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ABSTRACT

A Mathematical Model of the Dynamics of an Optically Pumped Four-Level
Solid State Laser System

Lila Freeman Roberts

Old Dominion University, 1988
Director: Dr. John J. Swetits

This is a study of a mathematical model of the dynamics of an optically pumped
four-level solid state laser system. A general mathematical model that describes
the spatial and temporal evolution of the electron populations in the laser rod
as well as the development of the left and right traveling photon fluxes in the
cavity is developed. The model consists of a coupled set of first order semilinear
partial differential equations. While the model was developed for Titanium-
doped sapphire lasers, it is applicable to three and four level lasers in general.

The analysis of the model is conducted in two parts. First, by formally
taking an average over the spatial variable, the system of partial differential
equations is reduced to a system of ordinary differential equations describing
the temporal behavior of the spatially-averaged dynamic quantities. Several
qualitative properties of the solutions of this system are proved and stability
of the solutions under various operating conditions is investigated. The rate
equations are solved numerically and the effects on the solutions of changes in
the physical parameters are discussed.

The second part of this study is concerned with the qualitative and numerical
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analysis of the spatial and temporal model of a Ti: Sapphire ring laser. Several
qualitative properties of the solution are established. The system of partial dif-
ferential equations is solved numerically by integration along the characteristic
lines using an implicit integration scheme developed for this problem. The com-
puted solutions are compared to those obtained by using a stable finite difference
approximation. The results of the comparison demonstrate that the implicit in-
tegration scheme is viable as well as efficient for numerically solving the system
of partial differential equations and can be considered a useful analytical tool
for studying the dynamics of this type of laser system.

All computer codes are written in FORTRAN and currently run on a DEC

VAX 11/750.
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Chapter 1

Introduction

During the last several years, solid state lasers have been developed that have
the potential for meeting the rigorous performance requirements for space-based
remote sensing of the atmosphere. One of the materials that has shown promise
in achieving the performance objectives is Tt : Al;0s, or Titanium doped
Sapphire, first demonstrated in 1982 [18].

In a solid state laser, a dopant ion substitutes for an ion in the host material.
Specifically, in Ti:Sapphire, the Tt*+ ion substitutes for the A3t ion in Al,Os.
Strong coupling between the optically active Titanium ion and the host lattice
broaden the absorption and emission lines [5]. Narrow line width operation is
achieved by using a line-narrowing technique such as injection seeding [10]. In
order to design a stable and efficient laser and to understand the effect on laser
output of line-narrowing techniques, it is necessary to gain an understanding

of the development of the dynamical processes of the laser. This is a study
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of a mathematical model of an end-pumped Ti:Sapphire laser. The model was
developed for this laser system but is sufficiently general to be applied, with
minor modifications, to both three and four-level laser systems.

The model consists of a coupled set of rate equations that describe the spatial
and temporal development of the dynamical variables. The model presented
here allows for the introduction of an injected signal and thus the effect on laser
output of injection seeding can be studied.

A general time dependent rate equation model for three and four level lasers
is given in [12]. Moulton [16] has employed a rate equation approach to investi-
gate the temporal process in a Co : MgF; laser system. The rate equations were .
solved numerically and experimental results were compared with the numerical
solutions. Moulton also applied this approach to a study of an injection locked
Ti:Sapphire ring laser [18]. Ganiel, et.al. [10], numerically solved the coupled
space and time dependent rate equations for an injection locked pulsed dye laser
system. The purpose of the present study is to establish general analytical prop-
erties of the solutions to both the temporal and the spatial-temporal models for
a Ti:Sapphire laser. In addition, the numerical treatment of the models will be
discussed in detail.

In Chapter 2, a general mathematical model that describes the spatial and
temporal evolution of the electron population in the active region of the laser
system as well as the development of left and right traveling photon fluxes in the

laser rod and cavity is presented. The model, based on a four-level model of the
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transitions between electronic levels of the Titanium ion, consists of a system of
first order semilinear partial differential equations. The cavity configuration is
assumed to be a simple ring with injection seeding allowed through a mirror in
the cavity. Boundary conditions appropriate for this arrangement are given.

Chapter 3 deals with a simplified version of the model described in Chapter 2
obtainied by taking an average over the spatial variable. By formally integrating
over the spatial variable, the system of partial equations is reduced to a system
of nonlinear ordinary differential equations. General qualitative results are given
and a linearized analysis gives stability properties of the equilibrium solutions.
The numerical treatment of the system of equations is discussed and numerical
results are given for both constant and time dependent pumping rates. The
effects on the computed solutions of physical parameters that cannot be directly
measured are studied.

The spatial and temporal model is studied in detail in Chapter 4. Some
qualitative results are established and the solutions to this model are found to
exhibit some of the same qualitative properties as the corresponding elements in
the spatially averaged model. The approach used to solve the system of partial
differential equations numerically is motivated by reducing it to a system of or-
dinary differential equations along the characteristics [8]. Numerical integration
in the active region is performed using a Modified Euler technique (as in [7])
and the results are compared to those obtained by using Euler’s Method and a

stable finite difference approximation [11].
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Most of the physical parameters used can be obtained by direct measurement.
Characteristics of Ti:Sapphire used in the model are summarized in Figures
2.1- 2.3 ([4], [17]) which show the absorption and emission spectra and the
temperature dependence of the fluorescence lifetime.

All computer codes are written in FORTRAN and currently run on a DEC
VAX11/750. Two computer programs are included in the appendices. In Ap-
pendix I, the computer program is given that calculates the equilibrium solutions
for the spatially averaged model with a constant pumping rate and determines
the stability properties of the solution. The program also determines the nature
of the linearized eigenvalues which is used to predict the occurrence of oscil-
lations in the computed solutions of the rate equations. Appendix IT contains
the computer program that solves the spatial and temporal model using the

Modified Euler Method to integrate along the characteristics of the system.
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Chapter 2

A Descripton of the Model of
the Laser Dynamics

2.1 The Population Rate Equation

The emission and absorption spectra of Ti:Sapphire [4], [17], superimposed on
an energy level diagram for the Ti%* ion are shown in Figure 2.4. These spectra
are the basis for an idealized four level model, Figure 2.5, of the lasing action
of Titanium in Sapphire. The electron population density in the if* energy level
at position x in the crystal and time t is denoted by n;(z,t); 1 = 0,1,2,3.

A narrow band pump excites the ground state electrons to a level in the
absorption band which is determined by the wavelength of the pump. The elec-
trons then undergo a rapid non-radiative transition to the upper laser level. The
population density in the lasing levels, n; and n,, can be changed by stimulated
emission and absorption. In addition, the populations in each of the levels above

the ground state can change due to non-radiative transitions to the lower levels.
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Ground state electrons are pumped to level 3 at a rate

Wos(z,t)no(z,t)

where Wys(z,t) is the pumping rate giving the number of photons per second
available to pump electrons from the ground state to level 3. The pumped

electrons then undergo transitions to the lower levels at a rate

ns(z,t) + ns(z,t) + ns(z,t) _ ns(z,t)
T30 Ts1 Ts2 s

where 73!, 751!, 7d; Tepresent the transition rates from level 3 to levels 0, 1, and

2, respectively. Electrons arrive at level 2 at a rate

ns(z’ t)
732

and are transferred to the lower levels at a rate

na(z,t) + na(z,t) _ nz(z,t).

The 2 — 1 transition is the lasing transition so the population at level 2 is

depleted due to induced emission by the quantity

©o

[nz(z, t)— -:—:nl(a:,t)] / o(A)F(z,t; A)dA.

