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ABSTRACT

A DIRECT METHOD FOR MODELING AND SIMULATIONS OF
ELLIPTIC AND PARABOLIC INTERFACE PROBLEMS

Kumudu Janani Gamage
Old Dominion University, 2022

Director: Dr. Yan Peng

Interface problems have many applications in physics. In this dissertation, we develop

a direct method for solving three-dimensional elliptic interface problems and study their

application in solving parabolic interface problems. As many of the physical applications

of interface problems can be approximated with partial differential equations (PDE) with

piecewise constant coefficients, our derivation of the model is focused on interface problems

with piecewise constant coefficients but have a finite jump across the interface. The critical

characteristic of the method is that our computational framework is based on a finite differ-

ence scheme on a uniform Cartesian grid system and does not require an augmented variable

as in the augmented approach. So the implementation of the method is easier to understand

for non-experts in the area. The discretization of the PDE uses the standard seven-point

central difference scheme for grid points away from the interface and a twenty-seven-point

compact scheme that considers the jump discontinuities in the solution, flux, and jump ra-

tio for grid points near or on the interface. As a result, the developed model can obtain

second-order accuracy globally for both the solution and the solution’s gradient. Moreover,

our numerical experiment indicates that eigenvalues of the coefficient matrix of the resulting

linear system for the finite difference scheme are located in the left half-plane, implicating our

method’s stability. We have also developed a model for solving two and three-dimensional

parabolic interface problems using the Crank-Nicolson scheme and some modifications into

the direct immersed interface method (IIM). The developed model can accurately capture

the discontinuities in the solution across the interface and achieve second-order accuracy for

both the solution and the solution’s gradient in both space and time.
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CHAPTER 1

INTRODUCTION

Interface problems have taken attention due to their wide range of applications in the

real world. Examples of interface problems often seen in the real world are bubble formation

in fluid dynamics [1], electromigration of voids [2], glacier prediction [3], growth of inter-

nal blood clots [4], heat propagation in different materials in thermodynamics, and Stefan

problems and crystal growth [5] and many others.

Mathematically, interface problems usually lead to partial differential equations (PDE)

whose input data are discontinuous or singular across the interfaces in the solution domain

[6]. Due to the presence of these discontinuities or singularities across the interface, solu-

tions to these problems may be non-smooth or even discontinuous across those interfaces [6].

Therefore, many standard numerical methods designed for smooth solutions work poorly for

solving interface problems. Over the past years, various numerical methods for solving inter-

face problems have been developed. In this dissertation, we study the accuracy, efficiency,

and stability of immersed interface method (IIM) for solving elliptic and parabolic interface

problems.

Below we discuss the two main problems we are interested in solving in this dissertation.

1.1 MODEL PROBLEMS

1.1.1 ELLIPTIC INTERFACE PROBLEMS

We are interested in solving elliptic interface problem of the form,

∇ · (β(x)∇u(x)) = f(x), x ∈ Ω\Γ, (1)

[u](X) = w(X), X ∈ Γ, (2)

[βun ](X) = v(X), X ∈ Γ, (3)

with given boundary conditions on ∂Ω, where, Γ is a smooth interface in the domain Ω

and the interface Γ divides the domain Ω into two subdomains Ω+ and Ω− and therefore,

Ω = Ω+ ∪ Ω− ∪ Γ. See Figure 1 for an illustration. X is a point on the interface Γ, x is a

point in Ω and n is the unit outward normal vector to the interface at the point X. The
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Fig. 1. A diagram of a rectangular domain Ω with a smooth interface Γ.

superscript + or − denotes the limiting value of a function from one side or the other of

the interface. Here, [u] = [u](X) = u+(X) − u−(X) is the jump in the solution at X and

un = n .∇u = ∂u
∂n

is the normal derivative of solution u. Moreover, the coefficient β is defined

as,

β(x) =

β−(x) if x ∈ Ω−,

β+(x) if x ∈ Ω+.
(4)

In general, for these kinds of elliptic interface problems, if coefficient β is discontinuous or

source term f is singular across the interface, solution or its derivatives across the interface

may be non-smooth or discontinuous. For example, if coefficient β in the equation (1) is

discontinuous with source term f being continuous across the interface, then the solution u

and flux βun are continuous across the interface, making [u] = 0 and [βun ] = 0, however

the derivative of the solution in the normal direction to the interface is discontinuous [7].

Moreover, if β is continuous, but source term f has a δ-function singularity along with the

interface, then [u] = 0 and [βun] will be no longer be zero; instead, it will be equal to the

strength of the source term [7].
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Since many applications of elliptic interface problems have a piecewise constant coeffi-

cient, our goal of the dissertation is to develop a model to solve three-dimensional elliptic

interface problems of the form equation (1) with a piecewise constant coefficient.

1.1.2 PARABOLIC INTERFACE PROBLEMS

We are also interested in solving two and three-dimensional parabolic interface problems

of the form,

ut = ∇ · (β(x)∇u(x, t))− f(x, t), x ∈ Ω\Γ, (5)

[u](X) = w(X, t), X ∈ Γ, (6)

[βun ](X) = v(X, t), X ∈ Γ. (7)

1.2 REVIEW OF NUMERICAL METHODS FOR INTERFACE

PROBLEMS

Interface problems often originate in fluid dynamics, electromagnetism, molecular biology,

and material science. Consequently, one can find many different approaches to find the

numerical solution of such problems in the literature [8–12].

To solve interface problems, we can use a body-fitted grid [13–15], or a Cartesian grid

[10, 16, 17]. One of the many advantages of choosing a Cartesian grid over the body-fitted

grid is that grid generation is easy. Moreover, if the Cartesian grid is used, we can take

advantage of many available software packages such as fast Poisson solvers [18], the Clawpack

[19] and the Amrclawpack [20], the level set method [21–23], the structured multigrid solvers

[24, 25], the immersed boundary method [8], and many others [26].

Below is a review of a few popular methods that use finite difference methods for interface

problems on a uniform Cartesian grid system.

1.2.1 POPULAR FINITE DIFFERENCE METHODS FOR INTERFACE

PROBLEMS

1. The smoothing method

In this method, coefficients are smoothed by introducing a Heaviside function which is

both continuous and smooth at some ε radius from the interface. We present the idea through

a one-dimensional case.
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Lets first assume that β(x) has a finite jump at the interface x = α. Then we can define,

β(x) =

β−(x) if x < α,

β+(x) if x > α.
(8)

Then, we can smooth out the β using,

βε(x) = β−(x) + (β+(x)− β−(x))Hε(x− α), (9)

where, Hε(x) is the smoothed Heaviside function,

Hε(x) =


0 if x < −ε,
1
2
(1 + x

ε
+ 1

π
sin πx

ε
) if |x| ≤ ε,

1 if x > ε.

(10)

and, ε is a small number that depends on the mesh size. The coefficient of the sine function

in Hε(x) definition is chosen so that the Hε(x) is continuously differentiable at x = ±ε. The

smoothing method is easy to implement for one-dimensional interface problems. However,

it is not easy to implement in two and three-dimensions unless the interface is represented

using a zero-level set of a Lipschitz continuous function. Furthermore, the method is not very

accurate as it smooths the coefficient β resulting in smearing the solution at the interface

[27].

2. The harmonic averaging method

In this method, accurate coefficients are calculated by taking the harmonic averages of

them on a uniform grid system. The method is more accurate than the smoothing method.

