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THE FORMAL LAPLACE-BOREL TRANSFORM OF FLIESS
OPERATORS AND THE COMPOSITION PRODUCT

YAQIN LT AND W. STEVEN GRAY
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The formal Laplace-Borel transform of an analytic integral operator, known as a Fliess
operator, is defined and developed. Then, in conjunction with the composition product
over formal power series, the formal Laplace-Borel transform is shown to provide an iso-
morphism between the semigroup of all Fliess operators under operator composition and
the semigroup of all locally convergent formal power series under the composition prod-
uct. Finally, the formal Laplace-Borel transform is applied in a systems theory setting
to explicitly derive the relationship between the formal Laplace transform of the input
and output functions of a Fliess operator. This gives a compact interpretation of the op-
erational calculus of Fliess for computing the output response of an analytic nonlinear
system.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Let u: R — R be a function which is real analytic at a point ¢, € R. Its Taylor series ex-
pansion is denoted by

ut) = S culm LB (L.1)
n=0

n!

Within its radius of convergence, u is completely characterized by the sequence of coeffi-
cients {c,(n)},—o. From this, one can construct a formal power series representation of u
by introducing an abstract symbol set Xy = {x(}, namely,

[

Cu= Z cu(n)xg. (1.2)

n=0

The formal Laplace transform in this setting is the mapping

Lriu—c, (1.3)
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2 The formal Laplace-Borel transform of Fliess operators

Its inverse is the formal Borel transform. When u is entire, its one-sided integral Laplace
transform is often well defined. Setting ty = 0, it can be written in the form

Llul(s): = Loo u(t)e s'dt = Z cu(n) LDO ;—r;e_“dt

. "0 (1.4)
=s! Z Cu(”)(sil)n)
n=0
using the Laplace transformation pair
t" in!(s*)”ﬂ, n=0. (1.5)
Clearly, the two transforms £ and & are related via
Llul(s) = xoL s [u] lxg—s1 - (1.6)

An alternative notion of the formal Laplace-Borel transform appears in [23] as a mapping
between two formal power series.

The formal Laplace-Borel transform was first used by Fliess et al. for nonlinear sys-
tems analysis in [6-8, 12, 19]. A related approach was later given by Minh in [22]. In each
instance, an algebraic representation of an analytic function was used to produce a type
of operational calculus for computing the output responses of a nonlinear system given
various analytic input functions. In [9-11] Fliess also applied the formal Laplace-Borel
transform via a tensor product to examine some classical problems regarding transfer
matrix representations of linear time-varying systems and generalized state space systems.
Later in [3], Delaleau and Rudolph characterized the properness of linear time-varying
systems using this approach. In [18], Hautus used the formal Laplace-Borel transform to
characterize the invertibility properties of so-called smooth linear systems. More recently,
in [2] it was applied to obtain conditions for well-posedness of the input-output mapping
for several classes of boundary control systems. The formal Laplace-Borel transform ap-
plied in the analysis of linear systems, as with the analysis of input and output functions,
mostly involves formal power series over a single-letter alphabet, and thus is commuta-
tive in nature. What is absent in the nonlinear systems literature is an explicit notion of
computing the formal Laplace-Borel transform of an input-output operator, an idea that
is familiar and useful in linear systems theory. In this setting, noncommutative formal
power series arise as a natural generalization.

The main purpose of this paper is to define the formal Laplace-Borel transform of
a class of analytic input-output operators using noncommutative formal power series,
and then to show how this notion can provide an alternative interpretation of the op-
erational calculus of Fliess when combined with the composition product of two formal
power series [4, 5, 13-16, 20]. The specific class of operators considered is known as
Fliess operators. Let X = {x0,X1,...,%n} denote an arbitrary alphabet of noncommutative
letters, and X* the set of all words over X, including the empty word &. For each ¢ in
the set of all formal power series R¢((X)), one can formally associate a corresponding
m-input, £-output operator F, in the following manner. Let p > 1 and a < b be given.
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For a measurable function u: [a,b] — R™, define [lull, = max{||ul,: 1 < i< m}, where
llz1;ll , is the usual L,-norm for a measurable real-valued function, u;, defined on [a,b]
when p € [1,00), and [|uillco = sup, ¢, {|ui(£)[ : 1 <i < m}. For any fixed p € [1, 0], let
Ly [a,b] denote the set of all measurable functions defined on [a,b] having a finite || - ||,
norm and B;”(R)[a,b] ={ue Lg‘[a,b] :lull, < R}. With £, T € R fixed, and T >0, de-
fine inductively for each n = x;5" € X* the mapping E,, : L' [to,to + T'| — “6[to,to + T] by

