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ABSTRACT

Boundary Value Problems In
Rectilinearly Anistropic Thermoelastic Solids
Gilbert Kerr
Old Dominion University, 1993

Director: John Tweed

The boundary value problems which are considered are the type that arise due
to the presence of a Griffith crack (or cracks) in an anisotropic thermoelastic
solid. The thermoelastic field, in such materials, when the infinitesimal theory
is emvloyed, is governed by a set of elliptic partial differential equations. The
general solution of these equations is expressed in terms of arbitrary analytic
functions whose real parts, in turn, are expressed in terms of Fourier type inte-
grals or Fourier series. Integral transform techniques are then used to determine
the stress intensity factors (and other pertinent information) for various crack
geometries. In certain cases the possibility of partial contact, of the crack faces,

is also investigated.
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Chapter 1

Introduction

The subject matter of this dissertation was motivated by the fact that the ma-
jority of the thermoelastic studies that have been conducted over the past thirty
years have been devoted to isotropic materials. In recent years, however, the
option’s of the structural engineer have grown, resulting in a substantial increase
in the use of anisotropic materials. As a consequence, a need for corresponding
thermoelastic studies, involving anisotropic materials, has emerged.

An anisotropi(;. solid is one in which the elastic and thermal properties vary,
in different directions. Perhaps the most familiar anisotropic material is wood;
it is well known that the elastic modulus of wood in tension parallel to the
grain is considerably greater than the corresponding modulus in tension per-

pendicular to the grain and, in addition, that it’s elastic constants depend on
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the direction in relation to the wood fibres. Other anisotropic materials include
fibre-reinforced composites and certain metals, such as zinc, aluminium and
300-series stainless steel. To facilitate the ensuing, theoretical, discussion it is
assumed that these materials may be considered to be homogeneous, anisotropic,
thermoelastic solids [1],[2].

The main purpose of this dissertation is to determine the stress fields that are
generated within these solids when either (or both) of the following situations

arise.

1. The temperature field within the solid is non-uniform

2. Prescribed tractions are applied to the boundary surfaces of the solid

In particular, attention will be focused upon solids which are flawed by the
presence of various line crack configurations. The typical line crack in a solid
which extends infinitely in the zs-direction will be denoted, in an appropriately

orientated rectangular co-ordinate system (zi, z2, Zs), by

a<z;<b : z=0 : —00<zTz3<0®©

Cracks of this type are also referred to as ribbon cracks, by some authors. In

all of the problems considered it is assumed, initially, that the crack is

1. traction free:—the stresses on the crack surfaces are zero, and
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2. thermally insulated:-it acts as a thermal barrier, preventing the flow of

heat.

As is the case with isotropic thermoelastic solids (Davidson [3]), a concentration
of the stress field develops at each of the crack tips and, consequently, emphasis
will be placed upon evaluating the stress intensity factors. The stress intensity
factors, which measure the strength of the stress field singularities at each of the
crack tips, can be used to predict crack growth, stability and closure: they are

broken down into three different types (modes)

Mode I (opening or closing):—predicting how the crack faces deform relative

to the z,-direction

Mode II (shearing):-predicting how the crack faces deform relative to the

z;-direction

Mode III (tearing):-predicting how the crack faces deform relative to the

zs-direction

It should be noted that if either of the mode I stress intensity factors turn
out to be negative it is an indication that the adjacent faces of the crack, at
that particular tip, may be coming into contact. If this is indeed the case then
it is an obvious violation of assumptions (1) and (2) and it will be necessary to

reformulate the problem, if more meaningful results are to be obtained. In the

3
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case of a single crack (Chapter 4) in an infinite solid, subjected to a uniform heat
flow and an applied tensile stress, it is possible to assume a contact zone, at the
offending tip, and to obtain an expression for the extent of this zone in terms of
these thermomechanical loads. In the case of two cracks and an infinite array
of cracks (Chapters 5 and 6), subjected to the same thermomechanical load, a
condition guaranteeing the validity of stress intensity factors can be obtained.
However, as of yet, the problem of establishing the extent of the respective
contact zones remains unresolved.

Imposing the assumptions of small displacements and temperature gradi-
ents, together with a linear stress-strain-temperature law gives rise to the linear,
quasi-static theory, used throughout this dissertation (A more detailed descrip-
tion of these assumptions is presented in Chapter 2.1). It is also assumed that
the themomechanical loading and the resulting thermoelastic field are indepen-
dent of the coordinate z3; material deformations of this type are referred to as
generalized plane-strain deformations. In Chapter 2.2 the basic relations and
equations of this theory are combined to show that the temperature and dis-
placement fields are solutions of the generalized Duhamel-Neumann equations.
A study of these equations, attributable to Clements[4], in which the general
solution is presented in terms of arbitrary analytic functions, is highlighted in

Chapter 2.3. These equations and, consequently, their solution’s can be further
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simplified for various classes of materials, in which certain symmetries are in-
herent (e.g. transversely isotropic and orthotropic materials). In such cases,
with an appropriately chosen set of axes, the equations can be separated into
an “in-plane” and an “anti-plane” problem. The various symmetry classes are
discussed in Chapter 2.5.

This linear theory permits the use of superposition, in solving the boundary
value problems that appear in chapters 4-7. The strategy for solving these

problems is to follow two consecutive steps:

1. Determine the undisturbed thermoelastic field which would be generated

within the solid if it were unflawed and

2. obtain the perturbation of this solution due to the presence of the, ther-

mally insulated and traction free, crack(s).

Using superposition the second step can be separated into appropriate ther-
mal and isothermal problems. Employing Fourier type integrals (or Fourier
series) to represent the real parts of the arbitrary analytic functions appearing
in the general solution allows us to solve these component problems. In both,
it is shown that the field components in the vicinity of the crack(s) are depen-
dent upon the solution’s of resulting sets of singular integral equations. In some
cases these equations are solved analytically; in the others we have to be satis-
fied with established numerical techniques. A brief outline of these techniques

5

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is presented in the Appendix. The appendix also features many of the results
and details which, for the sake of continuity, are excluded in Chapter 4-7.

In chapter 7 an isothermal problem is addressed, in which the material is
assumed to occupy the half space z; > 0. This restriction in the geometry
requires us to augment Clements’s solution, which is geared to “simplify” on
the z,-axis, with a second solution that simplifies on the z,-axis. The necessary

form of this second solution is disscussed in Chapter 2.4.
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Chapter 2

The Governing Equations

2.1 Assumptions

In general, the equations that govern the thermoelastic behaviour of a homoge-
neous anisotropic solid are very complicated. Fortunately, however, they can be
simplified, and yet still remain valid, for many cases of practical importance.
In order to justify the use of the linear, uncoupled, quasi-static theory of
thermoelastisity, used throughout this dissertation, the following assumptions

have to be made.

1. The solid, from the macroscopic viewpoint, is homogeneous.

2. The displacements are small in comparison with the solid’s overall size
and, therefore, no distinction need be made between the reference and

7
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deformed states.

3. The temperature variations within the solid are small in comparison with

the reference temperature.

As a consequence of (1) - (3), the strain may be considered to vary linearly
with stress and temperature, the equation of heat conduction simplifies to the
generalized Fourier Law and all of the coefficients occurring in these equations

are constant.

4. Thermoelastic dissipation is negligible: i.e. the heat created within the
solid due to the application of the mechanical loads is very small, and may

be neglected.

5. The temperature changes occur very slowly with respect to time, and, as

a result, inertia terms may also be neglected.

As a consequence of (4) and (5), the basic equations decouple: the equation
of heat conduction separates from the remaining relations and the temperature
field may be determined independently of the stress and strain

The interested reader is directed toward the works of [1] and [2] where a
more thorough investigation of these assumptions and their consequences, is

presented.
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Further simplifications in the governing equations are also produced when

the following assumptions are included:

6. The solid extends infinitely in the zs-direction i.e. only cylinders with

generators parallel to the zs-axis will be considered.

. The boundary conditions are independent of the variable zs.

As aresult of (6) and (7) the quantities which constitute the thermoelastic
field are functions of z; and z,, only, in which case the solid is said to be

in a state of generalized plane strain.

2.2 The Governing Equations

In the study of anisotropic thermoelastic solids the quantities of interest are
the stresses o;;, strains e;;, displacements u; and heat fluxes ¢; induced by a
temperature field T'(z;) = To+0(z;) (5,5 = 1,2,3) when the surfaces of the
solid are subjected to prescribed thermal and mechanical loads. Hereafter,
for brevity, we summarize this set of quantities by the letter F. According
to the linear, uncoupled, quasi-static thermoelastic theory of rectilinearly

anisotropic solids these quantities are governed by the following equations:
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Strain-displacement equations:
1
&ij = 5(tis + i)
Compatibility equations:
€ijkl + €klij — €ikjt — €Lk =0
Equilibrium equations:
0iji =0 , 0y =05

Heat flow equations:

%:=0
Thermal constitutive equations:
¢ = —K;;0;
Mechanical constitutive equations:
€ij = Qij0n + oy;l

or equivalently:

0ij = Cijuen — B0

(2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

The z; in these equations are rectangular cartesian coordinates, T is the

reference temperature, comma denotes partial differentiation and repeated

10
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indices are summed over the range 1 through 3. The quantities a;;u, ¢ijki,
kij and oy; are respecively the elastic compliance tensor, the elastic stiffness
tensor, the thermal conductivity tensor and the linear thermal expansion
tensor, while §;; = ¢;juan. The compliance and stiffness tensors, due to

the symmetry of o;; and e;;, each exhibit symmetries of the type:

Cijkl = Cjikl = Cijlk (2.2.8a)

which reduces their number of independent elements from 81 to 36. The

existence of a potential energy function of the form
1
W = Wo(o) + Ec,-,-ue,-,-eu - c,-,-ue,-jauo (2.2.9)

implies the additional symmetry

Cijkl = Cklij (2.28b)
which reduces the number of independent components from 36 to 21.
Material symmetries, if they exist, produce further simplifications in the

five material tensors. A discussion of these simplifications if presented in

section 5.

Now, in the case of generalized plane strain the temperature and displace-
ment fields take the form

11
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T=T+ 0(331, .'Bz) (2.2.10)

u; = ui(z1,22)  1=1,2,3 (2.2.11)

Observe here, that unlike plane strain, ug and o;s are, in general, non-
zero, accounting for the possible warpings that the anisotropy may cause.
Observe also, that

e33 =0

and that the equations of equilibrium (2.2.3) are independent of o33, en-

abling us to maintain the state of generalized plane strain provided that

033 = “‘{‘13311011 + 3322022 + 2a3312012

+2a3313013 + 203323033 + @330}/ @333 (2.2.12)

Therefore o033 is determined automatically when 8 and the remaining com-

ponents of stress are known.
Substituting from (2.2.5) and (2.2.7) into (2.2.4) and (2.2.3) respectively,
reveals that the temperature and displacement fields are given by the gen-
eralized Duhamel-Neurnann equations

Ic_-,'ga'jz =0 (2.2.13)

12
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Ciju i1 = Bis0 ; (2.2.14)

Before presenting the general solution of these equations it is worth not-
ing that the Second Law of Thermodynamics dictates that the tensor «;
must be positive-definite (Carslaw and Jaeger [6]). Similarly, requiring
the potential energy function to be everywhere positive implies that ¢;;u
is positive-definite. Thus, the governing equations (2.2.13) and (2.2.14)

are partial differential equations of elliptic type.

2.3 The General Solution of the Governing
Equations

By seeking a solution of the form 8 = f(z; + 7z;) it can be readily shown
that the general solution of the temperature equation (2.2.13) may be

written in the form

0 = 2Re|w'(2o)] (2.3.1)

where w is an arbitrary analytic function of the complex variable

2o = T + Toz2 and 7 = 1o + 1Sp is the root of the quadratic equation

K11 + 26127 + Kg272 = 0 (2.3.2)

with positive imaginary part. i.e.

