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1. INTRODUCTION

Let C[a, b] be the space of continuous functions on [a, ] endowed
with the uniform norm | f,, =sup{|f(x)|:x€ [a, b]}. Let K be the set of
convex functions defined on [a, b]. A function g* € K is said to be a best
uniform convex approximation to fe C[a, b] if

1f— g*ll. =inf{]|f— gl .: g€ K}. (L1)

The existence of a best uniform convex approximation to a bounded
function was demonstrated in [3], where an algorithm for the computation
of a best approximation by means of linear programming was also pre-
sented. The characterization of alternant-type is a special case of a result
announced in [1] and proved in [8]. In this paper, the term “best
approximation” means best uniform convex approximation unless stated
otherwise. We establish a duality theorem that expresses the error of the
best approximation in terms of the supremum of a linear functional of f
and use this duality to investigate the properties of best approximations.
We use this duality result to obtain bounds for the error of best
approximation, to give an alternative proof to the characterization of the
best approximation, and to characterize the set of linear negative alter-
nants. We also define a “functional interval” (similar to that defined in [4]
for monotone approximation) which we show is a necessary condition for
best convex approximation.

A similar duality approach has been used in [4, 7] to investigate best
monotone approximation and best quasiconvex approximation, respec-
tively.
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UNIFORM CONVEX APPROXIMATION 315
2. DuALITY

Define
S={(x,y3;4):x,yela, b],0<i1}. (2.1)
S is a compact set in R>. For fe C[a, b], define the function F on S by
Flx,p, A)=(—1/2)[M(x) - fAx+ (1 =) )+ (1 =) f(»)] (22)
Let

0=0(f)=sup{F(x,y,4):(x,y; A)e S} (2.3)

¢ is a measure of the convexity of the function f. We see in Lemma 1 that
6 =0 is equivalent to f being convex. Let

A={(x,y;\)eS:F(x, y, \y=46}. (2.4)

Since f is continuous on [a, b], F is continuous on S. Thus, F assumes its
maximum on S, and therefore 4 is nonempty. For fe C[a, b], define the
greatest convex minorant or lower convex envelope of f by

env f(t)=sup{g(¢):ge Kandf > gon [a, b]}, tela, b], (2.5)

where f = g on [a, b] means that f(s) > g(s) for all se [q, b]. We remark
that env f is the largest continuous convex function that does not exceed f
at any point in [a, b] (see [2]).

LEMMA 1. Let feCla, b]. Then, 6=0 if and only if f is convex.

Proof. If f is convex, then for all (x, y;A)e S, F(x, y, 4)<0. Hence,
0 =0. Conversely, if f is not convex, then there exists (x, y; A)e S with
x# y and 0 < 4 <1 such that F(x, y, A)>0. Thus, 6 >0.

LemMMmA 2. Let feCla, b]— K. If (x,y;AYe A, then x# y and 0 < A < L.

Proof. Assume to the contrary that one of the following statements
is true: x=y, A=0, or A=1. Thus F(x,y, 4)=0. Since (x, y;4i)e4,
0= F(x, y, 4)=0. By Lemma 1, fis convex. This contradicts the hypothesis.

The following lemma was basically proved in [3]:

LEMMA 3. Let feCla, b]. Then, f(a)=env f(a) and f(b) =env f(b).

Now we can establish a duality theorem showing that 6(f) is the error
of best approximation.

409/160/2-2



316 WEINSTEIN AND XU
THEOREM 1 (Duality). Let feCla, b]. Then,
inf{ ]/~ gll..: g€ K} =8(/). (26)
Proof. For any (x,y;A)eS and all ge K,
ig(x)—glAx+(1-24)y)+(1— 1) g(y) 20,
and thus
F(x,y, )< F(x, y, A) + (1/2)[ Ag(x) — g(Ax + (1 = 4) y)
+(1-egI<if—8le-

Consequently, 6(f) <inf{||f— gl .: g€ K}.
To complete this proof, let

g(t)=env f(£)+o(f), forall te[a b]. 2.7)

Since envf<f, on [a,b], we have g(1)< f(1)+d(f), for all te[a,b].
Assume that there exists an x, € (a, ») such that

S(x0) = 6(f) > &(xo) =env f(x,) + 6(f). (2.8)

By virtue of the continuity of f—env f, there exists some open interval
I<[a, b] such that

f(t)—env f(1)>26(f), forall tel

Lemma 3 then implies that there exist x,, x, € [a, ] with /< (x,, x,) such
that

fx)y=envf(xy),  flxy)=envf(x,),
and

f(t)y—env f(2)>0 forall re(x,,x;).