(1]

In this expression g; and g, are the degeneracies of electronic levels 1 and 2, and
F(z,t; ) is the total photon flux in both directions

10
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Figure 2.5 Idealized four level model for the lasing action of
Titanium in Sapphire. Only those non-radiative
transitions to or from the lasing levels are shown.
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F(z,t;X) = Fi(z,t;A) + F-(z,t; A).

The quantity

fa(z\)F(z, t;A)dA

represents the probability that stimulated emission will occur. Here, o(]) is the

emission cross section. Electrons are transferred to level 1 at the rate

nsgl,t) + nzﬁ:,t) + [nz(z,t) — %nl(z, t)] ‘o/a()‘)F(z,t;z\)dz\

by transitions from the upper levels and by stimulated emission. The electrons

then undergo a decay to level 0 at a rate

ny(z,t) _ ny(z,1)
T T10 )

Finally, the ground state is populated via transitions from levels 3,2, and 1
and electrons are lost due to pumping. Hence, the rate equations decribing the
rates of change of the population densities in the active medium for each of the

electronic levels are given below.

I8~ Wes(z, oz, ) - 2242
73
Ona(z,t) _ ns(z,t)  maz,i)
ot Ts2 T2
12
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—[ra(z,t) — %nl(z, )] fo ToNF(z,t;N)dA  (2.1.1)

8n1 (:B, t) ng(z, t) n2 (z, t) n; (z, t)
——— = + -
ot a1 721 1

g2 hat .
Hralz,) = Pz, )] /0 o(A)F(z,t; \)dA

Ono(z,t)  ns(z,t)  nafz,t) | ny(z,t)
at T80 + T21 + 1

— Wos(z,t)no(z, t)

The quantities 7; and 7;;' represent the lifetime for the i** level and the

transition rate from level i to level j, respectively. They are related by

-1
l=3 ' i=123.
=0

The population densities are constrained by the relation

nr = no(2,t) + na(z,t) + no(z,t) + ns(z,t) (2.1.2)

where nr is the concentration of optically active ions, assumed to be homoge-
neous throughout the crystal and independent of time. Indeed, equations (2.1.1)

give

Ong On; On; Ong
a ' At ot ' At

0.

The right hand sides of the equations (2.1.1) account for the changes in the
population densities in each of the electronic levels due to both radiative and

non-radiative transitions.

13
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The population rate equations can be simplified by making certain assump-
tions that describe the physical processes in a four-level laser system. The
radiationless transition from the pumped level ns to the upper lasing level n,
is fast so the electrons stay at the pumped level for a very short time. Con-
sequently the electrons do not accumulate at the pumped level. Therefore the

assumptions

on .
s K 11,72 , —5t—3=0, ng < n; for 1=0,1,2, and ng < nr.

can be made. Under these assumptions, ns(z,t) can be replaced by
Wos(z,t)no(z,t)7s. In addition, the constraint condition (2.1.2) can be approxi-

mated by

ny = no(z,t) + ny(z,t) + na(z, ).

It is further assumed that the dominant decay path from the pumped level is

the 3 — 2 path so that 733 < 75; and 759. Then

1 1 1 + 1 1
73 T30 Ts1 732 732
so that 75 & 73,.

The pumped electrons are transferred to the second level at a rate

ns(z,t)

T
x Wos(z, t)no(z, t)—3 =W (z,t)no(z,t)
732 Ts2

where

14
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W (z,t) = Wos(z, t);i—.

The quantity n = Tl’.’ called the branching ratio, is expected to be close to
32
unity.

The total decay from level 2 has both radiative and non-radiative contribu-

tions which are related by

where 74, is the fluorescence lifetime for the material and 7y}, is the rate for the
non-radiative transition from level 2. With the assumption that 73; ~ 74, and

those described above, the equations for the population densities are reduced to

8nz (2, t)

ot W(zat)no(z,t)_%ﬁ_),

g2 % .
~[rna(zt) ~ (e, 1)] /o o(A)F(z,t; \)dA

(2.1.3)

an,(z,t) na(z,t)  n(z,t)
at Tﬂ 1

+Hna(z,t) - %nl(z,t)] /0 ” 0(A)F(z, 8 A)dA

15
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subject to the constraint

nr = no(z,t) + ny(z,t) + na(z,t).

Equations (2.1.3) can be rewritten in terms of the population inversion n(z, t)

which is defined by
n(z,t) = ny(z,t) — %nl(z, t).

Then,

on,(z,t) _ n(z,t) gz._]____ln . (a ooa e
a1 +3; Tre m(,t) + (,t)/0 (A)F(z,t;2)dA

and

On(z,t) _ Ony(z,t) g2 Ona(z,t)
at ot g1 at

= W(z,t)no(z,t) — nlz,t) /0 " o(\)F(z, t; )dA - [n(z, £) + %nl(z, t)]%

_ enlet) g 1 L [ OV F et
T I = (e ) +nlat) [T o) Pt X)X

1_g,
2 O

g2 1 g, 1 1
+ _—.__—__.___nzt
[ g1 7 91(91 Tre Tl)] 1( ’ )

g2 ® .
= 14+ Znz,) /o o(A) F(z, t; )dA.

= W(z,t)no(z,t) +[ - In(z

Nowlet y=1+ :—2 and define
1

16
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_ 1 (-1 1 (-1) 1.
i1 = T2 112 = (1 '7)[1,2 + Tﬂ 1'1],
1 -1 1
=3 — . - —— 2.1-4
€21 Tre 7 C22 e " ( )

Then, in terms of the population inversion, equations (2.1.3) can be written

____an‘(a::, t) = eyn(z,t) + c1anq(z,t) — n(z,t) /0 ® o(A)F(z,t; A)dA
W (2, t)no(,1) (2.1.5)
—-anla(f L) = ean(z,t) + caama(z,t) + n(z,t) A > (M) F(z,t; A)dA
where
no(z,t) = nr—am(z,t) - n(z,t).

This is the form of the population rate equations that will be used in the

subsequent discussion.

2.2 The Photon Equations

In this section the equations that describe the changes in the photon flux as
it passes through an active medium are discussed. Consider a one-dimensional
flux distribution of photons where the x-axis is taken to be defined by the prop-
agation of the laser beam. At any position in the crystal there will be a flux

17
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in both directions at all wavelengths denoted by F.(z,t;)) and F_(z,t;)) for
right and left traveling photons, respectively. The active medium is assumed to
be homogeneous with refractive index n.

As photons pass through an active medium, their number is changed by
interaction with the optically active ions. The equations that account for the
increases in photon flux due to spontaneous and stimulated emission and de-
creases resulting from absorption and scattering losses are obtained as in [23]

and are given below.

1 0F,(z,t;)) | OF.(z,t;)) _ :
- 5t + +ax = [o(M)n(z,t) — a(A)|Fi(z,t; A)

+8S4(z,t; A) ' (2.2.1)
% BF_(atz,t; A) _3F_g1:t;)\) = [e(A\)n(z,t) — a(A)|F-(z,t;A) -

+8-(z,t;A)

The left hand sides of equations (2.2.1) represent the net spatial and tem-
poral change in the corresponding photon flux as it propagates through the
active medium with velocity v = %, where c is the speed of light in a vacuum.
On the right hand sides, the changes in the photon fluxes brought about by
interaction with the material are described. These changes have three compo-
nents, namely, the contribution to photon fluxes due to spontaneous emission
given by Si(z,t;)), increases resulting from stimulated emission described by
o(A)n(z,t)Fi(z,t;A) and decreases to photon fluxes from absorption and scat-
tering losses given by a(A)Fi(z,t;X). a(}) is the absorption coefficient for the
material and is a function of wavelength.