/ 2
— K12 K1ifg2 — K13

o = ’ 8o =
K22 K22

13
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Hence, the expression (2.2.5) for the heat flux may be denoted by
gi(z1, z2) = —2Re{ (ki1 + Toki2)w" (20)}- (2.3.3)

The general solution of equation (2.2.14) is obtained by superimposing a
particular solution with the general solution of the corresponding homo-

geneous equation. By inspection, it is clear that the functions
ui(z1,2;) = 2Re{Hyw(2)} (2.34)

are particular solutions of the equations (2.2.14) if the constants H} satisfy

the linear algebraic system
[ei1kr + (cirkz + Cizk1)7o + Cizea7e) He = (Bir + 70:2) (2.3.5)

For the homogeneous equations

Cijutk i =0 (2.3.6)

seeking solutions of the form u; = A f(z,+7z;) yields the linear algebraic
system

[irkr + (Cirkz + Cigk1)T + Cizga7?] A =0 (2.3.7)

For this system to have a non-trivial solution it is necessary that the

determinant of coefficients be zero. Hence the 7’s must satisfy

det[eirs + (Cikz + Cizk)7 + Cizke7] = 0 (2.3.8)

14
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This determinant is a polynomial of degree 6 and Clements[5] has shown
that the 6 roots are complex (3 conjugate pairs). In addition it will be
assumed that they are distinct, if they are not then (from a numerical
standpoint) it is always possible to treat the equal roots as a limiting
case of distinct roots. The roots with positive imaginary part may be
denoted by 7, = r, + 28, and their corresponding eigenvectors as Ag,.

Real solutions of (2.3.6) may therefore be written in the form

3
uk(z1, 22) = 2Re[z Asa fol(za)] (2.3.9)

a=1
where the f,’s are arbitrary analytic functions of the complex variable
2o = I1 + ToZs2.

It follows at once that (2.2.14) has general solution

ui(z1,22) = 2Re {zs: Arafa(2a) + ka(zo)} (2.3.10)

a=1

and, via (2.2.7), that the corresponding stress field is given by

0ij(z1,2;) = 2Re {23: Lijaf;(za) + (A — ﬁ,',-)w'(zo)} (2.3.11)

a=1

where
Lija = (Cijk1 + TaCijez) Ara (@ =1,2,3) (2.3.12)
and
Aij = (eijir + 7oCijee) Hi (2.3.13)
15
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When the boundary conditions are given in terms of the stresses it is much

more convenient to rewrite the solution by introducing the functions

S,'(Z) = i L,'zafa(z) -+ (Agz - ﬂ.-z)w(z) (2314)

a=1
The matrix L;, is non-singular (Clements [5]), therefore (2.3.14) may be

written in the form
fa(2) = Mui[Sk(2) — (Akz — Bra)w(2)] (2.3.15)

3
where Y L;2oM,, = ;. Hence, the revised expressions for the displace-
a=1

ments and the stresses are given by

us(a, 72) = 2Re { > AraMai[Si(za) — (Aj2 — Bia)o(za)] + ka(zo)}

a=1

(2.3.16)

0j(z1,22) = 2Re{ & LisaMar[S}(2a) — (hsz — Bia)!(z)]

+(4i; — ﬂij)w'(zo)} (2.3.17)

On the boundary z; = 0, these simplify to

uk(zl,O) = 2Re{Bkij($1) + FkUJ(.'L‘l)} (2318)
0i2(21,0) = 2Re{S!(z;1)} (2.3.19)
where
F, = H;, — Bkj(Ajz - ﬂjz) (2.3.20)
16
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and

3
Bkj = z: AkaMaj (2.3.21)
a=1

2.4 Isothermal Problems

The solution in section 2.3 can also be used to study isothermal problems,
by simply letting w(z) = 0. For isothermal problems involving the half-
space z; > 0 it is also necessary to augment Clements’s solution with a
second solution that serves to satisfy the bounday conditions on the surface

Z1=0.

With w = 0, the basic solution may be written in the form

ui(21,22) = 2Re {zs: Ara fa(za)} (2.4.1)

a=1

and

0ii(21,72) = 2Re {zs; Lija f;(za)} (2.4.2)

a=1
Now choosing

fa(2) = Majg;(iz/74) (2.4.3)

(2.4.1) and (2.4.2) may be re-written as

ui(z1,22) = 2Re { Zs: ApaMyjg9;(i24 /Ta)} (2.4.4)

a=1

17
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and

3 7 .
o;k(Z1,72) = 2Re {Z ijaMakT—g;(zza/Ta)} (2.4.5)

a=1

On combining (2.2.8), (2.3.12) and (2.3.7) it can be readily shown that

Lila = —TaLi2a (2.46)

Revealing that, on the boundary z; = 0 (2.4.4) and (2.4.5) assume the

forms

ui(0, z;) = 2Re { By;g;(iz2)} (2.4.7)

and

0;1(0,z2) = 2Re {—z'g;-(z'zz)} (2.4.8)

2.5 Symmetry and the Material Coeflicients

The material coefficients (properties) consist of the the thermal conduc-
tivity and thermal expansion tensors along with the elastic compliance
tensor, or it’s inverse, the elastic stiffness tensor. As stated at the outset,
these properties are direction-dependent, which means that they vary with
respect to the orientation of the chosen set of reference axes. As a result,
their tabulated values (which can be found in Boas and McKenzie (7], for

example) are always given, relative to the most conveniently oriented set

18
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of axes. Throughout this study, the location of the crack(s) determines the
reference axes, so it is important, in guaging the effects of anisotropy, to be
able to calculate the corresponding coefficients, for arbitrary orientations
of the material. This is achieved via the standard transformation laws of
tensors and since the materials involved are rectinilinearly anisotropic, we
may assume that these axes are rectangular. Therefore, if the coefficients
are known for the system z; then the corresponding values, for the system
Z; = T;(z;) are obtained from

M _ 0Z; 63‘:,- 0% 0%, re

== 2.5.1
%; oz, 0z, Oz, Oz, %oq ( )
for each of the rank 4 tensors and
0%; 3.’3,-
&; = 33, 92, Qs (2.5.2)

for those of rank 2.

Now, we may also use these transformation laws to study the various types
of material symmetries, and their effects upon the material coefficients.
Due to the previously mentioned symmetries (2.2.8) in each of the rank 4

tensors, the 21 independent coefficients may be conveniently represented

19
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in the following matrix type form:

11,11 11 11 11 11
@11 Gy Q33 Q3 Qg3 Cj3

22 22 .22 .22 22

Q32 Qg3 G3 Gj3 aj3

33 33 _33 338

Qg3 Q3 Gy3 Gjg
(2.5.3)

28 28 28

Q3 Q13 Gy

18 18

ay3 Q2

12

a1

While the 6 independent coefficients occuring in the rank 2 tensors may

be written as:

an a2 Oais
Qi Ougs (2.5.4)

Qss
A detailed discussion of symmetry, from the crystallographic viewpoint, is
presented in Nye[2]. Mathematically, we can define the following classes

of symmetry (Green and Zerna, [8)).
(a) Symmetry With Respect To A Plane (13 coefficients).

A material is said to be symmetric with respect to the plane z3 = 0 if the
components of the material tensors are invariant under the transformation
of coordinates

Ly=Z , To=2y , Tg=—23 (2.5.5)
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For this change of coordinates

07, a%; _
8:1:,. = 6,‘,- r= 1,2 and —:Bs' = 53 (256)

Therefore @&; = oy; if and only if aus = a3 = 0 while af = af if and
only if each of the af} with indices containing an odd number of 3’s is zero.
Thus, the rank 4 tensors assume the form

1 1 11 11
aj; 83 e3 0 0 ey

22 22 22
azz ag3 0 0 aj;

3 33
azs O 0 ay,

(2.5.7)
o o 0
al? 0
ai3
with the rank 2’s simplifying to
an o2 0
az; O (2.5.8)
Qs3

(b) Symmetry With Respect to Two Orthogonal Planes: Or-

thotropy (9 coefficients)

A material is said to be symmetric with respect to the planes z3 = 0 and

z2 = 0 if in addition to (2.5.5), the material tensors are also invariant

21
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under the transformation

This additional requirement leads to the rank 4 tensors assuming the form
all a}} a33 0 0 O

22 22
a3 azg 0 0 O

33
0 00 (2.5.9)

a3 0 0

al3 0

it

With those of rank 2 simplifying to
a;; 0 0
oz 0 (2.5.10)
Qss

An examination of (2.5.9) and (2.5.10) reveals that symmetry with respect
to two orthogonal planes implies symmetry with respect to a third plane,
which is orthogonal to both of the original planes. Hence the material
actually has three orthogonal planes of symmetery at each point, and such

a material is said to be orthotropic.

22
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In certain situations it is more convenient to express the non-zero com-
ponents of the compliance tensor in terms of the “engineering constants”

(Lekhnitskii, [9]) E;, G;; and ;5 so that

l/El —l/zl/Ez —V31/E3 0 0 0

—Vlz/E]_ I/Eg —Vsz/E3 0 0 0

—V13/E1 —l/zs/Ez l/Es 0 0 0
aff = (2.5.11)
0 0 0 1/Gy O 0
0 0 0 0 1/Gs; O
0 0 0 0 0 1/Gyg

where the relationships E2V12 = E1V21 ) E1U31 = ESVIS H E3V23 = E2V32
preserve the required symmetry and the E;’s are the Youngs Moduli, G;;’s

are the shear moduli and v;;’s are the Poisson’s Ratios.
(c) Transverse Isotropy (5 coefficients)

This is obtained from an orthotorpic material if the material coefficients

remain invariant under the transformation

Iy = 5
Ty = zpc0s8+ z3sinb (2.5.12)
Ty = —z,sinfd + z3cosh

where 0 is arbitrary. In particular,(2.5.12) defines a material with the

23
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z;-axis normal to the transverse planes.

Equating a,l‘} and &f} in this case reveals that the rank 4 tensors assume
the form
aff a3 ey 0 0 0
a3 a2 0 0 o
al 0 0 o
(2.5.13)
HaB-a) 0 0
al? 0
o}
While those of rank 2 simplify to
a;j; 0 0
g 0 (2.5.14)
a2z

(d) Fiber-Reinforced Composites

Undirectional full fiber-reinforced composites such as that shown in Figure
1 are macroscopically transversely isotropic with axis of transverse isotropy

parallel to the fiber direction.

Given the elastic properties of the matrix and also those of the (possi-
bly anisotropic) fiber we can calculate the elastic constants of the fiber-

composite via Hahn’s equations (see Vinson and Sierakowski, [20])

24
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Volume fraction (Vy+ Vy, =1)
Young's Modulus: Ey;

Poisson's Ratio: v,

Shear Modulus : Gj2

Shear Modulus : Gas

Plane Strain Bulk Modulus: K

Note:

Composite Fiber Matrix

1

K, = En/2(1-uvy).

Ky = E¢/2(1-vnf)

Hahn’s Formulae

E1 = Eanf-*-Eme

vie = Vit vnVn

26

4]
Eyyy
Viag
Gray

Gass

Ky

Vn
Em

Um

(2.5.152)

(2.5.15b)
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(& )

1 G2y $Gm 1
—_— = - = lel
G112 Vi+n6Vm » T 2(1 + Gn/ lz‘f)
v, Vo
1 (G_ﬁl;-*-mc"m) N4 = 8 — 4Um + G /[Gasy
G23 Vf + 174Vm ’ 4 4(1 - Um)
4 Yo
1 (£ +mp=) _ 1+ Gn/K, (2.5.15¢)
K Vit Ve T 2(1 - vm) O
4Kst 4KV§2
E = —————— = ]_ —_—
2 K + mGqs » ™ + E;
E,
= -1
Vas 2Gas

It should be noted that if the direction of the cylindrical generators is
parallel to the normal axis defining either of the aforementioned material
symmetries, then the governing equations (and their solution) are simpli-
fied. Specific details can be found in Chapter 2 of Clements [5]. In each
of the cases (a), (b) and (c) the equations decouple into an in-plane and
an anti- plane problem. In case (c), however, the simplifications are some-
what unwelcome; it turns out that the polynomial (2.3.8) has roots =i,
each of multiplicity 3, which violates the assumption of the roots being dis-

tinct. Problems of this type can be approximated by introducing a small

27
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deviation between the respective zs-axes but it would be more prudent
to, instead, reformulate the problem using the classical theory of isotropic

thermoelasticity (Parkus, [10]).

