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An Algorithm for the Electromagnetic Scattering Due to
an Axially Symmetric Body with an Impedance Boundary
Condition
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Department of Electrical Engineering,
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AND
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Submitted by C. L. Dolph

Let B be a body in R’, and let § denote the boundary of B. The surface S is
described by S={(x, y,2): (x*+ y)" = f(z), ~1<z 1}, where f is an
analytic function that is real and positive on (—1, 1) and f(£1)=0. An algorithm
is described for computing the scattered field due to a plane wave incident field,
under Leontovich boundary conditions. The Galerkin method of solution used here
leads to a block diagonal matrix involving 2M + 1 blocks, each block being of
order 22N + 1). If, e.g., N = O(M?), the computed scattered field is accurate to
within an error bounded by Ce~¥'" where € and ¢ are positive constants
depending only on f.

1. INTRODUCTION AND SUMMARY
Let B be a bounded in R® having surface S which is given by
S={(x y,2): (> + Y)Y = f2), -1z 1}, (1.1)
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University of Utah and by NRC Grants A-0201 and A-8240 at the University of British
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where / is an analytic function that is real and positive on (—1, 1) and

Cl+ )12 < fOK G+ ) (1 —2)*  —1<z< 1 (1.2)

where C;, a; < 1 and f; < 1 are positive constants. In this paper we describe
an alg_orithm for computing the field scattered from B due to an incident
field E°(F) of the form

EY(F) = g™ 7, (1.3)

where ¢ and k, ((k,| =k, = w/c=2n/A) denote the polarization and
propagation vectors, respectively, and 7= x£ + yJ + zZ, where £, ¥ and 7
are the unit vectors pointing in the direction of the x, y and z axes,
respectively.

Let the body B (resp. free space) be homogeneous, with permitivity ¢
(resp. &,), permeability # (resp. u,) and conductivity o (resp. g,), so that the
refractive index of the body is

g \ &g WE

1/2
, (1.4)

where w denotes the frequency of the incident field. We shall furthermore
assume that

IN|lko|p> 1, (1.5)

where p is the smallest radius of curvature of S. This assumption enables us
to apply the Leontovich boundary conditions [15, 21]

(AXE)XA=nZAix H (1.6)

on the surface of the body, where
n=u/(N)  Z = (e/€p)"* (1.7)

and where 7 denotes the outward unit normal to S, and E and H denote the
total electric and magnetic fields on S. Conditions (1.5) and (1.6) are
satisfied automatically if the body B is perfectly conducting, i.e. if 6 = c0.

Condition (1.6) makes it possible to obtain a singular vector integral
equation over S for the surface current K on S. In the present paper we
describe an algorithm for solving this integral equation via the Galerkin
method, using as basis functions
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Va2, 0) = €™f V2 (2)(1 — 2%)
‘ 14z n
e\ )~

142z n
log 1—z) NV

m=0, £1,.., £N, n=0, +1,., +M. (1.8)

sin [nN‘/2

aNY?

These basis functions effectively handle singularities of K and 0K/dz as a
function of z, which occur at z=+1; they are similarly very effective
approximants in the ¢ variable, since the Fourier series of E° (and therefore
K) converges very rapidly. The singularities occurring in the kernel of the
integral equation for K are of the type 1/(z’ —z) or log |z’ —z| at z=2’, and
of the type of f™(z), m=0, 1,... at z= +1. The first of these is effectively
handled by substracting out the principal value. The remaining ones are
effectively handled by means of the quadrature formula (see [22])

. N 264" &1
t=h L.
[ od=r X G o) -

after transforming the intervals (—1,2’) and (z', 1) to (-1, 1).

The integrations over § involve two variables, ¢ and z. While the
integrations with respect to z must be carried out numerically, due to
singularities of the kernel in the region of integration, the integrations with
respect to ¢ are carried out explicitly, the results being expressed via
hypergeometric functions. The hypergeometric functions have logarithmic
singularities which were not present in the kernel; for this reason explicit
integration and later evaluation of the hypergeometric function as described
in the Appendix have an advantage over direct numerical integration, since
any known direct numerical integration procedure such as the trapezoidal
rule would poorly handle this type of singularity.

The use of the basis functions (1.8) thus leads to a block diagonal
Galerkin system of equations, one system of order 2(2N + 1) for each m. By
forming 2M + 1 such blocks, and taking N = M?, we arrive at an approx-
imation K ~ of K which is accurate to within an error £, where
|&] = O(e™*"") as N— oo with ¢ > 0 and independent of N. The use of (1.8)
furthermore makes it possible to evaluate the scattered field £° by means of
simple one-dimensional trapezoidal rule integrations. The error J, in our
approximation E%; of the scattered field E* satisfies the relation

|8u(P) = | ES(F) — E3(F) = O(e™""")  as N-oo,  (L.10)

for all 7 on the exterior of B and not arbitrarily close to B.
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The paper is organized as follows.

The above problem of computing E° given E° as in (1.3) and S as in (1.1)
was studied in [20] for the perfectly conducting case and in [5] for the case
as described above. The Galerkin approximating basis function used in
[5, 20] are of the form y,, = cos(mp) S,(z) and sin(mg) S,(z), where S, is
the linear spline which is zero at z,_, and z,,,, and 1 at z,. Thus the
resulting rate of convergence is O(1/N?) if f has no singularities at z = +1
and O(1/N®) if, e.g., f(z} ~ C(1 —z)* as z — 1, where it is assumed that the
interval (—1,1) is divided into N equal subintervals. In addition, the
quadratures used in [5,20] converge very slowly as a result of the
singularities present in the integral equation. Furthermore, the expression for
the gradient of G = ™**""~"'/(4x | F — 7'|) obtained in [5, 20] is incorrect.

The algorithm of the present paper is being checked out on a computer for
the case of a sphere of radius 1 for which the surface current K and the
scattered field E* can be expressed explicitly. Using M =4 and N = M* = 16,
we expect to compute K accurate to four significant figures, and for r > 2, E
is also expected to be accurate to four significant figures.

In Section 2 we describe the geometry of the surface. In Section 3 we
derive a representation on the surface S for the incident plane wave.
Section 4 contains a derivation of the integral equation for the surface
current, as well as an integral expression for the scattered field in terms of
this surface current. In Section 5 we describe the basis functions to be used
in the Galerkin method of Section 7. Section 6 contains an approximate
representation of the incident electric field, in terms of the basis functions of
Section 5. In Section 7 we derive the Galerkin equations for the surface
current, and we describe a method of computing the coefficients of this
system, and for solving this system. In Section 8 we describe a procedure for
evaluating the scattered field. In Section 9 we discuss the rate convergence of
the procedure. Appendix A contains a study of the functions G,, derived in
Section 7 as well as their derivatives. The results of this appendix illustrate
the type of singular behavior of the functions G, and thus they dictate the
type of approximate methods to be used in order to achieve high accuracy,
and they simplify our proof of convergence.

The rate of convergence of the method of this paper, namely, O(e‘”Nm)
using an approximation of the form
M N .
NN a0, N=M) (1.11)

for each component of the surface current, is optimal, in a certain sense. By
the results of [25], given any approximation method of type (1.11) which is
to converge for all f analytic on (—1, 1) and satisfying (1.2), the resulting
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1/2
YW for some

error of this method cannot converge to zero faster than e”
y > 0.