18
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The spontaneous emission functions Si(z,t; A) can be expressed as a product

of three factors

Sg(z,t;A) = mf‘fc’ J - (8 206( )Tn) - Qs (z). (2.2.2)

The first factor represents the rate of fluorescent decay from the upper laser

level and can be rewritten in terms of the population inversion

nz(z, t)

g2 -
2 = nles ) + ot

The second factor in (2.2.2) gives the probability for emission at wavelength
A. The third factor is a geometric factor which gives the fraction of emitted
photons which can be considered to contribute to the right or left photon flux.
The geometrical term depends on the length £ of the crystal and some limiting
radius r which defines the field of view of the emitting ion. The latter quantity
is taken to be the radius of a cylindrical crystal. The geometrical factors are

given by

(z) = 5[1 - \/(g(i—l):)_,_ ,.z]

and
0_(z) = %[1- \7_;71—;;]

for an Aperature Limited System and by

19
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AX[ n®
)= 57 [ ]

for a Diffraction Limited System [6].
In the remainder of the cavity, the propagation of the right and left traveling

fluxes is described by

laﬁ}(z,t;k) + AF, (z,t; A) I

c ot oz
1 817’+(z,t; A Ak, (z,t; ) _
. =0, (2.2.3)

2.3 The Pump Pulse

The laser system is assumed to be end-pumped so the pumping rate has both
space and time dependence. As the pump pulse moves through the crystal, the
pumping photons are absorbed by the materials. The equation that describes

the propagation of the pump pulse through the material is given below.

oW (z,t) + oW (z,t)

;o 22 = —gune(z,)W (1) (2:3.1)

Here, o, is the absorption cross section at the pumping wavelength. The

expression on the right hand side of (2.3.1) accounts for the absorption of the

20
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pump pulse by the ground state electrons. In terms of the population inversion

and the lower laser level population density, (2.3.1) becomes

aWa(::, t) N oW (z,t) _ ~oa[nr — n(z,t) — (2, t)|W(z,t)  (2.3.2)

oz

1
v
where nz and 7y are as described previously in Section 2.1

2.4 Normalization

The coupled system of partial differential equations defined by equations (2.1.5)
and (2.2.1) constitute the spatial and temporal model of the dynamics of the
active medium of the laser. Equations (2.2.3) model the behavior of right and
left traveling photon fluxes in the remainder of the cavity.

The dependent variables are normalized by a quantity n,om,. Let

N(z,t) = n(z,t)

Nnorm

Ny(z,t) = m(z,t)
%norm

Nozyt) = B8 - " nio sy Ny(a,)
Nporm Tnorm

be the normalized population concentrations in the crystal.

The photon fluxes are related to the photon concentrations ¢, (z,t;A), by

vd(z,t; A) = Fy(z,t; )

21
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in the active medium and by

cds(z,t;2) = Fiu(z,t;))

in the remainder of the cavity. These quantities are also normalized by 7norm,

so let

By (z,t;A) = $:(z,t;)

orm

be the normalized photon concentration in the active region and
&:i: (z ’ t; A)

nnorm

&, (z,t; ) = be the normalized photon concentrations in the rest of

the cavity. Finally, the time variable is scaled to a standard time interval, 7porm.

With these changes, the equations describing the dynamics in the active region

become

8Ng, t) = cuN(z, t) + clle(z, t) - ’yﬂN(z’ t) f(;” U(A)Q(x, t; A)dA

+W (z, t)[n”T — N(z,t) — 1Ni(z, t)]
aNlT(z’t)' = enN(z,t) + 22Ny (z,t) + BN(z,t) [5° o(A)® (=, t; A)dA
00:(z,t;)) , 9D+(z,t;A
v :;lorm :t(;:t t ) + i(azzt ) = [nnormU(A)N(z,t)
—a(A)]®+(z,¢; A)
te—Suetd)  (241)

where
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ﬂ = fnormTnormV

®(z,t;)) = {B+(z,2;2) + D_(z,¢;7)}

and all other quantities are as described previously. The equation describing the

propagation of the pump pulse becomes

1 W(z,t) + W (z,t) _ — G mom] ny

V*Toorm Ot dz PR N(z,t) — YNy (z,t)|W (z,t)

(2.4.2)

Equations (2.4.1) and (2.4.2) are subject to the constraint

nr

= Ny(z,t) + N(z,t) + vNy(z,¢).

Nnorm

In the remainder of the cavity the equations describing te propagation of

the normalized photon concentrations are

1 8dy(z,t;)) N 8%, (z,t;))
€ * Tnorm at oz -

0 (2.4.3)
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2.5 Initial and Boundary Conditions

The initial conditions for the normalized population concentrations in the active

region are given below

N(z,0) = ay(z)

Ny(z,0) = az(z)

and in the entire cavity, the normalized photon concentrations have the initial

profile

®.(2,0;2) = fu(z;A).

The pump pulse is initially given by

W(z,0) = W(z).

If the laser starts from a quiescent state, the upper level population in the
crystal and the photons in the entire cavity are negligible, so the quantities
a1(z), a2(z), f+(z; A) would in that case be taken to be zero.

Since the photon concentrations and pump pulse have spatial as well as time
derivatives, boundary conditions must also be specified. The boundary condi-
tions describe the optical environment of the laser. The cavity configuration
considered here is a simple ring cavity in which the only optical elements are
mirrors and the crystal. A schematic diagram is presented in Figure 2.6.

24
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The pump pulse is introduced at the position z = 0 and the positive direction
is taken to be the clockwise direction in the cavity. The length of the crystal
is £ and the cavity has length L. Mirrors are located at positions L, L, and
Lg and have corresponding reflection and transmission coefficients R; and T; for
t = 1,2,3. The crystal has surface reflection and transmission parameters, T,

and R,, called the Fresnel coefficients for the material. R, is given by

(a1
't (n+1)2

and so

T, = 1-R,

_ 4n
T (n+1)?

where n is the index of refraction.
The mirror at z = L; is taken to be an output coupler and at this position

an injection signal, I (t; A), may be introduced in the system in either direction.

25
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Figure 2.6 A schematic diagram of a simple ring laser cavity.
The laser rod has length £ and is end pumped

(at x=0). Mirrors are located at x=L,, x = L-2,
and x = L3. The clockwise direction is taken to

be positive.

26
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Boundary conditions that describe the optical configuration described above

are as follows

8. (0+,8; ) = T,&.(L—,t;A) + R,8_(0+,¢;A)
&_(L—,t;2) = T,8_(0+,t;)) + R, &, (L—,t;))
&_(L—, ;1) = T,&_(L+,4;)) + R, 8. (¢—,t; ))
&, (4,4 )) = T, 8, (6—,t;)) + Rsd_(£+,47)
&, (Ly+,t;0) = Ry® 4 (L7,80) + Ly (t; )
&_(Li—,t; ) = Ri®_(L}, ;) + I (t; )

&, (La+,t ) = Ry®, (L7 ,8;0)

&_(Ly—,t;2) = Ry®_(L7,t;))

&, (Ls+,t;A) = Re®, (L3, 8 ))

&_(Ls—,t;)) = Re_(LF, ;).

The initial and boundary value problem defined by the above conditions and

equations (2.4.1), (2.4.2),(2.4.3) are the subject of the present study.