28
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Chapter 3

Thermoelastic Fields in
Unflawed Linearly Anisotropic
Solids, Subjected to
Prescribed Thermomechanical
Loads

3.1 Introduction

The method used for determining the thermoelastic field in a flawed solid
requires us, first, to determine the field in the equivalent unflawed solid;
this field may be symbolized by a superscript 0. Two cases, which will
play important roles in Chapters 4-7, are considered and in both the ther-

momechanical loading consists of a uniform heat flux

q’ = (47,92, 95) (3.1.1)

29
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and a uniaxial tension in the z,-direction

09, =0 (3.1.2)

3.2 Casel

Determine the resulting thermoelastic field in the plane z3 = ¢ if the solid
is constrained in such a manner that the field is a function of z; and z,
only (the solid, otherwise, is allowed to expand freely). This case coincides

with that of generalized plane strain.

That is

F° = F(z,, z,) (3.2.1)
el =0 (3.2.2)
and the equilibrium equations (2.2.3) are independent of 03;. Therefore,

combining (3.2.2) with the relevant constitutive equation (2.2.6) reveals

that a state of generalized plane strain can be maintained provided

0 _ 0 0 0 0 0 0
O35 = —{0331107; + 3322025 1+ 20331207, + 203313013 + 203323055 + 0:330" } / assss

(3.2.3)

Since the solid is, otherwise, stress free the stress field may be summarized

U?j (21, T3) = 6i26;20 — isb3(tas® + azs220)/assss (3.2.4)

30
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which enables us to rewrite the remaining constitutive equations in the

revised form

¢ (21, 25) = A;j0° + pijo (3.2.5)
where
a.c
Aij = oy — 9% oigs (3.2.6)
ag3ss
a;;
Hij = Gijz2 — 2 g3, (3.2.7)
Q3333

(¢, =1,2,3)

The equations (2.2.4) and (2.2.5) clearly indicate that a uniform heat flux

can only be produced by a linear temperature field i.e.

00 = 00 + 01.’51 + 02:52 (328)

Upon combining (3.2.5) and (3.2.8), it can be readily shown, to within a

rigid body motion, that the displacement field is given by

u}(z1,22) = Aez,0° — 20,0,,7,7, + 4, 7,0
ud(z1,22) = Aprz,8° — 10,A,,7,7, + porz,0 (3.2.9)
ud(Z1,Z2) = Agrz,(6° + o) + 2us,z,0
where the subscripts r,s are summed over the range 1, 2 and where the
additional requirement

Asif2 = As20, (3.2.10)

31
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is necessary to guarantee a unique expression for us.

Therefore, (3.2.10), (3.2.8), and (2.2.5) show that, in general, only one
component of the heat flux may be specified in an arbitrary fashion. In the
case where z3 = 0 is a plane of symmetry however, A;3 = A;s = 0 so that
(3.2.10) is satisfied trivially and we may then prescribe two components
arbitrarily. It should also be noted that, in the latter case us(z;,z;) =0

so that the resulting solution is one of genuine plane strain.

3.3 Case 2

Determine the resulting thermoelastic field in the plane z3 = ¢, —7 < z; <
m, —00 < Tz < oo if the solid is constrained in such a manner that the field
is a function of z, only (the solid, otherwise, is allowed to expand freely).
That is

F° = F°(z,) (3.3.1)

e =€), =¢el3 =0 (3.3.2)

and the equilibrium equations (2.2.3) are independent of 03, 0%, and 0J,.

Therefore, combining (3.3.2) with the relevant constitutive equations (2.2.6)

32
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reveals that the desired field can be maintained provided

(o0 + puro | [ az 2am 2a2 | (ot + gt )

0% + Pssf® | =—| A2 2428 243 || 0% + Bs0® | (333)
| ofs + Pist’ | AR 2413 245 |\ o + Bt

where

. a1,

A} 243 244 a}l off 2a}} a3} 243 24}

A% 2453 243 | = | iy a3 2a}3 a2 203 2482 | (3:34)
| AT} 248 2413 | [ a3 off 2a55 | | off 20} 24 |

Since the solid is, otherwise, stress-free the stress field may be summarized:

0l = —Alo — {A¥ B2 + 2A% Bas + 24} 12 + Bi; }6°
(G, = 1,3) (3.3.5)
03; = o

The remaining constitutive equations may now be written in revised form:

& | (@ 2 2az ) (o +pue )
o |=| % 2d 2aff || pr® (33.6)
en |\ dii 24} 243 | Buat® |
where
df} = aff — o] A¥} — aff A%, — 20}3 A%, (3.3.7)

The equations (2.2.4) and (2.2.5) clearly indicate that a uniform heat flux
can only be produced by a linear temperature field, hence
00 = 00 + 021!2 (33.8)
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Combining (3.3.6) and (3.3.8), it can be readily shown, to within a rigid
body motion, that the displacement field is given by:
u‘l’ = 2@%032 + 2D21(00$2 + %0222)
ug = d330z; + Dy(0oz2 + 30225) (3.3.9)
ug = 2d§§0z2 + 2D23(0o$2 + %023:;)

where

Dy; = di2fa; + 2423855 + 2d32B12 (5 =1,2,93) (3.3.10)

34
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Chapter 4

The Disturbance of a Uniform
Heat Flow by a Line Crack in
an Infinite Anisotropic
Thermoelastic Solid

4.1 Introduction

The first crack configuration to be considered is that of a single line crack
in an infinite anisotropic solid. The reference axes are set up so that the

crack, which is thermally insulated and traction free, is given by:
a<z;<b, =0, —0c0<z3<00

Under the conditions of generalized plane strain, the thermoelastic field in

the vicinity of the crack is determined for the case in which the thermo-

35
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mechanical loading consists of a uniform heat flux
9’ = (43,92, 3)
and a uniaxial tension in the z,-direction:
02, =0

Choosing appropriate Fourier type integrals to represent the arbitrary an-
alytic functions which appear in the general solution results in a system
of singular integral equations. These equations are solved analytically and
expressions for the stress intensity factors are obtained, along with a con-
dition that guarantees their validity, by insuring that the crack remains
open. The problem is then reformulated for the case in which the crack
faces come into contact. An expression for the length of the contact zone is
given, along with corresponding expressions for the revised stress intensity

factors.

4.2 Resolution into Problems 1 and 2

In the absence of the crack the thermoelastic field is identical to that of
Chapter 3.2. The presence of the crack disturbs this field thereby creating

a new field which can be written:

F"(z1, 72) = FO(z1,25) + FP(21, 2)

36
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The stress free movement of the crack requires that
053(21,0) =0  z;, € (a,d)

while the prevention of heat flow across the crack requires that
¢z (21,0) =0 z; € (a,b)

We also require the thermoelastic field, far from the crack, to be the same
as the field in the unflawed solid. Hence, recalling the form of ¥%(z,, z,),
together with appropriate continuity requirements, we seek a particular
solution of the equations of generalized plane strain which satisfies the

following boundary conditions:

(1) 6°(z1,22),0%(z1,22) ~ O(r™') and u}(zy,22) ~ O(lnr)

as  r=./z}+z]— co.
(2) [ofy(z1,0)] =0 eR
(3) HUZ(QJI,O)]] =0 z € (a, b)c
(4.2.1)
ofy(71,0+) = —bi20 z; € (a,b)
(4) lg2(z1,0)] =0 2 €ER
(5) [6°(z1,0)]=0 z; € (a,b)°
g3(21,0+) = —q7 z; € (a,b)

where the notation

IIf(xa 0)] = f(:t,0+) - f(z,O—)

37
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is used to denote the jump in the relevant function on the z;-axis.

This problem may be solved by superimposing the solution’s of two com-
ponent problems. In thé first the thermal field is completely detemined by
replacing the crack with a continuous distribution of heat dipoles. This
leads, however, to an unwanted stress developing on the crack. In the
second problem, which is isothermal, this stress is counter balanced by an
equal and opposite stress, leaving the crack stress free, as desired. Prob-

lems 1 and 2 may thus be stated as follows:

Problem 1. Find a generalized plane strain solution 6*(z;, z,), u}(z;,z;)
of the equations of anisotropic linear thermoelasticity in IR® subject to the

boundary conditions:

(1) 0'(z1,22),005(z1,22) ~ O(r™?) , (21, 22) ~ O(In7)

as r=4/z%+ 2% — oo.

(2) [oiz(z1,0)] =0 z€ER

(3) [ui(z1,0)] =0 z€R

(4) [g(z1,0)]=0 z€R

(5) [6*(=1,0)] =0 z, € (a,b)°
a3(21,0+) = —¢q3 z € (a,b)

Calculate: o}, (z;,0+) = p;i(z1).

38
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Problem 2. Find a generalized plane strain solution uZ(z1, z;) of the equa-
tions of isothermal anisotropic linear elasticity in R® cut along z, = 0,

a <1y <b, —00 < z3 < 0o subject to the boundary conditions:

(1) o%(z1,22) ~O(r72),  u(z1,22) ~ O(r™?) as r=/z}+ 2} — oo.
(2) [o%(z1,0] =0 z €R
(3) [ui(z1,0]=0 z; € (a,b)°

05(21,0+) = =620 — pi(z1) 71 € (a,b)

4.3 The Solution of Problem 1

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take

w(2) = k5 {d(z,y) + 1%(z,y)} (4.3.1)
and
Si(2) = Q4(z,y) + 1¥;(z,y) (4.3.2)
where
_ 1 e Ad), eyl —igx _ igest
Bos) = o= [ e tleie — e Fyag (4.3.3)
. _ 1 o Ai(8) el —ier —igakt
Q(z,y) = \/8_ﬂ_/;°° H (e7*vle e )d¢ (4.3.4)
and Ko = isOK‘,zz
Then
0' (1, z2) = ———6,(%1 + rozs, 5oz3) (4.3.5)
0K22
39
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92(21, Z2) = —2 22(21 + 1072, S072) (4.3.6)

and boundary condition 4 is satisfied automatically. Now condition 5¢ is

equivalent to

o(z1) z1 € (a,b

2104 (20,0)] = Gofar) = { 7 "D
1

0 =z € (a,b)

where go(z,) is an, as yet, undetermined function satisfying the condition

[ ault)ae =0 (43.7)

Hence condition 5¢ is satisfied if

-2t
SoK22

FY€EAo(€); 1) = Go(z1) z; €ER

or equivalently, if

SgKo2 t 1

AO(E) = — z“—\/é—; ab go(t)e"e'dt (4.3.8)

where the inverse Fourier transform 7! (Sneddon [11]) is defined by

P&l = o [ Fe)e e (439

Substituting (4.3.8) into (4.3.6) and making use of (8.1.1) reveals that

1 —sokgz 1 b golt)
0) = - dt .3.
%0 =—=1 ], i-z, (43.10)

Therefore condition 5¢7 is satisfied if go(¢) is given by the singular integral

equation

mJa t— I SpKa2

1 5 golt 2
90lt) 4y _ 0 z,€ (a,b) (4.3.11)

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with subsidiary condition (4.3.7). It now follows (8.2.1) that

—q) (a+b-2t)

t) = 4.3.12
go( ) SoK22 A(t) ( )
where
A(t) =+/(b—t)(t —a) (4.3.13)
Substituting (4.3.12) into (4.3.8) we see that
Ao(8) = —q°i / bA(t)e‘f‘dt (4.3.14)
0 2 ‘/2—”_ ; 3.

