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A Comparative Performance Analysis of the Novel TurboAux 
Engine with a Turbojet Engine, and a Low-Bypass Ratio  
Turbofan Engine with an Afterburner 
Kaleab Fetahi *, Sharanabasaweshwara A. Asundi and Arthur C. Taylor 

Department of Mechanical & Aerospace Engineering, Old Dominion University, Norfolk, VA 23508, USA 
* Correspondence: kfeta001@odu.edu; Tel.: +1-703-622-3967 

Abstract: Presented herein is a comparative performance analysis of a novel turbofan engine with 
an auxiliary combustion chamber, nicknamed the TurboAux engine, against a turbojet engine, and 
a low bypass ratio turbofan engine with an afterburner is presented. The TurboAux engine is an 
adaption of the low-bypass ratio turbofan engine, but with secondary combustion in an auxiliary 
bypass annular combustion chamber for thrust augmentation. The TurboAux engine is envisioned 
with the desire to facilitate clean secondary burning of fuel at temperatures higher than in the main 
combustion chamber with air exiting the low-pressure compressor. The comparative study starts by 
analyzing the turbojet engine and its performance with and without an afterburner segment at-
tached. In parallel, the conventional turbofan and its mixing counterpart are analyzed, also with 
and without an afterburner segment. A simple optimization analysis of a conventional turbofan is 
performed to identify optimal ‘fan’ pressure ratios for a series of low-bypass ratios (0.1 to 1.5). The 
optimal fan pressure ratios and their corresponding bypass ratios are adapted to demonstrate the 
comparative performance of the varying configurations of the TurboAux engine. The formulation 
and results are an attempt to make a case for charter aircrafts and efficient close-air-support air-
crafts. The results yielded increased performance in thrust augmentation, but at the cost of a spike 
in fuel consumption. This trade-off requires more in-depth investigation to further ascertain the 
TurboAux’s utility. 

Keywords: turbojet; turbofan; afterburner; optimization; auxiliary combustion 
 

1. Introduction 
The implementation of an afterburner, while significantly increasing thrust produc-

tion, comes at a high cost in fuel consumption [1]. The process of afterburning itself is 
inefficient in comparison to combustion occurring in the main combustion chamber as the 
reactants of the combustion process in the afterburner are gases drastically depleted of 
oxygen from the main combustion process or more commonly referred to as a reheat cycle 
[1]. A novel approach to mitigate these issues experienced by afterburning engines is pro-
posed by Asundi and Ali [2]. The authors conceived the idea of having a secondary burner 
in the bypass stream of a turbofan engine to utilize oxygen-rich air for a more efficient 
combustion process [2]. The study presented in this paper is focused on the performance 
comparison of the novel TurboAux engine with that of a turbojet engine and a turbofan 
engine both with afterburner segments, and in doing so, evaluates parameters which fa-
cilitate identification of its potential utility as a novel engine. The analysis is conducted 
under the assumption that the engines are operated isentropically. It takes into consider-
ation the mixing of the two exhaust streams and the incorporation of realistic component 
efficiencies for the compressors and the turbines, and accounts for small frictional losses 
during combustion and mixing of the core and auxiliary streams. An optimization 
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analysis is also performed to advance the TurboAux engine concept into an engineering 
design, so it may further highlight key expansions in the research to further understand 
the TurboAux. Incorporating this auxiliary combustion chamber in the bypass stream al-
lows for much higher combustion temperatures (~2500 K) than the core stream of the en-
gine would allow. The reason being that the hot gases exiting the auxiliary combustion 
chamber will not interact with the turbine blades, averting deformation and damage that 
could prove to be potentially catastrophic. With current material science technology, tur-
bine blades cannot withstand temperatures greater than ~1950 K [3,4]. However, it is im-
portant to mention that advancements in ceramic composite materials for use in turbine 
blades could allow for much higher temperatures exiting the main combustion chamber 
[5]. The premise for the comparative study is to identify parameters, which would facili-
tate a niche utility for the TurboAux engine. The analysis of these engines is performed 
with the use of a computer program, MATLAB, to accurately model the thermodynamics 
under realistic parameters and component efficiencies. The analysis is conducted on a per-
unit-mass-flow basis meaning that some of the parameters, aside from stagnation temper-
ature, pressure, and other such flow properties, are calculated as specific quantities (for 
example the specific work required to run the compressors and the specific thrust output 
of the engine). The per-unit-mass-flow analysis allows the results to be compared for en-
gines of similar configuration. 

2. Optimization Analysis 
In this chapter, the results and the findings of the optimization analysis are presented. 

To avoid confusion, we have elected to refer to turbofan engines that exhaust their two 
streams separately as a “conventional” turbofan, in reference to commercial turbofan en-
gines, and turbofan engines that incorporate mixing of the two streams into one prior to 
exiting the exhaust as a “low-bypass” or “military-style” turbofan. Furthermore, the per-
formance of a low-bypass turbofan, was analyzed to find an optimum engine configura-
tion that would be used to model the TurboAux engine. When optimizing turbojet and 
turbofan engines, the turbojet has two thermodynamic properties that can be varied to 
study its changes in performance: overall pressure ratio (OPR) and turbine inlet tempera-
ture (TINT), while the turbofan engine has four thermodynamic properties which can be 
manipulated to study engine performance: OPR, TINT, bypass ratio (BPR), and fan pres-
sure ratio (FPR) [1]. When studying these engines, OPR and TINT were fixed for both the 
turbojet and turbofan engines while FPR, for both engines, and BPR, for the turbofan only, 
were varied to see their effects on various performance parameters. To clarify, the turbojet 
does not operate with a bypass stream, hence its exclusion from consideration in its effects 
on the turbojet. The full mathematical formulation will be presented in the chapters to 
follow. 

2.1. Low-Bypass Turbofan as a Baseline for the TurboAux Engine 
Prior to conducting the optimization analysis of a low-bypass turbofan engine, the 

differences in performance between a turbojet engine and a conventional turbofan engine 
were investigated. All engine comparisons were conducted under the design points which 
are shown in Table 1. An altitude of 5 km was selected and the corresponding ambient 
conditions were adopted from International Standard Atmosphere (ISA) standards. Most 
close-air-support aircraft fly near this altitude thus the reasoning behind its selection. Fu-
ture analysis will be conducted at higher altitudes ~10 km to compare to higher perfor-
mance military aircraft. Table 1 below presents the design points for all the engines in this 
parametric analysis. 

Table 1. Design Points. 