See examples in [28–30]. Consider the following one-dimensional model problem,

(βux)x = f(x), (11)

which can be discretized as,

βi+ 1
2
(ui+1 − ui)− βi− 1

2
(ui − ui−1)

h2
= f(xi), (12)

where h = xi − xi−1 is the step size of a uniform grid in x-direction. If the coefficient β

is smooth, we can define βi+ 1
2

= β(xi+ 1
2
), where xi+ 1

2
= xi + h

2
. If β is discontinuous in

(xi−1, xi+1), then the harmonic average of β is given by,

βi+ 1
2

= (
1

h

∫ xi+1

xi

β−1(x) dx)−1. (13)
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The method is second-order accurate for one-dimensional elliptic problems with [u]α =

[βux]α = [f ]α = 0 in maximum norm, primarily due to the cancellation of errors. How-

ever, it does not give second-order accuracy for the two-dimensional problems in general as

the cancellations of errors are unlikely to occur for arbitrary interfaces [27]. Furthermore, ac-

curate computation of the integral close to the interface is not trivial for a three-dimensional

problem with discontinuous β.

3. Peskin’s immersed boundary (IB) method

Peskin [31] developed immersed boundary method (IB) to model blood flow in human

heart. Later, this method has been used to study the interaction between fluid flows and

elastic membranes and many others [32–42]. Such problems involves studying interface

problems with singular source terms. In his method, he used a discrete delta function to

distribute a singular source to nearby grid points. Vast number of discrete delta functions

can be found in the literature. However, commonly used delta functions are the hat function,

δε(x) =


(ε−|x|)
ε2

if |x| < ε,

0 if |x| ≥ ε,
(14)

and Peskin’s original discrete cosine delta function,

δε(x) =

 1
4ε

(1 + cos(πx
2ε

)) if |x| < 2ε,

0 if |x| ≥ 2ε.
(15)

Figure 2 illustrates the diagram of these two delta functions. For some one-dimensional

interface problems, one can obtain the second-order accuracy by using the discrete hat

function given by equation (14) [43]. However, solutions obtained by using the second

discrete delta function are only first-order accurate. This method is popular because of its

robustness and easiness of implementation. The discontinuity is spread over several grid cells

using the discrete delta function, and it smears the numerical solution near the interface.

For higher dimensions, the discrete delta function is the product of one-dimensional discrete

delta functions with δε(x, y) = δε(x)δε(y) [26]. There have been many improvements to the

original Peskin’s method to obtain higher-order accuracy with a minimal distribution of

discontinuities or singular source terms over the computational grid [44–46]. Also, the IB

package written in Python and MATLAB is accessible in [47].

All the discussed methods above result in a solution to an interface problem which smears

at the interface as their approaches require either smearing the discontinuities in coefficients
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Fig. 2. Two particular discrete delta functions. (a) Discrete hat delta function, (b) Peskin’s
discrete delta function. This Figure is adapted from Ref. [6]

or singular sources. Consequently, these methods can get second-order accuracy using av-

erage norms such as L1 or L2 norm, but it is unlikely to get the same order of accuracy

using point-wise norms as L∞. This is because average norms usually do not reflect the

errors correctly at or near the interfaces. Therefore we are interested in methods that give

second-order accuracy using point-wise norms rather than the average norms.

With those issues we discussed in smooth interface methods, several sharp interface

methods were developed. Among these methods, the immersed interface method (IIM)

developed by Leveque and Li [48] has become more popular among the numerical community

as it is the first sharp interface method that preserves the discontinuities in solution and the

first second-order method for solving interface problems [49]. Also IIM has been applied to

different linear and nonlinear problems including hyperbolic elliptic systems [50], elasticity

systems [51, 52], Hele-Shaw flow [53], traffic flow [54], glacier prediction [3], simulations

of porosity evolution in chemical vapor infiltration [55] and shape identification in inverse

problems [56].

Below we discuss the main characteristics of IIM and its improvements over the past few

years.

4. The immersed interface method (IIM)

Immersed interface method (IIM) [48] was primarily developed to solve linear elliptic
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and parabolic interface problems on a uniform Cartesian grid system. To preserve the

discontinuities in solution or derivative across the interface, IIM uses the jump conditions

across the interface by modifying the standard centered finite difference scheme only for the

points closer to or at the interface. As the number of grid points that need this special

attention is lower than the regular grid points, computational cost does not increase much

due to these modifications.

Below we illustrate the key idea of IIM using a one-dimensional model problem with

piecewise constant coefficient,

(βux)x = f(x), (16)

[u] = w, [βun ] = v. (17)

At regular grid points, whose three-point stencil do not cut through the interface, the finite

difference scheme for IIM is the one with the standard three point stencil

(βi+ 1
2
(Ui+1 − Ui)− βi− 1

2
(Ui − Ui−1))

h2
= fi, (18)

where, βi+ 1
2

= β(x(i+ h
2
)), fi = f(xi). But we have to find the finite difference scheme at

irregular grid points, whose three-point stencil is cut through the interface. Let’s take the

case in which interface α lies in between the grid points xi and xi+1 as an example. Then

we can assume that the finite difference (FD) scheme for irregular grid points xi and xi+1

are as follows,

γi,1Ui−1 + γi,2Ui + γi,3Ui+1 = f(xi) + Ci, (19)

γi+1,1Ui + γi+1,2Ui+1 + γi+1,3Ui+2 = f(xi+1) + Ci+1. (20)

Now we are going to explain how to find the coefficients, γ of the FD scheme in the equations

(19) and (20). We do this by minimizing the magnitude of the local truncation error at each

irregular grid point. First, let’s write the local truncation error at the irregular point xi,

Ti = γi,1u(xi−1) + γi,2u(xi) + γi,3u(xi+1)− f(xi)− Ci. (21)

Then, do the Taylor expansion of u(xi−1), u(xi) and u(xi+1) at the interface α. The Taylor

expansion of the irregular grid point xi and xi+1 are given as follows,

u(xi+1) = u+(α) + u+x (α)(xi+1 − α) + u+xx(α)
(xi+1 − α)2

2
+O(h3), (22)

u(xi) = u−(α) + u−x (α)(xi − α) + u−xx(α)
(xi − α)2

2
+O(h3). (23)
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Then the equation (22) is rewritten by replacing the limiting values from the plus side in

terms of limiting values from the minus side using the jump relations (17) and the PDE (16).

So the new expression for u(xi+1) is given by,

u(xi+1) = (u−(α) + w) + (
v

β+
+
β−u−x (α)

β+
)(xi+1 − α)

+
β−u−xx(α)

β+

(xi+1 − α)2

2
+O(h3).

(24)

From the PDE (16), when approaching α from left side,

β−u−xx = f(α). (25)

So, using the equations (21)-(25), the local truncation error Ti at the irregular point xi can

be written as,

Ti = (γi,1 + γi,2 + γi,3)u
−(α)

+ ((xi−1 − α)γi,1 + (xi − α)γi,2 +
β−

β+
(xi+1 − α)γi,3)u

−
x (α)

+
1

2
((xi−1 − α)2γi,1 + (xi − α)2γi,2 +

β−

β+
(xi+1 − α)2γi,3)u

−
xx(α)− f(α)− Ci +O(h).

(26)

Since the interface is one dimension lower than the computational domain, it is enough

to have O(h) local truncation error at irregular grid points. So, by comparing the finite

difference approximation with PDE from the minus side, we get,

γi,1 + γi,2 + γi,3 = 0, (27)

(xi−1 − α)γi,1 + (xi − α)γi,2 +
β−

β+
(xi+1 − α)γi,3 = 0, (28)

1

2
(xi−1 − α)2γi,1 +

1

2
(xi − α)2γi,2 +

β−

2β+
(xi+1 − α)2γi,3 = β−. (29)

Once all these γ coefficients are found, one can find the correction term Ci as,

Ci = γi,3(w + (xi+1 − α)
v

β+
). (30)

Similarly, we can compute the γi+1s by considering the local truncation error Ti+1 at x =

xi+1. Then we can solve the linear system obtained from equations (18), (19) and (20), to

approximate the solution for PDE (16) at all grid points.