t

E,ul (t,t0) :=f wi(1)Ey [u] (7, 10) d, (1.7)

to

where Eg = 1 and uy = 1. The input-output operator corresponding to c¢ is the Fliess
operator

Eclul(t):= D (e,mEy[ul(tto). (1.8)

nex*

All Volterra operators with analytic kernels, for example, are Fliess operators. When there
exist real numbers K, M > 0 such that

| (c,n)| :=max{|(c,n)j] :0=<j=<¢} < KMy, (1.9)

the formal power series c is said to be locally convergent. (Here |y| denotes the num-
ber of symbols in # € X*.) The subset of all locally convergent series is denoted by
[R]‘:C((X YY. When c € [Rfc((X )), it is known that F. constitutes a well-defined opera-
tor from B;"(R) [to,to + T] into Bg(S) [to, to + T for sufficiently small R,S, T > 0, where the
numbers p,q € [1, 0] are conjugate exponents, that is, 1/p+1/g = 1 with (1, ) being a
conjugate pair by convention [17]. Therefore, the specific operator class of interest in this
paper is the set of Fliess operators F := {F.:c € [Rfd (X))}. When € = m, this set forms a
semigroup under operator composition, as does the set Rf(-((X)) under the composition
product [4, 20]. It will be shown here that the formal Laplace-Borel transform provides
an isomorphism between these two semigroups.

The paper is organized as follows. In Section 2, the notion of a formal Laplace-Borel
transform of a Fliess operator is defined. Then its basic properties are developed and a set
of examples is given. In Section 3, the composition product is introduced and its relation-
ship to the formal Laplace-Borel transform is described. Using the concepts developed in
Section 3, the formal Laplace-Borel transform is shown to provide a compact interpreta-
tion of the operational calculus of Fliess in Section 4. Examples are given to illustrate the
computation of the output response of an analytic system. Section 5 concludes the paper
with a brief summary of the main results.

2. The formal Laplace-Borel transform of a Fliess operator

Consider a causal linear integral operator

Y1) = Lt h(t - Tyu(e)dr, @.1)
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where the kernel function, , is analytic at t = 0. The operator is completely characterized
by the Laplace transform of the kernel function, namely, H(s) := £[h](s) = > o0 cn(k)s7%,
when it exists. Therefore, the usual definition (1.3) of the formal Laplace-Borel transform
over a single symbol applies directly to this case. In the more general context of Fliess
operators, a generalization is required. The following preliminaries are needed to ensure
the new definition is well-posed.

THEOREM 2.1 [24, Corollary 2.2.4]. Suppose ¢,d € [RfCHX)). IfF. = Fq on B%(1)[to, to +
T] for some finite T >0, then ¢ = d.

Given the nested nature of the set of spaces L, [fo,ty + T'] for p = 1,2,..., 00, the follow-
ing result is immediate.

CoROLLARY 2.2. Suppose ¢,d € [R]‘:C((X)). IfF. =F; on B;”(R)[to,to + T1] for some p €
{1,2,...,00} and real numbers R,'T >0, then ¢ = d.

In light of this uniqueness property, there exists a one-to-one mapping between the set
of well-defined Fliess operators, &, and the set of locally convergent formal power series,
R ((X)). This guarantees that the following definition is well-posed.