Flight Conditions Ma = 0.84 Pa = 54.05 kPa Ta = 255.7 K 
Air Properties Cp0air = 1004.5 J/kg·K γair = 1.4 Rair = 287 J/kg·K 
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Gas Properties Cp0gas = 1148 J/kg·K γgas = 1.3333 Rgas = 287 J/kg·K 
Other Parameters TINT = T04 = 1922 K Taux = T08 = 2516 K πc = 50 

Isentropic Efficiencies ηd = 0.93 ηc = 0.87 ηb = 0.98 
 ηm = 0.99 ηt = 0.90 ηn = 0.95 

Fuel Properties Hrpf = −8,561,991.6 kJ/kmol Mfuel = 197.7 kmol/kg HV = 43308000 J/kg 

 Moles of Carbon (MC) = 14.4 Moles of Hydrogen (MH) = 
24.9 

Moles of Oxygen (MO) = 0 

Other Properties HrpCO2 = 282,800 kJ/kmol Mair = 28.97 kmol/kg ΔP0b = 0.04 

Fixing fuel properties and flight conditions, as well as component efficiencies 
adopted from Gas Turbine Theory [1] for both engines, the effect of a varying FPR (while 
fixing the bypass ratio for the turbofan at 1.5) on Fs and TSFC was studied. The results 
indicated the turbojet engine produced significantly higher Fs than the conventional tur-
bofan engine, while the turbofan engine exhibited lower TSFC than that of the turbojet 
engine. The FPR values were varied from 1.3 to 7 and the turbojet and turbofan showed 
contrasting trends for Fs. As FPR increased, Fs values for the turbojet decreased, but for 
the turbofan, the Fs values increased across this same range. In both engines, however, 
TSFC decreased as FPR increased. These trends are illustrated in Figure 1. 

  
(a) (b) 

Figure 1. Plots of performance vs. FPR for [6] (a) turbojet and (b) turbofan. 

In subsequent analyses of the turbofan, as BPR decreased from 1.5 to 0.1, both Fs and 
TSFC increased, and the turbofan exhibited increasingly similar trends to that of the tur-
bojet. This served as evidence as to why low-bypass turbofans are used in military aircraft 
applications as they perform comparatively while still improving on some of the issues 
faced by turbojet engines such as high fuel consumption in comparison to their turbofan 
counterparts. The next step in this analysis was to investigate the differences between two 
similar turbofans: the conventional turbofan and the military-style turbofan. To reiterate, 
both configurations were studied with the same design points, component efficiencies, 
ambient conditions, and fuel characteristics. For every BPR investigated, ranging from 0.1 
to 1.5, the military-style turbofan outperformed the conventional turbofan with respect to 
both Fs and TSFC as well as propulsive, thermal, and overall efficiencies. This increase in 
performance with respect to Fs and TSFC is due to the fundamental thrust gain that occurs 
when the hot and cold streams mix to produce a stream of intermediate temperature. Ta-
bles 2–4 show some of the comparisons in their performance. 
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Table 2. Performance with Bypass Ratio Fixed at 0.1. 

Engine 
Fs 

(N·s/kg) 
TSFC 

(kg/N·hr) 
Propulsive  
Efficiency 

Thermal 
Efficiency 

Overall 
Efficiency 

Conventional 
Turbofan 771.869 0.121204 60.54% 30.50% 18.47% 

Military-style 
Turbofan 800.846 0.116818 62.47% 30.67% 19.16% 

Table 3. Performance with Bypass Ratio Fixed at 0.5. 

Engine Fs 
(N·s/kg) 

TSFC 
(kg/N·hr) 

Propulsive  
Efficiency 

Thermal 
Efficiency 

Overall 
Efficiency 

Conventional 
Turbofan 

616.897 0.109334 67.38% 30.38% 20.47% 

Military-style 
Turbofan 

658.395 0.102443 71.16% 30.70% 21.85% 

Table 4. Performance with Bypass Ratio Fixed at 1.5. 

Engine Fs 
(N·s/kg) 

TSFC 
(kg/N·hr) 

Propulsive  
Efficiency 

Thermal 
Efficiency 

Overall 
Efficiency 

Conventional 
Turbofan 447.215 0.089937 87.97% 28.29% 24.89% 

Military-style 
Turbofan 507.307 0.079283 83.25% 33.91% 28.23% 

These simulation results provide justification for the selection of a low-bypass or mil-
itary-style turbofan over a conventional turbofan as the base configuration being opti-
mized and later augmented with an auxiliary combustion chamber in the bypass stream. 
As illustrated in Tables 2–4 above, the military-style turbofan outperformed the conven-
tional turbofan in all parameters. The optimization process is an attempt to close the gap 
between the two engines. 

2.2. Low-Bypass Turbofan Engine Optimization–Engineering the TurboAux Engine 
When optimizing the turbofan, there are four thermodynamic parameters that can be 

manipulated to investigate their effects on performance [1]. As aforementioned, these pa-
rameters are OPR, TINT, FPR, and BPR. OPR and TINT are thought to determine the 
“quality” of the engine cycle, while FPR and BPR characterize the effectiveness with which 
the available energy is converted to thrust [1]. For a given BPR, as FPR is increased, the 
thrust produced by the bypass stream will increase but this requires more and more en-
ergy to be extracted from the core stream thus decreasing the core stream thrust output 
[1]. Conversely, for low values of FPR at a fixed BPR, the thrust produced by the core 
stream will be high and little energy will be extracted from the core stream to drive the 
fan [1]. If OPR and BPR are fixed and a value for TINT is selected, then the energy input 
for the engine is fixed since the combustion chamber air flow and entry temperature are 
determined by those operating conditions [1]. This means that the optimum FPR values 
for maximizing Fs and minimizing TSFC coincide. From this understanding, when ana-
lyzing the low-bypass turbofan, OPR was fixed at 50, and TINT was fixed at 1922 K. Then, 
a BPR of 0.1 was selected as FPR varied from 1.3 to 7 to find the optimal configuration. 
This cycle was repeated for several BPRs ranging from 0.1 to 1.5 and yielded a set of opti-
mal designs; designs in which with OPR and TINT fixed, every BPR had a coinciding FPR 
that maximized Fs and minimized TSFC simultaneously. This optimization was first per-
formed for a low-bypass turbofan with two separate streams exhausting from separate 
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nozzles and from previous understanding, it seemed a reasonable assumption that this 
optimal configuration would hold true as well for a military-style low-bypass turbofan 
with mixing of the hot and cold streams, as mixing only further improved the performance 
of the engine with respect to Fs, TSFC, and engine efficiency. The optimal FPR value found 
for each BPR is tabulated below in Table 5. 

Table 5. Optimal FPR Values. 