Similar numerical methods have been considered |7, 8, 9, 12, 18] but it is
believed that the order of convergence obtained is not as good as that
demonstrated here. For further discussion of such methods see, for example,
Andreson [2], whose proposed method considers a maximum period of 20
wavelengths. Barber and Yeh [3] and Waterman [27] have considered
extended boundary methods, while Kennaugh [13] and Schultz et al. [19]

have discussed other implementations using a product z, ¢ basis.

2. GEOMETRY OF THE SURFACE

A point on the surface S is represented by
F= f(z) cos ¢£ + f(z) sin gy + zZ, 2.1

where £, ¥ and £ denote the unit vectors in the direction of the x, y and z
axes, respectively.

It is convenient to introduce three unit vectors on the surface, A, ¢ and f,
where

A= a(z) cos X + a(z) sin ¢y — f'(z) a(z)Z,
@ = —sin pxX + cos gy, (2.2)
{= f'(z) a(z) cos oX + f'(z) a(z) sin f + a(z)7,

where

a(z)=[1+ f'(z)*] "V~ (2.3)

The vector 7 is the unit normal to the surface, ¢ is the unit vector at F,
pointing in the direction of increasing ¢, and ¢ is the unit longitudinal vector,
pointing in the direction of increasing arc length. Thus #, @, ¢ and x, ¥, £ are
related by means of the equations

) (2.4)

a(z)cos ¢ a(z) sin ¢ —f'(2)al(z)
( = ( —sin ¢ Cos @ 0 )(
fl
a(z)cosg —sing f'(z)a(z)cosp\ {4
={ a(z)sing cosp [f(z)a(z)sing||¢@] (2.5)
t

S
[N N Y

and

(z)a(z)cosg [f'(z)a(z)sine a(z)
()e
y
Z —f'(z) a(z) 0 a(z)
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3. THE INcIDENT ELECTRIC FIELD

Let the incident radiation be a plane wave, given by
E°(F)=ge'® 7, (3.1)
where £ points in the direction of polarization, and &, is the propagation
vector which satisfies the relations
w 2n
c

S (3.2)

P

0'5:0.

We shall furthermore assume that k, lies in the xz plane and makes an
angle ¢, with the z-axis. Thus

ko =k, sin 6,% + k, cos 6, 7. (3.3)
It is convenient to set
E=a,é +aé,, (3.4)
where a, and a, are scalars, while
£, =7, g, =—Xx cos B, + % sin b,. (3.5)

Borison [4] has shown that if @, =0 (resp. a, = 0) then the backscattered
electric field E°(7) is polarized only in the direction €, (resp. él)'.

Using (2.5) and (3.5) we can express £ in components of ¢, ¢ and 7. We
get

£ = a,[a(z) sin g7 + cos ¢ + a(z) f'(z) sin gf]
+ a,|—a(z)(cos 8, cos ¢ + sin 8, f'(z))A + cos 8, sin ¢¢
— a(z)(cos 8, cos f'(z) — sin B,)i]. (3.6)

Next, let us find the Fourier expansion of E°(7) on S. To this end we use
the identity

o]
e,i.xcos:a= Z i m(x)eimo, (37)

m= — oG

where J,,(x) denotes the Bessel function,

Jm(x) _ i (_l)n (x2/4)m+n

= nl(n+m)
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Using (2.1) and (3.3) we get

ko - F =k f(z) sin 8, cos ¢ + kyz cos 6,. (3.8)
Hence combining (3.1), (3.7) and (3.8) we find that the incident field on S is
given by

E_O(F) = getkozcosbo Z i m(kof(z) sin 00) eimo’ (39)

where € is given in (3.6). Combining (3.6) and (3.9) we get
E*(7) = {|a,a(z) sin ¢ — a,a(z)(cos 8, cos ¢ + f(z) sin §,)]A
+ [a, cos ¢ + a, cos 8, sin ¢|p
+ [a,a(z) f'(z) — a,a(z)(cos 8, cos @f'(z) — sin 6,)]t}

oot 31, (ko (@) sin B) €. (3.10)

m= -

4. THE SCATTERED FIELD AND THE INTEGRAL EQUATION
FOR THE SURFACE CURRENT

The scattered field E° = E*(7') is given in terms of the total electric (E)
and magnetic (H) fields on S by [26],

E= —J liwou(A X H)G + (A X E)X VG + (A - E)VG]dS, (4.1)

where it is assumed that the field vectors E and H have time dependence of
the factored form e~'“!, and

1 expliky [F—F'|}

G=00T) = =7

4.2)

The remaining vectors in the integrand (4.1) are expressed in terms of 7, and
V is expressed in terms of 7.

Let K denote the surface current on S, due to the fields E and H. In view
of the Leontovich boundary condition (1.6), K satisfies the relations

K=-AxH, #AXE=-nZixK,
1 (4.3)

o6=—eh E=—V.K
iw
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Our development of the integral equation for K follows that in [5, 6]. We
include the derivation from [5] for this equation, for the sake of com-
pleteness.

Let A be a continuous vector field tangent to S. Then the following results
are valid, if § satisfies the Lyapunov conditions [17, p. 90]:

(a) the integral
I(F) = j A G(F, ) dS

is a continuous function of 7’ in R°.
(b) As 7 - rj €S, the relations

(7o) X Jim | A7) x V6@ ) ds
r'—F s

- %A(F«’)) + [ A X |A() X VG (7, 7)) dS

are satisfied, where the plus (resp. minus) sign corresponds to an approach
from the outside (resp. inside) of B.

(c) The term [17, p. 95]

AF) - J A(F) X VG(F, 7) dS
S
is a continuous function of 7 on S. The term
E,(7)= J A(F) - E(F) VG(F, ') dS
S

suffers a discontinuity on transition through S equal to 7i - 4E;, where 4E, is
the difference of the values outside and inside. Therefore, the third term in £°
does not affect the tangential component, but reduces the normal component
of E to zero.

Since the total electric field £ = E° + E® is zero inside the scatterer, (4.1)
yields

m )X | [ [iou( x A)G

li
F'~FpeS

+(AXE)XVG+ (A-E)VG]dS —E'(r){ =0,

where the approach is from the inside.
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Application of (b) gives
n Ay o T =iy DAL= L TS =g
U=mr) X e\r)+ur) Xeyr)

_ _ _ (4.4)
— A(F) X Js liwu(i X H)G + (A X E)x VG + (A - E) VG| dS.

Next, taking the limit as 7 — 7, from the outside of B in (4.1) and using
the relation
A(Fy) X E(Fy) = #(F) X {E°(Fy) + E°(Fy))
we get
AXE=axE — lim A(7) X j liou(A x H)G)
Fio s
+(AXE)XVG+ (A - E)VG]dS.
Application of (b) yields
A(F') X E(F') = A(F') X E°(F) — A(F")
Xf [iwu(A X H)G + (A X E) X VG + (it - E) VG| dS.
5
4.5)
Adding (4.4) and (4.5), we get

AF') X E(F') + 2A(F'y X j liou(A x H)G
+(AX E)X VG + (7 - E) VG| dS = 2A(F') X E°(7').

Definitions (4.3) now yield

—nZA(F) X K(F') + 24(F') X j —iwuKG — nZ(A X K) X VG
S

1 .
——(V-K)V = 24(7) X E°(7").
iwﬂ( K)VG} dS=24(F") X E°(F')

This equation can be written in the equivalent form
1 — — _
[5 nZK(7') + j 3 iwuRG + Z(7A X K) X VG
N

1 _
+—(V-K)VG
we

ds + E°(F' )] =0. (4.6)

tanrF’'eS
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Using Eqs. (4.3), the scattered field E* given by (4.1) is expressed in terms
of K by means of the integral

_ _ . 1 _
E‘:J' [iwpKG+nZ(ﬁXK)><VG+-iw—8(V'K)VG] as. (4.7)
s

5. THE Basis FUNCTIONS FOR
APPROXIMATING SURFACE CURRENT AND ELECTRIC FIELD

C denotes the complex plane, let d > 0 and &’ > 1, and let 2, and 4, be
defined by

Q,={z€ C:|arg[(1 + z)/(1 — 2)]| < d},

(5.1)
A, ={weC:1/d' <|w|<d'}

(see Figs. 5.1 and 5.2).

