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S 9
02 1
«In ( 2) - (3.16)
T24 704
G3 = G212 (3.17)
S5 9 5 N[(= 25 2 o 25 9 N o R
o (Too® —724%) (Fo2*T1a® —T01%724%) 722474 1 7124
4= 55 55 5o — =55 55 —— 5o 55
270127022 71427242042 2702272427042 270127142 270127022 7142242
S 9 o N (2 2 = 2 . . .
(71?2 — ™14?) (Fo2® — 724?) o2 + 7242 L9 To12
+ = 5= 9m 9w 3 omoaaaw an s |2 ||z |~ G (3.18)
27r01°T02°T04°T14°T24 2T01°T02°T14°T24 T4
2 1 4 77012 + 77142 1 1 77012
G5:—»4+ ) ) > 9 > 4 T o 9| T =2 9o 9 ln =) . (319)
704 T01° — T14° | To4 T04 T01 T01°T04 T14
S S D 2 2 2 2 2\ | = (=2 2 = 2, = 2 S
G o2 — 42 N T14 (T24 — 702 ) + 701 (T14 —T12° + T4 ) I <r012> (3.20)
6= | =552 oS5 5o — ]. (3.
270127142742 2701270427142 7242 7142
G7 = Gsl1s2, Gs = Gel1o2,004- (3.21)

In all these expressions the notation 7 <+ j stands for the permutation. As before, it means
that we have to change 7; <> 7. After the convolution with e™/the; 5 (Us)l | (3.14) gives
the contribution of the 2-gluon states to the evolution of the 3QWL operator Uy - Uy - Ug
describing the total interaction of Wilson lines 1 and 2, leaving Wilson line 3 intact.
Gag™ ey, (Us))y
=G ( (vovitey) - (niteton) + (LaUi'th) - (Uati'n ) ) - Us

+ |:G2 <U0U4TU2U0TU4 + U4U0TU2U4TU0> -Uq - Us + (1 > 2)}

— Gyutr <U0U4T> (UlUOTUQ + UQU()TUl ) -Us - Uy

+ {G5 Us-Us-Uy tr (U()TU1> tr (U()U4T> + (1 > 2) :|

+ |:G6 (tT’ (UOTUl) (U0U4TU2 + U2U4TU() ) -Us - Uy

+ <U2U4TU1U0TU4 + U4U0TU1U4TU2 ) -Up - Ug) + (12,0« 4)} . (3.22)

One can also write
a3

(Knio® (U}l = — g

/ diodiy Gy, (3.23)

where

Gur = Gs (U4TU0U1TU4UOT + UpTU, U1 T UL
— tr (UlTU4) tr (U4TU0) UOT —tr (U[)TU4) r <U1TU0) U4T )jj

~10 -



Gy (tr (UlT U4> tr (U4T Uo) Uot — tr (UOT U4) tr (UlT UO) U, )”’ . (3.24)
J1
Go = Foffo_lz?;z;l ;142 In (::2?) : (3.25)

and then take the convolution
Gy = Gyt (Us) = Gy (tr (UOTU3U4T UoUy t U4) +tr (UOT ULU U0U4TU3)
—tr (UoT U3) tr (U1T U4) tr (U4T UO) —tr (UOT U4) tr (U1T UO) tr (U4T U3) )
+ Gy (tr (UOTUg) tr (U1T U4> tr (U4T Uo) —tr (UOT U4) tr (U1T UO) tr (U4T U3)) . (3.26)
For the elements of SU(3) group one has the identity
ey (U1)) (D)) = 2(UD, UL~ Uy - Us = 2tr(U{Us), (3.27)

Taking 7 = 71 in (3.22) one can check that it is related to (3.26) using the above identity
along with (B.1) and (B.3). Taking the conjugate of Gy, one gets
<KNLO ® (Ul)j >|29 = *@ drpdry G, (3.28)

where

G1 = Gy (UWUUh U] U + UoU{Uh U Uy

-/

J
— tr (LUt (UU) Uy — tr (UpUD)tr (01U U, )

J

+ Gy (tr(UlUj Ver (UsU3) Uy — tr(UpUD)tr (UL U U, )

’

, (3.29)

J
J

The contribution of the evolution of a single line Uy to the evolution of the 3QWL related
to the diagrams with 2 gluons crossing the shockwave reads

G1y2s = Gie ey (U)] (Us)f! = G (Uil U1 Us 0 + Ut U Uy
— tr(UL Ut (UU) Uy — tr (UOTU1> tr (U4TU0> U4) Uy - Us
+ G (tr(UlUj)tr(U4Ug)Uo —tr (UOTU1> tr (U4TU0> U4) Us-Us.  (3.30)
The connected contribution of the evolution of lines 1 and 2 has the form
Gaya = 5[H1 — (14 2)

x [(UDUJUQ) . (UlUOTU4) Uy — (U0U4TU1) - (UQUOTU4) Uz — (45 0)

v H, [tr (UOTU1> <U0U4TU2 v U2U4TU0) - Us - Uy

- (UQUOTU1U4T Uo + UpUy! UonTU2> Us-Us— (4 0)}

tHy [tr (UOTU1> (UOUJU2 n U2U4TUO) Us- Uy
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+ (UQUOTUlUﬂUo + UOU4TU1U0TU2) Us-Up+ (4 o)}

v Hyltr (U0U4T) (UonT Us + UsUp! Ul) Us - Uy

+ (U0U4T Ul) : (UQUOTUQ Us + (U0U4T UQ) : (UlUOTU4) Uz + (4 5 0)]

+ Hyltr (U4U0T> (U1U4TU2 + U2U4TU1) Up-Us— (4 0]+ (1 2). (331)

Here

H - [(77022 — 712%) (P14? (Foa® — 724?) + 70a® (724 — 712%))

701270227042 T14% 724>

ool —

+

- 2 - 2 = 2 = 2 > 2 > 2 > 2
T127 —T14” — 724 24 —T127 —T14 To1
T + ] In < 2) . (3.32)
T14

704271427242 7022704 T142
> 2 = 2 2 -2 52
H [ 12 712 712 — To2? T14° — 704 + T01
2 =

2 2 2+2 2

1271427022 T012714%724 70127042724 T012704%T14

~ 9 ~ 9 - 9

12 T01” — T2 24 o1

_~2~2~2+~2~2~2_~2~2~2]ln<~2>‘ (3.33)
T04°T14°T24%  T01°T04°T02°  T04°T14°T02 14

S 9 o 09 _— S 9
1 [ T01% — 702 712 _ T12
2 2 7042142

70127042724 T012714%T24 2

> 2 ) > 2 > 2
12 24" —T14 12 701
> 09— 9 2+ S5 92 95 9 5 95 95 o ln ) . (334)
T01°T04°7T02 T04°T14°702 0177147702 T14
S 205 2 o ON(= 2| o 9 > 2 > 4
I -1 1 [7“12 (T14% — 7017) (To2” + T247) 712 712
41=—"=7 "3 55 5o 95 55 =55 55 5> 55 5o
4704* 8 70127022 70427142 24> T012714%724% 0170227142724
S5 2 =2 2 =502 S5 2 = 2 509
ro4” + Tp2” — T4 To1” — T02° —T24
2 2

t =52 o5 N
7022704714 01704724

n 1 <77122 —T2” T2’ + 70 47’ | 8 )

7017 — 7142\ 70177022 7022714 roat  T0a?

1 279 470227142 8F° 7012
Bl e e el B = B B = 2l | R U= (3.35)
701724 — T02°T14° \ 7027714 704 704 714

The fully connected “triple” contribution corresponding to the diagrams in figure 3 e can
be taken from (3.11) or [26] and transformed to the form

G123y = Hs [(U0U4TU3> : (UonTU2> Uy — <U0U4TU2) : (U1U0TU3> Uy
+ (UQUOT U1> : (UgUﬂ Uo) Uy — (UQUOTU4) : (U3U4T Ul) Up+ (4 0)]

+ H (UOUJUQ) (UlUOTUg) Uy + (U0U4TU3) : (UonTU2> U,
(

<U2U0T U1> U3U4TU0) Uy — (UQUOTU4) - (U3U4TU1) Uy — (4¢3 0)]
+(1<2)+ (1 3). (3.36)
where
g1 713%702” F12%713° 712” 713> 74’
P78 | For 203204242 To12T0s2 4% Tos2 | Tor2Ma2Ta? | To12T0s2Ta% | Foa2T1a 20
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N PR " RA TS riut = TR 7o3” — 71>
F01271427342T02%  T012T04%734%T02%  T0327042T14% 704271427242 701270427342
132724 122734 7137 713 719?
 F0a2F1a27a2T002 | T032T042T 142042 T0127142T342 | T042T14273a2 | To12704 27022
032 — T3 12 Ta3? — T34 702” 13 ]1 (77012>
F0327042T242  T0127142T02% | 704273427002 701270427242 70127032704 7142
(3.37)
and
Hy = 1 R S T 5 A U TS
8 [ 7012703271472 T012T03%T04%T24%  T03%704%714% 724>
70327122 132742 1227132 7032 — To12 132 — To12
F01270 273427002 T0a2T14%T342T002 | 7012714242022 | T01270a273a2 | 701270327042
n a3? — To3” Foa? — Ma® — 1 | Toa® — P14 702 734
0327042742 0127142704 Toa?T14%7022 01270427242 703270427142
n et n R i T
Toa2M14%T04% 01271427342 704271427342 T012714%T242  T012703%7142
19” 197 T3 7017
=92 2= 9 = 92 92— 3 |~ 9o oo 2]ln<—» 2>' (3.38)
70177047702 70177147702 70477347702 14

The connection of our notations with the notations in [20] is given in the appendix A.

4 Construction of the kernel: gluon part

Taking the contributions of the self-interaction of Wilson lines (3.30) along with the “pair-
wise” (3.31) and “triple” (3.36) connected contributions from the previous section one can
write the full contribution to the evolution of the 3QWL with two gluons intersecting the
shockwave in the form

a2 N
(KNLo ® Bi23)|2g = (Knpo @ Uy - Uz - Us)|og = —87:4/617“0657“4 G, (4.1)
where
G = G1)23 1 G123+ G123 T G123+ G1(23) T G132 G (123) 5 (4.2)

Here (...) stands for the connected contribution, i.e. G (1)23 gives the contribution of the
evolution of line 1 (3.30) with lines 2 and 3 being spectators, G 12)3 corresponds to the
connected contribution of the evolution of lines 1 and 2 (3.31) with line 3 being intact,
and G 193y stands for the fully connected contribution (3.36). All the rest can be obtained
from them by 1 <+ 2 <+ 3 transformation, i.e. by all 5 possible permutations of 7, 75, and
73, which assumes the permutations of U; = U(71), Uz, and Us as well.

There are several useful SU(3) identities, which help to reduce the number of color
structures. They are listed in the appendix B. First, we use (B.5) to get rid of the structure

<U0U4T UsUp' U4) Uy - Uy + (0 45 4) (4.3)
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and 2 other structures (U0U4TU3U0TU4) - Uy - Us goes into after the 1 < 2 <+ 3 transfor-
mations. Again, ¢ <> j stands for the the permutation. It means that we have to change
7 <> 7 and U; <> Uj. Second, we use (B.6) to eliminate 6 such contributions antisymmetric
w.r.t. 0 <> 4 exchange as

(UQUOT ULUL U + UpUst Uy Uy UQ) Us-Us — (4 ¢ 0). (4.4)
Next we use (B.7) to express 6 structures like
(UQUJ ULUo Uy + UnUs U ULt UQ) Uy - Uy (4.5)

and their symmetric counterparts w.r.t. 0 <> 4 exchange through other structures. After

that we can cancel 3 structures of the form
Uy Us - Uy tr (UOT Ul) tr (UOU4T ) Uy Us - Up tr (U4T U1> tr <U4U0T ) . (4.6)
using (B.8), and, by means of (B.9), discard the 3 nonconformal terms proportional to
tr (U0U4T) (UlUOTUg n UQUOTUl) Us-Us— (44 0) (4.7)
and the 2 structures they go into after the 1 «» 2 <> 3 transformations. Finally, we get
G={(L12 + L12) <U0U4TU2> : <U1U0TU4> -Us + Liatr (U0U4T) (U1U0TU2) ~Us - Uy

(Mg — Mg — Moy + M3 [(UOU4T Ug) . (UQUOTUl) + (Ul UOTUQ) : (UgU4T Uo)] Uy
+ (all 5 permutations 1 <> 2 +» 3)} 4 (0 + 4). (4.8)

Here

1
L12:H3+H4—§G3+(1<—>2)

> 4 22 25 92 2 25 2
B 1 12 1 n 1 L2 TorTTua + 7017724
= 2 2 3 2 2 2 Ao,

70127242 — 7022714 7012724 7022714 704
I S 9o 2
T12 1 1 T01°T24 1
+ - 9 > 9> 9 - 2= 92 ln > 9= 9 + > 4 (410)
8rpa* \ T02°T14 T01°T24 T14°T02 2704

Again, here ¢ <+ j stands for the the permutation. It means that we have to change 7; <+ 7}
and U, U g

~ 1
L12:H1+H2—§G9—(1H2)

- 2 > 2 1 1 > 2= 2
_ T12 |: T12 . :| In <T_)01 7;24 ) ' (411)

8 | T012702%M14%T24%  T012T04°T24%  T02%T04° 7142 142702

1 1
M12:2{H1+H2—2G9+(1<—>2)}
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S 9 S 9 S 9o 2
712 T12 1 1 T01°T02
— [ . — 2]111(4 — ) (4.12)

16 | 701270227 14%724%  T01%704%T242  T022704%T14 7147724
My? = Hy(1 5 2)+ Hy(1 -2 =3 = 1)+ H3(1 >2—3—=1)
~ Hi(1 45 2) + Hy(1 ¢ 2) + He(1 ¢ 2) — Go(1 ¢ 2) (4.13)
1 122723 14273 70327127 13 702”
T4 <77012770227724277342 0127042242342 71 2022704234 770127704277342> n<77242> '

Here Hi(1 — 2 — 3 — 1) = Hilp, o i, im—m- In the dipole limit, i.e. when the
coordinates of 2 quarks in the 3QWL coincide these functions obey the identities

=2 = 2 = 2
13 723 723 1 1 702
M2 |77‘1~>'F3 == 1 S5 95 95 95 9 5 95 95 9 - 95 55 o In Fe R E (414)
T03°7T02°724°734 0377047724 0277047734 24

(M3 — Mia — Mas + My?) |7, oy = Los. (4.15)
(M3 — Mg — Mag + My®) |7, = (Mg — Mig — Mas + M3*) |7, = 0. (4.16)

Using these identities and (B.1) with [ = 3, we get the dipole result

Glrsm=4(Lss + Lao)tr (UOT U4) tr (UgT Uo) tr (U4T UQ)

— 4Lsotr (UOTU2U4TU0U3TU4> + (0 — 4). (4.17)

This expression is twice the corresponding part of the BK kernel for tr(UgU;)r ).

