Old Dominion University

ODU Digital Commons

Mechanical & Aerospace Engineering Theses &

Dissertations Mechanical & Aerospace Engineering

Summer 2015

Flight Dynamics Nonlinearity Assessment Across a New
Aerodynamic Attitude Flight Envelope

Ayman Muhammad Abdallah
Old Dominion University

Follow this and additional works at: https://digitalcommons.odu.edu/mae_etds

6‘ Part of the Aerodynamics and Fluid Mechanics Commons, and the Navigation, Guidance, Control and

Dynamics Commons

Recommended Citation

Abdallah, Ayman M.. "Flight Dynamics Nonlinearity Assessment Across a New Aerodynamic Attitude
Flight Envelope" (2015). Doctor of Philosophy (PhD), Dissertation, Mechanical & Aerospace Engineering,
Old Dominion University, DOI: 10.25777/hakk-hy29

https://digitalcommons.odu.edu/mae_etds/107

This Dissertation is brought to you for free and open access by the Mechanical & Aerospace Engineering at ODU
Digital Commons. It has been accepted for inclusion in Mechanical & Aerospace Engineering Theses &
Dissertations by an authorized administrator of ODU Digital Commons. For more information, please contact
digitalcommons@odu.edu.


https://digitalcommons.odu.edu/
https://digitalcommons.odu.edu/mae_etds
https://digitalcommons.odu.edu/mae_etds
https://digitalcommons.odu.edu/mae
https://digitalcommons.odu.edu/mae_etds?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/222?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/226?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/226?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F107&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mae_etds/107?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F107&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@odu.edu

FLIGHT DYNAMICS NONLINEARITY ASSESSMENT
ACROSS A NEW AERODYNAMIC ATTITUDE FLIGHT ENVELOPE
by
Ayman Muhammad Abdallah

B.S. December 2002, King Fahd University of Petroleum and Minerals, Saudi Arabia
M.S. May 2007, King Fahd University of Petroleum and Minerals, Saudi Arabia

A Dissertation Submitted to the Faculty of
Old Dominion University in Partial Fulfillment of the
Requirements for the Degree of
DOCTOR OF PHILOSOPHY
AEROSPACE ENGINEERING
OLD DOMINION UNIVERSITY

August 2015

Approved by:

Brett Newman (Director)

Thomas Alberts (Member)

Duc Nguyen (Member)



ABSTRACT

FLIGHT DYNAMICS NONLINEARITY ASSESSMENT
ACROSS A NEW AERODYNAMIC ATTITUDE FLIGHT ENVELOPE

Ayman Muhammad Abdallah
Old Dominion University, 2015
Director: Dr. Brett Newman

A new asymmetric level aerodynamic attitude flight envelope is introduced in this
dissertation. The aerodynamic attitude envelope is an angle of attack vs. sideslip angle
region which describes the extent of where an aircraft can sustain a steady slipping
horizontal flight condition. The new envelope is thus an extension of the more common
speed-altitude symmetric level flight envelope. This new envelope can be used for design
requirements, dynamic analysis, control synthesis, or performance comparison.
Moreover, this envelope provides enhanced insight into trimability-controllability
limitations within the aircraft design model. The aerodynamic attitude flight envelope is
constructed for a six degree of freedom nonlinear simulation model of a vhigh—
performance aircraft. The constructed envelope is found to be asymmetric with respect to
positive vs. negative sideslip values, due to the inherent asymmetry in the aerodynamic
model database. Asymmetry and offset in the force and moment coefficient data could
originate from experimental error, from model fabrication imperfections, from vortex-
dominated flow, from data reduction flaws, or from other sources. The literature shows
that vortex-dominated flow can cause significant side force, rolling moment, and yawing
moment coefficient asymmetries. Details concerning the removal of asymmetry and
offset in the aerodynamic data are given. The purpose behind removing the asymmetry

and offset is to facilitate analysis of the new aerodynamic attitude flight envelope with an



iii
ideal aircraft model so that fundamental relationships can be more easily observed, and to
provide a comparison with the non-ideal case previously computed. Based on the adapted
and symmetrized aerodynamic data, a new aerodynamic attitude asymmetric level flight
envelope is constructed and introduced.

‘Further, the six degree of freedom aircraft simulation model is analyzed with
nonlinear index theory across this nontraditional flight envelope. Aircraft dynamic
properties often change in a nonlinear way across operating conditions. Nonlinear index
theory provides a new concept for measuring the strength of these changes for a given set
of coordinates and is applied to the asymmetric aerodynamic attitude envelope with the
original and the adapted and symmetrized aerodynamic data. This analysis provides new
methodology and new insights into aircraft dynamics and control. The index analysis
exposes certain flight condition regions in which nonlinearity strength is high. These
regions are further investigated with both linear and nonlinear simulations. Because the
nonlinearity index is based on the matrix two-norm, the index can sometimes
overestimate the nonlinear strength. To circumvent this behavior, indices based on
system matrix partitions and normalized state formulations are explored. Nonlinearity is a
function of the coordinates used to express the dynamic system. Therefore, the
nonlinearity index is also applied to the aircraft model, expressed with three different
frame of reference sets for kinetics and kinematics, in order to determine the best, or most

linear, coordinates among the three investigated sets.
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NOMENCLATURE

State, input, output, and feedforward matrices

Total aerodynamic force and moments coefficients, where "’ denotes x;, ys, 25, /,
m, and n

Transformation matrix (directional cosine) from frame of reference b to frame of
reference a

Wing mean aerodynamic chord and wing span

Center of gravity

Center of gravity location cross-product matrix

Generic function vector

Force component, including aerodynamic, propulsive, and gravitational, where
denotes arbitrary, body-, stability-, or wind-frame of references

Total external force vector, including acrodynamic, propulsive, and gravitational,
where ' denotes arbitrary, body-, stability-, or wind-frame of references
Acceleration due to gravity

Acceleration due to gravity vector, generic function vector

Altitude

Angular momentum and rate of change of angular momentum vectors

Aircraft mass moments of inertia in x, y, and z axes

Aircraft product of inertia about x, y, and z axes

Aircraft mass moments of inertia matrix

Total aerodynamic rolling, pitching and yawing moments

Mach number



X,y,u
XY, Z
XY,z
XaYaZa
XpYbZb
XsYsZs
XwYwZw
XNz,

ap

Total external moment vector, including aerodynamic, propulsive, and
gravitational, where "’ denotes arbitrary, body-, stability-, or wind-frame of
references

Airplane mass

Airplane roll, pitch, and yaw rates

Free-stream dynamic pressure

Reference area

Time

Total instantaneous engine thrust

Velocity components in x, y, and z axes
Aircraft velocity vector

Aircraft total velocity

Translational velocity cross-product matrix
Reference state vector

Bounded deviation vector about reference state
State, output, and input vectors

Inertial position components

Inertial velocity components

Arbitrary-frame of reference

Body-frame of reference

Stability-frame of reference

Wind-frame of reference

Inertial-frame of reference

Attack and sideslip angles
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Heading, flight-path, and aerodynamic bank angles
Horizontal stabilizer, aileron, and rudder control surface deflections
Leading-edge-flap and speed-brake control surface deflections
Throttle deflection

Nonlinearity index

Varying parameter vector

Center of gravity location vector in the body axis

Angular velocity vector

Angular velocity cross-product matrix

Roll, pitch, and yaw Euler angles

Transition matrix

Center of gravity location vector in x, y, and z body axes
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CHAPTER 1

RESEARCH DESCRIPTION

1.1 Motivation

The operational range or “flight envelope” for an aircraft is a locus of speed-
altitude pairs in which the aircraft is designed in order to sustain symmetric level steady
flight. Figure 1.1 shows the typical flight envelope for a fighter aircraft-in terms of Mach
number vs. altitude. This envelope depicts all of the possible bounding elements of many
classes of aircraft. The inner boundary of the envelope is determined by several factors or
limits. At the low-speed region, the envelope is bounded by the maximum lift coefficient,
which is limited by stall. The highest altitude, or absolute ceiling, is determined by the
aircraft’s maximum operating thrust. At this flight condition, the aircraft encounters high-
drag, due to either a high lift coefficient or a high flight velocity. At the service ceiling,
Federal Aviation Regulations, or FARs, require a small rate of climb capability for
propeller and jet aircrafts. The usable ceiling, as shown in Figure 1.1, is limited by the
pilot ejection survivability. The engine limit presents a safe engine operation, wherein
enough air is available to restart the engine, for example, at low-speed and high-altitude.
Several structural limits bound the envelope at high-speeds, such as dynamic pressure,
duct pressure, and temperature. The external flow dynamic pressure (g) limit is a design
requirement for stress analysis that specifies the structural loads or flutter. The g limit
varies from 1800 to 2200 psf for fighter aircrafts. The maximum airload pressure inside
the inlet duct is accounted for, since it may easily triple the outside dynamic pressure,

while the skin aerodynamic heating for structural materials determines the temperature



limit. This envelope is used for design requirement specification and satisfaction, for
dynamic analysis over differing flight phases, for control synthesis using scheduling
principles, or for comparison of capabilities of different airframes. However, the speed-
altitude flight envelope is limited to rectilinear symmetric level flight conditions and does
not account for asymmetric flight conditions or provide details on the aircraft control
limits in asymmetric flight [1],[2].

The aerodynamic and propulsion characteristics of actual aircraft or of
sophisticated theoretical models of aircraft change with altitude and speed across the
flight envelope. Principally, the aerodynamic and propulsion characteristics change with
the angle of attack and the sideslip angle. The dynamic interaction between the aircraft’s
inherent design characteristics such as aerodynamics and propulsion, and the externally
encountered effects such as pilot input and atmospheric influence may identify a number
of nonlinear behavior responses {3]. Many of the unforeseen nonlinear phenomena during
the early flight history in the last century caused critical incidents and were even fatal, in
' some situations. Airframe- design and the maneuvering nature play an important role in
establishing various dynamic behaviors. This importance comes from the longitudinal-
lateral dynamics cross coupling that results from the inertial asymmetry and
nonlinearities in the aerodynamics.

Stall dynamics play a critical role in aircraft motion and establish many
performance and safety elements. Stalling is a body configuration dependent effect that
occurs when the aircraft is flying near the maximum lift coefficient C; and the air flow is
on the verge of detachment from the upper (leeward) surface of the wing. In most cases,

stall corresponds to a minimum flight speed and a high angle of attack (a) flight



condition, since most fighter maneuvers occur at high a. Due to the complex air flow
patterns at high a, unsteady aerodynamic effects can occur as « increases and enters the
prestall, stall, poststall, and superstall regions (see Table 1.1). Such variational effects
include unsteady buffeting forces, wing drop, a pitch-up moment effect due to
downwash, loss of directional stability, and adverse yaw response to control. Further,
variations in the angle of attack strongly affect aerodynamic damping, for instance, as a
increases, the pitch and yaw damping effects increase, whereas the roll damping
decreases and changes sign in the stall region. Nonlinear acrodynamics at stall complicate
the control surface behavior in which their effects diminish or become adverse. At high
a, it is possible to lose the aileron effectiveness and produce significant adverse yaw
departure motion, leading to the roll-reversal phenomenon. Situations such as a high
angle of attack and/or a high sideslip angle () complicate the prediction and increase the
nonlinearities of the aerodynamics.

Pitch-up is a phenomenon that increases the angle of attack due to an inertially
induced pitch-up moment that is caused by stability-axis roll. This phenomenon is
sometimes defined as the dumbbell effect. In heavy fuselage aircraft such as modern
fighters where 1,, > L, the inertial effect produces positive pitching acceleration and,
hence, an increase in @. In this situation, aerodynamic controls could be used to
counteract the angle of attack increase. Pitch-up to high a is required in the poststall
maneuver; however, control surface effectiveness is also reduced, due to the immersion
in the low-energy stalled air flow. Steady-state spin can develop from the inherent
autorotation tendency of both unswept wings at @ > a,; and the fuselage depending on

its cross-sectional shape. This type of aircraft, usually propeller-driven, experiences an



asymmetric stall due to the autorotation tendency, in which one wing stalls before the
other. In general, asymmetric stall, rapid maneuvering, external disturbances, failure of
control system, or pilot fault can produce a nose departure. This departure involves pitch,
yaw, or roll divergence, probably leading to a fully developed spin, due to high-
acceleration. Different aircraft or even the same aircraft spin differently as the nonlinear
aerodynamics of the spinning aircraft behave unexpectedly when the flow separates from
the wing and tail. Also, the balance between the inertial and the aerodynamic moments is
fundamental to the establishment of spin mode behavior. An important point to indicate is
that departure and spin are related topics, but they are totally different phenomena.
Departure is considered to be a transient occurrence, whereas spin is a quasi-steady
condition.

The aerodynamic wing rock mode describes the aircraft dynamic response at high
a as self-sustained oscillation about the longitudinal roll-axis. This phenomenon is
observed when the aircraft is operating near stall or stall-departure and is explained as the
influence of different factors, such as sideslip angle B, roll motion, and vortex shedding
on the aircraft nonlinear aerodynamics. However, this occurrence can be suppressed and
properly stabilized. The nonlinear oscillatory wing rock motion can be viewed as a limit
cycle with constant motion amplitude. In a high-performance aircraft, if the aircraft is
harshly roll induced at high-speed flight, the inertia of the asymmetric concentrated
fuselage mass distribution overpowers the aerodynamic stabilizing forces, resulting in
intense pitch and yaw motion and control loss, dominated by three-dimensional rotation.
This longitudinal-lateral coupling is called inertial cross coupling in which the roll mass

moment of inertia I, is significantly smaller than pitch inertia /,,,, and yaw inertia I,,.



Most of the prescribed nonlincar phenomena are comprehended by extensive
experimental research, in-flight test, and/or fortuitous discovery. However, it is
demanding to attempt to systematically detect hidden or unknown conditions that are
difficult to quantify where the system can experience extreme nonlinear phenomena [4]-
[71.

The previous discussion underscores the need for 1) new envelope approaches to
address design and analysis focus associated with asymmetric flight conditions, and 2)
new identification approaches to expose and quantify aircraft nonlinear behavior across
its operational regime. This dissertation investigates flight dynamics nonlinearity

assessment across a new aerodynamic attitude flight envelope.
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Table 1.1 Typical flight regimes for various aircraft* [4]

Aerodynamic Region  Angle-of-Attack  Possible Flight Attributes
Range (deg)

Low Anglc of Attack  0-15 (GA, F) Conventional flight

0-10(JT)
Prestall 15-20 (GA) Unsteady effects
10-15¢JT) (buffet, wing drop, wing rock)
15-25 (F)
Stall, Stall Break 20-30 (GA) First lift peak, loss of lift,
15-25 (JT) porpoising, loss of longitudinal and
25-35 (F) directional stability, adverse yaw
Poststall 30-40 (GA) Departure, post-stall gyrations,
25-40 (JT) incipient spin
35-50(F)
Superstall 40-90 (GA, JT)  Second lift peak, deep stall,
50-90 (F) spin, supermaneuverability

*General Aviation (GA), Jet Transport (JT) and Fighter (F)

1.2 Literature Review

The operational range of the aircraft and the various nonlinear aircraft behaviors
have been reviewed in the previous section. In this dissertation, the literature review will
focus on the speed-altitude flight envelope, selected nonlinear aircraft behavior, and

system nonlinearity quantification.

1.2.1 Speed-Altitude Flight Envelope

Several available standard textbooks serve the purpose of estimating the extent of
the speed-altitude flight envelope. However, Filippone [1] and Raymer [2] explored the
envelope concept in depth. These references elaborately covered all of the physical and
mathematical aspects that help in the development of the full-envelope; further, they
extensively discussed details concerning envelope limiting boundaries. Departure from

the designated flight envelope compromises aircraft safety and causes loss of control. In



the event of anomalous situations, the authors in Reference [8] reported their qualitative
and quantitative investigations of flight damage effect on the flight envelope. Moreover, a
real-time flight envelope was estimated for a general aerodynamic model that accounts
for control and stability surface damages. Richardson et al. [9] présented the probability
of an aircraft departure from its flight envelope under the influence of gusts, damége risk,
or control loss. Assured techniques were developed to maintain a steady-state flight
condition under the action of stochastic wind gusts. The flight envelope for an air-
breathing hypersonic vehicle was developed in which requirements of complex coupled
balancing is satisfied [10]. Fialho et al. [11] presented a smooth fractional a .gain-
scheduled controller for the lateral-directional axes of the F-14 aircraft. The linear
controller was designed for a powered approach flight phase that accounts for varying a
and airsiaeed. A state-space Youla parameterization interpolation procedure was
presented in Reference [12] to develop a locally stabilizing gain-scheduled controller for
each operating point of a nonlinear plant. This interpolation method was used to design a

gain-scheduled autopilot and was successfully implemented on a pitch-axis missile.

1.2.2 Nonlinear Aircraft Behavior

Examples of various aircraft nonlinear behaviors are mentioned in Section 1.1;
those nonlinear behaviors are considered thoroughly in some leading aerospace
engineering books and in technical reports published by governmental, academic, and
professional organizations [4]-[7]. A' few examples, but not all, of nonlinear phenomena
are stall, spin, pitch-up, nose slice/departure, shock waves, vortex shedding, engine

unstart, fan stall, wing rock, falling leaf, control reversal, and inertial coupling. Kwatny et



al. [13] investigated the nonlinear influences of stall and aircraft dynamics that lead to a
loss of control. Various methods of analysis [14], aerodynamic models [15],[16], and
nonlinear simulations [17] for investigating the dynamic stall motion are available in the
literature. Experimental research [18] has shown that poststall spin has evolved toward
partial chaotic motion under an increased high Reynolds number. The development of
self-induced oscillations with steady-state roll amplitude “wing rock” and vortex
breakdown was experimentally observed by Arena and Nelson [19]. Roll coupling, or the
so-called inertial coupling [20], between the lateral and longitudinal-directional motion
may cause a jump phenomenon [20] which is an abrupt change from a stability state to a
large roll rate and large sideslip state. The jump can be prevented [21] by the proper

aileron-rudder interconnect relationship.

1.2.3 System Nonlinearity Quantification

Yana et al. [22] introduced a scale measure and an estimate for the nonlinearity
degree of the system between 0 and 1. This scale was based on the input and output time-
series signals with included additive observational noise. However, in order to represent
different classes of nonlinear functions, a parametrized function “multiplier perceptron”
was introduced into the estimation. The degree of nonlinearity of the system approaches
1 when the system cannot be represented by linear representation. Another nonlinearity
measuring scale referred as a “nonlinearity index” was discussed by Junkins and
Singla [23]. Static/algebraic forms of the nonlinearity index were initially proposed. The
nonlinearity index of a linear system is zero, which forms the lowest reference point of

the scale. The nonlinearity index is applied to numerous orbital mechanics test cases in



order to provide a rigorous standard for measuring the system’s nonlinearity. In the same
reference, the nonlinearity index across four different attitude kinematic representations
was investigated, and the results indicated that an Euler angle representation has the
highest nonlinearity. The four attitude kinematic representations are the Euler angle
representation, the classical Rodrigues parameter representation, the modified Rodrigues
parameter representation, and the quaternion representation. The degree of nonlinearity of
the modified Rodrigues parameter and the quaternion formulations was the same, but it
was less than the classical Rodrigues parameter representation. The nonlinearity index
showed its usefulness in coordinate selection [24], where it was able to detect the less-
nonlinear or near-linear representation. Only coordinate systems resulting in singular
nonlinear ordinary differential equations, and coordinates leading to regularized state-
space dynamics over very large domains, were reviewed. Results showed it is more
advantageous when angular velocity is represented by orthogonal components along axes
fixed on a moving N-dimensional rigid body, to realize rigid body classical dynamics
cases for general Lagrangian dynamics. Transforming into a quasi-coordinate
representation for the velocity along rotating axes of the same rigid body via the Cayley
transformation improved the linearity of the dynamical system. The nonlinearity index
provides an accurate indication of system nonlinearity strength, since the simulation error
between the linear and nonlinear models correlates well with the index results.

The dynamical system nonlinearity index of the Cayley form [25] for an elastic
spherical pendulum and a planar satellite example were investigated, based on evaluating
the initial condition sensitivity of the state-transition matrix. The Cayley form is a

representation for physical systems, in which the dynamical systems were described
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using the kinematics and dynamic equations of N-dimensional rotations. Results showed
that the Cayley form exhibited lower nonlinearity when compared to traditional
representations, particularly those representations with kinematic singularities. Again, the
nbnlinearity strength of dynamical systems is extended to estimation systems to both a
measurement model and a dynamical model in Reference [26]. The nonlinearity measure
result showed its practicality in the development of estimation applications for various
physical systems.

The abstract development and practical implementation of the nonlinearity index
in References [23],[24] has been restricted to initial value problems only, which are well-
suited for orbital mechanics and for space vehicle attitude dynamics natural motion.
Following Reference [23], the nonlinearity index theory was generalized by Omran and
Newman [27] to aircraft flight mechanics analysis, which is the source for the work
presented herein. The nonlinearity index theory was generalized by developing four
expressions that account for input excitation and parameterized models. Four additional
dynamic indices were also developed. The index was applied to a low-order pitch-plunge
motion model and showed that it can detect conditions where the system can experience
extreme nonlinear phenomena such as limit cycles. The study also investigated the
nonlinearity strength of F-16 and T-38 model dynamics over the entire flight envelope,
and showed that the F-16 model exhibits double the nonlinearity of the T-38 model.
Further, the results indicated that the indices are higher near the low-speed side of the
flight envelope. The nonlinearity strength of the T-2C naval trainer aircraft model
undergoing stall was investigated in [28]. The results of nonlinearity index theory when

applied to the nonlinear pitch-plunge model exposed behavior, such as limit cycling,
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which was unobserved by traditional approaches. Further, the nonlinear strength using
the F-18 HARYV aircraft model was analyzed [29]. Due to a highly nonlinear aerodynamic
model of that aircraft, hidden nonlinear phenomena such as chaos and non-repeating
quasi-periodic motion were discovered. The theory was able to detect the source of the

nonlinearity as the rolling moment derivative with respect to roll rate, Ci,. This

coefficient was found to cause an instability in the system.