Let H(£,) (resp. H(A,.)) denote the family of all functions g that are
analytic in £, (resp. A,.) such that

I gllg,= sup |g(z)] <o  (resp.| gll,,. = sup |&(z)l < @). (5.2)
z€fdg 2ZE€EAy

Let us set

v(z) = f(z)(1 —2%), (5.3)

e

FiG. 5.1. The region 2,.

Fi1c. 5.2. The region 4,.
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where f € H(2,) satisfies (1.2), f#0 in 2,. Let H= H(d,d') denote the
family of all functions F = F(z, w) such that

(i) F(z,e™)/v(z) belongs to H(R2,) as a function of z for all
p € [0, 27];
(i) F(z, w) belongs to H(A4,.) as a function of w for all z€ [—1, 1}.

We define a norm on H(d,d') by

IFlly = max{ max [Flg, max I Fl.og}- (5.4)
If F€ H(d, d'), we approximate F on . = [—1, 1] X [0, 27| as follows,

F(Z, eiw) = lMN(z, (P) = Z Z amnWmn(z’ (ﬂ), (55)

m=-M n=-N

where the a,,, are numbers and the y,,, are basis functions given by [23|

V(2 0) =€™0,(2z), k>0,

—nh
0,(2) = fV¥z)(1 — 2% sinc [ w(z)h n_] , (5.6)
_ 142\ ) _ sin(zx)
w(z) = log (1—_;) ; sinc x = — =3
The numbers a,,, are given by
1 2 F ioy ,~imo d
G = 23 ) (1 — 22 Jo (™) i (5.7)
z, = tanh(nh)/2.
Next, recalling the definition of f and relation (1.2), let us set
¥, = 4 min (a,, 8,), y = min|(n dy,)"?, log &' ]. (5.8)

THEOREM 5.1. Let FE H, let N=M?*, and let h = [nd/(yN)]|". Then
there exist constants C, C, and C, which are independent of N, such that

(max | F(z, €)= bu(z, 9)| S CN'e ™, (5.9)

max iF(.z )—il (2, 9)| < C,Ne """ (5.10)
rores | oz DO T G an® 9N S T ’ '

max iF(z (p)—il (z, 9)| < C,NY?e V" (5.11)
(Z.0)eS* a(p ’ 3w MN\=) = 2 s .

where S$* = [—1, 1] x [0, 2x].
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Proof. 1t is shown in |16]| that if g/v€ (£2,), then by taking
= |nd/(y,N)]"? there are positive constants C' and C” such that

& 1)

_ ;- pNY?
ZErPAaﬁllig(z) DI 0()' C'e (5.12)
and
N
N S(z,) ” a2
|90 L Ty o <ot 61

Similarly, it follows from Cauchy’s theorem, that if G € H(4,), and if a,,
is defined by

1 2= , ;
am:“J G(e"")e"”’“’ d(p, m=_M, _M+ l,'-'5M9 (5'14)
2n ),

then there are constants X’ and K” such that for all ¢ € [0, 27},

M
’G(e"“’)— Y a,em| LKK'(@)™ (5.15)
m=-M
and
a i ud N i —M
a—(’;G(e“’)—« > ima,e™ | <K"M(d)™. (5.16)
m=-M

On noting that M = N'2, inequality (5.9) is obtained if we use (5.11) and
(5.15) in Theorem 6.2 in [24]. Similarly, (5.10) is a consequence of (5.13)
and (5.15), while (5.11) follows from (5.12) and (5.16).

THEOREM 5.2 [16]. If vg/f"* € H(Q,), then there exists a constant K
such that

! v(z_n) g(zrx) —nd/h
U_l g(2) 6,(z)dz — h RS o) < Ke ™, (5.17)

This theorem shows that if g is any function such that vg/f"? € H(R2,),
then for 4 sufficiently small, the sequence {8,}*, may be considered to be
an orthogonal sequence, for practical purposes, and g may be expanded with
respect to this sequence. The coefficients of this expansion take on the very
simple form f”z z,)

n

v(z,)

For purposes of numerical integration, we state the following.

2(z,)s z,, = tanh(nh/2). (5.18)
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THEOREM 5.3 [23]. Let g€ H(RQ,), and let |g(z)) K C(1—2*)*"" on
(=1, 1), where C,a > 0. If N >0 is an integer, and h= (2nd/aN)"?, then
there exists a constant C', independent of N, such that

‘ [ g@dz—n S B | o ana, (5.19)

n=-N ’(zn)

Finally, Theorem 5.4 which follows describes the accuracy of the midor-
dinate rule used in Sections 7 and 8 for integrating periodic functions.

THEOREM 5.4. Let d >0 and let g€ H(A,.) be bounded on A .. Then
there exists a constant C depending only on g such that for M =1, 2, 3,...,

2n . M .
[ ge)dp— 20 Y g )| <c@y . (520)
0 k=1

6. APPROXIMATION OF THE INCIDENT ELECTRIC FIELD

We shall make the approximation
= _ M N
BERz=&r= 3 Y [0ub+Bmil¥n, FES, (6.1)
m=—M n=—-N

of the incident electric field, where y,,, are defined in Section 5. For the sake
of convenience we shall use the notations

z, = tanh(nh/2),
" explikyz, cos 8,} J (ko f(z,) sin 90) (6.2)
v(z,)

As wig be seen in Section 7, we will approximate a slightly altered field
J® = vE®, where v(z) = f(z)(1 — z?). Thus

dmn =

M N
PA=T= 2 3 [@uab +Bounl) Ymn-
m=—-M n=—-N
_ The results of Sections 3 and 5 show that if 7 € S then each component of
J® is in H(d,d"). Using formulas (5.6), we have

_ S22 7 i a ime
amn_ 27! J;) E(r) e dwlz:z,,’

fl/z(zn) n -0 £o—i
e t imoe .
Bun=3| BT dpl..,

(6.3)
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If this is taken together with (3.10), we get

cos b,

l
= 1) | 5 0 )+,

a2(dm—1,n - dm*‘ l.n)] H

:an = fl/z(zn){ [alf,(zn) + a2 Sin 00] a(zn) dmn (64)
- %aZ cos eoa(zn) f’(zn)[dm+ 1.n + dm-- l.n] }

7. DERIVATION OF THE GALERKIN EQUATIONS
FOR THE SURFACE CURRENT

_ Rather than solve (4.11) for K, it is numerically more convenient to define
J by

J(7) = v(z) K(7), (7.1)
where

v(z)=f)1 —z"),

and to solve the resulting integral equation for J. This transformation helps
to take into account the unknown' singular behavior of K at z =+ 1, and
enables us to effectively approximate both J and its first derivative with
respect to z, by the methods of Section 5.

Substitution (7.1) replaces (4.6) by the equation

- wu . nZ .
gi”z”v( [i“v’—”JG+—”;—(ﬁxJ)xVG

)

(7.2)

1 J

e (v . —J) VG] dS+J'“§ o0,
iwe 14 tan
where
J° = vE", (7.3)
We now make the Galerkin approximation

_ _ M N

J; j— = Z Z [amné + bmnt‘] Wmn (7'4)

m=-M n=—N
in (7.2), where the y,,, are defined as in (5.6), and the a,, and b, are

unknown numbers.