The only UV divergent term in (4.8) is the term proportional to Lj2. This term has
the same coordinate structure as the corresponding term in the dipole kernel. Therefore
we can do the same subtraction as in the dipole case. Using (B.3), we get

(UOU4T U2> : (UlUOT U4> Uz + tr (U0U4T ) (U1U0T Ug) Us - Us+ (2 ¢ Do,

= 3[tr (U1U4T) Uy Us + tr (U2U4T) Uy - Us — tr (U3U4T> Uy-Us] - Uy — Uy - Us - Us

3
= 5[31443234 + B244B134 — B3aaB12a] — Bias, (4.18)

Therefore we can separate the result into the UV finite and divergent parts

2

as . o? .
/ Aoy Giee — / diy Gy, (4.19)

(KNLO ® Bi23)|2g = R

where
Ginite=1{L12 <U0U4TU2> . (UonTU4> -Us
Lo [(UOU4T U2) : (U1U0T U4) Us + tr (UOU4T ) (U1U0T U2> Us- U,

4
+ (Mg — Mo — Mag+ M) [(U0U4TU3> : <U2U0TU1)+(U1U0TU2) : (U3U4TU0>} Uy

3 1
— —[B144Ba3a + B24aB134 — B3yaBiaa] + 23123]
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+ (all 5 permutations 1 <> 2 <> 3)} + (0 <> 4). (4.20)

And Gypy is included into the term describing the contribution to the kernel with one gluon
crossing the shockwave [20], which is proportional to the first coefficient of the S-function.
We take this contribution from (3.3) and (3.10). For the pure gluon field 8y =

2 2 72 2
- a? 11 T 1 1 T
<KNLO®3123>|f = [— g /dro [ln( 01) <4 S— > - — 12 ln( 12)
I (2m)® 2 Tos) \To5  Toi 01708 i
7 In (T02> 7 I (Tmﬂ
T02 'ug TOl 'ug

2
x (Uo Us - (UUIUL) + Uy - Us - (UL UIUS) + SULUn U3> +(1+3)+2 3)]

2 1
+[ 0‘8311/‘”01 (rm)(Uo Us - Ustr(ULU]) — = U, -UQ-U3>—|—(1<—>3)+(1<—>2)}, (4.21)
(277) TOl lug 3

where ) )
1. 1 11 [ 67
FhE=gh <4ezw<n)+9‘3’ (422)

where the M S scheme is used. After some algebra one obtains

2 2 .y 9
% (0% 11 T 1 1 I
(Knpo ® Biag)l} = ——= /dro [ln < 01) (a - 4) — 12 1 <~12 ] (4.23)
1 (2m)? 6 "5/ \Toy  Tox 01703 i
VAN

It also has the correct dipole limit

- o 11 o 11 13 13
(Knro ®Bl22>’§ =——2 /dTO [n <_.01> <_, - ﬁ> - —2-1In <~12>]
7 (2m)® 3 T/ \Toy  Tot 01705 fig

3
X <231003220 - B122> : (4.24)

and matches the BFKL kernel [33].

There are also diagrams with one gluon intersecting the shockwave which are not
proportional to the S-function. They can be taken from (3.3)—(3.11). However, they were
already calculated in eq. (5.27) in [26]:

~ 042 10T 30T T r 72
(Knpo @ Bias)|ig= /d 0 [( 1 20) (T30 20)} In 30 In =¥ (B10o B320 — B3ooB210)

—9 o
(2m)? 10720 50720 TS TR

2 I 29
a L1 30T T T 1
+—2 3/dr0 {ﬂ— (5’20413)} In 301 L <B123—2 [331003320+33003120—B2003130]>
(2m) 1o 30710 T T
2 . 22
(6% 5 10T T T
+——5 3/dr0 [(412043(2)) — ] In 30 8 (2 [3B300B120+ B1oo B320 — B20o B13o] — 3123)
(2m) TioTs0 T30 7”31 731

+2<1)+(2+3). (4.25)
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This term has the correct dipole limit (see (5.28) in [26]).
Thus, the real part of the whole kernel reads

2 2
« oo o .
(KNLO ® B123)|real = —87:4/d7‘0d7"4 Giinite — 87:3/057"0 Gireals (4.26)
where
1 [ (710720 730720 R
Grea=—75 G )—< — ) In %) In =10 19 (B100Bs20 — BsooB210)
2 7“107“20 7"307’20 7"31 7’31

1 30T 7. 7
— [4 _ (T 10)] In 30 In 10 <B123 — = [3B100B320 + B3ooBi20 — 32003130]>

2 >3 =2
710 730710 7”31 31

11 P 1 1 2 7“122
() Gy ) A
To2 To2  Tol T01T02 Ng

3
X (2(31003230 + BaooBi3o — BsooB210) — 3123>

+ (all 5 permutations 1 <+ 2 < 3), (4.27)

and Gipite is defined in (4.20). If we put 7% = 75 here, we get the dipole result (see (100)
n [18])

11 72 1 1 72 7:»2 7 7 7
Greal|172=773: {3 In % -9 T S92 ] T _.21_2.2 In +2 =9 1_2, 2 In 20 In 18
T02 Toz  To1 01702 Mg 20710 T21 T21

3
X <2BlooB220 - 3122> : (4.28)

Finally, from the condition that the kernel must vanish without the shockwave (if all the
B = 6) and that the virtual contribution is proportional to Bjss, we get the total kernel

a? oo a? .
<KNLO &® 3123> = —87:4/drod7"4 Gfinite — 87_‘_3/617“0 G/, (4.29)

where Gp;te is defined in (4.20) and

1[ 72 72 72 2

/ it 32 20

G'= — =21 In 2 In =2 (B1oo Bs20 — B20oBs10)
7’107“30 7"307"20 TR o

72 7 e 1
— o5 In 1Y 10 In =5 20 <93123 — = [2(B1o0B320 + B200B130) — 33003120])
T10"20 5T 2

ca () G sp) g ()]
6 7“022 7?022 7?021 7"021 7"022 Ng

3
X (2(31003230 + BaooB13o — B3ooB210) — 93123> + (1< 3)+(2+3).  (4.30)

It differs from (4.27) by the coefficients of Bj23’s which turn into 9’s to accommodate the
condition that the kernel must vanish without the shockwave.
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5 Construction of the kernel: quark part

One can take the quark contribution to the NLO evolution of 3QWL from (3.3)—(3.4). The
contribution with 2 quarks intersecting the shockwave without subtraction reads

_adng
<KNLO ® Blggﬂgg 3 /dT‘Odr4 GY. (5'1)

Here

1
I:((UlUQTU4+U4UOTU1) . UQ . U3—3U2 . U3 . U4t7’(UOTU1)—§U1 . U2 . U3t7’(U0TU4)>

2 1 (77147701) (7“142> } :|
- — ——1In +1,4+(1+2)4+(1+3
3 TO4 { T142 - 7"012 To1 ( ) ( )

1
K (UhUo'Us + ULUGTTY ) - UQ-Ug—§U1-U2.Ugtr(UoTU4)+(U1U0TU2)-U3 U,

1 714701 7142 L
+ (142) < 4{ﬁ(2 #)2ln(f,012>+1}+212+(1<—>2)

T04 147 —To1

Floed+2e 3)} , (5.2)

where L, is defined in (3.6). Using identity (B.15) one can see that this contribution is

conformally invariant, indeed

1 1 1
{ <<U1UoT Us + UsUy'UY) - Us - Uz — gU1 U2 Ustr(Uy'Us)

G’ =
(WU - Us - Uy + (1 5 2)) + (0 4)} L, +(1e3)+(2w3).  (53)
In the dipole limit 73 — 75, one has
Gz, = %L‘{Q {1tr(U0TU4)tr(U2TU1) + 3tr(Up Uy ) tr(Uy Uy)
(5.4)

— tr(UotUh UstUL) — (U UL TUL) + (0 4)} :

which is twice the corresponding part of the BK kernel [16], and therefore one can do the

same subtraction as in the BK case
G1 qulnlte + G([]]V’ (55)

where
g LI o0t f 1 i i
Ghinite = 5 S(UhU"Usy + UyUo'UL) - Ua - Us — §B1z3tT(U0 Us) + (U1U"Us) - Us - Uy
1 1
+ 6B123 - 1(30133002 + Boo1Bo2s — Bo12Boo3) + (1 <> 2)) + (0 < 4)} L,
(5.6)

+(1+3)+(2+3).
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Similarly to the gluon case one can take G{;, contribution with one gluon crossing the
shockwave from the terms proportional to S-function in (3.3) and (3.10). One can restore
this contribution from the gluon part via the substitutions

11 11 2ng
— = —=—-=-— 5.7
Ly ( Lo ) , (5.7)
1. 1 11 u? 67 w2 1
3111/13—3111<462¢(1)> 7—? ,Bln~2, (58)
where ) )
1 11 2ny # 67 10y
1 ={——-=—=In|{—FF+|+——-————— 5.9
fln 3 <3 33) (462¢(1)>+9 3 9 3 (5:9)
As a result, the full kernel in QCD reads
a? a?
(KnLo ® Biag) = ~ 3l /drodm (Ginite + G i) — o 3/d 7o G, (5.10)
where ny is the number of quark flavours,
173 5 50 1 Tio
GV'= | 5553 — =353 | In =5 In =5 (BiooBs20 — B200Bs10)
2 7“107“30 5073 T T

=2

=9

T T T 1

- = 1_2, 5In 1910 -2 (9B193 — = [2(B1ooBs20 + BaooBi3o) — BsooB120]
T10720 7“12 12 2

B 7”01 1 1 F122 "?122
to|n{=2 (7272 ) ~=2zaln{ =3
To2 To2  Tol T01702 K

3
X <2(B1003230 + BagoB1so — BsooB210) — 9B123> +(1+3)+(2+3). (5.11)

Here Gpite is defined in (4.20) and quimte is defined in (5.6).