Bypass Ratio 
Optimum FPR 
(for min TSFC) 

TSFC 
(kg/N·hr) 

Optimum FPR 
(for max Fs) 

Fs 
(N·s/kg) 

0.1 7 0.117173 7 780.142 
0.2 7 0.113847 7 736.021 
0.3 7 0.110779 7 698.223 
0.4 7 0.107948 7 665.347 
0.5 7 0.105341 7 636.363 
0.6 7 0.102943 7 610.489 
0.7 7 0.100743 7 587.123 
0.8 7 0.098734 7 565.788 
0.9 7 0.096910 7 546.099 
1.0 7 0.095267 7 527.741 
1.1 6.7 0.093786 6.6 510.568 
1.2 6.2 0.092413 6.2 494.652 
1.3 5.9 0.091134 5.8 479.854 
1.4 5.6 0.089941 5.5 466.048 
1.5 5.3 0.088825 5.2 453.126 

It is interesting to note however that from a BPR of 1 to 1.5, some of the optimum 
FPR values for maximizing Fs and minimizing TSFC do not exactly coincide. Although 
this requires further investigation, the discrepancies in the optimum values are minuscule 
and as an effort to minimize fuel consumption, the optimum FPR values that minimized 
TSFC were selected for the final optimal design. In their investigation of the two-combus-
tor engines, Lee et al. found that the optimal FPR for maximizing Fs and minimizing TSFC 
did not coincide, noting that the optimum FPR for maximizing Fs was less than the opti-
mum FPR for minimizing TSFC [7]. This was confirmed in our optimization analysis. Fig-
ure 2 shows the graphical representation of the effects of FPR on Fs and TSFC while OPR 
and TINT are fixed for a fixed BPR. For each fixed BPR, the corresponding optimum val-
ues are found on their respective lines for TSFC and Fs. It can be noted that as the bypass 
ratio increases, the curves for Fs and TSFC transition from trending linearly to trending 
logarithmic and parabolically, making the optimal points increasingly easy to identify 
graphically. 
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(a) (b) 

Figure 2. Plots of the optimum FPR with BPR increasing with each line for (a) minimizing TSFC 
and (b) maximizing Fs. 

An interesting trend to note is that the optimum FPR values for both maximizing Fs 
and minimizing TSFC for BPRs from 0.1 to 1.0 were all found to be the upper limit set at 
7. BPR is defined as the ratio of the mass flow of air entering the bypass stream to the mass 
flow of air entering the core stream which diverges upon exiting the fan segment. For BPR 
values between 0.1 to 1.0, the bulk of the mass flow entering the inlet is passing through 
the core of the engine, therefore, compressing the air as much as possible in the fan or low-
pressure compressor before entering the high-pressure compressor and the main combus-
tion chamber allows for a more efficient extraction of energy and higher specific thrust 
output. With BPR values greater than 1.0, the bulk of the mass flow entering the inlet is 
passing through the bypass stream where no combustion occurs. This will also be further 
investigated in the research to follow. 

3. High-Fidelity Formulation of the TurboAux, Turbojet, and Turbofan Engines 
This chapter discusses the high-fidelity mathematical formulations, calculation of the 

TurboAux, turbojet, and turbofan engines to facilitate the simulation of the results pre-
sented in the next chapter. The engines that are presented in this chapter are the Turbo-
Aux, the turbojet with an afterburner segment, and the military-style turbofan with an 
afterburner segment. Flight conditions and simulation parameters were selected to be 
similar to the flight conditions of similar engines and are summarized in Table 1. When 
modeling the thermodynamics of these engines, a few assumptions were made: 
• All component efficiencies and specific heat capacities are constant. 
• Combustion chambers are adiabatic but account for frictional losses. 
• The streams will mix fully in the constant-area mixing duct. 
• The is no dissociation occurring in the products of combustion. 

3.1. TurboAux 
The optimized low-bypass turbofan engine, discussed in the previous chapter, is 

adopted as a basis for comparison with the TurboAux and other engines. The configura-
tion of the TurboAux engine, which may be identical to that of the military-style turbofan 
engine with an auxiliary combustion chamber augmented into the bypass stream, is illus-
trated in Figure 3. 
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Figure 3. TurboAux Configuration. 

The TurboAux configuration is similar to that of a regular turbofan engine. Station 0 
represents the far-field conditions, and station a represents the ambient conditions enter-
ing the diffuser inlet. Station 1 represents the outlet of the diffuser and the inlet of the LPC 
(low-pressure compressor). The stream is compressed by the LPC and exits at station 2. 
At station 2 the stream splits into the core and the bypass stream. Upon splitting, the by-
pass stream enters station B-ABC which represents the auxiliary combustion chamber and 
is mixed with fuel to be burned upon exiting at station 8. The core stream enters the HPC 
(high-pressure compressor) at station 3 where the air is compressed before entering the 
main combustion chamber at station 4 and is mixed with fuel for combustion. The core 
stream then proceeds to stations 5 and 6 which are the high-pressure and low-pressure 
turbines (HPT & LPT) for energy extraction to power the compressors. At station 7, the 
bypass and core stream mix fully in the mixing duct before being propelled out of a com-
mon nozzle at station 9. 

It is important to note that these engines are of similar design thus sharing many 
equations. The high-fidelity formulation for the TurboAux is presented below and the 
subsequent sections will discuss the formulations for the other engines. The formulation 
for the TurboAux up until stations 6 and 8 is presented in [6] and can be found in full 
detail in Appendix A. As shown in Figure 4, the core and the auxiliary streams fully mix 
at station 7 and exhaust from a common nozzle at station 9. 

 
Figure 4. TurboAux Constant-Area Mixing Duct. 

Figure 4 represents the mixing duct where the two streams will fully mix before ex-
iting as one stream. Station A is the inlet to the mixing duct where the bypass stream 
coming from the auxiliary combustion chamber and the core stream coming from the LPT. 
Station B is the outlet of the mixing duct where the combined stream will enter the nozzle. 

The formulation of the mixing of the two streams was an iterative and ad hoc process, 
which required defining certain parameters involving the mixing duct. The ad hoc formu-
lation of the mixing of the two streams discussed below is an adequate approximation of 
the solution. The stagnation temperature of the mixed streams is calculated by manipu-
lating the conservation of energy, conservation of mass, and the first law of 
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thermodynamics. In a similar process, the stagnation pressure is a mass-weighted average 
of the two streams mixing. The conservation of energy balance is shown in Equation (1) 
and the conservation of mass in Equation (2), states that the mass flow at station B is the 
sum of the individual mass flow rates at plane A. The individual mass flow rates are de-
fined in Equations (3) and (4). 𝑚ሶ ଼ℎ଴଼ + 𝑚ሶ ଺ℎ଴଺ = 𝑚ሶ ଻ℎ଴଻ (1)

𝑚ሶ ଼ + 𝑚ሶ ଺ = 𝑚ሶ ଻ (2)𝑚ሶ ଺ = 𝑚ሶ ௖௢௥௘ + 𝑚ሶ ௙ଵ (3)𝑚ሶ ଼ = 𝑚ሶ ௔௨௫ + 𝑚ሶ ௙ଶ (4)

Taking Equations (2) and (3) and factoring out their respective air mass flow rates 
yields Equations (5) and (6). Substituting Equation (2) into Equation (1) yields Equation 
(7) and after subtracting the right-hand side over and simplifying, Equation (8) is the re-
sult. 𝑚ሶ ଺ = 𝑚ሶ ௖௢௥௘(1 + 𝑓௔௖௧௨௔௟) (5)