Hence, the temperature field is completely determined and, from (4.3.5),

(4.3.14) and (8.1.3), is given by
0'(z,y) = —2y= | ————dt (4.3.15)
where, recall T=1I1+10T3 ; Y= SoT2

Before addressing the remaining boundary conditions it is worth noting

that the corresponding imaginary parts of w(z) and S;(z) are given by

Y(z,y) = co + isgn(y)%.’r"l [ﬁge_ml ; :z:] (4.3.16)
Vi(z,y) =c; + isgn(y)-;—.?'_1 [iée)-e"le"‘ ; z] (4.3.17)

where cg, ¢; (§ = 1,2,3) are arbitrary constants. Now, from (2.3.18)

ui(z1,0) = (Bij + Bj)Q;(21,0) + i(Bij — Bij)¥;(21,0)

Ko

b (2B b0+ (B - B) piano) (219
Ko Ko
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Therefore, recalling the forms of the relevant functions (4.3.3,4,16, and

17), we see that

o0l = -7 ({8 - Bas(e) + (2 - ) a0} €50
0 Ko
Hence, boundary condition 3 is satisfied if
A;(€) = - - d;xRe(Fy)Ao(§) (4.3.19)
0K22

where d;y. is the inverse of the non-singular matrix b;; = Im[Bj;] (Clements,

[5])-

Now, from (2.3.19)
042(21,0) = —1 F[sgn(€) A4;(£); z1 (4.3.20)

therefore boundary condition 2 is satisfied automatically. Also, from (4.3.20),
(4.3.19), (4.3.14) and (8.1.1)

Re(Fi) 1 2 Aft
0j2(21,0) = ‘qujk?ié:—) ;fa '{%dt (4.3.21)
therefore (appendix 8.2.3)

(

a+b— 2z, —2A4(z;1) (—o00,a)

Pi(21) = Qi { a+b—2z, (a,b) ( (4.3.22)

a+b—2z +2A,(z,) (b,00)
where

Ay(z) =4/(z — a)(z — b) (4.3.23)
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and

Qi = —qzd (Fk)

4.3.24
ik 28 K29 ( )

Finally, we insure that condition 1 is satisfied.

Since Ap(¢) is a linear combination of the A;(£€)’s we need only study the

behaviour of ¢(z,y), for z,y “large”.

From (4.3.5) and (4.3.15) we see that

¢.y(z,9) —-—y / o t—x)z dt (4.3.25)
therefore
0 b 2 _ 2
é(z,y) = i—’% fa A(t) log[l—(it-%|dt+ (z,0) (4.3.26)

Also, from (4.3.3),(4.3.14) and (8.1.1)

0 b

92(,0) = z—t
and ¢(a+b,0) =0
2
therefore
_alp zot
#(z,0) = 2= f Aft) log| = —dt (4.3.27)
and, combining (4.3.26) and (4.3.27)
0 b
_ %l ¥’ +(t—2)°
Ba,y) = %= / A(t) log |—( el (4.3.28)

Clearly ¢(z,y) ~ O(log(z? + y?)) as /2% + y¥ — oo and condition
1 is satisfied.
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4.4 The Solution of Problem 2

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take w(z) = 0 and

5(z) = By(a,3) + 1%5(z,9) (.4.)
where
0y(z,) = = 71617 A5 (O)e % 2 (442
then
Thle1,0) = 37 isgn(€)A;(8); ] (443)

and boundary condition 2 is satisfied automatically. Now condition 3i is

equivalent to

(z1) z, € (a,b
—?—ﬂui(zl, 0)] = Gi(z) = () (@9 (4.4.4)

oz
! 0 I € (a, b)c
where the gi(z1)’s are, as yet, undetermined functions, each satisfying the

condition
b
/ ge(t)dt = 0 (4.4.5)
a

Now, via the Cauchy Riemann equations, we have that
U} g, (21,0) = (Bij + Bij)2(21,0) — i(Bi; — Bij) Ry (21,0)
Therefore boundary condition 3i is satisifed if

bi; F U Aj(€);z1) =Gi(z)) =z €R
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or equivalently, if
A;(€) = djp—= wors / gi(t)ectdt (4.4.6)
Condition 1 may now be verified as follows: observe, from (4.4.4), that the

indefinite integral

/ gx(t)dt = / ‘ gi(z)dz = [ui(t,0)]
Therefore
45(6) = —idné = [ e, 0l at (447

and it now follows, by virtue of (8.1.5), that

Oe9) = 222 [ i, 0)11——)2—g;dt (4.4.8)

these functions clearly exhibit the desired behaviour. Now combining

(4.4.6), (4.4.3) and making use of (8.1.1) we see that

b
0%5(21,0) = d,,,i 9(?) == dt (4.4.9)

2nw Ja t— A
Therefore condition 3ii is satisfied if g;(t) is given by the singular integral

equation

d‘k 1 gk t
%; ) %dt = 6;20 + pj(z1) z1 € (a,b) (4.4.10)

with subsidiary condition (4.4.5). It now follows (appendix 8.2.1) that

a(t) = — Zb(’;’) % /a ' f‘(_zz {6;20 + pj(z)}dz (4.4.11)
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Therefore, substituting (4.4.11) into (4.4.9), switching the order of inte-

gration and using (8.2.2) reveals that for z; € (a, b)°

0%(21,0) = sglx ;zl) = / 6,20 + p;(t)}dt (4.4.12)
where
Ay(z) = +/(z — a)(z — b) (4.4.13)

Before evaluating the stress intensity factors and crack surface disconti-
nuities it is worth noting from (4.3.22), (8.2.3), (8.2.7), that (4.4.11) and

(4.4.12) may be alternately expressed as

alt) = 2b,,,A() {Q, [(bza) _2(“;b_t)2]

(4.4.14)
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4.5 The Stress Intensity Factors and Crack
Surface Discontinuities

The mode I, II, and III stress intensity factors at the crack tips are defined
by
ki(a) = Z;(a), krr(a) = L4(a), krrr(a) = Zs(a), (4.5.1)
kr(b) = Z,(b), krr(b) = ,(b), krrr(b) = Xs(b), (4.5.2)
where

Tj(e) = lim y/2(a — z1)0%(21,0)  (=1,2,3) (4.5.3)

z)—a—
and
z;(0) = z}i_rg_ V2(z1 = b)o%(21,0) (=1,2,3) (4.5.4)

Therefore, by virtue of (4.4.15)

b—a b—a\¥?
E,-(a) = 0420 2 ¢ + Qj ( 2 a) (455)
b—a b—a\*?
Zj(b) = bj20\[—5— — Q; (T) (4.5.6)
which yields

ki(a) = o\/%+Qz (b“;—a)g/2 ki(b) = Uﬁ—Qz (%2)3/2
ki(e) = @ (%2)3/2 k(b)) = -@u (%)3/2

k(o) = Qs(%52) o k1 (b) -Qs (452) i

(4.5.7)
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Now, from (4.4.4)
[u3(z1,0)] = / “al)dt  zi€(a,b) (4.5.8)
or, substituting (4.4.14) into (4.5.8) and using (8.2.7) and (8.2.8)
[ui(z1,0)] = —bij{26;20 + (a + b — 22,)Q;} A(z4) (4.5.9)

In contrast to the isotropic case [12], observe that the heat flux q° produces
opening mode stress intensity factors k;(a), k7(b), and tearing mode stress
intensity factors krr;(a), krrr(b) as well as sliding mode stress intensity
facotrs kyr(a) and krr(b). It has the effect of decreasing these quantities
at one tip and increasing them at the other. If ¢ is small enough, and in
particular if it is zero, the mode I stress intensity factors change sign from
one tip to the other thereby indicating the possiblility of crack closure. In
order to ensure the validity of the above solution therefore, we require that
[uZ(z1,0)] > O for all z, € (a,b), Since by, < 0 (Clements [5]) this leads to

the condition

|g9ReF,| (b—a
L el (4.5.10)

It is interesting to observe that this condition is identical to the condition
that would result from requiring kr(a), kr(b) > 0. It should be noted,

however, that this situation does not, in general, occur.
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If, for example, we let ¢ = 0 and apply additional shear stresses 031, 023

then

b—a
2

k;(a) = k](b) =0
[u2(21,0)] = —2b320 — 2(b21021 + b2s02s)

Clearly, for any material, orientated in such a way that by; and/or by are

non-zero, it is possible to apply a loading which results in
k1 >0 and ﬂuz(zl,O)]] <0

or vice-versa.

4.6 Partial Closure (On The Right)

Whenever condition (4.5.10) fails to hold, the normal displacement dis-
continuity becomes negative at one of the crack tips and the preceeding
solution ceases to be valid. This behaviour occurs at the tip z; = a, if
gJRe(F2) < 0 and at the tip z; = b, if ¢JRe(F;) > 0 . In such circum-
stances the problem has to be reformulated, if more meaningful results
are to be obtained. This may be achieved by introducing a frictionless
contact zone which is bounded by the offending tip and an interior point

¢ of the crack (a,b). It is assumed that the heat flows freely across this
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interval and that the crack surfaces separate “smoothly” at z = ¢ Here
we may agree to deal with the case for which ¢JRe(F;) > 0 so that the
contact zone is an interval of the from a < ¢ < z; < b. As before, the
uniform field of Chapter 3.2 is disturbed by the presence of the crack. In
this case however, the perturbed field must satisfy the following boundary

conditions:

(1) 0°(z1,22),00(z1,22) ~ O(r™Y) and  uf(z1,72) ~ O(Inr)

as r=4/z?+ 2% > oo.

(2) [of(z1,0)] =0 7 €ER

(3) [¥(s:,0)] =0, k=1,2,3 21 € (,b)°
[uz(21,0)] =0 z1 € (c,b)
oh(z,04) =0, ¢=1,3 z; € (a, b)
05y(21,0+) = -0 z; € (e,¢c)
. ohen0) <o

(4) [g2(z1,0)] =0 zER

(5) [6°(z1,0)] =0 z1 € (a,c)°
& (z1,0+) = —¢3 z; € (a,¢)

As before, this problem may be solved by superimposing the solutions of
two other problems; 3 and 4, say. Problem 3 is identical to Problem 1 of

section 3 except that the thermal barrier, in this case, is restricted to the
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interval (a,c). Therefore, by analogy with problem 1 we discover that

{ 3

Qj(a+c—2z;) —2Q;A4(z,) (—o00,a)

0% (21,04) = pi(e1) = | Qj(a+c—2z) (a,¢)

~~

‘ Qj(a+c—2z;) +2Q;A(z1) (c,00) J
(4.6.1)

where Q; is given by (4.3.24) and Ay(z) = /(z — ¢)(z — a).
Problem 4 may be stated as follows:
Problem 4. Find a generalized plane strain solution u£(z,, z;) of the equa-

tions of isothermal anisotropic linear elasicity in IR® cut along z, = 0,a <

z; < b,—00 < 73 < 00 subject to the boundary conditions:

(1) ofi(z1,32) ~ O(r~?), ui(z1,22) ~ O(r™") as r=/z}+ 2 — oco.

(2) [o&(z1,0] =0 z €ER

(3) [ui(z1,0]=0 k=1,2,3 2 € (a,b)°
[u2(21,0] =0 z; € (c,b)
0(21,04) = —pi(z1), =13 z; € (a,d)
032(21,0+) = —0 — p2(z1) z; € (a,c)

zll@;l+ 032(21,0) < 00
The solution of Problem 4 is obtained in the same manner as the solution

of Problem 2: the same representations (4.4.1) and (4.4.2) will insure
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conditions 1 and 2 are satisfied and that

[ut 2, (21,0)] = b F~1{A;(€); 7] (4.6.2)
so that the first two parts of condition 3 will also be satisfied if

,,(t)e‘f‘dt (4.6.3)

4;(§) = \/—

where
b
/ a(t)dt =0 (k=1,23) (4.6.4)

and, accomodating for the contact interval
g:(¢) =0  t€(c,b) (4.6.5)

Again, we may write

1 gk(t)
7i2(21,0) = —dje kor Ja t—zld

or, defining

Pj(t) = djkgk(t) (/=12 3) (4'6'6)
(o0 =7 [ (4.6.)