Derivation of IIM for two and three dimensions can be done in a similar manner. As

IIM integrates the jump discontinuities at the interface into its derivation, the method can
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achieve second-order accuracy for both the solution and for the gradient in L∞ norm even

if the interface is not aligned with the Cartesian grid points. When β is continuous, the

resulting coefficient matrix of the FD scheme for two and three-dimensional elliptic interface

problems is a block tridiagonal sparse matrix. Therefore, standard iterative methods such as

SOR or the multigrid methods can be used to solve the system of linear equations efficiently

[57]. However, for numerical examples with significant jump discontinuities in the coefficient

β, the resulting linear system is usually ill-conditioned, and IIM may not converge or give

accurate answers [57].

Due to the convergence issues described above in IIM for larger jump ratios, a fast

immersed interface method (FIIM) is proposed to solve interface problems with piecewise

constant coefficients but discontinuities at the interface. The following section introduces

FIIM to solve interface problems with large ratios in the coefficient β.

5. The fast immersed interface method (FIIM)

In [17], a fast immersed interface method (FIIM), also called an augmented method,

is proposed to solve the interface problems with piecewise constant coefficients. In this

method, the elliptic equation is preconditioned before applying the original IIM. In addition,

an unknown intermediate function for a jump in the normal derivative across the interface

is introduced to take advantage of fast Poisson solvers on a rectangular region.

Below we illustrate the key idea of FIIM using a two-dimensional model problem with a

piecewise constant coefficient.

Consider the following model problem,

∇ · (β(x, y)∇u) = f(x, y), (31)

[u] = w, [βun ] = v, (32)

with specified boundary condition on ∂Ω.

In this method, the coefficient β is given by,

β(x, y) =

β− if (x, y) ∈ Ω−,

β+ if (x, y) ∈ Ω+.
(33)

Now as the coefficient β is peicewise constant, we can divide the equation (31) by β and

reformulate the original equation into the following equivalent problem with an unknown
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augmented variable [un ] = g. ∆u = f
β− if (x, y) ∈ Ω−,

∆u = f
β+ if (x, y) ∈ Ω+,

(34)

[u] = w, [un ] = g, (35)

with the same boundary condition as in the original elliptic interface problem given. Then

we can use standard five-point stencil for discretization of the equivalent problem together

with some modification into the right hand side. The discrete form of the equation (31) is

given as
Ui+1,j + Ui−1,j + Ui,j+1 + Ui,j−1 − 4Ui,j

h2
=
fi,j
βi,j

+ Ci,j, (36)

where Ci,j is the correction term which depends on w and g.

We first have to select some control points X1, X2, ..., XNc on the interface where Nc

is the number of control points selected to apply the augmented method. let W =

[W1,W2, ...,WNc ]
T and G = [G1, G2, ..., GNc ]

T be the discrete values of the jump condi-

tions w and g at the control points. Let B(W,G) be a mapping from W and G to the

correction term Ci,j. As B(W,G) is a linear combination of W and G at the control points,

we can write

B(W,G) = BG−B1W, (37)

where, B and B1 are matrices. Now the matrix form of the equation (36) can be written as

AU +BG = F +B1W = F1, (38)

where, U is the approximate solution to original problem and F is the vector representation

of
fi,j
βi,j

. Now we need one more equation other than equation (38) to have a closed system

since there are two unknown quantities U and G in equation (38). For that we can define a

residual vector R at control points using the flux jump condition.

R(G) = [βUn ](G)−V = β+U+
n (G)− β−U−n (G)−V, (39)

where, U+
n and U−n are the discrete approximations of the normal derivative from each side

of the interface at control points. We find G such that R(G) = 0. Now for an approximate

G, we can obtain the solution U by solving equation (38). Then we can obtain U+
n and

U−n at control points by interpolating Uij. For the interpolation, FIIM uses weighted least

squares interpolation. As the interpolation is linear, normal derivative of the approximate

solution at control points can be written as,

∂U

∂n
= P±U +Q±G + S±V + T± W. (40)
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As vector G should satisfy the second interface condition β+U+
n − β−U−n = V, we get the

following matrix equation,

PU +QG− SV− TW = 0, (41)

where,

P = β+P+ − β−P−, Q = β+Q+ − β−Q− and

S = I + β−S− − β+S+, T = β−T− − β+T+.

By combining the equations (38) and (41), we can get the following linear system[
A B

P Q

][
U

G

]
=

[
F1

SV + TW

]
. (42)

Now by eliminating U from equation (42), we can get a linear system for G,

(Q− PA−1B)G = SV + TW− PA−1F1 = F2. (43)

As G is defined only on the interface, corresponding coefficient matrix for G is only Nc×Nc,

which is much smaller than for U. The generalized minimal residual (GMRES) iterative

method is used to solve the Schur complement system for the augmented variable. FIIM

has shown to be second-order accurate for both the solution and for solution gradient in

maximum norm [17].

1.3 MOTIVATION AND DISSERTATION OUTLINE

Despite FIIM giving second-order accuracy for both solution and its gradient, its im-

plementation is not trivial, and setting up the Schur complement system and solving it

brings extra computational cost. Therefore, a new direct IIM method [58] for solving one

and two-dimensional elliptic interface problems with variable coefficients without using an

augmented variable was developed. As in FIIM, the PDE is reformulated at irregular grid

points. They eliminated the need for an augmented variable using approximations for gradi-

ent and second-order derivatives at the interface as part of the finite difference scheme at the

irregular grid points. As a result, the method is second-order accurate for both the solution

and its gradient.

In this dissertation, we extend the Direct IIM method in [58] to three-dimensions to solve

elliptic interface problems with piecewise constant coefficients followed by the convergence

analysis. First, our study aims to obtain a direct method for solving the three-dimensional

interface problems, which can achieve second-order accuracy in both solution and its gradient.
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Then, we investigate the application of direct IIM to solve parabolic interface problems with

piecewise constant coefficients by combining it with the Crank-Nicolson scheme.

The remaining part of the dissertation consists of five chapters. In chapter 2, we study

how to reformulate the direct IIM method developed by [58] to solve two-dimensional elliptic

interface problems with piecewise constant coefficients. The original method is applicable for

any variable coefficients, including the piecewise constant coefficients. We want to adapt the

model so that we can reduce the unnecessary complications in the implementation caused by

the upwind type discretizations for having variable coefficients. We also run some numerical

experiments for two-dimensional elliptic interface problems to demonstrate the accuracy of

the direct IIM.

In chapter 3, we will develop a direct method for three-dimensional elliptic interface

problems with piecewise constant coefficients but have a finite jump across the interface

using finite difference discretization on a uniform Cartesian grid system. Here we explain in

detail how to extend the two-dimensional model described in chapter 2 to three-dimensions.

Also, we will numerically show that the convergence of the developed new model is second-

order for both the solution and its gradient using some examples.

Chapter 4 develops a model for solving two-dimensional parabolic interface problems

with piecewise constant but discontinuous coefficients. The model combines the Crank-

Nicolson scheme with some modifications into the direct method described in chapter 2. We

also investigate the order convergence and stability of the method by doing some numerical

experiments.

Chapter 5 develops a model for solving three-dimensional parabolic interface problems

with piecewise constant but discontinuous coefficients. The model combines the Crank-

Nicolson scheme with some modifications into the direct method described in chapter 3. We

also investigate the order of convergence and stability of the method by doing some numerical

experiments.

Chapter 6 finalizes the dissertation by summarizing my results and outlines the future

study areas.
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CHAPTER 2

STUDY FOR TWO-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS WITH PIECEWISE CONSTANT COEFFICIENTS

In this chapter, we discuss how to adapt the original direct IIM in [58] to solve two-

dimensional elliptic interface problems with piecewise constant coefficients. The original

method in [58] is applicable for any variable coefficients, including the piecewise constant

coefficients. We study how to reformulate the model to reduce the unnecessary complica-

tions in the implementation caused by the upwind type discretizations for having variable

coefficients. We also do some numerical experiments for two-dimensional elliptic interface

problems to demonstrate the accuracy of the direct IIM method.