1.3 Statement and Objectives

The concept of the asymmetric level acrodynamic attitude envelope was initially
proposed as a project by Professor Brett Newman at Old Dominion University in his
“Atmospheric Flight Dynamics and Control” graduate level course. The goal was to
produce an asymmetric level rectilinear flight envelope at different altitudes for the high-
performance aircraft model presented in Reference [30]. The nonlinearity index
theory [23], which was introduced in 2004, is considered to be a fairly new research
subject in the nonlinear dynamical system field. Moreover, this subject has not been
investigated extensively by various engineering applications. From that point, along with
the non-existence literature on the asymmetric angle of attack vs. sideslip angle flight
envelope and the very limited work found on the nonlinearity index theory in the
literature, the idea of investigating the nonlinearity index across this flight envelope
potentially grew as a dissertation subject.

The dissertation focuses on three main problems concerning 1) extension to a new
asymmetric acrodynamic flight envelope, 2) application of the nonlinearity index theory

to this new envelope, and 3) linear-nonlinear simulation comparisons. First pertaining to
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extension to a new asymmetric aerodynamic flight envelope, the contribution of the study
will focus on establishing a methodology to develop the angle of attack vs. sideslip angle
envelope using the original aerodynamic model in Reference [30]. This envelope
describes the extent of where the airplane can sustain a slipping horizontal flight
condition. Fundamentally, this envelope can describe the asymmetric trimability, control
power authority, and poststall domain of an aircraft, and thus it can be utilized in similar
ways to the traditional flight envelope. Asymmetry and offset issues in the force and
moment aerodynamic coefficients will be analyzed and solutions will be provided, in
terms of an idealized acrodynamic model. Finally, the envelope will be redeveloped with
the ideal aerodynamic model. Second pertaining to the application of the nonlinearity
index theory, the primary goal is to investigate the nonlinearity strength of the aircraft
model across both the original and the idealized aerodynamic attitude envelopes.
Additionally, the nonlinearity index will be also applied to the aircraft kinetics and
kinematics model expressed by three different coordinate sets in order to determine the
most linear set. Last, indices based on system matrix partitions and normalized state
formulations will be explored. The nonlinearity index analysis exposes certain flight
condition regions in the envelope, where nonlinearity strength is high. Therefore, the
main goal of the third problem pertaining to linear-nonlinear simulation comparisons is to
explore regions with high nonlinear index values. The linear-nonlinear simulation will

consist of initial condition excitation and control input excitation.
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1.4 Dissertation Outline

The dissertation is outlined as follows. Chapter 2 presents a review of topics on
the dynamics of atmospheric flight. In this chapter, all mathematical models for the
aircraft dynamics are developed. Chapter 3 provides the mathematical foundation of
static and dynamic nonlinearity index theory and extends the theory to generalized input
excitation and parameterized aerodynamic attitude flight envelope settings. In Chapter 4,
the development of the nontraditional angle of attack vs. sideslip angle flight envelope is
discussed thoroughly. Numerical results with the high-fidelity F-16 aircraft model used in
the study are also presented here. This chapter addresses and provides a solution to the
asymmetries in the aircraft aerodynamic model. Chapter 5 implements nonlinearity
indices on the aerodynamic attitude flight envelopes and compares the indices for
different frames of reference representations. The linear system sub-blocks, sub-indices,
and matrix-index are introduced here. In Chapter 6, linear and nonlinear simulation cases
are performed in the regions of high nonlinearity index and the results are examined.

Finally, overall conclusions and recommendations for future work are drawn in Chapter

7.
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CHAPTER 2

DYNAMICS OF AIRCRAFT MOTION

2.1 Introduction

A rigid aircraft body experiences motion in three dimensions. These motions are
described as six degrees of freedom (6-DOF) motions; three translational degrees
describes the trajectory and three rotational degrees describes the orientation of the
aircraft. The motion of the aircraft can be well described by Newton’s laws of motion
derived in a body referenced frame or coordinate system. In flight dynamics, there are
basically three categories of reference frames that must be considered: inertial, aircraft-
fixed, and aircraft-carried frames. In this dissertation, all three categories of reference
frames are discussed. The choice of frame of reference depends on the classes of the
problems or on the assumptions made. Further, it is important to establish a systematic
means of transforming the motion components from one frame of reference to another.

In deriving the equations of motion of an aircraft, several assumption are made,
such as non-rotating flat Earth, rigid body airframe, no actuator dynamics, and constant
mass vehicle. The flat Earth assumption is equivalent to assuming that the Earth is an
inertial-frame. The derivation of the equations of motion starts with Newton’s laws of
motion being applied to a system of particles bounding the rigid body aircraft. Six
governing kinetic equations exist for three translational velocities (u,v,w) and three
angular velocities (p,q,r). Six governing kinematic equations also exist for three

translational positions (X,Y,Z) and three Euler angles (¢,0,y).
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2.2 Frames of Reference

The aerodynamic forces and moments acting on the aircraft are a function of the
aircraft orientation relative to the air flow instantaneous velocity vector (v). Therefore,
two aerodynamic orientation angles are necessary to specify these forces and moments
with respect to v. Furthermore, these two angles are the baseline in defining two
important special aircraft-carried frames of reference, namely, the stability-frame and the
wind-frame. The aerodynamic angles are the angle of attack (a) and the sideslip angle
(B) and they are shown in Figure 2.1. The two angles can be defined in terms of the body

translational velocities u, vy, wp, as

w
a= tan’la—;—’ 2.1)
and
v
f =sin~?! V—: A (2.2)

where Vi = \Ju? + v + wi.

2.2.1 Inertial-Frame of Reference

An inertial-frame of reference is a frame that describes both time and space and
could be moving in a constant rectilinear motion with réspect to another inertial-frame. In
other words, a frame of reference is inertial if it is experiencing neither rectilinear
acceleration nor rotation. This frame of reference is particularly important when dealing
with Newton’s laws of motion. Aircraft motioné are only observed and derived in the
inertial-frame. Depending on the flight dynamics problems addressed and the validity of

the assumptions made, there are different frames that are assumed to be inertial. For
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example, in the analysis of atmospheric flight dynamics vehicles, the accelerations
associated with the Earth’s rotation around its axis, in addition to the Earth’s orbital
motion in the solar system, are comparatively small to those resulting on the aircraft.
Then, an Earth fixed point can be sufficiently considered to be an accurate inertial-frame
of reference. The axes of this frame of reference, as well as the rest of the other frames
discussed later, are mutually orthogonal. In general, the axes of the inertial-frame are
oriented north, east, and downward to the geometric or mass center of the Earth [31]-
[34]. The frame X,Y,;Z; in Figure 2.1 is an inertial-frame of reference and is used to track

the motion of the aircraft.

2.2.2 Body-Frame of Reference

This type of frame is a noninertial-frame; it is an aircraft-fixed frame and it moves
and rotates with the aircraft in a well-defined manner. This frame can be fixed arbitrarily
on the aircraft or, as in most of the flight dynamics analysis, it is attached at the center of
gravity (cg) of the aircraft. Figure 2.1 shows the body-frame of reference x,y,z, located
at the aircraft’s center of gravity. The body-frame x,-axis is aligned with the aircraft
fuselage reference line. The y,-axis is directed along the right wing and the z,-axis is
directed downwards. This frame serves the purpose of defining an aircraft’s positions and
velocities and is commonly used in aircraft nonlinear simulations. Another example of a
body-frame at an arbitrary point a that is not necessarily referenced at the cg of the

aircraft is shown in Figure 2.2 and is denoted by x,y,2,.
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2.2.3 Stability-Frame of Reference

This frame is a special noninertial-frame that is aircraft-carried; it moves with the
aircraft but can rotate relative to the aircraft. Usually, this frame is selected for
perturbation analysis, in order to simplify the expressions for the aerodynamic forces and
moments [33],{34]. This frame is commonly associated with a specific reference flight
condition. For example, in steady level flight as a reference flight condition, the stability
axes are associated with the reference free-stream velocity vector. The stability-frame of
reference xyszg is sho% in Figure 2.1. The origin of this frame is fixed at the aircraft
cg. The stability-frame is established when the body-frame x,y,z, is rotated by the
aerodynamic angle of attack a through the negative body y,-axis. The stability xs-axis,

zg-axis and the angle of attack «a lie in the body xpz, plane. The y;-axis is directed along

the right wing.

2.2.4 Wind-Frame of Reference

The wind-frame of reference is also designated as a special aircraft-carried frame,
rather than aircraft-fixed, like the body-frame of reference. If the stability-frame of
reference is rotated by the aerodynamic sideslip angle B through the stability z;-axis, a
new frame of reference is formed. This frame is called the wind-frame of reference
XwYw2Zyw and is shown in Figure 2.1. The wind x,,-axis and the sideslip angle £ lie in the
stability xsy; plane. Further, the wind x,-axis is always aligned with the aircraft
instantaneous velocity vector v. The velocity vector v is always defined by the
aerodynamic angles a and f relative to the body x,-axis. The y,-axis is directed along

the right wing and the z,-axis lies in the x;z, or xsz; plane. The equations of motion
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which are derived in the wind-frame are particularly suitable in trajectory or performance
analysis and optimization. The wind-frame set of equations is sometimes referred to as
the point-mass equations of motion because they govern the three translational, but not

the three rotational, degrees of freedom.

w

Figure 2.1 Definitions of axes and aecrodynamic angles



19

2.3 Frames of Reference Transformation
2.3.1 Body-Stability-Wind Frame Relationships
Based on the frames of reference described earlier and Figure 2.1, the

transformation matrix from body- to stability-frame is

cosa 0 sina
Co/p = 0 1 0 (2.3)
—-sina 0 cosa
Similarly, the transformation matrix from stability- to wind-frame is
cosB sing O
Cyss = |—sinff cosf O 2.4
0 0 1
Therefore, the transformation matrix from body- to wind-frame becomes
cosacosf sinff sinacosf
Cw/b = Cyw/sCsyp = |—cosasinf cosf —sinasinf (2.5)
—sina 0 cosa

These transformation matrices are orthogonal, and hence, the wind- to body-frame

transformation matrix is simply the transpose of the body- to wind-frame matrix in

Equation (2.5).
cosacosff —cosasinff —sina
Cosw = Coy st =[ sin B cos 8 0 ] (2.6)
sinacosff —sinasinff cosa

2.3.2 Inertial-Body Frame Relationships

The relationship between an inertial-frame of reference fixed on the Earth’s
surface and a body-frame of reference fixed on an aircraft body is established by a
sequence of planar rotations. The common Euler 3-2-1 rotations describe vehicle
orientation by the z,, y,, X, rotation sequence, respectively, which transforms the

inertial-frame into the body-frame. The rotation sequence is indicated below.
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1. Positive yaw (), that is right-hand rotation about the z,-axis.
2. Positive pitch (6,), that is right-hand rotation about the yj,-axis.
3. Positive roll (¢,), that is right-hand rotation about the x,,-axis.

Following the established rules, the transformation matrix from inertial- to body-frame is

1 0 0 cosB, 0 —sin6y1[cosy, siny, 0
Coyr = [0 cos¢, sin ¢b] [ 0 1 0 } [-— siny, cosy, O] .7
0 —sing, cos¢gpilsing, 0 cos8, 0 0 1

Carrying out the multiplications, the final result is

Cb/l =
cos 8, cos Y, cos 8, siny, —sing, (2'8)
[— cos ¢y, sinyy, + sin gy, sin8, cosP,  cos P, cosy, + sing, sin 8, siny,  sin ¢, cos 9,,]
sin ¢y sinyy, + cos @, sinB, cosP,  —sin ¢, cos Yy, + cos Py, sin B, siny, cos Py, cos B,

This transformation matrix is orthogonal, hence, the body- to inertial-frame

transformation matrix is simply the transpose of the inertial- to body-frame matrix.

— T _
Ciyp = Cpyp =
cos 8, cosp, —cosd,siny, + sind,sinb, cosyp, sind,sinp, + cos ¢, sin 8, cos P, (2'9)
cos B, sinpy, oS Py cos Py, + sin @y, sin By, sinp,  —sing, cos P, + cos Py, sin G, siny,
~—Sin 8, sin ¢y, cos 8, €os ¢ cos 6y

2.3.3 Inertial-Stability Frame Relationships
Similar to the common body-frame Euler 3-2-1 rotations, three additional
rotations are defined when transforming from the inertial- to stability-frame. The three
rotation sequences are given below.
1. Positive yaw (i), that is right-hand rotation about the z;-axis.
2. Positive pitch (6s), that is right-hand rotation about the y,-axis.

3. Positive roll (¢), that is right-hand rotation about the x-axis.
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By following the established rules, the transformation matrix from inertial- to stability-

frame is constructed directly as

Cs/ 1=
cos 6, cos P, cos g, sin - sin 6 2.1 O)
—cos ¢, sin; + sin g sin G cos s cos g cos s + sin g sin G sin;  sin @, cos G
sin ¢ siny; + cos ¢ sinf; cosyp;  —sin @ cos P, + cos ¢ sin G, siny;  cos P, cos G,

By taking advantage of previous results, the transformation from the inertial- to stability-
frame can be indirectly constructed without angles ¢, 85, Y, using Equations (2.3) and

(2.8) as follows.

CS/I(]-tl) CS/I(LZ) CS/I(LB)
Csp1 = CsppCopp = s/1(2»1) CS/,(Z,Z) Cs/1(2,3) 2.11)
CS/I(311) Cs/l(3:2) Cs/1(3:3)

Now, equating Equations (2.10) and (2.11), the stability-frame Euler angles are easily

found as

¢s = tan? (——-—————CS/I(Z'S))

CS/I(313)
6, = —sin™ (Cy/,(1,3)) (2.12)
_ - C5/1(1,2)
ll)s = tan™ (Cs/l(l:l))

2.3.4 Inertial-Wind Frame Relationships
Again, similar to the common body-frame Euler 3-2-1 rotations, three additional
rotations are defined when transforming from the inertial- to wind-frame. The three
rotation sequences are given below.
1. Positive yaw (i), that is right-hand rotation about the z,,-axis.

2. Positive pitch (6,,), that is right-hand rotation about the y,,-axis.



22

3. Positive roll (¢, ), that is right-hand rotation about the x,,-axis.
Following the established rules, the transformation matrix from the inertial- to wind-

frame is generated directly as

Cw/l =
cos 8, cosy,, cos 6, siny,, —siné,, (2 13 )
— ¢0s ¢, siny,, + sin ¢, sin G, cosp,,  cos P, cosY,, + sinP,, sinf,, siny,, sing, cosb,,
sin ¢y, sin,, + cos ¢, sinf,, cosyp,,  —sin g, cosy,, + cos P, sin b, siny,, cos ¢, cosb,,

By taking advantage of previous results, the transformation from the inertial- to wind-
frame can be indirectly generated without angles ¢,,, 8,,, Y, using Equations (2.5) and
(2.8) as follows.

Cw/l(l:l) Cw/l(ltz) Cw/l(1;3)
Cw/1 = CwypCoyr = wy1(2,1) Cw/I(Z:Z) Cw/i1(2,3) (2.14)
Cw/l(3:1) Cw/l(3:2) Cw/1(3.3)

Equating Equations (2.13) and (2.14), the wind-frame Euler angles are found as

o (Cun@3)
P = tan (cw/,(3.3)

8y = —sin"(C,/r(1,3)) (2.15)

_ — CW/I(]-IZ)
Y = tan”™ (Cw/,(l.n)
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2.4 Arbitrary-Frame Equations of Motion

In this section, rigid body aircraft equations of motion are derived with respect to
an arbitrary referenced point a (see Figure 2.2), that is not necessarily the aircraft’s center
of gravity. These equations of motion are developed based on several assumptions such
as non-rotating flat Earth, rigid body airframe, no actuator dynamics, and constant mass
vehicle. To fully describe the motion of an aircraft, two sets of equations are required.
The first set consists of six kinetic equations to describe three translational velocities and
three angular velocities. The other set consists of six kinematic equations to describe
three translational positions and three Euler angles. To promote simplicity of notation,
physical vector quantities as well as algebraic vector quantities will be denoted by bold

letter face, and they are used interchangeably in a mixed fashion in some expressions.

Figure 2.2 Arbitrary referenced rigid aircraft
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2.4.1 Kinetic Equations
The aircraft shown in Figure 2.2 has an instantaneous velocity vector v, with
respect to the arbitrary body-frame x,y,z, located at point a, and an instantaneous
angular velocity w, with respect to inertial-frame X;Y;Z,. If the location of point a with
respect to the inertial-frame and the location of a mass particle m; with respect to point a
are denoted by r, and p;, respectively, then the location of m; in the inertial-frame is
r =1, +p; (2-‘16)
The location of the aircraft center of gravity (cg) from the arbitrary-frame at point a is p
and r from the inertial-frame.
The translational motion of the aircraft is derived from Newton’s second law in
the inertial-frame of reference, mathematically speaking
2F = ¥my(&;); = m(¥), (2.17)
where Y F is the sum of all external forces acting on the aircraft including aerodynamic,
propulsion, and gravity terms and (¥); is the cg acceleration as observed in the inertial-
frame of reference. Further, the relations m = Ym, (total aircraft mass), mp = Ym;p;
and mr = Ym;r; are satisfied. It is more convenient to write components of Equation
(2.17) in a body-fixed frame of reference, such as the arbitrary-frame x,y,z, referenced
at a. In order to accomplish this, Equation (2.18), the equation of Coriolis, is used. This
equation relates vector derivatives in two different frames through an angular velocity

vector w, that describes the angular rotation between the two frames.

(d[vector]) _ (d [vector]

7 T ) + w, X [vector] (2.18)

a
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To find the acceleratioﬁ term in Equation (2.17) in the arbitrary body-frame at a,
the first derivative of Equation (2.16) is taken and Equation (2.18) is then applied as
follows.

(£ = () + (P
or
(1)1 = (Vo)1 + (pi)a + 04 X p;
If the body derivative notation is dropped, the previous equation becomes
() = (Vo) + Pi + @y X p; (2.19)
Taking the derivative of Equation (2.19) again, the final result is
(E)1 = Vo + g X Vg + Py + g X Py + 2(0g X P;) + 0y X (g X p)  (2.20)
The relative velocities and accelerations of the mass particles are ignored for a rigid
aircraft body, p; = p; = 0. Therefore, from Equation (2.17), the force equation at a
representing the translational motion of the aircraft in physical vector form is
YF,=m@, + ®, XVv,) + @, X mp + w, X (0, X mp) (2.21)

Before expanding this equation, vector and matrix components at an arbitrary
reference point a that are used to derive the scalar equations of motion are listed in
Table 2.1. The angular velocity cross product can be replaced with the cross-product
matrix (see Table 2.1). Hence, Equation (2.21) is rewritten in algebraic vector form as

YF, =m(v, + Quv, + Qup + 0%p) (2.22)
Expanding the left-hand side (LHS) and the right-hand side (RHS) of this equation and

using the proper transformation yields
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gsing, cos 8,
g cos ¢, cos 8,)

,a

RERES

a —gsinf,
+m{

a

U, 0 -1, g4 1(YUa
=miUap+| T 0 —paliva

Wa L=qa DPa 0 Wa
0 —f G l(dx) [0 -7 qo7’(Ax
+| 7o 0 -p, A)’} +| T 0 —Pa| {4y
"qa pa 0 Az ~Qa Pa 0 Az

or

Ea —gsiné,
Ear+m {g sin ¢, cos Ba}
E. gcos ¢, cos B,

ua =TqVq + qaWa
=m| {Vs t + {+TUs — PaW,
Wq —qqUq + PaVq

"(q¢21 + raz)Ax + (paqa - ra)Ay + (para + Qa)AZ
+ +(paQa + 7:'a)Ax - (pg + raZ)Ay + (Qara - Tja)AZ
+(PaTa = 4a)Bx + (qaTe + Pa)by — (P2 + q2)Az

Equating the LHS and RHS, the scalar force equations of motion for the arbitrary body-

frame fixed at point a are
F;c,a = m(ua - TaVq + qaWg + g sin 9a - (QLZI + raz)Ax + (paQa - f'a)Ay

+ (para + qa)AZ)

Eyq =m(Ug + 1qUg — PaWe — g Sin g cos 0, + (paq, + 7,)Ax
(2.23)
- (pczl + TaZ)Ay + (qara — Pa)Az)

Ez,a = m(wa = GqUg + PaVq — g €OS P, cOS B, + (para - qa)Ax

+ (qq7a + Da)AY — (P& + q3)Az)
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Table 2.1 Vector and matrix definitions for arbitrary-frame

Force, Moment and Gravity:

Fra L,
YF, ={Fyap + mg,, XMy = {Ma} +pxmg,
F N,

z,a

0
g

where C,/; denotes the transformation matrix from the inertial- to arbitrary-frame based
on Euler angles ¢, 8,4, ¥,
Linear Velocity, Angular Velocity and cg Location:

Ug Pa Ax Xa
V, = {va , W= W, = {Qa}, p= {A)’}, r, =yYa
Wa ra AZ Za

Cross-Product Matrix:

