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Most of the prescribed nonlincar phenomena are comprehended by extensive
experimental research, in-flight test, and/or fortuitous discovery. However, it is
demanding to attempt to systematically detect hidden or unknown conditions that are
difficult to quantify where the system can experience extreme nonlinear phenomena [4]-
[71.

The previous discussion underscores the need for 1) new envelope approaches to
address design and analysis focus associated with asymmetric flight conditions, and 2)
new identification approaches to expose and quantify aircraft nonlinear behavior across
its operational regime. This dissertation investigates flight dynamics nonlinearity

assessment across a new aerodynamic attitude flight envelope.
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Figure 1.1 Flight envelope [2]



Table 1.1 Typical flight regimes for various aircraft* [4]

Aerodynamic Region  Angle-of-Attack  Possible Flight Attributes
Range (deg)

Low Anglc of Attack  0-15 (GA, F) Conventional flight

0-10(JT)
Prestall 15-20 (GA) Unsteady effects
10-15¢JT) (buffet, wing drop, wing rock)
15-25 (F)
Stall, Stall Break 20-30 (GA) First lift peak, loss of lift,
15-25 (JT) porpoising, loss of longitudinal and
25-35 (F) directional stability, adverse yaw
Poststall 30-40 (GA) Departure, post-stall gyrations,
25-40 (JT) incipient spin
35-50(F)
Superstall 40-90 (GA, JT)  Second lift peak, deep stall,
50-90 (F) spin, supermaneuverability

*General Aviation (GA), Jet Transport (JT) and Fighter (F)

1.2 Literature Review

The operational range of the aircraft and the various nonlinear aircraft behaviors
have been reviewed in the previous section. In this dissertation, the literature review will
focus on the speed-altitude flight envelope, selected nonlinear aircraft behavior, and

system nonlinearity quantification.

1.2.1 Speed-Altitude Flight Envelope

Several available standard textbooks serve the purpose of estimating the extent of
the speed-altitude flight envelope. However, Filippone [1] and Raymer [2] explored the
envelope concept in depth. These references elaborately covered all of the physical and
mathematical aspects that help in the development of the full-envelope; further, they
extensively discussed details concerning envelope limiting boundaries. Departure from

the designated flight envelope compromises aircraft safety and causes loss of control. In



the event of anomalous situations, the authors in Reference [8] reported their qualitative
and quantitative investigations of flight damage effect on the flight envelope. Moreover, a
real-time flight envelope was estimated for a general aerodynamic model that accounts
for control and stability surface damages. Richardson et al. [9] présented the probability
of an aircraft departure from its flight envelope under the influence of gusts, damége risk,
or control loss. Assured techniques were developed to maintain a steady-state flight
condition under the action of stochastic wind gusts. The flight envelope for an air-
breathing hypersonic vehicle was developed in which requirements of complex coupled
balancing is satisfied [10]. Fialho et al. [11] presented a smooth fractional a .gain-
scheduled controller for the lateral-directional axes of the F-14 aircraft. The linear
controller was designed for a powered approach flight phase that accounts for varying a
and airsiaeed. A state-space Youla parameterization interpolation procedure was
presented in Reference [12] to develop a locally stabilizing gain-scheduled controller for
each operating point of a nonlinear plant. This interpolation method was used to design a

gain-scheduled autopilot and was successfully implemented on a pitch-axis missile.

1.2.2 Nonlinear Aircraft Behavior

Examples of various aircraft nonlinear behaviors are mentioned in Section 1.1;
those nonlinear behaviors are considered thoroughly in some leading aerospace
engineering books and in technical reports published by governmental, academic, and
professional organizations [4]-[7]. A' few examples, but not all, of nonlinear phenomena
are stall, spin, pitch-up, nose slice/departure, shock waves, vortex shedding, engine

unstart, fan stall, wing rock, falling leaf, control reversal, and inertial coupling. Kwatny et



al. [13] investigated the nonlinear influences of stall and aircraft dynamics that lead to a
loss of control. Various methods of analysis [14], aerodynamic models [15],[16], and
nonlinear simulations [17] for investigating the dynamic stall motion are available in the
literature. Experimental research [18] has shown that poststall spin has evolved toward
partial chaotic motion under an increased high Reynolds number. The development of
self-induced oscillations with steady-state roll amplitude “wing rock” and vortex
breakdown was experimentally observed by Arena and Nelson [19]. Roll coupling, or the
so-called inertial coupling [20], between the lateral and longitudinal-directional motion
may cause a jump phenomenon [20] which is an abrupt change from a stability state to a
large roll rate and large sideslip state. The jump can be prevented [21] by the proper

aileron-rudder interconnect relationship.