Definition 2.3. Let X = {x0,X1,...,Xm}. The formal Laplace transform is defined as

Ly F— Ric((X))

2.2
:F.—c. (22)
The corresponding inverse transform, the formal Borel transform, is
By :Ric((X) — F
R ((X)) (2.3)

:c— F..

Note that when m = 0, this definition is consistent with that given in (1.3) in the sense
that a fixed function u can be represented as the constant operator F,,, that is, u = F,, [v]
forall v € BJ'(R)[to, o+ T] and FLrlul = c, = Lf[F,].

It is next shown that many of the familiar properties of the integral Laplace transform
also have counterparts in the present context. To facilitate the analysis, two concepts are
needed.

Definition 2.4. For any x; € X, the left-shift operator, x; ' : RE((X)) — R((X)), is defined
as

o) =D (emx (), (2.4)

nex*
where

nin=xn, n eX*
xi'(n) = . (2.5)
0: otherwise.
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Definition 2.5. A Dirac series, §;, is a generalized series with the defining property that
Fs.[u] = u;(t) forany 1 <i <m.

The main result concerning elementary properties of the formal Laplace-Borel trans-
form is stated below.

THEOREM 2.6. Given any ¢,d € [R{fCHX )) and scalars o, 3 € R, the following identities
hold.
(1) Linearity:

gf[OCFC +/3Fd] = (xﬁfff [FC] +ﬁ$f [Fd],

2.6
RBrlac+pd] = aBslc] +BBy[d]. (2.6)
(2) Integration:
L[I"F,] = xlc,
! ’ 2.7)
RBslxgc] =I"F.,
where I"(-) is the nth order integration operator so that
t rT) Tn-1
PELO = | || Rl @) dradn, (2.8)
0Jo 0
(3) Differentiation:
Lf[DF.] =x5"(c)+ > 8iLli(x;7(c)),
oo (2.9)
B [xol(c) + Z(?,-u_l(xil(c))} = DF..
i=1
If xtl is a left factor of ¢, that is, ¢ = x}ic’ for some ¢’ € RE((X)), then
L+ D"F,.| = x;"(c),
f[ ] 0 (2.10)

Bylx"(c)] = D"F,,

where D"(-) is the nth-order differentiation operator so that D"F.[u](t) = d"F.[u](t)/
dt", and LU denotes the shuffle product (see, e.g., [21]).
(4) Multiplication:

ipf[Fc . Fd] = c.cff[Fc]I_l_Iin[Fd],

(2.11)

%f[cu_wl] = %f[c] . %f[d].
Proof. The properties of linearity and integration are trivial. The multiplication property
follows from results in the literature concerning the shuffle product [22, 24]. Only the
differentiation property remains to be justified. It is shown in [24] that the derivative of
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a Fliess operator is

& Eul(0) = Fgi [0 + S (OF 1o [u] () (212)

i=1

Applying the formal Laplace transform to this equality gives the first pair of equations
in part (3). Now if xo is a left factor of ¢, then Fy1(o[u](¢) = 0 for i = 1,2,...,m. In this
case, dF [u](t)/dt = Fy-1([u](t). Proceeding inductively, the second pair of equations
follows. O

The following definition is utilized in the examples which follow.

Definition 2.7 [1]. Let ¢ € R{{X)) be proper (i.e., (c,@) = 0). Then the star operator
applied to ¢ is defined as

cti=>c"=(1-0)7), (2.13)

n=0
where ¢" denotes the catenation power.

Observe that when c¢ is not proper, it is always possible to write ¢ = (¢, @)(1 —¢’). In
which case, there exists a ¢! € R{{X)) such that under the catenation product cc™! = 1
and ¢ !¢ = 1. Specifically,

¢! !

“ oy E

%) (). (2.14)

Example 2.8. Let X = {x,x1,x2} and F.[u](¢) = exp(fot u1(t)+uy(t)dt). Observe that F.[u]
can be expanded as

n

Folul(t) = %%(ﬂulm +un(t)dt)

T1

=> It[ul(ﬁ) +uy (1) ] Jo [u1(12) +uz(12) ] (2.15)

n=0

x - J " w1 (1) + 1z (1) |y - - - dradry.