0 ~Ta qa
w, X () =0,0) = [ Ta 0 "pa] Q)
~qa Da 0
2

0 -1 4qq
wg X (wa X ()) =02() = [ Ta 0 _pa} Q)
—Ga Pa 0

0 -Az Ay
] 0,

0 —-w, v,
pXxX()=D,()= [ Az 0 —Ax Ve X()=V,() = [Wa 0 —'ua] ©)

~-Ay Ax 0 —Vg Ug 0
Inertia Matrix:
I:‘czx —Iy(cly "IJ?Z
o=~y by -l
"ly‘czz "13‘)12 lgz
2
Igl}ylgz"(lgz) I;gz[:‘clz"'lgylgz Igylgz'*'lz‘clz]gy ki kS k%
l;l ‘_"F gzI:‘clz"’IJ‘clngz Igzlgx_(lgz)z Igylgz'*'lgrzlatcz:; =72 kz: k% k%
18,19, + 15,12, 1212 + 18,18, 1212, - (I%,) ks ks ke

2 2
A% = Izlclxlgylgz - Zlgylgzla‘czz - Ifx(lifz) - I;y(lgz)z - Igz(lztcly)
where 12, I3, I7; denote moments of inertia and I¢,, 13,, If, denote products of inertia

for the arbitrary-frame
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The rotational motion of the aircraft about an arbitrary point is described by the
moment equations about a. The sum of external moments about point a is equal to the
rate of change of the angular momentum about a as observed in the inertial-frame of
reference. Therefore, the absolute angular momentum about a is defined as

Hy = 3(p; X m;v;) (2.24)
where (I;); = (v;);. The rate of change of the angular momentum about a as observed in
X\Y,Z, is

(Ha), = T x myvy) + T(p; x m;(¥);) (2.25)
Here, (p;); = (f; — 13);, (V) = (i), and since (i;); X v; = 0, then,

(Hy), = —(fa); X Tmyv; + X(p; % m;(Vi)) (2.26)
The sum of all external moments about the arbitrary body-fixed frame at point a is

defined as
IM, = X (p: X m;(V;);) 2.27)
Using Equation (2.26), Equation (2.27) is rewritten as
M, = (Hg), + (f); X Tmyv; (2.28)
or, since Ym;v; = mv and v = v, + (p);, then Equation (2.28) is written as
YM, = (Hg), + v, X m(p), (2.29)
Now using Equation (2.19) and noting that for a rigid body p; = 0, Equation
(2.24) is expressed in the arbitrary body-fixed frame at a as

H, = Z(Pi Xm;(v, + p; + w, X pi)) (2.30)
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or
Hy = Ym;p; X vy + Xp; X my(0, X p;) (2.31)
The second term on right in the previous equation is equal to the algebraic vector
Jaw, [35]. The mass moment of inertia matrix of the rigid body aircraft ], as well as all
of the vectors in the previous equation are expressed in the body-fixed arbitrary-frame at
a. Now, Equation (2.31) has the form |
H,=mpXv, +],0, (2.32)
The derivative of this equation can be expressed in the inertial-frame by using the vector
derivative relationship from Equation (2.18), so
(Ha), = (Ha), + 0, X H, (2.33)
or, in an expanded form,
(Hy) | = Ja®g + 05 X Jo0, +mp XV, + 03, X (Mp X V) (2.34)
Noting that (p); = w, X p and substituting Equation (2.34) in Equation (2.29) yields
YM, =Jaw, + @y XJ 0, +mp XV, +mwg X (p X V) +mv, X (wg X p)  (2.35)
Finally referring to Table 2.1, the right-hand side of this equation can be
expressed in cross-product matrix form as
XM, =0, + Q)0 + mDv, + mQ,Dyvy — mV, D, (2.36)

Equation (2.36) is expanded into three scalar moment equations as
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Lo = [ba — IfyGa = 18570 + I§yPaTa = lzPada + (5 — 1y )4aTa
+ (17 — 31y, + m(Pava — Gatia + W, — gcosf,cosd,)Ay
+m(p,w, — U, + U, + gcosB,sing,)Az
M, = —I5yPa + IjyGa = 15570 + 1y:Pala — Iiyqata + gy — I72)DaTa
+ (P2 = T2)I% + m(qattq — PaV — Wq + gcosBacosy)Ax (237)
+ m(qowy — 1,V + Uy + gsing,)Az
No = ~I%Pa =[2G + 1570 + [E00Ta = IPaTa + (I5y = 18)Pada
+ (g3 = P, + m(1auq — PaWa + Vg — gcos,sing,)Ax

+ m(r,v, — quw, — i, — gsing,)Ay

2.4.2 Kinematic Equations
The inertial translational positions (X4, Y, Z,;) of an aircraft referenced at point a
are obtained by relating the body-fixed translational velocities to the inertial velocities by
the appropriate transformation matrix. Using the form of Equation (2.9), the inertial
velocities are easily obtained as follows
Xg Ug
Y.t =Cisa { va} (2.38)
Zg Wa
or
X, = (cos 8, cos Yo)u, + (—cos ¢, sinp, + sin ¢, sin 6, cos P,)v,
+ (sin ¢, sinyp, + cos ¢, sin 0, cos P )w,
Y, = (cos 8, sin)u, + (CoS ¢, cOS Py + sin ¢, sin 6, sinp,)v, (2.39)
+ (—sin ¢, cos P, + cos ¢, sin B, siny,)w,

Z, = (- sin8)uy + (sin ¢, cos 6,)v, + (cos ¢, cos ,)w,
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The orientation of the arbitrary body-fixed frame at a can be described relative to
an inertial-frame by a sequence of Euler rotations similar to the discussion in

Section 2.3.2. The Euler angle rates (¢q, 64, ¥4) can be resolved into components

relative to the body-fixed angular velocities as shown in Reference [33].

Da 1 0 —sinf, d’a
{qa} = [0 cos ¢, sing,cosb,|(< 0, (2.40)
Ta 0 -—sing, cosg¢,cosb, ¥a
or
ba 1 tan8,sing, tanb,cos g, (Pa
6, ¢ = [O cos ¢, —sing, ] {Qa} (2.41)
U, 0 sing,/cos8, cosp,/cosB,1\T,
The three Euler body rotation relationships in individual form are
$a = pa + (tan B, sin da)q, + (tan 6, cos g )7,
éa = (oS Pp)qq — (5INPT, (2.42)

Wo = (5in o /c0s 6,)qq + (cOS $o/C05 )7,

In general, the complete motion of an aircraft is described by the three body linear
translational velocities (u4, v4, wy) and the three body angular velocities (pg, qq, 7g)-
However, to track the path and orientation of the aircraft, three inertial linear positions
(Xa, Ya, Z,) and three angular attitudes (¢, 8,4, P,) are used. Therefore, the complete

state vector of a nonlinear aircraft model for the arbitrary body-fixed frame at point a is

Xaz[ua Va Wq ¢a ea lpa Pa Qa Ta Xa Ya Za]T



32

2.5 Body-Frame Equations of Motion

The body-fixed frame is referenced at the center of gravity (cg) of an aircraft, as
shown in Figure 2.2. This frame can be interpreted as a special case of the arbitrary-frame
when point a is exactly located at the aircraft cg, and the position vector of the cg
relative to a is zero. Throughout this dissertation, the body-frame is used to indicate a
frame of reference that is centered at the cg of the aircraft. Table 2.2 lists the vector and
matrix components that are used in the derivation of equations of motion in this frame of
reference. Further simplifications to the body-frame equations of motion can be made by
assuming inertial symmetry about the x,z, plane; however, these simplifications are

carried out in a later section, but not here.

2.5.1 Kinetic Equations
The general equations of motion derived in Section 2.4 are revisited here;
however, the subscript a is replaced by b to indicate the body-frame at the aircraft cg
position and the terms involving vector p are deleted from the expressions. With these
simplifications in mind, the force equation, Equation (2.22), is rewritten here as
YF, =m(v, + Qpv,) (2.43)

The linear acceleration vector can now be expressed explicitly as
) 1
Vp = —'vab + EZF}, (244)

After substituting and expanding, three scalar linear accelerations equations are obtained.
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. 1
Up = TpVp — qpWp — g Sin @y + — Fxb
. . 1
Vp = —TpUp + PpWp + g Sin gy, cos 6y, + ;n-Fy'b (2.45)

1
Wp = quUup — PpVp + g oS Py, cos B, + EFZ,D

Similarly, the moment equation represented by Equation (2.36) is rewritten here

XM, = Jp@p + Qp) 0y (2.46)
This relation can be expressed in terms of the angular acceleration vector.

@p = J5 (= QpJp0p + IMp) (2.47)

Substituting and expanding yields three scalar angular accelerations equations.

1
po = 5 [kt (5 = 12)avms + 5203 =) + (1220 ~ LT )Py + L)

+ k2{(1%, — 12 )ppry + 12,(rZ — pE) + (127 — 12.Pp )b + My}
+ k2{(15, — 12, )opay + 12, (pE — a2) + (12,05 — 12:q5 )15 + Np}]

1
= —E[kb{( — 12,)aprs + 12.(a5 — v2) + (12,95 — I2y7)0p + Ly}

(2.48)
+ k2{(15, — 12 )ppry + 12 (rf — pE) + (1275 — I22Pp )b + M)

ké’{(l)?x - lsey)Pb% + Ialc)y(pb ) + ( yzPp — xZQb)rb + Nb}]
1
Ty = XE [ké’{(lﬁy - Igz)QbTb + I}t"z(‘h% - Tb) + ( xzqp — xyrb)pb + Lb}

+ k2{(15, — 12 )ppry + 12,(rE ~ pE) + (I2y7s — 12:0p )95 + My}
+ k&{(12 — 12y )vap + 12 (PE — a2) + (I32Pp — 12245 )75 + Np}]
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Table 2.2 Vector and matrix definitions for body-frame

Force, Moment and Gravity:

Fx,b Ly 0
YF, ={Fyp+Cpymg, IM, ={Mp}, g= {0}
Fz.b Nb g

Linear Velocity and Angular Velocity:

Up Db Xp
v=v, ={Vp}, m=wb={%, r=rb={Yb}

Wp s VA b

Cross-Product Matrix:

0 -1 g
0, X()=0Q,C)=|n O —pb](-)

—qp D» 0

0 -n q 2
0y X ((‘"b X (')) =0{() = [ 4’ 0 —Pb] )
‘ -G ppb O

!
¢

Inertia Matrix:

Ia’c’x —IchJy _Ialc)z
b = "lflgy IJll’y "’gz
"[alc)z "'I}lf’z Igz
2

Bylte = (32)" Ball+ 12 Dyl + 1505 k? kb k2

]b—l = Kb_ I;ezlalc’z + la?ylgz Igzlzlc)x - (lch’z)z ]Jtc)yIJtc,z + I}l',zlylc)x = Ab kg kg kg

2 b b b

15,15, + 15,10, 1215 + 15,15, 1215, — (12,) k3 ks ke

b 2 2
AT = Ia?xljlz’ylgz - ZIgyI)’zzIch’z - IJIer(I)?z) - I}ll)y(’}c’z)z - Igz(latc’y)

where 12, I%,, 12, denote moments of inertia and I, IZ,, IZ, denote products of inertia for

the body-frame

2.5.2 Kinematic Equations

The inertial translational positions (X, Y, Zp) of an aircraft referenced at the cg
are obtained by relating the body-frame translation velocities to the inertial velocities by
the appropriate transformation matrix. The inertial velocities are similar to Equation

(2.39) and are repeated here with the appropriate Euler angles.
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Xy = (cos 8 cos P, )uy, + (— cos ¢y, sinhy, + sin Py, sin G, cos P, v,
+ (sin ¢, sinyp,, + cos ¢, sin 6, cos P,)w,,

Y, = (cos 8, sinyp,)u,, + (cos ¢, cos,, + sin ¢, sin B, siny, v, (2.49)
+ (—sin ¢, cos P, + cos P, sin 8, sinP,)w,

Z, = (—sin8)u,, + (sin ¢, cos 8,,)v,, + (cos ¢, cos ,)w,

The orientation of a body-fixed frame at the cg can be described relative to an
inertial-frame by a sequence of Euler rotations, as discussed in Section 2.3.2. The Euler
angle rates (¢, 0, ¥),) can be resolved into components relative to the body-frame
angular velocities. Hence, the three Euler body rotation relationships are

¢p = Py + (tan 6, sin ) gy + (tan 6 cos pp)7y
B = (cos @)y — (sin )1, (2.50)
Wy = (sin¢p/cos 6,)qp + (cos ¢y /cos 6,7y

Here, the complete motion of an aircraft is described by the three body linear
translational velocities (uy, v, wp) and the three body angular velocities (pp, qp, )
However, to track the path and orientation of the aircraft, three inertial linear positions
(Xp, Yy, Z,) and three angular attitudes (¢, 8y, Yp) are used. Therefore, the complete

state vector of a nonlinear aircraft model for the body-fixed frame at the cg is

xp=[up vp W ¢p 6 Y Do G T Xp Yo Zp]”
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2.6 Stability-Frame Equations of Motion

The stability-frame is a special aircraft-carrried frame that is referenced at the
aircraft center of gravity and undergoes a left-handed rotation a about the body y,-axis,
as shown in Figure 2.1. The stability-frame experiences an angular velocity of —d with
respect to the body-frame x,y,z,. The angle of attack derivative & can be obtained by
direct differentiation of Equation (2.1).

UpWp — Wpll
=t 2.51)
up + wf
More discussion of this frame was provided in Section 2.2.3. Table 2.3 lists the vector
and matrix components that are used in the derivation of equations of motion in the

stability-frame of reference. Note that the velocity vector now lies in the x,y; plane, and

hence, the z; velocity component is zero (wg = 0).

2.6.1 Kinetic Equations
From Equation (2.21), the force vector equation in the body-frame x,y,z,
referenced at the cg is
1 .
—XF =¥y + @, X Vp (2.52)

The acceleration term v, can be expressed in the stability-frame by utilizing the vector
derivative rule (Equation (2.18)) and the body-stability transformation matrix (Equation

(2.3)). Equation (2.52) can be written in the stability-frame x,y,z; as

1 d
o s/b2Fp = Cs/p EE(CST/"VS) + (Csypwp ) X (Cs/pVp)

or
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1 r . -
"n',Z'ZFs = (Cs/sz/sz + Cs/sz/sz) + ws X Vg
or
1 .
T—n-ZFS = Vs + g /pVs + @5 X Vg

Therefore, the linear acceleration vector in the stability-frame x,y,z; can now be

expressed explicitly as
_ 1
Vs = —{s/pVs — Ws X Vg + —n:L-ZFS (2.53)
or
, 1
Vs = —Qg/pvs — Qevg + ;{ZFS (2.54)

The acceleration vector term - Q/,Vs = [0 0 —dug]” is an additional term due to the
rotary motion of the stability-frame, when Equation (2.54) is compared to Equation
(2.44). This vector represents tangential acceleration components arising from the mutual
interaction of the linear components of velocity vy with the components of angular

velocity wg/,. Substitute and expand to get three scalar linear accelerations equations.

1
Us = 1,V — g(cos a sin 8, — sin & cos ¢, cos G,) + p Fes

1
Vs = —TsUs + g(sin g, cos 6,) + ;n_Fy's (2.55)
(%
a= qs—ps S+—'{Z—(sinasin€,J + cos a cos ¢, cos G,) + F s
us us 'S

If the transformation C;/, is used instead of C;/,C,/, for the gravity term, then Equation

(2.54) becomes
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Ug = r,v, — gsinfg + -r;l-Fx's

1
Vs = —TUg + g Sin ¢ cos G5 + ;n'ﬁ/.s (2.56)

PsVs

g 1
+ —cos ¢, cos 6, + -n-l—u—Fz,s

5 S S

a=qs—
Similarly, the moment equation represented by Equation (2.35) is rewritten here
in the body-frame x,y;z, and is expressed in terms of the angular acceleration vector as
®p = Ji 1 (~w, X Jpw, + XM) (2.57)
Equation (2.57) can be replaced by an equation in the stability-frame as
W + Wg/p X 05 = [ (—ws X Js05 + Y M) (2.58)
or, in terms of cross-product matrices
g = Q005 + [ (—Qg)sw5 + TMy) (2.59)
Substitute and expand to get three scalar angular accelerations equations.
= (5d) + 5 C[k5{(55, — 12)asm + (02 = 12) + (15,0, — L57)ps + L)
+ k{5, = Ipsts + 15, (8 = p2) + (157 — 15:05)4s + M)
+ k({15 — 55y )pss + 15,02 — a3) + (I5:Ps — 15:95)1: + Ni}]
gs = %[ki{(lﬁy = 13,)as + 15,(a2 = 73) + (15,45 — I3yn)ps + L)
+ k{5, — Bopers + 15,02 = D) + (57 — I5ps)as + M) (200)
+ k{(Ix = By )psas + 15,02 = a3) + (15,05 = 1,05)% + N}
= (-ps@) + 15 [k3{(1351y 15.)as7s + I5,(a2 = 18) + (305 — I3y 7)ps + Ls}
+ k{5, — BIpsts + 15 — p8) + (175 — 15,p5)qs + M}

+ kg{(’ix - [s )psCIs y(ps2 - QSZ) + ( yzPs = xzq$)rs + Ns}]
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Table 2.3 Vector and matrix definitions for stability-frame

Force, Moment and Gravity:

Fes L 0
YF. ={Fs¢+Csymg, YM;= Ms}, g= {O}
FZ,S NS g

Linear Velocity and Angular Velocity:

Uy Ds 0 Xs
0 TS 0 Zs

Cross-Product Matrix:

0 - g
w; X () =0,(0) = [ . 0 - s] ®
—qs DPs 0

0 -7 g7
ws X (ws X ()) = Qsz(') = [ Ts 0 "'ps] ®
—qs Ds 0

0 0 —a
Wg/p X o) = -Qs/b(') = [0 0 O ]()

a 0 O
Inertia Matrix:
Ifzx _I;y —lgz
Js = s/b]bcg'/b = _Igy I;y —1532
"Igz '*1;2 Izsz
2
B3, —(15;)" Lhds + 1505 1505, + 15,05, L8 KK
s—i = Z‘s' ;zlgz + Igylgz Iigzlzfx - (152)2 Igylgz + I;zlgx = ZS‘ kg k: ké
2 S S s
IS5, + 15,05, 505, + IS 05 15,05, — (15,) ks ks ke

2 2
45 = ngljgylgz - 21;3/1}5«'2[5?2 - I;x(ljgz) - Ijlsy(I;z)Z - Izsz(lgy)
I$, = (12, cos? a + 1L, sin®? a — 12, sin 2a)
— b
Ly =1y,
I5, = IL, sin a + IB, cos? a + IE, sin 2a
I, =12, cosa+ 1), sina
I, = %(I}’x —12) sin2a + 12, cos 2a
I3, = 1}, cos a— I, sina
where I7,, I3, I3, denote moments of inertia and I3, I;, I3, denote products of inertia for

the stability-frame
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2.6.2 Kinematic Equations

The inertial translational positions (X;, Y;, Z;) of an aircraft referenced at the cg
are obtained by relating the stability-frame translational velocities to the inertial
velocities by the appropriate transformation matrix. This calculation is apéomplished by

the Euler angle (¢, 6;, Y;) transformation as

X, Us
Y, ¢ = Cys {vs} (2.61)
Z, 0

or
X, = (cos B cos P, )u + (— cos P sinip_ + sin ¢ sin B, cos v,
Y, = (cos 8 sini Jus + (cos ¢ cosyp_ + sin¢p_sin B, siny v, (2.62)
Z; = (—sinf)us + (sin ¢, cos ;) v,

| Alternatively, the same task is accomplished by applying an intermediate transformation

between stability-body frames (aerodynamic anglés a) and then body-inertial frames

(Euler angles ¢}, 6, and ¢,,) as

Us
Yo t = CpCoys {vs} (2.63)
0

or, in an expanded form
X, = (cos a cos 8, cos P, + sin a (sin ¢, sin P, + cos ¢, sin G, cos l/)b))us
+ (- cos ¢, siny,, + sin ¢, sin 8, cos P, ) vg
Y, = (cos a cos 8, siny,, + sina (—sin @, cos Py, + cos ¢, sin b, sin,) Ju,  (2.64)
+ (cos ¢, cos P, + sin @y, sin Gy, sin P, ) v,

Z, = (— cos a sin 8, + sin & cos ¢, cos 6, )u, + (sin ¢y, cos 6, v
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The orientation of the stability-frame can be described relative to an inertial-frame
by a sequence of Euler rotations, as discussed in Section 2.3.3. The Euler angle rates (¢s,

6;, 1s) can be resolved into components relative to the body-fixed angular velocities.

Hence, the three Euler body rotation relationships are

¢s = ps + (tan 6, sin ¢ )qs + (tan B cos ¢ Iy
0; = (cos ¢s )qs — (sin s ), (2.65)
s = (sin ¢ /cos 85 )qs + (cos ¢ /cos 65 )

Here, the complete motion of an aircraft is described by the two body linear
translational velocities and one aerodynamic angle (u,, v;, @) and the three body angular
velocities (ps, g, 75). However, to track the path and orientation of the aircraft, three
inertial linear positions (X, Y, Z;) and three angular attitudes (¢, 6, Y¢) are used.
Therefore, the complete state vector of a nonlinear aircraft model for the stability-frame

at the ¢g is

Xs=[uU v a ¢ 6 Y5 ps qs 1 X, Y, Zs]T



42

2.7 Wind-Frame Equations of Motion

The wind-frame also is a special aircraft-carried frame that is referenced at the
aircraft center of gravity, as shown in Figure 2.1. The wind-frame undergoes a two
rotation sequence: a left-handed rotation & about the body y,-axis, followed by a right-
handed rotation f about the stability zg-axis. Further, the wind-frame experiences an
angular velocity of —a with respect to the body-frame x,y, 2, and an angular velocity of
,6’ with respect to stability-frame x,y,Z;. The sideslip angle derivative ,8 can be obtained
by direct differentiation and manipulation of Equation (2.2). |

B _ (u,z, + Wg)vb - vbubﬂb - vbwbv'vb
(uZ + vE + wiJui + w}

More discussion of this frame was provided in Section 2.2.4. Table 2.4 lists vector and

(2.66)

matrix components that are used in the derivation of equations of motion in the wind-
frame of reference. Note the velocity vector lies on the x,,-axis, thus the y,, and z,,
velocity components are zero (v, = 0, w,, = 0) and the x,, component is the aircraft

total velocity (u,, = Vy).

