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Quantitative Estimates for L, Approximation
with Positive Linear Operators

J. J. SWETITS

Department of Mathematical Sciences, Old Dominion University,
Norfolk, Virginia 23508, U.S.A.

AND

B. Woobp

Mathematics Department, University of Arizona,
Tucson, Arizona 85721, U.S.A.

Communicated by E. W. Cheney

Received December 17, 1981

Quantitative estimates for approximation with positive linear operators are
derived. The results are in the same vein as recent results of Berens and DeVore.
Two examples are provided.

1. INTRODUCTION

Berens and DeVore [1, 2] have recently obtained quantitative estimates for
L, approximation with positive linear operators. The results may be
formulated as follows: Let 7= [a, b] and let L, (/) (1< p < ) denote the
space of measurable real-valued pth power Lebesgue integrable functions f
on [ with || f]|,= (/3| f[")”*. For f € L,(I), define the second-order integral
modulus of smoothness as

szp(f; h)= Oiltlgh “f( +0)=-2C)+ /(- t)”l-p(lzl)’

where L,(I,,) indicates that the L, norm is taken over la+t,b—1t]. Let
e(t)=¢t for i=0,1,2. A linear map L from L, (I) into L,(I) is called a
contraction if ||L(f)|, <|fll, for all f€ L,(I). Let {L,} be a sequence of
positive linear operators from L,[a,b] into L,[c,d], a<c<d<b, and
define

Ap = ({2%"1 1L, (e:)— ei”L,,[c.d])l/z’
81
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and

'{np m ”Ln(ei) el”L,,[c,d])l

In [1] it is shown that if {L,} is a sequence of positive linear contractions
from L,[a, b} into L ,|a, b], then, for f € L [a, b],

1Za(F) = Sl piaor < CilAag 11, + @2 5 AD))s (1.1)

where C, > 0 is independent of f and n.
In [2] it is shown that if {L,} is a sequence of positive linear operators
from L,[a, b] into L,[c, d], then, for f € L,|a, b],

HLACF) = Flleyie.ar € ColAny CH VNSl + w0, (L A/ %)), (1.2)

where C, > 0 is independent of f and n. Estimate (1.2) is good for large p,
while (1.1) is effective for positive linear contractions with p close to 1. In
general, (1.1) and (1.2) cannot be improved, and (1.1) is not valid for
contraction operators that map L ,[a, b] into L,[c,d}, a <c<d <b.

Many well-known sequences of positive linear operators have a rate of
convergence that is better than that predicted by (1.1) and (1.2) (see, e.g.,
[1, 7, 10]). These sequences satisfy the estimate

”Ln(.f) f”L,,[c d]l =% M [I np “f”p + wz.p(.f Inp)] ’ (1'3)

where M, > 0 is independent of f and n.

The estimate (1.3) is the L, analog of Freud’s optimal estimate [4] for
approximation in the space Cla, b].

The purpose of this paper is to investigate conditions under which (1.3)
can be attained. Specifically, let

= (max{”Ln(eO) - eo"Lp[c,d] ’
1Lt = 205 XNz e.as 1L allE — )% NG D)2,

where {L,} is a sequence of positive linear operators from L,[a,b] into
L,[c, d]. We prove

THEOREM 1. Let {L,} be uniformly bounded sequence of positive linear
operators from L,|a, b} into L ,[c,d], 1< p < 0, a<c <d< b, and assume
Hnp— 0 (n— ). Then for f € L,la, b] and n sufficiently large,

”Ln(.f) f“Lp[c d] p(/‘np ”f”p + wz p(f #np)) (1‘4)
where C, > 0 is independent of f and n.
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Estimate (1.4) is never worse than (1.2). If w2 =
max{[| L ,(€o) = €|l c.ars | Lal(t = X), X)l|z1c.ar}> then estimate (1.4) is better
than (1.1) (for p > 1) or (1.2), and it is equivalent to (1.3). This is the case
for the convolution operators of [10, Remarks, p. 362 and Lemma 1, p. 356].

The second result requires some additional information about the approx-
imation properties of {L,}. Here we deal with sequences {L,} such that

k=L, ((t — x)?, x)”Lw[c.d] (1.5)

exists for each n and
tnp = (max{||L,(e;) — eO“L,,[c.d] s | La((2 — %), x)“L,,(c,d] 7 ) R

THEOREM 2. Let {L,} be a uniformly bounded sequence of positive
linear operators from L,|a,b] into L,[c, d] such that t,,— 0 (n— ).