'If § satisfies Liapunov conditions (see Section 4), then E_ is bounded on S. It is difficult to
determine the exact singular behavior of the derivatives of K at z = +1.
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Let us now recall that if 7, 7 € S, then
R=|F—7|={f2+[* = f* cos(o—p) + (2 = 'V},

ikoR

1 e (7.5)

G=— ,
47 R

where here and henceforth

[=f@),  f*=fE). a=a(). o*=a@E).  (16)
We shall also use the notations

Rf_ 9R _[—J*cos(p—¢)
of R

b4

z

_3R_z——z’
T 9z R’
1.7

J* sin(p —¢')
RO=2 T T 7
R
d
G/, G*, G*) = (R, R*, R®) == G.
( )=RLRR) - G

Moreover, writing ), , for 3% __ . >"¥ . we have

[l =N

[ A
0 1 |\vm
Qo 0
(7.8)

AXF =)

m.n

= Z [_bmn(ﬁl + amnﬂ Vinns
m,n

and also,

1 .
VG =—G°¢+a(f'G'+ G + a(G’ — ['G*),

(1.9)
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Using these results, we get

o Py

_ 7 ¢ t A
(ﬁ X ‘f) X VG = 2 -bmn Aiyn . 0 Y mn
mn (1/f) G a(f'G'+G') a(G'—f'G)
= N | apa(G' — ['G)o + ba(G— f1G) (7.10)
1
~la,,- —f—G“’ +b,,a(f'G'+ G ﬁ] W
as well as

v. (%f)%: %%G% +alf' @'+ G+ (- /G

1 Z[ n au/,,.,, +abmn3%(§'/’mn)]' (7.11)

Substituting (7.4), (7.10), (7.11) as well as the approximation .7 °,

into (7.2), and recalling that

ds =—aj:d(o dz, (7.13)
we get
1392 3 10"+ banl) Vi
+ V*f f i—mﬂG Z (@ + Binl ) Winn
+ 12 S @/ (@ = ['GH + banf (&= S G

Wmn

Qs G° 4 by [(/'G + G}

1 1 - )z
re 3afG b+ (f'C + G+ (G — G
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a,, oV 8 {f
Zmn T mn R A d
mZ[ v dp + b ( v W'"”)” dp iz

+ D0 (a8 + B t* ] What =0, (7.14)

m.n

tan

where the starred variables denote functions of z’ and ¢'.
It is convenient to introduce several identities in order to reduce (7.14) to
a system of linear algebraic equations. Equations (2.4) yield the identities

¢ ¢* =cos(p —¢'),

[ ¢* =—a(z) f'(z) sin(p’ — 9),

A (/'J;* = —a(z) sin(p’ — 0), (1.15)
q’)‘ SR = a(z’)f’(z') sin(w’ *(P),

o~y

P =a(Z) a@)[1 + £1(2) £ (&) cos(p — 9')),
B = a(2') a@)|/ () coslp — 0') — S (2)).

=Ny

These identities are useful for taking components of ¢* and {* in (7.14).
Identities (7.16)(7.23), which follow, serve to achieve further simplicity

by enabling us to symbolically eliminate the integrations with respect to ¢.
Upon setting

iko|F—T")

GCT)= Gar=ry

= 3 Gne" (7.16)

m=—o

it follows that

imo’ 1 2 ;
MGy = = F,F) €™ do. 17
e Gy = | GE T dp (7.17)

Furthermore, notice that G_,, = G,,. Therefore

1 I _ o , imo’

—ML G(F, 7)€" cos(¢' = 9)dp =~ [Gpys + Gp-a]  (1.18)
and

L™ 6@ 7Y el™® sin(p — ¢') d _e G G 7.19

ZnJO (7, 7)e™ sin(p — o' )dp = 2 [Gmy1—Guoi) (7:19)

409/78/2-13
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By means of integration by parts, we furthermore find that

1 2= . OG(F, ) —im it . ~
— | e dp = e'"°G(F, 7)) dp
27L’j0 a9 2n .[0 (7.20)
=—ime"°'G,,,
v . 0G
EL e COS(‘P—‘P)—a;d(o
jeme’
= ) [(m+1)Gm+1+(m“l)Gm—1]’
(1.21)
1 2 oG(F, F')
il imo ot
ZHL e sin(p — ¢') —o—=dy
eimw’
=- 2 [(m + I)Gm+l—(m_l)Gm—l]‘ (7.22)

We use (7.15) in(7.14) to take components of ¢ and £. Then, recalling that

Wmn(2, 0) = €°0,(2), (7.23)
where
_ vz [ @fz)—nh
8,(2)= Ok smc[ p ] ; (7.24)

where v(z) is given in (5.3), and where

(z) = log (; fj) (7.25)

we can symbolically carry out the integrations with respect to ¢’ in the
equation resulting from (7.14), by using (7.17)-(7.22). Upon equating coef-
ficients of €™ in the resulting equations, we obtain

N N

l nZ Z Ay en +v Z [Pmnamn + anbmn] == Z Cmn 0"’
2 n n=-N n=-N
1 i i (1.26)
E”Zmen6n+v Z [Rmnamn‘*'sm"bmn]:’ Z BounOn>
n n=-N n=—-N

m=-M, -M+1,..,M
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The coefficients P™, ™", R™" and $™" depend on z', and are given by

m ! (m+1)

-1

%"—gG,,,H[ ”f+(m+1) Z+

iwouf

+G,_ 1[—~—— —l)nZ+M}

iweaf

+G{n+l [”Zf+

iwea ]

+ G [r/Zf——

wea ]

— (G + G ) nZff"; dz, (7.27)

1 7 ‘_§Z
ansz‘ [_V'L (Gm+l—_Gm—l)w:u.ﬁ' (G'"+1 Gf"'l) ”laf

+ (ff) g_w_;;[(m )Gy + (m—1)G,y_s]

1
——(Ghu1~Gho)) ]dz, (7.28)
1 g —ouf m(m + 1
R — n E¥E 1]
nf |G | 2 +z(m+1)n2+~———weaf’]
[y, m(m— 1)
G kg | 4 _
+ Gt/ [ Bt im— 10z - T
+ G, a*[-2imf'nZ)
- _nZ
+ Gy 0 —M+—'—"-] (7.29)
S wea
*f*,[an+_]
1 wea
z
*f*"”f Gy — G|
*
2ma 6| az,

wea
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a*f*’iwﬂﬁl{0m+ 1 + Gm _1, + Za*lw:u.me

Zfo* Zfa*f*
+2’1“{;—‘an—’7“1—&!_‘[0;“;+0§,711

' *f*/
+( v ) j lC()f [(m+1)Gm+l (m_l)Gm~ll (730)
*f*/ [Grii+ Gl
2a*%
+7£Gm ]dz

In these equations f*' = f'(2'), a* = [1 + (f*')?] % Next, setting z' =
z,=tanh{lh/2) in (7.26) and using the relations

8,z,)=0 if n#l
(7.31)
—v@)f"z) if n=I
we arrive at the system
1
2 ?]Zd I+fl/2(z ) V [P mn + Q;""ban = _aml’
S (1.32)
1
2 an'"/ +fl/2(z ) V‘ [R Qpn + S;n"bmn] = —ﬁml’
ne N
where we have used the notation
Pm’l - Pm" z \ mn — an z ),
{ ( I) i ( ! (733)
R = R™(z,), St = 8"(z,).
System (7.32) is a block diagonal system of the form
B_, a_y a_y
B~M+1 . a_li.i'l+l — a—~1}'l+l , (7-34)
B, a, Oy

where each B, is a complex matrix of order 2(2N+ 1), and (since
G_,=0G,) B,=B_,. The mth system