6 Evolution equation for composite 3 QWL operator

In this section we consider only the gluon part of the kernel since the quark one is quasi-
conformal. To construct composite conformal operators we will use the prescription [19]
(see also ref. [34])

180
O =0+ _-—| . s 2N (6.1)
2 0n | gy fﬁzln(r?g?)

where a is an arbitrary constant. For the conformal 3QWL operator we have the following
ansatz

3 72 ar3

peonf _ Qs A7 12_4 12

12 82 " 77421 77422 ! F421 F4Q2
< Bias + 6(31443324 + B24yB314 — 33443214)) +(1+3)+(2+3)]. (6.2)
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If we put 75 = 75, then

-9 -2

£ o3 AP aryy L

B3 :Bl2g+4ﬁ2/dr47?2f2 I\ Famy || = Bzt gBuaBon |,
41" 42 41" 42

or

o L2 ar 2
tr(U U)o = tr (U, U)) + s /dmﬂl;? In (F%;g > (tr(U UNtr(ULUL) = 3tr (UL UD)),
41" 42 41742 (6 3)

which is exactly the composite dipole operator of [19]. Using the SU(3) identity (B.3) one

can rewrite (6.2) as

« . ar’

B{9s" = Bias + —> /dm [42 =5 In <ﬁ2 %) (UUJUL + UWUfUs) - Uy - U — 2B123)
8 41742 T41742

+ (13)+(2+3) (6.4)

For the operator (—Bjas + %(31443324 + Bo44Bs14 — B344Bo14)) we get

1 conf
< — 3B123 + 5(31443324 + Bo44B314 — B3443214)>

1
( — 3B123 + 5(31443324 + BoyyB314 — B3443214)>

—»2 —»2 —»2 —»2 — —»2
« . T a T Tiaa T Toad
+ S ClTO A34 34 In 34 + A13 13 In 13 + A23 23 In 23
872 7272 272 7272 7272 7272 7272
03704 03704 03701 03701 03702 03702
=2 29 =2 =92 =2 29
T 4a T T4 a T T5a
+ A14 _.21i1,2 In <—»214_.2 ) + A24 _,22i1,2 In <—»224_,2 > + A12 _.21_2,2 In <—»212—»2 >> ) (65)
To01T04 01704 T02204 T02204 01702 01702

where the functions A were calculated in appendix C (C.4)—(C.8) according to prescrip-

tion (6.1). As a result, the evolution equation for BSSSF turns into

OB a3 / 72 ( 1 conf
= dry | =525 | — Bi23 + = (B144B324 + Bo44B314 — B344B214)
on 472 7“4211“422 6

a2 042
+ (1 <~ 3) + (2 > 3)] — 87;1/dfodf4 Gfinite — 87:3/d7_‘b G’

=9 -9 =9 9 9
s Q ool T T ToyQ T Tiaa
S dRdiy | =525 | Azt In | o2i5 ) + Az ooy In ( o22
7L 3707 3707 4%T£, 4%75

B 2Q-2
4 8w 41742 703704 T03704
=9 =9 9 -9 9 -9
T Toa T T11Q T TosQ
23 23 14 14 24 24
+A23F2F2 In <F2F2) +A14F2F2 In <F2F2> +AQ4F222 In <77252>
03702 03702 01704 01704 02204 02204
=9 =9
T a
+ Ap—525In (621{2 >> +(1e3)+2« 3)]
To1702 T01702
=9 =9
Qg Qg ool 5 ary
T8 47r2/dr4dr° [ﬂz? R
41742 41749
T T T T T T
34 13 23 14 24 12
x <A34_,2_.2+A13—»2-»2+A23—»2—»2+A14_.2 5 + Aou—5—5 +A12_.2_,2)
703204 T03%01 T03702 T01T04 T02704 201702
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F 1ol +2o 3)] . (6.6)

After simplification one obtains

= T4 o \7 D123 T~ 144 D324 244314 — D344 D214
on 472 2rd 6

042 @2
+ (1 — 3) + (2 ~ 3) - 87;1/d770d?74 Gfinite — 87:3/d770 G’

2 -9 ) 222929 -2 22 292 29
G divdin | 12 [ g, T34y (734741742 + A LSE T T (S £ VA
= 44T _,21_»2 345559 >0 59 59 135555 -9 592 59

4
32 41742 T03704 T03T04712 T03T01 T03T01712
=9 29 22 22 =9 ) -9 D)
T Toal T TaT T TAHATr
T Ay 1 () F AT () F ALy ()
ThaTl, TaaT TaT Ta1ToaAT T 2 TaT
03702 03702712 01704 01704712 0102 01702
772 7:'4 =2
+ Ay—2-1In <#22j%24i2 )> +(1e3)+2 3)} . (6.7)
T02T04 To2T04"12

Now we can symmetrize the last 3 lines of this expression w.r.t. 0 <> 4 transformation, i.e.

[Aij + Aij (0 4)] [F+ F (0 4)]+ [Ajj — Aij (0 4)][F — F (0 < 4)]
4

Again, i <+ j stands for the the permutation. It means that we have to change 7 <+ 7; and
Ui <+ U;. Next, one can use (B.9) to show that all the nonconformal terms have the SU(3)
coeflicients independent either of 74 or of 7.

To get rid of the non-conformal terms, first we add the symmetrized last 3 lines of (6.7)
to the nonconformal part of Gpite (4.20), define the result as G (6.9) and work with it to
avoid rewriting the conformally invariant parts of (6.7). Taking into account (B.3), (B.9),
and (B.13), we can write the result as

0472 d—’d-’é__aig dindF, _ _ 13 T . T .

7r4/ rodraG=—c-7 [drodry [{(Mw Mo — Moz +My°)[(UgUs'Us) - (UUg'Uy ) - Uy

-8
+ (WU Us) - (UsU4TU) - U] + (all 5 permutations 1 ¢ 2 < 3)} (0w 4)}

2 =2 ) 29229222
T divdin | 12 [ g, T34 g (734741742
= 44710 _,21_, 34=95 59 5 >9

1 2 - =)
32 41742 T03"04 T03T04712
. 29 29592 . o 9 22 29
7 Fe7 T A7 7 FeT
Ay () ALy () F AR ()
T03702 T03T02712 T01"04 T01T04712 T01%02 T01702
T T1aTl T Topl
+ Ajs _,2132 In (_,123_,421 _,422> + Aoy _,22f2 In <_,22f24_1,2 >> + (1 > 3) + (2 > 3):| .
TnaTl, Tl T TaoT TraolaasT
03701 03701712 02704 02704712
(6.9)
After simplification
2
a? ~
% | gidi, G
8t
2 - S 95 9
o Lol 712 T14%T24 1
=—— drodm{( N ER N <q 5o 2) (30033012 - 230013023>
8m 8r01°7T02°T14°T24 7014702 2
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S 9 S 2 5 25 22 9 S 9 S 25 2. 9
712 713 12714734 703 701702703
T\ F e e s am 953 ) Ta ez = 92 97 9
8701%702% \ T14%734 T01%702%713 T04°734 T04°T12°734

x (BoozBo12 — Boo1 Bo23)

~ 9 = 4= 2
r T T
+ g e [m <~(2n~82~2> (2Bo03Borz — 2Boo2 Boxs — 3Boo1 Bozs + 4B123)
8T02%T04°T14 T04°T12°T'14
> 2= 2
(e [ S G G R
7017724

+ 2 <U1 Uy - Uz — (U0U4TU1> : <U2U0TU4> : Us))

+1n <F0:g;zjg;fgg42> (or (it ((vat'tn) - U - Us + (Uit ) - U - U

+ (CUTTR UGS ) - Us - U+ (UaU6 00040 ) - Us - U ) |

- 2= 2 - 295 925 9 - 25 9 S 95 9. 4
( T12°713 I <T01 7127734 ) N 703712 ln( 702°703° 714 )>
167017702714 734° 70227132714 870127022704 %7342 0127042122734

_l’_

x U0U4TU3) : (UlUOTU2> Uy + (UQUOTUl) : (U3U4TUO> U,
— (v, U4> : (UgUﬂ U1> Up — (U1U4T Ug) : (U4U0T UQ) -Uo)
+ (all 5 permutations 1 > 2 3)) + (0 <> 4)} . (6.10)

Indeed, in this expression all the nonconformal terms have the SU(3) coefficients indepen-
dent either of 74 or of 7. In principle one can integrate them w.r.t. 74 or #p and add to
eq. (4.30). However, it is easier to transform (4.30) using integral (116) from [19] in the
symmetric form

My T Ta ) )
5 In =5 In =5 = 27((3) (0 (10) + 6 (720))

Ti0™20 T12  Ti2
-9 — -9 -9 -9 -9 -9
T2 dry 20 Ti0 12 Ti0"20
+ = — (A S 2 220) 0 (6.11)
722 o \ 7272 i p2p2 72,72
10”20 04724 04714 24714 14724

We get then

-2 =92 =92 =9 —9 — =92 —92 =2 -2 =9
G’—l 13720  T32T10| Ti2 dry 720 + o Ti2 In T10"20
2| F2rE 2R | FRR2 2 \TF5 e T2 T2 2
30712 307124 T10"20 04724 04714 24714 14724
X (B1ooB320 — B200B310)
[ﬂ 22 22 22

T1aT. TaooT R .
1520 52 4120] ¢ (3) (8 (T10) + 9 (720)) (B1iooB3z20 — B200B310)
30Ti2  T30"i2

_ T2 /dr4 < 20 I "o Tia >ln <7"107"20)
>3 -2 D22 T 3022 5252 =)
T10720 2m \TosTos  ToaTis  ToaTii T14T24

1
X (93123 -3 [2 (B10oBs20 + B200B13o) — B3003120])

. . 1
—27¢ (3) (0 (F10) + 0 (T20)) <9B123 ~3 (2 (B100B320 + B20oB130) — B3003120})

11 P 1 1 7 73
+ 3 In (% =7~ 33 " Szazn| =5
T02 Toza  Tol To1702 H
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N W

dl

One can write it as

(31003230 + BogoBi3og — BgooBglo) — 93123) + (1 > 3) + (2 > 3) (6.12)

G’—l 370 _ F2?2T120 Ffz dﬁl 50 4 o _ B In o750
2 7722 F2r2 | 727 or \ 7272 P2 F22 72,72
307 30710 | T10Ta0 04721 04714 24714 14734
2 2 -9 2 29 22
T dry T T T AT
X (B1ooBs20 — B20oBs1o) — ﬂIEQ/ 5 <q2292 + s — )111 <4120 4220>
10720 T \T04T24 7“047"14 7’247"14 714794
1
X <9B123 —3 [2 (B10oB320 + B20oB13o) — B3003120]>
11 g 1 1 7 7“122
tsmlz2)\zz 72 ) w2
702 To2  Tol T01702 H
3
X <2(31003230 + BaooBi3o — B3ooB210) — 9B123> + (142 3)+ (2 3). (6.13)

Next, we symmetrize the previous expression w.r.t. 0 <> 4 exchange and combine it

with (4.20), (6.7), and (6.10) to obtain the NLO kernel for the composite 3QWL oper-
ator B§gaf

042
8713
~ g o [ ({Z12 (oui'ws) - (') - U

L [(UOUJ Ug) - (UlUOT U4) Us + tr (U0U4T) (U1U0T UQ) Us- U,

2 —~
(Knro ® BSSE) = dryG! — 3 84 /dFOdF4G
T

3 1
- 1[31443234 + BoasBi34 — B34aBios] + 23123}

+ (all 5 permutations1 <> 2 <» 3)} + (0 +» 4)) . (6.14)

Using (B.9) to get rid of the terms like
(U0U4TU1U0TU2) Us- Uy + (UQUOT LUyt Uo) Us - Uy (6.15)
it can be transformed to
(oo @ BigH) = o [arars ({16, (toon'es) - (vivfon) v
+LS, [(UOUJ UQ) : (UlUOT U4) Us +tr (UOU4T ) (UonT U2) Us- Uy
— 2[31443234 + B2y Bi34 — B3aaBioa| + ;Bm}
+ MG [ (UoU10s) - (UaU6Th ) - U + (010002 ) - (U100 - U

+ Z12BoosBoi2 + (all 5 permutations 1 <> 2 <> 3)} + (0« 4))

a2 dr 11 In ﬁ i _ i _ T122 In r122
8713 "o 6 72 72 72 7272 2
02 02 01 01702 H
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3
X (2(31003230 + Ba0oB13o — BsooB210) — 93123> +(1e3)+ (2 3)) . (6.16)

Here
. 5 25 2 S 9 S 25 9
C T12 T02°T14 712 T01°T24
L12:L12+ > 99 9- 21n > 95 9 + > 99 9- 211’1 - 99— 9 ) (617)
4r01°T04°T24 T04°T12 4r02°T04°T14 T04°T12
S 9 S 95 9 L 9 S 9o 9
o = T12 T02°T14 T12 T01°T24
L12:L12+ > 95 9o 2111 > 95 9 - > 9= 9 2ln > 9= 9 ) (618)
47017704 T24 T04°T12 4ro"T04"T14 T04°T12
S 92 S 25 25 4 . 5 4> Am A= 2
1€ — 12 ) (7”01 T02°734 > 12 <7“03 704" 712" 704 >
12~ 775 95 95 > 1S 95 =~ 5= 95 S 9S> 65 9o
1672270427142 70347142742 1671270427242 70127020714%734%
S 9 S 4> 2o 6= 2 2 S 95 95 4
T93 (7“01 T03°T24° T34 ) T93 0 (7“02 T03°T14 >
1670227047342 702270447144 7234 1670327047242 701472427342
. S 4> 2o 2 . S 4> 2o 2
13 In <7“02 7147734 ) n 3 In (7"02 7147734 >
1670327042714 0127032724 1670127047342 7012703224
S 95 9 S 95 95 4 S 95 9 S 95 95 9
T037T12 1 ( 01" 7037724 ) 72371712 1 <7‘02 127734 )
8701270227042 7342 T022704%T12%734°2 8701270227242 7342 701272327242
S 95 9 S 95 95 9o 9
T14°T23 Iy [ T01 704723724 (6.19)
8—» 22 2= 2= 92 > A= 2= 2 9 .
T01°T04°T24°T34 T02%T14°T34
. S 9 . S 25 9
Pt [( 703 702 )m (7“02 7“14)
12= S5 55 o5 T S oo ——p
870127022 | \ 70427342 7042724 70427122
S 9 L 95 9 S 9 S 9o 9
701 T02°T34 713 T03°T12
-1—_,2_,2111(_, 5o 2)+_,2_,21n<_, 5 2)]—(193), (6.20)
T04°T14 T03°T24 T14°T34 T02°T13

and Ly and Lys are the elements of the nonconformal kernel defined in (4.10) and (4.11).
Checking that L%, E%, MIC27 and Zi2 have integrable singularities at 74 = 7 and that L102,
I:%, and Z12 have integrable singularities at 7y = 77 2 3 is straightforward. To prove that all
the terms with M¢ have safe behavior at 7y = 7 2.3 one has to use SU(3) identity (B.14).