(i) Ifp>1andf€L,a,b), then

”Ln(f) _f”Lp[c.d] < Mp[t:p ”f”p + wZ,p(j; tnp)]’
where M, > 0 is independent of f and n.
(ii) If there exists a > 3 such that
”Ln('t - xla’ x)“Lw[c,d] = 0(/1?/2) (n - (D),

then, for f € L,|a, b],

1/ = LU e e.ar S Maltas 11y + @02,0(F 1))
where M, > 0 is independent of f and n.

The estimates of Theorem 2 are equivalent to (1.3) and are better than the
Berens—DeVore estimates when

tn=O(IL (¢ = X, Oy pe,r) (> ). (1.6)

This is the case for the Bernstein—Kantorovic operators of [1,3,7]
However, even if (1.6) is not satisfied, the following example shows that the
estimates of Theorem 2 can be sharp in cases where those of Theorem 1 are
not;

Fix a>0, pB>0, and, for =n sufficiently large, define
L,:L,[0,1}-L,[0,1] by

L,(f(), x)=f(x) |x—31>n7%

%—J'"_af(wx)dt, |[x—3 <n 2
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Then L,(e(t), x)=eq(x), i=0,1, and L, is not a contraction mapping.
Additionally, we have

L"((t——x)z,x)=0, |x—%|>n"},
=n%/3, |x—3|<n7b
and
sup L, ((t—x)*,x)=n"**/5.
0<xg1
Theorem 1 yields
L) = Sl 0.1 < Cplllf |, n' 20 B0 @RIGRED)

+ w, (f; n(—Za—(B/p))(p/(2p+l)))),
N

while Theorem 2 yields

1Ll = flle 0.1 < CollFlln ™2 + @, ,(f, n7%)).

The latter estimate is better than the former if « > f, since
n=% =o(n'"2e-BPP/2+D) (3 5 0) in this case.

Assuming o > f, then straightforward calculations establish the existence
of constant k, > 0 independent of n such that

L= 8200 = G = B, o 3 ko0,
where .

(t_%)+=03 0
=t —

~ N

(ST

N
NN

-

9

Since w, ,((t—3),,0)=0("*""?) (6 07), this shows that the estimate of
Theorem 2 is sharp.

2. PROOFS OF THE THEOREMS

Let L{”(I) be the space of those functions f € L,(I) with f' absolutely
continuous and f” € L,(I).
The keys to the proofs of Theorems 1 and 2 are the following lemmas:

LEMMA 1. Assume the hypotheses of Theorem 1 are satisfied. For all n
sufficiently large and for f € L{?[a, b],

1ZalF) = Fll ear < CHULL Nl + 17 1) 7y
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Proof. Let f€L{[a,b] and assume f has been extended outside of

[a, b] so that f"(x) =0 if x & [a, b].
For ¢ € [a, b] and x € [c, d], we have

SO~ 10 =)t = x) + [ (= w) /() du
Thus
L Q(f(0) = SO XM e,y NS e e DLt — 2%, XM e

+ |IL, (K (t—u)f"(u) du, x)

L,lc.d)

Fix 6 > 0. If |t — x| < J, then

) f (t—u) f"(u)du | <8 j: 1" (x + )| di.

If |¢ — x| > 6, then, using Holder’s inequality,

_ " (t=x)*
Lt=xPV7 | f ||p<"—gr7;’—||f'“p-

}L" (ﬂ (t—u)f ) dw x) L[c,dl

< “5L,,(e0, x) j ’ |7 (¢ + )| du
0

[ (=" du

Thus

L,fc.d)

+ (1" /8 I NL (= %)% XN e

L

The first term is dominated by

(Loeosx) =) [ 1"+ )] d

Lp[c.dl

]
<E NS, IL (o)) = oltean + 6 [ 1/ 7x + )

d

ple.d]

#8 |1 vte+ wa

< ”f””p(az_l/p L .(eq) — eO“Lp[c.d] + 52)’
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where the latter inequalities follow from Holder’s inequality, the generalized

Minkowski inequality [9, p. 592], and the fact that f"(x) =0 if x € [a, b].
Therefore

L, (x(f—“)f "() d“’x) e

< ”f” ”p(&Z—l/p "Ln(eo) - eO”L‘,[c.dl

1
+6*+ 517 ”Ln((t - x)z’ x)“Lpl"'d]).