B, d,=d, (7.35)

m
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in (7.34) corresponds to all of the equations (7.32), for fixed m. Thus if we
denote by A7 the 2 X 2 matrix

Amn — 1/2 P;nn ;nn 126 1 0 3
="z Rn smn + i1 Z0u| o | (7.36)
then
A™GN AT g
Bm = AT'N_‘FNI ‘4'2‘1\/--311+l e ATA}(’Jr 1 (7.37)
Ax,—N Ax,—N+] Axl\
and
[ am,—N 7] [ am,AN 7
bm,—N ﬁm.AN
_ Ao, -N+1 _ Qp,—N+1
an = bm,—.N+l oy =— ,Bm__N+| . (738)
Y AN
| bMN L ﬁmN ]

7(b) EVALUATION OF P™", Q™" ‘R™ AND §™"

It is convenient to set
g.n'’
en/v:;‘yn’ ( ’ :6", (7.39)

The following integrals appear in (7.27)-(7.30).

(1) ! (4) ! '
Ln={ 7.(/]a)G,dz, L= vall'Gudz,
-1 1

1 1
Lin={  72Gndz (m#0), Lon=| 7af'Gpdz (m#0),
—1 1

=] D@ Gudz m0)  I9=[ 1,/G,dz,

1 1
Ton=|  1nfGhdz, Kon=|[ 7ulf'Gndz,
-1 1

1 1
Tan={  n(1/a) G}, dz, Kon={ 1.(1/a) Gy, dz (m0),
1 1
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n={ vf1a) Gl Kin=[ nje Gy -

Lih={ 6,010 Gpdz (m#0)

M= il 5,GL dz.

N = il 8,G-, dz. (7.40)

Notations (7.40) enable us to express (7.29), (7.30) in the “more
computabie” form

P = iy o+ Loy ) + 0Z[0m + DI = (m— 1) LY

m
+ o (m + NI, +m=1DI3 ]

(141)
'+"72('](»})“,::+J{n:)—1.n_K§nn+1,n_K§n”—1.n)
m
+Eu?(f"3)*""-‘,("3)‘"") ,
mn nZ
0" = fmlt 1 — 121 )~ T R, = KL ) (142)

1
—‘58_ [(m + l)Lgll,n + (m_ l)Lsnn—l.n+M£r::-l,n_M(nt)—l,n] ’

R™ = ma*f*' g—wu(l‘,..‘ll,n — Il 1)

+ inZ[(m + I)I(nﬂx,n + (m — I)Ifrﬂl,n]

2inZm )

m 7 3 _
+_(1_)€_[(m+ I)I(n?il,n (m 1)Ifm—l,n] f*, mn (743)

m+1,n

VA
AR LR SUPRES Su

m 2
+— [0S A o K@
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and

2
S™" = ma*f* Vi, o+ Do+ —57 Tonn

f

-z (K PRS- fi, m)
(1.44)

1
g [ DL = DL

2
MY MY+ FN“’“ .

Integrals (7.40) can be simultaneously evaluated for all m, n by evaluating
the quantities f, f', a=(1+f'2)" Y%, f* and a*=(1+f**)"Y% 6
(n=-N, —N+ 1,..,N), G,,, G/, and GZ,. In view of (A.2), we set

, 1 1 1+2
) TIrET ) 09

et —1 z’et + 1

= =l 7.4
:us esh + 1 Vs esh + 1 ( 6)

Then by splitting the range of integration into an integral with respect to z
from —1 to z' plus an integral with respect to z from z’ to 1, we use the
formulas

[ Gue.2) 821z

" (1.47)
;hs—Z—N(1+ sh)2 (1+Z)Gm(;u)+(I_Z)Gm(vs’z)g(v)}
[ Ghaz) g@az
N sh
=h Y ey (1 +2) Ghli, 2) 80) + (1~ 2) G0, 2) 80,)

+ (') a(z') g(z'), (7.48)
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.1
J G(z,2') g(z) dz

—1

\“Q et
Sy (L€

XA +2") Grluy, 2') glus) + (1 —2') G (v, 2') 8V

~

+a(z’) g(z'). (7.49)

to approximate the various integrals (7.40).

In (7.47), (7.48) and (7.49), g is a suitable analytic factor of G,,, G/, or
G3,, as dictated by (7.40). The additional terms in (7.48) and (7.49) arise as
a consequence of the identity

1 dz 1+2
Py, = 7.
j‘l z—2z' log -2z (7.50)

whereas, if the formula used in (7.47) is used to approximate this singular
integral, one has the identity

h

N; sh ' 1—2
vo__® ; 1+2 21 _o. (1.51)

N (2 PR

That is, whereas formula (7.47) is accurate for evaluating

fl g(z)vdz, Jl g(z) log|z — z'| dz, (7.52)

where g is analytic on (—1, 1), when applied to the approximation of

A 4
_( &&- g( ) ) (7.53)
= L — -
it yields an accurate approximation to
[ s, (7.54)
., z—2 )
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8. APPROXIMATION OF THE SCATTERED FIELD-

The scattered field E* is expressed in terms of K by means of integral
(4.7). Once &~ has been obtained by means of Section 7, we form an approx-
imation %" of K by means of the equation (see Eq. (7.1))

H =F(z,0)= (1/n(2)) F (z,0), 8.1)

and we substitute .#" for K in (4.7) to get an expression for an approx-
imation &° of E®. In this section we shall give a detailed description of the
evaluation of &°.

We shall approximate &°(7) for

F=pcos@x +psingy +2'7, (8.2)

where p > f(z'). If p is close to f(z), i.e., if 7 is close to the surface (say,
|7 — 8| <0.2 if N=10) then we recommend that the integration methods of
Section 7 be used to evaluate the integrals. This would involve splitting the
integrals from —1 to I into integrals from —1 to z’ and from z’ to 1, as in
(7.47). For the sake of simplicity, we shall describe an algorithm for
evaluating £°, which is valid if 7 is not arbitrarily close to S (say,
| — S| > 0.2 if N>10). In this latter case it is convenient to integrate by
parts in the integrals with respect to z which involve &, so that the resulting
integrals involve §,. This latter procedure enables us to avoid numerical
integration, by means of the approximation

, H(z,)
dz=h—m——"—~
j_l H(z)w,(z)dz=h SV (z) w'(z,)’ (8.3)

which we know to be accurate, by Theorem 5.2, where w,=6,/v. See Fig.
8.1

X

757 relpg)

FiGURE 8.1
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Using (4.7), the scattered field may be expressed in the form
E'F)=E.£+E,\y+E.\Z, (8.4)

where E}, E; and E} are scalar quantities. Upon substituting approximation

{7 AN fomtn LA TN vn 5o
L) HIWU (.7} WL BCI.

