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Heating based model analysis for explosive emission
initiation at metal cathodes
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Norfolk, VA 23529, U.S.A.
2Department of Electrical and Computer Engineering, Texas Tech University,
Lubbock, TX 79409, U.S.A.

(Received 13 November 2015; accepted 21 December 2015; published online 31 December 2015)

This contribution presents a model analysis for the initiation of explosive emission;
a phenomena that is observed at cathode surfaces under high current densities. Here,
localized heating is quantitatively evaluated on ultrashort time scales as a potential
mechanism that initiates explosive emission, based on a two-temperature, relaxation
time model. Our calculations demonstrate a strong production of nonequilibrium
phonons, ultimately leading to localized melting. Temperatures are predicted to reach
the cathode melting point over nanosecond times within the first few monolayers of
the protrusion. This result is in keeping with the temporal scales observed experimen-
tally for the initiation of explosive emission. C 2015 Author(s). All article content,
except where otherwise noted, is licensed under a Creative Commons Attribution 3.0
Unported License. [http://dx.doi.org/10.1063/1.4939569]

I. INTRODUCTION

Electron emission from cathodes can provide high current densities (several kA/cm2) for a va-
riety of applications such as high power microwave generation,1–3 free electron lasers,4 pumping of
excimer lasers,5 for surface modifications and material processing,6,7 and in vacuum electronics.8,9

In this high voltage context, explosive electron emission has been reported.10–13 A simple, qualita-
tive explanation for initiation of the explosive emission is that an applied external voltage creates
high electric fields (in the 107−108 V/cm range) at cathode micro-protrusions. However to the best
of our knowledge, the mechanistic details have not been thoroughly probed, nor have analyses
focused on the ultrashort time scales.

For explosive emission, the current density may reach values of 109 A/cm2 or higher.14,15

At these extreme localized, nonequilibrium situations, two important aspects need to be carefully
considered: (i) strong electric fields and high temperature gradients that could exist at the cathode
surface. The former would likely originate from micro-protrusions on the cathode surface leading to
strong field enhancements, and also have contributions from ions that may be in close vicinity of a
cathode emission site, (ii) the intense fields and thermal gradients would cause significant departure
of both the electron and phonon distribution functions from their equilibrium values. A highly
nonequilibrium electric distribution, for instance, would channel energy into the lattice phonons and
rapidly increase the cathode temperature, an idea discussed decades ago by Paranjape et al.16 (iii)
Finally, reductions in thermal conductivity at the localized microstructures (e.g., nano-protrusions)
due to reduced dimensionality17,18 would add to the intensity and speed of material heating.

The overall process of explosive emission is complex. It likely involves stochastic initiations
at nano-protuberance over the cathode surface which function as strong field enhancement sites;
ionization of vapors that further enhance local electric fields; subsequent quenching of a site as
material is explosively blown away changing the micro-geometry; and the creation of new emissive
sites as emitted ions approach neighboring sites. Here we merely present a simple, physics-based
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quantitative analyses of the early initiation process which is known to occur over nanosecond scales,
and modestly focus on the quantitative thermal aspects. We assume the hot-electrons at cathode tips
produce non-equilibrium phonons that ultimately leads to localized melting and mass ejection. It is
entirely possible that the presence of ions near the emitting surface could lower and thin the poten-
tial barrier, thereby enhancing cathode currents. However, a long-duration, self-consistent inclusion
of dynamic many-body, localized effects are beyond the present scope. Our analysis includes the
time-evolution of temperatures at the cathode surface. The melting point is predicted to be reached
on the order of a few tens of nanoseconds, in keeping with time-scales observed for the explosive
emission phenomenon.