Since ||L,((t — x)?, x)||Lp[c a0 (n— 00), we can choose, for n sufficiently
large,
= L — )% 0224

to obtain

L e
c

Jle.d]

!
L, ( (¢t —u) f"(u) du, x)
where
q,p = max{[| L () — €ollL e, 1 La((t — x)%, x)llif,{fﬁf ).

Thus, we have
IL.(f) —f”L,,[c,d] KIS Nz tenar 1L nk€0) = €olli e,
+1.f’ ”Lw[c.d] Il L((£—x), x)”L,,[c.d] + 301" leGnp-

Using [5, Theorem 3.1], we obtain
”Ln(.f) f"Lp[c d) = CI(”f”p+ “f"“p)#np
This completes the proof of Lemma 1.

LEMMA 2. Assume the hypotheses of Theorem 2 are satisfied. Then, for
S € LP]a, b] and n sufficiently large,

"Ln(f) f”Lp[c d] = (”f”p + ”f"”p) tnp’

where M, > O is independent of f and n.

Proof. (i) Assume p> 1 and f € L{?[a, b]. Proceeding as in the proof
of Lemma 1, we have

| L, (f(2) — f(x), x)”l_,(c.d] SN Mz greoan | L (¢t — x), x)“Lplc,d]
L, ( t (t—w)f"(u)du, x)

Ljc.d]
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The last term is dominated by u,|6(f",x)|,, where 6(f",x) is the
Hardy-Littlewood majorant of f” at x. As is well known,

16C,™, M, < K, 1171155

where K, > 0 depends only on p.
Thus,

IL.(f) "'f”Lp[c,d] SISz e |1 L nleo) = €ollL e.a)
I e tesan 1 LalCE = X0 X e,y + Kt 1S,

The rest of the proof follows as in Lemma 1.

(ii) Assume p=1 and f€LP[a,b). Assume f has been extended
outside of [a, b] so that f"(x)=0 if x & [a, b]. Then, for x € [¢,d] and
6>0,

L, (j' (t — u) f"(u) du,x)

[(b—a)/d] J+1)é
< oy g (e=xf e widu)
0

j=0
JoKIt—x1<(j+ D)8

]
< (317704 w0 d ) Lofer )
0
[(b—a)/8] 1

X G

(j+ 138
[7 e+ wldu- Ly —x1° ).
0

Therefore,

L, ([ 6~ wf) du)

X

Lile.d]

OIS NNIL (oo ~ €Ml ge.an + 0% ISl

S (J+ 1)
+ || L, (t—x|% x f — a1
LAt — %1% Xe e, 172 j; T
where the infinite series converges since « > 3, and where we have used the
fact that f”(x) = 0 if x & [a, b]. Choose & = u)/? to obtain

L, (J5 €~ wr ) dux)

Lfc.d] <SMNf11gn”

where M > 0 is an absolute constant and

9 = max{”Ln(eO) - eOIILl[""”"u"}.



88 SWETITS AND WOOD

The rest of the proof follows as in part (i). This completes the proof of
Lemma 2.

For f€ L,[a,b], 1 < p < o0, and ¢ > 0, define

K, ()= inf Al f—gl,+lgl,+g"I)} 2.1)
geL®lab}
and
A= inf {If—gl,+¢llg"l,} (2.2)
geL;}‘ a,b]

These are the K-functionals of Peetre [8]. It is known [6] that there are
constants s;, i =1, 2, 3, 4, independent of f and p, such that if £ € L,|a, b],
then

sl w2,p .f; t) < KZ,p(f; t2) < min(l’ t2) “pr + S2 wZ.p(./; t) (23)

and

Sy0,,(f ) <K ) (fs 1) < 540, (/3 1), (24)

Proof of Theorem 1. Let f € L,|a,b] and g € L\?[a, b]. Since {L,} is a
uniformly bounded sequence of positive linear operators from L ,[a, b] into
L,[c, d], we have, by Lemma 1,

ILAC) = Flyear < X+ RIS = &ll, + Craun,(l gl + 11 871,)

for all n sufficiently large, where R, > 0 is a uniform bound for {L,}. Take
the infimum over all g € L?[a, b] and use (2.1) and (2.3) to obtain (1.4).

Proof of Theorem 2. The proof is the same as the proof of Theorem 1,
except that Lemma 2 is used.
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