1.2.3 System Nonlinearity Quantification

Yana et al. [22] introduced a scale measure and an estimate for the nonlinearity
degree of the system between 0 and 1. This scale was based on the input and output time-
series signals with included additive observational noise. However, in order to represent
different classes of nonlinear functions, a parametrized function “multiplier perceptron”
was introduced into the estimation. The degree of nonlinearity of the system approaches
1 when the system cannot be represented by linear representation. Another nonlinearity
measuring scale referred as a “nonlinearity index” was discussed by Junkins and
Singla [23]. Static/algebraic forms of the nonlinearity index were initially proposed. The
nonlinearity index of a linear system is zero, which forms the lowest reference point of

the scale. The nonlinearity index is applied to numerous orbital mechanics test cases in



order to provide a rigorous standard for measuring the system’s nonlinearity. In the same
reference, the nonlinearity index across four different attitude kinematic representations
was investigated, and the results indicated that an Euler angle representation has the
highest nonlinearity. The four attitude kinematic representations are the Euler angle
representation, the classical Rodrigues parameter representation, the modified Rodrigues
parameter representation, and the quaternion representation. The degree of nonlinearity of
the modified Rodrigues parameter and the quaternion formulations was the same, but it
was less than the classical Rodrigues parameter representation. The nonlinearity index
showed its usefulness in coordinate selection [24], where it was able to detect the less-
nonlinear or near-linear representation. Only coordinate systems resulting in singular
nonlinear ordinary differential equations, and coordinates leading to regularized state-
space dynamics over very large domains, were reviewed. Results showed it is more
advantageous when angular velocity is represented by orthogonal components along axes
fixed on a moving N-dimensional rigid body, to realize rigid body classical dynamics
cases for general Lagrangian dynamics. Transforming into a quasi-coordinate
representation for the velocity along rotating axes of the same rigid body via the Cayley
transformation improved the linearity of the dynamical system. The nonlinearity index
provides an accurate indication of system nonlinearity strength, since the simulation error
between the linear and nonlinear models correlates well with the index results.

The dynamical system nonlinearity index of the Cayley form [25] for an elastic
spherical pendulum and a planar satellite example were investigated, based on evaluating
the initial condition sensitivity of the state-transition matrix. The Cayley form is a

representation for physical systems, in which the dynamical systems were described
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using the kinematics and dynamic equations of N-dimensional rotations. Results showed
that the Cayley form exhibited lower nonlinearity when compared to traditional
representations, particularly those representations with kinematic singularities. Again, the
nbnlinearity strength of dynamical systems is extended to estimation systems to both a
measurement model and a dynamical model in Reference [26]. The nonlinearity measure
result showed its practicality in the development of estimation applications for various
physical systems.

The abstract development and practical implementation of the nonlinearity index
in References [23],[24] has been restricted to initial value problems only, which are well-
suited for orbital mechanics and for space vehicle attitude dynamics natural motion.
Following Reference [23], the nonlinearity index theory was generalized by Omran and
Newman [27] to aircraft flight mechanics analysis, which is the source for the work
presented herein. The nonlinearity index theory was generalized by developing four
expressions that account for input excitation and parameterized models. Four additional
dynamic indices were also developed. The index was applied to a low-order pitch-plunge
motion model and showed that it can detect conditions where the system can experience
extreme nonlinear phenomena such as limit cycles. The study also investigated the
nonlinearity strength of F-16 and T-38 model dynamics over the entire flight envelope,
and showed that the F-16 model exhibits double the nonlinearity of the T-38 model.
Further, the results indicated that the indices are higher near the low-speed side of the
flight envelope. The nonlinearity strength of the T-2C naval trainer aircraft model
undergoing stall was investigated in [28]. The results of nonlinearity index theory when