2.1 ALGORITHM FOR TWO-DIMENSIONAL ELLIPTIC

INTERFACE PROBLEMS WITH PIECEWISE CONSTANT

COEFFICIENTS

We first assume that the coefficient β in the elliptic interface problem (1) is a positive

piecewise constant, i.e.,

β(x, y) =

β− if (x, y) ∈ Ω−,

β+ if (x, y) ∈ Ω+.
(44)

So that we can rewrite equation (1) as

βuxx + βuyy = f(x, y), (x, y) ∈ Ω\Γ. (45)

Since the coefficient β is a positive piecewise constant, we can divide it from both sides of

the equation (45) to get the following equivalent problem:

uxx + uyy =
f(x, y)

β
, (x, y) ∈ Ω\Γ, (46)

with jump conditions across the interface Γ,

[u](X) = w(X), [βun ](X) = v(X), (47)

where X = (X, Y ) is a point on the interface Γ.
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For simplicity, we assume that the domain Ω is a square, say [a, b] × [a, b] and use a

uniform grid with,

xi = a+ ih, i = 0, 1, ...,M ; yj = a+ jh, j = 0, 1, ...,M ; (48)

where h = b− a/M is the step size in each direction. Interface Γ is represented by the zero

level set of a Lipschitz continuous function φ(x, y)

Γ = {(x, y), φ(x, y) = 0, (x, y) ∈ Ω}. (49)

The position of any grid point relative to the interface Γ can be determined by using the

level set function

φ(x, y) < 0 for (x, y) ∈ Ω−, (50)

φ(x, y) = 0 for (x, y) ∈ Γ, (51)

φ(x, y) > 0 for (x, y) ∈ Ω+. (52)

In order to obtain the coefficients of the finite difference scheme at each grid point in the

domain, we need to identify the regular and irregular grid points. Grid points whose five-

point stencil cut through the interface are called the irregular grid points and those that are

not are called the regular grid points. We can identify regular and irregular grid points using

the level set function φ.

Let φ(xi, yj) = φi,j be the level set grid function. At a grid point (xi, yj), we define,

φmax
i,j = max{φi−1,j, φi,j, φi+1,j, φi,j−1, φi,j+1}, (53)

φmin
i,j = min{φi−1,j, φi,j, φi+1,j, φi,j−1, φi,j+1}. (54)

A grid point (xi, yj) is called regular if φmax
i,j φmin

i,j > 0, otherwise it is called irregular. The

interfacial points which cuts the grid line are called the control points. See Figure 3 for

illustrations.

2.1.1 FINITE DIFFERENCE SCHEME FOR TWO-DIMENSIONAL INTER-

FACE PROBLEMS

Our intention is to obtain a finite difference scheme of the form

ns∑
m

τmUi+im,j+jm = Fij, (55)
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Fig. 3. Illustration of regular, irregular, and control points in a square domain with a
circular interface. This Figure is adapted from Ref. [58].
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at any grid point (xi, yj), where the summation is taken over ns, the number of grid points

centered at (xi, yj) and im and jm takes values from {−1, 0, 1}. Here, Fij = F (xi, yj) is the

right-hand side of the difference scheme which is computed as a contribution from source

term, coefficient β and some correction terms. By finding proper coefficients τm, we desire

the resulting finite difference scheme still be second-order accurate in both the solution and

the gradient of the solution. Note that we have excluded the dependency of m on i and j

for simplicity.

For a regular grid point (xi, yj), discretizeation of the equation (46) using the standard

central difference scheme will result the standard five-point stencil of the form

Ui−1,j − 2Ui,j + Ui+1,j

h2
+
Ui,j−1 − 2Ui,j + Ui,j+1

h2
=
fi,j
βi,j

, (56)

where fi,j = f(xi, yj), βi,j = β(xi, yj) and Ui,j is the numerical solution at u(xi, yj).

In order to derive the numerical scheme for irregular grid points, we assume that five-

point stencil of the irregular grid point (xi, yj) is only cut through the right arm, say at

x∗ = (x∗i , y
∗
j ) = (x∗i , yj). Without loss of generality, we also have assumed that (xi, yj) ∈ Ω−.

See Figure 4 for an illustration.

Now we can consider the Taylor expansion of u(xi−1, yj), u(xi, yj) and u(xi+1, yj) at the

control point x∗,

u(xi, yj) = u−(xi
∗) + u−x (xi − xi∗) + u−xx

(xi − xi∗)2

2
+O(h3), (57)

u(xi−1, yj) = u−(xi
∗) + u−x (xi−1 − xi∗) + u−xx

(xi−1 − xi∗)2

2
+O(h3), (58)

u(xi+1, yj) = u+(xi
∗) + u+x (xi+1 − xi∗) + u+xx

(xi+1 − xi∗)2

2
+O(h3). (59)

In order to account for the jump discontinuities of the solution and its derivatives at the

control point x∗, we have to eliminate the values on the onside, say u+, u+x , u+xx in terms of

other side u−, u−x , u−xx. For example, u+ can be written as

u+ = [u] + u−. (60)

Now, we can obtain the central difference approximation for uxx by combining the equations

(57), (58), (59) and jump conditions in equation (47). Consider the discretization in the x-

direction.

u−xx =
Ui−1,j − 2Ui,j + Ui+1,j + Cx

i,j

h2
, (61)
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Fig. 4. A diagram of an irregular grid point whose five-point stencil only cuts through the
right arm.



18

where, Cx
i,j is the correction term in the x-direction. One can derive the formula for the

correction term Cx
i,j as,

Cx
i,j = −[u]− [ux](xi+1 − xi∗)− [uxx]

(xi+1 − xi∗)2

2
. (62)

Similarly, if the five-point stencil of the irregular grid point (xi, yj) also cuts from the top

arm, say at x∗∗ = (x∗∗i , y
∗∗
j ) = (xi, y

∗∗
j ), we can obtain the central difference approximation

for uyy as,

u−yy =
Ui,j−1 − 2Ui,j + Ui,j+1 + Cy

i,j

h2
, (63)

where,

Cy
i,j = −[u]− [uy](yj+1 − yj∗∗)− [uyy]

(yj+1 − yj∗∗)2

2
. (64)

Note that, if the five-point stencil of the irregular point is only cut through the right arm,

then Cy
i,j = 0. However, if the five-point stencil of the irregular point is cut more than once

say from the right and the top, we have to correct the difference scheme both at the right

and the top. So when that happens, the resulting finite difference scheme at the irregular

grid point can be written as

Ui−1,j − 2Ui,j + Ui+1,j

h2
+
Cx
i,j

h2
+
Ui,j−1 − 2Ui,j + Ui,j+1

h2
+
Cy
i,j

h2
=
fi,j
βi,j

. (65)

Now, you can see that, to obtain the difference scheme at irregular point (xi, yj), we need to

know the jumps [u], [ux], [uy], [uxx] and [uyy] at corresponding control points. Those jumps

can be obtained by differentiating the known jumps [u] = w and [βun ] at the interface. To do

so, it turns out that it would be very convenient if we do the local coordinate transformation

at the control point x∗ in the normal and tangential directions to the interface.

2.1.2 JUMP RELATIONS AND THE LOCAL COORDINATE TRANSFOR-

MATION

First, let’s assume that parametric representation of the interface Γ is given by

Γ = {(x∗(s), y∗(s)), x∗(s) ∈ C2, y∗(s) ∈ C2}, (66)

where, s is an arc-length parameter. At a point (x∗, y∗) on the interface, let’s define the local

coordinate system in the normal and tangential direction as,

ξ = (x− x∗) cos(θ) + (y − y∗) sin(θ), (67)

η = −(x− x∗) sin(θ) + (y − y∗) cos(θ), (68)
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Fig. 5. A sketch of a two-dimensional local coordinates transformation. where, (xi, yj) is
an irregular grid point, (x∗, y∗) is a control point on the x-axis, ξ and η are the normal and
tangential direction at (x∗, y∗), and θ is the angle between x-axis and the normal direction.

where, θ is the angle between x-axis and the outward normal vector to the interface from Ω+

direction. See Figure 5 for an illustration. In the neighborhood of the control point (x∗, y∗),

the interface can be parameterized as,

ξ = χ(η), with χ(0) = 0, χ′(0) = 0. (69)

Then curvature κ of the interface at (x∗, y∗) is χ′′(0) = 0.