0

Therefore,

ng[FC] = Z (X1+X2)n = (x1+x2)*. (2.16)

n=0

This result can be viewed as an operator generalization of the integral transform pair

e (1—s)L, (2.17)

Other formal Laplace-Borel transform pairs are given in Table 2.1. (See [24, Example
2.3.9] for additional discussion related to this example.)
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Table 2.1. Some formal Laplace-Borel transform pairs.

c éff[FC]
Fo:iu—1 1
F :u—t" nlxg
n—1 ( i ) o
pone (5 Gl s
-0 b
1< !
Foiu— ;(J Zuij(r)dr> (i + 2, + - +x,)"
. to i_
j=1
a tE !
Ferur— Z_Y;(J’ Z“ij(T)dT) D an(xy +xi, - +x5,)
n=0 T \Jio ;5 n=0
t k
Fc:u—»exp< Zuij(r)d1> (xi1+xi2+...+xik)*
t0 i
t k t k
X H X+ X
Ff:u»—»J Zuij(r)drexp(J Zuij(r)dr) i T Xi i .
f0 j=1 foj=1 [1- (i 42+ +x,)]

t k
F.:u+— cos (J Z uj, (T)dT) !

2
00 T+ (xi +xi,+ 0 +x;)

t k
. Xip tXp 00X
FCZMMSIH(J Zuij(T)dT) il i ik .
iy T+ (x; +x, + - +x;)

Example 2.9. Let X = {x0,X1,...,Xm}. Suppose F. has the generating series ¢ = qux* 1,
and F is given for some fixed word £ € X*. Then

Lf[F. - Fe] = Ly [F]luLf[Fe] = cL1iE

_ z (;) ” (2.18)

veX*
where (z) denotes the number of subwords of ¥ which are equal to & (see [21, page 127]).

3. The formal Laplace-Borel transform and the composition product

In this section, the formal Laplace-Borel transform of the composition of two Fliess op-
erators is considered. This leads to an important semigroup isomorphism between the
set of all Fliess operators and the set of all locally convergent formal power series with
compatible dimensions. In system theory applications, this analysis is useful for models
consisting of cascaded nonlinear input-output systems. The definition of the composition
product first appeared in [4, 5]. Its set of known properties was significantly expanded in
[13-17, 20]. The definition is constructed recursively in terms of the shuffle product.
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Definition 3.1. For any ¢ € RE((X)) and d € R™((X)), the composition product is defined
as

cod= Y (c,nnod, (3.1)
nex*
where
2l =0, Vi#0,
ned=1" " (3.2)
it dia(y od)] iy =xixy’, n=0,i#0.

(Here ||, denotes the number of symbols in # equivalent to x; and d; : & — (d,§);, the
ith component of (d,&).)

Consequently, if
i N1 n 1o
H=Xo XiXo Xig_y " 'xolxilxo > (3~3)

where i; # 0 for j = 1,...,k, it follows that

nod=xp M dy oxg " dy w - xg o] - - - ). (3.4)
Alternatively, for any # € X* one can uniquely define a set of right factors {#o,#1,..., 7k}
of 1 by the iteration

Mj+1 " .
Hiv1 =X XijoMj» No=Xo» i1 #0, (3.5)

so that # = nx with k = || — |5ly. In which case, o d = i o d, where ;1 0d =
xgj+l+l[d,-j+lu_|(17j od)] and 79 o d = x;°. It was shown in [15, 16] that the composition
product of two series is always well defined since the family of series {od:n € X*} is
locally finite for any fixed d € R"{(X)).