applied to the nonlinear pitch-plunge model exposed behavior, such as limit cycling,
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which was unobserved by traditional approaches. Further, the nonlinear strength using
the F-18 HARYV aircraft model was analyzed [29]. Due to a highly nonlinear aerodynamic
model of that aircraft, hidden nonlinear phenomena such as chaos and non-repeating
quasi-periodic motion were discovered. The theory was able to detect the source of the

nonlinearity as the rolling moment derivative with respect to roll rate, Ci,. This

coefficient was found to cause an instability in the system.

1.3 Statement and Objectives

The concept of the asymmetric level acrodynamic attitude envelope was initially
proposed as a project by Professor Brett Newman at Old Dominion University in his
“Atmospheric Flight Dynamics and Control” graduate level course. The goal was to
produce an asymmetric level rectilinear flight envelope at different altitudes for the high-
performance aircraft model presented in Reference [30]. The nonlinearity index
theory [23], which was introduced in 2004, is considered to be a fairly new research
subject in the nonlinear dynamical system field. Moreover, this subject has not been
investigated extensively by various engineering applications. From that point, along with
the non-existence literature on the asymmetric angle of attack vs. sideslip angle flight
envelope and the very limited work found on the nonlinearity index theory in the
literature, the idea of investigating the nonlinearity index across this flight envelope
potentially grew as a dissertation subject.

The dissertation focuses on three main problems concerning 1) extension to a new
asymmetric acrodynamic flight envelope, 2) application of the nonlinearity index theory

to this new envelope, and 3) linear-nonlinear simulation comparisons. First pertaining to
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extension to a new asymmetric aerodynamic flight envelope, the contribution of the study
will focus on establishing a methodology to develop the angle of attack vs. sideslip angle
envelope using the original aerodynamic model in Reference [30]. This envelope
describes the extent of where the airplane can sustain a slipping horizontal flight
condition. Fundamentally, this envelope can describe the asymmetric trimability, control
power authority, and poststall domain of an aircraft, and thus it can be utilized in similar
ways to the traditional flight envelope. Asymmetry and offset issues in the force and
moment aerodynamic coefficients will be analyzed and solutions will be provided, in
terms of an idealized acrodynamic model. Finally, the envelope will be redeveloped with
the ideal aerodynamic model. Second pertaining to the application of the nonlinearity
index theory, the primary goal is to investigate the nonlinearity strength of the aircraft
model across both the original and the idealized aerodynamic attitude envelopes.
Additionally, the nonlinearity index will be also applied to the aircraft kinetics and
kinematics model expressed by three different coordinate sets in order to determine the
most linear set. Last, indices based on system matrix partitions and normalized state
formulations will be explored. The nonlinearity index analysis exposes certain flight
condition regions in the envelope, where nonlinearity strength is high. Therefore, the
main goal of the third problem pertaining to linear-nonlinear simulation comparisons is to
explore regions with high nonlinear index values. The linear-nonlinear simulation will

consist of initial condition excitation and control input excitation.
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1.4 Dissertation Outline

The dissertation is outlined as follows. Chapter 2 presents a review of topics on
the dynamics of atmospheric flight. In this chapter, all mathematical models for the
aircraft dynamics are developed. Chapter 3 provides the mathematical foundation of
static and dynamic nonlinearity index theory and extends the theory to generalized input
excitation and parameterized aerodynamic attitude flight envelope settings. In Chapter 4,
the development of the nontraditional angle of attack vs. sideslip angle flight envelope is
discussed thoroughly. Numerical results with the high-fidelity F-16 aircraft model used in
the study are also presented here. This chapter addresses and provides a solution to the
asymmetries in the aircraft aerodynamic model. Chapter 5 implements nonlinearity
indices on the aerodynamic attitude flight envelopes and compares the indices for
different frames of reference representations. The linear system sub-blocks, sub-indices,
and matrix-index are introduced here. In Chapter 6, linear and nonlinear simulation cases
are performed in the regions of high nonlinearity index and the results are examined.