II. MODEL ANALYSIS

Our discussion of the mathematical model given in this section revolves around the following
overall process sequence hypothesized for the initiation of explosive emission: (a) initial existence
of random nano-protrusions at the cathode surface that leads to strong localized electric field
enhancements. (b) Electron emission from such sharp corners and high-field points on the surface.
(c) This leads to material heating in the neighborhood of the emission point due to energy transfer
to the lattice via electron-phonon interactions. Thus, hot electrons driven by the electric field, and
arriving from the metal base to the cathode surface, create nonequilibrium phonons with effective
temperatures that depend on details of the wavevector-dependent, electron-phonon interactions, and
the anharmonic phonon-phonon relaxation processes. (d) Localized cathode heating can ultimately
produce material ejection from cathode tips due to vaporization at high local temperatures, an aspect
that has been observed in experiments.19,20 (f) Material ejection dynamically alters the emitter shape
and aspect ratio. This would probably change the field distribution at the surface, and could quench
or smoothen nano-emissions at some locations, while initiating new localized sources of emission at
different sites (e.g., along the rim of a newly formed crater). Thus dynamic, random, nucleation sites
for emission can be expected, and have indeed been observed experimentally.11 (g) The presence
of positive ions from the ejected material would work to enhance the fields, especially at small
distances from the cathode. This field enhancement, coupled with ion-induced barrier thinning and
lowering,21 would work to continue the process.

For a protruding ridge as may likely exist on the surface of an emitting cathode, the field
enhancement factor can easily be obtained through conformal mapping techniques.22,23 Details have
been discussed by our group24,25 and field enhancements by factors in excess of 103 shown to result
for an emitter height of 10 µm and a 20 nm width. Furthermore, the presence of an ion (whether
due to a separate material ejection and its subsequent ionization, or in the plasma surrounding the
cathode), would alter the surface electric fields and lower the barrier for electron tunneling. This
notion of ion-induced field enhancements is well known.21,26,27

The above qualitative assertion is that high fields at nano-protrusions could be established and
lead to strong electron emission currents under high biasing. The role of Joule heating due to such
currents, which is the main focus of this contribution, is discussed next. Energy gained by electrons
from the electric field, shifts their distribution to high energies. This excess energy is transferred
to the lattice due to electron-phonon collisions, which creates “hot/nonequilibrium” phonons over
time. Here we use the classical two-temperature model28–30 to analyze the problem which assigns
different temperatures to electrons (Te) and phonons (TL). This model has more recently been
applied to study electron-phonon coupling in pulsed irradiated metal films.31 The electron-electron
interactions are assumed to be sufficiently strong to ensure a heated-drifted Maxwellian electron
distribution within the metallic cathode. The time-dependent evolution can then be expressed in
terms of the following coupled equations:

Ce
dTe

dt
=

E2

ρ
−

q, j

~ω(q)[Nj(q,Te) − Nj(q)
τe−ph(q) ], (1a)

δNj(q)
δt

=
Nj(q,Te) − Nj(q)

τ
j

e−ph(q)
+

Nj(q,T0) − Nj(q)
τ
j
x

, (1b)
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where Te represents the electron temperature, Nj(q,Te) is the phonon population at wavevector q
at the electron temperature, the j th mode represents either a longitudinal optical (LO) or transverse
optical (TO) phonon, ρ is the metal resistivity, ω is the wavevector dependent phonon frequency,
Ce[= π2nkTe/(2TF)] is the electron specific heat, TF the Fermi temperature, and T0 the ambient
temperature. Also, τ j

e−ph(q) and τ
j
x(q) are the characteristic times for electron-phonon scattering

and phonon-phonon (decay) interactions. The term E2/ρ in Eqn. (1a) denotes a heat source. The
coupling between the two sub-systems (electron and phonon) works to drive the system towards
Te ∼ TL. From the time-dependent phonon distribution Nj(q,TL), the phonon temperature TL(t) can
be determined via the Bose-Einstein distribution function as: Nj(q,TL) = 1/[exp(~ω)/(kTL) − 1].
The electron-phonon scattering rate τ j

e−ph(q) in Eqn. (1b) is given by:32

τ
j

e−ph(q) = Ξ2m2q/(2π~3 ρM), (2)

where Ξ is the deformation potential, m the electron mass, and ρM the metal density. Finally,
τ
j
x(q) = 1.4285×1039 q−5 second.33 For a typical metal electrode (e.g., a copper cathode) one would