2.7.1 Kinetic Equations
The derivation here is exactly similar to that found in Section 2.6. Therefore, the

linear acceleration vector in the wind-frame x,,¥,,2,, can now be expressed explicitly as

. 1

Ve = —Ly/p Vi — Oy Vi + 'n'{ZFw (2.67)
The angular velocity of the wind-frame with respect to the body-frame is

Wy /p = Wy /s + W /p (2.68)

where both w,, /s and w;/, must be described in the wind-frame. Thus
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0 0
Wyyp = {q} + Cy/s {-a} (2.69)
B 0
or
—asinf
Wy/p = { A0S B (2.70)
g

Substitute and expand to get three scalar linear accelerations equations.

. ) 1
u,, = g(—cosa cos f sin 8, + sin S sin ¢, cos 8, + sin @ cos f cos ¢, cos ) + o E.w

1 9 1
cosp M + o cos P (sina sin 8}, + cos & cos ¢, cos Gp,) +

—F
mu,, cosff Y

(2.71)

B=-r,+ ui (cos a sin B sin 8, + cos f8 sin ¢, cos 8, — sin a sin B cos ¢, cos 6,)
w

1
* i, v

If the transformation C,,/; is used instead of C,/sCs/,Cp/; for the gravity terms, then

Equation (2.71) becomes

) , 1
u,, = g(sinf,,) + EF"'W

1 g
y —_ ——————— ._.__.__._._.___.___F
* cos B Qw + u,, cos f§ (cos b cos B) + mu,, cosf =¥ (2.72)
g = —r, +———g (sin ¢, cos§,,) + F
Y u, w Y mu, Y

Similarly, the moment equation represented by Equation (2.36) is rewritten here
in the wind-frame x,,y,,z,, using a similar derivation as in Section 2.6.
W, = "Qw/bmw + I‘;l("ﬂw]www +¥M,,) (2.73)

Substitute and expand to get three scalar angular accelerations equations.
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Pw = (de cosf + qu)

1
+ KW[k{v{(lyy - IZWZ)QWTW + I)v'vz(ql:zv - va) + (I;;QW - IJ‘g/rw)pw + Lw}

+ kY {1 — Bdpwne + Dy (i = p2) + (1575 — B5Dw)qw + My}
+ k;’{(l,‘& - I%J)pwqw + 1:'?;(173‘: - quv) + (1;‘:"sz - IJ‘CA;qw)rw + Nw}]
Gw = (—rydsinp - p,f)

1
+ 'A'W[kgi{(lj% - Izu;)qwrw + I}lyz(q&r - r\z) + (]r;qw - %Tw)Pw + Lw} (274)

+ k:’{(’;’: - Iz?;c)pwrw + IJ‘:;(TVE - pvzv) + (l;;'rw - I;;.pw)QW + Mw}
+ k?’{(lzc - I;;z)pwqw + 1:'?;(173; - qlz:z) + (G;:zpw - IJ?;QW)TW + Nw}]

Ty = (g, sin B — p,, ¢ cos §)

. .
+ Tv[ké” {1, — ) awte + 1(q% — 12 + (5Gw — 1257 )Pw + L}

+ k{3 — )pute + 1512 — p2) + (151 — Lhpw)aw + My, }

+ kGW{(IJ?;c - IJ‘IA:'}')quW + Izg'(pvzv - quv) + (lﬁpw - IJ‘&qw)Tw + Nw}]
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Table 2.4 Vector and matrix definitions for wind-frame

Force, Moment and Gravity:

Few Ly, 0
-
Ew Ny g

Linear Velocity and Angular Velocity:

uy(=Vp) Pw —C_i sin 8 Xw
v, = 0 , Wy ={qwi, @y = -—ac.osB , r=r1,=1{Y%
0 Tw B

Cross-Product Matrix:

0 ~Tw qw
Wy, X () = Qw() = { Tw 0 —pwl ()
—qw Pw 0

0 —Tw qw 2
o, X (“)w X ()) = sz(') = [ Tw 0 _pw] )

—qw Pw 0
0 -8 —dcosf
W, X)=Qy 0= B 0 asing | ()
acosf —asinf 0
Inertia Matrix:
L Ly -l
Jw= w/b]bcfz/b = Cw/sCs/b]bC;r/bC\ﬁ/s = —IK’ I;";’ _,}‘?’Z
e AT AR )14
2
LI —(0y) Lhly+ D50y Lo Ly + Lol kY kY kY
];,1 = KW I;‘;I,‘,‘; + I:‘?;Jz“é Ly — (I,‘;‘;)z I,‘;‘;,I,Vc‘; + I}‘f’zl,‘c‘; = e k%: k{ ks:
2
I+ DD, I 4+ DL, 1D, — (1) ky ks’ ke

2 2
AY = I, I — 208 1 1 — D (1) — 1, ()% — 1(12%)
1%, = (15, cos? a + I, sin® a — I, sin 2a) cos? B + I%y sin? B — (1L, cosa + IZ, sina) sin 268
1%, = (15, cos® a + If, sin® a — 12, sin 2a) sin? B + 12, cos? B + (12, cos @ + IZ, sin @) sin 2

1% = 1%, sin? a + 12, cos? a + 12, sin 2a

L = %(ng cos?a + 12, sin? @ — IZ, sin 2a — I2,) sin 2B + (12, cos a + I, sin &) cos 28

¥ = (%(I,’c’x — I2,) sin 2a + 12, cos Za) cos B + (1), cosa — IZ, sina) sin B

1%, = (15, cosa ~ I2, sina) cos § — (%(Ifx —1b)sin 2a + 12, cos Za) sin 8

where I}, I, I}, denote moments of inertia and I}, IJ;, Iy, denote products of inertia for the

wind-frame
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The inertial translational positions (X, Y., Z,,) of an aircraft referenced at the cg

are obtained by relating the wind-frame translational velocities to the inertial velocities

by the appropriate transformation matrix. This is accomplished by the Euler angle (¢,,,

8,,, Y,,) transformation as

Xu Uy
0

or
X,y = (cos 8, cosy,,)u,,
Y,, = (cos 8,, sin,)u,,

Z,, = (—sin6,)u,,

(2.75)

(2.76)

Alternatively, the same task is accomplished by using an intermediate transformation

between wind-body frames (acrodynamic angles @ and B) and then body-inertial frames

(Euler angles ¢, 8, and ;) as
Xy U,
Yw = CI/be/w{O}
7 0
w

or in an expanded form

(v = (cosa cos f cos 8, cos, + sin B (— cos ¢, siny,, + sin ¢, sin b, cos )
+ sina cos f (sin ¢, siny,, + cos Py, sin G, cos Pp) iy,

Yy = (cosa cos f cos B, sinyy, + sin B (cos ¢y, cos Py, + sin Py, sin B sin )
+ sina cos B (— sin ¢, cos P, + cos P sin G sin ) Juy,

Z,, = (—cosa cos B sin @, + sin B sin ¢, cos 8, + sina cos B cos P, cos 8,)u,,

.77)

(2.78)
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The orientation of the wind-frame can be described relative to an inertial-frame by
a sequence of Euler rotations, as discussed in Section 2.3.4. The Euler angle rates (¢,,,

6,,, W,) can be resolved into components relative to the body-fixed angular velocities.

Hence, the three Euler body rotation relationships are

o = pw + (tan b, sing,, )q,, + (tanb,, cos,, I,
B = (cos y )qw — (siny, ), | 2.79)

.

Yy = (sing,, /cos b, )qu + (cos @, /cos b, ),

Here, the complete motion of an aircraft is described by the single body linear
translational velocity and two aerodynamic angles (u,,, @, f8), and the three body angular
velocities (py, qw, ). However, to track the path and the orientation of the aircraft,
three inertial linear positions (X,,, Y,,, Z,,) and three angular attitudes (¢,,, 6,,, ¥,,) are
used. Therefore, the complete state vector of a nonlinear aircraft model for the wind-

frame at the cg is

Xpy=[uy a B ¢y 6y Y Pw qw ™Ww Xu Yy zZyl"
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CHAPTER 3

THEORY OF NONLINEARITY INDEX

3.1 Introduction
One way to systematically assess an aircraft’s nonlinearity is to apply nonlinear
index theory [27]. Consider a general time-varying nonlinear state-space system with

input and initial condition excitation as [36]

x = f(t,x,u)
y =g(t,x,u) 3.1
x(ty) = X

where X € R™, u € RP, y € R™ denote the state vector, the input vector, and the output
vector, respectively. The system nonlinearitics are denoted by f € R™ and g € R™. Note
that the nonlinear aircraft dynamic model considered previously in Chapter 2 lies within
this general class of systems.
A time-varying linear state-space model can be obtained by applying the Taylor

series expansion to Equation (3.1), yielding

8% = A(t)6x + B(t)6u

dy = C(t)6x + D(t)bu (3.2)

6x(ty) = 60X,

where A(t) € R™", B(t) € R™P, C(t) € R™™, D(t) € R™P denote the state
dynamic, input distribution, output distribution, and direct input-output matrices,
respectively. Matrices A(t), B(t), C(t), and D(t) are the Jacobians or first partial

derivatives of functions f and g with respect to the variables X and u, and are evaluated at
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the equilibrium reference state X,. Another linear state-space model is obtained at the full
or deviated reference state x,, where X, = X, + 6X, and 8%, is a bounded deviation
about the equilibrium reference with ||6X]l < 6Xmayx.

ox = A(t)dx + B(t)u

8y = C(t)ox + D(t)du (3.3)

Ox(ty) = 8x,

3.2 Static Nonlinearity Index

The generalized static nonlinearity indices used to measure the strength of the

system nonlinearity are

A(t) — A
A ——
viltt) = = sup  —ITon
IB(t) - Bl
B = 5]
vB(t, to) ||axof|gaxmax G
(3.4)
Hc@) = C)ll
c = ~
vstt) = SUp S
D) — DI
D = Fa)
)= . IDOI

where v, vB, v&, vP

are the static state, static input, static output, and static direct
nonlinearity indices. These four indices capture the deviation of matrices A4, B, C, and D
across the subregion of equilibrium condition variation relative to the nominal matrices
A, B, C, and D associated with the center point of this subregion [23]. These deviations
give a measure of the nonlinearity strength of the dynamic model, and also indicate the

source of the nonlinearity. The static indices v# and v¢ address the nonlinearities

associated with initial condition excitation, whereas the static indices v2 and v? address
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the nonlinearities associated with input excitation. Note that, since the linear model is

time-varying, the indices are also time-varying.

3.3 Dynamic Nonlinearity Index

In order to account for the dynamic deviation of the system, the state transition
matrix of the linear system is utilized. Define the generalized dynamic nonlinearity
indices as

lo(t,7) - &(¢, 1)l

SR S ETR5T
Gene sp 19EDEE -3 DEI
L el bma @ (¢, DB
_ (3.5)
D= sup NEOOED - CODE D]
T bxell=6xmax IC)D(L, D)
2T = su IC(®)P(t, v)B(z) — C(t)DP(t, T)B ()|
T ICEO@E DB
y . y/u

where vj, vg, vy, v;' are the dynamic state, dynamic input, dynamic output, and
dynamic input-output nonlinearity indices, respectively. Matrices ®(t,t) and ®(t, t) are
the transition matrices for A(t) and A(t) evaluated at X, = X, + 6x, and X,,
respectively. The four dynamic indices capture the deviation of the four main system
transmission paths across the local subregion of the operating point (the term operating
point is considered here rather than initial condition). The four main system transmission
paths are state-to-state, input-to-state, state-to-output, and input-to-output. Similar to the

static indices, the dynamic indices are used to measure the strength and indicate the

source of the nonlinearity.
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3.4 Parametrized Nonlinearity Index

The previous development is for a single point index analysis at X,. To perform
index analysis across multiple points, for example within the traditional speed-altitude
flight envelope [27] or within the new aerodynamic attitude flight envelope in Chapters 4
and 5, the indices must be parameterized. Parameter vector A(t) is introduped to extend
the concept of the generalized nonlinearity index to a parameterized full-envelope aircraft
model. The parameter vector, which is measurable and bounded but may be unknown, is
defined to capture the system nonlinearity and can incorporate time-varying
characteristics indirectly. Depending on the linearization point X, or X,, the nonlinear
governing equations 6f the aircraft model can be approximated by a time invariant but

linear parameter-varying (LPV) system as

8x(t) [A(A(t)) E(l(t))} 8x(t)

8y(t) C(a(®)) D(a(r))}lou(®) (3.6)
ox(ty) = 8%,
or
o1 [ca) acolone
3.7

ox(ty) = 06X,
The advantages and disadvantages of different LPV methods are discussed in [37].
The most common linearization technique, which is the Jacobian linearization, is
implemented in this work to generate the linear approximation model of a high-fidelity
aircraft model. The Jacobian method uses the first-dimensional derivatives of the
nonlinear state-space model to generate the LPV model at different equilibrium points.

Depending on the nature of the motion and the LPV envelope size, scheduling parameters
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such as the angle of attack, sideslip angle, altitude, and/or Mach number are selected.
Then the variation of the Jacobians is modeled as functions of one or more scheduling
parameters. This process gives a set of linear systems over these equilibrium points
approximating the nonlinear dynamics model.

Following Reference [27], in this dissertation, the varying parameter vector
A=[ay Po]" is considered to represent the asymmetric level rectilinear attack-sideslip
angle flight envelope. The linear system matrices C and D are not considered here. Four
parameterized indices in terms of the varying parameter vector A are utilized to measure
the nonlinearity strength: two static and two dynamic indices. Using nominal points
denoted by A; and perturbed points denoted by A;, the relevant nonlinearity indices from
Equations (3.4) and (3.5) are

[|4: ) - &)

A ). = pon
) = s T E
(3.8)
(A —B.(A
VSB()»]')= sup "Bl(xl_) B}( 1)"
=t ||B(3)]]
&, (t,A;) — D;(t, A,
v"i‘(t,lj)= sup " z( _f) J( ])"
i=1,...N l|®;(e. )|l
(3.9)

P (t,A;)B;(A;) — ;(t,A;)B:(4;
v}{(t,)g): sup ” i l)_l( i) _1( 1) 1( 1)"
i=1,..N [|®;(t 2,)B; (3|

where v&, vB, v}, v} are the static state, static input, dynamic state, and dynamic input

nonlinearity indices at operating condition A; = [@to; Bo;]”, respectively, and N is the

total number of points in the perturbation subregion.
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These proposed nonlinearity indices capture the maximum deviation between the
nominal linear model {ffj (Aj), Ej ()tj)} and any generated linear model {4;(A;), B;(4;)} at
point A; = [@g; Po;]T within the perturbation subregion. The static state nonlinearity
index v# measures the variation of the state dynamics matrix within the subregion,
whereas v measures the variation of the time propagation of the state signal. Over the

subregion, both nonlinearity indices v2 and v¥ measure similar effects associated with

the input signal.



54

CHAPTER 4

AERODYNAMIC ATTITUDE FLIGHT ENVELOPE

4.1 Introduction

The traditional symmetric level speed-altitude envelope is commonly used to
describe the operational range of an aircraft. A new nontraditional envelope is developed
to assist, in conjunction with the traditional envelope, efforts regarding design
requirement specification and satisfication, dynamic analysis over differing flight phases,
control synthesis using scheduling principles, or comparison of capabilities of different
airframes. An extension of the speed-altitude envelope concept is the asymmetric level
aerodynamic attitude envelope, which describes the extent of where the airplane can
sustain a slipping horizontal flight condition. This envelope is presented as the angle of
attack vs. sideslip angle region where the indicated condition is possible. Fundamentally,
this region describes the asymmetric trimability, control power authority, and poststall
domain of an aircraft, and thus it can be utilized in similar ways to the traditional flight
envelope. The angle of attack vs. sideslip angle flight envelope, which shall be referred to
as the a — f flight envelope, can be constructed for any altitude, but is restricted to sea
level altitude in this dissertation. The main factors which determine the size of the « —
flight envelope are aerodynamics, propulsion, structural dynamics, atmospheric

conditions, and control surface deflections.
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4.2 Envelope Development Methodology

The a — f flight envelope can be developed by searching for an equilibrium
solution vector to the nonlinear equations of motion of an aircraft. The derivation of the
twelve equations of motion of an aircraft was covered thoroughly in Chapter 2. Equations
(2.45) and (2.48)-(2.50) are the common 6-DOF nonlinear equations of motion for a body
referenced at the center of gravity. Additionally, inertial symmetry about the x,z;, plane

is assumed, so I2, =1I2, = 0. These equations are repeated here and numbered

individually.
) . 1
Wy = TpVp = GpWp =~ g SN Oy + —Fy “@.1)
. a2 1
Vp = —TpUp + PpWp — g Sin ¢y, cos 8, + ;;Fy,b (4.2)
) 1
Wp = qpUp — PpVp — g COS @y COS Oy + ‘n'l‘Fz,b (4.3)
- 1 bf(1b _ b b
P = o b b2 [Izz{(lyy - Izz)Qbrb + Le,Dpp + Lb}
Ixxlzz - (Ixz) (4-4)
+ 12,{(12 — 12, )Ppan — 122957 + Np}]
1
v = () 02 = 2w + 158 = 08) + ) @$)
yy
i = (;) (12, — 15.)abs + oty + Lo}
I:vlc)xlgz - (IJIC)Z) (4-6)
+12{(18 = 15, )pbap — 12,9075 + Ny}
. sin g, sin ¢, ) (sin 0, cos P, )
— + -— + i | T 4.7
o = Po ( cos 6, b cos 8, b .7

6 = (cos @y )qp — (singy )7y (4.8)
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o= (o) o+ (g 49
Xy, = (cos 8, cos P, )uy, + (= cos ¢y, sinyy, + sin ¢y, sin 6, cos Yp)vp
+ (sin ¢, siny,, + cos ¢y, sin 8, cos P, )w,, w10
Y, = (cos 8, sin,, )uy, + (cos ¢, cos P, + sin ¢, sin 8, sin P)v,
+ (—sin ¢, cos Py, + cos ¢y, sin 8, sin P, )wy, @1
Z, = (= sin8,)uy, + (sin ¢, cos 8,,) vy, + (cos ¢, cos 8,)w, (4.12)

These equations of motion are in a derivative decoupled form, since each derivative state
is expressed explicitly in terms of only the state variables and inputs. Therefore, these
motion equations are representable as
Xp = f(xp,u)
xp=[Up Vs Wo Do @B T P O Yo Xp Yo Zp]" (4.13)
u= [81 62 6p]T

where x, denotes the 12-dimensional state vector, u denotes the p-dimensional input
vector, and f(x,,u) denotes the nonlinear coupled function representing the 12-
dimensional state vector dérivative.

Equations (4.10)-(4.12) are called the inertial position equations or navigation
equations, and their solution depends on the solution of Equations (4.1)-(4.9), but not
vice versa, assuming constant gravity and ignoring the weak coupling path of air density
on altitude. Thus, Equations (4.10)-(4.12) are not retained for flight envelope
calculations. All nine state variables in Equations (4.1)-(4.9) are necessary in order to
describe the aircraft motion; however, neither these equations nor the forces and

moments depend explicitly on the yaw angle y,. Hence, the first eight equatibns are



57

sufficient to completely describe the aircraft motion and thus Equation (4.9) is also
discarded from further envelope considerations. For the purpose of this work, it is
convenient to replace the translational velocities u,, vy, w;, by the total velocity and
angle of attack and sideslip angle: Vy, a, B. The relationship between the rectangular

coordinates u;, vy, Wy and the spherical coordinates V., a, B is defined as

up = Vr cosacos i a = tan" (wy,/up)
vy, = Vrsinf B = sin"Y(v,/Vy) 4.14)
w,, = Vypsina cos Vr = (uZ + v} + wp)V/?