As mentioned earlier, to derive the finite difference scheme at irregular grid points, we

have to find the jumps [u], [ux], [uy], [uxx] and [uyy] using the known jumps [u] and [βun ].

To do so, we have to take the derivatives of the known jump conditions at the interface. To

make those computations easier, we first consider the local coordinate transformation of the

PDE.

Note that under the local coordinate transformation, PDE (46) remains the same. We
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would have a new notation for u(x, y), f(x, y) in the local coordinate transformation. Say,

u(ξ, η) = u(x, y) and f(ξ, η) = f(x, y). For simplicity, we drop the bars and use the same

notation in the local coordinate transformations as in the Cartesian coordinate system.

In local coordinates, we can write jump in the solution [u] = w as

u+(χ(η), η)− u−(χ(η), η) = w. (70)

Differentiating the equation (70) with respect to η gives

u+ξ χ
′ + u+η − (u−ξ χ

′ + u−η ) = wη = w′, (71)

or in compact form,

[uξ]χ
′ + [uη] = w′. (72)

Differentiating the equation (72) with respect to η gives

[uξξ]χ
′2 + 2[uξη]χ

′ + [uξ]χ
′′ + [uηη] = w′′. (73)

At a control point (x∗, y∗), (ξ, η) = (0, 0), χ′(0) = 0 and κ = χ′′(0). Evaluating equations

(72) and (73) at the control point (x∗, y∗),

[uη] = w′ = wη, (74)

[uηη] = w′′ − [uξ]κ = D1. (75)

Now, we can write [βun ] = v in local coordinates as

[βuξ] = v. (76)

Similarly taking the derivative of equation (76) with respect to η and evaluating the same

at the control point (x∗, y∗), we get

[βuξη] = [βuη]κ+ v′ = D2. (77)

Now, we have all together five jump relations which are given by the equations (74)-(77)

together with the jump in the solution [u] = w.

Also, from PDE (46) itself, we can obtain two more additional jump relations.

u+xx + u+yy =
f+

β+
= D3, (78)

u−xx + u−yy =
f−

β−
= D4. (79)
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Now, we will do the coordinate transformation of jump relations (74)-(79) into Cartesian

coordinates and express all limiting values in terms of u−, u−x , u−y , u−xx and u−xy.

From jump condition [u] = w, we get

u+ = u− + w, (80)

Using the coordinate transformation equations (67) and (68), the equations (76) and (74)

become

u+x cos(θ) + u+y sin(θ) =
v

β+
+
β−

β+
(u−x cos(θ) + u−y sin(θ)), (81)

−u+x sin(θ) + u+y cos(θ) = w′ − u−x sin(θ) + u−y cos(θ). (82)

Then multiplying the equation (81) by sin(θ) and equation (82) by cos(θ), we get the following

relation for u+y .

u+y = u−x (ρ− 1)sc+ u−y (ρs2 + c2) + cw′ +
sv

β+
, (83)

where, ρ = β−

β+ is the jump ratio and s and c stands for sin(θ) and cos(θ) respectively.

Similarly, by multiplying equation (81) by cos(θ) and the equation (82) by − sin(θ) and

adding them each other, we get a relation for u+x .

u+x = u−x (s2 + ρc2) + u−y (ρ− 1)sc− sw′ + cv

β+
. (84)

From coordinate transformation of equation (75), we get

u+xxs
2 + u+yyc

2 − 2csu+xy = u−xxs
2 + u−yyc

2 − 2csu−xy +D1. (85)

Also, from coordinate transformation of equation (77), we get the following equation,

β+(−scu+xx + (c2 − s2)u+xy + scu+yy) = β−(−scu−xx + (c2 − s2)u−xy + scu−yy) +D2. (86)

By solving the linear equations (85), (86), (78) and equation (79), we can find u+xx, u
+
xy, u

+
yy

and u−yy.

u+xx = [s4 + (4ρ− 2)s2c2 + c4]u−xx + 2(ρ− 1)(s3c− sc3)u−xy + (s2 − c2)D1

− (2sc/β+)D2 + c2D3 − [(2ρ− 1)s2c2 + c4]D4,
(87)

u+xy = 2(ρ− 1)(s3c− sc3)u−xx + (ρs4 − (2ρ− 4)s2c2 + ρc4)u−xy − 2scD1

+ [(c2 − s2)/β+]D2 + scD3 − [ρs3c− (ρ− 2)sc3]D4,
(88)

u+yy = −[s4 + (4ρ− 2)s2c2 + c4]u−xx − 2(ρ− 1)(s3c− sc3)u−xy − (s2 − c2)D1

+ (2sc/β+)D2 + s2D3 + [(2ρ− 1)s2c2 + c4]D4,
(89)

u−yy = −u−xx +D4. (90)
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2.1.3 APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discuss how to interpolate the correction terms Cx
i,j and Cy

i,j in

the finite difference scheme for an irregular grid point.

For a given irregular grid point (xi, yj), we first select a point x∗ = (x∗i , y
∗
j ) on the interface

Γ which is closest to (xi, yj).

Without loss of generality, let’s first assume that (xi, yj) is an irregular point that lies

inside the interface, and its five-point stencil is only cut through the right arm as in Figure

4.

As we are seeking the difference scheme at an irregular point to be in the form of equation

(55), we expand each u(xi+im , yj+jm) about the control point x∗ = (x∗i , y
∗
j ).

u(xi+im , yj+jm) = u± + (xi+im − x∗i )u±x + (yj+jm − y∗j )u±y +
1

2
(xi+im − x∗i )2u±xx

+
1

2
(yj+jm − y∗j )2u±yy + (xi+im − x∗i )(yj+jm − y∗j )u±xy +O(h3),

(91)

where plus or minus sign is chosen depending on whether (xi+ik , yj+jk) lies in Ω+ or Ω−. Note

that in order to incorporate the discontinuances at the interface, we can rewrite right-hand

side of the equation (91) by eliminating limiting values in plus side by limiting values in

minus side using relations (80), (83), (84), (87), (88), (89) and (90). Then the Taylor series

expansion in equation (91) will contain u−, u−x , u−y , u−xx, and u−xy.

Now the equation (91) will be in the form,

u(xi+im , yj+jm) = d1mu
− + d2mu

−
x + d3mu

−
y + d4mu

−
xx + d5mu

−
xy + d6m, (92)

where im, jm = {−1, 0, 1}. Here, the coefficients d1m through d6m are known. Now, we can see

the correction term Cx
i,j can also be reformulated as

Cx
i,j = e1u

− + e2u
−
x + e3u

−
y + e4u

−
xx + e5u

−
xy + e6. (93)

Interpolation for Cy
i,j will be in the same form, only with coefficients changed. Here, the

coefficients e1 through e6 in the equation (93) are also known.

We assume that the correction term Cx
i,j can be approximated as

Cx
i,j =

ns∑
m

γmUi+im,j+jm + γc. (94)

As in [58], we take ns = 9. See Figure 6 for an illustration of the compact nine-point stencil

for the irregular point (xi, yj). By comparing equations (93) and (94), we get the following
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Fig. 6. A diagram of nine-point stencil for an irregular grid point (xi, yj) whose right arm
cut through the interface at (x∗i , y

∗
j ).
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linear system 

d11 d12 · · · d13 d1ns−1 d1ns

d21 d22 · · · d23 d2ns−1 d2ns

d31 d32 · · · d33 d3ns−1 d3ns

d41 d42 · · · d43 d4ns−1 d4ns

d51 d52 · · · d53 d5ns−1 d5ns





γ1

γ2

· · ·
γns−1

γns


=



e1

e2

e3

e4

e5


. (95)

Here, we can see that the linear system (95) contains five equations with nine unknown γ

coefficients. Since the number of unknowns in the linear system are greater than the number

of equations, we have a underdetermined linear system. To solve the linear system, one can

use the singular value decomposition (SVD) to get the minimum norm solution. Then we

can find γc in equation (94) as follows

γc = e6 −
∑
m

d6m · γm. (96)

At this stage, finite difference scheme at the irregular grid point (xi, yj) is fully determined.