E ; [amann + bmn an] (8'5)
)= L [@un R + Dy Son ) (8.6)
E; ; z [amn Tmn + bmn Umn]' (8'7)

m,

3

Relations (7.7)—~(7.11) and (7.15)—(7.22) enable us to obtain explicit
expression for P™",.., U™", Setting

7
wn - wn(z) - V(Z) ] (88)
we get
2n
zwy [a,,,,,(—sin X + cos p))

+ bmn(f'a cos ¢ + f’a sin ¥ + af)] e w,
tnZ 3 [amnf(Gf_f’GZ)(—Sin ox + cos ¢y)
+ bpnf (G~ f'G*)(f"a cos i + ['a sin ¢f + af)

1 o 5
Omn G°(a cos ¢X + a sin 9y — f'af)

+ B S (f'G + G*)a cos ¢X + a sin pf — f'af)

] elmwwn

1

?(-—sin gX + cos
s G*(—sin ¢X + oy)

f
+ ("G’ + G)(f'a cos £ + f'a sin ¢f + af)

+ (G — f'G*)(a cos £ + a sin pf — f'af)

> [ imw, + aby,(fw,)' ] €™l dp dz. (8.9)
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Here G=¢*"®/4nR; R={(z—z')*+ f1+p>—2f'pcosip —¢’')}""?. Col-
lecting coefficients as indicated in (8.5)(8.7), we get

—wuf (e
a

_io’
Gm+l_e Gm‘l]

1
— ppime’
P,.=me J
—1

FNZLS (Gl — S G € = (Ghyy =[G )™
+(m+1)e® Gy, +(m—1)e G,

m 1 : —i
| O G == e 4G,
+{e"*G}, ., + e Gl _ ]} w, dz; (8.10)

oo, el " i
an = ne“’“’ z[iwﬂﬂ‘[elo Gm+1 + e-m Gm—l]
-1
'7 f[et¢Gz+l+e—lef" 1]]

1 1 . .
_— io' _ _ ~i¢’
+ e [f (m+1)e?G,,,—(m—1)e™"*G,_,)

+e*'Gl, +e—"""G{,,_l] (fw,)t dz; (8.11)

oyl

o (ew Gyt + e’ (C

. 1
— ppime’
R, =ne f
-1

+1Z[f(€(Ghyy =[G )+ € (G = ['Gri_y))
+ (m + l)ew'Gm+l - (m - l)e_lem—l]

_ﬂ J— io’ _ —ie’
| G =G, )

+ oG, —er]f o, dz; (8.12)

o " "
Sy =] % [w“ﬁ”(e"’ Grvr~ Gy

+ 216G, e G|
1 1 io” i’
| Fn+ DG+ = DG,

+e’°'G{,,+1—e"'°'G{,,_l] (fw,,)’i dz; (8.13)
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L, el i
T, =— 2nme'™® j § nzf'G, ——G3! w,dz; (8.14)
i wea
L Z
U,,=2ne™® f 3 [iw,ufG,,, + na G{,,} w,
1 a
LI (fw,)'! d
— U, Jw, Z.
e (8.15)

Let us next eliminate the (fw,)’ terms which appear in Q,,,, S,,, and U,,,
above. Setting

s :fil (% G,,,) (fw,) dz (8.16)
we have, upon integration by parts,
fmzic,,,fwn]l —Jl (i G,,,) ' fw,dz. 8.17)
S S

Under the assumption made on S in Section 1, K is bounded on S, and
therefore it follows, upon replacing w, by K in (8.15), that the first term on
the right-hand side of (8.15) vanishes, provided that m+#0 (see (A.1)).
However, inspection of Q,,, and §,,, shows that we need never evaluate .7,
if m=0. Thus

1 4 1
,fm”:fvlfTGmwndz—flGj,,w,,dz, m>1, (8.18)

where G, =dG,,/dz.
Similarly, we have, for all m > 0,

K,MEJ' G, (fw,Y arz=—f1 (GLY fw, dz 8.19)
and

Low=[" G,y di=—[' (G fo,dz (8.20)

these being the only remaining terms requiring integration by parts in
(8.10)—(8.15).
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Hence, we make the definitions

;i

I:"”:JWI?G"’w"dZ’ m>0;
1

If‘,,,,zJ’ G,w,dz, m>1;
—1
1

If"an' f—aGmw"dz,m>l;
-1

1
1:‘,,,,=j F'G0,dz, m>0;
-1

o]
Jf,,,,=J' EG{,,w,,dz, m>0;
1

559

1
Jf,,,,=J' LG{,,w,,dz, m>0;

1
K, =J G, dz, m>0;
-1

1
Kfnn=f {;-anwndl, m > 0;
-1

8.21)

1

1 1
If,,,,=f ['G,0,dz, m>1; Kf,,,,=J‘ ;Gf,,w,,dz, m>1;
—1

-1

1 1
L, :J G, dz, m>0; IP,, =f G, dz, m>1;
-1 -1

1
TPy = (GLY fw,dz, m>0;
-1

1 1
Jh = j fGhw, dz, m>0; KP,, = f (G%) fw,dz, m>0.
—1 -1

Some of the quantities in (8.21) are not required for m =0, since their
coefficient in (8.10)—(8.15) is zero. In some cases this is fortunate, since
some of the above integrals do not exist when m is taken to be zero. In terms
of the above integrals (8.21) we may express terms (8.10)—(8.15) as follows.

—_ ime iorl —iprl
Pmn—ne _w.u[ewlnwl,n_e Im—l.n]

_Kl

m-l.n)

+irlz[eiw(‘]l]vﬂ-l,n_K:n+l.n)_e~iw(‘]:nfl,n

+(m+ l)eiwlrer—l.n +(m—1)eer, ]
m ior3 _ iop3

+K[(m+ l)e Im+1,nv(m l)e Im~1.n

+eiw‘,rzn+l,n+e‘iw‘]$n—l.n] ; (8.22)
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an = '™ iwﬂ{eiwlfn+l.n t+e iwljn* l~"]
—nzleinrer-Ln+e_infn—l,n]
1 ;
+ E [(m + l)elw(IZnJrl.n —IPerl,n)
_(m_ l)e‘iw(IZn+l,n—IPm~l,n)
_einPm+l,n—e_inva1,n] 5 (823)

— pim . iogl —iogl
R,.,=ne" liwulel,,, | .+ e °I,_, ]

+ "Z[eiw(‘,plnﬂ.n - Krln+l,n) + eqw(JrlnAl.n _Krln—l,n)
+ (m + 1) eierer»l,n - (m - 1) e'iwlrzn—l,n]

im . ,
- w_g [(m+ l)ewlrsnn.n + (m— l)eﬂwlpsn—l.n
+e"“’J,2,,+l’,,—e""’J,2,,_l‘,,]E; (8.24)

 aim io 4 —ioyd
S = 1" L ule’ly, , i~ I, ]

+inZ[einrzn+l,n—e_intzn—l.n]

1 .
—w—C[(m+ l)elw(111+l.n—'IPm+l.n) (825)
+ (m - 1>)e_iw(Ir7n—l,n _IPm-l.n)

TP P
: 1
T,, = —2nme'™® g inZl,,, — —w—e—Kf,,,,g ; (8.26)

. 1
U,,=2ne™ \ioull,, + NZJ}, — EKP,,,,,( . (8.27)

Each of the integrals (8.21) may now be accurately evaluated using the
one-term formula (8.3), provided that 7 is not unduly close to S. We shall
assume this to be the case. We shall, however, require G,,, G,f,,, G:, dG,,/dz,
dG’ /dz and dG:,/dz in order to evaluate integrals (8.21). Let us now
describe the evaluation of these quantities.
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To this end, let us set

c;=Cos y—2
i=CS ANy 2 T
pj={(z—z’)2+p2+f2—2fpcj}‘/2,
o L2
7T ez T p
g do_S=pg
o P ’
dp; ,
yj""'lz—jzaj+f s
d 1—a;y
S =—oqa. = J4J
I dza p;
d S =By
f E_ﬂj_ ’
z p;
_ Gy
TN
— ik 2
6=—5>+ -,
e
G}k= eikopj
p;

