the error terms in logit model have unit variance,
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we scale down the utility u;; by a factor of 7o as follows:

Ui , (B 1 Zij
= x, (= + . 29
70 /6 ™ (0) 7/V6 7o /\/6 (29)
In a logit model, § and o are not identified separately but the ratio §/¢ is estimated.
With scale change in error terms, the new beta coefficients are simply mB\CNL and

they are now comparable with the probit model.
3.3.2 ASYMPTOTIC RELATIVE EFFICIENCY

From the general theorems for CNL model shown by McFadden (1974), it follows
that the maximum likelihood estimator ECN 1 for the conditional logit model has an
asymptotically normal distribution with mean f and covariance matrix ZZj, where

7 is the Fisher information in n subjects given by

8¢(B)
Z =-E|———]1.
Similarly, the maximum likelihood estimator EMDCP for the discrete choice probit
model with equicorrelation structure is asymptotically normal with mean 6 and co-

variance matrix Z,;p Where

(31)

Tupep — —E [822(9)} |

5096’
We computed the asymptotic variances of beta estimates by taking the diagonal ele-
ments of the inverses of (30) and (31). The asymptotic relative efficiencies (ARE) are
calculated taking the ratio of the variances for the CNL model over the corresponding

variances of the Probit model.

E ~
ARE = V&T(—Q“/\/g _ 1 Var(’,\BCNL) .
Var(Bypcp) /6 Var(Bupee)

The expression for second order partial derivatives of conditional logit model is given

in (8). This does not involve y;; terms and the expectation of this term is itself.
For the multinomial discrete choice probit model, the second order partial deriva-

tive matrix consists of expressions (25) through (28) and the expectation of these
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expressions are as given below.

P) = o2 (5) -2 (G

20(9) LI nE -\ 2

5|%) = 22 (5) -2 (%)
Blonar) = 22 (o) 22 (512 (32) e
2[omsn] = 23 (g ) - (22) (22).

i=1 j=1 i=1 j=1

3.3.3 ARE COMPUTATIONS FOR DATA FROM MARKET SCE-
NARIO

For the choice models, data usually comes from two sources namely consumer
panels and discrete choice experiments. The models are compared using ARE in
both situations. Note that calculation of ARE does not involve estimation of any
parameters and it is simply based on a fixed set of covariates with starting parameter
values. For computation of AREs, usually the covariates are generated from normal
or uniform distributions, which does not work in discrete choice setup. The occur-
rence of covariates in a discrete choice setup is in such a way that it is competitive in
nature between alternatives. To create such a set of covariates, we examined several
real time data in literature and generated from multiple normal mixtures so that it

reflects true market scenario.

We took a large sample of n = 1000 observations with two covariates. The first
covariate is a continuous covariate generated from multiple normal mixtures and the
second covariate is a discrete covariate with three levels. We assumed the number
of choices ¢ = 4 and computed ARE for ten different values of p ranging from 0.0,
..., 0.9. Figure 2 shows histogram of continuous covariate generated from multiple

normal mixtures and also a comparison to the real time data.

The respective proportions of discrete covariate with 3 levels for each alternative
are given in Table 7. With this setup, the total number of covariates are 6 that include
3 intercepts, 1 continuous covariate and 2 dummy variables for discrete covariate. The

mean function is

pi; = PorInt' + PoaInt® + PosInt’ + By75,; + Porzy; + Poatay. (32)
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Figure 2. Simulation of continuous covariate that represents true market

The fixed regression coeflicients are as follows:
Intercepts: foy = -0.479, Bog = 1.051, fos = 0.475,
Continuous covariate: 31 = (0.781,

Discrete covariate: 321 = 0.107, Bzz = -0.525.

We simulated the data with these specifications and for different values of p
ranging from 0 to 0.9. We obtained the asymptotic variances of both logit and probit
models as negative expected value of hessian matrix and computed the variance of
parameter estimates as inverse of the Fisher information matrices. Table 8 and
Table 9 presents the asymptotic variance and (ARE) for the data simulated from

true market scenario.



Table 7. Proportion of levels for discrete covariate

Table 8. Asymptotic variances and ARE* for the intercepts

Level

Alternative

1 2

3

1

2
3
4

0.15 0.18
025 0.23
0.07

0.39 045

0.67
0.52
042 0.51
0.16

p

nV (Bn)

nV (Boz2)

nV (Bo3)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0086 (1.072)
0.0081 (1.142)
0.0075 (1.221)
0.0070 (1.311)
0.0065 (1.414)
0.0060 (1.532)
0.0055 (1.667)
0.0051 (1.822)
0.0046 (2.004)
0.0041 (1.254)

0.0053 (0.997)
0.0049 (1.079)
0.0045 (1.174)
0.0041 (1.285)
0.0037 (1.414)
0.0034 (1.563)
0.0031 (1.727)
0.0028 (1.878)
0.0028 (1.906)
0.0035 (1.500)

0.0111 (1.019)
0.0104 (1.084)
0.0098 (1.156)
0.0091 (1.239)
0.0085 (1.334)
0.0078 (1.444)
0.0072 (1.574)
0.0065 (1.731)
0.0058 (1.939)
0.0049 (2.300)

CNL

0.0092

0.0053

0.0113

*AREs are in parenthesis

35



36

Table 9. Asymptotic variances and ARE* for the continuous and discrete covariates

p nV(61) nV (Ba1) nV (B22)

0.0 0.0024 (0.924) 0.0076 (0.994) 0.0068 (0.997)
0.1 0.0022 (0.969) 0.0071 (1.067) 0.0064 (1.061)
0.2 0.0021 (1.016) 0.0066 (1.150) 0.0060 (1.134)
0.3 0.0020 (1.067) 0.0060 (1.246) 0.0056 (1.217)
0.4 0.0019 (1.119) 0.0055 (1.358) 0.0052 (1.312)
0.5 0.0019 (1.169) 0.0051 (1.489) 0.0048 (1.420)
0.6 0.0018 (1.210) 0.0046 (1.640) 0.0044 (1.543)
0.7 0.0018 (1.224) 0.0042 (1.816) 0.0041 (1.683)
0.8 0.0019 (1.168) 0.0037 (2.017) 0.0037 (1.833)
0.9 0.0024 (0.924) 0.0032 (2.322) 0.0035 (1.949)

CNL 0.0022

*AREs are in parenthesis

0.0075 0.0068

3.3.4 ARE COMPUTATIONS FOR DATA FROM CHOICE EXPERI-
MENT

As mentioned in Section 1.1.3, data for choice models come from another source
namely designing a choice experiment. This occurs naturally in a market research
study in which respondents are shown a choice card consisting of alternatives and
asked to pick one. In this setup, an efficient choice design is generated with fixed
number of levels for each covariate under consideration. For example, when we would
like to evaluate the brand preference of laundry detergent, a choice set is generated
to test a fixed number of price levels for each brand. Figure 3 shows a choice set that
consists of 18 runs to identify the brand preference of 4 laundry detergent brands. We
assume the same setup for ARE computations except that the continuous covariate

is replaced with price points from choice design. The results are summarized in Table
10 and Table 11.

3.3.5 DISCUSSION

ARE computations do not involve any parameter estimation and do not require

use of optimization routines. The analytical expression for second order partial



p

nV (fn)

nV (Bo2)

nV(ﬂos)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0109 (1.100)
0.0103 (1.164)
0.0097 (1.234)
0.0091 (1.311)
0.0086 (1.395)
0.0081 (1.484)
0.0076 (1.571)
0.0073 (1.640)
0.0073 (1.644)
0.0083 (1.440)

0.0061 (1.063)
0.0057 (1.176)
0.0052 (1.274)
0.0048 (1.389)
0.0043 (1.526)
0.0039 (1.690)
0.0035 (1.888)
0.0032 (2.131)
0.0030 (2.426)
0.0033 (2.788)

0.0075 (1.092)
0.0070 (1.176)
0.0064 (1.274)
0.0059 (1.389)
0.0054 (1.526)
0.0049 (1.690)
0.0044 (1.888)
0.0039 (2.131)
0.0034 (2.426)
0.0029 (2.788)

CNL

0.0120

0.0065

0.0082

*AREs are in parenthesis

Table 11. Asymptotic variances and ARE* for the continuous and discrete

covariates in a choice experiment

p

nV (fa)

nV(Ba2)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0065 (1.025)
0.0061 (1.102)
0.0056 (1.191)
0.0052 (1.295)
0.0047 (1.416)
0.0043 (1.559)
0.0039 (1.727)
0.0035 (1.922)
0.0031 (2.125)
0.0030 (2.207)

0.0078 (1.013)
0.0072 (1.100)
0.0066 (1.202)
0.0060 (1.326)
0.0054 (1.478)
0.0047 (1.668)
0.0041 (1.915)
0.0035 (2.249)
0.0029 (2.738)
0.0022 (3.616)

0.0062 (1.034)
0.0057 (1.117)
0.0053 (1.215)
0.0048 (1.332)
0.0043 (1.473)
0.0039 (1.649)
0.0034 (1.871)
0.0030 (2.160)
0.0025 (2.546)
0.0021 (3.008)

CNL

0.0067

0.0079

0.0064

*AREs are in parenthesis
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Table 10. Asymptotic variances and ARE* for the intercepts in a choice experiment
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Choice of Fabric Softener
Efficient Design

Obs Sploosh Plumbbob Platter Moosey

1 $1.99 $1.99 $1.99 $2.49
2 $2.49 $1.49 81.49 $1.99
3 $1.49 $2.49 $2.49 $1.49
4 $2.49 $1.99 $2.49 $1.99
5 $1.49 $1.49 $1.49 $2.49
6 $1.49 $2.49 $1.99 $1.99
7 $2.49 $1.99 $1.99 $1.49
8 $2.49 $2.49 $1.49 $1.49
9 $1.99 $1.49 $2.49 $1.49
10 $1.49 $1.49 $1.99 $1.49
i1 $1.99 $2.49 $1.49 $2.49
12 $1.49 $1.99 $1.49 $1.99
13 $1.99 $1.99 $1.49 $1.49
14 $1.49 $1.99 $2.49 $2.49
15 $2.49 $1.49 $2.49 $2.49
16 $1.99 $2.49 $2.49 $1.99
17 $1.99 $1.49 $1.99 $1.99
18 $2.49 $2.49 $1.99 $2.49

Figure 3. Prices from a Choice Experiment

derivatives are derived and then coded directly into SAS and R matrix language
software. We computed the expressions (30) and (31) for different values of p rang-
ing from 0 to 0.9 by interval of 0.1 and obtained the inverse of Fisher information
matrix for probit and logit models. The AREs are calculated for each parameter by
taking the ratio of diagonal elements of inverse Fisher information of the two models.
The results are displayed in Table 8 for intercepts and in Table 9 for the discrete,
continuous covariates in case of data coming from consumer panels. In the case of
data coming from designed experiments, the results are displayed in Table 10 for
intercepts and in Table 11 for the other covariates. ARE computations for various
formulation of mean term (Section 2.2.1) are not performed due to the fact that the

results will be similar, irrespective of mean formulation.

From Table 8 and Table 9, the ARE’s are about 1 when p = 0, comparing independent
probit model with independent logit. The ARE’s increase as the value of p increases
from 0.0 to 0.9 and the efficiency of probit model is about 2 times to that of logit
models for the highest value of p = 0.9. This table also shows an interesting point

relating the coefficients of logit model to the coefficients of probit model in case
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of nonzero correlation between alternatives. For example, the coefficients in logit
model are approximately /1.6 times the coefficients of probit model, when p = 0.
The results in Table 8 and Table 9 provides a rough approximation of this relation
for p > 0. Similar conclusions can be drawn in the case of data coming from discrete

choice experiments.
3.4 COMPARISONS BASED ON SMALL SAMPLES

In real time applications, sample sizes are usually large for discrete choice models.
However, it is of theoretical interest to evaluate the small-sample performance of
choice models. To compare the small sample performance, we calculate the mean
squared error (MSE) from the true parameter values and compare models. First, we
generate the covariates x;; of sample of size n = 30 and fix the regression coefficients
B. Next, we generate the error terms z;; from extreme value distribution for CNL
model and from multivariate normal with mean 0 and correlation matrix R for
the Probit model. Then the response y;; is generated for both logit and probit
models using these inputs so that two datasets are created. For different values of p
ranging from 0 to 0.9, we simulated 1000 samples and for each sample we estimated
the regression parameters using maximum likelihood estimation. The expression for

MSE is given as,

B
MSE =23 (B,~ B)

b=1 MSE,
MSEp’
where B is the number of simulations. The small sample efficiencies are calculated
by taking the ratio of the MSE of the CNL model over the MSE of the MDCP model.
Table 12 and Table 13 present the results for small sample efficiencies.

and Small Sample Efficiency =

3.4.1 COMPUTATION DETAILS

Small sample efficiency calculations are based on MSE of two models and thus
require estimation of parameters. Estimation of parameters involves maximization
of log-likelihood function and it requires use of optimization routines. First, we
present some of the computational problems involved in obtaining the parameter
estimates. For optimization of both logit and probit models, we use a built-in opti-

mization routine in R, called “optim” and it is based on NelderMead, quasi-Newton



Table 12. Small sample variances and efficiency™ for intercepts

P

nv(ﬁol)

nV (ﬁoz)

nV (Bos)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.2180 (1.559)
0.2147 (1.583)
0.1790 (1.899)
0.1790 (1.899)
0.1488 (2.284)
0.1438 (2.364)
0.1276 (2.664)
0.1337 (2.542)
0.1135 (2.994)
0.1215 (2.797)

0.2046 (2.025)
0.2012 (2.060)
0.1787 (2.320)
0.1670 (2.481)
0.1561 (2.656)
0.1588 (2.610)
0.1596 (2.597)
0.1892 (2.191)
0.2396 (1.730)
0.4093 (1.013)

0.2237 (1.529)
0.2097 (1.631)
0.2230 (1.534)
0.1985 (1.723)
0.1683 (2.032)
0.1612 (2.122)
0.1458 (2.347)
0.1481 (2.310)
0.1379 (2.480)
0.1386 (2.468)

*Efficiency is in parenthesis

Table 13. Small sample variances and efficiency* for continuous and discrete

covariates

P nv(ﬁl) nV(ﬁzl) nV (Ba2)

0.0 0.0710 (1.455) 0.2219 (1.257) 0.2777 (1.033)
0.1 0.0723 (1.583) 0.2294 (1.216) 0.2459 (1.166)
0.2 0.0769 (1.554) 0.1897 (1.471) 0.2511 (1.142)
0.3 0.0852 (1.463) 0.1771 (1.575) 0.2206 (1.300)
04 0.1032 (1.320) 0.1757 (1.587) 0.2144 (1.338)
0.5 0.1119 (1.089) 0.1560 (1.787) 0.2418 (1.186)
0.6 0.1458 (1.004) 0.1522 (1.833) 0.2348 (1.221)
0.7 0.1481 (0.810) 0.1170 (2.383) 0.2097 (1.368)
0.8 0.1379 (0.657) 0.1068 (2.611) 0.2069 (1.386)
0.9 0.1386 (0.392) 0.0914 (3.052) 0.2643 (1.085)

*Efficiency in parenthesis
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and conjugate-gradient algorithms. In quasi-Newton methods, two algorithms BFGS
and L-BFGS-B are useful for the optimization problem in hand. The first algorithm
“BFGS” is useful in the case of estimation of parameters that have no constraints,
while the “L-BFGS-B” is Limited memory modified quasi-Newton method with box
constraints, most useful when the parameters are constrained. SAS has only limited
memory BFGS algorithm as part of PROC OPTMODEL that does not allow box
constraints. Please see SAS/OR(R) 9.2 User’s Guide: Mathematical Programming:
PROC OPTMODEL: NLPU solver for more details. The correlation parameter p
has constraint —1/(c—1) < p < 1 and thus require to use constrained optimization.

We used R software for optimization.
3.4.2 DISCUSSION

Small sample efficiencies are displayed in Table 12, Table 13 for intercepts and
covariates respectively. The results are displayed for different values of p from 0.0 to
0.9 by interval 0.1. The results demonstrate the probit model clearly performs better
than logit model and this trend increases as p increases. Notice that there are few
abberations for larger values of p = 0.7, 0.8, 0.9 for intercepts, partly due to problems

in convergence. The convergence rate for both models is well above 95%.
3.5 REAL DATA EXAMPLE

Example 1. Laundry Data:

To illustrate the two models and compare the results, we revisit the laundry detergent
example and apply the two models. Here we consider two different formulation of
mean as discussed in Section 2.2.1. To recap, the data is from a market research
study and contains information about the brand and price of the laundry detergent
purchased by 2657 consumers originally analyzed by Chintagunta and Prasad (1998).
The dataset contains the log prices of six detergent brands Tide, Wisk, EraPlus,
Surf, Solo, and All as well as the brand chosen by each household. We fit both
conditional logit model and Multinomial discrete choice probit model to identify
the relationship between detergent choice and the price accounting for correlation
between alternatives. Table 14 provides point estimates, standard errors and p-values
for both the conditional logit and the multivariate discrete choice probit model. It
also presents the AIC criterion for comparison of likelihoods of the two models.
When comparing two models, the smaller AIC, the better model. Table 14 shows
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Table 14. ML estimates for the laundry detergents data

MDCP Equicorrelation CNL*
Parameter EST. SE  p-value EST. SE p-value
Intercept Tide -1.6982  0.6723 0.0115 -2.6285 1.2128 0.0061
Wisk -3.4877 0.6333 < 0.0001 -5.9805 1.1574 <0.0001
EraPlus -2.2939 0.6722 0.0006 -3.3530 1.2114 0.0005
Surf -3.4071  0.6403 < 0.0001 -5.6066 1.1733 <0.0001
Solo -3.1664 0.6758 < 0.0001 -5.1017 1.2324 <0.0001
All 0.0000 _— _— 0.0000  0.0000 —
log-price Tide -99.5420 4.8298 < 0.0001 -126.329 7.9440 <0.0001
Wisk -66.1671  4.0067 < 0.0001 -87.834 6.7383 <0.0001
EraPlus -74.5006 4.9094 < 0.0001 -116.208 8.0835 <0.0001
Surf -68.9659 3.9117 < 0.0001 -97.119  7.0350 <0.0001
Solo -68.0277  5.2536 < 0.0001 -98.074 9.2168 <0.0001
All -202.8864 16.3689 < 0.0001 -310.228 30.9367 <0.0001
p 0.1952 0.0086 <0.0001
AIC 6885.62 7020.79

*Normalization of scale to have unit variance.

that Probit model performs better than Logit model. The estimated correlation
coefficient p = 0.1952, which is highly significant. The log-price coefficient in probit
model has correct intuitive sign and accurately estimated with low standard error

compared to the logit model.

Example 2. Travel mode choice:

We illustrate the probit model with equicorrelation structure and the conditional logit
model applied to the following travel data example. The data source is Table 21.2 of
Greene (2003). This data contains choices made by 210 individuals traveling between
Sydney and Melbourne in Australia. The response has four modes of travel namely
Air, Train, Bus or Car. The explanatory variables that are specific to alternative are
waiting time, travel cost, travel time, general cost, party size and we also have an

individual specific variable like household income. There are 840 observations by 210
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individuals. We are interested to model the travel mode choice using the explanatory
variables such as time, cost, waiting time, etc. We fit both conditional logit model
and Multinomial discrete choice probit model with equicorrelation structure and
compare the results. Table 15 provides point estimates, standard errors and p-values
for both the conditional logit and the multivariate probit model. It also presents the

AIC criterion for comparison of likelihoods of the two models.

Table 15. ML estimates for the travel mode data

MDCP Equicorrelation CNL*
Parameter EST. SE  p-value EST. SE p-value

Intercept Air 3.0152 0.5299 < 0.0001 4.0663 0.7837 <0.0001
Train  2.6001 0.2948 < 0.0001 3.4059 0.4314 <0.0001
Bus 2.1068 0.2960 < 0.0001 2.9391 0.4351 <0.0001

Car 0.0000
Waiting time  -0.0579 0.0061 < 0.0001 -0.0809 0.0091 <0.0001
Travel cost -0.0563 0.0125 < 0.0001 ~-0.0663 0.0180  0.0002
Travel time -0.0086 0.0016 < 0.0001 -0.0104 0.0023 <0.0001
General cost 0.0443 0.0112 < 0.0001 0.0541 0.0162 0.0008
0 0.1101 0.0413 0.0077
AIC 390.813 405.851

*Normalization of scale to have unit variance.

From Table 15, both models show similar consumer behavior choosing trans-
portation mode. Intercepts show that the relative preference to Air travel is higher
compared to other transportation modes. The negative coeflicients for waiting time,
travel cost and travel time indicate that consumers are choosing the transportation
mode that has less waiting time or travel time and cheaper. The estimated correla-
tion is about 0.11, though significant, consumers choose the travel mode alternatives
based on factors like time, cost but not switching between them. The AIC criterion
shows that probit model performs better than logit model, taking correlation into

account.



44

CHAPTER 4

PROBIT MODEL WITH PRODUCT CORRELATION

Logit models relax IIA assumption by allowing correlation between unobserved
factors of choice alternatives. The most widely used GEV models are nested logit
models in which all alternatives are partitioned into different nests and relax ITA
assumption by assuming a correlation between alternatives within nests. Two varia-
tions of nested logit models are prominent, one that allows no overlapping of alterna-
tives between nests and other that allows overlapping of alternatives between nests,
known as Generalized Nested Logit (GNL) models. McFadden (1978) developed
a process to generate GEV models. Even though the choice probabilities for GEV
models can be derived using basic probability rules, this process makes it easier to
obtain expression for choice probabilities and development of new GEV models by
choosing a different generating function. This process is quite similar to the multi-
variate extreme value copula models based on properties of MSMVE distributions,
discussed in Chapter 5. The process to generate GEV models (McFadden 1978) is

outlined in the following section.
4.1 GENERATION OF GEV MODELS

Omitting the subscript i for the subject, consider a function G(E,, ..., E.) with
E,, ..., E. > 0 that has the following properties.