To achieve equilibrium, the motion should involve no translational and rotational
accelerations. Mathematically speaking, all state derivatives appearing in Equations (4.1)-
(4.8) should be identically zero or i, = ¥, =W, =P = G, =T, = ¢ = 8§, = 0. The
motion type considered when developing the a — § flight envelope is asymmetric level
rectilinear flight, where the body angular rates are also identically zero or p, = q, =
rp, = 0. Consequently, Equations (4.7) and (4.8) are trivially satisfied leaving only (4.1)-
(4.6) in algebraic form. Because the aircraft orientation described with angles ¢, 8, ¥
and with angles , v, g, a, B are not independent, where y denotes heading angle, y
denotes flight-path angle, and ¢ denotes aerodynamic bank angle, constraints between
angles ¢, 8y, a, f must be properly accounted for. The extra required constraint
equation is

siny = (cos a cos ) sin 8, — (sin ¢, sin f + cos ¢, sina cos ) cos 6, (4.15)
This equation is sometimes called the rate-of-climb constraint equation [33] where y = 0
for the a — B envelope consideration. Therefore, the 7 algebraic equations (6 motion

equations and 1 constraint equation) relevant to the @ — f§ envelope consideration are
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_ qs T
—gsing, +——n?beT+-";— 0 (4.16)
i g5 = 4.17
—g cos 8, sin ¢, +—nTCbe-—O 4.17)
95 4.18
—gcosebcos¢b+-r-r?Csz=0 (4.18)
gsh
—Ib—-ClT =0 (419)
XX
gSsé
7o Clmr =0 (4.20)
yy
gsh
5 Cnr =0 (4.21)
zZ
(cos a cos ) sin 8, — (sin ¢, sin B + cos ¢, sina cos ) cos 8, = 0 (4.22)

Note the nongravitational applied loads have been expanded in terms of aerodynamic
force and moment coefficients and a propulsion thrust force along the x,-axis. These
equations are representable as
gz)=0
z=[Vr a B ¢p 6, 61 6 - 5]

(4.23)

The high-performance aircraft (F-16) model studied here was developed in low-
speed wind-tunnel facilities by the NASA Langley Research Center in 1979 [30]. The
model data covers structural, aerodynamic, and propulsive characteristics. The study
focuses on constant mass and inertia, however, the location of the center of mass is
variable allowing different configurations to be investigated. The model represents
aerodynamic and propulsive data in the form of approximately 50 look-up tables
corresponding to a wide range of angle of attack a, sideslip angle 8, throttle deﬂe.ction

O¢n, and control surface deflections (8y, 84, and 6,). Aerodynamic data includes stall and
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poststall conditions and propulsive data covers a wide range of altitude H and Mach
number M conditions. A static engine is considered here. These data sets represent
embedded nonlinearities inside the aerodynamic and propulsive coefficients. Although
this model has 6 control inputs (p = 6): 6y, 6, Or, O¢n, Oief, Osp; the leading-edge-flap
and speed-brake inputs are set to zero (8,5 = 0, 85 = 0).

With this, Equation (4.23) represents 7 equations in 9 variables. Trim solutions

are computed by specifying 2 excess variables and solving for the remaining 7 unknowns.

Two formulations are used and include

gz)=0 (4.24)
where
z=[a B 6, 6, 8, &, 6&;]", Specified Vy, ¢, (4.25)
or
z=[Vr ¢, 6, 8, 6, & 64]7, Specified a, B . (4206)

A trim point on the @ — f envelope boundary occurs when an explicit or implicit limit is
reached. Explicit limits correspond to control input saturation or dynamic pressure
restrictions, and for the F-16 model, these limits correspond to

—25" < 8, < +25°

—21.5" <6, < +21.5
-30° <6, < +30° 4.27)
0<6,, <1
g < 2750 Iv/ft’

Implicit limits correspond to stall and correlate to an inability of the iteration solver to

converge.
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4.3 Full-Envelope Results

The a — f flight envelope of the high-fidelity F-16 aircraft model is shown in
Figure 4.1. This aircraft is very versatile and can sustain equilibrium conditions at both a
high angle of attack and sideslip, as shown. Initial expectation was that the @ — 8 flight
envelope should be symmetric due to the symmetry of the aircraft, but the envelope
shows distinct behavior at positive and negative 5. At positive angles of attack, the F-16
(or its model) has enhanced ability to maintain equilibrium flight with large negative
sideslip angles and a much lesser ability for positive sideslip, whereas the aircraft can
maintain large positive sideslip angles with negative angles of attack but no
corresponding region for negative sideslip. Another unusual and unanticipated
characteristic of the @ — 8 envelope in Figure 4.1 is the jagged, non-smooth nature of the
boundary curve in certain regions. For attack angles above +20° and below —10°, the
boundary curve can be quite erratic. The asymmetry trait can be traced to the fact that
some of the F-16 model aerodynamic look-up tables are nonsymmetric, possibly
originating from an imperfect wind-tunnel test model or measurement error during test.
The non-smooth trait can be traced to the fact that although some of the F-16 model
aerodynamic look-up tables are relatively flat in the poststall regions, they also feature
highly wrinkled curves or surfaces.

Control surfaces, indicated for positive § in Figure 4.1, are the dominant factors
limiting the aircraft from trimming beyond the boundary. For example, at &« = =5 and
positive B, the limiting factor is the rudder, i.e., the rudder has reached its maximum
deflection capability 8, = 30". As a increases, the boundary curve rides the &, limit until

the transition point (a, 8)=(20.63", 20.60°) is reached, at which the rudder and aileron
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limits (8, = 21.5°, &, = 30) are simultaneously active. For further increases in a, the
boundary curve rides the §, limit until another transition point is reached. An
unexpectedly large number of transitions between the various limiting control surfaces is
noted in Figure 4.1. This behavior is also likely due to the flat but wrinkled look-up data
in the poststall regions. Stall as a limiting factor is reached at very high angles of attack
where @ > 53°, and thg variation of withstanding £ is minimum, as indicated in
Figure 4.2. An interesting phenomenon is happening between a@ = 54° and 55° , where
there exists a very narrow passage where the airplane almost cannot fly in a straight
horizontal equilibrium path with a non-zero sideslip angle. The plot of the narrow
passage is shown in the right lower corner of Figure 4.2.

In the speed-altitude flight envelope and near sea level altitude [27], the
maximum dynamic pressure an aircraft can tolerate is reached at high supersonic speed.
The analogy of this dynamic pressure limitation in the @ — 8 flight envelope is shown as
a hole in the middle of Figure 4.1, which is better seen in Figure 4.3. The hole boundary
represents an ellipse-shaped curve with constant velocity since all calculations are
performed at sea level. The interior region of this hole represents trimmed flight that is to
be intentionally avoided. It is expected that the F-16 might suffer structural damage if
flown for extended periods inside the hole. To maintain equilibrium flight at any location
on the dynamic pressure limited boundary, the velocity is unique, but the (a, ) pairs are

distinct.
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4.4 Aerodynamic Coefficient Asymmetry

Initial expectation was that the angle of attack vs. the sideslip angle flight
envelope would be symmetric due to the symmetry of the aircraft, but the envelope
showed distinct behavior at both positive and negative sideslip. The original or non-ideal
aircraft aerodynamic model from [30] resulted in a strong irregular a —  envelope shape
and unusual characteristics such as jagged and non-smooth boundary curves in certain
regions. The resulting envelope is shown in Figures 4.1-4.3. This aerodynamic model
data exhibits asymmetric and offset behavior in the force and moment coefficients with
larger variations for side force, roll moment, and yaw moment coefficients. This behavior

is likely due to a combination of factors including experimental measurement error,
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model fabrication imperfection, and vortex-dominated flow. The existence and
interaction of the vortex-dominated flow with various aircraft surfaces affects all
aerodynamic force and moment coefficients and causes asymmetry and offset. At a low
angle of attack and a zero sideslip angle, the vortices emanating from the aircraft nose tip
are symmetric. As a is increased, one vortex dominates the other and a vortex pattern or
vortex-dominated flow is established. This pattern creates different pressures on both
sides of the nose, and hence significant lateral net force and moment are produced.
Combinations of high @ and f complicate numerical and experimental prediction of the
aerodynamics coefficients, where the same wind-tunnel aircraft model could produce
different results at each run under the exact same conditions [4].

To explain and locate the sources that cause asymmetry in the a — f flight
envelope, two test points at the same angle of attack but different in sign for sideslip
angle, (a; = +21°, B; = —18) and (a, = +21°, B, = +18°), are examined to provide
insight into the asymmetry sources. In the vicinity of these points, there is a distinct
asymmetry in the envelope boundary (see Figure 4.4). The trimming solutions for both
points, as well as the total aerodynamic force and moment coefficients, are shown in
Tables 4.1 and 4.2. It is expected, based on aircraft symmetry, that the aircraft will have
similar trimming solution magnitudes for both points, in addition to similar total
aerodynamic force and moment coefficients. Trim values for the two points in Table 4.1
are approximately equal but are not exact in magnitude with two significant anomalies.
The aircraft requires 30% more aileron control surface deflection for B, = +18°
compared to f; = —18" and 60% more rudder control surface deflection. Also, the total

coefficient values for the two points in Table 4.2 are approximately equal in magnitude
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but not exact. Although the aileron and rudder related terms appear in the total side force,
total rolling moment, and total yawing moment coefficients, only the yawing moment
term is considered further.

The total aerodynamic force or moment coefficient is the sum of various
aerodynamic contributions. Equation (4.28) shows the total yawing moment coefficient
Cn, and each contributing low-level aerodynamic look-up derivative term. The majority
of the aerodynamic model data in Reference [30] is represented similarly in look-up
tables and are functions of the independent variables a and . The numerical values for
the derivative terms are presented in Table 4.3 at a@ = +21°. This table indicates
variations in the aerodynamic yawing moment coefficient derivatives depending on the
sign of . Further, the variations are larger in the derivative terms due to rudder and
aileron control surfaces (see Table 4.3). At §; = —18°, the aerodynamic derivative due to
rudder is twice the magnitude at f, = +18°, which explains why less rudder deflection is
needed for §; = —18°, as seen in Table 4.1. A similar observation can be made regarding
the aerodynamic derivative due to the aileron. These variations in the aerodynamic
derivative data tables explain the origin of the strong asymmetrical a — 8 flight envelope
shape. Similar asymmetry in the aerodynamic axial force, side force, normal force,
rolling moment, and pitching moment derivative data tables is also observed. Overall, the
aerodynamic axial force, normal force, and pitching moment derivative data tables show

lesser degree of variations.
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Table 4.1 Trimmed solution at @ = +21°, original data

B -18° +18°

Vr 205.91 ft/s 202.44 ft/s
b ~10.9660 10.1808
8, 23.8962° 23.7177
S —8.2649° -7.8641
3, 14.2629° —18.4458
5, —14.6759 24.3861
Sen 0.4655 0.4603

Table 4.2 Total aerodynamic force and moment coefficients at @ = +21°, original data

B -18 +18
Crpy 0.0247 0.0269
Cy,, 0.2359 -0.2271
Zby —-1.2172 —1.2643
Ci, —5.9821 x 107° 2.3710 x 1078
Cony 1.4918 x 1077 3.2448 x 1077
Cry —1.0005 x 1077 1.7503 x 1078

Table 4.3 Aerodynamic derivatives at @ = +21°, original data

g -18 +18°
C:'B‘a"(a, ﬁ: 6 h) —0.0277 0.0262
0.0133 —0.0083

8ie
BCng,, (@, B) (1 - é{-)
CE (@B

865 (B (35)
{ACn 5o (@B) +ACng s (a,B) (1
)G
[0+ (1521 )
oo )

_ _ ¢
Cypy (xcrnn — Zem) (‘E')

Total aerodynamic yawing moment, C,_,

~2.7925 x 107¢(B)

0.0539 (6r)
’ 30

0.0107 (5“)
: 20

bpp
0.0468 (EIZ:)

06584 (272
: 2V,

0.2359(%emy = %em) ()

' —1.0005 x 1077

—2.7925 X 107¢(8)

0.0259 (6’)
: 30

0.0012 (6“)
' 20

bpp
0.0468 (W)

T

0.6584 (27t
' v,

~02270(%em, — Fom) (%)

1.7503 x 1078
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4.5 Aerodynamic Coefficient Symmetrization

In an ideal world, the aerodynamic force and moment coefficient magnitudes of
an ideal model at positive sideslip angles are expected to be identically symmetric with
their counterparts at negative sideslip angles. Hence, the @ — f flight envelope is
expected to be symmetric. However, the aerodynamic model in Reference [30] produces
asymmetric relationships, as seen in Figure 4.1 and Tables 4.1-4.3. To simplify the
analysis and to provide a clearer understanding and a deeper insight into the fundamental
relationships, the aerodynamic model from Reference [30] is revisited and modified. The
asymmetry and offset in the aerodynamic coefficients that are functions of the
independent variables @ and £ are intentionally removed by data manipulation. This
adaptation allows the aircraft to have identical slipping to the right and slipping to the left
flight conditions providing an ideal model that is more suitable for analysis.

The data manipulation involves two steps: step 1 and step 2 symmetrization for
the aerodynamic force and moment coefficient derivatives. The step 1 symmetrization is
carried out using the mathematical arithmetic mean or averaging technique. The
aerodynamic data are represented as two-dimensional look-up tables where the rows
correspond to angles of attack and the columns correspond to sideslip angles. The
asymmetric data in Reference [30] along the sideslip angle range are pre-categorized
according to their symmetry resemblance into three types: 1) even symmetry
resemblance, 2) odd symmetry resemblance, and 3) neither even nor odd symmetric
resemblance. Then, averaging for the even symmetry resemblance data is found using the

following expression:
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B, = 2{[Crn(=B)]

average - 2

+ [C”'r (+B)]

original original}

(4.29)

1
(6B erage = 5 1G] riginar + [Crr )]

average original original}

On the other hand, averaging for the odd symmetry resemblance data is found using the

following expressions:

1
[Cr B arage = 511G (=]

average

Corp(+8)]

original - [ original}

(4.30)
[Cor )] = =5 {[Con )

average

Corp (+8)]

original - [ original}

In Equations (4.29)-(4.30), [C,,T(—ﬂ)] and [C"T(+B)]average represent the new

average

averaged columns of data corresponding to negative and positive f, whereas,

[Cr (=B)] and [C,,.(+8)]

o represent the original columns of data from
original 1

origina
Reference [30] corresponding to negative and positive 5. Step 1 data manipulation is a
standalone process and, using either Equation (4.29) or Equation (4.30), depending on the
symmetry resemblance, a new set of symmetrized data is introduced and recorded for
future analysis.

Figure 4.5 shows the original asymmetric and the new symmetrized surface plots

for the aerodynamic axial force derivative coefficient due to attack angle, sideslip angle,

and horizontal tail, Cf;p Sn (a,B,8,, = 0). For better visualization, section plots at
different angles of attack are shown in Figure 4.6. The relative change for this derivative
between the original and new data sets is 2.2% at most. This percentage is small and
indicates relatively small asymmetry in the original data. However, for other derivatives,
the percentage approaches 20%, indicating relatively large asymmetry. Figures 4.5 and

4.6 are examples of even symmetry resemblance. Odd symmetry resemblances are shown
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in Figures 4.7 and 4.8 for the aerodynamic rolling moment derivative coefficient due to

attack angle, sideslip angle, and leading-edge-flap, C {;'lﬂ ’ (a,B).

As a further analysis, two test points are used to investigate data asymmetry
before and after symmetrization. These points are at the same angle of attack but are
opposite in sign sideslip angles. The second test point (a, = +20°, f, = +15°) is an
equilibrium point whereas the first point (a; = +20°, §; = —15°) is not an equilibrium
point. However, in order to have a symmetric flight attitude, the first test point is forced
to have exactly the same trimming settings of the second point with different sign for
aileron and rudder control inputs. The leading-edge-flap control surface deflection,
speed-brake control surface deflection, and body angular rates are assumed to be zero.
The flight conditions and control settings for the first test point are: a; = +20°, B, =
—15", Vpy = 202.732 f/s, 8y, = —6.8849", §,, = +10.5393", &,, = —29.6584". The
second test point has the following settings: a, = +20°, 8, = +15°, Vi, = 202.732 fi/s,
8, = —6.8849°, 8,, = —10.5393", §,, = +29.6584 . These test point values are
consistent. Table 4.4 compares the total aerodynamic coefficients for the original and the
step 1 symmetrized data. The original total coefficients are clearly asymmetric in
magnitude for § = +15°, whereas the step 1 symmetrized data show symmetries in
magnitude for the longitudinal total coefficients only: the axial force, normal force, and
pitching moment total coefficients. The lateral total coefficients (the side force, rolling
moment, and yawing moment total coefficients) still exhibit asymmetry. Further
investigation for the derivative contributions to the total yawing moment coefficient in
Equation (4.28) is shown in Table 4.5 and only the first two terms are found to be

symmetric. The step 1 manipulation fixes asymmetry only in the longitudinal
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coefficients, and asymmetry in the lateral coefficients that are not related to either the
rudder or the aileron. Hence, a second step (step 2) manipulation is required to address
the asymmetry issues in the data related to these control surfaces.

The aileron and rudder surfaces related aerodynamic derivative coefficients
appear only in the lateral total coefficients. Within these derivatives, in addition to the
asymmetry, there is an offset in the data. This type of data neither have even nor odd
symmetric resemblance. Hence, a step 2 symmetrization is introduced to resolve this
issue. This step is performed instantaneously when needed in the analysis. To clarify, this
step balances the lateral acrodynamic derivative coefficients related only to aileron and
rudder control surface deflections between the positive and its opposite negative sideslip
angle. Further, it is implemented corresponding only to a single pair of angle of attack
and sideslip angle values. For instance, if an investigation requires calculating
coefficients at p; = (a,B) where a and B are positive, a second hypothetical point
p. = (a,—p) is assumed. Then, the derivative terms related to aileron and rudder
surfaces in the total aerodynamic yawing moment coefficient in Equation (4.31), for

example, are replaced by averaged terms between p; and p,, as indicated in Equation

(4.32).
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CnT(VTn a, B, Db T On, 6lef: 0a, 61')

= (oM@, B,60) + Ay (@ m( _ e ) + C&,()(B)

+ACy; (@, B)avg (go)

6lef o8
+ {Acmsa (a, ) + Acnaaﬁlef @p) (1 " 25 )}m’g (%) (4.31)
8ier\) (b
@+, 0 (3| &)

Sier\) { BT
{Ca (a) +C nr b8l f( )( Zle)} (ZVT)

be(xcmR Zem) <-)

where

BCay, @ Blasg = 5 {ACs (@—B) + MG, (@, +6))

7 lef
{Acnsa (. ) + Acnsasl I(a 2 (1 25 )}avg
(4.32)
= %{AC}%(“» —B) + 4Gy, (a, +ﬁ)}

.1 5
{ACnaas (a —B) + ACn ef(a' +B)} (1 _ 2l_5f>

Table 4.6 compares the total acrodynamic coefficients for the step 1 and step 1-
step 2 symmetrized data. As discussed earlier, the total coefficients using the step 1
symmetrized data are clearly symmetric in magnitude only for the longitudinal
coefficients for f = +15°, whereas the second step symmetrization produces exact
symmetry in magnitude for the lateral coefficients (see Table 4.6). Further, the derivative
contributions to the total yawing moment coefficient in Equation (4.28) are shown in

Table 4.7, and all the terms are symmetric.



73

q
Acﬂcw_n.dv:w.n.uo

Figure 4.5 Axial force derivative coefficient, asymmetric (left), symmetric (right)

) ¥
€ € E €
& & 7
(=R =)
o
YRV ooF ¥ m %
B T LA | N { O [ | N B 1
5 33 88 8y
L s ' ' sl .
i [ i i
1
: 4
: 1
R S SO P S A, -
IEREEE + AR CELEEREEEEE. IR ER R AR R -1
i i
o 2
=

:
i
)
Q
S

0.

q
(0="0'd"0)s, 420

.15

30

20

10

-10

-20

-30

B [deg]

Figure 4.6 Axial force derivative coefficient at different a



74

B [deg]}

20 40

Figure 4.7 Rolling moment derivative coefficient, asymmetric (left), symmetric (right)
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Table 4.4 Total aerodynamic coefficients at a = +20°, original vs. step 1

Original Data Step 1 Symmetrized Data
d -15 +15 -15 +15

Crpy 0.0253 0.0277 0.0265 0.0265
Cyp, 0.1469 -0.1856 0.1435 ~0.1669
Capy -1.2334 -1.2851 ~1.2593 -1.2593
C, ~0.0054 -52%x 1078 -0.0077 0.0065
Cmy —0.0050 1.6 x 1077 —0.0026 ~0.0026
Cny 0.0198 -2.5x 1078 0.0255 -0.0112

Table 4.5 Aerodynamic derivatives at @ = +20°, original vs. step 1

8 Original Data Step 1 Symmetrized Data
-15’ +15’ -15 +15°
CEPO (a, B, 8,) —0.0309 0.0286 -0.0297 0.0297
ACn,,, (@, B) (1 - &) 0.0091 —~0.0017 0.0054 ~0.0054

25
ACny, (a,8) (g—('))

AN
{ACnSa (@8) + 8y 5, (@B) (1 - %)} ()

CyaT (fcrnn - fcrn) (g)

Total Aerodynamic Rolling Moment, C,,.