It is easily verified that for any series ¢,d,e € R"((X)), the composition product is left
distributive over addition. That is,

(c+d)oe=coe+doe, (3.6)

but in general co (d+e) # cod+coe. An exception is the class of series called linear
series. A series c is linear if

supp(c) € {n € X* :n=x3'xixg", i € {1,2,...,m}, ny,ng > 0}. (3.7)

The composition product is associative, that is, (c o d) o e = c o (d o e); hence (R"((X)), )
forms a semigroup [4, 20]. In [16], it is shown that the composition product of two locally
convergent formal power series is always locally convergent; therefore the set R (- ({(X)) is
closed under composition, and (R7-{{X)), o) also forms a semigroup. The central prop-
erty of the composition product is its relationship to the composition of two Fliess oper-
ators. Namely, for any ¢ € [RfCHX )) and d € R}-{(X)), the cascade connection of two
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(FFa) ——=— F.oFy=Fuy
(cd) —=—— cod

Figure 3.1. The isomorphism between the semigroups (%, o) and (R} ((X)),0).

Fliess operators is always another Fliess operator with generating series ¢ o d, that is,
F.oF; =F 4. (3.8)

Therefore, & forms a semigroup under operator composition when ¢ = m. The following
theorem shows that composition is preserved in a natural sense under the formal Laplace-
Borel transform.

THEOREM 3.2. Let X = {x0,X1,...,Xm}. Forany c € [Rfc((X)) and d € R7-({X)),

Ly (FeoFa) = L5 (F) o £y (Fa),

(3.9)
Br(cod) =By(c) o By(d).

Proof. The proof follows directly from the definitions. For any well-defined F, and Fy,
iff(FC oFy) = gf(Fcod) =cod= &3] (F.) o gf(Fd). (3.10)

Similarly, for any locally convergent formal power series ¢ and d,

%f(COd)=Fcod=FCOFd=%f(C)0%f(d). (3.11)
O

From Theorem 3.2, when ¢ = m, the formal Laplace-Borel transform provides an iso-
morphism between the two semigroups (%, ) and (Rf(-{({X)),¢), as shown in Figure 3.1.

Example 3.3. Let X = {xo,x1,%2}, Fc[u](t) = cos(fotul(t) +uy()dt), and d = (d, do)T
R?-((X)). Define

t
Fulul(t) = (F. o Fa) [u](£) = cos (jo Fa, [u] (1) +Fdz[u1<t>dt). (3.12)

The formal Laplace transform of F, is then

Li[Fe]=cod= Z oy +x2) 2i0d
i~0
- . (3.13)
=[-(a+x)] cd=———50d.

1+ (x1 +X2)
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Example 3.4. Let X = {x0,X1,...,%m} and ¢ € RY-({(X)). It is easily verified by induction
that forn > 1,

1 w .
x{’oc:;(xoc,-) Toi=1,2,...,m, (3.14)

where (-)"“" denotes the shuffle power.
Applying the formal Borel transform to both sides of this identity gives

Bylxoc] = %f[ (xoc,)w"]

l,[%f [xoci]]” (3.15)

-4 HO Fci[u](r)dr]ﬂ.

Example 3.5. First consider the linear ordinary differential equation

dry(t) ' diy(t) S diut)
dtr t2a dti =2.b dti

i=0 i=0

(3.16)

with initial conditions y(0) = 0, u?(0) = 0, and where a;,b; € R for i = 0,1,...,n — 1.
Integrate both sides of the equation # times and assume there exists a c € Ryc({X)) such
that y = F.[u]. Applying the formal Laplace transform to both sides of the equation gives

n—1 n—1
(8 + Z a,»x(’,‘_l_’m) oc= Z bixt iy,
i=0

i=0

n—1 n—1
(1 + z aix(’)’_’) c= Z bixt 1 ix.
i=0 i=0

(3.17)

Therefore,

—ly
c= <1+ > axd” ’) > bixd (3.18)
i=0
Rephrased in the language of the integral Laplace transform, this is equivalent to
n—1 1 -1 n 1
=11 i - i—
s) ( +,»_2005”"> (i_zobsn_l)U(s)
n—1 ) -1 n-1 ]
= (s” + Z ais’) ( Z b,-s‘) U(s).
i=0 i=0