𝑚ሶ ଼ = 𝑚ሶ ௔௨௫(1 + 𝑓௔௨௫) (6)

𝑚ሶ ଼ℎ଴଼ + 𝑚ሶ ଺ℎ଴଺ = (𝑚ሶ ଼ + 𝑚ሶ ଺)ℎ଴଻ (7)

𝑚ሶ ଼(ℎ଴଼ − ℎ଴଻) + 𝑚ሶ ଺(ℎ଴଺ − ℎ଴଻) = 0 (8)

Next, Equations (5) and (6) are substituted into Equation (8) to obtain Equation (9). 
Then, Equation (9) is divided by the mass flow of the core stream to yield Equation (10). 
After substituting the stagnation enthalpies with the specific heat capacity at constant 
pressure of the gaseous mixture into Equation (10), divide out Cp0g from (11) and distribute 
to arrive at Equation (12). [𝑚ሶ ௔௨௫(1 + 𝑓௔௨௫)(ℎ଴଼ − ℎ଴଻)] + [𝑚ሶ ௖௢௥௘(1 + 𝑓௔௖௧௨௔௟)(ℎ଴଺ − ℎ଴଻)] = 0 (9)[𝐵(1 + 𝑓௔௨௫)(ℎ଴଼ − ℎ଴଻)] + [(1 + 𝑓௔௖௧௨௔௟)(ℎ଴଺ − ℎ଴଻)] = 0 (10)

ൣ𝐵(1 + 𝑓௔௨௫)𝐶௣଴௚(𝑇଴଼ − 𝑇଴଻)൧ + [(1 + 𝑓௔௖௧௨௔௟)𝐶௣଴௚(𝑇଴଺ − 𝑇଴଻)] = 0 (11)

𝐵(1 + 𝑓௔௨௫)𝑇଴଼ − 𝐵(1 + 𝑓௔௨௫)𝑇଴଻ + (1 + 𝑓௔௖௧௨௔௟)𝑇଴଺ − (1 + 𝑓௔௖௧௨௔௟)𝑇଴଻ = 0 (12)

The next steps are to isolate T07 to one side, factor out T07, then divide everything else 
over to yield Equations (13)–(15) respectively. 𝐵(1 + 𝑓௔௨௫)𝑇଴଻ + (1 + 𝑓௔௖௧௨௔௟)𝑇଴଻ = 𝐵(1 + 𝑓௔௨௫)𝑇଴଼ + (1 + 𝑓௔௖௧௨௔௟)𝑇଴଺ (13)

𝑇଴଻[(1 + 𝑓௔௖௧௨௔௟) + 𝐵(1 + 𝑓௔௨௫)] = 𝐵(1 + 𝑓௔௨௫)𝑇଴଼ + (1 + 𝑓௔௖௧௨௔௟)𝑇଴଺ (14)

𝑇଴଻ =  𝐵(1 + 𝑓௔௨௫)𝑇଴଼ + (1 + 𝑓௔௖௧௨௔௟)𝑇଴଺𝐵(1 + 𝑓௔௨௫) + (1 + 𝑓௔௖௧௨௔௟)  (15)

The derivation of P07 follows in a similar fashion. Equation (16) represents the mass-
weighted average of resulting stagnation pressure that will be present once the streams 
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are mixed completely. Isolating P07 to one side yields Equation (17), where ௠ሶ ల௠ሶ ళ and ௠ሶ ఴ௠ሶ ళ are 
defined as follows in Equations (18) and (19) respectively. 𝑚ሶ ଼𝑃଴଼ + 𝑚ሶ ଺𝑃଴଺ = 𝑚ሶ ଻𝑃଴଻ (16)

𝑃଴଻ = 𝑃଴଼ ൬𝑚ሶ ଼𝑚ሶ ଻൰ + 𝑃଴଺ ൬𝑚ሶ ଺𝑚ሶ ଻൰ (17)

𝑚ሶ ଺𝑚ሶ ଻ = 𝑚ሶ ௖௢௥௘ + 𝑚ሶ ௙ଵ𝑚ሶ ௖௢௥௘ + 𝑚ሶ ௔௨௫ + 𝑚ሶ ௙௧௢௧ (18)

𝑚ሶ ଼𝑚ሶ ଻ = 𝑚ሶ ௔௨௫ + 𝑚ሶ ௙ଶ𝑚ሶ ௖௢௥௘ + 𝑚ሶ ௔௨௫ + 𝑚ሶ ௙௧௢௧ (19)

The next step is to divide both the numerators and the denominators of Equations 
(18) and (19) by 𝑚ሶ ௖௢௥௘ to yield Equations (20) and (21). Then, plug (20) and (21) into (17) 
to yield (22). Finally, simplify (22) to yield mass-weighted average stagnation pressure of 
the mixed stream in Equation (23). 

𝑚ሶ ଺𝑚ሶ ଻ = 𝑚ሶ ௖௢௥௘ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௙ଵ 𝑚ሶ ௖௢௥௘൘𝑚ሶ ௖௢௥௘ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௔௨௫ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௙ଵ 𝑚ሶ ௖௢௥௘൘ + 𝑚ሶ ௙ଶ 𝑚ሶ ௖௢௥௘൘ = (1 + 𝑓௔௖௧௨௔௟)[1 + 𝐵 + 𝑓௔௖௧௨௔௟ + (𝐵 ∗ 𝑓௔௨௫)] (20)

𝑚ሶ ଼𝑚ሶ ଻ = 𝑚ሶ ௔௨௫ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௙ଶ 𝑚ሶ ௖௢௥௘൘𝑚ሶ ௖௢௥௘ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௔௨௫ 𝑚ሶ ௖௢௥௘ൗ + 𝑚ሶ ௙ଵ 𝑚ሶ ௖௢௥௘൘ + 𝑚ሶ ௙ଶ 𝑚ሶ ௖௢௥௘൘ = [𝐵 + (𝐵 ∗ 𝑓௔௨௫)][1 + 𝐵 + 𝑓௔௖௧௨௔௟ + (𝐵 ∗ 𝑓௔௨௫)] (21)

𝑃଴଻ = 𝑃଴଼ ቆ [𝐵 + (𝐵 ∗ 𝑓௔௨௫)][1 + 𝐵 + 𝑓௔௖௧௨௔௟ + (𝐵 ∗ 𝑓௔௨௫)]ቇ + 𝑃଴଺ ቆ (1 + 𝑓௔௖௧௨௔௟)[1 + 𝐵 + 𝑓௔௖௧௨௔௟ + (𝐵 ∗ 𝑓௔௨௫)]ቇ (22)

𝑃଴଻ =  𝐵(1 + 𝑓௔௨௫)𝑃଴଼ + (1 + 𝑓௔௖௧௨௔௟) 𝑃଴଺𝐵(1 + 𝑓௔௨௫) + (1 + 𝑓௔௖௧௨௔௟)  (23)

Once the two streams have mixed into one, the new stream will exit through a con-
verging nozzle and this formulation can also be found in [6] and is presented in Appendix 
A. In the subsequent subsections, the formulation for the afterburners of both the turbojet 
and turbofan is presented. 