1. G(Ey,. .., E.) > 0 for all positive values of E;,Vj=1,...,c

2. G is homogeneous of degree one, that is G(aFy,...,aE,) = aG(E,,.. ., E,) for

a constant o
3. Groas E; - 00,Vi=1,...,c

4. The kth order partial derivative of G with respect to E; are nonnegative for

odd k and non-positive for even k.
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Any function G that satisfies these properties generates a GEV model and the choice
probabilities of this GEV model are of the form

_ EGi(B,.. .. E)
Pi G(E,..  E)

where G is the first order partial derivative of G with respect to E;. If we choose
FE; = exp(u;) then FE; is positive for all values of y; As an example of this process,
we illustrate the derivation of paired combinatorial logit (PCL) model for a specified
choice of G that has many potential applications in travel behavior of route choice
with overlaps.

4.2 PAIRED COMBINATORIAL LOGIT MODEL

To obtain PCL, let G be of the following form,

G( ily - zc) Z Z (El/’\kt I/Ak,))‘kl

k=1 l=k+1

By choosing E;; = exp(us;), 3 = 1,...,¢, the first property of G > 0 is satisfied.
With 0 < Ay < 1, it is easy to see that G is homogeneous of order one and it goes to
infinity as F;; goes to infinity. Thus, the corresponding three properties are satisfied.
Note that the first order partial derivative of G with respect to E; is

O0G(Eq, . .-, Ei) 1/Ar; 13\ Ori™D _1/a,5)-1
OE;; - ; (Eir + By J) By

and it is nonnegative for 0 < ),; < 1, the second order partial derivative of G' with

respect to Ey, is

O*G(Eq, ..., Ey) )\mj—l( 1/Am; 1/2m; Y P72 (1/305)~1 (1) Amj)~1
AR - EYm 4 gl ,,.,) EQ m)=1 g1/ Am;
BE’&m aEzj Amj m + (¥) mn 7

and it is non-positive for 0 < A,,; <1 and so on. Thus all properties are satisfied for



46

chosen G and the expression for choice probability p;; in PCL model is given by

- E;; Gi(Eq, - - ., Ey)
N G(Ea, ..., Ei)

( r'_l)
E'l] Zr:,é] ( I/ATJ + El//\r:’) ' E(I/Arj) !
Zk =1 l k+1 (EI/AH + El/’\kl)
+
. . r'—l
ET#J El/’\rz (Eilr/)\rg +E_1/)\r1) ’
SN (B B

(i3 /Aes) (ettic/Aes | ttis/Heg) P71
>z €H31203) (e 7 - ehis/Ani)
Akt

I

T YE e (ol £ omal)

which is of the same form as (13). This expression can be rewritten as

Py = ij/(j,k) X P(jik)s
k#j

where p;/(; k) is the conditional probability of choosing alternative j given the chosen
the pair of alternatives (j, k) and p( k) is the marginal probability of selecting the
pair (j, k). Given that a pair (7, k) is chosen and the choice of an alternative within
this pair follows a binary logit model, the expressions for the conditional probability
of choosing jth alternative in the pair (j, k) is
etii/ Ajk
PitGr) = i [Agk 1 ghakldar

Similarly, the marginal probability of choosing the pair (4, k) among the c(c — 1)/2
possible pairs is given by

(ew/'\jk + emk//\jk)’\ik
L S ers (/o )

The PCL model has wider application in transportation research for its overlapping

Pk

nature of choice alternatives. For example, Chu (1989) introduced the PCL model
for travel demand analysis and a comparison of conditional logit, nested logit and
PCL models is discussed by Koppelman and Wen (2000). Li and Ouyang (2008)
presented a modified PCL model that has few computational advantages over original
PCL model.

Continuing the performance comparison of probit models over logit models, an

equivalent probit model that allows correlation structure similar to PCL is discrete
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choice probit model with product correlation structure, first considered by Dun-
nett (1989). The product correlation structure is obtained when p;r = A; A, where
pjx is the correlation between alternatives j and k under the restriction -1 < A; < 1.
The correlation coefficient p;x is equivalent to the dependency parameter Aj; for the
nest containing alternatives 7 and k. Probit models with simplified structured covari-
ance matrices proposed by Yai, Iwakura and Morichi (1997), Bolduc (1992) to model
route choice behavior are some of the alternative models to PCL. In this chapter,
we consider probit model with product correlation structure which has more general
correlation structure and less parsimonious to PCL. We derive the exact analytical
expressions for choice probabilities, Fisher information matrix, ML estimation and

compare its performance with PCL model.

4.3 PROBIT MODEL WITH PRODUCT CORRELATION

Assume R = [pjz], where pjx = M)A for =1 < A; < 1,5 = 1,...,¢c. The
restrictions on A;,j =1, ..., c make the correlation structure to be positive definite.
Under the assumption of unobserved factors z; follows a multivariate normal with
mean 0 and correlation structure R, the choice probability of ith subject choosing
jth alternative is

pij = Pr(ug; >ugforall k(#£j5)=1,...,¢)
= Pr(pj+2; > pa+zi forall k(#37)=1,...,¢)
= Pr(zy— zic > pix — i for all k(#7)=1,...,¢)

= / .. / ¢m—l(w; ”*7 R*) dW,
] m =

where W = (U, — Uj,..., U, — U;) is a m — 1 multivariate normal with mean

pr = (1 — g4, - .., bm — ;) and correlation structure R* = CRC’ with

10 ... -1 ... 0
01.. -1 ... 0
00 ... -1 ... 1

4.3.1 STOCHASTIC REPRESENTATIONS

Suppose Xj, ..., X, are has multivariate normal with a product correlation struc-
ture R. Then the random variables (1/1 — A2Vi+ M1V, . .., /1 — A2V 4+ V) follows
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multivariate normal with mean O and correlation structure R, where Vp, V4,...,V,
are i.i.d N(0,1) random variables. (Dunnett 1989). The representation X; =
A/ 1= A2V, + XV, is known as “stochastic representation” of multivariate normal
random variables. In the simplification of choice probabilities with product corre-
lation structure, we apply stochastic representation two times to simplify the ¢ — 1

variate integral to a bivariate integral.

Using stochastic representation, let 2z = /(1 — A2)uy + Mg, where
Vio, Vi1, - - -, Vi are independent standard normal variables. Then, E(zy;) = 0,

Val'(zik) =1, and
Cov(zik, zirr) = \/(1 - )‘ﬁ)\/(l ~ M) Cov (i, var)
+ \/(f:Ti)Akaov(vik, Uyp)
+Xe m Cov(vig, virr)

+ A A COV('U,-O, ’U,;o)
= ApAp.

Hence,

pii = Pr(zij — 2 > pix — Pij)
= P’I" (‘/(1 - )\?)'U,,J - \/ (1 -_ )\i)vik + ()\J - )\k)’U,:o > Hik — ;l,,;j>

= /—oo Pr Dy > (i — pij) + (A — Aj)vlu; for all k(£ 7)] ¢(v) dv
= [w Pr Dy > Cy(v)|v; for all k(# 5)] ¢(v) dv, (33)

where Ci(v) = (bax — 1i5) + (Xe — Aj)v and Dy = /(1 — A2)v;; — V(1 = A2)vy. Note
that, Dy, k(# j) = 1,..., c are normal with mean 0, variance (1 —A2) + (1 —A%) and
Cou(Dix, Dirr) = 1 — A2, so they are not independent. To simplify further, we again
use the following stochastic representation.

Let Dy = /(1 — )\?)w,-o + /(1 — Ad)wik, k # j, where wig, w;1, - - -, W are indepen-

dent standard normal radon variables. Then,
E(Di&) = 0;
Var(Dyx) = (1— A7)+ (1-AR);
Cov(Dg, D) = (1 — A3)Cov(wio, wio)
= (1-X%).
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Therefore, the choice probability under above special correlation structure becomes,

i

- / Pr{Dy > Ca(v)lv; for all k(< j)] ¢(v) dv

= / Pr [,/(1 — )\2 Ywio + 1/ (1 — A2)wy > Cu(v)|w; for all k(F# ]):I é(v) dv
= /—oo /—oo Pr [w,-k > Calv) - : (= X lv, w; for all k(3 ])} d(w)g(v)dwdv

(1=
C,-()~\/(1-/\§) '
= / / i > Y o(w)d(v)dwdv
T k(#4)=1 (1=2%)

~ / / H (i — par) + (A5 — Ae)v + /(1= A)w
pale V(A=)
o(w)o(v)dwdv. (34)

4.4 MAXIMUM LIKELIHOOD ESTIMATION

Similar to the probit model with equicorrelation structure, we assume that the
means pg;,J = 1...c are linear functions of x{;3 and our goal is to estimate the
unknown parameter 8 = (3, ) using the maximum likelihood estimation method.
The log-likelihood £(0) for n subjects is

= log [H pr”] = Z Z%j log(pi;),

i=1 j=1 i=1 j=1

where p;; computed using expression (34). The maximum likelihood estimate of
8 = (B, A) of @ is the solution of likelihood equations 0¢(8)/90 = 0. The expressions
for the first order partial derivatives of the log-likelihood are

0 _ 20 220)

50 98 O
[ae(e) 06(6) H4(8) ae(a)]
A o |

The first order partial derivatives of £(@) with respect S, A;, A, (r # j) are given

in the following section.
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4.4.1 EXPRESSIONS FOR SCORE EQUATIONS

Let 8 = (3, A) where 3 =

(ﬁO)"‘:BP) and A = ()\11“-;)‘

c). For simplicity, let

t1(v,w,l, ), ta(v,w, !, 7) and t3(v,w,r, 7) denote the following quantities.

[ (5 — ) + (A5 = M)v + /(1= X)w

t]_('U,'U), l:]) =

tz(’U,'w, l:]) =

(l‘v

Hir )

Ajw
\/1“3"’ \/ffﬁm}

—o(1 =A%) + A0\ —

ts(v,w,r,j) =

Further, let A,;(6,v,w) =

®(t1(v,w,!l, 7)) and a,(6,v,w) =

T=

Av+ Ay /1 — A?w}

&(t1(v, w, !, 5)) Then the

derivatives of A;(0,v,w), a;(@,v, w) with respect to Bm, A;, A\ (r # j) for all m =

0,....pr(#4)=1,...,care

0

5—/3—7;Al(6’ v, w)
0

5‘}7‘14[(0 v ’U.'))

0

"a—A—T'AT(e, v, 'LU)

—aq(0,v,w)

Ofm

—a;(0,v,w)

OA;
3]
éxar (8,v,w)

where dﬂm = (-Tz'lm —

m
NI

al(ea ’U,’LU) t2(U7 w, l)j)a

—a;(0,v,w)

a.(8,v,w) t3(v,w,r, 3),

'dm
SN

_a‘l(aa v, 'LU) tl('vﬁw)l:j) t2(v7w7 l)j))

a (0, v, w) t1(v,w,, 5)

—a‘r(e: v, ’UJ) t}('U, w, l:]) t3('0, w, Taj))

Zijm)- Using the above results, we obtain the first order partial

derivatives of log-likelihood function with respect to S, A;, and A, (r # 7) in the

following manner.
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[+

e 27 sy TTAG 0 o0 0 )

- / / [l ( E— Ak(evw)) (6, v, w) \/ﬁ}

d(w) ¢(v) dw dv.
Therefore,
Opy; [ [ 1 2 a(6,v,w) dyn
9Bm /_oo/_oo 3(w) (k];_[lAk(ey'U;’lU) ZAI(Q v, w) m]
&(w) ¢(v) dw dv.
Similarly,
Oy _ 7 [T L ; C Ap(0,v,w) | ai(0,v,w) ta(v,w,1,j
- 7\ » Yy 1Y s W 3.7)
2 - [t | 2 (1 Aeem) amre
d(w) ¢p(v) dw dv
(o] oo 1 < 9
= / / m(HAk(O,v,w)) Z Zl(evw) ta(v,w, 1, 5)
—eo /o0 BN\t I(#5)=1 (6, v,w
$(w) ¢(v) dw dv,
and

aptj /00 /00 1 d .
- _— Ar(6,v,w) | a,.(8,v,w) t3(v, w,,
2= [ o (y) ¢(0,,w) | ar(8,v,w) ts v, w,, )

(r#4)
¢(w) ¢(v) dw dv
o0 o0 1 c " 0, , |
= [oo [-oo W (g Ak(a, v, 'w)) ﬁ% t3(’U, w, r’])
¢(w) p(v) dw dv.

4.4.2 EXPRESSIONS FOR HESSIAN MATRIX

The second order partial derivatives consist of evaluating the 7 expressions

0%p; Opy;  Ppy Opy; Opy Ppy Ppy
OBt O’ D330Pm” DNOfm’ BX2 > BNON, DApBNy” BN’
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and their analytical expressions are derived as given below. The second order partial

derivative of log-likelihood with respect to 8, and B,,, (m # m') is given by
Fps [ 1 8 (r
g2 - [ [ e (o)
a(0,v,w)  dam
(HAk(va)) 55 ZA;va)\/l__)\?J (w) ¢(v) dw dv
= Ar(0,v,w) | ap(8,v, w)—=__
/ / {[ (k(agl k ) : Vl“Aﬁ'}
C (11(9 v, w) d'l.lm zlm
(lz 20 os) ___/\2) (HAk 6,v w)) [Z 5

al(e’ v, w) tl('ui w, 1, .7) it T ( al(e: v, w) )2 it
AI(B,fu,w) /1 - )‘12 A,(G,v,w) 1/:[—,\l2
o(w) ¢(v) dw dv.

Z al(97vyw) dzlm
 Ai(8,v,w) \/T— 7

Therefore,
sz ak' 9 v, ’UJ) dzk’ ’
0Bt O / / B(w) (H“"“ (@0 “’){ ZAk, 8,v,w) 1_,\@}
Za;@vw) ditm Z dam  @(0,v,w)
< Ai(0,v,w) /1N =« /1= A(6,v,w)
it {tl(v,'w L,7)+ «—Z((ee 1:} T:)U)) }} } d(w) ¢(v)dwdv.
(35)

Similarly the second order partial derivative of log-likelihood with respect to 8,, and
Aj is given by

82;01-,- _ o e 1 6 < a; 9 v, w) di[m
8Xi0Bm —/_ /_ (w E\—T(HAk(B’v’w) [thﬂvw ) /1= X2

a(0,v,w) diym
(HAkovw)) )y Al,(evw)\/**lj—z

} d(w) ¢p(v) dw dv.
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This can be simplified as

sz — - - A (9, 'U,’LU) a 1(9,’1),’!1))
e = [ |5, (1 e
0, ditm -
‘U w, k,,j <Z f:;l(e 1,:) 1,:,)) / l )\2) - (;CI_—_II Ak(el ’U,'U}))

a; (0, v, w) .
—_—_ [
A;(O, 'U,’l.U)tl(v,w, 1.7)

1lm .

[Z e
2

+ (552 o, z,j)}] } $(w)p(o)dwdo

< ap(0,v,w) ta(v, w, ¥, 5)

/ / 3(w) (HAk o W)) { L(:;j)—l k A’“'(e’zv’w) }
a 9 v dzm 2 a 0 v, w

(ZAIIBU?U)) ! )‘2) [Z 1l_)\2Alz )t2(vw 1,7)

{tl(v, w,1,) + %}] } () $(v) dw dv. (36)

Now, the second order partial derivative of log-likelihood with respect to 3, and

Ar, (r # j) can be obtained as
32p¢j . z al(07 v, w) dilm
NOBm / / 3(w) oA, (H Ax(6,v, w)) [; 40, v,w) /1= 22

a(0,v,w) dan
(HAk"”w))a,\ < A1(0,v,0) /T X

= / / { H Ar(6,v,w) a,.(8,v,w) ts(v,w, T, j)
k(#r)=1
@ (60,v,w)  diam a.(0,v,w)
ZAI 0 v w) \/_—_Ai] (HAk 0 v w)) [ A (9,?),'10)
dirm t1(v, w, 7, J) ta(v,w,7,§) | dipmar(0,v,w) A
V1= X2 A (0,v,w) (1— A2)3/2

_irm tlg(j,;‘lrz), 7, 1) (Z:((%,?;’,Z))) J } d(w)d(v)dwdv.

} w)¢v)dwdv
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Therefore,

8%pi; [ 1 a-(8,v, w) a;(0,v,w)
ONOPm ‘/_w/_w?ﬁ(w_) <H A0, w)) A.(6,v,w) { [Z A,(6,v,w)

(r#1)

d.
dm :| t3(v,w,r,j) - t3(v,'w,'r,j)

JI- X

+tl(v7w7raj) t;;(v,w,r,j) - 1

dirm { Qr (91 v, w)

V1I-)2 [A(6,v,w)
,\2] } p(w)p(v)dwdv.  (37)

Further, the second order partial derivatives of log-likelihood with respect to )\;‘3 is

%p;; N a(8,v,w) ty(v,w, 1, 5)
a2 - / / ®(w) B, <HAk(6vw))[z l At(e,j),w) }

i(#4)=1

+ (HAk(O,v,w)) ;).\.. { Z az(e,v/,lu();tz(’l;’)w,l,j)} d(w) ¢(v) dw dv
k=1 g "5 ‘

I(#i)=1
- / / @w){

HAk 0 v, w) al(97v7w) tz(’U,’w,l,])
A6, v, w)
{(#5)=1

=L a(8,v,w) ty(v,w, 1, §) : < a;(8,v,w)
[ Z Al(0,v,w) ] + (gAk(B,v,w)) ': Z {Az(e,v,w)

=1 HAd)=1

_ R N2 al(avv:w) . 2
t1(v, w, 1, 7) t2(v,w, 1, 5) (_—A;(G,v, w)tg(v,'w, l,]))

(0, v,w) w Aj )\32.
A, VI-X (\/1 — - A?)?vz) }] } (w) ¢(v) dw dv.

Hence,

' 2
azpij _ o > - al(e)vaw) t2(vrw:laj)
X = / / o(w) (H Ag(8,v w)) { L;):l A(0,v,w) jl

L a(8,v,w) w

—2 2 (v, w, L, 5) ta(v, w, 1, §)% +
B A8, w) [1( 2 = VBT

(( )) 2(v, w, l,j)2] } d(w) ¢(v) dw dv.

(38)
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Also, the second order partial derivatives of log-likelihood with respect to A; and

A'r‘(f'ﬂ'?é .7) iS

0%pi; a 9 v, w .
53;%_)\; f / By 5N (HAk(B v, w)) [ Z 4 )t2(v,w,l,])}

(r4) e

(H Ax(8,v, w)) Bé))\ [ Z (6, Z:géf;fi;;tl,l,j)} d(w)p(v) dwdv

k=1 I(#5)=1

/ / o(w) { H Ar(6, v, w) a,(8, v, w)ts (v, w,T, 5)

k(#r)=1
N a(8,v,w) ta(v,w, 1, j) o.w a-(8,v,w)
L#JZ)_l A(8,v,w) ] (H A (6, )) [ ——————(G,v, )

tl('U, w,T, .7) tZ('U: w, T:j) t;;(v,w,r,j) - tg(?), w, T)j) t3(’l), w, ’I‘,j)

a,(0,v,w) 2 a-(0,v,w) AV Ajw Ar
(AT(97 v, w)) i A,(O,v,w) (1 - )‘2)3/2 B \/1—"'—/\? 1- /\2)3/2

d(w) ¢(v) dw dv.
Hence,
82pij G«T(O,’U, w) ¢ ‘
IN0N; / / (HAk(e v ‘w) A@ow )| 2 tEwh)
(r#4) H{#5)=1
a;(0,v,w)
I\v, Y, B . ) .
_—Az(e,v,w)} ta3(v,w,1,5) — [t1(v,w, 7, 7) ta(v,w, 7, 7) ta(v, w, 1, §)
ar (e, v, ’LU) . ) )‘r Y -
+-———————-t2(v,w,r,])t3(v,w,r,])—____ Y-
A'r(eyv,w) (1 — Ag)3/2 \/]‘?
3

o(w) ¢(v) dw dv. (39)

Similarly, the second order partial derivatives of log-likelihood with respect to A2(r #

j)is

662)1\); / / OB (HAk U ,w)) [Zr((z,v7w))t3(v,w,r,j)]

(r#34)

(H 40,0 w)) o | v, ,1,5) | #w) 80) du

k=
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This can be simplified as
3 - [ st (fons) () wom]
(r#3)
(H Ax(8,v w))
(H Ax(0,v w)) a” 9 Y w) ts(v,w,r,j))2
)

+ (H An(0,v,w j(((‘z ‘; Z”U) at?’(”a;” uz), } d(w) ¢p(v) dw dv

;z{((l:’v’w) ts(v, w,r, 5%t (v, w, 7, 5)

Note that,

Ots(v,w,r,7) (ka5 — par) (1 +222) 4+ (05 + 20,02 = 30,) + /1 = AM2(1 + 202)w
oA, - (1 — A2)5/2

Therefore,

8%py; (6,v,w \
afz / / <I>w) (HAkevw)) a(va)){[ t1(v, w,r, 5)ts(v,w, 7, )

(r#3)

+

(/.l.,;j - ,LL”)(I + 2/\3) + (/\J + ZA]AE - 3/\7-)’0 + ‘/1 - /\?(1 + 2A,2,)’U)
(1= )P

d(w) d(v) dw dv. (40)

Finally, the second order partial derivatives of log-likelihood with respect to

Ar(r # j) and X (r # ' # j)is

Fpi; a-(8,v,w) )
BATIB)\, o / / 'LU) a)\r, (];[ Ak 9 v, 'UJ)) [m%(% w,r,])}
(rr'4) k=1

o(w) ¢(v) dw dv

- [ Ll o)

a(6,v,w)
Ar’ (61 v,w )

t3(v, w, 7, j)p(w)(v)dwdv.
(41)
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4.5 ASYMPTOTIC EFFICIENCY COMPARISONS

In this section, we compare the discrete choice probit model with product correla-
tion structure to the paired combinatorial logit model in large samples. As described
in Section 3.4, comparisons can be done in small samples using mean square error.
However, we do not perform these computations in this dissertation due to time
consuming computations that run into several days. As mentioned in Section 3.3.1,
normalization of scale is required to compare logit models with probit models. This
is even true for comparison of PCL model with discrete choice probit model with
product correlation. In order to ensure both models are at same level, we assume a
product correlation structure for the PCL model. With normalization of scale, the
new beta coefficients in PCL are 8 poL/(7/V/6). With this the two models are on
par with each other and can be compared.