Finally, overall conclusions and recommendations for future work are drawn in Chapter

7.
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CHAPTER 2

DYNAMICS OF AIRCRAFT MOTION

2.1 Introduction

A rigid aircraft body experiences motion in three dimensions. These motions are
described as six degrees of freedom (6-DOF) motions; three translational degrees
describes the trajectory and three rotational degrees describes the orientation of the
aircraft. The motion of the aircraft can be well described by Newton’s laws of motion
derived in a body referenced frame or coordinate system. In flight dynamics, there are
basically three categories of reference frames that must be considered: inertial, aircraft-
fixed, and aircraft-carried frames. In this dissertation, all three categories of reference
frames are discussed. The choice of frame of reference depends on the classes of the
problems or on the assumptions made. Further, it is important to establish a systematic
means of transforming the motion components from one frame of reference to another.

In deriving the equations of motion of an aircraft, several assumption are made,
such as non-rotating flat Earth, rigid body airframe, no actuator dynamics, and constant
mass vehicle. The flat Earth assumption is equivalent to assuming that the Earth is an
inertial-frame. The derivation of the equations of motion starts with Newton’s laws of
motion being applied to a system of particles bounding the rigid body aircraft. Six
governing kinetic equations exist for three translational velocities (u,v,w) and three
angular velocities (p,q,r). Six governing kinematic equations also exist for three

translational positions (X,Y,Z) and three Euler angles (¢,0,y).
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2.2 Frames of Reference

The aerodynamic forces and moments acting on the aircraft are a function of the
aircraft orientation relative to the air flow instantaneous velocity vector (v). Therefore,
two aerodynamic orientation angles are necessary to specify these forces and moments
with respect to v. Furthermore, these two angles are the baseline in defining two
important special aircraft-carried frames of reference, namely, the stability-frame and the
wind-frame. The aerodynamic angles are the angle of attack (a) and the sideslip angle
(B) and they are shown in Figure 2.1. The two angles can be defined in terms of the body

translational velocities u, vy, wp, as

w
a= tan’la—;—’ 2.1)
and
v
f =sin~?! V—: A (2.2)

where Vi = \Ju? + v + wi.

2.2.1 Inertial-Frame of Reference

An inertial-frame of reference is a frame that describes both time and space and
could be moving in a constant rectilinear motion with réspect to another inertial-frame. In
other words, a frame of reference is inertial if it is experiencing neither rectilinear
acceleration nor rotation. This frame of reference is particularly important when dealing
with Newton’s laws of motion. Aircraft motioné are only observed and derived in the
inertial-frame. Depending on the flight dynamics problems addressed and the validity of

the assumptions made, there are different frames that are assumed to be inertial. For
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example, in the analysis of atmospheric flight dynamics vehicles, the accelerations
associated with the Earth’s rotation around its axis, in addition to the Earth’s orbital
motion in the solar system, are comparatively small to those resulting on the aircraft.
Then, an Earth fixed point can be sufficiently considered to be an accurate inertial-frame
of reference. The axes of this frame of reference, as well as the rest of the other frames
discussed later, are mutually orthogonal. In general, the axes of the inertial-frame are
oriented north, east, and downward to the geometric or mass center of the Earth [31]-
[34]. The frame X,Y,;Z; in Figure 2.1 is an inertial-frame of reference and is used to track

the motion of the aircraft.

2.2.2 Body-Frame of Reference

This type of frame is a noninertial-frame; it is an aircraft-fixed frame and it moves
and rotates with the aircraft in a well-defined manner. This frame can be fixed arbitrarily
on the aircraft or, as in most of the flight dynamics analysis, it is attached at the center of
gravity (cg) of the aircraft. Figure 2.1 shows the body-frame of reference x,y,z, located
at the aircraft’s center of gravity. The body-frame x,-axis is aligned with the aircraft
fuselage reference line. The y,-axis is directed along the right wing and the z,-axis is
directed downwards. This frame serves the purpose of defining an aircraft’s positions and
velocities and is commonly used in aircraft nonlinear simulations. Another example of a
body-frame at an arbitrary point a that is not necessarily referenced at the cg of the

aircraft is shown in Figure 2.2 and is denoted by x,y,2,.
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2.2.3 Stability-Frame of Reference