—0.0515 (8’) —0.0297 (ﬁ) —0.0584 ﬁ) ~0.0366 (5’)
‘ : ' (30 ' 30

30

30

5, 8, aa) 8,

~0.0125 (—2-6) 0.0020 ('z‘d) ~0.0098 (56 0.0047 (ﬁ)
0.0028 ~0.0035 0.0027 ~0.0031
0.0198 ~25x 108 0.0255 ~0.0112

Table 4.6 Total acrodynamic coefficients at @ = +20° , step 1 vs. step 1-2

Step 1 Symmetrized Data Step 1-Step 2 Symmetrized Data
d -15 +15° -15 +15°
Crpp 0.0265 0.0265 0.0265 0.0265
Cypy 0.1435 ~0.1669 0.1581 —-0.1581
Czpp —-1.2593 —-1.2593 -1.2593 —-1.2593
Cip —-0.0077 0.0065 -0.0043 0.0043
Cony  —0.0026 -0.0026 ~0.0026 —-0.0026
Cnyp 0.0255 —-0.0112 0.0123 —0.0123
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Table 4.7 Aerodynamic derivatives at & = +20°, step 1 vs. step 1-2

p Step 1 Symmetrized Data Step 1-Step 2 Symmetrized Data
-15° +15° -15 +15°
c*Por(q,8,6,) —-0.0297 0.0297 —-0.0297 0.0297
By
BCag,,, (2. ) (1 - 7‘5{) 0.0054 ~0.0054 0.0054 —0.0054
&y &y &, 5, 5,
AC,, (a.B) == -0. —] -0. —} | -0. —] -o0. —
@8 (55) 0.0584(35)  -00366(c) | ~0.0412(5E)  —00412(5E)
Bier\1 (Sa ) 6, ) 8,
{Acnsa (@.B) + 8y, (@) (1 - 3‘55)} (55) -0.0098 (ﬁ) 0.0047 (2—‘6) -0.0021 (E%) -0.0021 (i)
Cppy(Fomg — om) (£) 0.0027 ~0.0031 0.0030 ~0.0030
Total Aerodynamic Rolling Moment, Cy,,. 0.0255 -0.0112 0.0123 -0.0123

4.6 Full-Envelope Results —Ideal Model

The a — B flight envelope of the high-fidelity F-16 aircraft model is reproduced
using the ideal aerodynamic model introduced earlier, and is shown in Figure 4.9. This
aircraft is very versatile and can sustain equilibrium conditions at both high angle of
attack and sideslip, as shown. As expected from the ideal aerodynamic model, the ¢ — 8
flight envelope indicates symmetrical slipping in equilibrium flight due to symmetry of
this model data. The envelope shows similar behavior at positive and negative 5. At a
positive angle of attack, the F-16 has an enhanced ability to maintain equilibrium flight
with large sideslip angle at a positive angle of attack and a lesser ability for a negative
angle of attack. An unusual characteristic of the a — f§ envelope in Figure 4.9 is the
jagged, non-smooth nature of the boundary curve in certain regions. For attack angles
above +20° and below —10°, the boundary curve again can be quite erratic. The non-
smooth trait can be traced to the fact that some of the ideal F-16 model aerodynamic
look-up tables are still relatively flat in the poststall regions but also show highly

wrinkled curves or surfaces.
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Control surfaces, indicated for positive § in Figure 4.9, are the dominant factors
limiting the aircraft from trimming beyond the boundary. For example, at @ = -5 and
positive 8, the limiting factor is the rudder, i.e., the rudder has reached its maximum
deflection capability 8, = 30°. As « increases, the boundary curve rides the &, limit until
the transition point (a, $)=(20.9071°, 28") is reached, where the rudder and aileron
limits (8, = 21.5°, 8, = 30°) are simultaneously active. For further increases in a, the
boundary curve rides the §, limit until another transition point is reached. An
unexpectedly large number of transitions between the various limiting control surfaces is
noted in Figure 4.9. This behavior is also likely due to the flat but wrinkled look-up data
in the poststall regions. Stall as a limiting factor is reached at very high angles of attack
where a > 54.5° and the variation of withstanding f is minimum, as indicated in
Figure 4.10. An interesting phenomenon occurs betweén @ =54 and 55" where there
exists a very narrow passage where the airplane almost cannot fly in equilibrium with
non-zero sideslip angle. The plot of the narrow passage is shown in the right lower corner
of Figure 4.10.

In the speed-altitude flight envelope and near sea level altitude [27], the
maximum dynamic pressure that an aircraft can tolerate is reached at high supersonic
speed. The analogy of this dynamic pressure limitation in the a — f flight envelopé is
again shown as a hole in the middle of Figure 4.9, which is better seen in Figure 4.11.
The hole boundary represents an ellipse-shaped curve with constant velocity since all
calculations are performed at sea level. The interior region of this hole represents
trimmed flight that is to be intentionally avoided. It is expected that the F-16 might suffer

structural damage if flown for extended periods inside the hole. To maintain equilibrium
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flight at any location on the dynamic pressure limited boundary, the velocity is unique

but the (a, ) pairs are distinct.

o [deg]

Figure 4.9 Ideal a-f flight envelope — complete
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CHAPTER S

NONLINEARITY INDEX ASSESSMENT

5.1 Introduction

Across the a —f flight envelope in Figure 5.1, a nominal linear model
{/ij ()Lj), Ej (lj)} is generated at each prescribed operating condition parameter vector
A; =[ao; Boj]". At this operating condition, equilibrium states and inputs are obtained
by solving a set of nonlinear simultancous equations (Equation (4.24)). Around each
nominal point j, the perturbation subregion is seeded with a set of N = 16 points to cover
this subregion. At each one of these points, another linear model {4;(A;), B;(1;)} is
generated at A; = [@y; Bo;]”. The subregion around the operating condition j where the
linear model is applicable is chosen as an ellipse with semi-major axis as 10% of the
difference between maximum and minimum angle of attack (0.1a},,4), and semi-minor
axis as 10% of the difference between maximum and minimum angle of sideslip
(0.1Byana). Each linear 8" order model for the body-frame coordinate description has the
form shown in Equation (5.1). Because of flight asymmetry, the lateral-directional
variables are not zero in the linear model. The propulsive input effect has not been
considered in the linear model here. The matrices A and B are not defined symbolically
here, since there are no explicit expressions for the low-level aerodynamic look-up data
to con(;lude a general linear model for the purpose of analysis. Instead, A and B are
developed by numerical finite difference linearization for different operating
conditions [33]. Since the maximum singular value or matrix two-norm used in the index

expression is unit dependent and thus potentially susceptible to overestimating
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nonlinearity strength, Equation (5.1) is normalized with the diagonal matrix T in
Equation (5.2) to obtain a normalized linear Equation (5.4) for improved numerical
conditioning.
Xp = ApXp + Bpu
X, = [Au, Av, Aw, A¢, A6, Ap, Aq, Ary] 5.1)
u=[6, 6. 6]

The diagonal matrices T and T~ are

1 -
vr
1 0
Vr
1
Vr
1
T = (5.2)
1
b
2Vr
¢
0 Z_V;
b
2V
and
Ve
Vr 0
Vr
1
T—1 — 1 5.3
2vr (5.3)
b
2V
0 =T
é
2Vr
5 B
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The normalized or transformed linear system is
X, = ApX, + Byu
X}, = [Au, Avy, Aw, A¢, A6, Ap, Aq, Ar] (5.4
u=[6, 6, 0]

where X}, = TX,, A, = TA,T™%, B, = TB,,.

Stall Limit\
A

Control Surface Limit

Subregion Around
Nominal Point

3
Dynamic Pressure Limit—_| Perturbed Point i
{A(). B(A)}
Nominal Point j
(A0, B}
a

Figure 5.1 a—f flight envelope
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5.2 Nonlinearity Sub-Index Using Matrix Partitions

Another way to lessen the overestimation of nonlinearity strength based on a
matrix norm measure is to consider matrix partitions. The nonlinearity index assesses the
overall variation of linear system matrices A, and B,. However, an investigation into A,
and B, components reveals that these matrices can be partitioned into blocks, according
to the system dynamics. In order to assess the contributed weight of each component in

the state matrices towards the overall index, matrix A, is divided into sub-matrix blocks

as
Ab -
]
Xub va XWb 0 gcebo Xpb XQb XTb
Yo Yo, Y, gC‘Pbngbo gS¢b059bo Yoo Yoo Yoy
Zuy, Zv, Zwy| |95¢p,C05y 9Cop,S0n, Zo, _Zap Zry
(5.5)
0 0 0 00 b 560,760, Cto,Tos,
000 0 0 0 Gy, —S¢o,
Ly, Lo, Lw, 0 0 Ly, Lqy Ly,
My, My, My, 0 0 My, Mg, M,
_Nub va NWb 0 0 pr N% NTb _
and the transformed matrix A}, is divided as
Ap =
1X 1 1X
Xuy KXoy  Xu, 0 gcebo 5P EX% T
1
Yub va ow Vi'p ng)boCGbo gs¢b059bo 2 %Ypb %Yqb EYTb
Zub va ZWb gS¢boC9bo gC¢b059bO %Zpb :_]qb %Zr,,
1 1
0 00 0 0 |5, PF0T005 5C00,T60, (5-6)
T 1 1
0 0 0 0 0 0 =Coo, _ES%:;
b
5Ly, 5L, bL,, ) Loy Fa Ln
z c-xub c-x,,b ewa 8 g My, Mg, M,
b b 5 B
L L L pr -IC'Z‘NQb Nrb
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where Sy, = Sin Dby C¢b0 = COS P, Sgbo = sin by, Cgbo = c0s Oy, Toy, = tanby.

Matrix A}, can thus be represented as

Ay Apg App
A=l 0 0 4 (5.7)
Ay O A,

where F denotes force coefficients, M denotes moment coefficients, v denotes

translational velocity, w denotes rotational velocity, G denotes gravity, and E denotes

Euler. Matrices B, and By, are also divided into sub-matrix blocks as

(5.8)

and

;o 0 0 0
B 0 0 (5.9)

blLg,
1 _

e C_M5h ) 0 _0
L bNs, bN(sa bNgr

Therefore, By, can be represented as

B},
8
By=]| 0 (5.10)

3

B,,M‘s
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where § denotes control input.
Each block embeds a specific dynamic characteristic to the linear system. For
example, the lower left block of matrix A, or A), contains aerodynamic moment

coefficients due to translational velocities (4}, ). These coefficients are referred to as
v
stability derivatives. Blocks A;, , 4,, and 4, embed stability derivatives, as well.
v (4] w

The top middle block provides gravity rotation components (4, .), whereas 4, . provides

Euler rotation components. Matrix B, or By contains blocks related to aerodynamic force

and moment coefficients due to &, J,, and §,: B Fs and B, Mg The influence of

different state and input system parameters on the index can now be systematically
approached.

Block-wise index evaluation further pinpoints the exact dynamics that contribute
to increased nonlinearity index values. The partial index, which shall be referred to as
sub-index, evaluates the variation of a subset of the system dynamics within the overall
linear model at a nominal point to that of a perturbed linear model. For example, the sub-

index of block A . measures the nonlinearity of the system specifically regarding the

aerodynamic moment coefficients due to translational velocities, and the sub-index for

b reflects the nonlinearity associated with the gravity rotation terms. These sub-indices

are denoted as U§4I and vSA'| & respectively, and Equations (5.11) and (5.12) provide

L,

the precise definitions. Similarly, the sub-indices for blocks By, Fs and B, u Teasure the
nonlinearity of the system for the aerodynamic force and moment coefficients due to

inputs 8y, 8., 6, and are denoted as v? ’ | Fs and vg -, respectively. Finally, the matrix-

B IMg

index is simply defined as the matrix of sub-index values representing the various subsets
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of system dynamics. Therefore, Equations (5.13) and (5.14) represent the matrix-indices

for the linear system described by A}, and By,

' |46, = Ao, |
vf| = supl_te My (5.11)
" 4.
v
: 145, = A5,
vf| = supw (5.12)
vd| " vd| . vSA”I e
vsA matrix—index = 0 0 v;;‘ lE (5'13)
USAIM‘, 0 vsAle
B’ vSB lFa
Us matrix—index 0 (5.14)

5.3 Index for Full-Envelope Using Body-Frame

The linear system in Equation (5.4) is based on the nonlinear aircraft model
derived in the body-frame of reference. Applying the four index expressions in Equations
(3.8) and (3.9) produces four contour plots (Figures 5.2-5.5) and four surface plots
(Figures 5.6-5.9) for visualization of the envelope nonlinearity variations. In general, the
nonlinearity strength is largest near the internal envelope boundary corresponding to the

g limit, particularly for the @ < 0 region. The figures show that for indices vs‘“’ and v} '

associated with the states, a single maximum occurs. For indices v2 " and vy associated
with the inputs, three strong maximums occur. At the points (@, ) = (=6, £2°), two

closely spaced maximums occur with the global maximum occurring at § = —2°. The
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third maximum occurs near the upper region of the envelope boundary in the stall region

= EQ° : Al = B’ - x' =
at @ = 58 . Maximum values are found to be v5" =273, v =293, vg max =
1.62, and vg = 4.30. In these regions, use of linear models to examine dynamic

behavior or design control systems is not feasible. Note that the nonlinearity is also
sensitive to both @ and f variation in these regions. In the other regions of the a ~ f8
envelope, the nonlinearity strength is difficult to assess with the displayed data, due to
washout from the noted maximum values. The expected index surface behavior was to
have been larger values ne;ar the envelope edge where the aerodynamic angles are
extreme with smaller values at interior regions, which is the opposite of that displayed in
Figures 5.2-5.5. To understand the internal region nonlinearity sources, further
investigation is needed.

The index vsA' attains its maximum value at the nominal point (ay,f,) =
(—6,0") where the perturbed point (a,,B,) = (—1.6648,07) is found to cause the
largest deviation around (a,, f5,). Eigenvalue analysis at both points shows instability in
the linear models. However, instability is not a measure or indication of the nonlinearity
strength, as an unstable but exactly linear model would produce a zero index value. In
Table 5.1, differences between the trimming solutions for both points are insignificant,
except for velocity and throttle which reveals large flight condition change for small a
and [ variations. To assess the contributed weight of each component in the state matrix
towards the overall index, A}, is divided into sub-matrix blocks, as seen in Equation (5.6).

The influence of Vi on the index can now be systematically approached. Sub-index

evaluation shows that vsA' = 5.69 and USA’ = 3.36 exhibit the highest nonlinearity
M(l!

L,

sub-index values, as shown in Equation (5.15). Preliminary investigation indicates that
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the large jump in the trimming V- value associated with the slight variation in a enlarges
the moment stability derivative deviation related to the A}, and Ay, blocks as seen in

Equation (5.6). Note the explicit dependence on Vi in A; due to the normalized state

formulation in Equation (5.6) is not that significant here.

The static input nonlinearity index vSB’ in this study indicates the system is also

equally sensitive to input excitation near the g limit, however, it is further sensitive near

the stall region at high a, which explains the large value of v2 " at the spike shown in
Figure 5.7. The largest spike occurs at (@, fB,) = (—6,—2") and is caused by the
deviation at (@, fp) = (—1.3346°,—2"). In Table 5.1, at both points, the only significant
difference in the trim solution is the velocity, bank angle, and throttle. Matrix B;, embeds
two blocks related to aerodynamic force and moment coefficients due to &, 8., and §,:

B, and By,. The bank angle does not play any role in By, and only V; determines how

large the deviation is. It can be seen in Equation (5.9) that the normalized matrix Bj, is
directly multiplied by 1/V;.. Moreover, the jump in the velocity introduces more drag and
lift, such that the trim drag force increases by 104% and the trim lift force increase by
89%. These forces are present in By, through the resolved axial, side, and normal force

components. Consequently, these forces induce moments as well, and the matrix-index

for By, shows that sub-indices vsB’ and vSB'IM‘s contribute equally toward the overall

les
index (Equation (5.15)).

The dynamic nonlinearity indices v¥ and v%, which are now functions of both
operating conditions and time, are displayed as contour and surface plots in Figures 5.4-

5.5 and Figures 5.8-5.9 at time t = 0.01 s. Similar to the static indices, dynamic indices
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are sensitive at high-speed flight near the g limit for indices v} " and vy and is sensitive at

high a near the stall limit for index vj; and are expected to propagate with time. At very

low time, vé" tends to be much smaller than vg‘", when comparing Figure 5.2 to 5.4 or
Figure 5.6 to 5.8. On the contrary, the dynamic input index v} which measures the

propagation of input nonlinearity with time is far more sensitive than static input index

vE . The transition matrix & captures and amplifies the nonlinearities associated with Bj,.
Around the high dynamic index region, the aircraft model is unstable and the linear
model tends to deviate faster if input excited rather than state excited, but again
instability is not a true measure of nonlinearity.

Since the index variation with respect to 8 appears small except around high
index value regions, slices from the surface plots of the four indices at § = 0" are shown
in-Figure 5.10. Furthermore, the corresponding trimming solutions are presented in
Figure 5.11. A discontinuity exists between a = —1.6647 and —0.9409° in each plot
due to the g limit. Note the trimming roll angle ¢, exhibits an interesting feature around
the unattainable trimmed flight region. For a > —0.9409°, ¢, = 0" while for a <
—1.6647°, ¢, = 180" or —180". In both cases, the aircraft assumes a wing-level

orientation, but in the second case, the aircraft is flying inverted or upside down.

, 168 0.74 2.70
v =0 0 276
matrix-index 569 0 336

2.92
B’ -
Vs Imatrix—index =10

2.93

(5.15)



90

Table 5.1 Trim solutions at nominal and perturbed points

For A, For B,

(an' ﬁn) (apr Bp) (an: ﬁn) ((Zp, BP)

=(-6",0") =(-16648",0°) | =(-6,-2") =(-13346",-2")
v 404.1 ft/s,(M = 15209 ft/s,(M = | 402.69 ft/s,(M = 1520.98 ft/s,

T 0.36) © 1.36) 0.36) M =1.36)

o 180° 180’ —176.0855 -97.4596
6, 6 1.6648’ 61219 21567
S —0.8503" ~1.0903’ ~0.8352° -1.1151
8, 0 0 —0.6026 0.0766
o, 0 0 ~4.3163 —4.4087
S.n 0.1983 0.9107 0.1998 0.9087
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Figure 5.2 Static state nonlinearity index vg“' - contour (body-frame)
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Figure 5.3 Static input nonlinearity index v " - contour (body-frame)
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Figure 5.4 Dynamic state nonlinearity index v "~ contour (body-frame)
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Figure 5.5 Dynamic input nonlinearity index v} - contour (body-frame)



Figure 5.6 Static state nonlinearity index v;" - surface (body-frame)

Figure 5.7 Static input nonlinearity index v " - surface (body-frame)
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Figure 5.9 Dynamic input nonlinearity index v¥ - surface (body-frame)
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Figure 5.11 Trimming values at 8 = 0° (body-frame)
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5.4 Index for Full-Envelope Using Body-Frame — Ideal Model

In Chapter 4, the aerodynamic model is idealized and, in Figure 4.9, an ideal
asymmetric flight envelope is developed. Applying the four index expressions in
Equations (3.8) and (3.9), on top of this ideal envelope, produces four symmetric contour
plots (Figures 5.12-5.15) and four symmetric surface plots (Figures 5.16-5.19) for
visualization of the envelope nonlinearity variations. The behavior of the indices on the
envelope here is similar, but the values are specifically different, when compared to the
results of the non-ideal case in Section 5.3. In general, the nonlinearity strength is largest

near the internal envelope boundary corresponding to the § limit, particularly for the
a < 0 region. The figures show that for indices vSA' and vc’{' associated with the states, a

single maximum occurs. For indices VSB' and v} associated with the inputs, three strong
maximums occur. At the points (@, ) = (=6, £2°), two closely spaced identical global

maximums occur. The third maximum occurs near the upper region of the envelope

boundary in the stall region at & =~ 61°. Maximum values are found to be vs""m ax = 273,

”sB,max = 2.91, v(’{'max = 1.62, and v}{max = 4.27. In these regions, use of linear models
to examine dynamic behavior or design control systems is not feasible. Note that the
nonlinearity is also sensitive to both @ and f variation in these regions. In the other
regions of the @ —  envelope, the nonlinearity strength is difficult to assess with the
displayed data, due to washout from the noted maximum values.

The index vs‘" attains its maximum value at the nominal point (a,,f,) =
(—6°,0") where the perturbed point (ap, B,) = (—1.6648°,0") is found to cause the
largest deviation around (a,, B,). Eigenvalue analysis is also utilized here, and at both

points, it shows instability in the linear models. In Table 5.2, differences between the
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trimming solutions for both points are insignificant except for velocity and throttle which
show large differences. To assess the contributed weight of each component in the state
matrix towards the overall index, the matrix-index evaluation shows that A}, , then A4},
exhibit the highest nonlinearity sub-index values, as shown in Equation (5.16).
Preliminary investigation indicates that the large jump in the trimming V; value
associated with the slight variation in @ enlarges the moment stability derivative
deviation related to the Ay, and Aj, blocks, as seen in Equation (5.6). Again note the
explicit dependence on V- in Equation (5.6) is not the important factor here.

The static input nonlinearity index v2 "in this study indicates the system is equally

sensitive to input excitation, which explains the large values of v2 " at the two identical
and third spikes shown in Figure 5.17. One of the largest spikes occurs at (a,, B,) =
(—6',+2") and is caused by the deviation at (a,,fB,) = (—1.3923",42"). At this
nominal point, the aircraft is trimmed to an almost inverted position at ¢, = 176.2° but
at the maximum deviated point the aircraft is nearly in a knife edge position of ¢, =
104.6". The only other significant difference in the trim solution is the velocity (and
throttle) which is 403 ft/s compared to 1521 ft/s. The slight variation in the 8, §, and &,
trimming solutions changes the forces and moments acting on the aircraft, and thus
contributes towards the overall index. The bank angle does not play any role in By, and
only V; and the control surface trimming deflections determine how large the deviation
is. Moreover, the jump in the trim velocity introduces more forces and moments. These

forces are present in Bj, through the resolved axial, side, and normal force components.
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Matrix Bj, embeds two blocks, Bf, and By, and the matrix-index shows that the sub-

indices v2 | and vE '| ' contribute equally toward the overall index (Equation (5.16)).

e, s
. . . - - ! . »
The dynamic nonlinearity indices v} and v}, which are now functions of both

operating conditions and time, are displayed as contour and surface plots in Figures 5.14-

5.15 and Figures 5.18-5.19 at time t = 0.01 s. Similar to the static indices, dynamic

indices are sensitive at high-speed flight near the g limit for indices vfi" and v} and are

sensitive also at high a near the stall limit for index vy and are expected to propagate

with time. At very low time, vfi" tends to be much smaller than v;“’, when comparing
Figure 5.12 to 5.14 or Figure 5.16 to 5.18. On the contrary, the dynamic input index v} ,
which measures the propagation of input nonlinearity with time, is far more sensitive than
the static input index VSB'. The transition matrix & captures and amplifies the
nonlinearities associated with By. Around the high dynamic index region, the aircraft
model is unstable, and the linear model tends to deviate faster if input excited rather than
state excited.