4.5.1 ASYMPTOTIC RELATIVE EFFICIENCY

From the general theorems for logit models shown by McFadden (1974), it follows
that the maximum likelihood estimator 5pCL for the PCL model asymptotically has
a normal distribution with mean 6 and covariance matrix Z5,, where Z is the Fisher

information in n subjects given by

(42)

Toos = _E [522(9)]

8606’
Similarly, the maximum likelihood estimator §MDCP for the discrete choice probit
model with product correlation structure is asymptotically normal with mean 6 and

covariance matrix I,QIDC p Where

(43)

Tupop = - [826(9)}

0606’
We computed the asymptotic variances of beta estimates by taking the diagonal ele-
ments of the inverses of (42) and (43). The asymptotic relative efficiencies (ARE) are
calculated taking the ratio of the variances for the PCL model over the corresponding

variances of the MDCP model with product correlation.
Var(:}/)ﬁ ) __1 Va (Bpct)
Var(&Mpcp) 7I'2/6 Va-r(eMDCP)

The expression for second order partial derivatives of PCL model is given in (8).

ARE =

This does not involve y;; terms and the expectation of this term is itself. For the
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multinomial discrete choice probit model, the second order partial derivative matrix
consists of expressions (35) through (41) and the expectation of these expressions are

as given below.

o[ sen) - ;;(aﬂizzm) >3 (5 (32)
eloa] = S o) - S a (32) (322)
el - 23 (aman) -2 (39) (32)
Plaon) = 22 (o) - ,1_,,515;;(3’::‘) ()
5[] = B2 (o) Lk (5) (32)
s[Z0] - S5 (%) - 551 ()
o1%e] = L2 (5%) -2 25 (3)

4.5.2 ARE COMPUTATIONS FOR DATA FROM MARKET SCE-
NARIO

As described in Section 3.3.3, for the choice models data usually comes from two
sources namely consumer panels and discrete choice experiments. We perform the
efficiency comparisons only in case of data coming from consumer panels. The results
- are similar in case of data coming from discrete choice experiments. We assume the
same setup as in the case of asymptotic efficiency computations for comparing CNL
to the probit model with equicorrelation structure. We generate the continuous
covariate from multiple normal mixture so as to resemble real market scenario.

Similar to efficiency comparison of CNL to the probit model with equicorrelation
structure, we took a large sample of n = 1000 observations with two covariates. The
first covariate is a continuous covariate generated from multiple normal mixtures

(Figure 2) and the second covariate is a discrete covariate with three levels (Table
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Table 16. Arbitrarily chosen values of A

S. No. value of A

1 (-0.754, -0.681, -0.769, -0.738)
2 (-0.701, -0.516, -0.1686, 0.379)
3 (0.283,-0.075, -0.546, 0.293)

4 (0.676,-0.547, -0.426, -0.810)

7). We assumed the number of choices ¢ = 4 and computed ARE for arbitrarily
chosen values of correlation parameters A. We selected 4 different values of A to
see how both models perform relative to each other. Large number of simulations
for different values of A can considered, but omitted due to computational burden.
These computations are heavier, often run into several days and require optimization
of R program we developed. With this setup, the total number of covariates are 6
that include 3 intercepts, 1 continuous covariate and 2 dummy variables for discrete

covariate. The mean function is
pij = BorInt’ + Bz Int? + BoaInt® + rafy; + Py + Parziay (44)

The fixed regression coefficients are as follows: Intercepts: fo; = -0.479, Bp2 = 1.051,
Bos = 0.475, Continuous covariate: 8; = 0.781, Discrete covariate: By = 0.107, B
= -0.525 We simulated the data with these specifications and for 4 different values of
A. They are given in Table 16. We obtained the asymptotic variances of both PCL
and MDCP model with product correlation structure as negative expected value of
hessian matrix and computed the variance of parameter estimates as inverse of the
Fisher information matrices. Table 17 and Table 18 presents the asymptotic variance

and (ARE) for the data simulated from true market scenario.
4.5.3 DISCUSSION

ARE computations does not involve any parameter estimation and doest not re-
quire use of optimization routines. The analytical expression for second order partial
derivatives are derived and then coded directly into SAS IML and R softwares. We
computed the expressions (42) and (43) for arbitrarily chosen values of A and ob-

tained the inverse of Fisher information matrix for MDCP with product correlation



Table 17. Asymptotic variances and ARE for 3 estimates

S.No Method Bo1 Boz Bos B Ba1 Baz
1 MDCP II 0.0475 0.0305 0.0483 0.001 0.0063 0.0043
PCL 0.0738 0.0536 0.0501 0.0163 0.0101 0.0133
ARE 1.5537 1.7574 1.0373 23.2857 1.6032 3.0930

2 MDCP II 0.0139 0.0069 0.0145 0.0017 0.0077 0.0063
PCL 0.0102 0.0086 0.0080 0.0027 0.0069 0.0063
ARE 0.7338 1.2464 0.5517 1.5882 0.8961 1.0000

3 MDCP II 0.0235 0.0183 0.0189 0.0014 0.0093 0.0066
PCL 0.0035 0.0120 0.0051 0.0055 0.0026 0.0041
ARE 0.1489 0.6557 0.2698 3.9286 0.2796 0.6212

4 MDCP II 0.0346 0.0063 0.0089 9.7349 0.0054 0.0045
PCL 0.2450 0.1156 0.0740 10.9208 0.0068 0.0174
ARE 7.0809 18.3492 83146 1.1218 1.2593 3.8667

Table 18. Asymptotic variances and ARE for X estimates

S.No Method A A2 A3 Ag
1 MDCPII 0.0094 0.0028 0.0091 0.0150
PCL 0.0675 0.0851 0.0997 0.0406
ARE 7.1809 30.3929 10.9560 2.7067

2 MDCPII 0.0408 0.0028 0.0170 0.0045
PCL 0.0821 0.0417 0.0093 0.0217
ARE 2.0123 14.8929 0.5471 4.8222

3 MDCPII 0.0180 0.0033 0.0044 0.0701
PCL 0.0242 0.0039 0.0729 0.0227
ARE 1.3444 1.1818 16.5682 0.3238

4 MDCPII 0.0640 0.0018 0.0061 0.0102
PCL 0.1207 0.1293 0.0745 0.1015

ARE 1.8859 71.8333 12.2131 9.9510
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and PCL models. The AREs are calculated for each parameter by taking the ratio
of diagonal elements of inverse Fisher information of the two models. The results are
displayed in Table 17 for 3 estimates and in Table 18 for the correlation parameters
A. ARE computations for various formulation of mean term (Section 2.2.1) are not
performed due to the fact that the results will be similar irrespective of mean formu-

lation.

The ARE’s are expected to be around 1.64 without normalization of PCL model.
Some of the AREs in Table 17 and Table 18 are much higher or much lower than
1.64 due to estimation error. This is especially true in case of the MDCP II model,
as the MDCP II models require numerical approximation of a double integral and
the built-in “integrate” routine in R sometimes fail. Exploration of other numerical
methods to evaluate double integral are required to accurately estimate the variances
in the MDCP II model. Note that, the small values of variances indicate that the
results are very close to the true values. However, valid conclusions can be drawn only
after estimating the variances of MDCP 1I model to the desired level of accuracy.
In general, probit models are preferred to incorporate other phenomenon such as
random taste variation or repeated responses. If the data does not contain any of

this information, PCL is preferred for its simplicity over probit model.
4.6 REAL DATA EXAMPLE

Example 1. Laundry Data:

To illustrate the two models and compare the results, we revisit the laundry detergent
example and apply two models. Here we consider two different formulation of mean
as discussed in section 2.2.1. To recap, the data is from a market research study and
contains information about the brand and price of the laundry detergent purchased
by 2657 consumers originally analyzed by Chintagunta and Prasad (1998). The
dataset contains the log prices of six detergent brands Tide, Wisk, EraPlus, Surf,
Solo, and All as well as the brand chosen by each household. We fit both PCL model
and Multinomial discrete choice probit model with product correlation structure
to identify the relationship between detergent choice and the price accounting for
correlation between alternatives. Table 19 provides point estimates, standard errors
and p-values for both the PCL model and the multinomial discrete choice probit
model. It also presents the AIC criterion for comparison of likelihoods of the two
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models. Though both models have similar results, we observed that these estimates

Table 19. ML estimates for the laundry detergents data

MDCP II PCL*

Parameter EST. SE  p-value EST. SE p-value
Intercept Tide 3.8442 1.1948 0.0013 3.7509  1.5416 0.0150
Wisk 2.6804 1.4877 0.0716 3.3861 1.4319  0.0180
EraPlus  3.4890 1.4492 0.0161 3.7226 1.5096  0.0137
Surf 43297 1.1014 0.0001 3.8608 1.4230  0.0067
Solo 1.7799 1.7632  0.3128 2.4863 1.5551 0.1099
All 0.0000 o — 0.0000 0.0000 —
log-price Tide -108.533 12.9253 < 0.0001 -108.489 12.8931 <0.0001
Wisk -105.327 12.0531 < 0.0001 -105.926  6.7383 <0.0001
EraPlus -105.720 10.6645 < 0.0001 -106.190 10.2916 <0.0001
Surf -106.205 11.1658 < 0.0001 -105.474 11.0812 <0.0001
Solo -103.499 19.8372 < 0.0001 -104.123 19.7120 <0.0001
All -106.629 35.4821 < 0.0001 -106.088 35.9607  0.0032
Correlation Tide 0.6569 0.4519 0.1460 1.0000 0.5238 0.0562
' Wisk -0.0419 0.2813 0.8817 -0.6833 0.3559  0.0549
EraPlus  0.1120 0.2645 0.6719 0.1146 0.1083  0.2900
Surf -0.5427  0.8284 0.5124 -0.9868 0.5265 0.0609
Solo 0.9088 0.9648 0.3462 1.0000 0.7346 0.1735
All 0.3748  0.1827 0.0403 0.2231 0.3752 0.5522

AIC 7584.25 7610.18

*Normalization of scale to have unit variance.

are susceptible to starting values. Some more starting values have to be tested before

confirming the results of these two models. Due to time consuming computational

issues, not all observations were used in estimation. Also, computation of choice

probabilities in MDCP model require use of built-in “integrate” routines in R, which

does not yield accurate results. Further exploration of numerical methods is required

for accurate results. In view of this, we do not interpret the model coefficients and

draw any conclusions.
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Example 2. Travel mode choice:

We illustrate the probit model with product correlation structure and the PCL model
applied to the following travel data example. The data source is Greene (2003) Table
21.2. This data contains choices made by 210 individuals traveling between Sydney
and Melbourne in Australia. The response has four modes of travel namely Air,
Train, Bus or Car. The explanatory variables that are specific to alternative are
waiting time, travel cost, travel time, general cost, party size and we also have in-
dividual specific variable like household income. There are 840 observations by 210
individuals. We are interested to model the travel mode choice using the explanatory
variables such as time, cost, waiting time, etc. We fit both PCL model and Multi-
nomial discrete choice probit model with product correlation structure and compare
the results. Table 20 provides point estimates, standard errors and p-values for both
the PCL model and the multinomial discrete choice probit model. It also presents
the AIC criterion for comparison of likelihoods of the two models.

Table 20. ML estimates for the travel mode data

MDCP 11 PCL*
Parameter EST. SE  p-value EST. SE p-value

Intercept Air 4.9645 0.9282 < 0.0001 4.5117 0.9468 <0.0001
Train  4.6968 0.6260 < 0.0001 4.8459 0.5420 <0.0001
Bus 3.0797 0.6631 < 0.0001 4.0197 0.6121 <0.0001

Car 0.0000
Waiting time -0.1739 0.0548 0.0015 -0.1150 0.0120 <0.0001
Travel cost -0.1661 0.0648 0.0104 -0.1095 0.0254 <0.0001
Travel time -0.0347 0.0526 0.5094 -0.0190 0.0033 <0.0001

General cost 0.0677 0.0717 0.3453 0.0934 0.0241  0.0001
Correlation Air  0.8026 0.6405 0.2102 1.0000 0.6377  0.1168
Train  -0.7291 0.5019 0.1463 -0.5874 0.4505  0.1922
Bus 0.8704 0.8094 0.2822 1.0000 0.7173  0.1633
Car -0.8954 0.6876 0.1928 -0.9958 0.7512  0.1849
AIC 490.813 465.851

*Normalization of scale to have unit variance.

From Table 20, Though both models have similar results, we observed that these
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estimates are susceptible to starting values. Some more starting values have to be
tested before confirming the results of these two models. Due to time consuming
computational issues, not all observations were used in estimation. Also, computation
of choice probabilities in MDCP model require use of built-in “integrate” routines in
R, which does not yield accurate results. Further exploration of numerical methods
is required for accurate results. In view of this, we do not interpret the model

coeflicients and draw any conclusions.
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CHAPTER 5

DISCRETE CHOICE COPULA MODELS

In the previous two chapters, we developed discrete choice probit models for two
correlation structures namely equicorrelation structure and product correlation struc-
ture. Further, we compared the efficiency of these probit models to the equivalent
specification of logit models and concluded that probit models perform better than
logit models. A probit model is obtained by assuming that the unobserved factors
have a multivariate normal distribution with a correlation structure in which the
diagonal elements are always one. However, logit models do not have unit variance
structure across diagonals and require normalization of scale to compare with probit
models (see Section 3.3.1). Note that the joint distribution of unobserved factors in
a multivariate probit model can be represented using Gaussian copula with standard
normal marginals. Without having to normalize the scale, the ideal choice of a logit
model to compare with a probit model is the logit model with the joint distribution
of unobserved factors modeled using Gaussian copula with extreme value marginals.
Further, the logit models can be represented using extreme value copulas that de-
scribe the multivariate extreme value distribution with extreme value marginals.
Extreme value copulas define a multivariate extreme value distribution with a de-
pendence function that governs the dependence structure between alternatives and

choice of several dependence functions lead to several logit models.

In this chapter, we present the theory of copulas, basic definitions, examples and
application of copulas in modeling discrete choice behavior. We focus our attention
on two copulas, the extreme value copula for logit models and Gaussian copula for
probit models. Extreme value copulas are introduced in Section 5.3.1 and Gaussian
copulas are given in Example 5.2. Further, we derive previously studied logit and
probit models as special cases of these two copulas. We conclude this chapter with

some ideas of future research on copula based methods for discrete choice data.
5.1 COPULAS

Copulas are general tools to construct or describe multivariate distributions with

specified marginal distributions. By definition, a copula by itself is a multivariate
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distribution with marginals that are uniform on the unit interval [0, 1]. In addition, a
copula characterizes the structure of the dependence between the chosen marginals.
The simplest way of constructing a multivariate copula function is to “invert” the
marginal distribution functions and use them as the elements for the joint distribu-
tion function. In the following sections, we define a copula, discuss some well known

examples, study their basic properties and related results.

Definition 5.1 A d-dimensional copula is a function C : [0,1]¢ — [0,1] with the
following properties. Let u = (uy,...,uq) be in [0, 1]%. Then

1. C(u) = 0 if at least one element of u is 0.
2. If all elements of u are 1 except uy, then C(u) = uy, fork=1,...,d.
3. C(u) 1s right continuous as a function of u.

4. Forall0<aj, <a;, <1, j=1,...,d,

2 2 2

Z Z . Z(_l)r1+r2+...+r¢0(a1n,azm’ e ?ad”'d) 2 0

It follows that image of C' = [0,1], so C is a multivariate uniform distribution

function. Below are some examples of copulas that are useful in our context.
5.1.1 EXAMPLES OF COPULAS

Example 5.1 Independence Copula. This is also known as Product Copula. 1t is a

d-variate function given by

d
Cy(n) = H ;. (45)

Example 5.2 Multivariate Gaussian Copula. Let R be a symmetric and positive def-
inite correlation matrix. Let ®.(z1, ..., z4; 0, R) be the d-variate normal distribution

function with mean 0 and correlation R. given by

“d 2 1 1
®4(z1,...,24;0,R) = / / — X (——z'R”lz)dz
Ao 2 O R) o S R O 2

The multivariate Gaussian copula with correlation matrix R is given by

C(y;R) = ®g(® H(w),. .., ® (ua); O,R), (46)
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where ®~!(.) is the inverse of the cumulative standard normal distribution function.

Note that when R = I, this copula reduces to the Independence Copula.

Example 5.3 Multivariate Gumbel-Hougaard Copula. This multivariate copula is
given by

C(u;6) = exp{—((—logwu;)? + - -- + (= log ud)")l/o}. (47)

The range of the parameter 6 is [1, oo), and it is an indicator of the degree of
dependence. This copula reduces to the independence copula when @ = 1, and as
0 — oo it converges to the Fréchet-Hoeffding upper bound Cy given below. See
Gudendorf and Segers (2009) for a discussion of this copula.

To establish the relationship between multivariate cumulative distribution func-
tions and their univariate margins via a copula function, the following fundamental

theorem due to Sklar (1959) plays an important role.

Theorem 5.1. Let F(yi,...,y4) be a joint distribution function of d random vari-
ables with marginal distribution functions Fi(y1),..., Fy(yg)- Then there exists a

d-variate copula C such that for real numbers y;, 1 < < d,

Fy,...,ya) = C(Fi(w1), - - -, Fa(ya))- (48)

Further, if F,..., F; are continuous, then C is unique. Otherwise, C is uniquely
determined on the set Range(F)) x Range(F,), x - -- x Range(F;). Conversely, if
C is a d-variate copula and Fi(y1),..., Fu(ys) are univariate distribution functions,
then the function F(y,...,yqs) defined by (48) is a d-variate distribution function
with marginals Fy(y1), - . -, Fa(yq)-

The copulas are bounded functions and the bounds are known as Fréchet-Hoeffding

bounds which are described in the following theorem.

Theorem 5.2 If C is any d-variate copula, then for every u = (uy,...,u4) in [0, 1]¢,
Cr(u) < C(u) < Cy(u)
where the Fréchet-Hoeffding lower bound Cp, and upper bound Cy are defined as

Cr(u) = max(0,uy + - +ug— (d—-1)),

Cy(u) = min(us,...,uq).
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The upper bound Cy is a d-variate copula for any d > 2. It is known as comono-
tonicity copula. The lower bound C}, is a copula for only d = 2, and it is known as

countermonotonicity copula.
5.1.2 COPULA DENSITIES

By Sklar’s theorem, the cumulative distribution function of d-variate random

vector Y = (Y}, ...,Yy) can be written as

F(y) = C(Fi(1), .- ., Fa(ya)),

where C is a d-dimensional copula. When Y is a continuous random vector, the joint

probability density function of Y can be obtained as

d
fo) =[] fiw)) cFi(w),- ., Falya)),

j=1
where f;(y,) is the marginal probability density function of Y;, and the copula density
of C given by '

&C(uy, .. ., uq)
Ou0uy ... O0ug

c(u, - .-, Ug) =

Similarly, when Y is a discrete random vector, the joint probability mass function of

Y can be written as
2 2 2
PT(Y) = Z Z T Z(—I)J1+Jz+".+uc(u1j17u2.’i2’ s 7udj4)’
N1=172=1 Ja=1

where u;1(y;) = Fj(y;) and uje(y;) = Fj(yi). Also, the conditional distribution

F(uy,...,uq-1|uq) is given by

6C(u1,. ..,Ud)

F(uly e u’d—llud) = aud

5.2 GAUSSIAN COPULA DISCRETE CHOICE MODELS

We now introduce a more general form of discrete choice probit model using the
Gaussian copula and show that the probit models in previous chapters are a special
case. This generalization allows us to construct discrete choice models with various

correlation structures for the unobserved factors. Also, the construction allows us to
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use other marginal distributions other than standard normal, such as Gumbel and

allows comparison without normalization of scale.

Let Y = (Y3,...,Y.) denote the response vector of ¢ choices in a discrete choice
experiment. Note that Y is c-variate binary random vector with the restriction that

only one of Y} is equal to 1 and rest all are zero. Or simply,

Y ~ Multinomial(1, (p1,...,p.)) with ij =1 and ZY} =1.

Following the utility maximization theory, let U; be the latent utility of the jth
alternative for y = 1,..., c. Further, assume that U; = p; + Z;, where p, is the mean
and Z; denotes the unobserved random component. Then the choice probability can

be computed as
pi = Pr(U; > U, k#7)
= Pr(Zx < Zj + (15 — i), k # 3).
Additional assumptions are needed to compute this choice probability. An assump-
tion that the joint distribution of Z = (73, ..., Z,) is multivariate normal with mean
0 and correlation matrix R leads to the discrete choice probit model. Replacing
the distribution of Z = (Z),...,Z.) by a copula based distribution would lead to

Discrete Choice Copula models. Discrete choice probit model is a Gaussian copula

mode] with marginals as standard normal.