27
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Chapter 3

Analysis of the Spatially
Averaged Model

3.1 The Spatially Averaged Model

In this section, the rate equations (2.4.1) are simplified by a heuristic derivation
of a model in which the population and photon concentrations are averaged
over the spatial variable. For simplicity, only those photons at a particular
wavelength, A, wil be considered. Without loss of generality, the pump pulse is
assumed to have a specified temporal dependence, W,(t). It is further assumed
that npem = nr and that the material is homogeneous so that emission and
absorption properties of the materials do not depend on the spatial variable. As
in [23] the average is taken over the length of the active medium.
Incorporating these assumptions into the population equations, they are for-

mally integrated over the length of the active medium to obtain
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%{% /:N(z,t)dz} — cu{% fO‘N(z,t)dm}
+ c,,{% /:Nl(z,t)dz}
—~Bo {% [ * N(z,8)8(z, t)dz}
+ W0 {% i I1 = N(=,t) — aly(z, t)]dz}
%{% [ ‘Nl(z,t)dz} = en {% [ 'N(x,t)dz}
+ c,,{% /O‘N,(z,t)dz}

+Bo {% [ “ N(z,)8(z, t)dz} (3.1.1)

where o is the emission cross section at A and all other parameters are as dis-

cussed previously.

The photon concentration equations are added, giving

1 909(z,t)
V-*Thorm Ot

o
z (94 (2,t) — @_(z,)]

= [Rpormo N{(z,t) — a] B(z,1)

- Tl [S+(z,t) + S_(z,¢)]. (3.1.2)

Here, o is the absorption coefficient at A. Integrating (3.1.2) over the length of

the active medium yields
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Y * Toorm @t

c— 2 i [emna) + e -se)

- [Q+ (0) t) - (0, t)]
= 6o { 3 * N(z,8)8(s, t)dz} (3.1.3 )

- at{% /; '«p(z,t)dz}

d {% [ 15461 +S_(z,t)]dz}

¥ * Thorm

The term [Sy(z,t) + S-(z,t)] is the contribution to the photon concentration
in the laser beam coming from spontaneous emission of the excited electron. The
spatial average 1 ff[S}(z,t) + S_(z,t)] dz is expressed as a fraction Spo of the

total fluorescence decay rate, 7y, so that

% /0 ‘ [S4(z,t) + 5-(z,t)]dz = ‘%’: {% /0 ‘ N(z,t)dz + Q;—l) /0 tNl(z,t)dz}

= oy {% [ ‘ N(z,t)dz} + ess {% / ‘ N,(x,t)dz}

where c3; = Spo , €33 = (—'7———1-)—‘?&, and Spy depends on the geometry of the

Tre Tre
laser cavity and on the fluorescence spectrum of the lasing ion [5]

The following approximation is also made [23]
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2 [ N2 s {% [ ‘N(z,t)dz} : {% [ '@(z,t)dz}.

Boundary conditions that account for the presence of the mirrors in the ring

laser cavity are also incorporated:

&_(,t) = RRRsT,$_(t,1)

$,.(0%,t) = RyRRsT,8,(L,t).

Equation (3.1.3) can now be written as

d_ 1 r¢t —V * Thorm - 3
21z ), &(z.t)ds} = T{[‘h(l st) — Ry Ry RsT, @ (£*,1)]

+ [®-(0%,¢) — R,R,RST,‘i.;.(L-,t)]}

_ zj-r,:,m{%/:;(z,t)dz} +ﬂa{%/o'N(z,t)dz}
7 [o (z, t)dz

+ e {% /0 lN(z,t)dz} +ese {% /0 tN(:z:,t)dz} :

The first expression on the right hand side can be considered in the following
way. In terms of a standard time scale, 7,0rm, the photon concentration in each

direction is related to the corresponding photon flux by
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v rnomtbi(z, t) = Fi(a:, t)

so that

v Toorm {[84 (£, 8) — RyRaRsT,®_(£*,1)]
+ [®-(0%,¢) — Ry\R; RsT, 8, (L, 1)]}
= [Fy(&,t) — RyRyRsT, F- (¢, 1)]
+[F_(0,t) — RyRyRsT, Fy. (0, )]

= Fout (t)

where F,(t) is the total flux coming from the crystal. Now, Fou(t) may be

written [23]

Fout(t) =¢ { 1 Fe t)dz} -

where a,44 is the coefficient giving the fraction of photons lost due to radiation
from the crystal.

Thus equation (3.1.3) can rewritten
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%{%/:Q(z,t)dz} - cu{

-
{

+ 33 -;—/ Q(z,t)dz}

+ Bo { 3 “8(z, t)dz} {% [ * Nula, t)dz}

where ¢ss = —9 * Tnorm|Qtrad + @ Tepresents the fraction of photons lost by all

[ N(z,t)dz}
/ N(z,t)d:c}

¢
0

¢
0

4
0

LS Y

mechanisms in the cavity including losses due to absorption, scattering, and
reflection. Since a photon will have some average lifetime in the cavity before
being lost by the above mechanisms, it is convenient to express the losses in

terms of the cavity lifetime, 7., where

1
Cy3 = ——
Te

and 7, = —2L— [2af + £,,, — In(Ry R, RsT2)] ™" ([12], [6]) for the ring laser cavity

CToorm

described in Chapter 2. Here, £,, represents miscellaneous losses due to scatter-
ing and absorption by the optical elements in the cavity. All other parameters
are as previously defined.

If the laser system is injection seeded, then an accounting for the photons
which are introduced to the system in this way must be made. In the spatial
and temporal model, this accounting was made by introducing photons at an

appropriate boundary. For the spatially averaged model, the contribution from
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injection seeding is assumed to have a specified temporal distribution, I(t), that
gives the number of photons per time unit introduced by an injected signal.

Now let

n(t) = %/:N(z,t)dz
ni(t) = %/:Nl(z,t)dz

40 = 3 [ #lat)dz.

Then the spatial and temporal model given in (2.4.1) is reduced to the nonlinear

system of ordinary differential equations

‘—i%(tt—) = cun(t) + crzn(t) — 7Bon(2)d(t) + Wy(t)[1 — n(t) — yna(t)]
d—nal-t(i) = cnn(t) + caani(t) + Bon(t)4(t)
d—‘figt—) = egn(t) + csana(t) + cssd(t) + Pon(t)o(t) + I(t) (3.14)

The remainder of this chapter deals with the qualitative and numerical anal-

ysis of the initial value problem defined by (3.1.4) subject to the initial conditions

n(O) = a
nl(O) = Q2
#(0) = as where ;>0 (¢=1,2,3). (3.1.5)
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3.2 Qualitative Properties of the Solutions

This section establishes a number of qualitative properties of the solutions to the

system (3.1.5). Throughout this section the material parameters are assumed

to satisfy

0<T1<<1'3<1‘f¢
0< Spo
0<7

1<

Theorem 1 Let Wy(t) > 0 and I(t) > 0 be continuous functions on [0,+00).

If n(0) > 0,n,(0) > 0, and ¢(0) > O, then

(i) if »(0) + yn1(0) < 1, then n(t) + yn4(t) < 1 for all ¢;

(i1) if »(0) 4+ yn4(0) > 1, then there exists T such that n(t) + yn,(t) < 1 for

allt > T;
(iii) n(t) >0,n,(t) >0, and ¢(t) > O for all .
Theorem 2 Let Wp(t) and I(t) satisfy the conditions in Theorem $8.1.

(1) If W,(t) and I(t) are integrable on [0,+00), then n(t),n,(t), and $(t) are
integrable on [0, +o0).
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(%) If Wy(t) and I(t) are bounded on [0,+00), then n(t),n,(t) and $(t) are

bounded on [0, +00).

Proof of Theorem 1:

(i) Since n(0) + 4n,(0) < 1, then by continuity, n(t) + yni(t) < 1 for ¢ close to
zero. Suppose there exists T such that n(T) +n1(T) = 1 and n(t) +yn.(t) < 1
fort<T.