The relations

R={(z—2) +p"+ /2= 2fp cos 6},

ikoR

e
G* = s
R
G, = ! ”G* os mb) do.
'"—47r2J0 cos My av,
G, 1 (~[ik, 1\ dR _,
dz _ an’ ), ( R RZ) g O cosmdb,

0 1 /i 1
G{n=—& j (—IEO———T) R'G* cos mf db,
0

of  4ant R R
_ 4G, ln(z‘ko

G = =——
™ oz an* J,

R R

1
_—— ——2) R*G* cos mf db,

561

(8.28)
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d 1

d . ik, 2\ _,dR [ ik,
&= 3( R +1?>R 3 (T—

ik, 1\*__dR

_0 __ - Rf______ *

+< R RZ) = G* cos mf db,

d 1 oo ik, 2 dR [ ik
G = 0 S YR 20
d m 4n2f0§( T +R3> dz +( R

. 2

+ ik, 1 R
(7=

cos mf =2 cos f cos (m — 1)@ — cos (m — 2)8
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dR

Zz

*
e G* cos mb db,

1
T p?

d

):4
daz

i
7l

dRz
R)dz

(8.29)

then show that given z, z’ and p, we can evaluate the six quantities referred
to in the title of his section, for m =0, 1,..., M + 1 by means of the following

algorithm.

Algorithm 8.1—Evaluation of G,,, G, G%,, G.,, (G,), (G%)
1. Evaluate each of the quantities (8.28) for j =1, 2,..., 2N + 2 as well

as f=/[(z) and f* = /"(2).

2. (G Gy G (G, (G, (G1)) < (0, 0,0,0, 0, 0).

je 1

dy<1

——dieg
d,+«2cd, | —
G,<G,+GH,

d

Jej+1]

7

J

Ji2N+2

—(<)

m-—29

m=2,3..M+1

G}« G} + w;;,G¥d,,

G:, G2, +w,a,Grd,,

G, < G, + w;y,Gfd,
(GLY « (GLY + [(6;+ @]) B;7; + we;] GFd,,
(G3) «(G3) + [(6; + w]) ;7 + w;6)] Gl*de

(=) (Gn, GLs Gy Gy (G5 (GL))

-
472N +2)

m=0,1,...M+1.

(G» Ghys G&yy Gy (G5 (GR))
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9. CONVERGENCE

The proof of the convergence of the approximation scheme presented in
Sections 6 to 8 is quite simple, using Theorem A.1 and the results of
Section 5.

Let us denote the right-hand side of (A.36) by 4J, and, for F € H(d, d"),
let us denote /,,, by P, (F), where l,,,(z, ¢) is defined in (5.5).

In view of Theorem A.1, and Section 5, we have

(a) ||PynAJ —AJ|,~ O for every J € H(d, d');
(b) HPMNJO_ﬁ”H_'O;
(©) sup [|[Pynll < 1+ |1 = Pyyll < co.

Hence according to [10, pp. 469—470] it follows that the approximation
F :fm! produced by the algorithm of Sections 6 to 8 converges to the
solution J of Eq. (7.2). Moreover, by taking N = M?, it follows that

1T ~ Zoawlle = O™ 9.1)

for some y > 0. Due to the quadratures and matrix solution involved in the
actual algorithm we actually compute a perturbed solution .7,,,; however,
due to the accuracy of the quadrature schemes described in Section 5, and
since the resulting Galerkin matrix is not ill-conditioned, we also have

| Ty — Faallr = 0™, N co. (9.2)
By combining (9.1) and (9.2), it thus follows that
IJ— Founllg =0 "™"), N- co. (9.3)

Finally, in computing the scattered field & = &%, , as described in Section 8,
we similarly have, by Theorem 5.2, that

IES — &yl = O™, (9.4)

where &,,, denotes the perturbed scattered field that we actually computed.

APPENDIX A: THE FuNcTIONS G,,, 0G,,/éf AND 0G,,/0z.

In this Appendix we study the functions G,, G, =0G,/¢f and
G, = 0G,,/0z which appear in Section 7 to 10. The results of this study will
enable us to deduce the following:

(i) Each component of the solution J of Eq. (7.2) is in H(d, d').

409/78/2-14



564 STENGER, HAGMANN, AND SCHWING
(i) fm>0,

Gz, 2') = O(f(2)["),
o) if m=0,

G = o s@m), mso, 8 FTELTEELD:
Gy, ') = O( fiz)™) (A1)
and
, 1 1
O ey ' =

N —f'@)a@)
e 2)~ G — 2
—a(z')?

an’f(z2')z - 2')

as z-z,z€e(-11)

Gul2,2') ~ (A.2)

Results (A.1) proved to be useful for choosing the basis functions, in order
to be able to obtain a convergent Galerkin method, while results (A.2)
enabled us to choose the proper numerical integration technique for
evaluating the singular integrals to get the coefficients P, @™, R™ and
S™" in Sections 7-8.

Throughout this Appendix, the following notation is used:

f=1@,  [r=r@)
v=A{E—2)+(+ /N
4f7* (A3)

pt

_ U=y

v

1 —x

(a) The functions G,
The functions G, (see Eqs. (7.16) and (7.17)) are defined given z,z’ on

1 ” eikoR
Gp=Gplz.2)= 7 j = cos(mé) do, (A.4)
0

where

R={(z =2V + f*+ /**—2ff* cos ). (A.5)
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In terms of (A.3), we therefore have

1/2
R=v l—xcosz—i ,

2

(A.6)

ikor! 1 —kcosi@iV?

1 2 e
Gn = WJO v{l —k cos’ §}"? cos(2m6) db.

Expansion of the exponential in (A.6) and termwise integration yields

L& (=) Rk
moant = (29)!

o | koK

G <m
v l2s+1

; (A.7)

where 2
J5 :j {1 —x cos’ 8}~ "> cos(2m8) db,
0

(A8)
n/2
K= | 11—k cos? 8 cos(2m®) d.
0

The relationship
{1 —x cos® 8}? cos(2m#)

={l —k cos?6}°!

X [ ( - ;) cos(2m@) — ; cos(2m + 2)0 — ’ZC cos(2m — 2)6] (A9)

shows that
In= (1 - ;) LRy PR s
(A.10)
K= (1-5) K =S -,
whereas, by (A.8),
Som=Tn K =K. A1)

Relationships (A.10) show that in order to evaluate G, using (A.7), we
need only know J9 and K%, for m=0, +1, +2,...; we can then get the
remaining J;, and K}, for s >0 using (A.10). To this end, integrating
termwise (A.8) and using the identity

/2 2
[ cosi" 6 cos(ams) db = ( ) +”m) o (A.12)
V]
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we get

_7! (2)m
2 27m

K’ =n/2 if m=0,
=0 if m+0.,

1
F(2+m,2+m;l+2m;l<),
(A.13)

In (A.13), F denotes the hypergeometric function. Thus we may compute
JY, for 0 < k¥ € 0.6 by means of the formula

o7 @ & (G m),)?
m= 2 2 = (1 +2m), n! (A1)

whereas, if 0.6 <k <1 (see [1, p. 559]) it is preferable to use the formula

o (2 +m)n]2

Z: [

X [u/(n+ 1)—w (%+m+n> —%ln(l —x)] (1—x)", (A.15)

where
w(1)=—y=—-0.5772156649,
w(3)=-—y—21In2=—-1.963510026, (A.16)
w(iz+1)=1/z + w(z).
Equation (A.15) shows that
Jo~ —Lln(l —k) as k- 1. (A.17)
Now, by (A.3)
o4t @=2) + (=S
v v

e =2y ,

4f*2 as z-—zZ

l—x=

(A.18)

so that, by combining (A.17) and (A.18), we get

2f* | ,
J‘,’,,~lnl:(1 T =7 ], z—> 2z, (A.19)
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Using induction on (A.10), it thus follows that
Ji,~0 as z-oz', s>0. (A.20)