3.2. Turbojet Engine with Afterburner 
Equation (24) calculates the work required to operate the fan or the LPC. 𝑊஼௅௉ = 𝐶௣଴௔ ∙ (𝑇଴ଵ − 𝑇଴ଶ) (24)

To compare this afterburner to the auxiliary combustion chamber in the TurboAux, 
the same combustion temperature of 2516 K has been adopted for the products of the 
reaction. The combustion process is also modeled in the same fashion using the same fuel 
and equations for calculating the specific enthalpies. Equation (25) is defined as the in-
verse of the kilomoles of fuel burned in the main combustion chamber per 1 kilomole of 
O2 ingested. Equation (26) represents the number of additional kilomoles of fuel burned 
per 1 kilomole of O2 ingested. 
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𝑥 =  1𝑦 (25)

z =  ൣ(3.76)𝛥ℎതேమ + 𝛥ℎതைమ൧  +  𝑥[(𝑀𝐶)𝛥ℎത஼ைమ + ቀ𝑀𝐻2 ቁ 𝛥ℎതுమை − (𝑌௖௖)𝛥ℎതைమ]−𝐻𝑟𝑝௙ − (𝑀𝐶)𝛥ℎത஼ைమ − ቀ𝑀𝐻2 ቁ 𝛥ℎതுమை + (𝑌௖௖)𝛥ℎതைమ  (26)

To calculate any frictional stagnation pressure losses, Equation (27) accounts for the 
losses due to friction caused by aerodynamic resistance, and momentum changes pro-
duced by the exothermic reaction. Equation (28) is used to calculate the overall fuel to air 
ratio of the engine which will be used in the calculations of Fs and TSFC. 𝑃଴଻ = 𝑃଴଺ ∙ (1 − 𝛥𝑃଴௕) (27)

𝑓௢ =  ൬ 𝑥𝜂௕ + 𝑧𝜂௕൰ ൬ 𝑀௙௨௘௟4.76 ∙ 𝑀௔௜௥൰ (28)

The equations to check the flow at the nozzle and to calculate the flow characteristics 
at the exit are the same for the turbojet as seen in [6] and in the Appendix A. 

3.3. Turbofan Engine with Mixing and an Afterburner 
Since the TurboAux is modeled as an adaption to the turbofan, it is no surprise that 

nearly all of the equations modeling the turbofan are identical. Equation (29) accounts for 
the 2% loss in stagnation pressure in the fan chute where combustion occurs in the Tur-
boAux similar to Equation (27). Since no combustion occurs in the fan chute and it is adi-
abatic, Equation (30) shows there is no change in the stagnation temperature from station 
2 to 8. The combustion process, the turbine calculations, and the stream mixing calcula-
tions remain unchanged. The turbofan then adopts a similar afterburner modeling from 
the turbojet, but it is imperative to account for the excess oxygen entering the afterburner 
from the bypass stream. Equation (31) appropriately accounts for this. 𝑃଴଼ = 𝑃଴ଶ ∙ (𝜂௙) (29)

𝑇଴଼ = 𝑇଴ଶ (30)

𝑥 = ൬1𝑦൰ ൬ 1𝐵 + 1൰ (31)

The derivation of T07 and P07 follow a very similar process as presented for the Tur-
boAux apart from having to account for the auxiliary combustion process. Equation (32) 
defines 𝑘, and Equations (33) and (34) are the equations used to calculate those stagnation 
quantities. Again, Equation (35) accounts for the efficiency of the burner and calculates 
the change in stagnation pressure after the combustion process. Lastly, Equation (36) is 
used to calculate the overall fuel to air ratio to calculate Fs and TSFC as well as the engine 
efficiencies, and the equations to check the flow at the nozzle and to calculate the flow 
characteristics at the exit are again the same for the turbofan as well. 

𝑘 =  𝐶௣଴௔𝐶௣଴௚ (32)

𝑇଴଻ =  𝑇଴଼(𝐵 ∙ k)  + 𝑇଴଺(1 + 𝑓௔௖௧௨௔௟)(𝐵 ∙ 𝑘) + (1 + 𝑓௔௖௧௨௔௟)  (33)
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𝑃଴଻ =  𝑃଴଼ ∙ 𝐵 + 𝑃଴଺(1 + 𝑓௔௖௧௨௔௟) (B + 1 + 𝑓௔௖௧௨௔௟)  (34)

𝑃଴ଽ = 𝑃଴଻ ∙ (𝜂௕) (35)

𝑓௢ =  ൬ 𝑥𝜂௕ + 𝑧𝜂௕൰ ൬ 𝑀௙௨௘௟4.76 ∙ 𝑀௔௜௥൰ (36)

4. Results and Discussion 
In this chapter, a comparison of the performance results of the various engines is 

presented. Tables 6–8 summarize the performance results for the various engines at BPRs 
of 0.1, 0.8, and 1.5, respectively. 

Table 6. Performance Results of Turbojet, Turbofan, and TurboAux at BPR of 0.1. 

Engine 
Turbojet with 
Afterburning 

Turbofan with 
Afterburning TurboAux 

FPR 7 7 7 
Bypass Ratio N/A 0.1 0.1 

Fs 1319.787153 1309.831555 868.3308192 
TSFC 0.1923519 0.194079469 0.12999793 

Propulsive Efficiency 45.23% 45.60% 59.48% 
Thermal Efficiency 25.72% 25.29% 28.94% 
Overall Efficiency 11.64% 11.53% 17.22% 

Table 7. Performance Results of Turbojet, Turbofan, and TurboAux at BPR of 0.8. 

Engine Turbojet with 
Afterburning 

Turbofan with 
Afterburning 

TurboAux 

FPR 7 7 7 
Bypass Ratio N/A 0.8 0.8 

Fs 1319.787153 1261.226815 983.7361302 
TSFC 0.1923519 0.204136861 0.163484892 

Propulsive Efficiency 45.23% 47.41% 55.62% 
Thermal Efficiency 25.72% 23.12% 24.61% 
Overall Efficiency 11.64% 10.96% 13.69% 

Table 8. Performance Results of Turbojet, Turbofan, and TurboAux at BPR of 1.5. 