By a similar reasoning as in [3], we can show that envf is linear on
(x;, x,). Therefore, for some Ay€ (0, 1), xo=4ox; + (1 — 44} x, and

env f(Aox; + (1= 2g) x3) =20 f(x1) + (1 — 4) f(x3).
It follows that
S(Aox; + (1= 140) x5) —env f(Agx; + (1 — 4o) X,)
= Ao S(x1)+ fAoxy + (1 = Ag) x3) — (1 — A0) f(x>)
> 256(f).
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This last inequality contradicts the definition of 8(f). This contradiction
implies that (2.8) cannot hold. Thus

g0 =f(t)—8(f), forall re[a b)
Hence,

f)=o(f)<gy<ft)+o(f), forall te[a b]
Since € K, we have established Eq. (2.6).

COROLLARY 1. Let feCla, b]. Then, g=env f+06(f) is a best convex
approximation to f

THEOREM 2. Ler p(f)=inf{lf—g|..:geK}.
(i) Let feC'[a, b]. Then,
p()<[(b—a)8lsuplf'(x) = f'(»):asx<y<b).  (29)
(i) Let fe C?[a,b]. Then,
p(f)<T(b—ay/16]sup{[—f"(x)], :x€[a b]}, (2.10)

where

_ {0 if ax<0
[a]+—{a if a>0.

Proof. (i) Note that for (x, y; 2)€ S,
F(x,y, A) = (12){ALf(Ax + (1 =) y) = f(x)]
+ (1= fUx+ (1= )= f(»)]}
Since f e C'[a, b],
F(x, p, A)=(1/2) A1 = )y = x)[f'(1;) = f'(£2)],
for some 1, € [x, ix+ (1—A)y] and t,& [ix+ (1 —A) y, y]. Therefore,
(f)<[(b—a)8]sup{f'(x)—f(y):a<x<y<b}
(i) IffeC[a,b] and (x, y; A)€ S, for some 1€ [x, y],

Flx, y, )= (=1/2) M1 = A)(y = x)* [x, Ax + (1 = 1) y, 1 f
(—1/4) A1 = )y —x)*f"(1),

i
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where [t,, t,, £;] f denotes the second divided difference of f at ¢, t,, t5.
Hence, inequality (2.10) follows.

As another application of Theorem 1, we provide an alternative proof
of the characterization of best convex approximation to a continuous
function, which was announced in [1] and proved in [8].

CHARACTERIZATION THEOREM. Let feCla,b]—K g*eK is a best
convex approximation to f if and only if there exist x<y in [a,b] and
A€ (0, 1) such that g* is linear on [x, y] and satisfies

Sx)=g*x)=fy)—g* (V) =—1/- &%«

and
JAx+(1=24)y)—g*(Ax+(1-=2)y)=If~8g*] -

Proof. (Necessity) By the hypothesis and Theorem 1, | f— g*| ., =
0(f). In view of the continuity of f, 4 is nonempty. Assume (x, y; A)e 4.
Then by Lemma2, x<y and 0<Ai<1 Since g*e K, the following
inequality holds:

G(x,y, )= (1/2)[Ag*(x) — g*(Ax+ (1 - A) y) + (1 - A) g*(y) ] = 0.

If G(x, y, 2)>0, then
O(f)=F(x, y, )
<F(x,y, A)+G(x, y, 4)
SN —g*lec+ 1 f—g*ll+ A =A) [ f—g*]
=f—8*w-

This contradicts Theorem 1. Thus G(x, y, 1)=0. It follows from this
equation and the convexity of g* that g* is linear on [x, y]. Therefore,

of)=F(x,y, )+ G(x, y, A)
=(1/2){ALg*(x) = f(x)] + [f(Ax+ (1 = A) y) — g*(Ax+ (1= 1) y)]
+(1=DLeg*(») -]}
However, from Theorem 1, we have

—8(f)<f(t)—g*(1)<(f), forall te[a,b].
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If g*(x)— f(x) < d(f), then

(1 =42y o(f) < (12{Lf (Ax+ (1= 1) y)
—g*Ux+ (1= )]+ =)g*(»)—f(»1}
SA=42)1f - g*l.

and thus 6(f)<|f— g*|., which is a contradiction. This contradic-
tion implies that g*(x)— f(x)=46(f). Similarly, we can show that
JOx+(1=4)y)—g*(Ax+(1-2) y)=0(f) and g*(y)—f((y)=0(/)
These three equations and Theorem 1 establish the necessity of the charac-
terization.

(Sufficiency) From the assumptions we have

o(f) = F(x, y, )
== g*ll+ (1/2)[—4g*(x)
+g*(Ax+(1-4)y)—(1-24)g*(y)]
=1/ —&*«.

where the last equality holds because of the linearity of g* on [x, y].
Hence, by Theorem 1, g* is a best convex approximation to fon [a, b].

3. SOME PROPERTIES OF BEST CONVEX APPROXIMATIONS

In this section, we characterize the set of linear negative alternants of
f— g*, where g* is a best convex approximation to /'€ C[a, ] and identify
two functions which are respectively a lower bound and an upper bound
of any best approximation to f.