Suppose that the joint distribution of Z = (Z,...,Z.) can be represented by a

Gaussian copula as
F(z) = @(F(a1),...,F(z))

where F'(z;) is the camulative distribution function of Z;. Then the choice probability

can be written as

pi = Pr(Zy<Z;+ (pj— ), k#7J)
- / Pr(Ze < (p; — px) + 2 k # j|1Z; = 2) f(2;) dz;

I

/_ Be s(F(2), - F(Z), F(Ziaa)s- -, F(22)|%5 = 23) F(25) dz; (49)
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where Z; = (/'LJ - ,'l'k) + Zj and (bc—l(F(zl)a ey F(zj—-l)a F(zj+1)> ey F(ZC)IZJ = zj)
denotes the conditional distribution function. We can simplify the probability (49)

further when the marginals are assumed to be standard normal as given below.
Let R be the correlation matrix parameter in the Gaussian copula. Let R be parti-

1 R
R = 12
R21 Rz

- The conditional distribution of Z_; = (Z;,...,Z;-1,Zj41,...,2.) given Z; = z; is
MV N(R212;, Re2 — R21Ry2). Hence the choice probability (49) can be written as

tioned as

b; =

/ ‘I)c_l(F(ZI), caey F(Z;__l), F(Z;+l yeroy F(Z:), Rzlzj, R22 - R21R12) f(Zj) de

The matrices Ry; and Rz — R21Ry2 can be easily calculated for equicorrelation and

product correlation structures.
5.3 EXTREME VALUE THEORY

Extreme value distributions are limiting distributions of extremes such as mini-
mum or maximum of a sequence of random variables. In the univariate case, the well

known “Fisher-Tippett-Gnedenko” three types theorem can be described as follows.

Let X;,Xs,...,X, be iid random variables with a common distribution function
F. Let X, = max(X,,...,X,). For suitably chosen sequences {a,} and {b,}, the
possible limiting distribution of (X, — a,)/b, as n — oo is one of the following

distributions.
1. Gumbel or Extreme value distribution with Fy(z) = exp{—e™*},—c0 <z < 00
2. Fréchet distribution with Fy(z,8) = exp{—27%},2> 0,6 > 0
3. Weibull distribution with F_,(z,6) = exp{—(—=2)°},z < 0,0 >0

where z is of the form z = (z — u)/o. With location-scale changes, the three distri-

butions can be combined into the Generalized Extreme Value (GEV) family as

F(z7) = exp{~(1+72);"/"}, —00 < 2 < 00, ~00 < 7 < 0, (50)



71

where (t); = max{0,t}. When v — 0, F(z;7) reduces to Gumbel distribution,
when v > 0, F(z;~y) reduces to Fréchet distribution and lastly the condition v < 0
yields the Weibull distribution. This theory can be extended to multivariate case
yielding multivariate extreme value distributions and the dependence structure via

a multivariate copula, known as Extreme Value Copula.
5.3.1 EXTREME VALUE COPULAS

Before proceeding onto extreme value copulas, we first describe the character-
ization of a multivariate extreme value distribution. Let (X1, Xi2,...,Xiq) for
i = 1,...,n be d-dimensional iid random vectors with a common joint distribu-
tion function F', which is determined by a Copula Cr and marginals Fy,..., Fy.
Let (X(n1), X(n2)s - - -» X(na)) denote the componentwise maxima and Fnyy, ..., Fina
denote their distribution functions. Then the multivariate extreme value (MEV)
distribution is a limiting distribution of ((X(n1) — @n1)/bn1, - - -, (X(nd) — @nd)/bna) as
n — oo and for some suitable normalizing constants a,; and b,;, 1 < 7 < m. It can
be written in the form C(H(21;m), ..., H(2q4;74)), where H(z;;~y;) is a GEV distri-
bution parametrized by -;, for 7 = 1,...,d. To construct a MEV distribution and
the copula that characterizes this distribution, we need to study the copula related

to the maximums. The case of minimums will be similar by symmetry.

Note that the copula of a maximum of n random vectors can be written as C,)(u) =
Cp(u}/n,...,uyn)“ for u in [0,1]% To see this, observe that Fin;)(z;) = Pr(Xi; <
;V1 < i < n) = [Pr(Xy; < z;)|* = [Fj(z;)]*. Now, the joint distribution of

componentwise maxima can be obtained as

Foy(z1,...,%a) = Pr(Xwmy < 21,0, Xing) < 24)
= Pr(Xa<zi,...,Xi < xz4Vi)
= [F(z1,...,zq)|"
= [Cr(F(z1), .-, Falza))]"
= [Cr([Fay(@))'", ..., [Fua(z)™)I™
Therefore, the copula that characterizes the joint distribution of component-

wise maxima, denoted by Cpn)(us,...,uq) can be written as Ciny(u1,...,uq) =
C’p(ui/ U uy ™)*. This leads to the following definition.
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Definition 5.2 A copula C'is called an Extreme Value Copula if there exists a copula
Cr(u) such that

Crui™, ..., ul/™"™ » C(u) asn — oo

for all u = (us,...,uq) in [0,1]%. The copula Cr(u) is said to be in the domain of
attraction of C(u).

Because copula is a multivariate distribution function, we have the following defini-

tion.

Definition 5.3 A d-variate copula C(u) is maz-stable if
Clw) =Clw”,...,uf"y

holds for every integer r > 1 and all u = (uy,...,uq) in [0, 1]

One can show that a copula is max-stable if and only if it is an extreme value copula.
See Nelsen (2006) for a proof. We now describe a procedure for constructing extreme

value copulas using Pickands (1981) representation.

Let C(u) be a d-variate max-stable copula. Let the distribution of the random vector
X = (X4,...,X4) be determined by C(u) and standard exponential marginals with

mean one. The joint survival function is given by
S(zy,...,xa) = Pr(Xy > Z1,..., Xm > 7q) = Cle™,...,e7%) (51)
- where 5 is the survival function of the copula C. Let
2 =:z:,-_/(w1+-~+9:d) and r =z +-- -+ Zg4.
Note that Z;Ll z; = 1. Since C(u) is max-stable, we have

S(zy,...,za) = S(rz,...,r24)
= Ce™™,...,e" ™)
= [Cle™™,...,e7=)]"
= exp{-r A(z,...,24)}
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where A : [0,00)? — [1/d, 1] is the function defined as
Az, ..., 29) = —log Ce™™, ..., e ™). (52)

The above function A(z, ..., z4) is known as tail dependence function of the extreme

value copula. It is related to the extreme value copula by the equation

d
C(uy,...,ug) = exp {log (I;[luj) A (Eg_l((i%;fz;)’ .. .,ﬁ%ﬁ) } . (53)

Therefore, if C(u) is an extreme value copula, then it is of the form (53) for an
appropriate choice of A(z1,...,24). For (53) to be a copula, A(z,...,2) must
satisfy the following properties.

1. A(z,...,z4) is convex.

2. A(z,...,zs) is homogeneous of order 1, that is, A(rz1,...724) =7A(z1,. .., 24)
for » > 0.

3. max(z,...,24) < A(z,...,24) <1forall (z,...,24) in [0,1]%

The above construction is known as Pickands representation of a min-stable mul-
tivariate exponential distribution (MSMVE) using survival function (or max-stable

using distribution function). The result is summarized in the following theorem.

Theorem 5.3 A d-variate copula C(u) is an Extreme Value Copula if and only
if there exists finite measure H on the unit simplex D,, = {(wi,...,wq) €

[0, 00)4; Z;l=1 w; = 1}, called as spectral measure, such that

C(u) =exp{—A(-loguy,...,—loguq)},

where the tail dependence function A : [0,00)¢ — [1/d, 1] is given by
Alzry ..., 24) =/ [maijzj} dH(ws, ..., wq), (z1,...,24) € [0,00)?
Dy 1<5<d

For a proof of the above theorem, see Galambos (1987). The above representation
of C(u) can be simplified further in bivariate case, that is, when d = 2. In bivariate

case, Theorem 5.3 reduces to the following result.
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Theorem 5.4 A bivariate copula is an Extreme Value Copula if and only if

C(u1,uz) = exp {log (uruz) A (__I_O_g_u?_) }

log (uqu2)

where A : [0,1] = [0.5,1] is convex and satisfies min(z,1 — 2) < A(z) < 1 for all
z € [0,1].

5.4 EXTREME VALUE COPULA MODELS

Extreme value copulas with a dependency function A of the form — log S, where
S is a survival function, result in extreme value distributions that are MSMVE.
Joe (1997), Section 6.3, described three dependency functions that are of the form
—log S. Two of the three dependent functions are relevant to our discussion. The
first one results in Gumbel (1960) family of extreme value copulas and. the second
results in normal family of extreme value copulas. All GEV models, discussed in Sec-
tion 2.3.1, can be represented using Gumbel family of extreme value copulas with a
variety of dependence patterns generated from the given dependency function. This
process first described by McFadden (1978) to generate GEV family is actually based
on the properties of MSMVE distributions. Using the normal family of extreme value
copulas, we can generate extreme value models with dependency structure similar
to that of a multivariate normal distribution. These have not be explored to model
choice behavior in the literature. The dependency function that generates normal
family of extreme value copulas is derived as an extreme value limit of bivariate or
multivariate normal distribution. We exploit the properties of MSMVE distributions
to obtain the choice probabilities, which result in a closed form expressions due to

the property that the class of MSMVE distributions is closed under margins.

As a way forward, we first explore the case of bivariate families of copula with a
single parameter for dependency function and then consider multivariate extensions

with multiple parameters that describe the dependency structure between marginals.

5.4.1 GUMBEL-HOUGAARD COPULA MODEL
Consider the dependence function of the form

A(Zl, 29, )\) = (Z? + ZQA)I/A, (54)
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where A > 1. The related extreme value copula is given by
C(ur, uz; A) = exp{—((—logu1)* + (— log uz)*)/*}. (55)

This copula family is known as Gumbel-Hougaard Copula. It is one of the earliest
multivariate extreme value copula models. The copula density of this family is given
by
C(u1,ug; N) (loguy logug)* !
wiug  [(—logul)* + (— logug)A|-1/»)

x {[(—logu)* + (= logua)|"Y* + A —1}.  (56)

c(uy,ug; A) =

A value of A = 1 leads to the independence, in which the dependence function be-
comes A(z,23) = 21 + 2. Fréchet upper bound is obtained by letting A go to
oo, in which case the dependence function becomes A(z1,22) = max(z2i, 23). This
family can easily be extended to multivariate case with different forms of depen-
dency structure. For example, we can consider the dependency function of the form
Alz1,...,24) = (2} + - -+ + 23)'/* that has a single dependency parameter X. This
could be used to generate a copula model with exchangeable correlation between
alternatives. We can also consider other dependency functions that allow clustering
between alternatives. Using the properties of MSMVE distributions, we obtain the

closed form expressions for choice probabilities in the next section.

5.4.2 HUSLER-REISS COPULA MODEL

Consider the dependency function of the form

Armid) = n® 5+ 5 lo8a/m)) +20 (5 + Jloglaa/))  (6)

for A > 0. The bivariate extreme value copula with dependency function (57) is given
by

log ug

—(loguz) @ G + % log (E’EZ?)) } , (58)

where ® denoted the standard normal distribution function. This copula family was
introduced by Husler and Reiss (1989) and it is known as Husler-Reiss Copula. This

C(ui,up;A) = exp {—(IOgul) i) (% + :2\-10g (logul))
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copula is obtained as a limiting form of bivariate Gaussian copula, assuming the
dependency correlation p converges to 1. The copula density of this family is given
by

) _ Clus,ug;A) 1 A log u; 1 A log uy
clur, vz A) = U U ® (A +-2—10g <logu2 ¢ A + 2 log log uy
g
A

1 A log us
“Zlogus” <X tale (logul))} (59)

where ¢ is the standard normal density. When A = 0, this copula becomes indepen-

dence copula and when A — oo it attains the Fréchet upper bound. The multivariate
extension of this dependency function is closed under margins and dependency pa-
rameter for pair (71,72) is same as for the pair (j2,7:1). The dependency structure
is similar to that of multivariate normal distribution. This model is an extreme
value model with normal margins, not yet explored to analyze choice behaviors in
the literature. The dependency function of the multivariate case can be written in a

recursive form as

Al...m(z? )‘127 ceey )‘l,m) =
At m-1((z1,- .-y Zm=1), M2, - - s Am—2m-1) + B(z1, . . . Zm—1)
(60)

where

Fmo_ 1 Xim T .
B(Zl, e Zme1) = / &, (')\"‘- + __3_2__ [108(—‘)] yJ<m-—1; [ijk]j<k<m—1) dz.
0 j,m Zj

7

See Joe (1997) for details.

5.4.3 COMPUTATION OF CHOICE PROBABILITIES

In this section, we illustrate the computation of choice probabilities for the ex-
treme value copula models. MEV distributions obtained from an extreme value
- copula have the MSMVE property and hence dependency function A is of the form
—log S. Further, the function A is homogeneous of order 1. We exploit these prop-

erties to show that the choice probabilities are in a closed form.

Let U = (U4,...,U.) be a random vector of ¢ random variables, where U; denote

the utility associated with jth alternative in a choice model with ¢ choices. Further,
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assume that U has MEV distribution obtained from an extreme value copula with
dependency function A(u). Since an extreme value copula has dependency function
of the form —log S, where S denotes survival function of MEV distribution, we have
S(u) = exp(—A(u)). Further, let A;(U) denote the partial derivative of A with

respect to u;. Then we have,

35(11) _ —eA(u) 3/1(11
6Uj o Buj
= —S(u);(u)
Now using the property of homogeneity we have for u; > 0,A(u;,...,u;) =
w1 A(L, uzfuy, . .., uc/u). Hence,
dS(u °
&El) = —S(u) A, ua/us, ..y uef/ur) = Y (uk/u1) Ax(L, uafus, . . ue/us)
k=2

For 5 = 1, comparing above two equations yields,

c

M) = AQ/u) = 3 (u/u) Ax(u/u).

k=2

Thus A, (u) only depends on the ratios u;/u;. In a similar way, A;(u) only depends

on the ratios ug/u;, k(# j) = 1,...,c. Now consider the conditional survival function

Pr(U; = uj)
_ 05w 1
- Ou; e W

= e% S(u) 4;, i=1,...,c

Now, the survival function of minimum denoted by Uy = min(Uy, . .., Uy,) such that
Uqny = U; is given by

Pr(Upy >t, Uy =U;) = / e A@D A (g, ... z)de

t

= / e ™ AL-D A1, .., 1) dz

t

I

A;QQ, ..., 1)/ e~ =AMLY gy
t

AL, D) aan
AL ° (61)
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Therefore, 5 ._, Pr(Uny > t,Uyy = U;) = Pr(Uy > t) = e t40-D since
> =1 4;(1,...,1) = A(1,...,1). Thus the survival probability of minimum is in
a closed form. We will exploit this property to obtain the choice probabilities in

closed form using the survival function.

Let Z denote the random vector of unobserved utility components that follow MEV
distribution F(z) = exp{—A(e™™,...,e %)}, obtained from an extreme value copula
with dependency function A of the form —logS. Let U; be the total utility of jth
choice alternative that is sum of mean p; and the unobserved component Z;,j =
1,...,c. The jth option is selected if U; > Uy for all k& # j. Therefore, the choice
probability of 1st alternative being chosen is

pr=Pr(Uy >Uk=2,...,¢) = Pr(Z1>Zy+ (ux — 1), k=2,...,0)
= PT(Zk<Z1_(/'Lk_l—l‘l)ak:QP")C)

To write this probability in terms of survival function, let Wy, = e~%* and wj = e**.

Then we have

i

71 Pr(Zy < Zy — (e — ), k=2,...,¢c)

= Pr (e"Z'c > e felem) =2 ,c)

W
= Pr (Wk>“”“ 1 k=2,...,c)
w

The range of Z; is from 0 to co. Using the properties of MSMVE distributions,

%)
?m = / e—A(Z’sz/wl""’sz/wl)Al(1, ?1)2/’!01, “. ,wc/wl)dz
0

Al(l, ’tUz/'wl, N ,wc/wl)
A(l,w2/wla e swc/wl)

_ Al(’wl,’LUg,...,’LUc)
(1/’LU1)A(’U)1, Wa, ... ,wc)
e Ai(e, ..., eH)
Alem, ... eHe)
Similarly, the choice probability for jth option is in a closed form given by
e“iAj(e“l, e ,6”°)
pi = Aler, ... eke) (62)

Therefore, the models derived from max-stable MEV copulas are convenient in that

closed form expressions are obtained for the choice probabilities. This is exactly the
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procedure McFadden (1978) described to generate GEV models (see Section 4.1).
Further, we can assume a regression framework for u; as a function of covariates and
estimate the regression parameters using likelihood estimation methods. We present

few examples in the following section.

5.4.4 EXAMPLES

In this section, first we present examples of Gumbel-Hougaard Copula Model with

various dependency functions.

Example 5.4 Complete Independence: Let A(z) = z; + .-+ z.. Then A;(z) =1

and the choice probability becomes
et
I >
This is the conditional logit model with an assumption that the unobserved factors

are independent.

Example 5.5 Equicorrelation: Let A(z) = (2 + -+ 28)1/%,0 > 1. Then A;(z) =
(20 + -+ )W 9)‘1z§9—1) and the choice probability becomes

eri
This is the logit model with equicorrelation dependency structure between unob-

served factors.

Example 5.6 Nested Structure: Let A(z, 20, 23) = ((22 + 28)%% +23)1%, 1 <5 <.
Such a dependency function has alternatives {1,2} as one nest and alternative 3

forms a different nest with one alternative. Then the partial derivatives are

A, = [(Zf + Zg)éfo + zg](l/é)—l(zf + Zg)(a/o)—lzg—l for j = 1,2

Ay = [(2] +2)% + 23/ 25

and the choice probabilities are
W (uf+ud
(w] +w) ((wf + 28)%° + wg)
wi
((w] + 28)°/° + wy)

Dj for j=1,2

P3 =
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where w; = e, 7 = 1,2, 3. This is a simple example of nested logit model. Complex
models can be obtained with different dependency structures by using different de-

pendency functions.

Now, we present few examples of Husler-Reiss copula model in bivariate case with a
dependency function of the form (57). This model has dependency structure similar

to the bivariate normal distribution with normal margins.

Example 5.7 Bivariate Husler-Reiss model: Let the dependency function is of the
form (57). Then the partial derivatives A;(z1, 22; /\), j=1,2are

Mlmmid) = @ (5 +508E)) + 520 (5 +lon2)) - 50 (5 + 5 ot
and

’ A A A A
talen, i) = (5431082 + 520 (5 + 31082 - 5o (5 + Froe2

Therefore, the choice probabilities are given by

| 8 (5 +3(m — m))

1 (5 + 3 — ) + 2@ (3 + 3(12 — )’
5 (4 + 3 = )

e (3 + (i — o)) + 2@ (3 + 5 (k2 — )

For the multivariate case, we have the recursive relation of the dependency function

n =

D2

as in (60). For m = 3 with a single dependency parameter A, the dependency function
in recursive form can be written as
Az, 22,23, X)) = Az, 225 A) + /z3 @, (% + % log(ﬁ), l “1 ( ) )
0 21 /\

and the choice probabilities can be obtained in a similar way. With multivariate
extension, this model is a multivariate extreme value model with equicorrelation
dependency structure. Other complex models can be obtained using the recursive
relation and by imposing a dependency structure to reduce the number of dependency

parameters.
5.5 FINAL REMARKS

To summarize, a more general form of choice models are presented using multi-

variate copulas. We presented a brief introduction of discrete choice copula models

=)

).
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using Gaussian copula and Extreme value copulas. Copula representations are useful
in building multivariate distributions with several choices for marginals. The multi-
nomial probit models are Gaussian copula models with marginals that are standard
normal and the GEV models are extreme value copula models with marginals that
are extreme value distributions. This generalization shows a way of constructing new
models using copulas by choosing different marginals within the copula representa-
tion. For example, a Gaussian copula choice model with Gumbel marginals or an
Extreme value copula choice model with normal marginals are possible. Such models
are not yet explored to model choice behavior and this provides a road map to future

research.
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CHAPTER 6

SUMMARY

Discrete choice models are very popular in Economics to model consumer choice
behavior and the conditional logit model is the most widely used model. We first in-
troduced this well known conditional logit model with ITA assumption and explained
how the failure of such an assumption lead to incorrectly specified models using a
numerical example. We presented an overview of existing models in the literature
that relax ITA assumption such as GEV models. However, they are limited to handle
different phenomenon that occur in consumer choice behavior. To overcome these
limitations, we introduced the discrete choice probit models. Though they are flex-
ible, they involve difficult computation of multivariate normal distribution function

to compute choice probabilities.

In this dissertation, we presented discrete choice probit models for two correla-
tion structures namely equicorrelation and product correlation. We derived exact
analytical expressions for the computation of choice probabilities for both structures
using stochastic representations. Further, we described the procedure of obtain-
ing maximum likelihood estimates for the model parameters and derived analytical
expressions for Fisher information matrix to compute their standard errors. Using
simulations, we compared the performance of probit models with logit models in both
large sample case as well as small samples. The results show that the probit models
are efficient over logit models in both cases as correlation increases. We provided

Sample R-code that performs all computations in the appendix.