Similar to the previous case with non-ideal aerodynamic model, the index
variation with respect to 8 using the ideal model appears small except around high index
value regions. Slices from the surface plots of the four indices at § = 0" are shown in
Figure 5.20. Furthermore, the corresponding trimming solutions are presented in
Figure 5.21. A discontinuity exists between @ = —1.6648" and —0.9410° in each plot
due to the g limit. Note that the trimming roll angle ¢, exhibits an interesting feature

around the unattainable trimmed flight region. For a > —0.9410°, ¢, = 0" while for
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a < —1.6648°, ¢, = 180" or —180". In both cases, the aircraft assumes a wing-level

orientation, but in the second case the aircraft is flying inverted or upside down.

, 1.68 0.74 2.70
A —
Vs Imatrix-—index =10 0 276
572 0 336
(5.16)
3.06
B’ =
Vs ’matrix—-index =[O
291
Table 5.2 Trim solutions at nominal and perturbed points (ideal)
For A}, For B,
(an, Bn) (ap' ﬁp) (an, Bn) (ap: Ep)
=(—6",0") =(-1.6648",0") | =(-6 ,+2") =(-13923",+2")
v 404.1 ft/s,(M = 15209 ft/s,(M = | 403.01ft/s,(M= 15209 ft/s,(M =
T 0.36) 1.36) 0.36) 1.36)
®p 180° 180’ 176.1981° 104.5954
8, 6 11.6648° 6.1188" 22865
On —0.8503" -1.0903" —0.8544 -1.1047
8, 0 0 0.6059’ —0.0255"
5, 0 ) 4.3818" 4.5209
Sen 0.1983 0.9107 0.1996 0.9092
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Figure 5.12 Static state nonlinearity index vSA’ - contour (body-frame, ideal)
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Figure 5.14 Dynamic state nonlinearity index v} " - contour (body-frame, ideal)
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Figure 5.15 Dynamic input nonlinearity index vy - contour (body-frame, ideal)
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Figure 5.16 Static state nonlinearity index vg"' - surface (body-frame, ideal)

Figure 5.17 Static input nonlinearity index v2 " - surface (body-frame, ideal)
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Figure 5.19 Dynamic input nonlinearity index vj - surface (body-frame, ideal)
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Figure 5.21 Trimming values at § = 0" (body-frame, ideal)
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5.5 Index for Full-Envelope Using Stability-Frame — Ideal Model

In this section, the ideal envelope in Figure 4.9 produced in Chapter 4 is
investigated. A linear model system is developed using the nonlinear equations of motion
in the stability-frame of reference discussed in Section 2.6. Hence, the components of the
linear system are now described in stability-frame coordinates rather than body-frame
coordinates (see Equations (5.17) - (5.19)). Note the transformation matrix T is modified
accordingly, where the first three diagonal elements are replaced by [1/V, 1/V, 1].

/

Xg = Agxs + BJu

x; = [Aug Avs Ad’ AP, A6 Ap; Aq: Ar]

(5.17)
Ay =TAT™?
B; = TB;,
where
A, =
1 1 1 1
Xug KXo, 3Ka 0 79Co,, X, Kas  3Xr,
1 1 1 JL 1 1
Yuo Yoo Yol [59C0s, 0o 7,950:,56,, 2 50 Fas 5
1% Vi V;
VTZus VTZVS Za g Sd’socgso g C¢soseso —EIZps ?TZQS %‘er
1 1 1 C
0 00 00 ZV‘E @50 850 B s’ so
0 0 0 0.0 T 1 -1
0 ¢ Pso 554’30
- - 3 3 (5.18)
bLy, bLy {,b;La 0o Lp, o, Lr,
Ll i 4 _ .
LleMy, My, ;_T.Ma 8 g My, Mg, M,
— — ) b
bNu5 vaS ‘_’;Na Nps s Nrs
ASFW Asg ASF“,
=l o o0 4,
Ag Myq 0 A My,

and
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X5 0 0
L0 ¥, 1
VTZ@h 0 0 ,
, 0 0 0 Bor
B! = 0 oo = Bp (5.19)
5Ls, bls, bls, “Ms
o |Ms, 00
5N5h 5N5a EN@TL

Applying the four index expressions in Equations (3.8) and (3.9) on top of this
ideal envelope, produces four symmetric contour plots (Figures 5.22-5.25) and four
symmetric surface plots (Figures 5.26-5.29) for visualization of the envelope nonlinearity
variations. The behavior of the indices on the envelope here is quite similar, but the
values are not exactly the same, when compared to the results that are based on body-
frame equations with non-ideal/ideal cases in Section 5.3 and 5.3. In general, the

nonlinearity strength is largest near the internal envelope boundary corresponding to the
gq limit, particularly for the a < 0 region. The figures show that for indices vs"" and vfi‘l
associated with the states, a single maximum occurs. For indices v3’ and vy associated
with the inputs, three large maximums occur. At the points (a,f) = (—6°,%2°), two
closely spaced identical global maximums occur. The third maximum occurs near the
upper region of the envelope boundary in the stall region at & ~ 61°. Maximum values
are found to be v’ =273, v¥ =290, v =162 and v}__ =426.In
these regions, use of linear models to examine dynamic behavior or design control

systems is not feasible. Note that the nonlinearity is also sensitive to both a and f

variation in these regions. In the other regions of the @ — 8 envelope, the nonlinearity
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strength is difficult to assess with the displayed data, due to washout from the noted
maximum values.

The index vs“" attains its maximum value at the nominal point (a,,B,) =
(—=6°,0") where the perturbed point (ap,Bp) = (—1.6648",0") is found to cause the
largest deviation around (a,, ;). Eigenvalue analysis is also utilized here at both points
and shows instability in the linear models. The trimming results in Table 5.2 are
applicable here, and the table shows differences between the trimming solutions for both
points are insignificant except for velocity and throttle which show large differences. To
assess the contributed weight of each component in the state matrix towards the overall

index, the matrix-index evaluation shows that A; Moo’ and then A; M, exhibit the highest

nonlinearity sub-index values, as shown in Equation (5.20). Preliminary investigation
indicates that the large jump in the trimming V; value associated with the slight variation
in a enlarges the moment stability derivative deviation related to the Aj Mg and Aj Mo
blocks, as seen in Equation (5.18).

The static input nonlinearity index v2 " in this study indicates the system is equally
sensitive to input excitation, which explains the large values of vsB' at the two identical
and third spikes shown in Figure 5.27. One of the largest spikes occurs at (a,, B,) =
(—6",42") and is caused by the deviation at (a,,f,) = (—1.3923",+2"). At this
nominal point, the aircraft is trimmed to an almost inverted position at ¢, = 176.2° but
at the maximum deviated point the aircraft is nearly in a knife edge position of ¢, =
104.6". The only other significant difference in the trim solution is the velocity (and

throttle) which is 403 ft/s compared to 1521 ft/s. The slight variation in the 65, 8, and é,
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trimming solutions changes the forces and moments acting on the aircraft, and thus
contributes towards the overall index. The bank angle does not play any role in By and
only V; and the control surface trimming deflections determine how large the deviation
is. Moreover, the jump in the velocity introduces more forces and moments. These forces

are present in By through the resolved axial, side, and normal force components. Matrix

B! embeds two blocks B and B! and the matrix-index shows that sub-indices v2
s SFg Mg Fg

and v5 ' l My contribute equally toward the overall index (Equation (5.20)).

The dynamic nonlinearity indices v and v¥, which are now functions of both
operating conditions and time, are displayed as contour and surface plots in Figures 5.24-

5.25 and Figures 5.28-5.29 at time t = 0.01s. Similar to the static indices, dynamic
indices are sensitive at high-speed flight near the g limit for indices vg" and vj and are

sensitive also at high a near the stall limit for index v} and are expected to propagate

with time. At very low time, vc’fl ténds to be much smaller than VSA', when comparing
Figure 5.22 to 5.24 or Figure 5.26 to 5.28. On the contrary, the dynamic input index v,
which measures the propagation of input nonlinearity with time, is far more sensitive than
the static input index VSB'. The transition matrix @ captures and amplifies the
nonlinearities associated with B;. Around the high dynamic index region, the aircraft
model is unstable and the linear model tends to deviate faster if input excited rather than
state excited.

Similar to the previous cases, the index variation with respect to f using the ideal
model appears small except around high index value regions. Slices from the surface

plots of the four indices at § = 0° are shown in Figure 5.30. Furthermore, a discontinuity
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exists between a = —1.6648° and —0.9410° in each plot, due to the § limit. As in the
previous section from Figure 5.21, the trimming roll angle ¢, for @ = —0.9410° is 0°,
while for @ < —1.6648" the angle is ¢, = 180° or —180°. However, in both cases, the
aircraft assumes a wing-level orientation, but in the second case, the aircraft is flying

inverted or upside down.

0 0 276
568 0 338

, 3.06
B —
Vs |matrix—index =10

2.90

AI
v =
S Imatrix—index

[1.68 0.73 2.69]

(5.20)
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Figure 5.22 Static state nonlinearity index vg“' - contour (stability-frame, ideal)
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Figure 5.23 Static input nonlinearity index vZ " - contour (stability-frame, ideal)
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Figure 5.24 Dynamic state nonlinearity index v} " - contour (stability-frame, ideal)
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Figure 5.25 Dynamic input nonlinearity index vy - contour (stability-frame, ideal)
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Figure 5.26 Static state nonlinearity index vg“' - surface (stability-frame, ideal)

Figure 5.27 Static input nonlinearity index v? " - surface (stability-frame, ideal)
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Figure 5.29 Dynamic input nonlinearity index v} - surface (stability-frame, ideal)



114

25 4
2 3
- o 1 - "
<>w 5 m>m 2
1
o5} L
Ot 0
-20 0 20 40 60 -20 0 20 40 60
25 4
2 3
'x>v 15 3.0 9
1
0.5 o
o 0 i "
20 0 20 40 80 20 0 20 40 60
o [deg] o [deg]

Figure 5.30 Nonlinearity indices at # = 0° (stability-frame, ideal)
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5.6 Index for Full-Envelope Using Wind-Frame — Ideal Model

In this section, the ideal envelope Figure 4.9 produced in Chapter 4 is again
investigated. A linear model system is developed using the nonlinear equations of motion
in the wind-frame of reference discussed in Section 2.7. The components of the linear
system are now described in the wind-frame rather than the body-frame (see Equations
(5.21) - (5.23)). The transformation matrix T is modified accordingly, where the first
three diagonal elements are replaced by [1/V; 1 1].

Xy, = A, X, + By,u

Xy = [Auy, Aa’ AB' Ay, A6, Ap, Agy Ar)]

(5.21)
' -1
AL, =TA,T
B, =TB,,
where
A, =
1 1 1 1 1,\’ lX
Xy, V—TX“ Trxﬁ 0 r,—T-g(?gwo ,; Pw Cl aw ,; Tw
hy, Y Y 9CousCouy  ISouwoSow, 2 Eypw ;C:qu 7w
1
V12u, _ Za 2 g S¢W0C6Wo g C"’Wosewo %pr Equ EZTw
1 1 1
0 0 0 0 0 - b ES¢WO Swo §C¢W0T9WO
T 1 1
0 0 0O 0 0 0 EC‘PWo _.35 Swo
— 3 ; (5.22
bLuw V_'I‘La V;LB 0 0 LPw ELQW Lrw )
o {1} 4 H ¢ ¢
2 CMuw VTM‘I V—CTMII 8 g EMPW MCIW EM”W
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=l ¢ o 4,
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and
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1
X5, 00
0 Y5, Y5
Zé‘h O O BJVFS
B!, = 000 =] 0 (5.23)
000 B!
WM8
EL,gh EL(Sa ELgr
—=-|eMs, 00
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Applying the four index expressions in Equations (3.8) and (3.9) on top of this
ideal envelope, produces four symmetric contour plots (Figures 5.31-5.34) and four
symmetric surface plots (Figures 5.35-5.38) for visualization of the envelope nonlinearity

variations. The behavior of the indices on the envelope here is quite similar when

compared to the results investigated in body- and stability-frame equations in
Sections 5.3 and 5.5. Again, the nonlinearity strength is largest near the internal envelope
boundary corresponding to the g limit, particularly for the a < 0 region. The figures
show that for indices vsA' and v"{' associated with the states, a single maximum occurs.
For indices v2 and v¥ associated with the inputs, three large maximums occur. At the
points (a, B) = (—6,22"), two closely spaced identical global maximums occur. The
third maximum occurs near the upper region of the envelope boundary in the stall region

at @ ~ 61°. Maximum values are found to be v;“'max =273, vE  =290,vF =
max

max

1.62, and vy __ = 4.26. In these regions, use of linear models to examine dynamic

behavior or design control systems is not feasible. Note that the nonlinearity is also

sensitive to both @ and f variation in these regions. In the other regions of the a — f8
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envelope, the nonlinearity strength is difficult to assess with the displayed data, due to

washout from the noted maximum values.

The index USA’ attains its maximum value at the nominal point (a,,fB,) =

(—6,0") where the perturbed point (a,, f,) = (—1.6648°,0") is found to cause the
largest deviation around (a,, f,). Eigenvalue analysis is also utilized here at both points

and it shows instability in the linear models. Again the results in Table 5.2 are applicable
here and show the differences between the trimming solutions for both points are
insignificant except for velocity and throttle which show large differences. To assess the
contributed weight of each component in the state matrix towards the overall index, the

matrix-index evaluation shows that 4,,,, wg largely, and then A, exhibit the highest

WM,®
nonlinearity sub-index values, as shown in Equation (5.24). Preliminary investigation

indicates that the large jump in the trimming V- value associated with the slight variation

’

in a enlarges the moment stability derivative deviation related to the A,, Myap and A, Me

blocks.

The static input nonlinearity index vSB' in this study is equally sensitive to input
excitation, which explains the large values of vf’ at the two identical and third spikes
shown in Figure 5.36. One of the largest spikes occurs at (ay, f,) = (—6,+2°) and is
caused by the deviation at (ay, ) = (—1.3923°, +2"). At this nominal point, the aircraft
is trimmed to an almost inverted position at ¢, = 176.2° but at the maximum deviated
point the aircraft is nearly in a knife edge position of ¢, = 104.6". The only other
significant difference in the trim solution is the velocity (and throttle) which is 403 ft/s

compared to 1521 ft/s (see Table 5.2). The slight variation in the 8y, §, and &, trimming
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solutions changes the forces and moments acting on the aircraft and thus contributes
towards the overall index. The bank angle does not play any role in B,,, and only V; and
control surface trimming deflections determine how large the deviation is. Moreover, the
jump in the velocity introduces more forces and moments. These forces are present in B,,
through the resolved axial, side, and normal force components. Matrix By, embeds two

blocks B,,. and B), and the matrix-index shows that sub-indices v®'| and v8'
Fg WMs S S

|F6 |M6

contribute equally toward the overall (Equation (5.24)).
The dynamic nonlinearity indices vc’f’ and v}, which are now functions of both
operating conditions and time, are displayed as contour and surface plots in Figures 5.33-

5.34 and Figures 5.37-5.38 at time t = 0.01s. Similar to the static indices, dynamic

. . 3 - —— 3 . . . ,
indices are sensitive at high-speed flight near the g limit for indices v} and v} and are

sensitive also at high a near the stall limit for index v} and are expected to propagate

with time. At very low time, v(’{’ tends to be much smaller than vg“’, when comparing
Figure 5.31 to 5.33 or Figure 5.35 to 5.37. On the contrary, the dynamic input index v},
which measures the propagation of input nonlinearity with time, is far more sensitive than
the static input index vB ". The transition matrix @ captures and amplifies the
nonlinearities associated with B,,. Around the high dynamic index region, the aircraft
model is unstable and the linear model tends to deviate faster if input excited rather than
state excited.

Slices from the surface plots of the four indices at B = 0" are shown in

Figure 5.39, and a discontinuity exists between a = —1.6648" and —0.9410° in each

plot, due to the g limit. Again, the trimming roll angle ¢, for @ > —0.9410" is 0°, while
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for @ < —1.6648" the angle is ¢, = 180" or —180°. However, in both cases, the aircraft

assumes a wing-level orientation, but in the second case, the aircraft is flying inverted or

upside down (Figure 5.21).
1.68 0.73 2.69
Al —
Us Imatrix—index ~[ 0 0 2.76
1340 0 3.38

(5.24)

3.06
B’ —
Vs Imatrix-—index =10

2.90
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Figure 5.31 Static state nonlinearity index vg“' - contour (wind-frame, ideal)
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Figure 5.32 Static input nonlinearity index v2 " - contour (wind-frame, ideal)
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Figure 5.34 Dynamic input nonlinearity index vy - contour (wind-frame, ideal)
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Figure 5.35 Static state nonlinearity index v;“' - surface (wind-frame, ideal)

Figure 5.36 Static input nonlinearity index vf’ - surface (wind-frame, ideal)
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Figure 5.38 Dynamic input nonlinearity index vj - surface (wind-frame, ideal)
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Figure 5.39 Nonlinearity indices at § = 0’ (wind-franie, ideal)

5.7 Frame of Reference Influence on Index

The nonlinearity index variations with respect to 8 show small discrepancies,
except around high index value regions. Therefore, slices from the surface plots of the
four indices v4’, v8', v and v¥ are presented and compared in Figures 5.40-5.44, at
B =0,2",4",6",8". These figures compare indices results over the same ideal envelope
developed in Figure 4.9 for different mathematical representations of the nonlinear
equations of motion. The compared representations are body-, stability-, and wind-frame

coordinates. In all of these frames, the maximum nonlinearities occur around the same

* ° . . . . 14 1 !
neighborhood of @ = —6'. A comparison of the maximum indices of v#', v®, vy and
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vy over the entire ideal @ — B envelope among the different frames is offered in
Table 5.3. The maximum indices over the entire envelope show highly comparable values
among all three representations.

The static state v;", static input vSB', dynamic state vf{', and dynamic input v}
nonlinearity index comparisons for all reference frames in Figure 5.40 at 8 = 0° show no
preference of any frame over another. Over the large angle of attack range, all index
values are roughly constant except for the a band of —10° < @ < 10°. In this band, the
indices experience the largest values, which is near the inner boundary of the dynamic
pressure limit. A notable exception to this rule is for indices v2 " and vy at a > 50° where
thé index again becomes large.

With a sideslip angle of § = 2°, the indices v5' and v¥ for the stability- and
wind-frame tend to exhibit more nonlinearity in the lower negative angle of attack region
as shown in Figure 5.41. However, the indices v’ and vé" show no variation in the index
values in this same region. These results suggest there is a slight preference for using the
body-frame description in specific areas of the flight envelope. In Figure 5.42, for f =
4°, the index comparison shows similarities among all the frame of reference
representations similar to results in Figure 5.40 for § = 0°.

Figure 5.43 shows that the behavior of the indices v#', v3 ', v(’{' and v} for all
frames at B = 6  are similar to the behavior at 8 = 2°. Only the indices vSB' and v}y for
the stability- and wind-frame coordinates tend to exhibit more nonlinearity than the body-

. . . . . . !
frame coordinates in the lower negative angle of attack region, whereas indices v and
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! . . - - - . . .
v} show no variation in the index values across the various mathematical descriptions of
the vehicle dynamics.

At a large sideslip angle of § = 8, the different frame comparison in Figure 5.44

shows that the indices vsB' and v} for the stability- and wind-frame coordinates tend to
exhibit more nonlinearity than the body-frame description in the lower negative angle of

attack region; whereas for the same indices, the body-frame description tends to exhibit

A

more nonlinearity in the upper angle of attack region. As for the indices v{ " and vjf', no

variation is observed among the different frames.
Finally, the nonlinearity indices related to matrix A’, the static state vs‘q'and the

. ! - . . - . . »
dynamic state v} , show no difference in the index values as sideslip angle is increased

for different frames comparison. However, the nonlinearity indices related to matrix B’,

the static input vSB’and the dynamic input vy, show differences in the index values as
sideslip angle is increased for different frames comparison. Here, the body-frame shows
less nonlinearity than the stability- and wind-frame for negative angles of attack but more
nonlinearity for positive angles of attack.

Although not shown in the dissertation, selected results were generated and
investigated using the dimensional state formulations without the transformation matrix
T. Two important observations were noted. First, index values were much higher than for
the normalized state formulations presented here. In other words, the use of a normalized
state formulation was very effective in reducing the sensitivity of the index on the units
of the linear model. Second, a much wider difference between the index values for
various coordinate formulations was observed. Although not universal, the results

suggested a strong preference for the body-frame description over the other two frames.
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CHAPTER 6

SIMULATION CASES AROUND HIGH INDEX

6.1 Introduction

Flight simulations, depending on the mathematical model of the dynamics, are
both linear and nonlinear. In flight analysis, linear simulation is typically explored first.
The linear model is usually expressed in state variable format, as discussed in
Section 3.1, and is derived by ﬁumeﬂcal methods from the nonlinear model. The linear
model is developed around a trimmed operating condition for the aircraft, which prompts
the question of whether the trimmed condition is stable when a small perturbation
displaces the aircraft from its equilibrium condition. Nonlinear simulation is performed to
address the linear model suitability as well as the stability of the trimming condition in a
particular domain around a reference operating point. It is important to characterize to
what extent nonlinearity is included in the system and whether the system can be
regarded as approximately linear. For aircraft dynamic analysis, nonlinear simulation is
used to assess the strength of the system’s nonlinearity. Further, nonlinear phenomena
such as chaos and limit cycling may be predicted or identified by comparing linear and
nonlinear simulations.