Engine 
Turbojet with 
Afterburning 

Turbofan with 
Afterburning TurboAux 

FPR 5.3 5.3 5.3 
Bypass Ratio N/A 1.5 1.5 

Fs 1319.826856 1214.235908 1014.266203 
TSFC 0.192402496 0.213796329 0.18240472 

Propulsive Efficiency 45.23% 49.11% 55.04% 
Thermal Efficiency 25.72% 21.32% 22.29% 
Overall Efficiency 11.63% 10.47% 12.27% 

The performance efficiencies of turbofan and TurboAux engines in terms of (i) pro-
pulsive efficiency, (ii) thermal efficiency, and (iii) overall efficiency are shown in Figures 
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5 and 6. Similarly, the performance of these engines in terms of specific thrust and TSFC 
is shown in Figure 7. The figures show how these performance parameters vary across 
each BPR-FPR configuration. It is important to note that these parameters are not only 
affected by BPR, but rather by the optimal BPR-FPR configuration combination that was 
obtained from the optimization analysis. 

  
(a) (b) 

Figure 5. Plots of efficiency vs. bypass ratio (a) propulsive and (b) thermal efficiency. 

 
Figure 6. Plot of overall efficiency vs. bypass ratio. 
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(a) (b) 

Figure 7. Plots of performance vs. bypass ratio: (a) specific thrust and (b) thrust-specific fuel con-
sumption. 

These results illustrate many notable trends. Firstly, the tabulated results of the per-
formance parameters for the turbojet show very little to no variation across all optimal 
designs. This can be attributed to FPR being the only variable in the turbojet analysis. As 
aforementioned, with OPR and TINT fixed, the energy input of the engine is fixed, and 
since a turbojet engine does not have a bypass stream and thus no BPR, the slight variation 
in the FPR values proved inconsequential to the performance of the engine. Secondly, the 
turbojet also produced the most specific thrust of the three engines, and while the turbofan 
outperformed the turbojet with respect to TSFC when compared without afterburner seg-
ments in either engine, the turbofan produced less Fs and exhibited an increase in TSFC 
when the afterburner segments were considered. While this may be an unfavorable trend 
at first glance, after closer investigation, it is apparent that the increase in TSFC is at-
tributed to the increase in BPR. As BPR increases, the ratio of fresh air from the fan chute 
to oxygen-depleted air from the combustion chamber increases, thus lowering the stagna-
tion temperature of the mixed stream. This means more fuel must be burned to reach a 
combustion temperature of 2516 K. The mixed stream exiting station 7 then enters the 
afterburner segment, and the difference between T07 and the afterburner combustion tem-
perature of 2516 K is what will dictate how much more fuel must be burned to achieve 
this temperature. For example, at a BPR of 0.1, T07, the stagnation temperature of the mixed 
stream is 1224.8 K, conversely, at a BPR of 1.5, T07 is 735.7 K thus meaning more fuel is 
required at a BPR of 1.5 for the products of the afterburner combustion process to reach 
2516 K than at a BPR of 0.1. Another trend observed in the turbofan was an increase in 
propulsive efficiency and a decrease in thermal efficiency. The overall efficiency, which is 
a product of the propulsive and thermal efficiencies showed a decrease as well. These 
trends were expected. Propulsive efficiency is defined as the ratio of thrust power to the 
rate of addition of energy to the propellant, and the rate at which thrust power decreased 
was less than the rate at which energy was added to the propellant with the addition of 
the afterburner segment. As mentioned in previous chapters, the reheat cycle proves det-
rimental to thermal efficiency, due to its high fuel consumption, despite augmenting a 
significant amount of thrust [8,9]. 

The TurboAux engine exhibited interesting trends as well. The TurboAux delivered 
much higher propulsive efficiency in comparison to the other engines. This can be at-
tributed to the increase in BPR which also allows more mass to flow into the auxiliary 
combustion chamber. This is different than in the afterburning turbofan where this extra 
air being delivered to the bypass stream is utilized for combustion in the TurboAux rather 
than simply bypassing the core stream prior to mixing. However, although producing a 
higher thermal efficiency than the turbofan, the TurboAux exhibited a similar declining 
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trend across the optimal design configurations. This too can be attributed to the increase 
in fuel consumption. In terms of Fs, the TurboAux greatly underperformed the other two 
engines, but drastically outperformed the other two engines with respect to TSFC. This 
was especially evident at lower BPRs where the fraction of the mass flow entering the 
auxiliary combustion chamber is much significantly less than that of the core stream. 

Although these trends of the TurboAux show a promising future, it is important to 
compare the performance of this engine with current operational engines. This will be 
useful in understanding the application range of this engine and making a case for its use 
in specific industries. To gather a fuller understanding of this proposed engine, the Tur-
boAux should be analyzed with computational fluid dynamics (CFD) in a future study. A 
CFD analysis of the TurboAux its operation and performance. 

5. Conclusions and Future Work 
The research presented in this paper is work conducted by Asundi and Ali [2]. The 

novel TurboAux engine along with the turbojet and turbofan engines (with afterburners) 
were modeled and analyzed in MATLAB. Upon the optimization analysis to arrive at an 
optimized design configuration for a range of bypass ratios from 0.1 to 1.5, the TurboAux 
was compared to turbojet and turbofan engines with afterburning segments. Across that 
range of bypass ratios, the TurboAux showed a significant increase in Fs while the turbo-
fan exhibited a sharp decline in Fs. The TurboAux exhibited less fuel across that same BPR 
range as well. 

To better understand the usefulness of the TurboAux, further analysis is required. 
This further analysis could be investigating whether the TurboAux could serve as a re-
placement for higher bypass ratio engines with the augmentation of a tertiary compressor 
or fan accompanied with an additional bypass stream and fan chute around the entire 
TurboAux. As a future study, the TurboAux configuration should be further analyzed 
with CFD to obtain a deeper understanding of the inner workings of this novel engine; 
more specifically, analyzing the auxiliary combustion process, as well as the mixing of the 
bypass and core streams using CFD, will give a more accurate physical understanding of 
the TurboAux and is performance capabilities in terms of thrust, fuel consumption, and 
efficiency. The use of numerical methods such as CFD also allows for more physically 
accurate models to be rendered in which many more aspects of the engine can also be 
studied such as the thermal loading of the components in the auxiliary stream as well as 
how the mixing of the two streams can affect the performance of the engine. 
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Nomenclature 
B bypass ratio 
C local speed of sound 
Cp0 specific heat capacity at constant pressure 
factual actual fuel to air ratio of core stream 
faux actual fuel to air ratio of auxiliary stream 
fideal ideal fuel to air ratio 
fo overall actual fuel to air ratio of core and auxiliary streams 
Fs specific thrust 
HrpCO2 enthalpy of reaction of CO2 
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Hrpf enthalpy of reaction of fuel 
HV heating value of fuel 
Ma flight speed 
Mair molar mass of air 
ṁaux mass flow of auxiliary stream 
ṁcore mass flow of core stream 
ṁf1 mass flow of fuel into core stream 
ṁf2 mass flow of fuel into auxiliary stream 
Mfuel molar mass of fuel 
P0 stagnation pressure 
Pa ambient static pressure 
R specific gas constant 
T thrust 
T0 stagnation temperature 
Ta ambient static temperature 
Tp static temperature of the products of combustion 
Tr static temperature of the reactants of combustion 
TSFC thrust specific fuel consumption 
Va velocity of air at inlet 
wCHP specific work required to drive high-pressure compressor 
wCLP specific work required to drive low-pressure compressor 