Now one can see that the NLO kernel for the evolution equation for the composite
3QWL operator Bfggf (6.2) is quasi-conformal if one expresses the LO kernel in terms of
composite operator (6.5).

The term with Z can be integrated w.r.t. 5. The integral

N ~ 9 - 95 9 ) L 9. 9

dry 732 9 [ T32°T10 T12 o [ T12°T30
—Z1n= oo S5 5 | s eI (5 |- (6.21)
™ 8r03°T02 T13°T20 87017702 T13%T20

was calculated in the appendix D.
Finally, the kernel reads

(Kn1o ® B = —;i / 7o dr ({L?2 (UOUJUQ) . (UlUOTU4> Us

+I, [(UOUJ U2> - (U1U0T U4) Us +tr (UOUJ) (U1U0T Uz) Us - Uy

4
+ MG | (UoUtUs) - (UaU'n ) - U + (Ui T2 ) - (Ut ) - U

3 1
— —[B144Bass + B24aB134 — B34aB1oa] + 23123]
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+ (all 5 permutations1 < 2 <> 3)} + (0 < 4))

_ Oi dr 1 In 1021 I i In 1122
S 3 0 6 =9 =9 -9 -9 59 ~9
T 702 Toa  Tol T01702 H

3
X (2(31003230 + BaooB1so — BsooB210) — 93123> +(1+3)+ (2« 3))

2 S 9 L 2. 9 S 9 S 9o 9
o . 732 o [ T32%T10 T12 o T12°7T30

— 253 [ 470 ( BoosBo2 |5z | =55 | — =550 | =553
32w T03°T02 T13°T20 T01°T02 T13°T20

+ (all 5 permutations 1 <+ 2 > 3)) . (6.22)

In the quark-diquark limit 7 — 7 one has
(MG [(voUits) - (vatio'tn) - Us + (U602 ) - (UsUs 0 ) - U]
+ (all 5 permutations 1 ¢ 2 5 3) b + (0 4 4)
= 2L, [tr (Vo0 (tr (U1 U6UAI L) + 1 (0101040 )
+ otr (UoT U1) tr (UQT U4) tr (U4T Uo) (0 4)} : (6.23)
{ L5 (UoU10s) - (106U ) - Us + (all 5 permutations 1 4> 2 ¢ 3) | + (0 4> 4)
= 2L [tr (U100 (1 (Do ntatun) + tr (UetUat 7 ) ) = (0 4 4)] (6.24)
¢, [(UOUZLT UQ) . (UlUOT U4) Us + tr (UOU4T ) (U1U0T Ug) Uy Uy + %Bm
- 2[31443234 + BouuBias — BsuaBia] + (all 5 permutations 1 <> 2 < 3)] +(0 ¢ 4)
416, [tr (UQTUl) — 3tr (UOT U1> tr (UQT Uo) +tr (UOT Ul) tr (UzT U4) tr (U4T UO)
~tr (UOTU1U4TU0U2TU4) 10 4)} : (6.25)

We get

a2

(Knzo ® By = =2 / drpdry ({(£S+L1%) tr (vo'tn) tr (0af0s) r (U0

+ LG [t (0tn) = str (o't ) tr (0106 ) — tr (DT R USTUOU T ) | } 4+ (0 45 )

2 =2 =2 =2
() () - ()
2m 6 T02 o2 Toi To1"02 H
X (tT’ (UOTU1> tr (UQTU0> — 3tr (UQTU1)> (6.26)

which is twice the gluon part of the BK kernel (see (67) in [19]).

7 Linearization

In the 3-gluon approximation

3
BoosBo12 £ 6Boos + 6Borz — 36. (7.1)
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We use the following identity to linearize the color structures in (6.22).

(UUIUR) - (LW UIUL) - Us 4 (1 4 2,0 > 4)

= (UU) —E)(Ua—=Uy) - (U1 —=Ug) Ui Uy - Us+U,US (UL =Uy) - (Up—Uy)(USUg—E) - Us

+ Uy - (WU Us + UsUIUY) - Us + (UpULUs + U UL U) - Uy - Us

+ (Uy = Uy) - (Uy = Up)(UlUy — E) - Us + (UsU} — BE) (UL, = Up) - (Ua — Uy) - Us

+2(U2—U4) . (Ul —U())'Ug—QUO‘Uzl'Ug.

(7.2)

Here F is the identity matrix. In the 3-gluon approximation the previous expression reads

(UoULUs) - (U UU,) - Us + (1 45 2,0 ¢ 4)

2 Up— U)(Us —Uy) - (U — Up) - E+ (U — Uy) - (Us — Un)(Uy — Us) - E

+ Uy - (WUIUL + UULUY) - Us + (UgUUs + UsUSUy) - Uy - Us

+(Ua=Us) - (U = Up)(Us = Up) - E+ (Usy = Up)(Ur — Up) - (Up — Us) - E

+2(Us —Uy) - (Uy — Up) - Us — 2Uy - Uy - Us.
Using identity (B.3) and the fact that in the 3-gluon approximation
(Uo = Ua)(Uz = Us) + (U2 = Us)(Uo — Us)) - (Ur = Up) - E
E_(Uy—T)- (Uy—Us) - (U1 — Tp),
we get

UoUlUs) - (U UUL) - Us + (1 5 2,0 <5 4
4 0

3 1
2 B+ 5(31003340 + BuooB130o — BsooB140)

1
— Bpas + 5(30443234 + B244Bo34 — B344Bo24)
+2(U2—U4)'(U1 —Uo)'Ug—QUo‘U4'U3

1
= Bi23 — 3B134 + 5(31003340 + ByooB130 — BaooBiao) + (1 < 2,0 <> 4)

3
2 Bia3+3(Bi0o+ Bsao+ Baoo+ Bi3o — Bsoo— Biao— Biza —6)+ (142,045 4).

As a result, the coefficient of LS, in (6.22) reads

((U0U4TU2) : (UonTU4) Uz 4+ (145 2,0 ¢ 4)) — (0 < 4)
% (3Boo1 + 6Bz — (14 2)) — (0 > 4).

Using integrals (114) and (125) from [19],

JE T3 (6 () — 8 )
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and

) S 9o 9 ) S 9o 9
/d“ [ T12 In <7’02 T14 ) T12 In <7“01 T4 ﬂ
4| —=55 55 ——p - =55 ——

4701270427942 T04°7122 AT0927042 714> T04°T122

= m2¢ (3) (8 (710) — 6 (7)) , (7.8)
one obtains 3
[ IS, = 57 (3) 6 () = 8 (7)) (7.9)

and

- ;i/dfodﬂ ({i% <U0U4TU2> . (UonTU4> Us

+ (all 5 permutations 1 +» 2 +» 3)} + (0« 4))

2

3¢ a2 [ . .

= &t /dT0(3Boo1 +6Bi30 — (1 2))37°C (3) (6 (Fi0) — 0 (7a0)) + (1 ¢ 3) + (2 ¢ 3)
902

= g (3) (36 + Bi31 + Bi33 + Bi21 + Ba12 + Baza + Bags — 12B331)). (7.10)

The second structure reads

(UlUO*UQ + UsUp! Ul) U - Uy
= (U1 — Up)Uo! (U2 — Up)) - Us - (Us — Up) + (Uz — Up) Uy (Ur — Uy)) - Us - (Us — Up)
4 2(Us + Uy — Up) - Us - (Us — Up) + (UlUOTU2 n UQUOTUl) - Us - Up. (7.11)
Again, applying identity (B.3) and equality (7.4) one gets in the 3-gluon approximation
(UonTUg + UQUOTU1> Us-Us 2 —(Uy — Up) - (Us — Up) - (Us — Up)
+ 2(U2+U1=Up) - Us - (U4—U0)—3123+% (B1ooBaso+ Baoo Biso— Bsoo Bi20) - (7.12)
Finally, the coefficient of L{, in (6.22) reads
(UoUt0s) - (hUt UL ) - Us + tr (Do) (U010 ) - U - U
- 2[31443234 + Boas B13s — B3aaBiaa] + 33123 + (1 < 2)] + (0 < 4)
% 9(Boas + Boos — 12) (7.13)

and therefore

2

. % / diodFy ({L% [(UOUJ UQ) : (UonT U4) Us +tr (U0U4T ) (UonT U2> U3 - Uy
3 1
- 1[31443234 + B4 B134 — B34aBias] + 53123

+ (all 5 permutations1 <> 2 3)} + (0 <> 4))

—97 —



3g 90[

= 8 1 d?“odT4(L12 + L + L23)(Bo44 + Boos — 12) (7.14)

The third structure reads

(ULUUL) - Uy - (UgULUs) + (UL UIUR) - Uy - (UsULUp)
= U, - Uy - (UsU Uy + UgULUs) 4+ (DU U + UsUSUL) - Uy - Uy
+ (Us = Up) - Us - (Up — U)UJ(Us — Us) + (Us — Us)UJ (Up — Us))
+ (U = Uo)U§ (Ua — Uy)) - Us - ((Us — Us)ULUp)
+ (U2 = Uo)U3 (U1 = Tp)) - Us - (UoUL(Us — Uy))
+2(Uy — Ug) - Uy - (Us — Uy) — 2U; - Uy - U. (7.15)
Using (B.3) and (7.4) we get

(UgUgUl) Uy - (UpUUs) + (UL UIUy) - Uy - (UsUUp)
1
% —Bp1z + = (33443014 + BoaaB134 — B144Boza) — Bi2a
— (Ua—Uy) - (U1 —3Uy) - (Us—Uy)—2U; - Uy - Up+—= (31003240+32003140 BooaBo12)

3
2 3(Bo1o — Baa1 + Bo2o — Basz — Boao + 2Baao — Bi2o + Biao
+ Bsa1 + B24o — 2B340 + Bs42 + Baa3) — Bas1 — 36. (7.16)

As a result, one obtains

a2

- 4/drodr4 ({5 [ (vovi'vs) - (vatiton) - U + (01010 ) - (VU0 -

+ (all 5 permutations1 < 2 <> 3)} + (0« 4))

3¢ 30 3 3
= 3. 4/d7”0d7“4 <2F0(Bo40 — Boas) + §F1403140 + F1r00B1oo + F230B23o
+ (0« 4)} + (all 5 permutations 1 <> 2 3)) . (7.17)
where
) > 2 S 9o 95 4 22 S 25 25 9
o 12 ( BT (7“01 T02"T34 ) BERIEN (7“01 7137724 >
0=155 95 —— TR - =5 5= 5o
271427947 \ 70227042 71427242703 70127032 703271227142
2734° 701°T02°734°
42Dy (T T02 TN ) (6 g, (7.18)
7037704 70377047712
2 2 2 92 22 25 4
12 T2 T04"T127T34
Fuo=——-"5-—>1n iz 2= 4
T02°7T04 T14 T03*714°T24

2 2= 2 S 25 9 L 9o 2o 9
_ Ton*is In (7'01 24" T34 > T3l In <7“02 14723 )
T0227032704%T142 To427142 732 7022703271424 703271227242

L T Too™r3a”\ | T02°713 | F01 702 7‘34 (7.19)
= o7 o7 o | =5 - = 9> 9 2> oL 2= 2 |- :
T03°T04°724 047723 0177037704724 7’03 704 7’13 24

~ 98 —



S 9 S 8= 2o 2o 4 2 L 95 9 I
723 T01°T04° 723724 T34 T02°713 Iy (7017047137724
Fioo=55-5=>5In - 5 In

2703%704% T4 702570347148 7012703704224 702270327144
S 2 9 L 8> 4- 2o 6 S 9 S 4o 2o 4
B 7347712 To1°To2 T24"734° \ 12 | 701" 702734
2703270427142 724> 7039704571267142 2702270427142 T0317042712%7142

2 2= 2 2 22 22 2 = 2 2 22 2

+ 237712 1 T02°T147723 + 12 1 T02°T14
2—» 22 922 92— 9 n Y ) - 95 9= 9 n )
T02°T03°T14°724 T03°T12°724 70177047724 T04°T12

132712 | 7012713274 7012723 01279427547 790
7012703271424 (770327712277142> 277227032 70427142 (%427?14277232) -(7:20)
Fygp = — 7?3227?32 | <F0127?04_'2F13127?242> _ 7?32 ) <i0147i0447j2347j242>
2701270327042 7242 To22703% 14 2703270427242 T0207032 71447342
342712 701 702571427540 19? o1 27024 70427122734
27703270427142794> <F0367?04677126?7242> 2772270427142 ( Fo387144745 )

S 95 9 S 95 25 9 - L 9. 9
Tt In (7’02 147723 > T2 In <7"02 14 >
70227032 71427242 70327122742 2701270427242 7"04277122
S 9o 9
T13°712 T01°7T13°T24 701723 70127942734
T o7 22 92— 9- th > 95 95 9 T 5 92 9o 9o 2111 > 95 95 9 (721)
2701703 T14°T24 T03°T12°T14 T02°T03°T04°T14 T04°T14°T23

One can integrate Figo and Fbzy w.r.t. 4. The integrals are given in appendix D (D.22)
and (D.31).