The linear and nonlinear simulations in this dissertation are carried out at an
initial altitude of H, = 20,000 ft instead of the sea level altitude H;, = 0 ft. This starting
altitude is suggested based on the similarity of the nonlinearity index behavior for this
altitude, as can be seen in Table 6.1 (differenf altitude indices are investigated outside of

this dissertation). Further, aircraft response is better observed at a higher altitude,
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allowing sufficient time for the aircraft to respond to excitations, where the response may
present itself as a large altitude change.

The aircraft model in this dissertation is simulated at the (a, B) pairs exhibiting
the most nonlinearity over the flight envelope. These pairs are (@ = —6, f = +2) and

(@ =—6", B =-2°). These two pairs correspond to untypical and unstable trimming
conditions, since the aircraft is trimmed at an inverted position; moreover, they represent
common high nonlinearity locations with any of the different frame choices. Since the
idealized aerodynamic model is used as the source for the force and moment coefficients
here, either one of these pairs reflects exactly the other pair’s characteristics. Hence, the
pair (@ = -6, B = +2") is investigated only, and is designated as pair 1, or (ay,8;). The
aircraft is excited and perturbed from equilibrium at (a;,8,), where index results show
the largest nonlinearity exists in all the frames. Comparisons of linear and nonlinear
models which are subjected to initial condition angular rates are presented here. Linear
and nonlinear simulations for flight dynamic systems are carried out using the tools
available in the MATLAB® software suite. All simulations are implemented using the
dimensional body-frame of reference formulations.

It is adequate, for comparison purposes, to study the response of the aircraft at a
relatively similar flight condition, wherein the aircraft is at a typical and stable trimmed
operating condition. Such a condition is satisfied at (a, = +6°, B, = +2°), or pair 2. The
trim solutions and index values for (a; $,) and (a,,8,) for H, = 20,000 ft are listed in
Tables 6.1 and 6.2. Finally, it should be noted the simulation is performed for an aircraft
with fixed control settings; in other words, the control surface deflections are the trimmed

angles for that specific operating condition.
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6.2 Simulation Results

First, the longitudinal and lateral linear-nonlinear responses to 5, 7 and 10 deg/s
perturbations (excitations) on pitch rate at pair 2 (a; = +6°, B, = +2°) are presented in
Figure 6.1 out to t = 60 s. Nonlinear simulations and flight-path trajectories for the same
perturbations are shown in Figures 6.2 and 6.3 for t = 120 s. Comparing the linear
results to those for the nonlinear model for 4q,, = 5 and 7 deg/s, it can be seen that the
differences are quite insignificant for all state variables, although the yaw rate, bank and
pitch angles start to deviate slightly after ¢ = 30 s. In the case of 4qy, = 10 deg/s, the
results show many variations between the linear and nonlinear simulation, for example,
settling time, peak time, damping rate, and oscillation amplitude. Therefore, it can be
concluded that the linear model is adequate, at small pitch rate excitations, 4q,, < 10
deg/s, to capture the system behavior at this operating condition. It is found that, for the
linear model, increasing the pitch rate Aqp, = 10 deg/s triggers a divergent transient
response from the nonlinear model (see Figure 6.1). In Figure 6.2, the nonlinear response
pattern to different initial pifch rates 4qp, =5, 7 and 10 deg/s basically follows similar
trends. However, increasing the pitch rate excitation enlarges the overshooting amplitude
of the response, as seen clearly in the vertical velocity, pitch angle, and angle of attack.
Overall, the pitch rate transient response is well damped.

Figure 6.4 compares the total acrodynamic moments (left) and compares the
normalized vertical lift component vs. normalized weight (right) during the complete
flight range. The positive 4q,, excitation produces a nose-up pitching motion, which is
countered by a negative restoring piiching moment (see Figure 6.4), and it excites mainly

the longitudinal phugoid mode. As a consequence of the pitching moment, there is a
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decrease in axial velocity and an increase in altitude and pitch angle, all occurring in the
first 30 s (see Figures 6.2 and 6.3). However, the large increase in the angle of attack
induces an incremental jump in the lift force, as seen in Figure 6.4, causing the aircraft to
accumulate altitude where the initial kinetic energy is transformed into potential energy at
t = 18.3s. The conservation of energy law states that kinetic and potential energy
continuously exchange over a very long period of time with decaying amplitude rate and
at the same period. The vertical velocity, roll rate, and yaw rate perturbed responses are
oscillatory in the first 15 s with similar frequency and period. The yaw rate magnitude is
steadily offset causing a yaw angle increase, and hence, an increase in the crossrange
trajectory. The angle of attack after disturbance remains substantially constant, whereas
the total speed, pitch angle, and altitude slowly oscillate around their equilivbriums in the
long run, thereby indicating a stable long-period low-frequency oscillation mode. It is
evident that pitch rate excitation induces larger pitching moment smaller fluctuations in
the rolling and yawing moments (Figure 6.4), and hence, the lateral mode is excited only
slightly.

The three-dimensional (3-D) aircraft attitude is better visualized in Figure 6.5,
with top and side views included, where the aircraft position and orientation is
snapshotted every 11.99 s. The aircraft wings are colored differently for better attitude
visualization: green for left wing and blue for right wing. The phugoid mode can be better
explained by referring to Figures 6.2-6.5. When the aircraft is initially at the trimmed
condition at t = O s, the vertical lift force is balanced by the weight. The moment the

aircraft is perturbed by Aqy,, the angle of attack jump results in a spike in the lift and a

similar spike of induced drag due to lift; hence, the aircraft is no longer in a vertical or
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longitudinal equilibrium. It is important to note that the angle of attack settles down
quickly and remaihs constant throughout the simulation time period. The rapid build-up
in lift, inertia, and momentum causes the aircraft to pitch-up steadily and climb-up;
meanwhile, it starts losing lift and speed. As the aircraft decelerates, it pitches down
steadily until the vertical lift is significantly less than the weight at t = 18 s at which the
descending acceleration begins. The vertical lift and speed continue to build-up as the
aircraft passes through equilibrium altitude at ¢ = 35s, and during the descent, the
aircraft starts to pitch-up steadily at t = 38 s, around which the vertical lift and speed are
equal to their trimmed values. At t = 56 s, the aircraft gains its local maximum build-up
of lift and speed, and thus an excess of kinetic energy, inertia, and momentum, causing it
to climb-up. The cycle repeats itself again, such that the aircraft decelerates and loses lift
and speed, and pitches down, reaching to a local minimum lift and speed. During the
motion progress, the maximum and minimum peak magnitudes reduce slowly until the
oscillations eventually damps out. To conclude, it is evident from the response that pair
(a,,P>) is a stable equilibrium operating point and does not exhibit any strong nonlinear
behavior for the perturbation excitations considered.

Now, the longitudinal and lateral linear-nonlinear responses to —5 deg/s
perturbation on pitch rate for (@, = —6°, f; = +2°), whereby the nonlinearity index is at
the largest value, are compared in Figure 6.6. The time scale is restricted to t = 15 s due
to nonlinear amplitudes being washed out by the quickly deviated linear amplitudes.
Comparing the linear to the nonlinear results, it can be seen that the differences are
significantly large for all state variables. Hence, at this operating point, the linear model

is not suitable to represent the aircraft motion. Nonlinear simulations for the perturbed
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response for a longer period of time out to t = 68 s are shown in Figures 6.7 and 6.8. The
initial pitch rate introduces asymmetry in the response since the aircraft is initially
trimmed asymmetrically. The aircraft is trimmed at ¢, = 176.3"; that is an inverted

aircraft orientation, and the negative pitch perturbation produces nose-down pitching
from an aircraft-fixed perspective, or nose-up from an inertial perspective. Note that, in
Figure 6.7, in the first 15 s, the pitch rate is moderately damped and the side velocity and
sideslip angle experience a moderate decaying oscillatory transient response from their
equilibriums; however, the sideslip angle response shows insignificant variation. There is
no evidence of the phugoid long-period mode. Also, the pitch rate jump induces a sudden
positive jump in the roll rate and then undergoes a steadily increasing rate with negative
slope; meanwhile, it induces a yaw rate that alternates slope. The yaw rate causes a
quadratic yaw angle increase for t < 40 s, leading to an increase in the crossrange
trajectory. As a consequence of the pitching moment, the total velocity decreases due to
gravity effect, whereas altitude, pitch angle, and angle of attack increase.

There is a notable increase in the lift component that counteracts the aircraft
weight, which explains the altitude gain (Figure 6.9 on the right). The left side of
Figure 6.9 indicates that lateral rolling and yawing moments are induced as well, due to
lift and drag asymmetry on both wings and due to side force developed by the vertical
tail. The yawing moment exhibits a damped oscillatory behavior and a sudden continuous
increase at the moment the aircraft pitches down with negative pitch angle into a
descending position. The aircraft reaches maximum perturbed altitude at around t = 165,
Afterwards, the aircraft represents a diving attitude, with increasing bank and pitch

attitude angles and increasing total speed into the supersonic regime. By this time, the
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aircraft begins to lose altitude and descends at a rapid rate starting at 403 ft/s and
increasing until sea level. It is apparent that the aircraft is entering a high-speed steeply
banked turn and it is entering a spiral dive due to its increasing roll rate, yaw rate, and
speed. The initial and propagated aircraft attitude is visualized better in the top and side
views in Figure 6.10, and in 3-D in Figure 6.11, where the aircraft position and
orientation is snapshotted every 6.79 s. The spiral dive motion can be easily recognized
in these plots.

Unlike level flight, in which the lift produced by the wings is cancelled by the
downwards gravity force, the aircraft requires more lift to support its weight when
banking, since lift is divided between pulling the aircraft towards the turn and balancing
the weight. In order to compensate for the lift required, assuming no piloting interference,
the aircraft speeds up until the vertical component of the lift is balancing the weight (see
Figures 6.7 and 6.9). If the vertical lift curve is above the weight line, the aircraft is
gaining altitude; otherwise, it is descending. The speed-up is related to the combined
effect of directional damping and angle of attack stability. Additionally, the aircraft’s
overbanking tendency increases the bank angle further, and accordingly, speed, descent
rate, and load factor increase dramatically. To conclude, responses at pair (a4,8,) indicate
strong nonlinear behavior as predicted by the nonlinear index results from Chapter 5.

Now consider a roll axis excitation at pair 1. An initial roll rate of 5 deg/s applied
to pair 1 (ay,B;) is rapidly damped out, but it triggers a moderately damped oscillation
that is seen in the side velocity, sideslip angle, and yaw rate, as presented in Figure 6.12,

which compares linear and nonlinear simulation to 4p,, = 5 deg/s for a 30 s window.

The linear results cannot accurately duplicate the nonlinear dynamics at the trimming
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equilibrium of (a; = —6’, f; = +2°) after approximately 10 s. The nonlinear responses
over a much larger time window are given in Figures 6.13-6.14. From Figure 6.15 (left),
the initial roll perturbation produces a well damped rolling moment, due to large roll
damping of the aircraft. On the other side, the roll coupling effect introduces high
frequency fluctuations in the yaw moment with a decaying rate of amplitude in the
transient period, and its effect is clearly seen in the yaw rate and the heading angle (see
Figures 6.13 and 6.15). The initial roll rate induces a wing spanwise asymmetric local
angle of attack variation that produces asymmetric lift force. This asymmetry reduces lift
on one wing (the right wing in this case), and initiates the rolling moment. In the same
time, the positive 4p,,, increases the linearly varying angle of attack, and that in turn
increases the profile drag on the left wing and the drag difference induces a yawing
moment. The transient responses of the remaining state variables, translational velocities,
angle of attack, pitch rate, bank angle, and pitch angle, are almost flat and maintain close
to equilibrium position. Around t = 50 s, where the aircraft has slightly elevated to a
maximum altitude, the yaw rate changes sign and induces linearly increasing roll and
pitch rates, causing the aircraft to bank and pitch simultaneously. The combined roll and
yaw rates position the aircraft nose to level with the horizon, and the pitch rate jump
develops a pitching moment causing a nose-up orientation from the pilot’s perspective
(Figure 6.15). Consequently, the aircraft loses altitude and enters a high-speed
descending flight starting at 367 ft/s on average until it approaches sea level at t =
103 s. This descending flight motion can be seen clearly in Figures 6.16 and 6.17 where

the aircraft attitude is depicted every 9.35s. A longer time simulation would reveal that
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the aircraft is entering a spiral dive, but it does not add any useful contribution. It is noted
that the sideslip angle variation during the total nonlinear simulation time remains small.
Now consider a yaw axis excitation at pair 1. For an initial yaw rate of 5 deg/s
perturbation at pair 1, linear vs. nonlinear results are compared in Figure 6.18 out to
t = 30 s, and nonlinear simulations are presented in Figures 6.19 and 6.20 for t = 93 s.
Moments and normalized forces are given in Figure 6.21. Figures 6.22 and 6.23 show
views for the aircraft attitude at a 9.29 s period. The linear model again shows invalid
results when compared to the nonlinear model (Figure 6.18). The oscillatory transient
response to the yaw perturbation is moderately damped, and it induces equal frequency
oscillations in the side velocity, roll rate, bank angle, and yaw angle. However, the bank

and yaw angles show smaller amplitudes. Perturbation in the yaw rate does not induce

any pitching moment, but it introduces a noticeable yawing moment and ten times
smaller-in-magnitude rolling moments in the first 10s, and then dies out and has
minimum effect in the transient period on vertical velocity, pitch rate, and pitch angle;
however, the yaw angle and crossrange increase (see Figures 6.19 and 6.20). The
aircraft’s axial velocity slightly decreases and it gains some altitude until t = 35s,
around which the yaw rate changes direction and induces linearly increasing roll and
pitch rates that cause the aircraft to bank and pitch simultaneously. Due to gravity’s effect
and the increased pitching moment (Figure 6.21), the aircraft loses altitude and enters a
high-speed descending flight motion starting at 356 ft/s on average until it approaches
sea level at t = 93 s. Strong nonlinear behavior is again observed.

It can be observed from the previous results for an aircraft initially perturbed from

equilibrium at pair 1 with an angular rate, that the resulting motion response is a
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nonlinear coupled interaction between the other two angular rates. The trimming solution
at (a,,B4), without doubt, is highly nonlinear, due to its sensitivity to initial condition
excitation. The sideslip angle variation due to 4py, 4q;, or 47y, is minimum; hence,
note that the large response in the body roll, pitch, or yaw rates are not primarily caused
by large aerodynamic variation, but rather by the so-called nonlinear inertial coupling.
However, the aircraft in all of the cases enters a gradual high-speed diverging spiraling
descending motion, due to the high increased roll rate with increasing bank and changing
heading angles. In all of the cases, the gradual negative increase of the pitch angle points
the aircraft nose toward the ground, and hence diverts more of the gravity component into
the atrcraft body xp-axis and reduces the lift force tremendously in the second-half phase
of the flight. The non-oscillatory divergence leads to the nonlinear high-speed spiral dive
phenomenon as time proceeds. Usually this path divergence occurs for aircraft with large
directional stability and small lateral stability.

The aircraft model in the study is a high-performance category aircraft, and the
nonlinear inertial coupling cannot be ignored in the analysis. The mass of such an aircraft
is concentrated in its fuselage; therefore, the roll mass moment of inertia 12, is much
smaller than the pitch and yaw mass moment of inertias, I}, and IZ,. Numerical values
show that 2, and IZ, are 5.88 and 6.64 times larger than [2,, respectively. The inertia
coupling can be best understood by looking at the moment equations of motion. Equation
(2.37) is repeated here with the necessary assumptions of I,’Zy = 13’32 =Ax=Ay=Az=

0,
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Ly = Ly — Gy + Pou) I3z + (22 = By )aoms

My = Iyap + (0f — )2 + (12 — I2) DT 6.1)

Ny = 157y — By — qurp)12 + (1D — 12 P60
Looking at the last terms of the second and third equations, one notes that the inertia
difference is large, such that, for example, a rapid rolling may result in uncontrollable
pitching and yawing motions. This significant roll coupling can lead to divergence from
the trimmed trajectory, as seen earlier.

Nonlinear simulation results to an initial 10 ft/s side velocity perturbation and a

—5 deg rudder deflection impulse are shown in Figures 6.24-6.27. The perturbations
Avy, and 44, produce a similar overall response when compared to 47, (see Figures

6.19 and 6.20). The same analysis as before applies here and is not repeated.
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Table 6.1 Index comparison for selected pairs at different altitudes*

H, =0 ft H, = 20,000 ft
(alrﬂlz . (az:ﬁzz . (0-'1:31)0 . (az'ﬁzz .
=(~6 ,+2 ) =6 ,+2 ) =(-6 ,+2 ) =(+6 ,+2 )
v 3.29 0.99 3.30 0.99
vB 56.80 7.82 56.80 7.82
vy 3.24 0.98 3.26 0.98
vy 114.17 10.63 129.43 11.33

* Computation performed with a dimensional state formulation using the body-frame

Table 6.2 Trim solutions for selected pairs at H, = 20,000 ft

(a1,B) = (=6 ,+2°)

(a2, B;) = (+6 ,+2")

Vr 551.96 fi/s, (M = 0.53) 472.75 fi/s, M = 0.46
®p 176.2742° 2.8893°

6y 6.1167° 6.0927°

Sn —0.8544 —~1.5533°

dq 057" ~1.0717°

6y 4.4176° 4.6608°

Sen 0.3823 0.2465
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Figure 6.4 Force and moment variations to initial pitch rate at pair 2, 4qp, = 5 deg/s
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Figure 6.9 Force and moment variations to initial pitch rate at pair 1, 4q,, = —5 deg/s
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

In this dissertation, a new generalized asymmetric nontraditional angle of attack
vs. sideslip angle flight envelope for asymmetric flight conditions has been developed.
Some of the results have been published [38],[39]. The asymmetry and offset in the
aerodynamic model in Reference [30] has been idealized by data manipulation. A new
ideal symmetric aerodynamic model was produced, in which the symmetrization
procedure involves step 1 and step 2 averaging steps. This ideal aerodynamic model
assists analysis so that fundamental relationships can be more easily observed. Using this
model, a new generalized and symmetric angle of attack vs. sideslip angle flight envelope
for a symmetric flight conditions has been developed.

Parameterized nonlinearity index theory has also been presented. Four index
expressions have been implemented to evaluate the nonlinearity strength embedded in the
F-16 nonlinear aircraft dynamics over the new nontraditional angle of attack vs. sideslip
angle flight envelope. The concepts of sub-index and matrix-index are introduced. These
concepts provided a systematic means to link specific dynamics of the aircraft that
contribute towards increasing the overall nonlinearity index.

Application to the angle of attack vs. sideslip angle flight envelope showed that
the nonlinearity strength is high at a high-speed flight regime, where the aircraft is near
the structural flight boundary. The maximum nonlinearity occurred at negative angles of

attack, where the aircraft is at an inverted equilibrium flight orientation. Nonlinearity of
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different mathematical descriptions of the aircraft model has been investigated. Body-,
stability-, and wind-frame descriptions, when formulated with normalized states,
exhibited essentially the same nonlinearity for static and dynamic state indices across a
wide range of attack angles. Further, the body-frame description exhibited the least
nonlinearity for lower negative angles of attack whereas stability- and wind-frame
descriptions dominated the upper region due to static input excitation. Fundamentally,
high nonlinearity appears to be caused by vastly different but closely spaced equilibrium
points lying within the envelope. Also, these high index values may be exaggerated due
to the singular value norm used in the index computation. Additional investigation is
required to assess this effect, using structured singular value concepts.

The new angle of attack vs. sideslip angle envelope provides enhanced insight to
trimability-controllability regions. The envelope may be useful for parameterized
dynamic analysis and for scheduled control design. The new nonlinearity index theory is
a promising tool, since it not only quantifies the dynamic’s nonlinearity strength but it
also identifies the source of that nonlinearity. The index may also detect hidden nonlinear
phenomena, such as limit cycles, which ordinary linear analysis fails to detect. Further,
the index assesses the suitability of linear analysis.

Linear and nonlinear simulations are carried out on the common angle of attack
and sideslip angle pair that exhibited the most nonlinearity over the flight envelope with
different frame choices. The linear results correlated well to the index results; the linear
model at a high index showed inconsistency with the nonlinear results, in addition to
instability and divergent behavior to perturbation. For even moderate perturbations in the

state variables or the control input, the nonlinear simulation reveals the tendency of the
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aircraft model toward a high body angular rate with increasing speed accompanied by
fast altitude loss, all leading into diveréent steep spiral mode motion. The simulation
showed a significant nonlinear inertial coupling interaction between the longitudinal and
lateral dynamics. In other words, the nonlinear simulation results also correlated well to

the index results.

7.2 Recommendations

The current research provides a solid base to extend the new generalized
nontraditional angle of attack vs. sideslip angle flight envelope for asymmetric flight
conditions. A few recommendations could be considered in future work. For example, a
third dimension, i.e., altitude, could be added to the envelope; this would provide
insightful details on a specific aircraft model. Additional boundaries may be discovered
limiting this aircraft model’s trimability. Utilizing a simpler aircraft model with an
analytically well expressed aerodynamic model may facilitate predicting the asymmetric
flight envelope. Further, application of the nonlinearity index theory on the simplified

model may provide a clearer picture of nonlinearity sources.
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