Then,att =T,

d
a(n + 'ynl) = (cu + ’1621)” + (012 + ’7622)n1 > 0. (3.2.1)

Suppose n(T) > 0 and n,(T) > 0. Now n(T) +4n,(T') = 1 so not both n(T)
and n;(T) are zero. Also, ¢;; + Y21 < 0 and ¢33 + ycz2 < 0.

So,att=T,

d
E(n +4n;) <0

which is a contradiction to (3.2.1).
Now suppose that ny(T') < 0. Since n,(0) > 0, there exists Ty < T such that
n1(Ty) =0and ny(t) >0for 0 < t < Th.

Then, at t = T3,

%n-t—l = c¢yn + Pond
= (eq1+ Bog)n
<0
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Suppose n(T1) < 0 and ¢3; + Bod(Ty) > 0. Then there exists T3 < T}, such

that n(T3) =0and n(t) >0for0<t < T3. Att =T;,

dn

:i? = Cnnl(Tz) + Wp(Tz)(l - ’7"'1(1‘2))

>0

since ¢12 > 0,n1(T3) > 0,Wp(T2) > 0, and 1 — yny(T2) > 0. Hence n increases
to the right of T; and so n(t) cannot be negative for 0 < ¢t < Tj. Therefore,
n(Ty) > 0.

Now suppose ¢33 + fod(T1) < 0. Since ¢2; > 0 and Bo > 0, it follows that
#(T1) < 0. Then there exists T3 < T; such that ¢(7s5) = 0 and ¢(t) > 0 for

0<t<Ts So,att="Ts

&|&

= eqn + esony + I(Ts)

v

0

since I(Ts) > 0 and all other quantities are nonnegative. If I(T3) > 0, then #(t)
increases to the right of Ts so it follows that ¢(71) > 0. If I(Ts5) = 0 and at least
one of n(T3) or n,(Ts) is positive, then ¢(t) increases to the right of Ts and so

#(T1) > 0. If I(Ts) = 0 and both n(T3) and n,(Ts) are zero, then at ¢ = T,

% = 631WP(T3) >0
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since ¢s; > 0 and W (Ts) > 0. Therefore ¢ increases to the right of T3 and in
this case it is also true that ¢(T3) > 0.

Suppose n(T1) = 0 so that at ¢t = Ty,

dn1
—=0.
dt
Then, at t = T3,
dn
E = Wp(Tl) >0.
In addition, at t = T,
d*n dn d¢
i = g te zz— +ﬂ [¢—+n-——-

= enWyp(T1) + Bod(T1)W,(Th)

>0

since ¢2; > 0,Wp(T1) > 0,80 > 0 and ¢(T;) > 0. Therefore n, increases to the
right of T;. It follows that n,(¢) > 0.
Suppose now that n(T) < 0. Choose T} < T such that n(7;) = 0 and

n(t) >0for 0<t<T). Thenatt =T,

d
In = eany + Wp(Th)(1 — n4)

>0
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since ¢z; > 0,n,(T1) > 0,W,(T1) > 0 and 1 — yny(T3) > 0. Hence n increases to

the right of T. Therefore n(T) > 0.
The above argument shows that at least one of n(T') or n,(T) is strictly

positive,soat t =T,

d
-d—t-(n +9n;) <0

which is a contradiction to (3.2.1). Thus, for all ¢, n(t) + yn,(¢) < 1.
(if) The proof of (i) shows that if n(0) + yn;(0) = 1, then n(t) + yn,(t) < 1 for
allt>0

Suppose n(0) + 4n,(0) > 1. Then, for ¢ close to zero,

d
ﬁ(n +qn1) = (611 +vean) + (€12 + vear)ny

<0

since ¢11 + y¢21 < 0 and ¢;2 + y¢32 < 0. Thus n + qn, is decreasing for ¢ close to

zero.

Suppose there exists £ > 1 such that (n + yn;) > ¢ > 1 for all ¢£. Then

d
:i?(n +9n1) = (en +ven)(n+ yny) + (€12 + ve2z — ¥(enr + vea))ny

< (en+qea)é
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since €12 + ye2z — v(c11 + v¥¢21) < 0 and ¢y; + yez1 < 0. But then

n(t) + 1 (t) — [7(0) + 11 (0)] < (e + yea)ét

or

n(t) -+ ym(t) < [n(0) + 971 (0)] + (ens + vem) &t

Thus, it follows that

‘_léglw[n(t) + 4n,y (t)] = —o0

which contradicts n +yny; > € > 1 for all ¢.

Hence, there exists T such at n(t) + yn1(T) =1 and n(t) + yn4(t) < 1for ¢
close to T'. The analysis used to prove (i) now applies to show that n(t)+vn,(t) <
1. forallt > T.

(iii) The arguments in (i) show that n and n; are nonnegative on an interval
where n+qn; < 1. Hence, if n(0) + yn,(0) < 1, then n(t) > 0 and n,(t) > 0 for
all ¢.

Suppose there exists T such that n(t) > 0 and n,(t) >0for 0 <t < T and

#(T) < 0. Then choose T; < T such that ¢(T;) =0. At t =Ty,
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& &

= ¢g1 + esany + I(Th)

> 0

since ¢s; > 0,¢s2 2> 0,n(T1) > 0,n,(T1) > 0 and I(T}) > 0. Hence, ¢ is nonde-

creasing to the right of Tj, which contradicts ¢(T) < 0. thus, ¢(t) > 0 for all
t.

Finally, suppose n(0) + 4n1(0) > 1. Choose T such that n(T') + yn,(T) = 1

and n(t) + yny(t) < 1 for 0 <t < T. Suppose n(T}) < 0 for some T; < T. Then

'~ there exist T; < T} such that n(T;) = 0 and n(t) > 0 for 0 < t < T;. Then at

t=1T,

dn
:i'; = C12 4+ Wp(l — '7".1)

> c1zm

since W,(T3) > 0 and 1 — yny(T3) > 0.
If ny(T2) < O then there exist T3 < T3 such that n,(T3) = 0 and n,y(t) > 0
for0<t<Ts.

Then at t =T

dn
_d_tl = (ca1+ Pod)n
> 0
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



since ¢2; > 0,80 > 0, and ¢(T3) = 0.

If n(Ts) = 0, then at Ty

gdt'_:l = czlwp(Ts)+ﬁa¢(T3)

> 0.

Therefore n; increases to the right of Ts.

If n(T3) > 0, then at T

dn;

—>0.
dat -

Therefore, in either case n, increases to the right of Ts5. Hence n,(t) > 0 for all
t.

Thusatt =T

Therefore n is nondecreasing to the right of T;. Hence, n(t) > 0 for all ¢.

Proof of Theorem 2:

(i) Fix T so that n(t) + yn,(t) < 1for t > T. Then for t > T,
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%(n +any) = (en +7en)(n + i)
+  (c12 + ez — ¥{en + yea))na
+ Wo(1—n—1n,)
< (e +ven)(n +n1)

+ Wp(1 —n—qn,y)]

since €23 + Yez2 — Y(€11 — ve21) < 0 and n,(t) > 0. Hence

t ¢
d W, — €11 — Yea4]dt’ W, — ey — dt'
4 (e .[r W, — €11 — veai (n+'yn1)) <e /;‘ (W, — €11 — Yea] w,.

Thus,

‘Wp_cll’— cud'
e/T[ e tu(n +m) —~ [n(T) — yna(T))
< /: e[ U 'ycn]dtW,(u)du.