The color structure in the quark part of the kernel can be linearized using (7.12)

1 1 1
5 { <3(U1UOTU4 + U4U0TU1) . U2 : U3 — §3123tT(U0TU4) + (UlUOTUQ) . U3 . U4

2

1 1
+ —Biaz— —

5 4(30133002 + Boo1Bo23 — Bo12Boo3) + (1 <> 2)) + (0 < 4)}

Sg
6

+ 2(2Bgy24 — Boo2 — B24a) — 4 (2Bo3a — B3aa — Boos)). (7.22)

(12 — Boos — Boaa + 2 (2Bo14 — Boo1 — Bi4a)

and therefore

alng sgagng [
3 drpodry G = T /d?“od?"4 {(12 — Booa — B()44) (L12 + L 13 T L23)
+ 2(2Bo14a— Boo1 — Biaa) (L{y+ L5 —2L1,)+2 (2Bo2a — Booa — B2aa) (L5 + L, —2L1))
+ 2 (23034 — B3yy — Boog) (L32 + L13 - 2L({2)} . (7.23)

Finally, we get the linearized kernel in the form

3g 2702
(Knpo ® Bssh) = 47T28

9oy
- 4/dr0dr4 <L12+L + IS,

C(3)(3 — 023 — 913 — 621)(B123 — 6)

B4 (L 1o+ Lis + ng)) (Boaa + Boos — 12)

24 1 /dTodT4 {(2B014 — B001 — Bl44) (L 12 + L 2L:q32) + (1 — 3) + (1 — 2)}

9a

647‘(’ /dT‘odhl (F()(Bg40 — Bg44) + {F140 + (0 <~ 4 }3140 + (all 5 perm. 12« 3))
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9oz ~ ~
64 S/dTo (FmoBloo + Fo30Ba3o + (1 > 3) + (1 > 2))

902 [ (1 1 3 5
~gg [0 (5[0 () (- 7) - = ()
167 T2 To2  Tol T01702 K

X (B1oo + B23o + B2oo + Bi3o — B3oo — B21o — Bi2s —6) + (1 < 3) + (2 3)) . (7.24)

wﬁl

—

Here 0;; = 1, if 7; = 7; and d;; = 0 otherwise; fi2 and 3 are defined in (5.9); Fp and Fi49
are defined in (7.18) and (7.19); L{, is defined in (3.6) and L, is defined in (6.17) and

S 9 S 9 S 9 S 95 9 S 9 2

~ 712 713 2793 o [ T02°7T13 793 5 ((T03°T12

FlOOZ > 9= 9 = 95 9 5 95 9 hl 9= + > 9 1 2=
7017702 7017703 T02°703 70127932 270227032 T0227132

5 02 732 732
+ S1231 ( 55 3> R o 2> + (2 > 3), (7.25)
T01%T02° 701703 T02°7T03
- 2 2= 2 S 9 S 9 S 9o 9
~ 27792 T3 9 ( T03°T12 713 712 9 ( T02°T13
Foso = | == - In 5o tlsos 3 =953 |n 5o
Fo127002 270227032 702 7"13 701703 701702 70127232
2 2
12 713 7“23
~ Shasl < LA E—— 2) + (26 3). (7.26)
T01%T02° 701703 T02°7T03

The functions Sj93 and I are defined in appendix D (D.15) and (D.11).
Now, if we consider the dipole limit 73 = 7 and take into account that in this limit

Fioolry=r, = Faoolm=in = Fo0lry=r = 0, (7.27)
Fasolr—r, = Fisolr—r, = Forolm—r, =0 (7.28)
(Fp + (all 5 permutations 1 <+ 2 < 3))|m=r, = 16L12, (7.29)
(Fla0 + (0 <2 4)) + (2 ¢ 3)) [r=r, = (7.30)
((Fa0 + (02 4)) + (2 > 1)) [ry=r, = (7.31)
((Foa0 + (0 <2 4)) + (1 > 3)) [r=r, = (7.32)

we obtain the linearized BK kernel in the 3-gluon approximation whose C-even part is the
BFKL kernel [33]

9a
44

n
(Knpo ® Bf§§f> drodry <L12 Z’;L'ﬁ) (Boasa + Boos — 12)

OéQn
= 1od /dTodm {(2Bo14 — Boo1 — B144) — (2Bo24 — Boo2 — Baaa)} Li,

27a 90?2
52 >((3) (Bi22 — 6) — 47r/d7“0d7“4 L$,(Boas — Boao)

9a T 1 1 72 72
5/d 7o [ ( 01) <q—q> 2 (P)} (B1oo+B220—B122—6) . (7.33)
m o3 Toi o175 I

Let us compare this kernel for Bioo = 2757"(U1U;r ) with the linearized BK kernel in the
2-gluon approximation from [19]. One can see that their C-even parts coincide as they are

fixed by the BFKL kernel [33]. However the 2-gluon approximation is not enough to figure
out the correct C-odd part of the kernel. Only the 3-gluon approximation (7.33) allows
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one to write it. It is easy to see that even for the color dipole the C-odd part of the kernel
in the 3-gluon approximation can not be expressed through dipoles only. One necessarily
needs to introduce the 3QWL operators as is clear from the second line of this expression.
One can check it by direct calculation via (7.12), indeed

12 {tr(Ugt“Ultb)tr(UTtantb) —(0— 4)} + (0 > 4)

= {;tr(UoUl)tr(UgTUl) + 3tr(UL U tr (U UY)

— tr(UUL U1 U1 — tr(UUsT U U]) — (0 — 4)} 1 (04 4)

= {11230443122 + 231443022 — %tr(UlUgTUo +Uola'Uh) - Uy - Uy — (0 — 4)} +(044)

3¢ 1
= 3 {12 — Boaa — Boos + 2(2Bo14 — Boo1 — B144) — 2(2Bo24 — Boo2 — B2a4) } - (7.34)

As in [25] to separate the C-even and C-odd contributions we introduce C-even
(pomeron) and C-odd (odderon) Green functions

Biys = Biaz + Bisz — 12, (7.35)

and
Biys = Bi23 — Bias, (7.36)

where Bis3 is the 3-antiquark Wilson loop operator
Bisz = Uf -US - UL (7.37)

The NLO kernel for the C-even Green function in the 3-gluon approximation reads

902
(Knpo ® Bfrz%onf> = T drodiy (LG + L3 + L 5:1 (LY, + L5 + L33)) By
27a
+ 2 CB)B b2 — iy — 021) Bl
9
64a 4/drod7“4 ({Fia0 + (0 <> 4)} By + (all 5 permutations 1 <+ 2 <+ 3))
90[8 - (T + n +
— = drp (FlOOBlOO + F2303230 + (1 L 3) + (1 <~ 2))

9 2 2 1 1 -2 2
~1a [0 (5[ () (5~ 7) - 7 (%)
167 702 To2  To1 701702 M
X (Bioo + Bazo + Bago + Bizo — Bigo — Baig — Biaz) + (1 3) + (2 3)) . (7.38)
In the 3-gluon approximation we can use the identity [25]
3g
Biys = (Bﬁa + B3y + Biy), (7.39)

which kills all the terms in the third line in (7.24) in the C-even case. It is easy to see that
the same identity holds true for the “conformal prescription” (6.1)

1
Bl 2 B + BT + BRY) (7.40)
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and we get
(Knio® B E Ko @ (Big™ + BET™ + Bim ), (7.41)
This equality imposes the following constraints
{F140 + (0 <> 4)} + (all 5 permutations 1 <> 2 <+ 3), (7.42)
0= / dio Fao, (7.43)
dry - 1~ 1~
0=/ — ({Fla0 + (0 4)} + (2 3)) + Fioo + §F230|1<—>3 + §F230|1(—>2- (7.44)

Constraint (7.42) follows from the definition of Fi4 (7.19) directly whereas constraint (7.43)
holds since thanks to conformal invariance

/dfoﬁzzao = /dfoﬁz3o\2:3 =0. (7.45)

Using (7.25) and (7.26) one can rewrite constraint (7.44) as

d = = 2= 2 = 2= 2
/fwmemmHm”3(w@WQ+w@W®)

270227032 7012723 7012723
1 02 7132 022713

— st |0 (2525 ) (746)
2 \ T01°T02 701703 7032712

The calculation of the integral and proof of this identity is given in the appendix D.

The NLO kernel for the C-odd Green function in the 3-gluon approximation reads

_ 3g 2702 _
<KNLO X 31203(mf> 28 ﬁ((:ﬂ)(:ﬂ — 523 - 513 - 621)3123
a2n
24
9a
64

902 /= - . B
- 647:3 dro (FloonO + F30Bysy + (1 < 3)+ (1 2))

2 2 1 1 =2 2
~re o (0 () (55 7) - g ()]
167 702 To2  Toi 017”02 12

x (Bioo + Bazo + Bago + Bizo — Bigo — Bajo — Bias) + (12 3) + (24 3)).  (7.47)

/drodr4 {(2By14—Byor —Biaa) (Lo + L5 —2L%,)+(143)+(1+2)}

/dT‘[)dT’4 (2FByg+{Fia0+(044)} Biyo+(all 5 permutations 14+ 2+ 3))

8 Results

In this section we list the main results of the paper. Taking LO equation (3.2) and us-
ing (4.30) we can write the NLO evolution equation for the 3QWL operator as

9Biaz _ as(p?)
on 82

/dfo [(31003320 + BagoBsi10 — BsooB21o — 6B123)
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=9 =9 =9 =9
5 3o To1 1 1 15 5
XV\Z272 — 4776 In{=5){z2-52) " z22In( =
T01702 702 Toz  Tol To1702 H

S92 59 -9 -9
as . T, Tip f1]| T3 732
B P01y [ AU - (B10oB320 — B200B310)

2222 =2 = 2

T 77221 o1 2 L7750 TaoTap
i 1
- 2 (93123 — 5 [2(B1o0Bs20 + Baoo Bizo) — 33003120]> } +(13)+ (23
710720
a’n Lo 1 1
— 1871_1 /drodm [{ <3<U1U0TU4 + U4U0TU1) . U2 . U3 — 63123757“<U0TU4>

1 1
+ (hUo'Up) - Us - Uy + 6B123 - 1(30133002 + Boo1Bo2s — Boi2Boos)

+ (1<—>2)>+(0<—>4)}L(f2+(1<—>3)+(2<—>3)}
_ ;‘; iy [{LQ (U0U4TU2) - (UlUOT U4) Us
YL [(UOUJ UQ) : (UlUOT U4) Us + tr (UOU4T ) (UlUOT UQ) Us-Us

3 1
- 1[31443234 + B2 Bi3s — B34aBias] + 23123]

+ <M13 — Mg — M23 + MQB) [<U0U4TU3> . (UQUOTUI) + (UlUOTU2> . (U3U4TU0)] -Uy
+ (all 5 permutations 1 < 2 ¢ 3)} + (0 ¢ 4)] . (8.1)

Here the functions Liz, L2, Mg, M3? are defined in (4.10)(4.13), LY, is defined in (3.6),
the M S renormalization scale u? is related to scale ji? through (5.9),

- (3-32)

As we mentioned above, all the expressions in this paper are written in the M S renormal-

ization scheme.
The evolution equation for the composite 3QWL operator Bfggf (6.2)

=2 )
o3 . T ar
f(z)gf = 3123 + ]2 /dT‘4 |:_;21_2»2 In <_»2 £22>
T 41742 41742

1
X ( — Bia3 + 6(3144B324 + BoyyB314 — 33443214)> +(1e3)+2« 3)] (8.3)

follows from (6.22)

OBt ag (1)
on  8n?

) =2 72 72
3 1 1
X <_,21—2»2 - afsﬁ [ln (7:.021> <—»2 - —»2> - _,21—2»2 In (%)}) +(1<3)+ 2« 3)]
ToiTor A T02 To2  Tol T01702 K

2 . 22 2 S 9 S 95 9
Qg o 32 o ([ T327T10 12 9 [ T12°T30
— 353 | 4o ( BoosBoi2 |z 550" (=555 )| — 530" ( =553
32m T03°T02 T'13°T20 T01°T02 T13°T20

+ (all 5 permutations 1 <+ 2 <> 3))

/dfo [((31003320 + BagoBs10 — BsooBaio) — 6B123)°°™"
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a2n
1674

1 1
/d?“od?“4 |:{ <3(U1U0TU4 + U4U0TU1) . U2 . U3 — §3123t7’(U0TU4)
1 1

+ (U Uy Ua) - Us - Uy + 63123 - 1(30133002 + Boo1Bo2s — Boi2Boos)
+ (1<—>2)) +(0+>4)}L‘{2+(1<—>3)+(2<—>3)}

a? ~

- / arydry ({ LS (UoU10s) - (thUs'Us ) - U
+IL, [(U0U4T U2> ' (UlUOTU4) Us +tr (U0U4T) (UlUOT UQ) Us - Uy

3

1
- 1[31443234 + BoasB134 — B34aBias] + 23123]

+ MS, [(UOUJUg) : (UQUOTUl) Ug+ (U1U0T U2> : <U3U4TU0> -U4}

+ (all 5 permutations1 ¢ 2 < 3)} (0 4)) . (8.4)

Here the composite operator ([BigoBs2o + BoooBs1o — B3ooBa1o] — 6B123)°™ is defined
n (6.5) according to the prescription (6.1) and the functions LSy, L$,, MG, are defined
n (6.17)—(6.19).