have the following representative values: Ξ = 3.77 eV, ρM = 8.96×103 Kg/m3,~ω = 24.8 meV,m
= 9.1×10−31 Kg, and Ce = 70.868 Te. For simplicity only the longitudinal optical (LO) phonon
energy ~ω has been considered, though other modes such as the transverse optical (TO) modes
would exist and contribute as well. Strictly, the resistivity ρ depends on the temperature due to
the electron-phonon interactions. For example, the resistivity of metals (assuming pure materials
without any impurities or imperfections) is expressed by the well-known Bloch-Gruneisen expres-
sion.34–37 As a result, the resistivity scales with temperature T (in degrees Kelvin) as T5 at low
temperatures and varies linearly at high temperatures. In the case for copper, values of resis-
tivity have been extensively studied and reported by Matula.35 So for example, a resistivity of
1.723x10−8 Ωm at 300◦ K and a value of 8.62x10−8 Ωm at 1200◦ K were reported. A curve fit
to the values reported was used to incorporate a temperature-dependent resistivity in the present
calculations.

III. SIMULATION RESULTS AND DISCUSSIONS

The role of electron heating and energy transfer to the phonon system leading to the forma-
tion of “hot phonons” was probed through numerical simulations. Figures 1(a) and 1(b) show the
phonon population as a function of wavevector taking a copper electrode as an example, at two
different electric fields of 2×103 V/m and 4×103 V/m. These chosen fields are much lower in
amplitude as compared to the enhanced values outside the cathode. This reduction would result
from screening within the cathode. For a copper electrode, the electron density “n” is about
8.5×1022 cm−3, which yields a Thomas-Fermi screening length “rTF” of about 0.55 Å. Hence, for
spatial distances of about 0.8 nm or lower, the electric fields near the surface of the protrusion would
be well above 2×103 V/m, but would fall to much lower values deeper into the metal. The four
simulated curves in each figure shown correspond to snapshots at time instants of 1ns, 2ns, 4ns and
8 ns. As might be expected, the phonon distributions grow larger with time as energy from the elec-
trons is continually transferred to the phonons. Transforming the phonon distributions into effective
temperature leads to the temporal evolution of TL(t). The results for TL(t) are shown in Figs. 2(a)
and 2(b) at two different phonon wavevectors of q = 5×107m−1 and q = 109 m−1, respectively. Each
figure shows three curves at the electric fields of 2×103 V/m, 3×103 V/m, and 4×103 V/m. In all
cases, the effective temperature starts at the ambient value of 300 K, but slowly increases over time.
As may be expected, the fastest rise in temperature occurs at the highest electric field value due to
the largest value of the heat source term. Based on a melting temperature of ∼ 1358K for copper,
melting is predicted to occur at roughly around 25 ns for the electric field of 4×103 V/m. However,
this is a slightly conservative estimate since the electric fields nearer the surface would be somewhat
higher (as necessitated by the monotonic Thomas-Fermi distribution), leading to a shorter duration
to explosive emission. Besides, the thermal conductivity for copper would likely be lower at the
nano-protrusion due to reduced dimensionality. The basic point is that as the characteristic size of
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FIG. 1. Phonon population versus wavevector for copper at electric fields of: (a) 2×103 V/m, and (b) 4×103 V/m.

protrusions is reduced towards nanoscale dimensions, the emitter length-scales begin to get compa-
rable to both the wavelength and mean free path of the heat carriers. This leads to a decrease in
the thermal conductivity of the nanostructures compared to their bulk counterparts. In terms of the
physics, the reduction occurs for two reasons: (a) Modifications in the phonon dispersion relation,
and (b) sharp increases in diffuse interface scattering as the surface-to-volume ratio is enhanced for
the nano-protrusions with decreasing dimensions. As a result, depending on the number and sizes
of the protrusions at metallic electrodes, one could have a distribution of thermal conductivities.
Among these, some sites/protrusions could have sharply reduced values, leading to much faster
localized heating and subsequently quicker melting.