Notice that correction terms are only needed at the irregular grid points. Hence the ad-

ditional cost of determining correction terms is only O(N) rather than that for the linear

system solver of the finite difference equations, which is O(N2).

Now, the linear system of the finite difference equations can be written as

AhU = F , (97)

where, U is the numerical solution of equation (45), Ah is the discrete elliptic operator and

F is the modified right-hand side that is constructed from the source term f , boundary

conditions and correction terms. For constant β, the matrix Ah becomes discrete Laplacian,

and only right-hand side vector F needs to be changed due to corrections terms. Therefore,

for constant β, the above system of equations can be easily solved using a fast-Poisson solver.

However, when β is piecewise constant, Ah becomes the standard five-point Laplacian at

regular grid point and compact nine-point scheme at irregular grid points. Therefore, linear

system (97) can be solved using some iterative methods like GMRES or using some direct

solvers.

In order to recover the gradient of the solution at the interface, one can use the following
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formula

U−n = cos(θ)U−x + sin(θ)U−y , (98)

U+
n = ρ cos(θ)U−x + ρ sin(θ)U−y + v/β+, (99)

U−τ = − sin(θ)U−x + cos(θ)U−y , (100)

U+
τ = − sin(θ)U−x + cos(θ)U−y + w′, (101)

where, n and τ represent the normal and tangential directions to the interface at some

control point. Equation (98) was obtained using the coordinate transformation defined in the

equation (67) and equation (99) was obtained using flux jump condition (76). The equations

(100) and (101) come from the equation (74). In order to interpolate these gradients from

the solution, we will again assume that interpolation scheme will be in the same form as

equation (94). where the point (xi, yj) is chosen to be the closest irregular point to the

control point that is considered. So for example, when approximating U−n , we can still use

the resulting linear system (95) but by changing the right-hand vector of the same replaced

by vector [0, cos(θ), sin(θ), 0, 0, 0]T and for U+
n by replacing right side vector vector into

[0, ρ cos(θ), ρ sin(θ), 0, 0, v/β+]T .

2.1.4 OUTLINE OF THE ALGORITHM

In this section, the outline of the algorithm for solving two-dimensional elliptic interface

problems is given.

Step 1: Immerse the irregular domain (interface) into a square domain Ω = [a, b]× [a, b]

and represent the interface using zero level set function.

Step 2: Determine regular and irregular grid points and the location of control points

using the level set grid function φ.

Step 3: Apply the standard 5-point central difference scheme at regular grid points.

Step 4: Solve the underdetermined linear system given by the equation (95) to calculate

γ’s in the correction terms Cx
i,j and Cy

i,j at irregular grid points. Then, find the compact

9-points scheme at irregular points.

Step 5: Solve the system of linear equations (97).

Step 6: Recover the gradients of the solution using equations (98) to (101).

2.2 NUMERICAL EXAMPLES

Here we show some numerical examples and perform some error analysis to show the

performance of direct IIM method to solve two-dimensional elliptic interface problems. The
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errors are illustrated in L∞ norm and order of convergence of the method is calculated using

r =
1

log(2)
log
‖ E2h ‖∞
‖ Eh ‖∞

. (102)

In all listed tables in this section, N is the number of the grid points in each direction. E(u)

is the maximum norm error of the numerical solution. E(un) and E(uη) are the maximum

norm error in the normal and tangential direction of the computed solution.

Example 2.1

In this example, both the solution u(x, y) and its flux have a jump discontinuity. The

differential equation is given by

(βux)x + (βuy)y = f, (103)

on the domain Ω = [−1, 1] × [−1, 1], where interface Γ is a circle represented by the zero

level set of the function

φ(x, y) = x2 + y2 − 0.25. (104)

The source term f is defined as

f(x, y) =

0 if (x, y) ∈ Ω−,

−2β+ sin(x) cos(y) if (x, y) ∈ Ω+.
(105)

The coefficient β in equation (103) is a piecewise constant given by

β(x, y) =

β− if (x, y) ∈ Ω−,

β+ if (x, y) ∈ Ω+.
(106)

The jump in solution u(x, y) and it’s flux are given by

[u] = sin(x) cos(y)− (x2 − y2), (107)

[βun ] = β+(2x cos(x) cos(y)− 2y sin(x) sin(y))− 4β−(x2 − y2). (108)

Here, numerical experiments were conducted for different β jumps. And the boundary

conditions were taken from the exact solution of

u(x, y) =

x2 − y2 (x, y) ∈ Ω−,

sin(x) cos(y) (x, y) ∈ Ω+.
(109)
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Fig. 7. (a) Plot of the numerical solution for Example 2.1, (b) Plot of the error of numerical
solution with N = 60, β− = 1 and β+ = 1000.
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Table 1
A grid refinement analysis for Example 2.1 with β− = 1 and β+ = 1.

N E(u) r E(un) r E(uη) r
20 1.41E-04 1.16E-02 6.22E-03
40 3.01E-05 2.22 3.93E-03 1.57 1.42E-03 2.13
80 6.52E-06 2.21 1.41E-03 1.48 6.90E-04 1.04
160 1.46E-06 2.16 3.71E-04 1.92 2.56E-04 1.43
320 2.81E-07 2.38 6.72E-05 2.47 4.72E-05 2.44

Figure 7 shows a slice of the computed solution and its error distribution for Example 2.1

with a modest jump in β as 1000. In Tables 1 and 2, we present the numerical experiment

results for grid refinement analysis of Example 2.1. Table 1 shows the results for β− = 1 and

β+ = 1 and Table 2 shows it for β− = 1 and β+ = 10000. It can be seen that the solution

and the solution’s derivatives (normal and tangential) are on the average of second-order

accuracy.

Table 2
A grid refinement analysis for Example 2.1 with β− = 1 and β+ = 10000.

N E(u) r E(un) order E(uη) order
20 6.59E-04 2.44E-02 7.08E-03
40 1.85E-04 1.83 6.07E-03 2.01 5.03E-03 0.49
80 4.73E-05 1.96 1.28E-03 2.24 1.39E-03 1.86
160 1.21E-05 1.97 2.62E-04 2.29 4.39E-04 1.66
320 2.53E-06 2.25 4.30E-05 2.61 9.26E-05 2.25

Example 2.2

In this example, both the solution u(x, y) and its flux have a jump discontinuity. The



29

differential equation is given by

(βux)x + (βuy)y = f, (110)

on the domain Ω = [−1, 1] × [−1, 1], where interface Γ is a circle represented by the zero

level set of the function

φ(x, y) = x2 + y2 − 0.25. (111)

The source term f is defined as

f(x, y) =

−2β− cos(x+ y) if (x, y) ∈ Ω−,

6β+(x+ y) if (x, y) ∈ Ω+.
(112)

The coefficient β in equation (110) is a piecewise constant given by

β(x, y) =

β− if (x, y) ∈ Ω−,

β+ if (x, y) ∈ Ω+.
(113)

The jump in solution u(x, y) and it’s flux are given by

[u] = cos(x+ y)− (x3 + y3), (114)

[βun ] = 6β+(x3 + y3) + 2β− sin(x+ y)(x+ y). (115)

The boundary conditions were taken from the exact solution of

u(x, y) =

cos(x+ y) (x, y) ∈ Ω−,

x3 + y3 (x, y) ∈ Ω+.
(116)

Figure 8 shows a slice of the computed solution and its error distribution for Example 2.2 with

a modest jump in β as 1000. In Tables 3 and 4, we demonstrate the numerical experiment

results for grid refinement analysis of Example 2.2. Table 3 shows the results for β− = 1 and

β+ = 1 and Table 4 shows it for β− = 1 and β+ = 10000. It can be seen that the solution

and the solution’s derivatives (normal and tangential) are on the average of second-order.
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Fig. 8. (a) Plot of the numerical solution for Example 2.2, (b) Plot of the error of numerical
solution with N = 60, β− = 1 and β+ = 1000.
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Table 3
A grid refinement analysis for Example 2.2 with β− = 1 and β+ = 1.