The equation for composite 3SQWL operator nggf (6.2) linearized in the 3-gluon ap-
proximation is the result of (7.24) and (C.13)

chonf 3a 2
30 U0) [ ey [+ i + B+ B B — 5 — B — 0

on 472

=9 =9 =9 =9
3 1 1
x (1;22 ~ g [m (’}g) <ﬁ2 - ﬂ> L (“g)]) +(143)+ (2 3)
01702 4m T02 To2  Tol T01702 K

- % / di (FmoBmo + Fa3oBaso + (1 ¢ 3) + (1 ¢ 2))

+ 2470;2 (3)(3 — 23 — 613 — 021)(B123 — 6)
270; /dmdm (L12 + LG+ LS — o BIL, + L9+ L23)) (Boas + Boos — 12)

_ ‘2)‘4”1 / diodi’y {(2Bo14 — Boor — Biaa) (Liy + Li; — 20%,) 4+ (1 < 3) + (1 +» 2)}
(?4@ drodry ({FoBoao~+ Fra0B14o+ (04> 4)}+(all 5 permutations 1++2+43)).  (8.5)

Here 0;; = 1, if 7; = 7; and 6;; = 0 otherwise; the functions Fyy and Fi49 are defined in (7.18)
and (7.19); Figo and Fhgo are defined in (7.25)(7.26).

The linearized equation for C-even composite 3QWL Green function is the consequence
of (7.38) and (C.13)

OB 3 3a (12
123 Sg s (M ) /dfb [(Bi‘,bcoonf + B;—;Oonf + B;E)%Onf _|_B;—1%0nf

on 472
_ B:;]coonf B;l%onf BECgonf)
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3 1 1
X < 21_2»2 asﬁ[ln(i()zl) <~2 _2> - 42132 ln(T};)D +H(1e3)+(263)
ToiToz 4™ To2/ \To2  Tol To1702 K

9a
— i /dmdr4 (L12 + LG+ LS, 54(Lf2 + LYy + L) ) Boss + Boos — 12)
902
- 6473 dry (FlOOBIOO + F2303230 + (1 <~ 3 1 — 2 )
27a
4 5-C(3)(3 — d23 — d13 — 021) By
~ i 4/dr0d7‘4 ({Fia0+(04+4)} B}y + (all 5 permutations 12+ 3)). (8.6)

The linearized equations for C-odd composite 3QWL Green function is the consequence
of (7.47) and (C.13)

aBﬁ%onf 3g 3a (,Uz) /dFO [(chonf i Bgzcoonf + BQOCOOnf + Bglcoonf

on  4x? 100
— B! — B - B
2 - 1 1 9 2
x <f;132 _ 3y [m <T021> (42 - ﬂ> — 2 (”22)]) 13+ (23
7’017°02 dm T02 To2  Tol 7"017"02 H
a2 ny . _ _ _
- 21 4 /dT’()dT‘4 {(23014 — By — B144) (L + LIz —2L3) + (1< 3) + (1 < 2)}
64 3 FlOOBlOO + F2303230 + (1 — 3) (1 — 2))
27a

+ 52 C(3)(3 — 023 — d13 — 021) By

9a
 64rt

/drodr4 (2FyByyy+{Fi40+ (0> 4)} Biyo+(all 5 permutations 14>2+4+3)) . (8.7)

From these expressions one can see that terms with L;;, L”, which comprise the BFKL
kernels, contribute only to the evolution of the C-even part of the Green function while
terms with Fp, LU, L contribute only to the evolution of the C-odd one.

The BK equatlon for the color dipole Bigg = 2tr(U; U2) in the 3-gluon approximation

reads (see (7.33))

8Bconf 30 30 2 .
12 g5 50 (47) [ sz + B B o)

on 272
y ( 7‘122 3a$5 [1 <F01> ( 1 1 > 7“122 | <r122>]> 2702 S (3)(B 6)
55 59 n S5 T S | TS n{ —= 122 —

7”0217"022 4m 7”022 7’022 7’021 7°0217’022 fi? 272

9 n 9oz

4 4/d7’0d7“4 (L12 52;[/ ) (BO44 + Boos — 12) i 4/d7“0d7“4 L12(BO44 — BO40)
a?ng

~ Topd /drodr4 {(2Bo1a — Boo1 — Biaa) — (2Bo24 — Boo2 — Baaa)} LY. (8.8)

As is clear from the last line, the evolution of the color dipole in the 3-gluon approximation
depends on the 3QWL operators which have nondipole structure. The BK equation for the
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C-even part of the color dipole operator Bjy, = 2tr(U; UQT) + 2t7“(U1TU2) — 6 in the 3-gluon
approximation is the same as in the 2-gluon one (BFKL)

83;—2020nf 3g 3ag (/.L2) /d (B+conf + B+conf B+conf)

87] - 27'(’2 100 220 122
X( —3“56{1%“21) (1—1) m(*?)])
ATy AT o3 77022 o1 021 T 2
9a ny 27a

At the same time the BK equation for the C-odd part of the color dipole operator Byy =
2tr(Uy U2T ) — QtT(UI Us) in the 3-gluon approximation reads

8B—conf 3o 2 B B

(}3)2772 = ;79; ) /dFO(choonf + By conf — Bisy"™) (8.10)
-9 2 Lo 5 )
T3 3as [ <7‘o1> ( 1 1 ) 5 ( 12)}) 9a2 /

“\Fapz ~ 7'8 In —5 =3 )~ Saaz | =5 drpdry L By,
<7"021 oy 4w o5 Toy  Tod T T [i2 ord 122044
2702 _ alnyg - B ) )

o2 (BB — o /drod” {(2Bo14 = Boor = Bias) — (2Bo2a — Booz = Baaa) } L.

This equation contains the nondipole 3QWL operators in its quark part.

The question how to choose the operator basis for the evolution equation is nontrivial.
We tried to find the basis with the minimal number of the operators. The part of the kernel
with one integration does not present a problem since all the operators in it can be reduced
to products of the 3QWLs B. Next, the quark contribution to the part of the kernel with 2
integrations can be reduced to one operator up to 3 permutations (8.1), (8.4). It is obviously
a minimal choice here. The corresponding gluon contribution depends on 3 operators up
to permutations (8.1), (8.4): ((UpU4'Us) - (U1Uy'Uy) - Us +tr (UpUs') (U1 UyTUs) - Us - Us +
(14 2)) = (0= 4)+ (0 < 4), (UoUsUs) - (hUp'Us) - Uz — (1 4> 2)) — (0 > 4), and
[(U0U4TU3) . (UQU()TUl) + (UonTUg) . (U3U4TU0)] - Uy. There are 3 operators of the first
type, 3 of the second type, and 12 ones of the third type.

The operators of the first and the second type are independent because of the different
symmetry w.r.t. (0 <> 4) and (i <> j) permutations, where i, j = 1,2,3. In the dipole limit
the part of the kernel containing the operators of the third type reduces to the antisym-
metric w.r.t. (0 <> 4) structure (6.23). If this part of the kernel could be expressed through
the operators of the first two types, it would reduce to the same operator in the dipole limit
as the part of the kernel containing the operators of the second type (6.24). Plainly, (6.23)
and (6.24) depend on different operators, which can not be expressed through each other.
There remains a question how many of the 12 third type operators are independent. In
fact they are not all independent. They obey identity (B.14), which ensures the UV-safety
of evolution equation (6.22) as we discussed above. Hence, we could rewrite the evolution
equation using only any 11 of the 12 third type operators. However, such rearrangement
makes the equation much more cumbersome and blurs its symmetry w.r.t. permutations.
Therefore we left all the 12 operators in the final formulae. Using identities (B.1)-(B.4)
with [ = 0,1,2,3,4 we were unable to express 11 third type operators via one another.
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Reduction of the number of the operators used in the evolution equation simplifies the
equation and helps to solve it. The best example of this fact is the LO equation for the
3QWL. By construction it contains several different operators [25]

OB123  as . 1 ;
oy 2r? /dT4 %(”(Ule;)B@s —3B13) + (1 < 2)+ (1 < 3)

Ta1T

+ {7742177422 (23;723 - (UngUl + U1U1U2> Uy U3) +(1o3)+ 2o 3)H .
41742

After application of identity (B.3) it turns into (3.2). The latter equation depends only

on products of B and has the closed form. In the NLO the reduction of the color struc-

tures helped to find the quasi-conformal form and simplified the equation, which will aid
numerical solution.

9 Conclusions

In this paper we constructed the NLO evolution equation for the “color triple” - three-quark
Wilson loop operator ei/j/h/aijthi,Ugj,Uélh,. As in the case of the color dipole evolution,
for the “rigid cutoff” ¥ < n of the Wilson lines the kernel of this equation has non-
conformal terms not related to renormalization. We have constructed the composite 3QWL
operator (6.2) obeying the NLO evolution equation with the quasi-conformal kernel. We
linearized the quasi-conformal equation in the 3-gluon approximation. It is worth noting
that our results have correct dipole limit in the case when the coordinates of the two lines
coincide. We also constructed the 3-gluon approximation of the BK equation and showed
that it contains non-dipole 3QWL operators (8.8), (8.10).

The 3QWL operator may have many phenomenological applications. First, it is a
natural SU(3) model for a baryon Green function in the Regge limit. Also, it is the
irreducible operator describing C-odd (odderon) exchange. For example as shown in the
appendix E, the odderon part of the quadrupole operator tr(UlUg UsU j:) in the 3-gluon
approximation in SU(3) can be decomposed into a sum of 3QWLs

3g . _ _ _ _ _ _ _ _
2757”(U1U2TU3U1) - QtT(U4U3J,rU2U1T) = Biyy+ Bsgyy — Bygs — Byyy + Bigy + Bysy — Bias — By

Moreover, even the NLO evolution equation for the dipole C-odd Green function in the
3-gluon approximation (8.10) in QCD can not be written without the introduction of the
3QWL operator.

The evolution equation for the C-odd part of the 3QWL operator is the generalization
of the BKP equation for odderon exchange to the saturation regime. However, it is valid
for the colorless object, i.e. for the function B, =B~ (73,75, 7%) , which vanishes as 75 =
7j = 7). The linear approximation of the equation for the C-odd part of the 3QWL should
be equivalent to the NLO BKP for odderon exchange acting in the space of such functions.
One may try to restore the full NLO BKP kernel from our result via the technique similar
to the one developed for the 2-point operators in [35].

The result for the evolution of the 3QWL operator was also presented in [30] (which
was put on arXiv the same day as our paper). As we mentioned above, both evolution
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kernels reproduce NLO BK in the dipole limit 7j — 7 and survive other checks. However,
the result of [30], as it is written, differs from our kernel since ref. [30] has much larger
basis of operators in the evolution equation, possibly because not all SU(3)-relations were
taken into account. For example, in the r.h.s. of eq. (4.25) in [30], in addition to our
basis, there are operators tr(UlUi)tr(U4Ug)U2 -Us - Uy, tr(UlUg)(UgUon) -Usz - Uy, and
Up-Us - (U4UJU1U1U2 + U2U1U1U3U4) which can be eliminated using our relations (B.6)—
(B.13). Since simplifying the kernel by reducing the number of basic operators was one of
the most tedious parts of our calculation, we believe that the detailed comparison to the
result of ref. [30] is beyond the scope of the present paper.
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A Notations

First, let us describe our notations. We introduce the light cone vectors nq, and ng
1
n1 = (1,0,0,1), ng= 5 (1,0,0,=1), nf =ny =nna =1 (A.1)

so that for any vector p we have

1 _
p*zp—zpn2=§(p°+p3)7 pr=p =pni =p° —p’, (A.2)
p=pni+p ne+pL, p*=2pTp —j?, (A.3)
pk=plk,=p k™ +p kT —pk=p.k_+p_ky — k. (A.4)

The index convention is a’ bg? = (ab)k.
Second, let us present the connection of our notation with the notation of [20]. In that
paper the quark and gluon coordinates were denoted z;. So we have to change

21234 < T1234, 25 < 0. (A.5)
Assuming this substitution for self-interaction we get

Il 22 1 214, 215 22
e P U VN SR G ) I 1) (A.6)
222 22 24 222,22, 22 22
45 15 45 45%14°15 15
For pairwise interaction we obtain

2
z
8H1 = 2j1245 In 754, (A7)
15
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2
8Hy = —2(Ji245 + J1254) In %7

15
2%4
8H3 = 2(J1245 — J1254) In 57,
215
z%4 2
8H4 = In 5 (2L — 2J1045 + 2J1254) -
215 245
or )
2
8(Hy + Hy) = 2LIn 24 — .
215 %45

Here L is defined as
8 2, 2I, 22

4
—2K - —(+ -+ =2Ln P+ (1e2)— — =8(Hs+ Hi+ 1 2).