In view of (A.7), (A.13), (A.19) and (A.20) it therefore follows that

1 2 1 2f* 1
G ~——e" In as z-2'
m 2 2 4ﬂ2 * [ 1+ %72\1/2 ! ] ’
I NS TN PRy A

which is the first of (A.2).
In view of (A.3), it follows that

k=0(f) as z- tl, (A.22)
for all z’ € [—1, 1]. Hence by (A.13) and (A.14),

Gn=0(f") as z-+l, forallze[-1,1]

(A.23)
(b) The functions G/, G,
Upon differentiating expressions (A.3) we get
*
af v
, v z—Z7
Vi=—= .
z v
(A.24)
GOk _ A SRS S)
o vt ’
, OK 8 * (z—2z2')
K=—=— .
oz v? v
We therefore note that
Wy —= %,
(A.25)
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By means of these solutions as well as (A.10), we get the identities

- [

8G

G =

A.26
— vk} (A.26)

Vv
X 3@+ Ds 1 3) ( K= ’;IK)H

and
z—2z (=1 v*k3*
G =
S &' S;) (2s)!
1 . — ivtky
i = K\,
X [(s 2)Jf" T T DEs 1 3) ’"]i
These series may be readily computed using the identities

- n(Z)m 1
I
=3 Stmy F(2+m 2+m 2m+1; x)

!

(A.27)

_T @k & GHm)G+m)
2 2"™"m! =, (2m+1),n!

- K" m (2+m)n(%+m)n n
~e(meg) £ 0

K", 0< k0.6,

(A.28)

m+nty  ntl
if 0.6<K<1

: [1n(1—x)+ 2y <%+m+n> —2y(n+l) + ! —L]

along with (A.10). These identities were obtained via a procedure similar to

that used to get (A.14) and (A.15).

Expressions (A.26) to (A.28) enable us to deduce various growth
properties of G/, and G%, as z >z’ and as z > +1.

By (A.28) and (A.3),

Km

l—«k
4f*2a*2
M=

Jt~
(A.29)
as z-z e(-11)

and

A =0(f") as z-zxl (A.30)
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Combining these results with the asymptotic identities

K f¥(z-12) )
T T z- 2,
~—}—, z-+1,

and
K 2(*(z —2') ,
T T 2
Loog) o,

we get

k1 k2

G~ ey
a: ! L z- 2,

"4 -z
Relation (A.10), (A.13), (A.26), (A.28) and (A.31) yield

GL = 0(1) if m=0

as z-— +l1,
=0(f"") if m>0

while relations (A.10), (A.13), (A.27), (A.28) and (A.32) yield

G:=0(f") as z- %l

(c) Analyticity of K
The above results show that

569

(A31)

(A.32)

(A.33)

(A.34)

(A.35)

(i) G, is bounded as a function of z on [—1, 1], except at z =z,

where it becomes unbounded according to (A.21);

(i) G,(z,2') is an analytic function of z € 2, except at z = z’, where

it has a singularity of the form (A.21).

In the following theorem H(d, d') is defined as in Section 5.

THEOREM A.l. Let K be the solution of Eq. (4.6), and let J be defined by

(7.1). Then each component of J is in H(d, d').
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Proof. Each component of the incident field J° (see Eq.(7.3)) is in
H(d, d’z, where d’ > 0 is arbitrary. In view of Eq. (7.2), we need only show
that if J, = (J,,, J,,,) denotes a pair of functions in H(d, d'), each of which is
bounded on each of the sets

Si={z,w):z€02,,|w| =1},
S, =1{(z, w): -1z, l/d’<|w|<d,}’

where d’ > 1 is arbitrary, then each of the components of

Jz = (Jzn sz)

- ,
=M [M—”J16+n——(ﬁxJ1)XVG
sl v v

L (lj,) VG] dS§ (A.36)
iwe v tan
is in H(d, d").
By our assumption on f in Section 3, the solution K = (K,,K,) of
Eq. (4.2) is bounded on .¥ = [—1, 1] X |0, 27]. Hence for z € |1, 1], each
component of J, has the form

F(z,e") = i a,(z)e™, (A37)

— 00

where a, /v € H(£2,); substituting this form of an expression into (A.36) for
J, and J, and noting that a,,/v = O(e~*"™) ¥z € [—1, 1] and for all &' > 0,
we deduce, by inspection of (7.27)(7.30) and (A.1) and (A.2) that |P™"|,
|Q™|, |R™| and |S™| are O(e~?"'™") for all @ > 0 and for all z’ € [~1, 1].
That is, F(z, w) € H(4,) as a function of w, for all z € |[—1, I].

Hence in order to complete the proof, we need only show that if 6,/v €
H($2,), then each of the right-hand sides of (7.27)-(7.30) is in H(£2,).

In view of the results of parts (a) and (b) of Appendix A, the coefficients
of 8,/v in the integrals (7.27)—(7.30) are of the following three types:

a(z, z'), a(z,z’) log|z — 2’|, a(z,z')/(z — z'),

where a(z, z’') is a bounded function in H(R,) X H(£2,). Hence, we need only
show that given g € H(£2,), each of the functions g,, g, and g, are analytic
in 2,, where
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1
8@)=[ az7) @) dz
-1

&)= ' a(z,2') log |z — 2'| g(z) dz; (A.38)

g,(z')=P.V. f M

-1

g(z) dz.

It is obvious that g, € H(R,).
Next if 2/ € 2,M {Im z’ > 0} then [11]

gH ) = J “(z’ z ) g(z) dz (A.39)
is analytic in this region, and indeed, by altering the path of integration in
(A.39) to the lower boundary of £2,, we see that g¥ is in fact analytic in 2,.
If we now return the path of integration to the interval (—1,1) and let
Im z’ - 0, we find that for z' € (=1, 1),

gi(z')=mia(z', z') g(z') + migy(z'); (A4)
this expression shows that since both g¥(z') and a(z’, z’) have an analytic

extension into £2,, so does g;. Hence g, is analytic in £2,.
Finally, writing g, in the form of a convergent sum

8:)=[ Y a)p)los)z— 2 dz, (A4D)

where the functions «, and §, are in H(£,), we need only show that g is
analytic in £2,, where

1
g¥z) = J a,(z)log|z — 2’| dz. (A.42)
—1
Upon differentiating this expression carefully, we see that

gx(z") =P.V.f %dz. (A.43)
-1

By our argument involving g, above, it follows that gf’ is analytic in 2,
i, gF and hence g, is analytic in £2,. This completes the proof of
Theorem A.1.

By assumption for the case of finite conductivity of the body B, the
function f is such that the surface S satisfies Liapunov conditions, in which
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case the surface current X is bounded on S. However, one notes that

in
lo

tegrals (7.27)—(7.30) converge so long as f]8,/v|=o0(1) as z > £ 1, i.e,, s0
ng as fK=o0(1) as z - +1. Thus our method gives answers even if S is

cone-shaped at one or both ends, although the Liapunov conditions are then
violated, and our results may have no physical significance.
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14.
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