Therefore, recalling (4.6.1) and combining (4.6.4) and (4.6.6), boundary
condition 3iii is satisifed if P;(t) (5 = 1,3) is given by the singular integral

equation

l/bf_(a):dt = 2Q;{a+c—2z+2H(z - ¢)\/(z—a)(z — ¢)}

z € (a,b) (4.6.8)
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with subsidiary condition

b
/ Pi(t)dt =0 (4.6.9)
1 a>b
and where H(a - b) = is the unit Heaviside function.
0 a<bd

It now follows (appendix 8.2.1) that

Pt) = _2QJ_$ {;1; l. (a+c._2: 2 /» Alz \/(z—a)( )dz}

(4.6.10)

or, from (8.2.3), (8.2.7)

Pi(t) = {SII (c—t)/(c—t)(t - A(t) } (4.6.11)

Now, substituting (4.6.11) into (4.6.7) and making use of (8.2.2), (8.2.3)

reveals that

1) Q.‘f(c - a)2
4y/(z1 - b)(z1 — a)
+ H[(z1 - ¢)(z1— a)jsgn(e — 21)2Q;1/(z1 — ¢) (1 — a)

05,(21,0) = H[(z1—b)(z1—a)lsgn(a— =

- Qj(a+c—2z) (1=1,3) (4.6.12)
Now, from condition (4.6.5), (4.6.6)
g2(t) = by;Pi(t) =0  t€(c,b) (4.6.13)

or equivalently, recalling (4.6.11)

b21Q1 + b2sQs (¢ — a)?

B = 5 A

t € (c,b) (4.6.14)
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Therefore boundary condition 3iv is satisfied if P:(t),t € (a,c), is given by

the singular integral equation

b Pz(t)

21r e = —0 — py(z) z € (a,¢)

with subsidiary condition 1 [? P;(t)dt = 0. However, since Py(t) is known

on the interval (c,b) this equation may be re-written as

b
:J 2_(t) dt = 2(0 + p2()) - ?_(—t)dt z € (a,c)  (4.6.15)
with subsidiary condition
1 fe —1 b
- /; Py(t)dt = — /c Py(t)dt (4.6.16)

It now follows (appendix 8.2.1) that

Py(t) = 1 {C°--/ V”’““ cTr z)dz} (4.6.17)
\/(t—a)(c—t

where
Co=— f ' Py(t)dt (4.6.18)
and
r(z) =2(c + ps(3)) - = / %ds (4.6.19)
54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now

r(z)dz

/c(z—ﬂk-z)

1
T r—1

(0 +pj(z))dz

2 e=dles

z—1

_ .1_/ cy/(z—a)(c—z )1/ Pz(s)dsdn:

rz—1t S—z

= L(t)-LE) , say

and

bpz(s)1/ \/TW«:——z

1
Iz(t) - ;/; s—tw

/chzs)I/N z—¢) cma:d:z:ds

s—tmw

or, by virtue of (8.2.3)

o, 1 p e,

L(t) = P

then, from (4.6.15) and (8.2.4)

_ —=Cp | by1Q; +b33Q3 2, [t
I(t) = - + T (c—a)*|1 -

Also, from (4.6.1) and (8.2.3)
L(t) = o(a+c — 2t) + Qa((a + ¢ — 26)* — %(c —a)?)
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Thus, combining (4.6.20), (4.6.21) and (4.6.15) we see that

20(a + ¢ — 2t) + 2Qz(a + ¢ — 2t)? — Qz(c — a)®

Bl = - 2/(c— 1)t - a)
(4.6.22)

bnQ1+5:3Qs  (c—a)? { _ c—t}
222 Je-9@-a) i reard RACD)

Now (4.6.22) and (4.6.11) may be combined and summarized by

{4Qz(c —t)(t—a) —o(a+c—2t)— szng(b;— a)z}

H(c—t)

Py =
© \/(c —t)(t —a)

(4.6.23)

[621Q1 + b23Qs](c — a)?
2b221/(b - 1)(t — a)

Therefore, substituting (4.6.23) into (4.6.7) and using (8.2.2), (8.2.3) we

t € (a,bd)

find that

0';2(11, 0) = —0— Qg(a +ec— 221)

— H|(z, — b)(z; — a)]sgn(a — z,) [Z::Q:/(: szi;zii:z))z

+ H(z1 — c)(z1 — a)]sgn(e — z,) {2Q2\/(2:1 — ¢){(z1 — a)

b2;Q;(c — a)? + 20bzz(a + ¢ ~ 2z,4) }
4b22\/ (z1 —¢)(z1 — @)

which together with the last part of condition 3 yields the expression

(4.6.24)

20 bzz
c=

=a+ 4.6.25
b2;Q; ( )
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for the determination of c.

By virtue of (4.6.12), (4.6.24) and the definitions (4.5.1)-(4.5.4) of the

stress intensity factors we now discover that

ki(a) = 2b2;Q; (5_1‘1)8/2 _ b2Q1 + b2 Qs (c —a)2 2
' bz 2 by 2 b—a

ki(b) =

b21Q1 + bz3Qs <C — 0)2 2
bzz 2 b—a

(4.6.26)

kir(e) = @ (c ; a)z‘/b—E: s krr(b) = Q1 (c ; a) b f a
i = (5T =15

Lastly we observe that

[42,,(21,0)] = H[(b— z1)(z1 — @) b2; Pj(z:)
= Hlle—z)(z - {20by2(a + ¢ — 22,)

2\/ (¢ — z4)(z, — a)
+ 02;Q;l(c — a)® — 8(c — z1)(z1 — a)]} (4.6.27)

and hence from (4.6.25), (8.2.7), (8.2.8) that the crack opening displace-

ment is given by

[ud(z1,0] = —4oby H|(c — 1) (21 — a)]%-‘_ial))\/(c — 2,)(z1 — a) (4.6.28)
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4.7 Partial Closure (On The Left)

If condition (4.5.10) fails to hold and gJReF; < 0 the contact zone is an
interval of the type a < z; < ¢ < b. An analysis similar to that presented

in section 6 shows that the edge of the contact zone is given by

20 bzz

c=b+
b2 Q;

(4.7.1)

the crack opening displacement by

[1i(z1,0] = —40bs H((b — z1) (21 — )] ((”Zl:c‘;) V- z) (2 —c) (47.2)

and the stress intensity factors by

kr(a) = _ b2 Q1 + 555Qs (b—C)z b_2_

bzz 2 —a

o) = m@atbuQs b=\ [2 2y (b-c)¥"
T bzz 2 b—a bzz 2

(4.7.3)

2 2
kp = Ql(bzc) bea , kII(b)=—Q1(b;c) bfa
2 2
kinm = Qs(bzc) bea , kur(b)=—Qs<b;c) bfa
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Chapter 5

The Disturbance of a Uniform
Heat Flow by Two Line
Cracks in an Infinite
Anisotropic Thermoelastic

Solid

5.1 Introduction

The crack configuration to be considered in this chapter consists of two co-
linear cracks of equal length in an infinite anisotropic solid. The reference

axes are set up so that the cracks, which are thermally insulated and

traction free, are given by:

0<a<|zyf<b, =0, —00<zz3< 00
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Under the conditions of generalized plane strain, the thermoelastic field in
the vicinity of the cracks is determined for the case in which the thermo-

mechanical loading consists of a uniform heat flux:
qQ’ = (3,42, 95)
and a uniaxial tension in the z,-direction:
O =0

Choosing appropriate Fourier type integrals to represent the arbitrary an-
alytic functions which appear in the general solution results in a system
of singular integral equations. These equations are solved analytically and
expressions for the stress intensity factors are obtained, along with a con-
dition that guarantees their validity, by insuring that each crack remains

open.
5.2 Resolution into Problems 1 and 2

In the absence of the cracks the thermoelastic field is identical to that of
Chapter 3.2. The presence of the cracks disturbs this field thereby creating

a new field which can be written:
F"(:z:l, zz) = Fo(zl, Zz) + F"(zl, 222)
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The stress free movement of the cracks requires that
053(21,0) =0  |z4] € (a,b)

while the prevention of heat flow across the cracks requires that
g7 (21,0) =0 |z1] € (a, b)

We also require the thermoelastic field, far from the cracks, to be the same
as the field in the unflawed solid. Hence, recalling the form of F%(z,, z,)
together with appropriate continuity requirements, we seek a particular
solution of the equations of generalized plane strain which satisfies the

following boundary conditions:

(1) 6°(21,22),0%; (21, 22) ~ O(r™) and uf(z1,z;) ~ O(lnr)

as r=4/z¢+ 2% > o0.

(2) [of(z1,0)] =0 T €ER

(3) [uk(z1,0)]=0 |21] € (a,8)°
05y (71,0+) = —6;00 |z41] € (a,b)

(4) [42(z1,0)] =0 r;€ER

() [6°(z1,0)] =0 21| € (a,8)°
0 (21,0+) = —¢; 21| € (a,b)

This problem may be solved by superimposing the solution’s of two com-

ponent problems. In the first the thermal field is completely determined
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by replacing the cracks with a continuous distribution of heat dipoles.
This leads, however, to an unwanted stress developing upon the cracks. In
the second problem, which is isothermal, this stress is counter balanced
by an equal and opposite stress, leaving the cracks stress free, as desired.
Problems 1 and 2 may thus be stated as follows:

Problem 1. Find a generalized plane strain solution 6*(zy, z2), u}(z1, z2) of
the equations of anisotropic linear thermoelasticity in R® subject to the

bounday conditions:

(1) 6'(z1,22), 0} (21, 22) ~ O(r™Y) , uj(z1,22) ~ Olnr)

as  r=./z}+z— oo.

(2) [ok(z1,0)] =0 z€R

(3) [ui(z1,0)] =0 z, €R

(4) [g(z1,0)] =0 R

(5) [6%(z1,0)] =0 24| € (a,b)°
g3(21,0+) = —q3 |z1| € (a,b)

Calculate: oh(z1,0%) = pi(z1).
Problem 2. Find a generalized plane strain solution uZ(z;, ;) of the equa-
tions of isothermal anisotropic linear elasticity in IR® cut along z, = 0,

a < |zy| < b, —00 < z3 < 0o subject to the boundary conditions:
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(1) o%(z1,z2) ~ O(r~?),up(z1,22) ~ O(r~') as r=+/2}+ 2} — .