N E(u) order E(un) order E(uη) order
20 2.37E-03 6.43E-02 4.95E-02
40 4.93E-04 2.26 1.60E-02 2.01 1.79E-02 1.46
80 1.03E-04 2.26 4.43E-03 1.85 4.10E-03 2.13
160 2.25E-05 2.19 1.16E-03 1.93 1.09E-03 1.91
320 4.79E-06 2.23 2.19E-04 2.41 2.69E-04 2.02

Table 4
A grid refinement analysis for Example 2.2 with β− = 1 and β+ = 10000.

N E(u) order E(un) order E(uη) order
20 5.01E-03 9.50E-02 5.17E-02
40 1.21E-03 2.05 1.61E-02 2.56 2.87E-02 0.85
80 2.63E-04 2.20 4.04E-03 2.00 8.14E-03 1.82
160 6.54E-05 2.01 1.13E-03 1.84 2.06E-03 1.98
320 1.26E-05 2.37 2.06E-04 2.45 3.87E-04 2.41
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CHAPTER 3

STUDY FOR THREE-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS WITH PIECEWISE CONSTANT COEFFICIENTS

In this chapter, we propose a direct method for solving three-dimensional elliptic interface

problems. The model is an extension of the two-dimensional model described in chapter 2
to three-dimensions.

3.1 ALGORITHM DESCRIPTION FOR THREE-DIMENSIONAL

INTERFACE PROBLEMS

Let’s consider the following three-dimensional elliptic interface problem with a piecewise

constant coefficient,

β(uxx + uyy + uzz) = f(x, y, z), (x, y, z) ∈ Ω\Γ, (117)

[u](X) = w(X), [βun ](X) = v(X). (118)

For simplicity, we assume the domain Ω is a solid cube (See Figure 9 ), say [a, b]×[a, b]×[a, b].

For the discretization of the domain, consider the uniform grid system with

xi = a+ ih, i = 0, 1, ..., N,

yj = a+ jh, j = 0, 1, ..., N,

zl = a+ lh, l = 0, 1, ..., N,

(119)

where h = (b− a)/N .

We intend to develop a finite difference scheme of the form

ns∑
m

τmUi+im,j+jm,l+lm = Fijl, (120)

at any grid point (xi, yj, zl). where the summation is taken over ns, the number of grid

points centered at (xi, yj, zl) and im, jm and lm take the values from {−1, 0, 1}. By finding

the proper coefficients τm, we desire the resulting finite difference scheme to still be second-

order accurate in both the solution and the gradient of the solution. Note that we have

excluded the dependency of m on i, j and l for simplicity.
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Fig. 9. A diagram of a cubic domain Ω with a smooth interface Γ. where n is the unit
outward normal vector to the interface Γ.
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Fig. 10. A cross section illustration of domain Ω with a smooth interface Γ. where solid
dots are regular grid points, solid triangles are irregular grid points and solid diamonds are
the control points.

Also, we want to use the standard seven-point stencil at regular grid points. A point

(xi, yj, zl) is regular if the interface Γ does not cut the grid lines between any points in the

standard seven-point stencil and is irregular otherwise. See Figure 10 for an illustration.

3.1.1 FINITE DIFFERENCE SCHEME FOR THREE-DIMENSIONAL INTER-

FACE PROBLEMS

For a regular grid point (xi, yj, zl), after dividing both sides of the equation (117) by β, we

can discretize the same using a standard central difference scheme, which has a seven-point
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stencil to get the finite difference scheme

Ui−1,j,l − 2Ui,j,l + Ui+1,j,l

h2
+

Ui,j−1,l − 2Ui,j,l + Ui,j+1,l

h2
+

Ui,j,l−1 − 2Ui,j,l + Ui,j,l+1

h2

=
fi,j,l
βi,j,l

,

(121)

where fi,j,l = f(xi, yj, zl), βi,j,l = β(xi, yj, zl) and Ui,j,l is the numerical solution at u(xi, yj, zl).

In order to derive the numerical scheme for irregular grid points, we do the Taylor expan-

sion at a control point similar to the two-dimensional case and obtain the following resulting

finite difference scheme

Ui−1,j,l − 2Ui,j,l + Ui+1,j,l

h2
+ Cx

i,j,l

+
Ui,j−1,l − 2Ui,j,l + Ui,j+1,l

h2
+ Cy

i,j,l

+
Ui,j,l−1 − 2Ui,j,l + Ui,j,l+1

h2
+ Cz

i,j,l =
fi,j,l
βi,j,l

.

(122)

where, Cx
i,j,l is the correction term in the x-direction and so on. For a particular irregular

grid point whose seven-point stencil cut through the right arm at the control point x∗ =

(x∗i , y
∗
j , z
∗
j ), the correction term Cx

i,j,l is given by

Cx
i,j,l = ± [u]

h2
± [ux]

(xi+1 − x∗)
h2

± [ux]
(xi+1 − x∗)2

2h2
. (123)

Here, plus or minus is chosen depending on which side the irregular grid point (xi, yj, zl) lies.

The correction terms in the y and z-directions also will be in the same format.

Now, you can see that, to obtain the difference scheme at irregular point (xi, yj, zl),

we need to know the jumps [u], [ux], [uy], [uz], [uxx], [uyy] and [uzz]. We must do this by

differentiating the known jumps [u] = w and [βun ] at the interface. So to do so, we will

first perform a local coordinate transformation into the normal and tangential direction to

interface Γ at the control point x∗ = (xi
∗, y∗j , z

∗
l ) as we did for the two-dimensional case.

3.1.2 LOCAL COORDINATE TRANSFORMATION

At a given point (x∗, y∗, z∗) ∈ Γ, let ξ be the normal direction of Γ, η and ζ be two or-

thogonal directions tangential to Γ. Then, local coordinates in the normal and the tangential
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Fig. 11. A sketch of a three-dimensional local coordinate transformation.

directions are
ξ = (x− x∗)αxξ + (y − y∗)αyξ + (z − z∗)αzξ,

η = (x− x∗)αxη + (y − y∗)αyη + (z − z∗)αzη,

ζ = (x− x∗)αxζ + (y − y∗)αyζ + (z − z∗)αzζ ,

(124)

where αxξ is the directional cosine between the x-axis and ξ and and so on. See Figure 11

for an illustration. The three-dimensional coordinate transformation given by the equation

(124) can be written in the matrix form
ξ

η

ζ

 = A


x− x∗

y − y∗

z − z∗

 , (125)

where,

A =


αxξ αyξ αzξ

αxη αyη αzη

αxζ αyζ αzζ

 . (126)
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Then, local coordinate transformation of first derivative of any differentiable function

q(x, y, z) can be written as 
qξ

qη

qζ

 = A


qx

qy

qz

 . (127)

Also, local coordinate transformation of a second derivative of any differentiable function

q(x, y, z) can be written as
qξξ qξη qξζ

qηξ qηη qηζ

qζξ qζη qζζ

 = A


qxx qxy qxz

qyx qyy qyz

qzx qzy qzz

AT , (128)

where AT is the transpose of the matrix A. Note that under the local coordinate transforma-

tion, the PDE equation (117) remains the same. Therefore, we drop the bars for simplicity.

3.1.3 LOCAL COORDINATE TRANSFORMATION IN TERMS OF LEVEL

SET FUNCTION

At a given point (x∗, y∗, z∗) on the interface, let ξ to be parallel to the normal direction

of the interface pointing outward, i.e.