Now consider the nonlinear differential equation

(3.19)

dry(t) " diy(t) & d’u(t)
T +> a dtl g u(t)yl Zb (3.20)

i=0
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with y(0) = 0, u?(0) = 0, and where a;,b;,p; € R fori=0,1,...,n—1and j = 2,..., k.
Again integrate both sides of the equation n times and assume y = F.[u]. Applying the
formal Laplace transform gives

n—1 k n—1
(1 +> a,-xg_i>c+ D pixtlxi (c) = D b (3.21)
i=0 j=2 i=0

As in [12], a recursive procedure can be applied to solve the algebraic equation iteratively
so that

c=c+c+--- (3.22)

with

n—1 “ln_1
¢ = (1 + Z aix(’)"i> Z bixg_l_ixl (3.23)

andforn=>2

n—1 -1 k
= (1 +> aixg‘i) X3 x> pj D> oy ley, Ll Licy,. (3.24)

j=2 1/121,...,ij1
Vitvyt--etvi=n

4. Operational calculus for the output response of Fliess operators

In [7, 12, 19], an operational calculus was developed to compute the output response of
an analytic nonlinear system represented by a Fliess operator. In this section, the formal
Laplace-Borel transform pair in conjunction with the composition product are employed
to produce a clear and compact interpretation of this methodology.

THEOREM 4.1. Let F, € & and let u be an analytic function with formal Laplace transform
cu € RIc((X0)). Then the output function y = F.[u] is analytic and has formal Laplace
transform c, = coc, € [Rfc((Xo)).

Proof. The analyticity of y follows from [24, Lemma 2.3.8]. Let ¢, denote its formal
Laplace transform. Local convergence is preserved under the composition product; there-
fore the formal power series ¢ o ¢, is locally convergent, and, for any admissible input
Ve B?(R)[to,to +T],

y :Fcy[v] :Fc[Fcu[V]] :Fcocu[v]~ (4.1)

Applying the formal Laplace transform to both sides of the equation gives ¢, = coc,. 0O

The following examples further illustrate the applications of this result for computing
the output response of an analytic input-output system.

Example 4.2. Consider the linear time-invariant system y(t) = fot h(t — 7)u(t)dt, where
h is analytic at t = 0. Then y = F,[u] with (¢,x§x;) = h®(0), k = 0, and zero otherwise.
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u—> f -z, Ly

Figure 4.1. A simple Wiener system.

If u(t) = X oo (curxK)tE /K, then it follows that y(t) = 2 p20(cy, xp)t"/nl, where

cy =cocy
= Z (e, xEx1)xkx1 0 ¢y
k=0 (4.2)
— Z CXOX1 k+1
k=0
Therefore,
n—1
(cyoxl) = (6, xkx1) (cooxt™6), n=1, (4.3)
X0 0 0
k=0

which is the conventional convolution sum.

Example 4.3. Consider the simple Wiener system shown in Figure 4.1 where z(0) = 0.
The mapping u — y can be written as

i (Ex, [u](£))" ZF,CM = i nlE [u] (2). (4.4)
n=0 n=0

Therefore y = F.[u] with ¢ = X,.on!x!. When u(t) = t*/k!, for example, the formal
Laplace transform of u is ¢, = x§. From Theorem 4.1 and (3.14) it follows that

E ((k+Dn)! (ertyn
Z nix! o xk Z kel Z ((((k: 1))7)),1 x(()k n, (4.5)

n=0 n=0
Consequently, the output response is

i k + l)n) t(k+1)” had t(k+l) 1
Y= Z (k+1)1)" ((k+1)n)! z ((k+1D)1)" Ttk 1)

n=0 n=0

(4.6)

5. Conclusion

In this paper, the formal Laplace-Borel transform of a Fliess operator is defined and de-
veloped. This concept provides an isomorphism between the semigroup of all Fliess oper-
ators under composition and the semigroup of all locally convergent formal power series
under the composition product. As an application in system theory, an explicit relation-
ship is derived between the formal Laplace-Borel transforms of the input and output
functions of a Fliess operator, which is a compact interpretation of the operational calcu-
lus of Fliess.
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