ΔP0b 
stagnation pressure loss due to aerodynamic resistance and momentum changes 
from combustion 

Ycc moles of air required for stoichiometric combustion 
γ ratio of specific heat at constant pressure to specific heat at constant volume 
ηb burner efficiency 
ηc compressor efficiency 
ηd diffuser efficiency 
ηf fan chute efficiency 
ηm mechanical efficiency 
ηn nozzle efficiency 
ηo overall efficiency 
ηp propulsive efficiency 
ηt turbine efficiency 
ηth thermal efficiency 
πc overall pressure ratio 
πHP high-pressure compressor pressure ratio 
πLP low-pressure compressor pressure ratio 

Appendix A 
Here in Appendix A are the extraneous formulations for the TurboAux that can also 

be found in [6]. As to keep readers engaged, I’ve elected to move the formulation here and 
retain the new, pertinent information in the formulation section. 

The local speed of sound and the flow speed at the inlet of the diffuser are computed 
in Equations (A1) and (A2), respectively. Upon entering the diffuser, the stream is slowed 
down and the new stagnation temperature and pressure of the stream due to the reduction 
in velocity and diffuser efficiency are calculated in Equations (A3) and (A4), respectively. 𝐶 = ඥ𝛾௔ ∙ 𝑅௔ ∙ 𝑇௔ (A1)

𝑉௔ = 𝑀௔ ⋅ 𝐶 (A2)

𝑇଴ଵ = 𝑇௔ ൤1 + ൬𝛾௔ − 12 ⋅ 𝑀௔ଶ൰൨ (A3)
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𝑃଴ଵ = 𝑃௔ ൤1 + 𝜂ௗ ∙ ൬𝛾௔ − 12 ൰ ∙ 𝑀௔ଶ൨ ఊೌఊೌିଵ
 (A4)

After the diffuser, the flow is compressed by the LPC or “fan”. The stagnation pres-
sure is simply found as the product of the pressure ratio across the fan (FPR). The opti-
mum FPR values from the optimized design are used here in Equation (A5). The stagna-
tion temperature is computed in Equation (A6) which accounts for the efficiency of the 
compressor and the specific work required to operate the LPC is computed in Equation 
(A7). 𝑃଴ଶ =  𝑃଴ଵ ∙ 𝜋௅௉ (A5)

𝑇଴ଶ =  𝑇଴ଵ + ൞𝑇଴ଵ ൤൬𝜋௅௉ఊೌିଵఊೌ ൰ − 1൨𝜂௖ ൢ (A6)

𝑊஼௅௉ = (𝐵 + 1) ∙ 𝐶௣଴௔ ∙ (𝑇଴ଵ − 𝑇଴ଶ) (A7)

Following the compression of the stream in the LPC, the stream diverges into two 
streams: the core stream and the auxiliary stream. The bypass ratio is defined in Equation 
(A8). The auxiliary stream bypasses the core of the engine and enters the auxiliary com-
bustion chamber, while the core stream is compressed further through the stages of the 
HPC. The combustion process of the auxiliary combustion chamber will produce products 
of combustion at 2516 K. The loss in stagnation pressure in this combustion process is 
calculated in Equation (A9). 

𝐵 = 𝑚ሶ ௔௨௫𝑚ሶ ௖௢௥௘ (A8)

𝑃଴଼ = 𝑃଴ଶ ∙ (1 − 𝛥𝑃଴௕) (A9)

The compression ratio of the HPC is calculated in Equation (A10) as the overall pres-
sure ratio divided by the FPR. The stagnation pressure, stagnation temperature, and spe-
cific work required to operate the HPC are computed in a similar manner as in the LPC in 
Equations (A11)–(A13) respectively. 𝜋ு௉ = 𝜋஼𝜋௅௉ (A10)

𝑃଴ଷ =  𝑃଴ଶ  ∙ 𝜋ு௉ (A11)

𝑇଴ଷ =  𝑇଴ଶ + ൞𝑇଴ଶ ൤൬𝜋ு௉ఊೌିଵఊೌ ൰ − 1൨𝜂௖ ൢ (A12)

𝑊஼ு௉ = 𝐶௣଴௔ ∙ (𝑇଴ଶ − 𝑇଴ଷ) (A13)

The combustion process is assumed as a complete combustion process with excess 
air in the products and was modeled in both the auxiliary and main combustion chambers 
using the enthalpy of reactions, enthalpy of combustion, and the first law of thermody-
namics. Equations (A14) and (A15) are equations used to calculate the specific enthalpy, 
on a molar basis, of each constituent in the combustion process. The constants a, b, and c 
are experimental coefficients taken from literature used in the calculation of the specific 
enthalpy [7]. Equation (A16) calculates the change in the specific enthalpy. Due to 
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temperature limitations of the turbine blades, the products of combustion from the main 
combustion chamber are exiting at 1922 K. The number of moles for stoichiometric com-
bustion of the fuel is computed in Equation (A17), and with the fuel, the temperature of 
the reactants, and the temperature of the products specified, the number of moles of air 
required for complete combustion with excess air in the products is calculated in Equation 
(A18). ℎത்௥ = 𝑎 + 𝑏 ∙ 𝑇𝑟 + 𝑐 ∙ 𝑙𝑛(𝑇𝑟) (A14)ℎത்௣ = 𝑎 + 𝑏 ∙ 𝑇𝑝 + 𝑐 ∙ 𝑙𝑛(𝑇𝑝) (A15)𝛥ℎത =  ℎത்௣ − ℎത்௥ (A16)

𝑌௖௖ = 𝑀𝐶 + ൬𝑀𝐻4 ൰ − ൬𝑀𝑂2 ൰ (A17)

𝑦 =  −𝐻𝑟𝑝௙ − (𝑀𝐶)𝛥ℎത஼ைమ − ቀ𝑀𝐻2 ቁ 𝛥ℎതுమை + (𝑌௖௖)𝛥ℎതைమ(3.76)𝛥ℎതேమ + 𝛥ℎതைమ  (A18)

After the number of moles of air required for complete combustion is calculated in 
Equation (A18), Equation (A19) computes the ideal fuel to air ratio on a mass basis. To 
account for non-ideal combustion, the actual fuel-to-air ratios for both the main combus-
tion chamber and the auxiliary combustion chamber are computed in Equations (A20) and 
(A21), respectively. Losses in stagnation pressure due to friction from combustion are cal-
culated in Equation (A22). Conservation of mass states that the total mass flow rate of fuel 
is the sum of the separate mass flow rates in Equation (A23). Using the bypass ratio, the 
overall fuel to air ratio of the entire engine accounting for both combustion processes is 
calculated in Equation (A24). 