This frame is a special noninertial-frame that is aircraft-carried; it moves with the
aircraft but can rotate relative to the aircraft. Usually, this frame is selected for
perturbation analysis, in order to simplify the expressions for the aerodynamic forces and
moments [33],{34]. This frame is commonly associated with a specific reference flight
condition. For example, in steady level flight as a reference flight condition, the stability
axes are associated with the reference free-stream velocity vector. The stability-frame of
reference xyszg is sho% in Figure 2.1. The origin of this frame is fixed at the aircraft
cg. The stability-frame is established when the body-frame x,y,z, is rotated by the
aerodynamic angle of attack a through the negative body y,-axis. The stability xs-axis,

zg-axis and the angle of attack «a lie in the body xpz, plane. The y;-axis is directed along

the right wing.

2.2.4 Wind-Frame of Reference

The wind-frame of reference is also designated as a special aircraft-carried frame,
rather than aircraft-fixed, like the body-frame of reference. If the stability-frame of
reference is rotated by the aerodynamic sideslip angle B through the stability z;-axis, a
new frame of reference is formed. This frame is called the wind-frame of reference
XwYw2Zyw and is shown in Figure 2.1. The wind x,,-axis and the sideslip angle £ lie in the
stability xsy; plane. Further, the wind x,-axis is always aligned with the aircraft
instantaneous velocity vector v. The velocity vector v is always defined by the
aerodynamic angles a and f relative to the body x,-axis. The y,-axis is directed along

the right wing and the z,-axis lies in the x;z, or xsz; plane. The equations of motion
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which are derived in the wind-frame are particularly suitable in trajectory or performance
analysis and optimization. The wind-frame set of equations is sometimes referred to as
the point-mass equations of motion because they govern the three translational, but not

the three rotational, degrees of freedom.

w

Figure 2.1 Definitions of axes and aecrodynamic angles
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2.3 Frames of Reference Transformation
2.3.1 Body-Stability-Wind Frame Relationships
Based on the frames of reference described earlier and Figure 2.1, the

transformation matrix from body- to stability-frame is

cosa 0 sina
Co/p = 0 1 0 (2.3)
—-sina 0 cosa
Similarly, the transformation matrix from stability- to wind-frame is
cosB sing O
Cyss = |—sinff cosf O 2.4
0 0 1
Therefore, the transformation matrix from body- to wind-frame becomes
cosacosf sinff sinacosf
Cw/b = Cyw/sCsyp = |—cosasinf cosf —sinasinf (2.5)
—sina 0 cosa

These transformation matrices are orthogonal, and hence, the wind- to body-frame

transformation matrix is simply the transpose of the body- to wind-frame matrix in

Equation (2.5).
cosacosff —cosasinff —sina
Cosw = Coy st =[ sin B cos 8 0 ] (2.6)
sinacosff —sinasinff cosa

2.3.2 Inertial-Body Frame Relationships

The relationship between an inertial-frame of reference fixed on the Earth’s
surface and a body-frame of reference fixed on an aircraft body is established by a
sequence of planar rotations. The common Euler 3-2-1 rotations describe vehicle
orientation by the z,, y,, X, rotation sequence, respectively, which transforms the

inertial-frame into the body-frame. The rotation sequence is indicated below.
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1. Positive yaw (), that is right-hand rotation about the z,-axis.
2. Positive pitch (6,), that is right-hand rotation about the yj,-axis.
3. Positive roll (¢,), that is right-hand rotation about the x,,-axis.

Following the established rules, the transformation matrix from inertial- to body-frame is

1 0 0 cosB, 0 —sin6y1[cosy, siny, 0
Coyr = [0 cos¢, sin ¢b] [ 0 1 0 } [-— siny, cosy, O] .7
0 —sing, cos¢gpilsing, 0 cos8, 0 0 1

Carrying out the multiplications, the final result is

Cb/l =
cos 8, cos Y, cos 8, siny, —sing, (2'8)
[— cos ¢y, sinyy, + sin gy, sin8, cosP,  cos P, cosy, + sing, sin 8, siny,  sin ¢, cos 9,,]
sin ¢y sinyy, + cos @, sinB, cosP,  —sin ¢, cos Yy, + cos Py, sin B, siny, cos Py, cos B,

This transformation matrix is orthogonal, hence, the body- to inertial-frame

transformation matrix is simply the transpose of the inertial- to body-frame matrix.