For a real-valued function 4 defined on [a,b], a<x, <x,<x;<b is
said to be a negative alternant of h, if —h(x,)=h(x,)= —h(x;)=||h] ..
For fe Cla, b] — K and g e K, define the set of linear negative alternants of
f—gby

A(f —g)={(x,y; A)e S:gislinear on [x, y] and

x <Ax+ (1 — A1)y < yisanegative alternant of f/ — g}.

The following theorem characterizes the set of linear negative alternants of
f— g*, where g* is a best convex approximation to f.
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THEOREM 3. Let feCla, b]— K and let g* be a best convex approxima-
tion to fon [a, b]. Then,

A(f—g*)=4.

Proof. Let (x,y;A)ed. By a similar reasoning as in the proof
of the characterization of best convex approximation, we find
(x,y;A)e A(f — g*). This gives A< A(f— g*). Conversely, assume
(x,y; )€ A(f — g*). Then, g* is linear on [x, y] and satisfies

Jx)—g*(x)=f(y)—g*(¥)= =/~ g*lo = —0(/),
and

fOx+(1-2)y)—g*Ux+ (1= p)=f— g*[l = 6(f).

Hence,
)= F(x,y, )
=(12){ —ALg*(x) = 0() ]+ [g*(Ax+ (1 - 1) y) - (/)]
—(1=Dg*(») =)} =6(f).

This implies that F(x, y, A)=4(f), and thus (x, y;A)e 4. Accordingly,
A(f—g*)=4.

COROLLARY 2. Let feCla,b]—K and let g* be a best convex
approximation to f on [a, b]. Then, for all (x,y;\)ed with x<y, g* is
linear on [x, y] and

grux+(1—p) y)=pf(x)+ (1 =p) f(y)+6(f), wnel0,1].

Proof. For (x, y; A)e 4, by Theorem 3, (x, y; )€ A(f — g*). Hence, g*

is linear on [x,y], and g*(x)=f(x)+0(f) and g*(y)=f(y)+ (/).
Therefore, by linear interpolation, for all ue [0, 1],

g¥(ux+(1—p)y)
=g*x)[ux+(1—p)y—y1/(x—y)
+8*(Mux+ (L —p)y—x1/(y—x)
=f(x) p+ f()(A —p)+6(f)

Now we identify two functions which bound any best approximation.
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For (x,y;A)e 4, denote the linear interpolant to (x, f(x)+d(f)) and
(1 f(y)+6(f)) on [a, b] by

ILx, y () = f)1 = P (x = )+ f(¥)t=x)(y—x)+0(f), telah]
Let

L={I[x,y]:(x,y: A)ed}, (3.0
and
G={envf—3(f)}UL. (32)
Define
g(t)=sup{g(t):geG}, re[a,b] (3.3)

It is easy to verify that g is a convex function on [4, 5] and if fis convex
then g= f The next theorem shows that this convex function is a lower
bound of the best approximations to f.

THEOREM 4. Let feCla, b]. If g*€ K is a best convex approximation
to f, then,

gty < g* (1) < glo), Jorall tela, b], (}4j
where g was defined in (2.7).

Proof. In [3], it has been proved that g*(¢) <env f(¢)+ | f — g*| ... By
replacing || f— g*||, by 6(f), we obtain the upper bound. To show the
lower bound, assume to the contrary that there exists some z € [a, 5] such
that g(z) > g*(z). Define

P={J){[xyl:(x,y;A)e4}. (3.5)
By the definition of g,
g(1)=g*(1), forall reP.
Hence z is not in P. If g(z) =env f(z) — 8(f), then
F(2)=8(f) = env f(z) = (1) > g*(z),

which contradicts the hypothesis that g* is a best convex approximation
to /. Therelore, there exists (x, y; A)e 4, such that /[x, y]J(z) > g*(z). This
contradicts the convexity of g*. It follows that g(t)< g*(1), for all
tela, b].
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As shown in Corollary 1, g is a best convex approximation to /. Hence
it is the greatest best convex approximation to /. However, g may not be
a best convex approximation to f. )

It is shown in [4, 6] that if f/ is continuous but not nondecreasing on
[a. b], then there exists a best monotone approximation to f that is in C*.
However, an analogous statement is not true for best convex approxima-
tion. To see this, let us consider the following example: Assume

( —6x+1 0<x<1/8
d4x—1/4 1/8 <x<1/4
3x4+32  lA<x<l1p2

f(x)=< Ix—3/2 12 <x<3/4
_4x+15/4  3j4<x<7/8
\ 6x —5 T8 <x<1.

Then f is continuous but is not convex on [0, 1]. §(f)= < and
4=1{(1/8,1/2;1/2), (1/2,7/8; 1/2) }.

Hence, every best convex approximation has a knot at x =%, and thus is
not differentiable at 1.
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