(2) [o%(z1,0)]=0 z; €ER
(3) [ui(z1,0)] =0 |21| € (a, b)*

0%(z1,0+) = —b;20 — pi(z1) |z4] € (a,b)

5.3 The Solution of Problem 1

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take

w(2) = kg {$(z,y) + 1¥(z,v)}

S;(2) = Qj(z,y) +19¥;(z,y)

where

-|€u|e-t‘6z _ l)df

Hav) = \/ﬁ/ |£|

© 4;(§) —|£v|e—i€z _
0;(z,v) \/8_7r-/ Ifl 1)d¢

and kg = 1 SpKq2

then

-2
91(31,-’52) = ——¢y(z1 + roz2, S0z3)
SoK22
@3 (21, T2) = —26 z2(21 + roz2, S0Z2)
and boundary condition 4 is satisfied automatically.
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Now condition 5¢ is equivalent to

P do(z1) z1 €L
310 (21,0 = Go(z1) =
I
0 Ty € LF
where L; = (—b,—a), L, = (a,b), L = L; U L, and go(z,) is an, as yet,

undetermined function which may be characterized by

goi(z1) Tz €Ly
gO(zl) =
go2(z1) z1 € L,

and which satisfies the condition

/L go(t)dt = /L sgn(t)go(t)dt = 0 (5.3.7)

Hence, condition 517 is satisfied if

-2t
SoK22

7"1[£Ao(£);x1] = Go(xl) A € R

or equivalently, if

SoK22 T | :
Ao(8) = 222 2 — [ go(t)eat 5.3.8
o(6) = 252 5 — [l (538)
where 71 is the inverse Fourier transform defined by (4.3.9). Substituting

(5.3.8) into (5.3.6) and making use of (8.1.1) reveals that

1 —Spkgz 1 / 9o(2)
0) = - dt 5.3.9
%2(21,0) 2 wlit—z ( )
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Therefore, condition 57 is satisfied if go(t) is given by the singular integral

equation

- /L e dt = P £ z €L (5.3.10)

with subsidiary condition (5.3.7). It now follows (appendix 8.3.1) that

=2 .sgn(t) ¥¥E - ’K
go(t) - 80'622qz K A(t)

(5.3.11)

where K = K(k,) and E = E(k;) are complete elliptic integrals of the

first and second kinds respectively with parameter k; = 4/1 — a?/b? and

A() = /(£ — a?) (b2 — t2) (5.3.12)

The temperature field is now completely determined and, from (5.3.5),
(5.3.8) and (8.1.2), is given by

P (29) = 5- [ aoft) tan™? ("’—;-—t) dt (5.3.19)

where T=2x,+ 19Tz ; Y = SoZ3.
Repeating steps (3.16) through (3.20) of chapter 4.3, we note that bound-

ary condition 3 is satisifed if

1

SoK22

A;(¢) =

dije(F,,)Ao(f) (5.314)
boundary condition 2 is satisfied automatically and

0},(21,0) = —1F " Ysgn(£)A;(€); 24 (5.3.15)
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The p;(z) are calculated, indirectly, via

0}2,,1(2:1,0) = —F7Y|¢4;(¢); =] (5.3.16)
substituting (5.3.14), (5.3.8) into (5.3.16) and using (8.1.1), it can be shown

that

0352, (21,0) = - ,,,Re (Fi)= / fo t) oot (5.3.17)

Then, substituting (5.3.11) into (5.3.17) and using (8.3.3) and (8.3.5) re-

veals that
4 N
2 E-22K
—2Q; {1 - KAlfzx) } lel <a
Oha(21,0) = { —2Q; a<|z|<b |  (6318)
b3E-z3K
| —2Q; {1+ Kl |zl > b
where

Ay(z) = /(22 — a?)(z? - B2). (5.3.19)

Integrating (5.3.18), with 0},(—00,0) = 0, it follows (8.4.14) that

%i[l — Ao(e, k1)]sgn(z1) — 2Q;z[1 — 2oy — i+ |z1| €(0,0)

b2 —z%

pi(21) = | 2Q;{2 - |z1|]sgn(z1) |z1| € (a,b)

| B2[1 - Ao(B, k) lsen(z) — 2Qszl1 — \/H=5] ol € (8,00) |
(5.3.20)

where Aq is Heuman’s Lambda Function (Byrd and Friedman, [13]) and
kl = V 1- :: 3
b%(a? — z) z% — b?
SRS | — i1 1
a = sin { 2 =) [ , B =sin o
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Finally, we insure that condition 1 is satisfied. By the same reasoning of

chapter 4.3, consider, from (5.3.13)

$y(z,y) = y% /L go() tan™! (z—;—t) dt (5.3.21)

If |z|,|y| >> [t]| then

-t t
tan™! (:c ) =~ tan™! (E) - —-E-y——z (5.3.22)
y y “+y

In which case, by virtue of (5.3.7)

Sokaz 1 / yt
o~ — t)———=dt

therefore

2 2

1 ‘4t y
;/I‘tgo(t) log 5

SoK22

#(z,y) =~ dt + ¢(z,0) (5.3.23)

Also, from (5.3.3), (5.3.8)

8.4(z,0) = s°:” wer A { T / " e_'e(H) 5} & (5.3.24)

However, go(t) is an odd function, therefore

6:e,0) = ME— [ go)7 ¢l sin(et); <l

= oz 1 0(t) log —ldt (5.3.25)
4 2r
by (8.1.4). Now, observe that |z| >> |¢|
z+t| 2t
lo gl =l (5.3.26)
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Combining (5.3.25), (5.3.26) and recalling ¢(0,0) = O reveals that

So

Iszl/
- 5.3.27
e Ltgo(t)log |z|dt (5.3.27)

¢(z,0) =
finally, combining (5.3.27) and (5.3.23)

SpK22 1
8 «

é(z,y) ~ /;l tgo(t) log |z? + y?|dt (5.3.28)

Clearly, ¢(z,y) ~ O(log(z? + y?)) as 22 + y2 — oo and condition 1 is

satisfied.

5.4 The Solution of Problem 2

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take w(2) =0 and

Si(2) = 0j(z,y) +i¥,(z,v) (5.4.1)
where
0y(2,9) = ~3 7 IE[4;(6)e7 1 2 (542)
then
oty (21,0) = 5 7 [isgn(€) 45 ()i ] (5.4.3)

and condition 2 is satisfied automatically. Now condition 3¢ is equivalent

to

w(z1) T, €L
aim[[u,i(zl,,o)]] = Gi(z1) 9+() (5.4.4)

0 x; € Lf
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where the gi(z,) are, as yet, undetermined functions, each satisfying the

condition
/L gu(t)dt = /L sgn(t)gs(t)dt = 0 (5.4.5)

Therefore condition 31 is satisfied if

A;(8) = % /L gi ()t (5.4.6)

Repeating steps 4.6 through 4.8 of Chapter 4.4, reveals that

0y(e) = 2 [ [ Ol (5.4.7)

again, confirming that condition 1 is satisfied.

Now, combining (5.4.3), (5.4.6) and making use of (8.1.1) we see that

0%)(21,0) = 2—;" /L z%dt (5.4.8)

Therefore condition 3¢ is satisfied is gi(t) is given by the singular integral

equation
dji

t
51?/1, tgk—(z)ldt =6po+pi(e)) ze€eL (5.4.9)

with subsidiary condition (5.4.6). It now follows (8.3.1) that

gi(t) = %sf)“(t) {c,- + % /L [o20 s (;")]_an(x)A(z))dz} (5.4.10)
where
A(z) = /(22 — a?) (b2 — 2?) (5.4.11)
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and

¢ =

27rK

o) / [b20 +p "(z)_]sfn(z)A(z) dz dt (5.4.12)

Substituting (5.4.10) into (5.4.8), reversing the order of integration and

using (8.3.3) now reveals that for z; € L¢

sgn(a® — z3) { / (6520 + p; () lsgn (t) A(t) dt} (5.4.13)

2 —
ajZ(xl’O) - Al( t — T

where

Ay(z) = /(22 — a?)(2? — b?) (5.4.14)
Before considering the stress intensity factors and crack surface discontinu-
ities it is worth spending some effort upon simplifying expressions (5.4.12),
(5.4.10) and (5.4.13). In each case we begin by recalling the relevant form

(5.3.20) of p;(z).

Separating the integrand into odd and even parts we see that

¢ = ——bﬁ- o/ 1 / sgn(z)A(z)dzdt

2rK 2 JLA{) )L z—t

and then, by virtue of (8.3.4), (8.4.10) and (8.4.11)

:z" {2b2 — (a® + b*)K} (5.4.15)
Now consider
/ [6;20 +p, t)]sgn( JAQ) (5.4.16)
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Using the results (8.3.4), (8.3.6), this may be rewritten as

@+, 2 .2 2 n(p2_ .2
I(z) = (620 —2Q;z) [ g % — sgn(e® — z°) H((a® — z°)(b* — z°)) As(z)
2%?”” : tzA_(tiz dt (5.4.17)

Therefore, regarding the stress intensity factors, we note, via (8.4.12,13),

that the appropriate limiting values are given by

2 _ 2 B2
I(:i:a,) = (6_,,20:F2Q,a) (b 2a):l:2QIJ{ab (K—E)

(5.4.18)

I(45) = (650 F2Q;0) (“2 ;”2) + 2%;"2 (%21( - bE)

Regarding the crack surface discontinuities, we note, via (8.4.15), that for

z€e L

2 B2
I(z) = (6;20 —2Qj;z) (a, ;-b - z’)

(5.4.19)

K A(z)

Zij.’B a4  agvg)
b g

K

+ {—bE+ (¢ + 5 — 2 sz,k)}

where Z(B,k) is the Jacobian Zeta function with kK = 1 — a?/b? and

N e
ﬂ=sm 1( m)
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5.5 The Stress Intensity Factors and Crack

Surface Discontinuities

The mode I, II and III stress intensity factors at the crack tips are given

respectively by

k](:td) = Ez(ia), kn(:ta) = Z‘l(ia.), ku,(ia) = 23(:*:0,) (5.5.1)

kr(£8) = Tp(£b), kir(b) = S1(£b), kpr(£b) = Ss(£b) (5.5.2)

where
Zi(a) = lim /2(a~2)}(z1,0)
i(-a) = _lim_ y/2(z1+a)ok(z:,0)
Zi0) = lim, /2(z: — b)oh(z1,0)
and ri(-b) = zll_i.%_\/z(_l’—_“’l)of2(z1’0)
(7 =1,2,3).

Therefore, by virtue of (5.4.13, 15, 18), we discover that

__ 06;2[b’E — a’K| F aQ;[20°E — (a® + b*) K]
Bylke) == K\/a(b;_ a?)

and

06;2[0* K — b2E) + bQ;[262E — (a? + 1) K]

K\/b(5 — a?)
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which yields

o[b*E — a’K| F aQ;[20*E — (a® + b?) K|

ki(ta) =
r{a) K\/a.(b2 —a?)
k(b)) = o[b*K — b*E] £ bQ,[2b%E — (a? + b?) K]
K+/b(b? — a?)
err(tq) = aQ1[20*E — (a® + b*) K]
) = T e —a)
kor(2h) = ibQ1[2sz — (a® + b*) K]
K+\/b(b? — a?)
krre(dq) = aQs[2b%E — (a? + b*) K]
i (£a) T Ky/a(b? — a?)
bQs[26%E — (a? + b?) K|
krr(£b) = =+ 5.5.9
III( ) K\/m ( )
Now, from (5.4.4), we have that
[0 = [ ad zel
Therefore, from (5.4.10,15,19) we see that
[u}(21,0)] = —2bs;[8520 Iy (z1) — 2Q;(Ia(z1) — Is(21))] (5.5.10)
where
Liz) = YE_Ki1, 5.5.11
1(.'5) - Sgn(x) - KA(t) ( o7 )
1 = |t|(a? + b* — 2¢ 1
L(z) = 5/:-6 tl(a -Z(t) )dt = -2-sgn(z)A(x) (5.5.12)
e [0+ a? o+ 07 - 12— 550 2(8, k)|
L(z) = /_ b 0 dt (5.5.13)
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Integrals I;(z) and I3(z) appear in the appendix; see (8.4.16) and (8.4.17),

respectively.