245  R45 45 215 245

For triple interaction we have

1 z%4 1 2%4
H7; = Hs+ Hg = §j321451n7, Hg = Hs — He = — 5 J321541In —~.
22 2 25

B SU(3) identities
Here we present the list of SU(3) identities used in the paper.
Ui-U; - Uy, = (GU)) - (U;U) - (UpU)) = (U] U3 - (U] U) - (U Uy),
EijhEi/j/h/(Uﬁg(Ul)?/ = 2(UI)Z/, Up-Uyp - U3 = QtT(UIUg).

(A.8)
(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(B.1)
(B.2)

These identities follow from the definition of the group, namely from unitarity and the fact

that the determinant of U is 1.

1
(UgUIUl + U1U1U2> Uy - Uz = —Biaz + 5(31443324 + BossB31a — B34 Bo14).  (B.3)

This identity can be checked using (B.1) with [ = 4 and then expanding the product of

Levi-Civita symbols as

i si sH

AN 5l 51// 62

IR i’ J n
el]he (5‘7, (5]/ (5]/
i J h

op 0 Oy

The next one reads
0= [(UOU4TU3UOTU4) Uy Uy — Uy - Uy - Ustr (UOTU3> tr (UJUO)

+tr (UOUﬂ) <U2U0TU3 + UgUoTU2> Uy - Uy

(B.4)

+ (UOUJUQ) : (UgUOTU4) ~U1+<U0U4TU3> - (UQUOTU4) Ui+ (12)]+(4450). (B.5)

This identity relates the color structures in Gigsy, Gz and Gzpe. By 1 <> 2 3

transformation one can obtain 2 more identities and totally eliminate 3 color structures

from G12<3), G<1)23, and G1<2>3.

0=tr (UOTU2> (UOU4T Us + UsU,t Uo) U Uy
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- (UOU4T U3) : (U2U0T U4) Uy — (U3U4T UO) : (U4U0T U2> Uy

—tr (U1 (VU1 + UsUL 03 ) - Uy - U

+ (BUTRU ) - Uy - Uy + (Ui U4 s ) - T - Uy

- <U0U4TU3> : (UQUOTU1> Uy — (UlUOTUg) : (U3U4TU0) Uy

+ (UlUOTU4> : (UgU4T Ug) Uy + (U2U4TU3) ' (U4U0T U1> . (B.6)

This identity relates all color structures in Gz and two structures in Gyjg3). It goes
into 5 different identities after 1 <> 2 <+ 3 transformation, which allows one to get rid of 6
structures.

0 =tr (Uo'02) (Cols "0y + T U o) - Us - Uy
+ (Ut 02U U + 1T 02U U ) - U - U
—tr (UoU1) (110610 + UaU U1 ) - Us - U
~ (wuitty) - (vatituy) - Us = (DUt ) - (100 ) - U
~ (ntton) - (BUi0s) - U + (010410 - (U3l ) - U
+ (UQUJUl) - <U4U0*U3) Uy — (U2U4TU3) : (U4U0TU1) Up+ (4 0).  (B.7)

This identity relates 2 color structures in Gyjgy3 and a structure in Gyjg3). It also goes
into 5 different identities after 1 <> 2 <+ 3 transformation, which allows one to get rid of 6
structures.

0= [Up- Uy - Ustr (UOT U4) tr (U4T U3>
— (U4U0T ) (U1U4T Us + UsU,1 U1) Uy -Us + (UOU4T U1) - (UgUOT U4) Uy
+ (U1U4TUO) : <U4U0TU3) Us + (145 2)] — (4 ¢ 0). (B.8)

This identity relates 2 color structures in Gy;3)2, 2 color structures in Gy 3y and a structure
in Gyy3)- It goes into 2 different identities after 1 <+ 2 <+ 3 transformation, which allows
one to get rid of 3 more structures.

0= 2tr (U4UOT) (U2U4TU3 + U3U4TU2) Uy Uh
+ (Ut Uy + ULy ) - (U0 U + UsUo ) - Uy
+ (UOUJU2 - U2U4TU0) : (U?,UoT Uy — Ut U3) Uy
+ (U0U4TU3 - U3U4TU0) : (UQUOTUl - UonTUg) Up—(4<0).  (BY)

This identity relates 3 color structures in Gy3z) and a color structure in Gygzy. It goes
into 2 different identities after 1 <> 2 <+ 3 transformation, which allows one to get rid of 3
more structures.
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All these identities (B.5)—(B.9) can be checked using (B.1) with [ = 1 and then ex-
panding the product of Levi-Civita symbols via (B.4).

0 = 26r(UptU3) (U1U4T Ug) Uy - Uy — (U1U4T Ug) : (UgUoT U4) Uy
- (U1U4TU2) : (U4U0TU3) Uy —2 (U1U4TU2) Us - Uy

- (U1U4TU2U0TU3) Uy - Uy — (UgUOTU1U4TU2) Up-Us+ (16 2). (B.10)
This identity can be proved directly using (B.3).

0= 2tr (UOTU4) <U1U4TU2> Uy Us — tr (UOTU1> <U0U4TU2 + U2U4TUO) Uy - Uy

+ (Ut - (U6 0s) - U + (U0t ) - (U2l ) - U

+ (Ud) - (B0 02) - U + (0104100 ) - (U410 ) - U

— (U0, - (VU UL + U3 U3 ) - U

- (U1U4TU2U0TU4) Uy -Us — (U4U0TU1U4TU2) Uy -Us+ (16 2). (B.11)

= tr (') (Dol 0y + UL ) - U - Uy = 2 (LU0 + ol U7 ) - U - U

+ Uy - Us - Ustr (Uot0hUL U ) + Uy - Us - Ut (U0 020 101 )

(U1U4TU2UOTU3> Uo- Uy — (U;J)UOTUQUZLT Uy) Uy - Uy

(v

)

(U1U4TU2U0TU4> U - Ug—(U4U0TU2U4TU1) U - Us

- (UOU4T U1> : (UQUOT Ug) Uy — (U1U4T Uo) (U3U0T UQ)
(

- (U0U4T U1> : (UQUOT U4> Us — (U1U4TUO) U4U0TU2) (B.12)

~
<

(viftn) (V2UtUs + Ui ) - U - Us
+ (UoUtth) - (Ustio'0) - Us + (0104100 - (Ul Us) - U

+ (UQUOTUlUJUO) Us - Uy — (U4U0TU2U4TU1) Up-Us — (145 2,0 > 4). (B.13)

These identities (B.11)—(B.13) also can be checked using (B.1) with [ = 3 and then ex-
panding the product of Levi-Civita symbols via (B.4).

0= (UZU4T Us — UpUyt U2) : (U;),UOT Uy — U1 Uyt U3) Uy
+ (U3U4T Us — UsU,t U3> : (U4U0TU1 — U U U4) Uy
+ (UlUgTUQ - UgUOTUl) - (Ug,ULJU0 - U0U4TU3) Us + (0 45 4). (B.14)
It can be proved using (B.1) with [ = 4 and (B.4).

0= (hUo'Uy + UsUp'UY) - Uy - Us
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+ 2(U3U0TU4 + U4U[)TU3) U - Uy —Up - Uy - UgtT(UOTU4)
+ 3(U3U0TU1 + UlUOTUg) Uy Uy —3U71 - Uy - U4t’l“(U0TU3) + (1 > 2). (B.15)

This identity is necessary for calculation of the quark contribution. It can be proved
using (B.1) with [ = 2 and (B.4).

C Construction of conformal 4-point operator

Here we derive the evolution equation for the operator

1
<<U2U1U1+U1U1U2> Uy - U3—23123> = (— 33123—&-5(3144B3z4+32443314—B344B214)

(C.1)
So one has to find the evolution of the operator <U1U1U2> - Uy - Us first. It reads

8(1]1()102) ~Uy - Us a. 4 1 1 1 2
_ T Uy - U s = > - 4+ - 4 - 4 =
an - ([1l4[2) s < 272 32> /dzo (*2 2 *2>

-5 [(rriers) -t (vt veou] [
- (et v vk o) [ G
_% (UlUth ) - (t°Us) + (U1U1U2t6>‘U4'(U3tc)] / df0(§2§::3§)
20" 30

- % [(rravien) - wv) + (UltCUiUz) - (Uat?)
- (ronufeens) v - (vwerevins) v / iy 2222%
_ % [(UlthCUz) (UL + (UIUTU2tC) : (U4tc)}
- (nfeeres) - vs - (vwevivae) v / dry 712373‘3

20740

- % [<U1U1U2> - (tUs) - (t°Us) + (U1U4U2> - (Ugt®) - (Ust®)

- (U@It%) Uy - (t°U3) — (UltCUIUQ) Uy (Ugtc)} / dr 0(7;332;43)

30740
dri
+— [<U1U4tCU2> -(tCU4)-U3+<U1tCU1U2) -(U4tc)-U3] / el
T'40
o ) (UlUIUg) (tUT) - Us (UlththUz) Uy Us
™ To4 To4

(ronv]vs) -vi-vs  (0UfteUstt) Uy Us - (000[0,) - Uy - (03t
=2 + =2 + =2
To1 To2 703

_|_
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Oé 7” Z
+55 / ﬁj’ “22 ((nulevs) - Uy - Ust) + (010f0) - U - (£T3))
T03702

—’22

+ % [a / (o1 %02) ((nt'vfeevs) - vs - vy + (etrUfvat?) - Us - )
To1T02

Oé T‘ Z
+55 / (T01%03) 17 Ulth4U2> Uy - (t°U3) + (tCUlU;[UQ) -U4-(U3td))
T01703

—’2 2
To4T01

- (wtule UQ) Us — (000, ) - Uy - Uy )

2 / (T04%01) U thTUz) (t°Uy) - Us + <t0U1U1U2> (Ut - Us

as (704%02) trrod) , trerr N r7gdy
+7T2/d e Ul (<U1U4Ugt> (t°U) U3+<U1U4t UQ) (U?) - Us

- (UlUTt U2t> Us-Us — (Unt'U}t°0) - Uy - Us)

T Z
+ /d 7 f;‘f,j’ UlUjUQ) (t°Uy) - (Ust?) + (UlUlUg) (Ut - (1°U3)
T04703

_ (UlUTt U2> Uy - (Ustd) — (UlthiU2)~U4-(tCU3))

- 7T2/deo ((Ulthle) (t°Uy) - Uz + (UlUltCUQ) - (U4td)-U3). (C.2)

Using (B.3) and (B.10)—(B.12) after the convolution one gets

0

zm«%@“+“@%)mf%2&@—£ffm

AL WU T . TN
<A34_»2_,2 +A13ﬂ+A2 _»2 2 +A _»2_;2 +A 4595 59 _»2 +A1 ~9 > 2> (03)
03704 T03T01 T03702 T01T04 T02T04 01702

Here
Ay = —2 (LUJUL + TWUJT) - Uy - Us + (UsUJUL + UAULUR ) - Us - U
+ (UsULU2+ UaULUs) - Uy - Uy + (U203 O+ D00 0) - (Us U U+ Ua U ) U
- (UgUﬂUo) : (UgUOTUl) Uy — (U0U4TU2) : (UonTUg,) Uy
- (UOU4T U1> : (U2U0T U3> Uy — (U1U4TU0) . (UgUOTU2> UL (C.4)
Ay = (UoUs0s) - (UTt0s ) - U + (a0 ) - (U007 ) - U
+ (U UL s ) - Uy - Uy + (DU T U ) - Uy - U
=2 (WU Us + UsU U1 ) - Uy - Us = (UsU4 10y + UoU4105 ) - U - U
- (UlUJUQ + U2U4TU1) Us - Uy +4U; - Us - Us,. (C.5)
Av = [tr (Uo'00) (020410 + UoUA 0 ) + tr (U300 ) (01000 + a1 ) | - U - U

+ (aUdh) - (' tn ) - Us + (U0t ) - (U1 ) - U
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—2U, - Uy - Ustr (U4TU1) U, - Uy - Us — 4 (U1U4TU2 n U2U4TU1) Us-U,
+ (U4U0T LUy UQ) Uy Us + (U2U4T UonTU4) Uy - Us. (C.6)
Apy = —2 (UlUOTU2 ¥ UQUOTU1> Us- Uy — tr (U4TU0> (UlUOTU2 + UQUOTUl) Us - Uy

F AU, - Uy - Us + 2Us - Uy - Ustr (U4T U1> 22U, - Uy - Ustr (U4TU2)