It folllows that

t u
e—' -/T [Wp - C11 — '1621]dt' /‘t e'/:;‘ [Wp —C11 — ’7621]dt'
T

0<n+9n; < Wy (u)du
- /‘[Wp — C11 — ’1031]dt'
+ e Jr t [2(T) + . (T)]
t — | (W, — ¢y — yenldt
= -/;‘ e Ju [ P n-=1 21] W,(u)du
—/t[W — €11 — Yez)dt'
+ e JrF [n(T) + . (T)]
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Hence

S
0 < [ In)+me)et
< -/2‘ ) /; e_-/:; Wy = e — ?cn]dt'W,(u)dudt

+ ‘/;‘o e— /1‘ [Wp —C11— 'Yczl]dt'[n(T) + 4n, (T)dt-

Note that e Ju < 1 since Wp(t) > 0 for all ¢.

Therefore,

0 < /T'[n(t)+qn1(t)]dt

-/;" Wp(u) /: elen + ven](t = v) gy gy

INA

+ /T " elen = veal(t = T)(o(7) 4 yny (T))dt
_ ./-TJ Wp(u) [e[cll + '7321](8 - u’) — 1] du

c11 + ez

elen+7en(s—T) _
+Mﬂwmm4[+”” ) 1.

¢11 + Yen

Since ¢;;+7¢21 < 0 and W, (t) is integrable on [0, +00) it follows that (n++mn,)(t)
is integrable on [0,+00). Both n(t) and n,(t) are nonnegative so it follows that

n(t) and n,(t) are integrable on [0, +00).
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Now, E(t) = e-[x" less + ﬂcm]dt'.
Then
¢(t) — E(t)¢(T)

= E(t) /T' e"fr["””"”]dt' « [esin + esany + I(u)]du

so that
¢ ‘ dt'
#() = /T e/u less & Bomldt',  + esans + I(u)]du
+ E(t)¢(T).

Hence,

0< /T "b(t)dt = /T ’ /T’ efu [c”+ﬂon]dt'[c31+cszn1+I(u)]dudt

+ /Ta . /r [ess + ﬂan]dt,d)(T)dt

t
+ ess(t—u)+ dt'
= /T.[csm + cgany + I(u)] e"&( u) /“ Pon dtdu

t
N /; cc;»,,(t -u)+ ‘/1.‘ Bondt o(T)de.

Now n(t) is integrable on [0, +o0) so

13 4 00
! ( ’
ﬂa/;‘ndtSﬂo_/;‘ndtSﬂa/(; ndt' < oco.

In addition, n,(t) and I(t) are integrable on [0, +00) and g3 < 0. Therefore ¢(t)
is integrable on |0, +00).
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(ii) Previous discussion shows that n(t) and n,(t) are bounded on [0, +00).

Multiplying the last equation in (3.1.5) by v and adding to the first equation

yields
d
EZ("' +49) = (en +7es1 — Wp)n + (612 + vesz — Wop)ny
+yessd + Wo(t) + ~I(t)
= (e11+es1 — Wp)n + (e12 + Yes23 — YWp)ny
+css(n + @) + Wp(t) + vI(¢).
Thus

d
—(n+99) —css(n +49¢) = (e11+ ves1 — Wp)n + (e12 + ves2 — AWp)n,
dt

+ Wylt) +4I(t).

and so
d —cast
% (et (n+¢)) = [(en1 + 651 — W, — ess)n + (12 + Yesa — YW, )y
+W, (£) +4I(t)]e 3L,
Hence,
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n(t) + 8(t) — % (n(T) + 14(T))
= ¢Csst /; {(enr + vess — Wy — ess)n + (€12 + Yess — W)y
+ Wy(t') +4I()} et dy
- /T' {(e11 +ves1 — Wy — css)n + (€12 + 1682 — W)y

+ W) + A1)} el — ) ap.

Therefore
¢
n(t) +y9(t) = /T {(en + ves1 — Wy, — ess)n + (12 + vesz — YWp)ny

+ W,(t) +I(t)} eCos(t =) gp (3.2.2)

+ e~ n(T) + 1¢(T)]

Since cs3 < 0,n(t),n;(t), Wp(t) and I(t) are bounded for all ¢, the right hand
side of (3.2.2) is bounded on [0, +00). Therefore n(t) + v4(t) is bounded. The

nonnegativity of n(t) and ¢(t) gives the desired result.

3.3 Stability Analysis

Suppose now that W,(t) is a positive constant, Wy (t) = W,, and for simplicity,
let Sp, = 0. In addition, consider a system in which there is no injection signal,

i.e., I(t) = 0. Then (3.1.5) can be simplified to the autonomous system
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dn
= enn + ¢1any — foynd + Wy(1 — n — yn,)

dt

d:

—:71 = en + cany + Pond

d

2—? = (css + Bon)é (3.3.1)

The equilibrium points of (3.3.1) are determined by setting the derivatives

equal to zero and solving the resulting algebraic system

0 = (cua—Wp)n+ (c12 — W)y — foynd + W,
0 = can + cony + fongd

0 = (css+ PBon)é (3.3.2)

The third equation in (3.3.2) implies that

¢ =0 or (ess+ fngd)=0.

If ¢ =0, then
(011 - Wp)n + (613 - '1W,)n,1 + Wp =0
cain + Coni = 0 (3.3.3 )
Then
1= ﬂn.
€22
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Thus one of the equilibrium points of (3.3.1) is given by

nl _ —023W,
caa(enn — Wp) — ea1(e12 — YWp)
cqgnt
n}, = - 31
€22
¢1 = 0. (3.3.4 )
Similarly, if n = —;—8;,

(€11 —Wp) (__c_sz) + (e12 — Wp)ny — oy (—cﬂi:) $+W,=0

Bo
C21 (-—;i:) + cany + ﬂd (—;—8;) ¢ =0. (3.3.5 )
Thus

"y = Bocssd + ca1cs8
! pocsz:

and hence the second equilibrium point is

2 _ _Css
n® = Bo
n? — Bocssd + caicss
1 Boca,
& BocaWp — csslcaz(e11 — Wp) — ean(c1z — YWp)]) (3.3.6 )

—Bocss[(c12 — Wp) + vez)

Let § = (%, #i1,$) be an equilibrium solution of (3.3.1).
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Definition 1 The equslibrium solution § is stable if for each € > O there exists
8 > 0 such that if (t) is any solution of (3.8.1) having || ¥(to) — § || < 6, then

the solution ¥(t) ezists for allt > to and || ¥(t) — F ||< € for t > t,.

Definition 2 The equslibrium solution ¥ is asymptotically stable if st is stable
and if there ezists a number & > 0 such that if ¥(t) is any solution of (3.5.1)

having || $(to - ¥ [|< b, then lime(t) = ¥.[2]

The following theorem due to Perron and Poincaré [2] gives a useful stability

result.
Theorem 3 Given the system
y' = Ay +1(t,y). (3.3.7)

Suppose all eigenvalues of A have negative real parts, £(t,y) and
af 1
(E) (t,y)(# = 1,...,n) are continuous in (t,y) for 0 <t < oo, |y |< k where

k > 0 ts a constant and

| £(¢,y) |

1
-0 |y]

uniformly with respect tot on 0 <t < co. Then the solution y =0 of (3.5.7) is

asymptotically stable.

The stability of the equilibrium points of (3.3.1) is investigated by linearizing

about the equilibrium point.
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Let n = ni4én
n = 7-21+6n1
¢ = ¢+6¢

where (f,7,,4) is an equilibrium point of the system (3.3.1) and (6n,6n4, 6¢)

represents a small perturbation from the equilibrium position.