Therefore

[43(21,0)] = 2b:;Q;{2bz1Z(x,k) — A(z1)sgn(z1}

— 20bbi2Z(x, k) (5.5.14)
where
e -1 b2 - 222
X = sin 7o

In contrast to the isotropic case [14], we observe that the heat flux q°
produces opening mode stress intensity factors k;(+a), k;(+b), and tearing
mode stress intensity factors kyrr(ta), kirr(£b) as well as sliding mode
stress intensity factors kr;(+a) and kjy(+b). It has the effect of decreasing
these quantities at one tip of each crack and increasing them at the other.
If o is small enough, and in particular if it is zero, the mode I stress
intensity factors change sign from one tip to the other thereby indicating
the possibility of crack closure. In order to ensure the validity of the above
solution therefore, we require that [u2(z;,0)] > O for all z; € L. Since

by; < 0 (Clements [5]) this leads to the condition

b2;Qj
o> Iileaix{ bog v(:z:)} (5.5.15)
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where

& =) e
bZ[x, kI]

v(z) =2z — gn(z)
A numerical investigation reveals that v(z) is odd and monotone increasing

on L. In addition, we discover that |v(a)| < |v(b)|, which enables us to

rewrite (5.5.15) in the simpler form.

s > |g2Re(F3)| { (a® + 3K — 2b2E}

250b22l€22 b(K - E)
Finally, it is noted once again that the above condition is identical to

the one which would result from requiring all four mode I stress intensity

factors to be positive.
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Chapter 6

The Disturbance of a Uniform
Heat Flow by an Infinite
Array of Line Cracks in an
Infinite Anisotropic

Thermoelastic Solid

6.1 Introduction

The crack configuration to be considered in this chapter consists of an
infinite array of equally spaced co-linear cracks in an infinite anisotropic

solid. The reference axes are set up so that the cracks, which are thermally

insulated and traction free, are given by:

|zy —2nw|<a:n€l , =0, —o0o<z3< 00
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Under the conditions of generalized plane strain, the thermoelastic field
in the vicinity of the cracks is determined for the case in which the ther-

moemachanical loading consists of a uniform heat flux:
q’ = (41> 92, 9s)
and a uniaxial tension in the z;-direction:
O3 =0

Choosing appropriate Fourier series to represent the arbitrary analytic
functions which appear in the general solution results in a system of singu-
lar integral equations. These equations are solved analytically and expres-
sions for the stress intensity factors are obtained, along with a condition

that guarantees their validity, by insuring that each crack remains open.

6.2 Resolutions into Problems 1 and 2

The geometry of the crack configuration dictates that the field must be

periodic, with period 2x. That is
F(zy,2;) =F(z1 + 2nm,23) : nel

Therefore, in the absence of the cracks the thermoelastic field should also

exhibit this periodic behavior. A uniform heat flux, however, can only

7
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be produced by a linear temperature field, indicating that 8° = 6°(z,).
Similarly, the equations (2.2.7) indicate that the displacement field must
also be a function of z;, only. Hence the thermoelastic field in the unflawed
solid is identical to that of Chapter 3.3. The presence of the cracks disturbs

this field thereby creating a new field which can be written:

F"(zl, Zz) = F0(222) + F"(:z:l, 272)

Due to the periodic nature of the field, we may limit our study to the
single crack in the region —m < z; < w. The stress free movement of the
crack requires that

05(21,0) =0 |z4| <@

while the prevention of heat flow across the crack requires that
97(21,0) =0  |z4| <@

We also require the thermoelastic field, far from the crack, to be the same
as the field in the unflawed solid. Unlike the preceeding problems, we find
that the infinite array of heat dipole distributions causes the temperature
(in problem 1) to be constant, for z, large. Note, however, that this will
not adversely alter the field in the unflawed solid because 0 in (3.3.8) is

arbitrary. Hence, recalling the form of F°(z,), together with appropriate
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continuity requirements, we seek a particular solution of the equations of

generalized plane strain which satisfies the following boundary conditions:

(1) 6°(z1,2),0%; (21, 22) ~ O(1) and uj(z1,22) ~ O(z2)

as T; — 00

(2) 0°(—1*,25) = 6°(n~, z2) nER
wh(—7t,z5) = ul(7, 33) 5, €R

(3) [ojz(21,0] =0 |zi| < 7

(4) [uk(z1,0)] =0 a<|z| <7
0%y (21,0%) = —6j20 |z1) < a

(5) [5(z1,0)] =0 |z1| <7

(6) [6°(z1,0)] = 0 a< |zl <
¢ (21,0%) = —¢q Iz < a

This problem may be solved by superimposing the solution’s of two com-
ponent problems. In the first the thermal field is completely determined
by replacing the crack with a continuous distribution of heat dipoles. This
leads, however, to an unwanted stress developing upon the crack. In the
second problem, which is isothermal, this stress is counter balanced by an
equal and opposite stress, leaving the crack stress free, as desired. Prob-

lems 1 and 2 may thus be stated as follows:
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Problem 1. Find a generalized plane strain solution ' (z1,T3), ui (1, T2) of
the equations of anisotropic linear thermoelasticity in the region |z;| < =

subject to the boundary conditions:

(1) 0 (z1,22), 05 (21, 22) ~ O(1) , ui(z2,22) ~ O(22)

(2) ub(—7*, z5) = ub(n™, z2) €R
6'(—n*, z5) = 0 (n", 7,) z€R

(3) [0k (21,0)] = 0 |z,| <

(4) [uk(z1,0)] =0 EARS

(5) [gz(z1,0)] =0 || <7

(6) [6(21,0] =0 a<|ml<7

92(21,07) = —g3]e1| < a

Calculate: o},(z1,0%) = pi(z1)

Problem 2. Find a generalized plane strain solution uZ(z;, z2) of the equa-
tions of isothermal anisotropic linear elasticity in |z;| < 7 cut along

z2 = 0,|z,| < @, —00 < 23 < 00 subject to the boundary conditions:
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(1) ofi(z1,22) ~ O(zz") 5 ui(zi,22) ~ O(1)

as Ty — 00

(2) wi(-7*,22) = ui(r~, ) nER

(3) [ofx(z1,0)] =0 |z1| <

(4) [ui(z1,0)] =0 a< |zl <7
0y(21,0%) = 8520 — p;(z1) |71 < a

6.3 The Solution of Problem 1

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take

w(2) = k5 {d(z,y) + i(z,v)}

and
S;(2) = Qj(z,y) +1¥(z,v)
where
_mEO < -1p0 —|ny| inz
é(z,y) 5 Byt X In[TBpeT™le
o
w .
ﬂj(z,y) = E_?y+ Z |n|—1Enje—|nv|elnz

n#0
and Ko = 1 SgK22 then

0'(z1,22) = E°+sgn(y) EleInvlginz
SpK22 n=-~00

n#0

81

(6.3.1)

(6.3.2)

(6.3.3)

(6.3.4)

(6.3.5)



o0

q%(xl,zz) = 2 Z |nlEge“|ﬂV|einz
n=-00
n#o0

where =T+ AoZ2 , Y= SoT;

(6.3.6)

Therefore boundary conditions 1, 2ii and 5 are satisfied automatically.

Now, condition 6i is equivaleat to

9 go(z1) |z1| < a
a—xlﬂ”l (21,0)] = Go(z1) =
0 ae<|zi<m

where go(z,) is an, as yet, undetermined function satisfying the condition

/: go(t)dt =0

Hence, condition 6i is satisfied if

41 had .
: Y nEJe"™ =Go(z)) |z <
S0K22 n="00
n#o0

or equivalently, if

SoKzz 1 f@ —
EO — - _/ ¢ tntdt
n 8tn mJ-a golt)e

Substituting (6.3.8) into (6.3.6) reveals that

e =22 [ o 2 {5 lela=dl )

therefore, via (8.1.7)

SoK22 [9 T —t
2 (21,0) = y ‘/_a go(t)cot( 5 )dt
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Now, the trigonometric identity

cot (f—;—t) = —tan (f) ¢ =c(z/2) (6.3.10)

2/ ' tan(z/2) — tan(t/2)

and condition (6.3.7) can be combined, revealing that

1 __ —SpR22 o (%1 e go(t)
03(21,0) = —=sec (7) [, ton(t)2) - tan(zyy & @31

Therefore condition 6ii is satisfied if go(t) is given by the singular integral

equation
1 fo go(t) 4 4
T dt = 2 <a (6.3.12
7r/—a tan(t/2) — tan(z/2) Sokgs 2O (z/2) lzl<a ( )

Introducing the change of variables 7 = tan(t/2) ; £ = tan(z/2) enables

us to rewrite (6.3.12) and (6.3.7) in the form

/:-a r— de - SoK‘,zzqz 62 + 1 If] <a (6.3.13)
and
[ holr)dr =0 (6.3.14)
where

_ 2go(2tan”(7))
= 1 ; a=tan(a/2)

ho(7)
From (8.2.1), (8.2.6) we now see that

0 V]
ho('r)— 4q, 1 Vaf+1

- SoK22 A(T) T2 + 1
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where

A(r) = Va2 —1?

or, in terms of the original variables

g0(t) = SOqizsec (g) Sin(t)ze(ct;(t/ 2) (6.3.15)

where

A(t) = \/tan*(a/2) — tan?(t/2) (6.3.16)
Note that go(t) is an odd function and, from (6.3.8)

0_ 0 _ —80'9221/‘“ .
E,.=E., = i ko go(t) sin(nt)dt (6.3.17)

Hence, the temperature field is completely determined and from (6.3.5),

(6.3.17) is given by
0*(z,y) = E° - sgn(y)% fo ") (= + ty) + I(t — z,y)ldt  (6.3.18)

where

J(z,y) = %t’.am"1 [%] (6.3.19)

comes from using the appendix result (8.1.9).
Repeating steps (4.3.16) through (4.3.20) of chapter 4.3, we note that

condition 4 is satisfied if

1

0K22

Eﬂj = S dj;gRe(Fk)Eg (6.3.20)
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boundary conditions 2i and 3 are satisfied automatically and

0},(21,0) = —4 ) _ Ey;sin(n zy) (6.3.21)

n=1

Then, combining (6.3.21), (6.3.17) and (6.3.20) we find that

1 fa . sin(nz;) sin(nt
0jy(1,0) = d,-,,Re(Fk);r- /; go(t) X (n2,) sin )dt (6.3.22)
n=1
or, via (8.1.8)
. (X1 +t
1 re s1n( 5 )
0}2(2:1, 0) = dije(Fk)ﬂ/; log T_{- go(t)dt (6.3.23)
sin
)

The p;(z) are calculated, indirectly, via

a—i:[a;.z(zl,O)] = dRe(F) - [ [cot (252) - cot (20 | aoft)a
(6.3.24)

which, recalling (6.3.15), may be written as

] B a,1 o sec?(t/2)sin’(t)
5;[0}2(3:1,0)] = Q; sec(E); o A(t){cost — cos ) dt (6.3.25)

where Q; is given by (4.3.24).

Introducing the change of variables T = cos(t) ; £ = cos(z;) enables us

to rewrite (6.3.25) as

1-T dT

0 2 1
5o k@0 =i [ \r—ar—s (6:3.26)

where a = cos(a)
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Now, using appendix result (8.2.5) and reverting back to the original vari-

ables, we see that

17) 1 -1 lzll <a
a—zl[ojz(xl, 0)] = 2Q; \/ 1—cosz, (6.3.27)
- a<|z <
cos(a) — cos z;
Therefore, since from (6.3.21) ¢},(0,0) = 0, we find that
pi(z) =-2Qiz  [z[<a (6.3.28)

6.4 The Solution of Problem 2

In the general solution (2.3.1), (2.3.3), (2.3.16), (2.3.17) take w(2) = 0 and
Si(2) = Q;(z,y) + 1 ¥;(=,y) (6.4.1)

where

00

1 X
Qj(z,y) = E} + 2 3 |n| T B e Invleine (6.4.2)

n=—0oo
n#0

then

00
052(21,0) =4 3 sgn(n)Epen™ (6.4.3)
n=-00
n#o0

and boundary conditions 1, 2 and 3 are satisfied automatically. Now con-

dition 4i is equivalent to

2 i 0l = Galay = | 5 (6:4.4)

0 a<|zy| <
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where the gi(z1)’s are, as yet, undetermined functions, each satisfying the

condition

/ “ gu(t)dt =0 (6.4.5)

Therefore boundary condition 4i is satisfied if

—bkj Z E”jeinz = G’k(:c) l.‘BI <

n=-00
n#o0
or equivalently, if
"'d'k a int
Epy = —3 / gu(t)e= "tdt (6.4.6)
2w -a

Now, combining (6.4.3) and (6.4.6) and making use of (8.1.7) we see that

072(%1,0) = %‘f _Z gk(t) cot (le_t) dt (6.4.7)

Therefore boundary condition 4ii is satisfied if g;(t) is given by the singular

integral equation

dik [* gx(t) cot (

2w J-a

:Bl—-t

) dt = —6;30 — p;(z1) lz:| < a (6.4.8)

with subsidiary condition (6.4.5).