Finally, a unified approach combining logit and probit models is presented ué—
ing multivariate copulas. Copula representations are useful in building multivari-
ate distributions with several choices for marginals. First we introduced discrete
choice copula models using Gaussian copula and Extreme value copula. We showed
that the discrete choice probit models are Gaussian Copula models with marginals
that are standard normal and the GEV models are Extreme Value Copula models
with marginals that are extreme value distributions. This insight shows a way of

constructing new models using copulas by choosing different marginals within the
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copula representation. For example, a Gaussian Copula choice model with Gumbel
marginals or an Extreme Value Copula choice model with normal marginals are pos-
sible. Such models are not yet explored to model consumer choice behavior and it

leaves a lot of potential for future research.
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APPENDIX
Here we provide two set of R-programs that perform computations of asymptotic
efficiency, small sample efficiency and maximum likelihood estimation for Condi-
tional Logit and MDCP with equicorrelation models, Paired Combinatorial Logit
and MDCP with Product Correlation models.
Conditional Logit and MDCP Equicorrelation

#libraries needed for this program to run
library (MASS)
"library (numDeriv)
library (mnormt)}
library(mvtnorm)
library (MNP)
library (VGAM)
#*****#************************tt**#"**#**#**t*‘******************************#**##
# Functions needed for computations such as col product, integrands of likelihood ,#
# first derivatives w r ¢ tho, w r t beta etc #
#‘**t******‘**i*t**#******************#*************##**t#i*tt‘*t*t*tt***tt********#
#function to compute column product of a matriz
colprod.matrix=function (x) {
a=x[,1]
for (i in 2:dim(x) [2])
a=a*x[,1i]
a = matrix(a, nrow(x), 1)
return(a)
}
#function to compute column division of a matriz
coldiv.matrix <- function(x,y) {
z = x
for(i in 1:dim(x)[2]) {
z[,il=x(,1il/y
}
return(z)

}

#1.1 function to compute integrand for computing probailities
ProbIntegrand <- function(v, MuVec, rho, j) {
product = 1/pnorm(v)
for (1 in 1:nChoice) {
product = product#*pnorm(v - (MuVec[1l] - MuVec[jl)/sqrt{(i~-rho))
}
ProbInteg = productx*exp(~-v*v/2)/sqrt(2*pi)
return (ProblInteg)
}

#2.1 function to compute integrand for first derivetives w r t beta
FirstDerBetalntegrand <~ function(v, MuVec, rho, xDiff, j, m) {
SumBeta = 0 ’
for (k in 1:nChoice) {
InnProd = 1/pnorm(v - (MuVec[k]l ~ MuVec[jl)/sqrt(i-rho))}



for (1 in 1:nChoice) {
InnProd = InnProds*pnorm{(v -~ (MuVec([1] - MuVec[jl)/sqrt(i-rho))
}
SumBeta = SumBeta + InnProds*dnorm(v - (MuVec[k] - MuVec[jl)/sqrt(i-rho))+
(xDiff ((m-1)*nChoice+k]-xDiff [(m-1)#*nChoice+jl)/sqrt (i-rho)
}
SumBeta = SumBeta/pnorm(v)
FirstDerInteg = SumBetaxexp(-v*v/2)/sqrt(2+pi)
return (FirstDerInteg)
}

#2.2 fumction to compute integrand for first derivatives w r t Rho
FirstDerRhoIntegrand <- function(v, MuVec, rho, j) {
SumRbo = 0
for (k in 1:nChoice) {
InnProd = 1/pnorm(v - (MuVec[k] - MuVec[jl)/sqrt(i-rho))
for (1 in 1:nChoice) {
InnProd = InnProd*pnorm(v - (MuVec[l] - MuVec[jl)/sqrt{(1-rho))
) E
SumRho = SumRho + InnProd+dnorm(v - (MuVec[k] - MuVec[jl)/sqrt(i-rho))*
(MuVec [k] - MuVec[jl)/(2%*(i-rho)~(1.5))
by
SumRho = SumRho/pnorm(v)
FirstDerRhoInteg = SumBRho*exp(-v#*v/2)/sqrt(2#*pi)
return(FirstDerRhoInteg)
}

#8.1 function to compute integrand for second derivatives w r t betaM betaM’
# (when m = m’, we get second derivatives for same parameter)
SecondDerBetaMMpmIntegrand <- function(v, MuVec, rho, xDiff, j, m, mpm) {
InnProd = 1
for (1 in 1:nChoice) {
InnProd = InnProd*pnorm(v - (MuVec({l) - MuVec[j]l)/sqrt(i-rho))
}
SumBeta = O
for (k in 1:nChoice) {
SumBeta2 = 0
for (kpm in 1:nChoice) {
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SumBeta2 = SumBeta2 + dnorm(v - (MuVecl[kpm] - MuVec{jl)/sqrt(i-rho))/pnorm(v - (

MuVec [kpm] - MuVec[jl)/sqrt(i-rho))*(xDiff [(mpm-1)*nChoice+kpm]-xDiff [(mpm

-1)*nChoice+j])
}

SumBeta3 = -SumBeta2 + (v - (MuVec([k] ~ MuVec[jl)/sqrt(i-rho))*(xDiff [(mpm-1)=*

nChoice+k]-xDiff [(mpm-1) *nChoice+jl) + dnorm(v - (MuVec[k] - MuVec[jl)/sqrt
{(1-rho))/pnorm(v - (MuVec[k]l - MuVec[jl)/sqrt(l-rho))*(xDiff [(mpm-1)*nChoice

+k}-xDiff [(mpm-1) *nChoice+j])

SumBeta = SumBeta + InnProd#*SumBeta3*dnorm(v - (MuVec[kl - MuVec(jl)/sqrt(i-rho)

)*(xDiff [(m-1) *nChoice+k]l-xDiff [(m-1) #*nChoice+3jl) /(pnorm{(v - (MuVec([k] -
MuVec [j])/sqrt (1-rho))*{(1-rho))

}

SumBeta = -SumBeta/pnorm(v)

SecondDerIntegBetaMMpm = SumBeta*exp(-v*v/2)/sqrt(2+pi)
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return(SecondDerIntegBetaMMpm)
}
#8.2 function to compute integrand for second derivatives w r t betaM and rhe
SecondDerRhoBetaMIntegrand <- function(v, MuVec, rho, xDiff, j, m) {
InnPred = 1

for (1 in 1:nChoice) {

InnProd = InnProds*pnorm(v - (MuVec[1l] ~ MuVec[jl)/sqrt(i-rho))

}
SumBeta =
for (k in 1:nChoice) {
SumBeta2 = 0

i=

for (kpm in 1:nChoice) {
SumBeta2? = SumBeta2 + dnorm(v - (MuVec[kpm] - MuVec[jl)/sqrt(i-rho))/pnorm(v - (
MuVec [kpm]} - MuVec[jl)/sqrt(i-rho))*(MuVec [kpml - MuVec[j])
}
SumBeta3 = -SumBeta2 + (v - (MuVec[k] - MuVec[jl)/sqrt(i-rho))s*(MuVec[k] - MuVec
[j1) + dnorm(v - (MuVec[k]l - MuVec[jl)/sqrt(i-rho))/pnorm(v - (MuVec[k] -
MuVec [j1)/sqrt (1~rho))*(MuVec[k] - MuVec[jl) + sqrt(i-rho)
SumBeta = SumBeta + InnProd+*SumBeta3t¢dnorm(v - (MuVec[k] - MuVec[jl)/sqrt(i-rho)
Y*#(xDiff [(m-1) #+nChoice+k]~xDiff [(m~-1) *nChoice+jl)/(pnorm(v - (MuVec([kl -
MuVec [j1)/sqrt(1~rho))*2*(1-rho) "2)
}
SumBeta = -SumBeta/pnorm(v)
SecondDerIntegBetaMRho = SumBetaxexp(-v*v/2)/sqrt(2xpi)
return (SecondDerIntegBetaMRho)
}
#8.3 function to compute integrand for second derivatives w v t rtho
SecondDerRho2Integrand <- function(v, MuVec, rho, xDiff, j) {
InnPred = 1
for (1 in 1:nChoice) {
InnProd = InnProd*pnorm(v - {(MuVec[1l] - MuVec[jl)/sqrt(i-rho))
}
SumRho = 0
for (k in 1:nChoice) {
SumBeta2 = 0
for (kpm in 1:nChoice) {
SumBeta2 = SumBeta2 + dnorm(v - (MuVec [kpm] - MuVec[j))/sqrt(l-rho))/pnorm(v - (
MuVec [kpm] - MuVec[jl)/sqrt(i-rho))=*(MuVec [kpm] - MuVec[jI)
}
SumBeta3 = -SumBeta2 + (v - (MuVec[k] - MuVec[jl)/sqrt(i-rho))*(MuVec[k] - MuVec
[j1) + dnorm(v - (MuVec([k]l - MuVec([jl)/sqrt(i-rho))/pnorm{(v - (MuVec[k]l -
MuVec [j1)/sqrt(1-rho))*(MuVec [kl - MuVec[jl) + 3xsqrt(i-rho)
SumRho = SumRho + InnProd*SumBeta3*dnorm(v - (MuVec([k] - MuVec[jl)/sqrt(i-rho))=*
(MuVec (k] - MuVec[jl)/{(pnorm(v - (MuVec[k] - MuVec[jl)/sqrt(l-rho))*4*(1-rho
)°3)
}
SumBRho = -SumRho/pnorm{v)
SecondDerIntegRho2 = SumRho*exp(-v*v/2)/sqrt(2*pi)
return (SecondDerIntegRho2)
}
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#*#****#***‘#*t*#********t**#*t*****#*#********#**#****t****‘**‘**t*********i#***t*#
# Defining Probabilities, Derivatives, Double Derivaetives for MDCP I model #
##**************'*"******3******###*********t*******‘*‘***t*********t******t**t*‘.*#
#function to compute Eguicorrelated Probit Probabilities
ProbMDCP <- function{(Data, pars) {
betainn = pars[l:nCovariates]
rho = pars([(nCovariates+1)]
xdata = Datal,2:(nCovariates+1)]
means = xdata¥’*%betainn
SpMeans = matrix(0,nObs*nChoice, nChoice)
for (i in 1:n0bs) {
SpMeans [((i-1) *nChoice+1):(i*nChoice) ,1:nChoice] = matrix(i,nChoice ,1)%*
%t(means {((i-1)*nChoice+1) : (i*nChoice) ,1])
}
Prob = matrix(0,n0Obs*nChoice, 1)
MuVec = matrix (0, nChoice ,1)
for (i in 1:mn0bs) {
for (j in 1:nChoice) {
MuVec = SpMeans [((i-1)#*nChoice+j),1:nChoice]
ql = integrate (ProbIntegrand, lower = 0, upper = Inf, MuVec, rho, j)
q2 = integrate (ProbIntegrand, lower = -20, upper = 0, MuVec, rho, j)
Prob[((i-1)*nChoice+j) ,1]1= qi$value + q28$value
}
}
return(Prob)
}
#function to compute Equicorrelated Probit derivatives
DerMDCP <- function (Data, pars) {
betainn = pars{l:nCovariates]
rho = pars[nCovariates+1]
xdata = Datal,2:(nCovariates+1)]
means = xdata’*% betainn
SpMeans = matrix (0,nObs*nChoice, nChoice)
SpXs = matrix (0, nObs#*nChoice, nChoice*nCovariates)
for (i imn 1:mn0bs) {
SpMeans [((i-1) *nChoice+1) ; (i*nChoice) ,1:nChoice] = matrix(1,nChoice ,1)%*%t
(means [((i-1)*nChoice+1) : (i*nChoice) ,1])
rearrange = t(Data[((i-1)#*nChoice+1):(i*nChoice) ,1+1])
for (m in 2:nCovariates) {
rearrange = cbind(rearrange, t(Data[((i-1)*nChoice+1):(i*nChoice),m
+11))
}
SpXs[((i-1)*nChoice+1) : (i*nChoice) ,1:(nChoice*nCovariates)] = matrix(1,
nChoice ,1) %*’rearrange
}
DerProbBeta = matrix(0, nObs*nChoice, nCovariates)
DerProbRho = matrix (0, nObs+*nChoice, 1)
MuVec = matrix (0, nChoice ,1)
for (i in 1:n0bs) {
for (j in 1:nChoice) {
MuVec = SpMeans [((i-1)#*nChoice+j) ,1:nChoicel
xDiff = SpXs[((i-1)*nChoice+j),1:(nChoice*nCovariates)]



for (m in 1:nCovariates) {
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drBetaMl = integrate (FirstDerBetaIntegrand, lower = 0, upper = Inf, MuVec, rho
, xDiff, j, m)
drBetaM2 = integrate (FirstDerBetalntegrand, lower = -10, upper = 0, MuVec, rho
, xDiff, j, m)
DerProbBeta [((i-1) *nChoice+j),m] = -drBetaMl$value - drBetaM2$value
}
drRhol = integrate (FirstDerRheIntegrand , lower = 0, upper = Inf, MuVec, rho, j)
drRho2 = integrate (FirstDerRhoIntegrand , lower = -10, upper = 0, MuVec, rho, j)
DerProbRho [((i-1) #nChoice+j) ,1] = -drRhoil$value - drRho2$value
}
}
return (cbind (DerProbBeta, DerProbRho))
}

#function to compute Equicorrelated Probit Hessian
MDCP.Hessian <- function(Data, pars) {

betain pars [1:nCovariates]
rho =
xdata = Datal,2:(nCovariates+1)]

xdata¥*%betain

pars[nCovariates +1]

means

SpMeans = matrix (0,nObs*nChoice, nChoice)

SpXs = matrix (0, nObs*nChoice, nChoice*nCovariates)

for (i in 1:n0bs) {

SpMeans [((i-1)#*nChoice+1) : (i*nChoice) ,1:nChoice] = matrix (1,nChoice ,1)%*%t

(means [((i-1)*nChoice+1) : (i*nChoice) ,1])
= t(Datal({(i-1)*nChoice+1):(i*nChoice) ,1+1])
{

rearrange
for (m in 2:nCovariates)

rearrange
+11))
}

SpXs [((i-1)*nChoice+1) : (i*nChoice) ,1:{nChoice*nCovariates)]

nChoice ,1)%*%rearrange

}
Prob = ProbMDCP(Data, pars)
Der = DerMDCP (Data, pars)
DerProbBeta = Der[,1:nCovariates]
DerProbRho = as.matrix(Der [1:(nObs*nChoice) ,nPar])
DDerProbBeta = matrix (0, nObs*nChoice, nCovariates ~2)
DDerProbRho = matrix (0, nObs#*nChoice, nPar)

MuVec = matrix (0, nChoice ,1)
for (i in 1:n0bs) {
for (j in 1:nChoice) {
MuVec
xDiff

for (m in 1:nCovariates) {

SpMeans [({i-1) *nChoice+j),1:nChoice]

SpXs [((i-1) *nChoice+j) ,1:(nChoice*nCovariates)]

for (mpm in 1:nCovariates) {

ddrBetaM1l = integrate (SecondDerBetaMMpmIntegrand, lower
MuVec, rho, xDiff, j, m, mpm)
ddrBetaM2 = integrate (SecondDerBetaMMpmIntegrand, lower

MuVec, rho, xDiff, j, m, mpm)
DDerProbBeta[((i-1)*nChoice+j),((m-1)*nCovariates +mpm)]
+ ddrBetaM2$value)

=

cbind (rearrange, t(Data[((i-1)#*nChoice+1):(i*nChoice),n

= matrix (1,
0, upper = Inf,
-10, upper = 0,

((ddrBetaMi$value
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- (DerProbBeta [((i-1)#*nChoice+j),m]*DerProbBeta [((i-1)#*nChoice+j) ,mpm

1)/Prob[((i-1)*nChoice+j),1]1)

}

for (m in 1:nCovariates) {

ddrBetaMRhol = integrate (SecondDerRhoBetaMIntegrand, lower = 0, upper = Inf,
MuVec, rho, zDiff, j, m)

ddrBetaMRho2 = integrate (SecondDerRhoBetaMIntegrand, lower = ~-10, upper = 0,
MuVec, tho, xDiff, j, m)

DDerProbRho [((i-1)*nCheice+j),m] = ((ddrBetaMRhol$value + ddrBetaMRho2$value)

-~ (DerProbBeta [((i-1)#*nChoice+j),m]/Prob[({i-1)+nChoice+j) ,1])*(
DerProbRho [((i-1)*nChoice+j) ,1]1))

}

ddrRhol = integrate (SecondDerRho2Integrand , lower = 0, upper = Inf, MuVec, rho,
xDiff, j)

ddrRho2 = integrate (SecondDerRho2Integrand, lower = ~10, upper = 0, MuVec, rho,
xDiff, j)

DDerProbRho [((i-1)#nChoice+j),nPar]l = ((ddrRhol$value + ddrRho2$value)
-~ (DerProbRho [((i-1)*nChoice+j) ,1}1/Prob[((i-1)+*nChoice+j) ,1]))

}

MDCPHess = matrix (0, nPar, nPar)
DDerBeta = apply(DDerProbBeta, 2, sum)
DDerRho = apply(DDerProbRho, 2, sum)

MDCPHess [1:nCovariates, 1l:nCovariates] = matrix(DDerBeta, nCovariates, nCovariates)

MDCPHess [nPar ,1:nPar] = matrix (DDerRho, 1, nPar)
MDCPHess [1:nPar ,nPar] = matriz (DDerRho, nPar, 1)
return (MDCPHess)

}

#t***tt*#*#***#t*t*#**t****#**********#***t**t*********************t****t**ttt*****#

# Defining Probabilities, Derivatives, Double Derivatives for CNL model

#

#‘******t**********t***t*#t***ttt#t**t**t*t**t*******t**#t***********t#***i*##t*t**#

# function to compuie Condtional logit Probabilities
ProbCNL <- function (Data, pars) {

betainn = pars[i:nCovariates]

xdata = Datafl,2:(nCovariates+1)]

means = xdata¥*%betainn

SpMeans = matrix (0,n0Obs*nChoice, nChoice)

for (i in 1:n0bs) {

SpMeans [((i-1)*nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(1i,nChoice ,1)%=*%t

(means [((i~1)*nChoice+1) : (i*nChoice) ,1])
}
Prob = exp(means)/apply(exp(SpMeans),1,sum)
return (Prob)

}

# function to compute Condtional logit derivatives
DerCNL <- function(Data, pars) {

Prob = ProbCNL(Data, pars)

xdata = Datal[,2:(nCovariates+1)])

DerProbBeta = (Datal,1}-Prob([,1])+xdata
DerProbBetal = cbind(DerProbBeta, 0)
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return (DerProbBetal)
}

#Hessian for Conditienal Logit
CNL .Hessian <~ function(Data, pars) {

betainn = pars[l:nCovariates]
xdata = Datal,2:(nCovariates+1)]
means = xdata%*%betainn

SpMeans = matrix (0,nObs+*nChoice, nChoice)
for (i in 1:n0bs) {
SpMeans [((i-1) *nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(1,nChoice ,1)%*%t
(means [((i-~1)*nChoice+1) : (i*nChoice) ,1])
}
Prob = exp(means)/apply(exp(SpMeans) .1, sum)
CNLHess = matrix(0, nCovariates, nCovariates)
for (m in 1:nCovariates) {
for (mpm in 1:nCovariates) {
SpXs = matrix(0,n0Obs#*nChoice, nChoice)
for (i in 1:n0bs) {
SpXs[((i-1) *nChoice+1) : (i*nChoice) ,1:nChoicel = matrix(1,nChoice ,1)%*%t(
xdata [((i-1)*nChoice+1) : (i*nChoice) ,mpm])
¥
CNLHess [m, mpm] = sum(Prob[,1]l*(xdatal,mpm] - apply(SpXs*exp(SpMeans), 1, sum)/
apply (exp(SpMeans), 1, sum))*xdatal,m])

}

return (CNLHess)

}
##1.**t********‘***********t******##**********ﬁ*******t*********************t#******#
# Defining likelihood , Gradient, Hessian for equicorrelated probit model #
#‘**‘******t***************************#**‘*******##ﬁ'*’.'******#*********t******#***#
#Defining likelihood for equi—correlated probit model.