Then
%’3 = ¢116n + ¢126n; — foybnbéo — Bonbp — Popén
— Wpbn — Wynbng + eufi + er2fty — foving + Wy(1 — it — i)
d:si:'l = cnén+ cabny + Pobnéd + Poniéd + Podén
+ cauft + caafiy + foid
5574’ = cubn + cyabny + c3s6¢ + Bobnd + Bonbd

+ Bonén + cssd + Pond

which reduces to

dé -

d_tn = (cu -_— ﬂ0'¢ - W,,)Jn + (cn - ’TWp)6n1 - ﬂo'fﬁ6¢ - ﬂ0'76n6¢
df;l = (ca1+ BOB)6n + caabny + Bonbd + fobnéd

% = Podbn + (css + Boi)bd + Bobnbs

written in matrix form
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(6y)' = Aby + g(6y)

where

8y = (6n,6n,,69)

and
11— ﬂ0'7$ - Wp C12 — 'YWp —pBon

A=|cn+pd C22 Por

po¢d 0 css + fofi

The eigenvalues of the linearized system are found by solving the chracteristic

equation of the matrix A which is

AN+BAA+42+6=0

where

ﬁ = —(a11 + az; + ass)

- )
I

—(aslals — @3301) — G322 — A11G22 + 021012)

o = (-aslalzazs — G31823013 1+ A33@11G32 — assanau)

and @;; is the {5** entry in the matrix A.

Since the characteristic equation is cubic, the real parts of the eigenvalues

will be negative if
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f>0,6>0, and f4-4>0. (3.3.8)
K, on the other hand, ﬁ < 0 then at least one eigenvalue has a positive real

part which implies that the equilibrium point is unstable.

Now consider the equilibrium point (rl,n}, ¢) given in (3.3.4). Then

O
|

= —(ay + a2 + ass)
= —(en — Wp) — e22 — (css + Pont)
< 0

if ¢33 + Bon! > 0. There, (n?,n}, #;!) is unstable if the condition

css + fon! >0 (3.3.9)
is satisfied.
Theorem 4 Suppose condition (3.3.9) holds for (n',n},#'). Then the equilib-

rium point (n?,n3,¢?) is asymptotically stable.

Proof: Consider the equilibrium solution (n?,n?, $*) given by (3.3.6).

Then

& = Boca W, — cssleaz(crn — W) — ear(e1z — YWp)]
—Bocss|(c12 — Wp) + vea)

nl

—¢23Wpe3380((€1200W,,) — ez

= [ﬂanl + 633]
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Now look at the quantity

1 -1) 1 -1 1
e R
-7 (-1 v _1__p  a0=1 1

T2 Tye n P Tre n

1 1- —1)2 !
_ [—'er-—]+[ v, =1 a0 )]
N T2 Tre Tre

since 13 << Tr¢, T3.
Therefore

n!

—c2sWyessfo((c12 — YWp) + ez

¢* = [Bon! — cgs

since (3.3.9) holds, ¢z2 < 0,¢33 < 0 and 8 > 0,0 > 0,W, > 0.

The coefficients B and & of the characteristic equation are thus

w
It

—ayy + azz + ags

= —(ayn + az)

= —en+fovd® + W, — ez
> 0, and
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& = —[as1612a25 — G31022043]
= —[Bo¢’|[Bon?(c12 — aWyy) + Boyn’es)]
= —(B0)*¢%c12 — Wy + vean]

> 0.

Since condition (3.3.9) holds, then

1 —an,
623(611 - Wp) - 021(012 - '7WP

> 0.

This implies that 022(611 - p) - 631(012 - 'YWP) >0.
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Finally, consider the quantity

By—8 = (ou+ an)(es101s — 611822 + 621812) — 051823013 — G31a12025

= 11831813 — @}, 022 + G11G21012 + G22831613 — 61183, + G2201202
+as az3a1s — @s1612a28

= (eu— Bog® — W,)(Bog?) (—Bon?) — (en1 — Bod® — Wp)®ez
+e2200¢*(—fon?) + (11 — Bod® — W) (e + Bod?) (c12 — YW))
~(e11 — Bove® — Wy)ed, + eazen — 1W))
+Bo¢’Bon®(—Poyn’) — fod?(c1z — YWy)Bon’

= (11 — Boyg® ~ W) [ea(erz — W) — ezacns — Wy)]
+ezzlear(erz — Wp) — eaz(enn — Wy)]
+(e11 — Wp)Bod*[veas + 12 — YW
—(B0)?(¢)*[ve2s + €12 — YW
—(Bo)*¢*n’[vers + e1a ~ W]
—(e11 — W,)(Bo)*v¢%n® + (Bo)*+* (¢*)*n?
+¢22807¢ — enfod’* W,

> 0.

Since cu—ﬁa'qu’-—W, <0, czl(cu—'yW,) —cgz(cu—Wp) <0, 612—’7Wp+’7622 < 0.
Thus ﬁ > 0,6 >0, and ﬁ"i—& > 0 so the linearized eigenvalues have negative
real parts. Hence, the result.

In order for laser emission to occur
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d¢
E >0 (3.3.10)

must be satisfied. Laser threshold [12] is characterized by steady state popula-

tion inversion and lower laser population,

dn _ dm

@ = d - °

as well as a very small photon density. Thus (3.3.10) is equivalent to the insta-
bility condition (3.3.9) for the first equilibrium position (3.3.3). The pumping

rate necessary to exceed laser threshold can be found from (3.3.9) so that
Bon® > —css

where

1 —c22Wp

n = .
caz(cnn — Wp) — eas(er2 — YWp)

This implies that

Whlez2(1 — Bore) — qea1] > ennczz — eancaz.

or in terms of the physical parameters

Tre
W, > . 3.3.11
p n17ye[for. — 1] + ni72(1 — 4) Bor. ( )

Now consider the system (3.1.5) in which W(t) and I(t) satisfy the condition
of Theorem 3.2 (i). Then the following theorem from [2] can be easily applied.
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Theorem 5 Consider the system
Y =(4+B(t))y +£(,y)

where A and f stafisfy the hypothesis of Theorem 8.3. If B(t) is continuous for
0<t<oo with tlixg B(t) = 0, then the zero solution of the system is asymptot-

scally stable.

Theorem 6 Let Wy(t) and I(t) satisfy the conditions of Theorem 3.2(i). Then

(8.1.5) is asymptotically stable.

Proof: Let (f,#,, ) solve the system (3.1.5). Let

n = N-—#a
ng = Ni—#y
s = 0-3

Assuming #(0) + 4#,(0) < 1 and n(0) + yn,(0) < 1, the following system is

obtained.

dN ,
rril (611 — Boyp — W) N + (c12 — /W,) Ny — Boynd — foyNd
dN; _

L = (ca+Bod)N + 2N, + forid + Bo NS (3.3.12)
d®

9t = (631 + ﬂda)N + ¢ N; + (033 + ﬂoﬁ)@ + BoN®
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which has the trivial solution N = N; = & = 0.

Consider the linear system

dN
il cnlN + ¢12Ny
%v—l = ealN + 2y (3'3'13)
o
- = cs1N + cs2 Ny + c33P
which has the coefficient matrix
c1 ¢z O
C=]en ¢c2 0

€31 Cs2 Cs3

The characteristic equation of the matrix C is

(ess — A)(A? = (e11 + e22) A + (cnae22 — €21612)) = O.

The eigenvalues of the chracteristic equation will have negative real parts pro-

vided that

(er1+c2) > 0 and

c11622 — €162 > 0.

The first condition is satisfied so consider
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€11022 — 1617 = (:l_ (‘7-1)) (1—1 _l)

T2 Tre Tre 1

- () [ G+ -3)]

Bl ) RS S ok o )

TaTye  Tamy Th T1Tse
(-1, (-1} (-1)
TfeT2 Tfe Tren
_ 1
- 2N
> 0.