𝑓௜ௗ௘௔௟ =  ൬ 14.76 ∙ 𝑦൰ ൬𝑀௙௨௘௟𝑀௔௜௥ ൰ (A19)

𝑓௔௖௧௨௔௟ =  𝑓௜ௗ௘௔௟𝜂௕ = 𝑚ሶ ௙ଵ𝑚ሶ ௖௢௥௘ (A20)

𝑓௔௨௫ = 𝑓௜ௗ௘௔௟𝜂௕ = 𝑚ሶ ௙ଶ𝑚ሶ ௔௨௫ (A21)

𝑃଴ସ = 𝑃଴ଷ ∙ (1 − 𝛥𝑃଴௕) (A22)𝑚ሶ ௙௧௢௧ = 𝑚ሶ ௙ଵ + 𝑚ሶ ௙ଶ (A23)

𝑓௢ =  ൬𝐵 ∙ 𝑓௔௨௫𝐵 + 1 ൰ ൬𝑓௔௖௧௨௔௟𝐵 + 1 ൰ = 𝑚ሶ ௙௧௢௧𝑚ሶ ௖௢௥௘ (A24)

Upon exiting the main combustion chamber, the core stream will be expanded 
through the high-pressure turbine and the low-pressure turbine. Equations (A25) and 
(A26) calculate the stagnation temperature and pressure exiting the high-pressure turbine 
and entering the low-pressure turbine. Similarly, Equations (A27) and (A28) calculate the 
stagnation temperature and pressure exiting the low-pressure turbine. Losses that occur 
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due to the mechanical and component efficiency of the turbine are accounted for in these 
equations as well. 

𝑇଴ହ = 𝑇଴ସ + ቈ 𝑊஼ு௉𝜂௠(1 + 𝑓௔௖௧௨௔௟) ∙ 𝐶௣଴௚቉ (A25)

𝑃଴ହ =  𝑃଴ସ ൞1 − ൦1 − ቀ𝑇଴ହ𝑇଴ସቁ𝜂௧ ൪ൢ ఊ೒ఊ೒ିଵ
 (A26)

𝑇଴଺ = 𝑇଴ହ + ቈ 𝑊஼௅௉𝜂௠(1 + 𝑓௔௖௧௨௔௟) ∙ 𝐶௣଴௚቉ (A27)

𝑃଴଺ =  𝑃଴ହ ൞1 − ൦1 − ቀ𝑇଴଺𝑇଴ହቁ𝜂௧ ൪ൢ ఊ೒ఊ೒ିଵ
 (A28)

In Equation (A29), a ratio is set up to test if the nozzle is choked. If P*/P07 is greater 
than or equal to Pa/P07, then the nozzle is choked meaning the Mach number at the exit is 
1. Subsequently, Equations (A30)–(A33) calculate the exit flow static pressure, static tem-
perature, density, and velocity, respectively. 

𝑃∗𝑃଴଻ =  ቊ1 − 1𝜂ே ቈ1 − ቆ 2𝛾௚ − 1ቇ቉ቋ ఊ೒ఊ೒ିଵ
 (A29)

𝑃௘ = 𝑃଴଻  ൬ 𝑃∗𝑃଴଻൰ (A30)

𝑇௘ =  𝑇଴଻ ቆ 2𝛾௚ + 1ቇ (A31)

𝜌௘ =  𝑃௘𝑅௚ ∙ 𝑇௘ (A32)

𝑉௘ = 𝑀௘ඥ𝛾௚ ∙ 𝑅௚ ∙ 𝑇௘ (A33)

Conversely, if P*/P07 is less than or equal to Pa/P07, then the nozzle is not choked. This 
means that the exit pressure is equal to the ambient pressure. The exit flow conditions for 
the static temperature, density, Mach number, and velocity are calculated in Equations 
(A34)–(A37). 

𝑇௘ = 𝑇଴଻ ቐ1 − 𝜂ே ቎1 − ൬ 𝑃௘𝑃଴଻൰ఊ೒ିଵఊ೒ ቏ቑ (A34)
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𝜌௘ =  𝑃௘𝑅௚ ∙ 𝑇௘ (A35)

𝑀௘ = ඨ൤൬𝑇଴଻𝑇௘ ൰ − 1൨ ቆ 2𝛾௚ + 1ቇ (A36)

𝑉௘ = 𝑀௘ඥ𝛾௚ ∙ 𝑅௚ ∙ 𝑇௘ (A37)

The last step of this parametric study is to calculate the performance and efficiency 
of this engine. Equations (A38) and (A39) calculate Fs and TSFC. In Equation (A40), the 
heating value of the fuel is converted from kJ/kmol to J/kg. Lastly, Equations (A41)–(A43) 
are used to calculate the propulsive, thermal, and overall efficiency, respectively. Conven-
tionally, propulsive efficiency is defined as the ratio of thrust power to the rate of addition 
of kinetic energy, and thermal efficiency is defined as the ratio of the rate of addition of 
kinetic energy to the rate of total energy consumption. These are approximations that ne-
glect to account for the rate of addition of pressure energy [8]. Since the TurboAux is uti-
lizing a purely converging nozzle that has choked flow in every case studied, the pressure 
energy is not negligible. It was necessary to adjust the conventional equations for propul-
sive and thermal efficiency to account for the increase in pressure energy. This is outlined 
in Equations (A41) and (A43). 

𝐹௦ = [(1 + 𝑓௢)𝑉௘ − 𝑉௔] + ൤(𝑃௘ − 𝑃௔) ൬1 + 𝑓௢𝜌௘ ∙ 𝑉௘ ൰൨ (A38)

𝑇𝑆𝐹𝐶 =  3600 ∙ 𝑓௢𝐹௦  (A39)

𝐻𝑉 =  −𝐻𝑟𝑝௙ ∙ 1000𝑀௙௨௘௟  (A40)

𝜂௣௥௢௣ = 𝐹௦ ∙ 𝑉௔൤(1 + 𝑓௢) 𝑉௘ଶ2 − 𝑉௔ଶ2 ൨ + ൤(𝑃௘ − 𝑃௔) ൬1 + 𝑓௢𝜌௘ ∙ 𝑉௘ ൰൨ଶ (A41)

𝜂௧௛ = ൤(1 + 𝑓௢) 𝑉௘ଶ2 − 𝑉௔ଶ2 ൨ + ൤(𝑃௘ − 𝑃௔) ൬1 + 𝑓௢𝜌௘ ∙ 𝑉௘ ൰൨ଶ
𝑓௢ ∙ 𝐻𝑉  (A42)

𝜂௢ = 𝜂௣௥௢௣ ∙ 𝜂௧௛ = 𝐹௦ ∙ 𝑉௔𝑓௢ ∙ 𝐻𝑉 (A43)
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