MDCP.Likelihood <- function{(Data, pars) {

Prob = ProbMDCP(Data, pars)

lik = Datal[,1]l*log(pmax(1e-323,Prob))

loglike = sum(lik)

return(loglike)

}

#Defining gradient for equi-correlated probit model
MDCP.Gradient <- function (Data, pars) {

Prob = ProbMDCP(Data, pars)

Der = DerMDCP (Data, pars)

Grad = matrix (0, nPar,1)

Grd = Datal[,1)*(coldiv.matrix(Der ,Prob));

Grad = apply(6rd,2,sum)

return (Grad) ;

}
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#‘*t*t‘***********#t#*#****t****#***tt*t#*t********#**t‘****t‘#*******#************#
# Defining likelihood , Gradient, Hessian for Conditional Logit model #
#‘k*##t#******t***‘**ﬁ******t*****t**t***#*‘*#***‘**i*****t##*#*#**t*#*****t**‘ttt*t#
#Defining likelihood for Conditional logit model.
CNL.Likelihood <~ functiomn({(Data, pars) {
betainn = pars[l:nCovariates]
xdata = Datal,2:(nCovariates+1)]
means = xdata’*)betainn
SpMeans = matrix(0,n0Obs*nChoice, nChoice)
for (i in 1:n0bs) {
SpMeans [(((i~1) *nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(1,nChoice ,1)%*%t
(means [((i-1)*nChoice+1) : (i*nChoice) ,1])
}
Prob = exp(means)/apply(exp(SpMeans),1,sum)
lik = Datal[,1]*log(pmax(1e-323,Prob))
loglike = sum(lik)
return(loglike)

}

#Defining gradient for Conditional logit model.
CNL.Gradient <- function(Data, pars) {
betainn = pars([i:nCovariates]
xdata = Datal[,2:(nCovariates+1)]
means = xdata’+*)betainn
SpMeans = matrix(0,nObs+*nChoice, nChoice)
for (i in 1:mn0bs) {
SpMeans (((i-1)*nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(1,nChoice ,1)%*%t
(means [((i-1)*nChoice+1) : (i*nChoice) ,1]1)
}
Prob = exp(means)/apply(exp(SpMeans),1,sum)
DerProbBeta = apply((Datal,1]-Prob[,1]})*xdata, 2, sum)
DerProbBetal = c(DerProbBeta, 0)
return(DerProbBetal)

}

#‘****#*‘*****‘#*****#**************#****#**#***#************ﬁ*************‘tt****##
# Simulating data for computation of asymptotic efficiency >
#‘t******#*#***##***‘*t**‘*t#****##*#i*#******************t****#****************ﬁ‘t*#
DataSim <- function (seed, nObs, nChoice, nLevel, StartBeta, rho) {
set.seed(seed)
intmat = rbind(diag(nChoice -1), matrix (0, 1, nChoice-1))
xInt = intmat

for (i im 1:(nObs-1)) {

xInt = rbind(xInt, intmat)

}

ix = sample(c(3,4), nChoice, prob = c(1/2, 1/2), replace = TRUE)

xCont = matrix (0, nObs, nChoice)

xDisc = matrix (0, nObs, nChoice)

xDiscProb = runif (nChoice*(nLevel-1), min = 0, max = 1/(nlevel~1))
"xDiscProp = matrix (0, nChoice, nLevel)

xDiscProp [(,1:(nLevel-1)] = matrix(xDiscProb, nChoice, nLevel-1)

xDiscProp[,nLevel] = i-apply(xDiscProp[,1:(nLevel-1)}, 1, sum)



for (i in 1:nChoice) {

xContMean = runif(ix{i), min = 1.5, max = 4.5)

xContSd = ¢(runif (1, min = 0, max = 0.5), runif(ix[(il-1, min = 1, max = 2.5))
xContBind = matrix (0, nObs, ix([il])

zContBind [,1] = rnorm(nObs, mean = xContMean([1]}, sd = xContSd[1])

for (j im 2:ix[i]) {

xContBind [,j] = rnorm(nDObs, mean = xContMean[j]l, sd = xContSd({j])

}

oneprob = runif(i, min = 0.5, max = 1)

ixProb = c(oneprob, runif((ix[il-2), min = 0, max = (1-oneprob)/(ix[i]l-2)))
ixCont = sample(seq(1:ix[il]), nObs, prob = c(ixProb, 1-sum(ixProb)), replace =
TRUE)
xCont [, il = =xContBind [,1]*(ixCont==1)
for (j im 2:ix[i1) {
xCont [, i] = xCont[, il + xContBirnd [, jl*(ixCont==3)

}
xDisc[,i] = cut(runif{(nObs, 0, 1), c(0, cumsum(xDiscProp[i,])), labels = seq(1l:
nLevel))

}
xDiscInd = matrix (0, nObs#*nChoice, mnLevel ~1)
xDiscl = matrix(t{(zDisc), nObs*nChoice, 1)
for (j in 1:(nlevel-1)) {

xDPiscInd [,j] = (xDiscl == j)
}

xData = cbind(xInt, matrix(t{(abs(zCont)), nObs*nChoice, 1), xDiscInd)
Mean = xData%»*)StartBeta
Cov = (i-rho)*diag(nChoice) + rho*matrix(l, nChoice, nChoice)

u = mvrnorm(nObs, matrix (0, nChoice, 1), Cov)

MeanNew = matrix (Mean, nObs, nChoice, byrow = TRUE)
su = MeanNew + u
sumax = matrix(apply(su, 1, max),nObs, 1)}

y = matrix (0, nObs, nChoice)

for (j in 1:nChoice) {

y[,j1 = (sul,jl] == sumax)

}

yData = matrix(t(y), nObs*nChoice, 1)
return(cbind (yData, xData))

}

#Computation of asymptlotic efficiency for real market
asympeff <- function(Data, StartBeta, rho) {
MDCP .Hess = MDCP.Hessian(Data, c(StartBeta, rho))
CNL.Hess = CNL,Hessian(Data, c(StartBeta, rho))
InvFishMDCP = solve (~MDCP.Hess)
InvFishCNL = solve(-CNL.Hess)
eff = diag(InvFishCNL)/diag(InvFishMDCP [1:nCovariates, 1:nCovariates])
return (eff)
}

#Input parameters for asymptotic efficiencies of real market
seed = 16461
n0bs = 1000



nChoice = 4

nlevel = 3 #Number of levels for discrete covariate

nCovariates = nChoice+nLevel - 1 #Number of covariates such as intercepts,
parameters

nPar = nCovariates + 1 #Number of parameters

Data = DataSim(seed, nObs, nChoice, nLevel, StartBeta, rho)

efficiency = matrix(0, 10, nCovariates)

for (i in 1:10) {
efficiency[i,} = asympeff (seed = 16461, StartBeta = c(-0.479, 1.051, 0.475,
0.781, 0.107, -0.525), rho = (i~1)=*0.1)

#Input parameters for asymptotic efficiencies of choice design
n0bs = 800
nChoice = 4

nLevel = 3 #Number of levels for discrete cowariate
nCovariates = nChoice+nLevel - 1 #Number of covariates such as intercepts,
parameters

nPar = nCovariates + 1 #Number of parameters

seed = 16461

fabric <- read.table("C:/Users/bravi/Desktop/Bhaskar@0DU/Class Materials/Research/
SAS code/Data sets/fabric softner.txt", sep="", header = FALSE)

fabricpric <- as.matrix(fabric([,4:7])

fabricprici = matrix(t(fabricpric), nObs+*nChoice, 1)

Data = DataSim(seed, nObs=900, nChoice, nLevel, StartBeta, rho)

Datal, 5} = fabricprict

efficiency = matrix (0, 10, nCovariates)

for (i in 1:10) {

efficiency[i,] = asympeff (seed = 16461, StartBeta = c¢(-0.479, 1.051, 0.475,
0.781, 0.107, -0.525), rho = (i-1)%0.1)

#Data generation of small—sample efficiencies
xDataGen <- function(seed, nObs, nChoice, nLevel, StartBeta, rho) {
set.seed(seed)
intmat = rbind(diag(nCheice -1), matrix(0, 1, nChoice-1))
xInt = intmat
for (i in 1:{(n0Obs-1)) {
xInt = rbind(xInt, intmat)
}
ix = sample(c(3,4), nChoice, prob = c(1/2, 1/2), replace = TRUE)
xCont = matrix (0, nObs, nChoice)

xDisc = matrix (0, nObs, nChoice)

xDiscProb = runif (nChoice*(nLevel-1), min = @, max = 1/(nLevel-1))
xDiscProp = matrix (0, nChoice, nLevel)

xDiscProp[,1:(nLevel -1}] = matrix{(xDiscProb, nChoice, nlevel -1)
xDiscProp{,nLevel] = 1-apply(xDiscProp[,1:(nLevel~-1)], 1, sum)

for (i. in 1:nChoice) {

xContMean = runif(ix([il}, min = 1.5, max = 4.5)

xContSd
xContBind = matrix(0, nObs, ix[i])

c(runif (1, min = 0, max = 0.5), runif(ix(i)-1, min = 1, max = 2.5))
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xContBind [,1} = rnorm(nObs, mean = xContMean[1), sd = xContSd[1])
for (j in 2:ix[i]) {
xContBind [,j] = rnorm(nObs, mean = xContMean([jl, sd = xContSd[j])
}
oneprob = runif (1, min = 0.5, max = 1)
ixProb = c(oneprob, runif((ix[i]1-2), min = 0, max = (i-oneprob)/(ix[i]J-2)))
ixCont = sample(seq(i:ix[i)), mObs, prob = c(izProb, 1-sum{ixProb)), replace =
TRUE)
xCont[, i) = =xContBind [,1]*(ixCont==1)
for (j in 2:ix[i1) {
xCont [, il = =xCont[, i] + xContBind[,jl*(ixCont==j)
}
xDisc[,i] = cut(runif(nObs, 0, 1), ¢(0, cumsum(xDiscPropl[i,]l)), labels = seq(1:
nLevel))
}
xDiscInd = matrix (0, nObs*nChoice, nLevel-1)
xDiscl = matrix(t(xDisc), nObs*nChoice, 1)
for (j in 1:(mLevel-1)) {
xDiscInd [,j} = (xDisci == j)
}
xData = cbind(xInt, matrix(t(abs(xCont)), nObs*nChoice, 1), xDiscInd)
return (xData)

3

xData = xDataGen (16461, n0Obs=1000, nChoice=4, nlevel=3, StartBeta, rho=0.8)
#function for small sample efficiency
smalleff <- fumnction (xData, nObs, nChoice, nlLevel, nSim, StartBeta, rho) {
count2 = matrix(0, nSim, 1)
countl = matrix(0, nSim, 1)
for (i in 1:nSim) {
Mean = xDatal,*)StartBeta
u = rgumbel (nDbs*nChoice, location = 0, scale = 1)
MeanNew = matrix (Mean, nObs, nChoice, byrow = TRUE)
unew = matrix(u, nObs, nChoice)
su = MeanNew + unew
sumax = matrix(apply(su, 1, max),n0Obs, 1)
y = matrix (0, nObs, nChoice)
for (j in 1:nChoice) {
y(.jl = (sul,jl == sumax)
}
apply(y. 2, sum)
yData = matrix(t(y), nObs*nChoice, 1)
sampleD = cbind(yData, =xData)
initial = c(StartBeta + runif(nCovariates, min = ~-0.5, max = 0.5), rupnif(1, min =
0, max = min(rho+0.2, 1)))
501 .CNL = optim(initial, CNL.Likelihood, gr = CNL.Gradient, Data = sampleD , method
=’L-BFGS-B’, lower = c(rep(-50, nCovariates), -1/(nChoice-1)), upper = c(rep
(50, nCovariates), 0.99), control=list(trace=6, fnscale = -1))
if (sol.CNL$convergence == 51 | sol.CNL$convergence == 52) {
counti{i,] =1
i =i-1}
else {
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BetaHatCNL [i, ] = sol.CNL$par

Mean = xData’s*%StartBeta

Cov = (i-rho)*diag(nChoice) + rho*matrix(i, nChoice, nChoice)

u = mvrnorm{nObs, matrix (0, nChoice, 1), Cov)

MeanNew = matrix (Mean, nObs, nChoice, byrow = TRUE)

su = MeanNew + u

sumax = matrix(apply(su, 1, max),nObs, 1)

y = matrix (0, nObs, nChoice)

for (j in 1:nChoice) {

vyE,31 = (sul,j] == sumax)

}

yData = matrix(t{(y), nObs*nChoice, 1)

sampleD = cbind(yData, =xzData)

S0l .MDCP = optim(initial , MDCP.Likelihood, gr = MDCP.Gradient, Data = sampleD,
method='L-BFGS-B’, lower = c(rep(-Inf, nCovariates), -1/(nChoice-1)), upper =

c(rep(Inf, nCovariates), 0.99), control=list(trace=6, fnscale = -1))
if (sol.MDCP$message == 51 | sol.MDCP§message == 52) {
count2[i,] = 1
i=i-1}
else { BetaHatMDCP[i, ] = sol.MDCP$par}
}
}

eff = cbind(BetaHatCNL, BetaHatMBCP, countl, count2)
return (eff)
}

nSim = 1000

BetaHatCNL = matrix (0, nSim, nPar)

BetaHatMDCP = matrix (0, nSim, nPax)

effl = smalleff (xData, nObs=30, nChoice=4, nLevel=3, nSim=1000, StartBeta = ¢ (0.479,
1.081, 0.475, 0.781, 0.107, -0.525), rho = 0.5)

#Analysis of Laundry Detergent data

Laundry = read.table("C:/Users/bravi/Desktop/Bhaskar@0DU/Class Materials/Research/
SAS code/Data sets/Laundry.txt", sep="", header = TRUE)

Laundry = as.matrix{Laundry, 2657, 13)

rho = 0.01

nChoice = 6
nCovariates = 11
nPar = nCovariates+1
n0bs = 2657

Price = Laundry[1:mn0Obs,2:7]

Select = Laundry [1:n0bs,8:13]

PriceNew = matrix(t(Price), nObs*nCheoice, 1)

SelectNew = matrix(t(Select), nObs*nChoice, 1)

intmat = rbind(diag(nChoice -1), matrix(0, 1, nChoice-1))
xInt = intmat

for (i in 1:(mObs-1)) {

xInt = rbind(xInt, intmat)

}
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pInt = diag(nChoice)

pricelnt = plnt

for (i in 1:{m0Obs-1)) {

priceInt = rbind(pricelnt, pInt)

}

PriceN = matrix(0, nObs*nChoice, nChoice)
for (i in 1:nChoice) {

PriceN[,i) = PriceNew#*priceInt[,i]

}

xData = cbind{(xInt, PriceN)

yData = SelectNew

LaundryNew = cbind(yData, xData)

initial = (2, t, 1, 2, 1, rep(-120,nChoice) , 0.33)

sol.CNL = optim(initial, CNL.Likelihood, gr = CNL.Gradient, Data = sampleD, method=’
L-BFGS~-B’, control=list(trace=6, fnscale = -1, maxit = 1000))
sol .MDCP = constrOptim (initial, MDCP.Likelihood, gr=MDCP.Gradient, uwi=rbind{(c(rep (0,
nCovariates), 1), c{(rep(0,nCavariates), -1)), ci=rbind(-1/(nChoice-1), -1), mu =
1e-06, control = list(fnscale=-1),
method = "BFGS", outer.iterations = 100, outer.eps = 1e-05, Data=
LaundryNew, hessian = FALSE)

MDCP.Hess = MDCP.Hessian(LaundryNew, sol.MDCP§par)
CNL.Hess = PCL.Hessian(LaundryNew, sol.CNL$par)

5eMDCP = solve (-MDCP.Hess)
seCNL = solve(-CNL.Hess)

#Travel mode data

Travel = read.table("C:/Users/bravi/Desktop/Bhaskar@0DU/Class Materials/Research/SAS
code/Data sets/Travel data.txt", sep="", header = TRUE)

ndbs = 210

Travel = as.matrix{(Travel, nDbs, 7)

nChoice = 4

nCovariates = 7

nPar = nCovariates+1

intmat = rbind(diag{(nChoice-1), matrix{(0, 1, nChoice-1))

xInt = intmat

for (i in 1:(nObs-1)) {

xInt = rbind(xInt, intmat)

}

lower = c(rep(-Inf, nCovariates), -1/(nChoice-1)), upper = c(rep(Inf, nCovariates),
0.99),

TravelNew = matrix (0, nObs+*nChoice, nCovariates+1)

TravelNew [,1] = Travell[,1]}

TravelNew [,2:4] = xInt

TravelNew {,5:8] = Travel[,2:5]

initial = runif(nCovariates+l, min = -1, max = 1)

s0l .CNL = optim(initial, CNL.Likelihood, gr = CNL.Gradient, Data = TravelNew, method
='L-BFGS-B’, comntrol=list(trace=6, fnscale = -1, maxit = 1000) )
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50l .MDCP = constrOptim (imitial, MDCP.Likelihood, gr=MDCP.Gradient, ui=rbind(c(rep(0,
nCovariates), 1), c(rep(0,nCovariates), -1)), ci=rbind(-1/(nChoice-1), -1), mu =
1e~-06, control = list(fnscale=-1),
method = "BFGS", outer.iteratioms = 100, outer.eps = 1e-05, Data=
TravelNew, hessian = FALSE)

MDCP .Hess = MDCP.Hessian(TravelNew, sol.MDCP$par)
CNL.Hess = PCL.Hessian{(LaundryNew, sol.CNL$par)

seMDCP = solve(~-MDCP.Hess)
seCNL = solve(-CNL.Hess)
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Paired Combinatorial Logit and MDCP Product Correlation

#libraries needed for this program to run#
library (MASS)
library (numDeriv)
library (mnormt)
library (mvtnorm)
library (MNP)
library (VGAM)
##*#*t*t***t*****#*“********t‘***#****************************t******‘***#**#*#*t*#
#  Functions needed for computations such as col product, integrands of *H
# likelihood , first derivatives w r t rtho, wr t beta etc *
#*******#*********‘*#***#****t**i***************t******#***#***‘********‘**#*******#
#function to compute column product of a matriz
colprod.matrix=function(x) {
a=x[,1]
for(i in 2:dim(x)[2])
a=a*x[,i]
a = matrix(a, nrow(x), 1)
return(a)
}
#function to compute column division of a matriz
coldiv.matrix <- function(x,y) {
z = x
for(i in 1:dim(x)[2]) {
z[,i)=x[,1il/y
}
return(z)
}
#functions needed to compute first and second order partial derivatives.
t1 <- function{v,w,MuVec, lambda, 1, j) {return( ((MuVec[j)-MuVec[1]) + (lambdaljl-
lambda[1])*v + sqrt(i-lambdaljl~2)+*w)/sqrt(1-lambdall]l-2)) }
t2 <- function(v,w,MuVec, lambda, 1, j) {return( v/sqrt(i-lambda[l]-2) - lambdaflj]l=*w
/sqrt ((1-lambda[1]1"2)*(1-lambdal[jl1~2)))}
t3 <- function(v,w,MuVec, lambda, r, j) {return( ((MuVec[jl-MuVec([r})=*lambdafr]-v=
(1-lambda {r]"2)+lambda(r]*(lambda[j]~lambda[r]l)*v+lambda[r)}*sqrt(1-lambda[j] 2)=*
w)/(1-lambda[r]~2)"(3/2) )}

d_ilm <- function(xDiff ,k,j,m){return((xDiff ((m-1)*nChoice+k]-xDiff [{(m~-1)+*nChoice+]j
1))}

Al_theta_v_w <- function(v, w, MuVec, lambda, 1, j) { return(pnorm(ti(v,w,MuVec,
lambda,1,3))) }

al_theta_v_w <- function(v, w, MuVec, lambda, 1, j) { return(dnorm(ti(v,w,MuVec,
lambda ,1,3))) ¥

ProdAl _theta_v_w <- function(v, w, MuVec, lambda, j) {
product = 1/pnorm(w)
for (k in 1:nChoice) { product = product*Al_theta_v_w(v, w, MuVec, lambda, k, j)
}

return(product)

#1. function to compute integrand for computing probailities



#1.