— T _
Ciyp = Cpyp =
cos 8, cosp, —cosd,siny, + sind,sinb, cosyp, sind,sinp, + cos ¢, sin 8, cos P, (2'9)
cos B, sinpy, oS Py cos Py, + sin @y, sin By, sinp,  —sing, cos P, + cos Py, sin G, siny,
~—Sin 8, sin ¢y, cos 8, €os ¢ cos 6y

2.3.3 Inertial-Stability Frame Relationships
Similar to the common body-frame Euler 3-2-1 rotations, three additional
rotations are defined when transforming from the inertial- to stability-frame. The three
rotation sequences are given below.
1. Positive yaw (i), that is right-hand rotation about the z;-axis.
2. Positive pitch (6s), that is right-hand rotation about the y,-axis.

3. Positive roll (¢), that is right-hand rotation about the x-axis.
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By following the established rules, the transformation matrix from inertial- to stability-

frame is constructed directly as

Cs/ 1=
cos 6, cos P, cos g, sin - sin 6 2.1 O)
—cos ¢, sin; + sin g sin G cos s cos g cos s + sin g sin G sin;  sin @, cos G
sin ¢ siny; + cos ¢ sinf; cosyp;  —sin @ cos P, + cos ¢ sin G, siny;  cos P, cos G,

By taking advantage of previous results, the transformation from the inertial- to stability-
frame can be indirectly constructed without angles ¢, 85, Y, using Equations (2.3) and

(2.8) as follows.

CS/I(]-tl) CS/I(LZ) CS/I(LB)
Csp1 = CsppCopp = s/1(2»1) CS/,(Z,Z) Cs/1(2,3) 2.11)
CS/I(311) Cs/l(3:2) Cs/1(3:3)

Now, equating Equations (2.10) and (2.11), the stability-frame Euler angles are easily

found as

¢s = tan? (——-—————CS/I(Z'S))

CS/I(313)
6, = —sin™ (Cy/,(1,3)) (2.12)
_ - C5/1(1,2)
ll)s = tan™ (Cs/l(l:l))

2.3.4 Inertial-Wind Frame Relationships
Again, similar to the common body-frame Euler 3-2-1 rotations, three additional
rotations are defined when transforming from the inertial- to wind-frame. The three
rotation sequences are given below.
1. Positive yaw (i), that is right-hand rotation about the z,,-axis.

2. Positive pitch (6,,), that is right-hand rotation about the y,,-axis.
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3. Positive roll (¢, ), that is right-hand rotation about the x,,-axis.
Following the established rules, the transformation matrix from the inertial- to wind-

frame is generated directly as

Cw/l =
cos 8, cosy,, cos 6, siny,, —siné,, (2 13 )
— ¢0s ¢, siny,, + sin ¢, sin G, cosp,,  cos P, cosY,, + sinP,, sinf,, siny,, sing, cosb,,
sin ¢y, sin,, + cos ¢, sinf,, cosyp,,  —sin g, cosy,, + cos P, sin b, siny,, cos ¢, cosb,,

By taking advantage of previous results, the transformation from the inertial- to wind-
frame can be indirectly generated without angles ¢,,, 8,,, Y, using Equations (2.5) and
(2.8) as follows.

Cw/l(l:l) Cw/l(ltz) Cw/l(1;3)
Cw/1 = CwypCoyr = wy1(2,1) Cw/I(Z:Z) Cw/i1(2,3) (2.14)
Cw/l(3:1) Cw/l(3:2) Cw/1(3.3)

Equating Equations (2.13) and (2.14), the wind-frame Euler angles are found as

o (Cun@3)
P = tan (cw/,(3.3)

8y = —sin"(C,/r(1,3)) (2.15)

_ — CW/I(]-IZ)
Y = tan”™ (Cw/,(l.n)