The same process that took us from (3.9) to (3.16) in the previous section
may be followed again, revealing that the solution of equation (6.4.8) is

given by

_byjsec?(t/2) 1 /“ A(y)[6;20 + p;(y)]dy

ZA(t) TJ-a tan(y/z) - ta.n(t/2) (6.4.9)

9x(t) =
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where

A(t) = \/tan*(a/2) — tan?(t/2) (6.4.10)

Therefore, substituting (6.4.9) into (6.4.7), switching the order of integra-

tion and making use of (8.2.2) we see that for @ < |z,| <&

2 _ —sgn(z)sec’ (%) 1 o A(y)[620 + pi(y)]
oh(z0) = —3 =8 tan(y/2) — tan(z g ¥ 411
where
As(z) = y/tan?(z/2) — tan®(a/2) (6.4.12)

6.5 The Stress Intensity Factors and Crack
Surface Discontinuities

The mode I, IT and III stress intensity factors are again defined by (4.5.1.)

- (4.5.4), with a replaced by —a, b replaced by a.

Thus, from (6.3.28) and (6.4.11), we find that

Ti(—e) = lm y/2(—a—z,)0%(z1,0)

z—~+—a~

_ \/mln_a% [ K@ y)ibar +20;4dy  (65.)

Li(a) = zlli_r'xg+\/2(z1 — @)03,(z1,0)

1 1 o
m; _/_a K(a,y)[6;20 — 2Q; y]dy (6.5.2)
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where

K(a,y) = \J tan(2) — ta.n(%) (6.5.3)

which yields

ki(—a) = 7=1J2, K(a,y)[o + 2Q2y]dy
ki(a) = 72=1 J2, K(a,y){o — 2Qzy]dy
kir(—a) = Z-1 [2 K(a,y)ydy  ku(a) = FLL 2 K(a,y)ydy

sma"’ -
sma‘l" sma‘l'

kirr(—a) = —;?;,Llf“ K(a,y)ydy  kmi(a) = 2222 [% K(a,y)y dy
(6.5.4)

We now focus attention upon obtaining a condition that will guarantee

the validity of the above expressions.

In both of the previous chapters we were able to obtain closed form ex-
pressions for [uZ(z,,0)]. In this chapter a slightly different approach will
be taken. Due to the nature of the applied stress it is reasonable to assume
that the entire crack will remain fully open, provided it is open at both

ends. Consequently, we need only consider the following quantities:

S = sgn{ lim | [[ug(zl,o)]]} (6.5.5)
S, =sgn {nli_l'lz_ [ug(zl,O)]]} (6.5.6)

First, from (6.4.4), we recall that

[43(21,0)] = f_ ,: g(t)dt (6.5.7)
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Then substituting (6.4.9) into the above expression and introducing the
change of variables T = tan(t/2), Y = tan(y/2), o = tan(a/2) we find,

upon taking the appropriate limits, that

a /a +Y 1 _

Sg = sgn { e a—Y ————Yz n 1P2[2ta,n 1(—-Y)]dY} (658)
@ [a +Y 1 -

S,. = sgn { o o — Y —Yz n 1P2[2 tan 1(}’)]d]’} (659)

Pg(y) = —2b220' + 4szij (6.5.10)

where

which, by virtue of (4.3.24), may be written as

0
g;Re(F3)
Po(y) = — 27 72) 5.
A0) 2by00 [l + Solczzbzzay (6.5.11)
Noting that b;; < 0 (Clements|5]) we now discover that
S¢ = sgn{l; — BI;} (6.5.12)
S, = sgn{l, + BL;} (6.5.13)
where
_f* |JatY 1
L= [\ e ldY (6.5.14)
a+Y tan™!
I = / Voo + 1 (6.5.15)
and
2¢;Re(Fy)
= —— 6.5.16
g Sokz2ba20 ( )
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Therefore, observing I, I; > 0, the crack will remain fully open provided

that
1

i

L
L

SoK22ba20
2¢3Re(F;)

or equivalently, if
> _2lque(Fz)|£

6.5.17
Sokazbaz I ( )
I; may be evaluated exactly; we find that

L = —= (6.5.18)

Vo +1
I, may be accurately approximated using the software package QUAD-
PACK [21]. A plot of how I,/I; varies with the crack tip location, a, is
shown in Figure 2. Note also that condition (6.5.17) is identical to the one

that would result from requiring k;(—a), kr(a) > 0.
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Chapter 7

A Single Line Crack in a
Semi-infinite Anisotropic
Elastic Solid

7.1 Introduction

The final crack configuration to be considered is that of a single crack in
a semi-infinite anisotropic solid. The reference axes are set up so that the

crack, which is subjected to a prescribed mechanical loading, is given by:
0<a<z<b, z2=0, —0<z3< 00
while the solid occupies the region z; > 0. Note that the case when the

crack occurs at the edge will also be considered.

Under the (isothermal) conditions of generalized plane strain, the elastic

field in the vicinity of the crack is determined, numerically, for certain
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selected pressures:

02;(21,0) = —p;(z1,0)
Choosinig appropriate Fourier type integrals to represent the arbitrary
analytic functions which appear in the general solutions of Chapters 2.3
and 2.4, results in a set of triple integral equations, in the case of an
internal crack and a double set for the edge crack case. Both these sets

of equations may be solved numerically and approximations for the stress

intensity factors may be obtained.

7.2 Statement of the Problem

Find a generalized plane strain solution u(z;,z;) of the equations of
isothermal anisotropic linear elasticity in the region z; > 0 cut along
Z2 =0, —00 < 73 < 0,0 < a < z; < b subject to the following boundary

conditions:

(1) wize) >0 as  yal+dd— oo
(2) ou(0,2) =0 nER
(8) fone10] =0 £ >0
(4) [ue(z1,0)] =0 x> b

0'2,'(271,0) = —p,-(:vl) z € (a, b)
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The case of an edge crack may be labeled case(i), in which case a = 0, and

we impose the additional condition

fim [[Mﬂ —0

z;—0t oz,
The case of an internal crack may be labeled case(ii), in which case a > 0,

and we impose the additional condition

[ur(z1,0)] =0 0<z;,<a

7.3 The Solution of the Problem

In the general solution (2.3.16), (2.3.17) take w(z) = 0 and
. 1 © .- 1§z
5(e) = i /0 €710, (£)e* ¢ d¢ (7.3.1)
where we choose + for £, > 0 and — for z, < 0.

In the general solution (2.4.4) and (2.4.5) take

g;(2) = i\/-lé—; /0 " 01 (n)e " dn (7.3.2)
then

Si(z) = —712—; om ®;(¢)e* ¢ d¢ (7.3.3)
and

6;(2) = —i\/% /ooo W;(n)e™""dn (7.3.4)
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Therefore, from (2.3.17), (2.4.6) and (2.4.8)

2 [ —inz
0;1(0,z2) = —Re{\/;/o U,i(n)e *"*dn

> 2 [> i€ralza] g
— 2 7aLj2aMak - fo ®x(£)e ¢ (7.3.5)

a=1

= —\/—g/ow W,(n) cos(nzs)dn

2 [ S )
+ \/;'/0 Re {az=:l TaLj2aMake‘ffa|32|} Qk(f)de (7.3.6)

Noting that Re{—i¢r,} = £s, > O permits us to make use of (8.1.3),

revealing that boundary condition 2 is satisfied if

6—2
&'2“‘2

LﬂaMak nt — 6 €27 2] Qk(f)

(7.3.7)

1
\I’i(n) = ; [LﬂaMak 7 _

Now, from (2.3.18) and (2.4.4)

ui(z1,0%) = 2Re {B,,,S (z1) + Z Ao M, C,,_,,g-., (2:1:1)} (7.3.8)

a=1

Therefore

[[u,,(zl,o]] = —Zbkj\/%/ow f—léj(f) cos(le)df (7.3.9)

where, again, by; = lm[By;] and d;; = [bjx]™!. Now, from (2.3.19) and

(2.4.5)
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025(21,0%) = 2Re{ (z1) + ¢ E 77 LizaMarg (:_ﬂ) } (7.3.10)

= \f/ @(e)cos £z,)d¢ )

e""lzl/fa
LJZO:M ak

inz1[Ta

+ I,1’2¢7¢Mak

\/2_7r 2 ] Wi (n)dn

a

(7.3.11)

Therefore boundary condition 3 is satisfied automatically while boundary

condition 4 is satisfied.

In case i if

—2b;,j\/§/0°° £710;(¢) cos(éz1)dé =0  z; > b (7.3.12)

Yy

\/; /0 Re Z LjzaMury '™/ "’] Ve(n)dn = pj(z1) =1 € (0,b)
=1

(7.3.13)

and
lim 26451/~ [~ @,(6) sin(gz1)dé = 0 (7.3.14)
210 ky 7 Jo ) 1 D,
while

In case ii if

- zb,,,.\/g /o T e19,(6) cos(ézy)dE =0 z € (a,b)°  (7.3.15)
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and

\/g./;w ®;(¢) cos(éz1)dé

2 —-inz, /T
\/;/; Re Z LizaMyr]te %1/ "] Wr(n)dn = pj(z1) z:1 € (a,b)

(7.3.16)
Now let
8,(¢) = \/_ g"é 3 sin(ét)dt (7.3.17)
where
A(t)=+/(t—a)(b—1t) (7.3.18)

and gi(t)’s are, as yet, undetermined functions.

Then substituting (7.3.17) into (7.3.9) and making use of (8.1.6) reveals

that

fua(ar,0)] = °A§t§H(t— )t

—/ g—k—ﬂdt z1<a

(7.3.19)
= /g"(t)dt a<z,<b
21

0 $1>b )

Therefore, in case i, conditions (7.3.12) and (7.3.14) are satisfied if

g:(0) =0 (7.3.20)
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While, in case ii, condition (7.3.15) is satisfied if

b

Agt; dt = (7.3.21)

We now focus our attention on the various components that appear in
expression (7.3.11).
First, recalling (7.3.17), we see that

e = 2 [ 8,00 con(eeas
1 /ab gi(t) 9 fm sin(¢z,) sin(ft)det

ik

mJa A(t) dzy Jo 3
or, via (8.1.4)
5j(z) = di— / Z"gi i d i (7.3.22)

Secondly, substituting (7.3.17) into (7.3.7), reveals that

‘“‘ LJ2aMak\/>/ Ez 2 s1n(§t)d£

l Ta

ge(t)
die AQ) —=dt
(7.3.23)

¥;(n) = :rfa Re

1 Sa

I7a?

Therefore, noting that Re (:’l) = > 0 permits us to make use of

(8.1.5) and we discover that

9e(t) 4,

¥;(n) =\/—12-——; / Re ZLﬂaMak'e "o ]du () (7.3.24)

Finally, substituting (7.3.24) into the second integral of expression (7.3.11),

we see that
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2 foo 3 _q =iz
Lj(z,) = \/;/; Re ZszaMakrale_"«'x—L Ui(n)dn

a=1

_ 1 b oo gz(t)
2= ;L/o F}-,(n,zl,t)dnd,g——A(t)dt (7.3.25)

where

3
Fj.(n,z1,t) = Re ZszaMak'rgle_"””l/’a] %

=1

3 —int
Re szszﬂ,ie'ff'] (7.3.26)

p=1
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