#2.
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ProbIntegrand <- function(v, w, MuVec, lambda, j) {

ProbInteg = ProdAl_theta_v_w(v, w, MuVec, lambda, jlrexp(-v*v/2)rxexp(-wrw/2)/(2*
pi)

return (ProbInteg)

}

function to compute integrend for first derivatives w r t betaM
FirstDerBetalntegrand <- function(v, w, MuVec, lambda, xDiff, j, m) {
SumBeta = 0
for (k in 1:nChoice) {
SumBeta = SumBeta + al_theta_v_w(v,w,MuVec, lambda ,k,j)*d_ilm{(xDiff ,k,j,m)/(
Al _theta_v_w(v,w,MuVec,lambda ,k,j)*sqrt(i-lambda[k]"2))
}
FirstDerInteg = -ProdAl_theta_v_w(v, w, MuVec, lambda, j)*SumBeta*exp(-v*v/2)=x
exp(~w*w/2)/(2*pi)
return(FirstDerInteg)
}
function to compute integrand for first derivatives w v t lambda_j
FirstDerLanbdajIntegrand <- function(v, w, MuVec, lambda, j) {
SumLambdaj = 0
for (k in 1:nChoice) {
SumLambdaj = SumLambdaj + al_theta_v_w{(v,w,MuVec,lambda,k,j)*t2(v,w,MuVec,
lambda ,k,j)/Al_theta_v_w(v,w,MuVec,lambda,k,j)
}
SumLambdaj = Sumlambdaj - (dnorm(w)}/pnorm(w))*t2(v,w,MuVec,lambda,j,j)
FirstDerLamjInteg = ProdAl_theta_v_w{(v, w, MuVec, lambda, j)*SumLambdaj*exp(-v=*v
/2)*exp (~wxw/2)/(2*pi)
return(FirstDerLamjInteg)
}
function to compute integrand for first derivatives w r t lambda_r
FirstDerLambdarIntegrand <- function(v, w, MuVec, lambda, r, j) {
FirstDerLamrInteg = ProdAl _theta_v_w(v, w, MuVec, lambda, j)+*al_theta_v_w(v, w,
MuVec, lambda, r, j)*t3(v,v,MuVec, lambda, r, jl*exp(-v*v/2)xexp(-w*u/2)/(2*
pi*Al_theta_v_w(v, w, MuVec, lambda, r, j))
return (FirstDerLamrInteg)

}

function to compute integrand for second derivatives w r t betaM betaM’

# (when m = m’, we get second derivatives with the same parameter)

SecondDerBetaMMpmIntegrand <- function{(v, w, MuVec, lambda, xDiff, j, m, mpm) {
SumBetaMpm = 0
for (kpm in 1i:nChoice) {
SumBetaMpm = SumBetaMpm + al_theta_v_w(v,w,MuVec,blambda ,kpm,j)*d_ilm(=xDiff,
kpm, j,mpm)/(Al_theta_v_w(v,w,MuVec,lambda ,kpm, j)*sqrt (1-lambda[kpm]~2))
}
SumBetaM = 0
for (k in 1:nChoice) {
SumBetaM = SumBetaM + al_theta_v_w(v,w,MuVec,lambda ,k,j)*d_ilm(xDiff ,k,j,m)/
(Al_theta_v_w(v,w,MuVec,lambda ,k, j)*sqrt(1-lambda([k]~2))
}
SumBetaMBetaMpm = 0
for (1 in 1:nChoice) {
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SumBetaMBetaMpm = SumBetaMBetaMpm + (d_ilm(xDiff ,1,j,m)*al_theta_v_w{(v,w,
MuVec ,lambda ,l,j)*d_ilm(xDiff ,1,j,mpm))/((1-1lambda[11"2)*4l_theta_v_w(v,
w,MuVec ,lambda ,1,j))*(t1(v,w,MuVec,lambda,l,j) + al_theta_v_w(v,v,MuVec,
lambda ,},j)/(Al_theta_v_w(v,w,MuVec,lambda,l,j)))

}

SecondDerIntegBetaMMpm = -ProdAl _theta_v_w(v, w, MuVec, lambda, j)*(-SumBetaMpm=*
SumBetaM +SumBetaMBetaMpn)*exp(-v*v/2)*exp{(-w*uw/2) /(2*pi)

return(SecondDerIntegBetaMMpm)

}

#2. function to compute integrand for second derivatives w r t lambdaj, betaM

SecondDerLambdajBetaMIntegrand <- function(v, w, MuVec, lambda, zxDiff, j, m) {

SumBetaMpm = O
for (kpm in 1:nChoice) {

SumBetaMpm = SumBetaMpm + al_theta_v_w(v,w,MuVec,lambda,kpm,jl*t2(v,w, MuVec
, lambda, kpm,j)/Al_theta_v_w(v,w,MuVec,lambda ,kpnm, j)

}

SumBetaMpm = SumBetaMpm - (dnorm(w)*t2(v,w, MuVec, lambda,j,j)/pnorm(w))
SumBetaM = O
for (k in 1:nChoice) {

SumBetaM = SumBetaM + al_theta_v_w(v,w,MuVec,lambda ,k,j)*d_ilm{(xDiff k,j,m)/
(Al _theta_v_w(v,w,MuVec ,lambda ,k,j)*sqrt(i-lambda(k]~2))

}

SumBetaMLambdaj = 0

for (1 in 1:nChoice) {

SumBetaMLambdaj = SumBetaMLambdaj + (d_.ilm(xDiff ,1,j,m)*al_theta_v_w(v,w,
MuVec ,lambda ,1,j)/(sqrt(i-lambdal[1]-2)*Al_theta_v_w(v,v,MuVec,lambda,l,j
)))*(t1(v,w,MuVec ,lambda ,l,j)*t2(v,w,MuVec ,lambda ,1,j)+al_theta_v_w(v,w,
MuVec ,lambda ,1,j)*t2(v,w,MuVec,lambda,l,j) /Al _theta_v_w(v,v,MuVec,lambda
»1.30)

}

SecondDerInteglLambdajBetaM = ProdAl_theta_v_w(v, w, MuVec, lambda, j)=*{-
SumBetaMpm * SumBetaM+SumBetaMLambdaj) *exp(-v*v/2) *exp (-wxw/2)/(2*pi)

return(SecondDerIntegLambdajBetaM)

}

#8. function to compute integrand for second derivetives w r t Lambda_r BetaM

SecondDerLambdarBetaMIntegrand <- function(v, w, MuVec, lambda, xDiff, r, j, m)
{

SumBetaM = 0O
for (kx in 1:nChoice) {

SumBetaM = SumBetaM + al_theta_v_w{v,v,MuVec, lambda ,k,j)*d_ilm(xDiff k,j,m)/
(Al_theta_v_w(v,w,MuVec,lambda ,k,j)*sqrt(1-lambda(k]~2))

}

product = t3(v,v,MuVec, lambda, r, j)*SumBetaM -~ (d_ilm(xDiff,r,j,m)/sqrt{(1-
lambda [r]1-2))*(t1(v,v,MuVec,lambda ,r,j)*t3(v,w,MuVec,lanbda,r,j)+(al_theta_v
_w(v,w,MuVec,lambda ,r, j)*t3(v,w,MuVec,lanbda,r,j) /Al _theta_v_w(v,w,MuVaec,
lambda ,r,j))-lambda(rl/(1~-lambdalr]~2))

SecondDerIntegLambdarBetaM = -ProdAl_theta_v_w(v, w, MuVec, lambda, j)*al_theta_
v_w(v,w,MuVec ,lambda,r, j)*product *exp(~-v*v/2)*exp (~wxw/2) /(2+pi*Al_theta_v_w
(v,w,MuVec,lambda,r,j))

return (SecondDerInteglLambdarBetaM)

}

#4. function to compute integrand for second derivatives w r t Lambda_j 2
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SecondDerLambdaj2Integrand <- function(v, w, MuVec, lambda, j) {
SumLambdaj = O
for (k in 1:nChoice) {
SumLambdaj = SumLambdaj + al_theta_v_w(v,w,MuVec,lambda,k,jl*t2(v,w,MuVec,
lambda ,k,j)/Al_theta_v_w(v,w,MuVec, lambda ,k, i)

}
SumLambdaj = SumLambdaj - (dnorm(w)*t2(v,w,MuVec,lambda,j,j)/pnorn(w))
SumLambdaj2 = 0
for (1 in 1:nChoice) {

SumLambdaj2 = SumLambdaj2 + (al_theta_v_w(v,w,MuVec,lambda,l,j)/Al_theta
_v_w(v,w,MuVec,lambda,1l,j))*(t2(v,w,MuVec,lambda ,l,j)} " 2*(t1(v,w,
MuVec , lambda,l,j)} + al_theta_v_w(v,w,MuVec,lambda,l,j)/Al_theta_v_w(
v,w,MuVec ,lambda ,l,j)) + w/{(sqrt(l1-lambdal[1]-2)*(1-lambdaljl}~2)"~(3/
2)))

}

SumLambdaj2 = SumLambdaj2 - (dnorm{(w)/pnorm(w))=*(t2(v,w,MuVec,lambda,j,j) " 2«(t1(
v,w,MuVec ,lambda,j,j) + dnorm(w)/pnorm(w)) + w/((1-lambdaljl~2)-(2)))

SecondDerLamj2Integ = ProdAl_theta_v_w(v, w, MuVec, lambda, j)*(SumLambdaj -2 -
SumLambdaj2)*exp(-v*v/2)*exp{-w*w/2)/(2*pi)

return(SecondDerLamj2Integ)

}

#5. function to compute integrand for second derivatives w r t Lambda_j Lambda_r

SecondDerLamjLamrIntegrand <~ function(v, w, MuVec, lambda, r, j) {

SumLambdaj = 0

for (k in 1:nChoice) {
SumlLambdaj = SumLambdaj + al_theta_v_w(v,w,MuVec,lambda ,k,j)*t2(v,w,MuVec,
lambda ,k,j)/Al_theta_v_w(v,w,MuVec, lambda,k, j)

}

SumLambdaj = SumLambdaj - (dnorm(w)/pnorm{(w))*t2(v,w,MuVec,lanmbda,j,j)

product = SumLambdaj*t3(v,w,MuVec,lambda,r,j) - ti(v,w,MuVec,lambda,r,jl*t2(v,
w,MuVec,lambda,r,j)*t3(v,v,MuVec ,lambda ,r,j) - al_theta_v_w(v,w,MuVec,
lambda ,r, j)*t2(v,w,MuVec,lambda ,r,j)*t3(v,w,MuVec,lambda,r,j)/Al_theta_v_w
(v,w,MuVec,lambda,r,j) + lambdalrl*v/(1-lambdalr]l~2)-(3/2) - w+lambdal[jl»
lambda[r]/(sqrt{(1-lambda[j) "2)*«(1-lambda[r]~2)"~(3/2))

SecondDerLamjlLamrInteg = ProdAl_theta_v_w{(v, w, MuVec, lambda, j)*product=al_
theta_v_w(v,w,MuVec,lambda ,r,jl*exp(-vsv/2) *xexp(-w*w/2)/(2*pi*Al_theta_v_w(v
,W,MuVec ,lambda ,r,j))

return (SecondDerLamjLamrInteg)

}

#6. function to compute integrand for second derivatives w r t Lambda_r°2

SecondDerLamr2Integrand <- function(v, w, MuVec, lambda, r, j) {

product = -ti(v,w,MuVec,lambda,r,j)*t3(v,v,MuVec,lambda,r,j) 2 + ((1+2*lambdal
r}1~2)*(MuVec[jl-MuVec[r] + wrsqrt(i-lambda(jl~2)) + (lambdal[j]l + 2*lambdal
jl*lambda[r]~2 - 3*lambdalrl)*v)/(i-lambda[r]~2)~(5/2)

SecondDerLamr2Integ = ProdAl_theta_v_w(v, w, MuVec, lambda, j)*product*al_theta_
v_.w(v,w,MuVec,lambda ,r,j)*exp(-v*v/2) *exp (~w*w/2) /(2*pi*Al_theta_v_w(v,v,
MuVec ,lambda ,r,j))

return{SecondDerLamr2Integ)

}

#7. function to compute integrand for second derivatives w r t Laembda_r Lambda_rpm

SecondDerlLamrpmlLamrIntegrand <- function{(v, w, MuVec, lambda, r, rpm, j) {
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product = al_theta_v_w(v,w,MuVec,lambda,r,j)*t3(v,w,MuVec,lanbda ,r,j)*al_theta
~v_w(v,w,MuVec,lambda ,rpm, j)*t3(v,w,MuVec,lambda ,rpm, j)/ (Al _theta_v_w(v,w,
MuVec ,lambda ,r,j)*Al_theta_v_w{(v,w,MuVec,lambda ,rpm,j))
SecondDerLamrpmLamrInteg = ProdAl_theta_v_w(v, w, MuVec, lambda, j)+*product*exp
(-v*v/2)*exp(-w*ru/2)/(2%pi)
return(SecondDerLamrpmLamrInteg)
}
Chk <- function(llim, Integrand, ulim) {
possibleErrori <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 1llim, upper = 0)$value }) },
lower = 1lim, upper = 0)
;error=function (e) e)
possibleError2 <- tryCatch(integrate(function{(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 1llim, upper = O)$value 1}) },
lower = 0, upper = ulim)
,error=function (e) e)
possibleError3 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lower = 1lim, upper = 0)
,error=function(e) e)
possibleError4 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,v), lower = 0, upper = ulim)$value }) },
lower = 0, upper = ulim)
,error=function (e) e)
return(c((inherits (possibleErrorl, "simpleError")), (inherits{(possibleError2, "
simpleError ")), (inherits(possibleError3, "simpleError")), (inherits(

possibleError4, "simpleError“))))

#Module to perform integration without interupion
DoubleInteg <- function(llim, Integrand, ulim) {
c¢h = Chk(1llim, Integrand, ulim)
chk = (ch{1] | cb[2) | ch([3) | ch[4])
if (chk == TRUE) {
11lim = -40
ulim = 40
possibleErroril <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function (w) Integrand(v,w), lower = 1llim, upper = 0)$value }) },
lower = 1llim, upper = 0)
,error=function (e) e)
wvhile ({inherits (possibleErrorl, "simpleError") == TRUE) & (1llim <= -10)) {
1lim = 1lim + &
possibleErrorl <- tryCatch (integrate (function(v) { sapply(v, function(v) {
integrate (function{(w) Integrand (v,w), lower = 1lim, upper = 0)$value }) },
lower = 1llim, upper = 0)

,error=function (e) e)

}

possibleError4 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lowver = 0, upper = ulim)$value }) },
lower = 0, upper = ulim)

,error=function (e) e)
vhile ((inherits (possibleError4, "simpleError") == TRUE & (ulim >= 10))) {
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ulim = ulim - 5
possibleError4 <- tryCatch (integrate (function{(v) { sapply(v, functiomn(wv) {
integrate (function{w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lover = 0, upper = ulim)
,error=function(e) e)
}
possibleError2 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 1llim, upper = 0)$value }) },
lower = 0, upper = ulim)
,error=function(e) e)
possibleError3 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lower = 1llim, upper = 0)
. ,error=function (e) e)
¢hk2 = (inherits(possibleError2, "simpleError")) | (inherits(possibleError3, "
simpleError "))
while ((chk2 == TRUE) & (1lim <= -10 & ulim >= 10}) {
1lim = 1lim + 5
ulim = ulim - &
possibleError2 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 1llim, upper = 0)$value }) },
lower = 0, upper = ulim)
,error=function(e) e)
possibleError3 <- tryCatch(integrate (function(v) { sapply(v, fumction(v) {
integrate (function(w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lower = 1llim, upper = 0)
,error=function(e) e)

chk2 = (inherits(possibleError2, "simpleError")) | (inherits(possibleError3, "
simpleError "))

1

}

if ((1lim >= -10) | (ulim <= 10)) {
a = seq(-10, 10, by=1)
b = seq(-10, 10, by=1)
al = 0
for (apm in 1:(length(a)-1)) {
for (bpm in t:(length(b)-1)) {
possibleError <- tryCatch (integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = blbpm], upper = bl[bpm+1]1)$
value }) }, lower = alapm], upper = alapm+1])

,error=function (e) e)

if (inherits (possibleError, "simpleError"})

{ add = 0 }

else {

add = integrate (function(v) { sapply(v, function(v) { integrate (function (w)

Integrand (v,w), lower = blbpm], upper = blbpm+1]l)$value }) }, lower = al
apm], upper = alapm+1])$value

}

al = a1l + add

}

}
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else {
possibleErrorl <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = llim, upper = O)$value }) },
lover = 1llim, upper = 0)
,error=function (e) e)

if (inherits{(possibleErrori, "simpleError")) { ci1

0}
else {c1 = integrate(function(v) { sapply(v, function(v) { integrate (function (w)

Integrand (v,w), lower = llim, upper = 0)$value }) }, lover = 1llim, upper = 0)$
value }

possibleError2 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 1llim, upper = 0)$value }) },
lower = 0, upper = ulim)
,error=function(e) e)
if (inherits (possibleError2, "simpleError®)) { c¢2

0}
else {c2 = integrate(function(v) { sapply{(v, function(v) { integrate (function(w)

Integrand (v,w), lower = llim, upper = 0)$value }) }, lower = 0, upper = ulim)$
valuel}

possibleError3 <- tryCatch(integrate (function(v) { sapply(v, function(v) {
integrate (function (w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lowver = 1llim, upper = 0)
,error=function (e) e)
if (inherits (possibleError3, "simpleError")) { c¢3 = 0}
else {c3 = integrate(function(v) { sapply(v, function(v) { integrate (function (w)

Integrand (v,w), lower = 0, upper = ulim)$value }} }, lower = 1llim, upper = 0)$
value }

possibleError4 <- tryCatch (integrate (function(v) { sapply(v, function(v) {
integrate (function(w) Integrand(v,w), lower = 0, upper = ulim)$value }) },
lower = 0, upper = ulim)
,error=function (e) e)
if (inherits{(possibleError4, "simpleError")) { c4 = 0}
else {c4 = integrate(function(v) { sapply(v, function(v) { integrate (function(w)

Integrand (v,w), lower = 0, upper = ulim)$value }) }, lower = 0, upper = ulim)$
valuel}

al = c1 + c2 + c3 + c4
}

return(ai)

#*************t***###t************#*********#*‘********##****##*******#******#**#**#
# Defining Probabilities , Derivatives, Double Derivatives for MDCP Il model #
#‘**tt******tt**‘****#****#*‘************#****“**‘****‘##***#**#*****‘**###t*#!***#
# function to compute MDCP Probabilities

ProbMDCP <- function(n, Data, pars, nSub, nCovariates, nChoice) {

betainn = pars(1:nCovariates]

lambda = pars{(nCovariates+1):(nCovariates +nChoice)]

xdata = Data[{((n-1)*pSub*nChoice+1):(n*nSub*nChoice),2:(nCovariates +1)]

means = xdata’*%betainn

SpMeans = matrix (0,nSub»*nChoice, nChoice)
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for (i in 1:nSub) {
SpMeans [((i-1)*nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(i,nChoice ,1)%s
%t(means [((i-1) *nChoice+1) : (i*nChoice) ,1])
¥
Prob = matrix (0, nSub*nChoice, 1)
for (i in 1:nSub) {
for (j in 1:mnChoice) {
MuVec = SpMeans [((i-1)*nChoice+j),1:nChoice]
Integrand <- function(v,w) {
return(ProbIntegrand(v, w, MuVec, lambda, j))
}
Prob[((i-1)*nChoice+j) ,1] = Doublelnteg (-Inf, Integrand, Inf)
}
}

return (Prob)

#wrapper for parellel computation in estimation
ProbMDCP1 <- function (nLoep, Data, pars, nSub, nCovariates, nChoice) {
xProb <-foreach(m=1:nLoop, .combine=rbind) ¥%dopar’ ProbMDCP(m, Data, pars, nSub,
nCovariates , nChoice)
return (xProb)

}

# function to compute MDCP derivatives
DerMDCP <- function{(n, Data, pars, nSub, nCovariates, nChoice) {
betainn = pars[l:nCovariatesl

lambda = pars[(nCovariates+1):(nCovariates +nChoice)]

xdata = Data[((n-1)*nSub*nChoice+1) : (n*nSub*nChoice),2:{nCovariates+1)]
means = xdata¥*)betainn

SpMeans = matrix (0,nSub*nChoice , nChoice)

SpXs = matrix (0, nSub*nChoice, nChoice*nCovariates)
for (i in 1:nSub) {
SpMeans [((i-1)*nChoice+1) : (i*nChoice) ,1:nChoicel] = matrix(1,nChoice ,1)¥%*%t
(means [((i-1)*nChoice+1) : (i*nChoice) ,1])
rearrange = t(Datal((i-1)*nChoice+1):{(i*nChoice) ,1+1])

for (m in 2:nCovariates) {

rearrange = cbind(rearrange, t(Data[((i-1)*nChoice+1):(i*nChoice) ,m
+11))
}
SpXs[((i-1)#*nChoice+1) : (i*nChoice) ,1:{(nChoice*nCovariates)] = matrix (i,

nChoice ,1)%*%rearrange
}
DerProbBetaMLambda = matrix (0, nSub#*nChoice, (nCovariates+nChoice))
for (i in 1:nSub) {
for (j in 1:nChoice) {
MuVec = SpMeans [((i-1)#*nChoice+j),1:nChoice]
xDiff = SpXs[((i-1)*nChoice+j),1:(nChoice*nCovariates)]
for (m in 1:nCovariates) A{
Integrand <- function(v,w) {
return(FirstDerBetaIntegrand(v, v, MuVec, lambda, xDiff, j, m))
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DerProbBetaMLambda [({(i-1)#*nChoice+j),m] = DoublelInteg (-Inf, Integrand, Inf)
}
for (r in 1:nChoice) {
if (r == j) {
Integrand <- function(v,w) {
return(FirstDerLambdajIntegrand (v, w, MuVec, lambda, j))

}
a2 = DoubleInteg(-Inf, Integrand, Inf)
}
else {
Integrand <- function(v,w) {
return(FirstDerLambdarIntegrand (v, w, MuVec, lambda, r, j})
}
a2 = DoublelInteg(-Inf, Integrand, Inf)
}
DerProbBetaMLambda [((i-1) *nChoice+j) ,nCovariates+r] = a2
}
}
}
return (DerProbBetaMLambda)

}

# wrapper function to be used in estimation

DerMDCP1 <- function (nlLoop, Data, pars, nSub, nCovariates, nChoice, Prob) {

xPer <- foreach(m=1:nLoop, .combine=rbind) %dopar’i DerMDCP (m, Data, pars, nSub,
nCovariates, nChoice)

return (xDer)

3}

# function to compute MDCP Double derivatives
DDerMDCP <~ function(n, Data, pars, nSub, nCovariates, nChoice) {
betainn = pars([i:nCovariates]
lambda = pars[(nCovariates+1):(nCovariates+nChoice)]
xdata = Data[((n-1)*nSub*nChoice+1) :(n*nSub*nChoice) ,2:(nCovariates +1)]
means = xdata’+*’betainn
SpMeans = matrix(0,nSub*nChoice, nChoice)
SpXs = matrix (0, nSub#*nChoice, nChoice*nCovariates)
for (i in 1:nSub) {
SpMeans [((i-1)*nChoice+1) : (i*nChoice) ,1:nChoice] = matrix(1,nChoice ,1)%s%t
(means [((i-1)*nChoice+1) : (i*nChoice) ,1])
rearrange = t(Datal[((i-1)*nChoice+1):{i*nChoice) ,1+1])
for (m in 2:nCovariates) {
rearrange = cbind(rearrange, t(Datal[((i-1)+nChoice+1):(i*nChoice),m
+11))
}
SpXs[((i-1)*nChoice+1) : (i*nChoice) ,1:(nChoice*nCovariates)] = matrix (1,
nChoice ,1)%*%rearrange
}
DDerProbBetaMLambda = matrix (0, nSub#*nChoice, (nCovariates+nChoice)~2)
for (i in 1:mnSub) {
for (j in 1:nChoice) {
MuVec = SpMeans [((i-1)+*nChoice+j)},1:nChoice]
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xDiff = SpXs[((i-~1)*nChoice+j),1:{(nChoice*nCovariates)]
bl = matrix(0,(nChoice+nCovariates),(nChoice+nCovariates))
for (m inm 1:mnCovariates) {
for (mpm in m:nCovariates) {
Integrand <- function(v,w) {
return(SecondDerBetaMMpmIntegrand (v, w, MuVec, lambda, xDiff, j, m,
mpm))
}
bilm,mpm] = bl[m,mpm] + DoubleInteg (-Inf, Integrand, Inf)
) ‘
for (r in 1:nChoice) {
if (r == j) {
Integrand <- function(v,w) {
return (SecondDerLambdajBetaMIntegrand (v, w, MuVec, lambda, xDiff,

i, m))
}
add = DoubleInteg(-Inf, Integrand, Inf)
}
else {
Integrand <- function(v,w) {
return(SecondDerLambdarBetaMIntegrand (v, w, MuVec, lambda, xDiff,
r, j, m))
}
add = DoublelInteg (-Inf, Integrand, Inf)
}

b1llm,(nCovariates+r}]=bi[m, (nCovariates+r)l+add

¥
for (r in 1:nChoice) {
for (rpm in r:nChoice) {
if ((r==rpm) & (r == j)) {
Integrand <- function(v,w) {
return(SecondDerLanbdaj2Integrand (v, w, MuVec, lambda, j))

add = DoubleInteg(-Inf, Integrand, Inf)
}
else if ((r'=rpm) & (r == j)) {
Integrand <- function(v,w) {
return{(SecondDerLamjLamrIntegrand (v, v, MuVec, lambda, rpm, j))

add = DoublelInteg(-Inf, Integrand, Inf)