— Uy Us- Uy (tr (UOTU1U4TU2> +tr (UOTUQUJUl)) . (C.7)
Aoz = Aislriom, Ao = Auli o
Our prescription for the composite conformal operators reads [19] (see also ref. [34])
100
oM =0+ =221 3 3 , C.9
200 | ey g (s )

where a is an arbitrary constant. Thus

10B
B33 = Bias + B 611723

=9 2
g3 . 7 ar
= Bjiog + ) /dro [_'21_2’2 In (_'2£22>
n To1702 To1702

1
X <— 3123+(31003320+32003310—33003210)>+(1<—>3)+(2<—>3) . (C.10)

6

conf
1
< — 38123 + 5(31443324 + B2yyB314 — 33443214)>

1
= ( — 3B123 + 5(31443324 + BoyyB314 — B344B214))

10 1
+ 54— < — 3B123 + 5 (B144B324 + B4 B314 — 33443214)> 2 - <2 .
20n 2 ity _gan, 1n( Fg"p)
1
= ( — 3B123 + 5(31443324 + BoyuB314 — B344B214))
9 9 ") ") . .
(6% 5 T Ta4Q T T1aQ@ T Toal
v o /dro (A34 T, <4§{2> A (q;i2> B <§i’;2>
Q T03T04 T03704 T03701 T03701 T03702 T03T02
. . 9 . -2 .
Iz m2a 7 a Iz a
© AL (ﬁ;g) A=y (ﬂ?{?) A2 1 (4;{2 )) e
T01"04 T01"04 T02%04 T02%04 T01702 T01702
In the 3-gluon approximation
1
— 3B123 + 5(31443324 + B4 B314 — B344B214)
3
£ 3(—Bi23 + Biaa + Boy + Bosy + B3yy — Bagy — Boyg — 6). (C.12)
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Therefore

1 conf
< — 38123 + 5(31443324 + BoyyB314 — B344Bz14)>
3
£ 3(—Bi2s + Bi44a + Bsoa + Baas + Bs1a — B3ga — Baig — 6)
30
+ 5877(—3123 + Biaa + B3gq + Boys + B34 — B3gg — Bajg — 6)

_ conf conf conf conf conf conf conf
=3(—Bi3s + By + B33y + Bsgy + Bsii — Bsgy — B3iy — 6) (C.13)
D Integrals
Here we describe the calculation of integral (6.21). It reads
/dﬁZm = Jlg — (1 — 3) (Dl)
Here
122 . P i 0227142
JlQZW dry 559 5999 In{ = 5= 9
87rp1°7T02 ToaTsa  ToiT2a T04°T12
- - 25 9 — 9 - 25 9
o1 7027734 1 T03°T12
+ — g—» 21n<—»0 2—»3 2>+—» 23—» 2111(_,032_, 2>:| (D2)
704714 703724 714734 7027713

Since the integral is conformally invariant, one can set 7y = 0 and make the inversion, then
calculate the integral and then again make the inversion and restore 7.

o = 2 =2 =2 2 2= 2
7o=0 T12 d r3 r2 1 r2°T14
J12 — w T4 ) I 2= 92 1 -9
871779 T4°T34 T4°To4

7427192
22 222 2 > 2 222 2
1 727734 713 37712
T oo | T oo s 52
T4°T14 737724 7147734 T2°T13
2 > 2 > 2 > 2 > 2
inversion T 1 1 T14 1 T34 13 T12
—>ﬁdm_,2—_,2111_,2+_,21n_,2+_,2_,21n_,2.(D.3)
8 T34°  T24 12 14 24 T14°T34 ™3
Using the integrals from appendix A in [36] we have
2 22
r T
J12 — —Wﬁ ln2 <_}§)’> . (D.4)
8 5
After inversion and restoring of iy we get
> 2 2 22 2
12 7127730
J12: — == 5= 21112 = 55 9 |- (D5)
87017702 T13°T20

Therefore

dry 732 o ( T32°T10 712 o9 { T12°T30
7212: > 9= 21n > 9= 9 - > 9= an > 95 9 .
™ 8r03°T02 T'13°T20 8701702 T13%T20
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Now we will integrate Fipo (7.20) w.r.t. 4. Again we set 7y = 0, do inversion, and calculate
the integral in the d = 2+ 2¢ dimensional space using the integrals from appendix A in [36]

d2+267"14 7’342 7“%3 + 7“%3 — T%Q 1
= ~ +1n(r? O (e). D.7
/ T (1 — €) r1a2r242 2, <6 +1n (7‘12)> +0(¢) (D.7)

and

We get
dry dry 7‘122 7142 T932712> 7142793>
/F100+ (24 3)— In 5 |+ 3 2ln 53
r12 2r14°r94 T12°T24
2, 2 2,. 2 2 2, 2 2 2. 4. 2
r13°T12 T13°7T24 13 r13°724 93 793724734
5 5 n 5. 3) 3 2 + 5 In g
T14°7T24 7124714 24 T14 2194 T14

2 2. 2 2. 2 2. 6 2 4
93 T94%T'34 T34°T12 T94°T34 712 T34
+ 2ln 55 | — 5 2ln s | — 2ln 53 +(2+3)
2r14 T14°T23 2114°124 712°T14 2r14 T12°T14

(D.8)

a2 [ 3(riz® —r12?)  rag?\ . 5 (7122 3(ri2® —ri3?) s\, o (113>

— - In“ | —= | + - In® [ —

4 2 7"232 4 2 T232

3 7“122 3
+ <47“232 —r1a? — 7“132> In? <r13 + 51231 (r12%,r13%, 723°) - (D.9)
Here

Siaz = r1at + i3t + a3t — 2r13%r107 — 29321192 — 271371032 (D.10)

is the Cayley-Menger determinant proportional to the squared area of the triangle with
the corners at r = r1 23, and

1 dr a(l —z) + bz
(a b, C) / 1—x +b:r—0x(1_x) ln< Cx(l—x) ) (D.ll)
dridxadrsd(l — x1 — 9 — x3)
/ / / (azq1 + bxra + cx3)(x122 + T123 + T273) (D.12)
- / dw/ a2 1 : (D.13)
o Jo " ex(l-2)z+ (b(1 - 2) +az)(l - 2)

is a symmetric function w.r.t. interchange of its arguments, defined in [37]. Performing

inversion and restoring rg, we get

dry 373> 122 132 5 [ To3?T12>
7F100+2<—>3) eavENC RN e R =l Ll =N
4r2°703 701702 701703 T02°713

S 9 S 9 S 9 L 95 9

n 3rig”  3rgt T3 12 (0213

AT01%T02% 470127032 27022 7“032 70127232

. 2

n ( 313> 3t Ta3? >ln2 <T03 12 )
470127032 AT01%702% 270227032 7012732

S 9 S 9 S 9
3 T12 713 T3
+75123I > 95 99 5 95 99 5 9 9
2 T01°T02° T01°T03~ T02°T03
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S 9o 9 o 2o 2 S92 2 o 2o 9

To2"T13" To2”7T13 . T03"T12” To3°T12 .

+X | 25595955 )00M0) + X | =555, 235273 ) 6(730)
T03%T12% " To1%723 70277132 To12723

- R

T01° 723" To1°723 =

+Y<_, 5 3 = o= 2>5(7’10). (D.14)
T03°T12° T02°7T13

Here
- S 4 S g S 95 9 S 9o 9 S 9. 9
g ( 712 713 T93 2113112 2793112 2r13%T23 >
123 = | 5= g S5 1T 5 IS 55 5 S5 95 1o 5 S 5o 5o
Fo14702%  To147ost  ToetTost  To1%T02%T03®  To12T02%T03%  To12T022703*
(D15)

and we added the delta-functional contributions, which may be lost via inversion. Thanks
to conformal invariance of the integral such contributions may depend only on conformally
invariant ratios. We can find the values of the unknown functions X and Y at 7 = 73,75 =
7,71 = 73. Using (7.9) we have

[ R+ @ 3l = 16 [ TG = 247¢(3)[0(7i0) — (0)
=2X (1,00) 8(720) + Y (0,0) 6 (710) - (D.16)

Therefore
X (1,00) = =127¢ (3), Y (0,0) = 247((3) (D.17)

/ TP+ (2 3l = —4 [ TELG = —6nC(3)0(70) — 87
= X (0,0)6(70) + (Y (1,00) + X (00,1))d (¥10).  (D.18)

Here again we used (7.9). Therefore

X (0,0) =67¢(3), Y (1,00)+ X (00,1) = —67((3). (D.19)
If 75 # 753,79 # 71,71 # 73 then the arguments of X and Y are fixed by the integration
w.r.t. 7o
x (Mo Tis” Mo 8(720) = X (0,0) 8(a0) = 67C (3) (720) (D.20)
70327122 701%73> 200 ’ 200 200 '
y (o7 Tor 7o 8 (710) = Y (0,0) 6 (Fr0) = 247¢(3)6 (7o) (D.21)
70327122 70277137 e 1) = o '

As a result, one can write
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S 9 S 9 S 9
35 T12 713 T93

+75123I > 95 99 5 95 99 5 95 9o
2 T01°T02° T01°T03° 702
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+67¢ (3) (6(720) + 0(730)) + 247¢(3)d (710)
— 36mC (3) 6250 (7)) — 367 (3) (15 +012)3 (7o) +727C(3)5130128 (Fro) . (D.22)

Here 0;; = 1, if 7; = 7; and J;; = 0 otherwise. The last term is added since the total
contribution at 7, = 75 = 3 is 0.
Now we will integrate Fhzg (7.21) w.r.t. 4. Again we set 75 = 0, do inversion, and

calculate the integral in the d-dimensional space using the integrals from appendix A in [36]
and (D.7). We get

dry diry [ r3stris? 71427345 192 71227348
/F230+ (24 3)— 55 In 5|t 5 In 6
T\ 27147724 T94°T12 2r14 T14%T24
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192 14 T23°T12 r14°T23 T13°T12 7137724
5 In 5]~ 5.3 2.2 )~ 53 n 2. 2
2y T12 T14°T24 T12%T24 2114°T24 T12°T14
2 2. 2 2 2. 2 2 4, 2
793 79247734 13 r13°T24 93 793724
- —%1In s | + 5 In 1 — 5 In )+ (@2<3)
T14 714723 2194 714 2194 714734
2 2 2 2 2 2
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4 T93 4 23

2 2 2
r12° + 713 3 o9\, 2(T12 3 2 2 9
+ (2 i >1n ) 551231 (r12%,r13°,m23%) - (D.23)

Again, inverting and restoring ro we have
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Again, we can find the values of X and Y putting 7 = 3,7 = 7,7 = 73 in this equation.
Indeed via (7.9) we have,

/de%o + (2 ¢ 3)|p=r; = —8/ dr4L12 = —127((3)[6(710) — 6(7™20)]
= 2X (1,00) 8(20) + Y (0,0) 6 (o) - (D.25)

Therefore
X (1,00) = 67C (3), Y (0,0) = —12m¢(3). (D.26)

48 —



Using (7.9) again, we get

/ o 4 (265 3)y s = 8 / D5 19m¢(3)[5(70) — 3(70)]

= X (0,0)0(730) + (X (00,1) + ¥ (1,00)) 6 (Fi) .~ (D:27)

Therefore
X (0,0) = —127¢ (3), Y (1,00) + X (00,1) = 121((3). (D.28)
If 75 # 753,79 # 71,71 # 73 then the arguments of X and Y are fixed by the integration
w.r.t. 7o
X <7f’?2?f}3z, f”zﬁli) §(70) = X (0,0) 8(7a0) = —127¢ (3) 6(a0), (D.29)
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Finally,
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Now we will integrate (7.19) and prove equality (7.46). Again we set 7y = 0, do inversion,
and calculate the integral in the d-dimensional space using the integrals from appendix A
in [36] and (D.7). We get
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Inverting and restoring 7, we get

dr) 1 7:'2 772 7:,27_1,2
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This integral has no delta functional contributions since it equals 0 at 71 = 7,7 = 73,73 =
Ta.

E Decomposition of C-odd quadrupole operator

Here we demonstrate that the C-odd part of the quadrupole operator tr(U; Ug UsU 1) in the
3-gluon approximation in SU(3) can be decomposed into a sum of 3QWLs. Indeed

26r (U UJUUY) = (U1 = Ua)(Uf — U3) (Us = U) ) - U - U

— Biss + Ba33 + Biaa — Boaa + Bsaa + Biga — 6

% (U~ Us)(Ua—Us3)(Us—~Uy) - E - E— Bisy+ Bags+ Biaa— Baaa+ Baaa+ Biza—6. (E.1)
Therefore

3 _ _ _ _ _ _
QtT(UlUgUSUD - 2’57"((]4U3J<rU2U1T) = —Bi33 + Bygs + Biyy — Byyy + Bayy + Bigy
— (U1 = Up)(Uz — U3)(Us — Us) + (U3 — Uy) (U — Us)(Uy — U2)) - E- E

3 _ _ _ _ _ _
= —Bigs + Bags + Biay — Boy + Bayy + Biay = 2(Ui = Ua) - (U2 = Us) - (Us — Us)

3g _ _ _ _ _ _
= —Bi33 + Bysg + Biyy — Byyy + Byyy + Bioy

— (U1 = U) - (U2 = Us) - (Us = Ua) + (U] = U) - (U] = U3) - (U3 — U)

= Biyy + Bggo — Byzg — Byyy + By + Bysy — Biaz — Bigy. (E.2)
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