Therefore the eigenvalues of C have negative real parts and so the linear
system (3.3.13) is asymptotically stable. Since 7, 7,4, and W,(t) are nonneg-
ative and integrable, it follows from Theorem 3.5 that N = N; = & = 0 is an

asymptotically stable solution to the nonlinear system (3.3.12).

3.4 Numerical Analysis

In this section, the numerical solution to the system (3.1.5) subject to initial
conditions (3.1.6) are discussed. In particular, the system is assumed initially
to be quiescent, i.e. n(0) = n,(0) = ¢(0) = 0.

The initial value problem was solved numerically on a DEC VAX 11/750
using a Runge-Kutta Fehlberg (RKF) algorithm and on a CYBER CY173 using
a backward difference method [13]. Material parameters for Titanium-doped
Sapphire that were used in the calculations are given in Table 3.1. Experimental
parameters that are typical of a Ti:Sapphire laser system are listed in Table 3.2.
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Other parameters to be considered are the cavity lifetime 7., and the sponta-
neous emission parameter Spy. The cavity lifetime for the ring cavity discussed

in Section 2 was computed by

o= 2ot — b~ SR RT

€ * Tnorm

Variations in 7, were assumed to correspond to changes in the mirror reflectivities
or cavity length so the effects on the numerical solution caused by changes in 7,

were studied. The spontaneous emission parameter Spy ws computed by

[ zl
Spo = [(1 + %) —-1/14 (%) [81rcrnmn20§—;\rﬂ .

The model (3.1.5) allows for the introduction of an injection signal to the
system. The injection signal, when present, was assumed to be a Gaussian

distribution given by

I(t) = I f(t,trymi) (3.4.1)

where
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Table 3.1 Material Parameters for Titanium-Doped Sapphire

gz = 2.0
g1 = 3.0
n— =176

T7e = 3870.0ns

71 = 1.0ns

72 = 3000.0ns

o = 3.0 X 10'%m?
0. = 6.8 X 10~%0cm?
A = T780nm

Al =1nm

a=.02cm™!

Table 3.2 Experimental Parameters for Ti:Sapphire System
Crystal Parameters
£=2.5em
r = .05cm™!

nr = 1.2 X 107¥%em™3

Cavity Parameters

L = 120cm
£y =0.0
Ri=.4
R,=.9
Rs=.9
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f(t,to,7) = 2\/t::zexp [—(tnzl(t);_ to)’] .

In the definition for I,

E; = energy of pulse (uJ)

A7 = wavelength of the injected signal (cm)

t;r = center of injection pulse (ns)

71 = width of injection pulse (ns).
Variations in I were assumed to correspond to variations in the energy of the
injected signal. Some typical values of the injection parameters are given in
Table 3.3.

Two pumping schemes were considered. In the case of a constant pump

pulse,

W, (t) =

Wy
-2(-)? ot
I R = I
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Table 3.3 Injection Pulse Parameters

EI=10ﬂJ
t;=60ns
77=201n8

Table 3.4 Pump Pulse Parameters
E, =10 mJ

r, = .05 cm

n=1.0

Ap = 532.0 nm
t, =30 ns

7 =10 ns
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where

n = branching ratio

E, = pumping energy (mJ)

Ap = pump wavelength (cm)

ap = absorption coefficient (cm™!) given by nrog

7, = length of pump pulse (ns)

rp, = pump beam radius (cm)
Typical values for the pump parameters are given in Table 3.4. Changes in
the value of W, were assumed to correspond to changes in the pumping energy.
Effects on the numerical solution caused by changes in W, were studied.

The second pumping scheme considered was a Gaussian distribution for the

pump pulse, given by

Wy(t) =Wy - f(t,2p,7)

where W,, is as described above and

t, = center of the pump pulse (ns)

All numerical computations performed on the VAX computer were in double
precison. For relatively low values of W, the RKF algorithm was used, but for
large values of the parameter the backward difference method on the CYBER
computer was employed.

The normalized population inversion and photon concentration are plotted
in Figs. 3.1 and 3.2 as a function of time for a system in which the pumping

rate
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NORMALIZED POPULATION INVERSION
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Figure 3.1 Computed curve showing the evolution of the inverted
population concentration for an end-pumped laser with
constant pumping rate. The population concentration is
normalized to the doping concentration in the crystal.

Here, wp=.001ns_1 and T _=1.0ns
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NORMALIZED PHOTON CONCENTRATION
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Figure 3.2 Computed curve showing the evolution of the normalized -1
photon concentration for the parameter values W _=.00lns
and Tc=l.0ns P
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is constant, W, = .001lns™1,I = 0, and 7. = 1.0 ns. Initially, the number of
upper energy electrons is zero and the photon concentration is zero. At ¢t = 0,
the pump is turned on and the population inversion increases. The increase
continues until the photons in the pump beam are absorbed. During this time
the photon concentration has been steadily increasing (but not visibly on the
graph). Up to this point the dynamics have been dominated by the linear part
of the rate equations. As the photon concentration becomes significant, the
nonlinear term (n - ) begins to dominate the dynamics. At this point there is a
rapid increase in the photon concentration along with a corresponding decrease
in the population inversion. In this particular case, relaxation oscillations are
present in the solution. As time passes, the oscillations die out as the system
appproaches its asymptotically stable equilibrium solution. In a laser system,
this relaxation process is known as spiking and for some laser applications it is
desirable to supress the modulations in the output [12]. If 7. is changed to 5.0
ns, the numerical solutions (Figs. 3.3 and 3.4) predict that the oscillations die
out more quickly.

A study of the nature of the eigenvalues of the system (3.1.5) linearized about
the equilibrium solution provides a means of predicting values of the parameters

that lead to relaxation oscillations.
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NORMALIZED POPULATION INVERSION
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Figure 3.3 Curve showing the effect on the normalized_gopulation
inversion of holding W_ constant at .00lns = while

increasing T, to 5.0ns
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NORMALIZED PHOTON CONCENTRATION
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Figure 3.4 The normalized photon concentration for parameter

values Wp=.001ns-1 and ‘l'c=5.0ns
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The characteristic equation for the coefficient matrix is cubic,

S 412 s a
A+ BA+A42+6=0 (3.4.3)
where
B = —[an + az; + ass)
i = —[azsasz + a21012 + 31813 — 11422 — 43311 — stasz]
o = "[auazzass — G1123Qs2 — G21012033 + A21Q32813 + A31@1a28 — 031013012]
and

@ =o¢6n-— 50’7450 - Wp a2 = C12 — ’YWp a3 = —Poyng
az = ¢g + fodo Q22 = €22 azs = fong

a3y = ¢33 + fodo as2 = €32 asy = ¢33 + Bong

where (n% n3,¢°) is an equilibrium solution.

Making the transformation

>
il
2,9
|
W

equation (3.4.3) becomes

€+pé+qg=0
where
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_ A 1“2
P =34 3ﬂ
_ . 48, 28

The cubic discriminant is defined

D = —4p® — 274°.

If D < 0, then there is one real and two complex roots to equation (3.4). If
D > 0, then all roots of (3.4.3) are real and if D = 0, then there is multiplicity
of the roots.

The computer code given in Appendix I determines the nature of the eigen-
values of the linearized system using the cubic discriminant as well as the sta-
bility properties by using the criteria (3.3.8). Figure 3.5 is a plot of the cubic
discriminant as a function of 7. holding W, constant, W, = .001lns™!. The
plot predicts oscillations in the solutions will occur for an approximate range
5 < 7. < 28.6. After 7. exceeds 28.6ns the oscillations should not be p<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>