In any event, this predicted time scale is roughly in agreement with explosive emission and
the observed melting of cathode microtips reported in the literature.11 Furthermore, since the field
magnitudes assumed in these computations correspond to field penetration that is on the order of
0.75 nm into the copper electrode, the melting predicted here would roughly occur over at least the
topmost two monolayers of the protrusion.

For completeness, simulation results showing the temperature evolution for electrons and pho-
nons at an electric field of 4x103 V/m are presented in Fig. 3. The 5×107m−1 wavevector was
chosen for the phonon curve. The results indicate that after starting at room temperature, the values
monotonically increase since the electric field is continually applied. As expected, the electron
temperatures remains slightly higher those for the phonons. However, a very slow reduction in the
temperature difference can be seen.

The above calculations have attempted to present a simplified analysis into the initial develop-
ment of the explosive emission process. More complex effects such as the ejection of electrons that
could produce Freidel oscillations and modify the surface field,38 or the electric-field guided surface
inhomogeneities,39 would work to further enhance currents. These higher-order effects would lend
greater support to our current-driven localized heating scenario.
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FIG. 2. Phonon temperature versus time for copper cathode at different phonon wavevectors of: (a) 5×107m−1, and (b)
109 m−1.

A single LO phonon mode was used in the calculations. However, the scheme presented here
can easily be extended to include the temporal evolution of transverse-phonons in the presence
of anharmonic (decay) processes. A simple yet important route to the generation of transverse
phonons is through energy relaxation of the longitudinal phonons by spontaneous three-phonon
processes. The three-phonon processes would produce two transverse modes with different relax-
ation rates. This complexity can easily be addressed by having, for example, four instead of two
rate equations, but is beyond the present scope. Finally, we have chosen to use simple lumped
and constant parameters, such as the value for the decay rate. These parameters could, in general,
depend on the local temperature40 and wavevector values. Furthermore, geometric confinement at

FIG. 3. Simulation results showing the temporal evolution of the temperatures for electrons and (5×107m−1 wavevector)
phonons at an electric field of 4x103 V/m.
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nano-protrusions would modify the phonon dispersion and shorten phonon mean free paths at the
boundaries leading to increased phonon relaxation rates and decreased thermal conductivity.41 This
would hasten the temperature rise and reduce the initiation times for explosive emission. Hence, the
present calculations for explosive emission provide a somewhat conservative estimate.

As a final comment, field-assisted evaporation of atoms from a few surface monolayers was
first postulated by Müller,42 and studied more recently based on molecular dynamics simulations
for a copper nanotip under high electric fields in the 1-100 GV/m range.43 These are excessively
high field values, which are likely not attainable in actual experiments. However, the synergistic role
of heating could allow for explosive emission at much lower electric fields as used in the present
analysis. A more subtle aspect concerns the origin of the nano-protrusions which enhance the local
electric fields and support a large current. It is possible that Maxwell stress exerted by an external
electric field on the metal containing local voids or dissolved gas near the surface could lead to
plastic deformation and the dynamic formation of surface nano-protrusions. However, the study of
this scenario will require detailed molecular dynamics simulations and is beyond the present scope,
and will be reported elsewhere.

IV. CONCLUSIONS

The initiation process and time-dependent dynamics of explosive emission from cathodes
carrying high current densities was analyzed based on a simple two-temperature, relaxation time
model. Such emission has been observed experimentally, and seen to develop over nanosecond
time scales. Our results for copper cathodes showed a strong build-up of nonequilibrium phonons.
Furthermore, transfer of the kinetic energy gained by the electrons to the phonon system would raise
the local lattice temperature to the melting point within about ∼ 25 nanoseconds. This timescale
is in keeping with experimental observations for the initiation of explosive emission. A logical
extension of the model could be atomistic simulations of evaporation at metal nanotips that account
for both local heating and the presence of high electric fields in a coupled manner, with inclusion of
electromechanical displacements at (or near) the surface.
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