}
else if ((r==rpm) & (r t= j)) {
Integrand <- function(v,w) {
return(SecondDerLamr2Integrand (v, w, MuVec, lambda, r, j))
add = DoublelInteg(-Inf, Integrand, Inf)
}

else if ((r!=rpm) & ((r!'= j) | (zrpm t= j))) {
Integrand <- function{v,w) {
return (SecondDerLamrpmLamrIntegrand(v, w, MuVec, lambda, r, rpm,

i
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}
add = DoubleInteg(-Inf, Integrand, Inf)
}
bi[(nCovariates+r) ,(nCovariates+rpm)J=b1l[(nCovariates+r),(nCovariates+
rpm)l+add

}
DDerProbBetaMLambda [((i-1) *nChoice+j),] = as.vector{bi+t(bl)-diag(diag(bl)))
}
}
return(DDerProbBetaMLambda)
}

#Wrapper to compute DDer MDCP

DDerMDCP1 <- function (nLoop, Data, pars, nSub, nCovariates, nChoice) {

xDDer <- foreach(m=l:nloop, .combine=rbind) %dopar’ DDerMDCP (m, Data, pars, nSub,
nCovariates , nChoice)

return (xDDer)

}

#‘***##******#****##**********************t*****#*‘*******#******t***#**#***********#
# Defining Probabilities, Derivatives, Double Derivatives for PCL model #
#****‘*************#******#*****t*************‘****t*****t**********************‘#*#
# function to compute PCL Probabilities
ProbPCL <- function(Data, pars) {
betainn = pars[l:nCovariates]
lambda = pars([(nCovariates+1):(nCovariates +nChoice)]
xdata = Datal[,2:(nCovariates+1)]
means = xdata%*%betainn
Prob = matrix (0, nObs*nChoice, 1)
MuVec = matrix (0, nChoice, 1)
for (i in 1:nbbs) {
MuVec = means [({(i-1)*nChoice+1):(i*nChoice) ,h1]
ProbMatrixNr = matrix (0, nChoice, nChoice)
ProbMatrixDr = matrix(Q, nChoice, nChoice)
for (j in 1:mnChoice) {
for (k in 1:nChoice) {
if (j==k) {

ProbMatrixzNr(j.kl=0

ProbMatrixDr[j,k]=0

}

else {

ProbMatrixNr[j,k]l = exp(MuVec[jl/(lambda[jl+*lambda([k}))*(exp(MuVec[jl/(
lambda[jl#*lambda{k]))} + exp(MuVec[kl/(lambda(jl+lambda(k]))) ~(lambda({jl*
lambda[k]-1)

ProbMatrixDr[j,k] = (exp(MuVec[jl/(lambda[jl*lambda(k])) + exp(MuVec[k]/(
lambda[jl*lambda[k]))})~(lambdal[j]l*lambda (k])

if (is.finite (ProbMatrixNr([j,k]l)==FALSE) { ProbMatrixNr([j,k]l = 0}
if (is.finite(ProbMatrixDr([j,k])==FALSE) { ProbMatrixDr[j.k] = 0}
}
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Prob[((i-1)#*nChoice+1) : (i*nChoice), 1]l= 2+apply(ProbMatrizNr, 1, sum)/sum(

ProbMatrixDr)
}
return{Prob)
}

# function to compute PCL Probabilities for each i & j
ProbPCL.ij <~ function(pars, Data, n, o, p, nSub, nCovariates, nChoice) {

betainn = pars(1:nCovariates])

lambda = pars[{nCovariates+1):(nCovariates +nChoice)]
xdata = Datal[{((n-1) *nSub*nChoice+1) : (n*nSub*nChoice) ,2:(nCovariates+1)]
means = xdatal*%betainn
Prob = matrix (0, nSub*nChoice, 1)
MuVec = matrix (0, nChoice, 1)
i=o0

MuVec = means [({(i-1)#*nChoice+1):{(i*nChoice) ,1]
ProbMatrixNr = matrix (0, nChoice, nChoice)
ProbMatrixDr = matrix (0, nChoice, nChoice)
for (j in 1:nChoice) {
for (k in 1:nChoice) {
if (j==k) {
ProbMatrixNr(j,kl=0
ProbMatrixDr[j,k]l=0
}
else {
ProbMatrixNr(j,k] = exp(MuVec[jl/(lambdaljl+*lambdal[k]))*(exp(MuVec[jl/(
lambda(j]+lambdalk]l)) + exp(MuVec([k}/(lambda[jl+lambdal[k}))) (lambda[jl=
lambda [k]-1)
ProbMatrixDr[j,k]‘= (exp(MuVec[jl/(lambda[jl*lambda{k])) + exp(MuVec[k]/(
lambdaf[jl*lambda[k1)))}~(lambda[j]l*lambda[k])

if (is.finite(ProbMatrixNr[j,k])==FALSE) { ProbMatrixNr[j,k] = 0}
if (is.finite (ProbMatrixbPr[j,k]))==FALSE) { ProbMatrixDr[j,k] = 0}
}
}
}
Prob[((i-1)*nChoice+1) :(i*nChoice), 1]= 2+apply(ProbMatrixNr, 1, sum)/sum(
ProbMatrixDr)
return(Prab{((i-1)*nChoice+p) ,1])
}
# function to compute PCL derivatives
DerPCL <- function{(n, Data, pars, nSub, nCovariates, nChoice) {
library (numDeriv)
PCL.Der = matrix (0, nSub*nChoice, (nCovariates+nChoice))
for (i im 1:mnSub) {
for (j im 1:nChoice) {
q3 = grad(ProbPCL.ij, pars, method = "Richardson", Data=Data, n=n, o=i, p=j,

nSub=nSub, nCovariates=nCovariates, nChoice=nChoice)
PCL.Der [(i-1)*nChoice+j,} = as.vector (q3)

}
return (PCL.Der)
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DerPCL1 <- function(nLoop, Data, pars, nSub, nCovariates, nChoice) {

FCL .Dert <~ foreach(m=1:nLoop, .combine=rbind) %dopar) DerPCL(m, Data, pars, aSub,
nCovariates, nChoice)

return (PCL.Der1)

b

# function to compute PCL Double derivatives
DDerPCL <- function(n, Data, pars, nSub, nCovariates, nChoice)} {
PCL .DDer = matrix (0, nSub#*nChoice, (nCovariates+nChoice)~2)

for (i inm 1:nSub) {

for (j in 1:nChoice) {

q3 = hessian(ProbPCL.ij, pars, method = "Richardson", Data=Data, n=n, o=i, P=]
, nSub=nSub, nCovariates=nCovariates, nChoice=nChoice)
PCL.DDer ((i-1)*nChoice+j,] = as.vector (gq3)

}
return (PCL.DDer)
¥

DDerPCL1 <~ function{(nlLoop, Data, pars, nSub, nCovariates, nChoice) {

clusterExport(c2, c("pars"))

PCL .DDer1 <- foreach(m=1:nloop, .combine=rbind) %dopar’ DDerPCL(m, Data, pars, nSub,
nCovariates, nChoice)

return (PCL .DDert)

}

#****************‘*********##**#*****#********#****************‘*#**i***********t*t#

# Defining likelihood , Gradient, Hessian for product correlated probit model #

##**##*****#************#**#‘*#**‘****lll*******t**#****‘***t**‘*********‘**‘*******t#

#MDCP Likelihood

MDCP.Likelibood <- function(Data, pars, nLoop, nSub, nCovariates, nChoice) {

clusterExport(c2, c("Data", "pars"))

Prob = ProbMDCP1 (nLoop, Data, pars, nSub, nCovariates, nChoice)

lik = Datal,1]*log(pmax(1e-323,Prob))

loglike = sum{(lik)

return(loglike)

}

#MDCP Gradient

MDCP.Gradient <- function(Data, pars, nLoop, nSub, nCovariates, nChoice) {
clusterExport(c2, c("Data", "pars"))

Prob = ProbMDCP1 (nLoop, Data, pars, nSub, nCovariates, nChoice)

Der = DerMDCP1 (nLocop, Data, pars, nSub, nCovariates, nChoice)

Grd = Datal[,1)+*(coldiv.matrix(Der,Prob));

return (apply (Grd ,2,sum))

}

#MDCP Hessian

MDCP.Hessian <~ function(nLoop, Data, pars, nSub, nCovariates, nChaice) {
Prob = ProbMDCP1 (nLoop, Data, pars, nSub, nCovariates, nChoice)

Der = DerMDCP1 (nLoop, Data, pars, nSub, nCovariates, nChoice)
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DDer = DDerMDCP1 (nLoop, Data, pars, nSub, nCovariates, nChoice)
Product = matrix (0, nObs*nChoice, (nCovariates+nChoice) "2)
for (i in 1:(nCovariates+nChoice)) {
for (j in 1:(nCovariates+nChoice)) {
Product [,(i-1)*(nCovariates+nChoice)+j] = Der[,il*Der[, j]
}
}
Hess = DDer-coldiv.matrix(Product, Prob)
return (apply (Hess, 2, sum))
}

#*****'************************'*****'*****#********‘**#******t********'*******#t**#
#* Defining likelihood , Gradient, Hessian for PCL Model 5
#‘****#*t*#***************************‘#‘*#*****‘***********‘***##*“*******’***‘**#
#PCL Likelihood

PCL.Likelihood <~ function(pars, Data, nLoop, nSub, nCovariates, nChoice) {
clusterExport(c2, c("Data", "pars"))

Prob = ProbPCL(Data, pars)

ik = Datal[,1]*log(pmax(1e-323,Prob))

loglike = sum(1lik)

return(loglike)

}

#PCL Gradient

PCL.Gradient <- function(pars, Data, nLoop, nSub, nCovariates, nChoice) {
clusterExport(c2, c("Data", "pars"})

Prob = ProbPCL(Data, pars)

Der DerPCL1 (nLoop, Data, pars, nSub, nCovariates, nChoice)

Grd Data{,1]*(coldiv.matrix(Der ,Prob))

return (apply (Grd,2, sum))

}

#PCL Hessian
PCL.Hessian <- function (nLoop, Data, pars, nSub, nCovariates, nChoice) {
Prob = ProbPCL(Data, pars)
Der = DerPCL1(nLoop, Data, pars, nSub, nCovariates, nChoice)
DDer = DDerPCL1(nLoop, Data, pars, nSub, nCovariates, nChoice)
Product = matrix (0, nObs*nChoice, (nCovariates+nChoice)‘2).
for (i in 1:(nCovariates+nChoice)) {

for (j in 1:(nCovariates+nChoice)) {

Product [,(i-1) *(nCovariates +nChoice)+j] = Der[,il#*Der [, j]

}
}
Hess = DDer-coldiv.matrix (Product, Prob)
return (apply (Hess, 2, sum))
}

#‘t***#**#***********#**t*#************************‘*‘******t*t***#***#****tt*t**#**#
#* Computation of asymptotic efficiency for real market w#
#‘*****#‘#*#*#**t*#***t**t****#*t#*********‘**l**#t*t*t**#***!**##****#t**t*!***t**#
#Input perameters for asymptotic efficiency

seed = 16461

n0bs = 4
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nChoice = 4

nLevel = 3 #Number of levels for discrete couvariate

nCovariates = nChoice+nLevel -~ 1 #Number of covariates such as intercepts,
parameters

nPar = nCovariates + nChoice #Number of perameters

# Four arbitrairly chosen wvalues of lambda, the correlation parameter

lambdal c(-0.7541376, -0.6808193, -0.7693839, -0.7381692)

lambda?2 = c(-0.7015052, -0.5163027, -0.1686635, 0.3792168)

lambda3d = c¢( 0.28316460, -0.07476282, 0.54631999, 0.29311195)

lambda4 = c(0.6755678, -0.5467673, -0.4264408, -0.8104457)

StartBeta = ¢(-0.479, 1.051, 0.475, 0.781, 0.107, ~0.525)

Data = DataSim(seed, nObs, nChoice, nLevel, StartBeta, 0.3)

#Set up for parellel computing
library (doSNOW)
nCores <- 4 # number of CPUs
nSub <- nObs/nCores
nLoop = nCores
c2<-makeCluster (nCores)
clusterExport{(c2, c("nSub”", "nLoop", "nCovariates", "nChoice"))
clusterExport{(c2, c("ProbMDCP", "DerMDCP", "DDerMDCP", "ProbPCL", "DerPCL", "DDerPCL
", "ProbPCL.ij", "DoubleInteg", "Chk", "colprod.matrix", "coldiv.matrix", “"ti1i",
"£2", "t3", "d_ilm", "Al_theta_v_w", "al_theta_v_w", "ProdAl_theta_v_w", "
ProbIntegrand"))
clusterExport{(c2, c("FirstDerBetalntegrand", "FirstDerLambdajIntegrand", "
FirstDerLambdarIntegrand", "SecondDerBetaMMpmIntegrand®”, "
SecondDerLambdajBetaMIntegrand", "SecondDerLambdarBetaMIntegrand",
"SecondDerLambdaj2Integrand”, "SecondDerLamjLamrIntegrand®", "
SecondDerLamr2Integrand”, "SecondDerLamrpmLamrIntegrand"))
registerDoSNOW(c2)
stopCluster (c2)
#Asymptotic efficiency
asympeff <- function(Data, StartBeta, lambda) {
pars = c(StartBeta, lambdal)
clusterExport(c2, "pars")
MDCP.Hess = MDCP.Hessian(mnCores, Data, pars, nSub, nCovariates, nChoice)
MDCP .Hess = matrix(MDCP.Hess, (nCovariates +nChoice), (nCovariates+nChoice))
PCL.Hess = PCL.Hessian(Data, pars)
PCL.Hess = matrix(PCL.Hess, (nCovariates+nChoice), (nCovariates+nChoice)})
InvFishMDCP = solve (~-MDCP.Hess)
InvFishPCL = solve(-PCL.Hess)
eff = diag(InvFishPCL)/diag(InfFishMDCP)
return (eff)

}

effl <- asympeff (Data, StartBeta, lambdal)
eff2 <~ asympeff (Data, StartBeta, lambda2)
eff3 <- asympeff (Data, StartBeta, lambda3)
eff4 <- asympeff (Data, StartBeta, lambda4)
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#t**##t**t*t**t*tt###l***#*#*t*#t##‘*#********t###********t‘***#**ﬂ****#*#*!ttt#*t*#
#* Application to real time data F
#****t##***t*#‘****“******‘l***tt**#*t*t****t#*******'**#*****#*#**#**‘#**#*tt*!t*#
#Laundry Detergent data

Laundry = read.table("C:/Users/bravi/Desktop/Laundry.txt", sep="", header = TRUE)
Laundry = as.matrix(Laundry, 2657, 13)

6

nCovariates = 11

nChoice

nPar = nCovariates +nChoice
ndbs = 1000

Price = Laundry[1:(n0bs) ,2:7)

Select = Laundry[1:{(nObs) ,8:13]

PriceNew = matrix(t(Price), nObs»*nChoice, 1)
SelectNew = matrix(t(Select), nObs*nChoice, 1)
intmat = rbind(diag(nChoice-1), matrix(0, 1, nChoice-1))
xInt = intmat

for (i in 1:(n0bs-1)) {

xInt = rbind(xInt, intmat)

}

pInt = diag(nChoice)

priceiInt = pint

for (i in 1:(mObs-1)) {

priceInt = rbind(priceInt, pInt)

}

PriceN = matrix (0, nDbs*nChoice, nChoice)

for (i in 1:nChoice)} {

PriceN([,i] = PriceNews*pricelnt{,i]

}

xData = cbind(xInt, PriceN)

yData = SelectNew

LaundryNew = cbind(yData, xData)

BetaInit = ¢(2, 1, 1, 2, 1, rep(-105, nChoice))
Lambdalnit = runif (nChoice, -1, 1)

initial = c(BetaInit, Lambdalnit)

sol .PCL = constrOptim(initial, PCL.Likelihood, gr=PCL.Gradient, ui=cbind(matrix(0, 2
*nChoice, nCovariates), rbind(diag(nChoice), -diag(nChoice))), ci=c(rep(-1, 2=
nChoice)), mu = 1e-06, control = list(fnscale=-1),

method = "BFGS", outer.iterations = 100, outer.eps = 1e-05, Data=
LaundryNew , nLoop=nLoop, nSub=nSub, nCovariates=nCovariates, nChoice
=nChoice, hessian = FALSE)

sol .MDCP = constrOptim (initial, MDCP.Likelihood, gr=MDCP.Gradient, ui=cbind(matrix
(0, 2+*nChoice, nCovarijiates), rbind(diag(nChoice), -diag(nChoice))), ci=c(rep(-1,

2*nChoice)), mu = 1e-06, control = list(fnscale=-1),
method = “"BFGS", outer.iterations = 100, outer.eps = 1e-05, Data=
LaundryNew, nLoop=nLoop, nSub=nSub, nCovariates~=nCovariates, nChoice
=nChoice, hessian = FALSE)

MDCP.Hess = MDCP.Hessian(nCores, LaundryNew, sol.MDCP$par, nSub, nCovariates,
nChoica)
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PCL.Hess = PCL.Hessian(nLoop, LaundryNew, sol.PCL$par, nSub, nCovariates, nChoice)
MDCP.Hess = matrix (MDCP.Hess, (nCovariates+nChoice), (nCovariates+nChoice))
PCL.Hess = matrix(PCL.Hess, (nCovariates+nChoice), (nCovariates+nChoice))

seMDCP = sqrt(diag{(solve (-MDCP.Hess)))

sePCL = sqrt(diag(solve(-PCL.Hess)))

#Travel mode deata

Travel = read.table("C:/Users/bravi/Desktop/Travel data.txt", sep="", header = TRUE)
n0Obs = 210

Travel = as.matrix(Travel, nObs, 7)

nChoice = 4

nCovariates = 7

nPar = nCovariates +nChoice

n0bs = 208 #To make use of parellel computing

intmat = rbind(diag(nChoice-1), matrix(0, 1, nChoice-1))

xInt = intmat

for (i im 1:(n0bs-1)) {

xInt = rbind(xInt, intmat)

}

TravelNew = matrix (0, nObs*nChoice, nCovariates+1)

TravelNew [1: (nObs*nChoice) ,1] = Travel [1:(nObs*nChoice),1]

TravelNew [1: (nObs*nChoice) ,2:4] = xInt

TravelNew [1: (nObs*nChoice) ,5:8} = Travel[1l:(nObs#*nChoice) ,2:5]

initial = ¢(2.24711280, 3.36113649, 2.90822876, 0.42927333, 0.83295026,
0.08111699, 0.12676757, 0.54327163, -0.48312499, 0.81286843, -0.91332281)

sol .PCL = constrOptim (initial, PCL.Likelihood, gr=PCL.Gradient, uni=cbind(matrix(0, 2
*nChoice , nCovariates), rbind{(diag(nChoice), -diag(nChoice))), ci=c(rep(-1, 2%
nChoice)), mu = 1e-06, control = list(fnscale=-1),

method = "BFGS", outer.iterations = 100, outer.eps = le-05, Data=
TravelNew, nLoop=nlLoop, nSub=nSub, nCovariates=nCovariates, nChoice=
nChoice, hessian = FALSE)

s0l .MDCP = constrOptim (initial , MDCP.Likelihood, gr=MDCP.Gradient, ui=cbind(matrix
(0, 2*nChoice, nCovariates), rbind(diag(nChoice), -diag(nChoice))), ci=c(rep(-1,
2*nChoice)), mun = le-06, contrel = list(fmscale=-1),
method = "BFGS", outer.iterations = 100, outer.eps = 1e-05, Data=
TravelNew, nLoop=nLoop, nSub=nSub, nCovariates=nCovariates, nChoice=
nChoice, hessian = FALSE)

MDCP.Hess = MDCP.Hessian(nCores, TravelNew, sol.MDCP$par, nSub, nCovariates, nChoice
)

PCL .Hess = PCL.Hessian(nLoop, TravelNew, sol .PCL$par, nSub, nCovariates, nChoice)

MDCP.Hess = matrix (MDCP.Hess, (nCovariates+nChoice), (nCovariates+nChoice))

PCL .Hess = matrix(PCL.Hess, (nCovariates+nChoice), (nCovariates+nChoice))

seMDCP = sqrt(diag(solve(-MDCP.Hess)))

sePCL = sqrt(diag(solve(-PCL.Hess)))
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