ξ =
5φ
| 5 φ|

=
(φx, φy, φz)

T√
φ2
x + φ2

y + φ2
z

, (129)

and η and ζ are in the tangent plane passing through the point (x∗, y∗, z∗). However unlike

the two-dimensional case, we have to choose two tangential directions. In practice, we choose

the first tangential direction as

if φ2
x + φ2

y 6= 0; η =
(φy, −φx, 0)T√

φ2
x + φ2

y

,

otherwise η =
(φz, 0, −φx)T√

φ2
x + φ2

z

,

(130)

and the corresponding second tangential direction as

if φ2
x + φ2

y 6= 0; ζ =
s

|s|
, where s = (φxφz, φyφz, −φ2

x − φ2
y)
T ,

otherwise ζ =
t

|t|
where t = (−φxφy, φ2

x + φ2
z, −φyφz)T .

(131)
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3.1.4 COMPUTING THE PRINCIPAL CURVATURES USING THE LEVEL

SET FUNCTION

In the neighborhood of a control point x∗ = (x∗, y∗, z∗), interface can be parameterized

as

ξ = χ(η, ζ), with χ(0, 0) = 0, χη(0, 0) = 0, χζ(0, 0) = 0. (132)

In order to compute the derivatives of jumps at the interface, we need to obtain the second-

order tangential derivatives χηη, χζζ , χηζ of χ at x∗.

On the interface, φ(χ(η, ζ), η, ζ) = 0. First, lets consider the implicit differentiation of φ

in terms of η and ζ respectively.

φη + φξχη = 0, (133)

φζ + φξχζ = 0. (134)

Then, differentiating the equations (133) and (134) by η and ζ we get

φηη + φηξχη + (φξη + φξξχη)χη + φξχηη = 0,

φηζ + φηξχζ + (φξζ + φξξχζ)χη + φξχηζ = 0,

φζζ + φζξχζ + (φξζ + φξξχζ)χζ + φξχζζ = 0.

(135)

Since, χη(0, 0) = 0 and χζ(0, 0) = 0 on the interface, we get

χηη = −φηη/φξ,

χζζ = −φζζ/φξ,

χηζ = −φηζ/φξ,

(136)

where, 
φξ

φη

φζ

 = A


φx

φy

φz

 . (137)

3.1.5 LOCAL COORDINATE TRANSFORMATION OF JUMP CONDITIONS

As we pointed out earlier, in order to find the jump conditions [u], [ux], [uy], [uz], [uxx],

[uyy] and [uzz] at a control point x∗ = (x∗, y∗, z∗), it is convenient to differentiate the jump

conditions [u] = w and [βun ] = v along the interface and then do the coordinate transfor-

mation.
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Now, let’s first differentiate [u] = w with respect to η and ζ respectively,

[uξ]χη + [uη] = wη, (138)

[uξ]χζ + [uζ ] = wζ . (139)

Then, differentiate the equation (138) with respect to η and we get the following,

χη
∂[uξ]

∂η
+ χηη[uξ] + χη[uηξ] + [uηη] = wηη, (140)

Differentiating the equation (138) with respect to ζ gives,

χη
∂[uξ]

∂ζ
+ χηζ [uξ] + χζ [uηξ] + [uηζ ] = wηζ . (141)

Differentiating the equation (139) with respect to ζ gives,

χζ
∂[uξ]

∂ζ
+ χζζ [uξ] + χζ [uζξ] + [uζζ ] = wζζ . (142)

Now, we need to differentiate [βun ] = v. Before, we do that, lets express the unit normal

vector of the interface with respect to χ,

n =
(1,−χη,−χζ)√

1 + χ2
η + χ2

ζ

. (143)

Now, we rewrite the flux jump condition [βun ] = v using the local coordinate transformations

as follows,

[β(uξ − uηχη − uζχζ)] = v(η, ζ)
√

1 + χ2
η + χ2

ζ . (144)

After differentiating the equation (144) with respect to η, we get,

[β(uξξχη + uξη − χη
∂uη
∂η
− χζ

∂uζ
∂η
− uηχηη − uζχηζ)]

= vη

√
1 + χ2

η + χ2
ζ + v

χηχηη√
1 + χ2

η + χ2
ζ

.
(145)

Likewise, differentiating the equation (144) with respect to ζ, we get,

[β(uξξχζ + uξζ − χη
∂uη
∂ζ
− χζ

∂uζ
∂ζ
− uηχηζ − uζχζζ)]

= vζ

√
1 + χ2

η + χ2
ζ + v

χζχζζ√
1 + χ2

η + χ2
ζ

.
(146)
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Since, χη(0, 0) = χζ(0, 0) = 0 on the interface, equations (138) to (146) reduced to following

jump conditions.

[u] = w, (147)

[uη] = wη, (148)

[uζ ] = wζ , (149)

[βuξ] = v, (150)

[uηη] = −χηη[uξ] + wηη = D1, (151)

[uζζ ] = −χζζ [uξ] + wζζ = D2, (152)

[uηζ ] = −χηζ [uξ] + wηζ = D3, (153)

[βuξη] = χηη[βuη] + χηζ [βuζ ] + vη = D4, (154)

[βuξζ ] = χηζ [βuη] + χζζ [βuζ ] + vζ = D5. (155)

Now, we have all together nine jump relations. Also, from PDE equation (117) itself, we can

obtain two more additional jump relations,

u+xx + u+yy + u+zz =
f+

β+
= D6, (156)

u−xx + u−yy + u−zz =
f−

β−
= D7. (157)

Now, we will do the coordinate transformation of jump relations (147)-(157) into Cartesian

coordinates and express all the limiting values from outside the interface in terms of u−, u−x ,

u−y , u−z , u−xx, u
−
xy, u

−
xz, u

−
yy and u−yz. Derivation of the expression for u+, u+x , u+y , u+z , u+xx, u

+
xy,

u+xz, u
+
yy, u

+
yz and u+zz are given in the Appendix A. Notice that D1 through D5 can also be

expressed in terms of u−x , u−y , u−z .

3.1.6 THE APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discus how to interpolate the correction terms Cx
i,j,l, C

y
i,j,l and

Cz
i,j,l from the Cartesian coordinate transformations of the jump relations given by equations

(147) to (155) and the other two jump conditions equations (156) and (157) given by the

PDE itself.

We follow the same approach as described in chapter 2 to approximate the correction

terms. Given an irregular grid point (xi, yj, zl), we first select a point x∗ = (x∗i , y
∗
j , z
∗
l ) on the

interface Γ near (xi, yj, zl). Here we take this point as the control point closest to (xi, yj, zl).
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As we are seeking the difference scheme at the irregular point to be in the form of

equation (120), we expand each Ui+im,j+jm,l+lm about the control point x∗ = (x∗i , y
∗
j , z
∗
l ).

Where m = 1, 2.., ns and ns is the number of grid points in the difference scheme. And

im, jm and lm will take the values from {−1, 0, 1}. We will explain later how to choose ns.

Also note that m is really depended on i, j and l and we have omitted the dependency for

simplicity.

Without loss of generality, let’s first assume that (xi, yj, zl) is an irregular point and

seven-point stencil of (xi, yj, zl) is only cut through the right arm and (xi, yj, zl) ∈ Ω−.

We will now consider the Taylor expansion of u(xi+im , yj+jm , zl+lm) about the control point

x∗ = (x∗i , y
∗
j , z
∗
l ).

u(xi+im , yj+jm , zl+lm) = u± + (xi+im − x∗i )u±x + (yj+jm − y∗j )u±y + (zl+lm − z∗l )u±z

+
1

2
(xi+im − x∗i )2u±xx +

1

2
(yj+jm − y∗j )2u±yy +

1

2
(zl+lm − z∗l )2u±zz

+ (xi+im − x∗i )(yj+jm − y∗j )u±xy + (xi+im − x∗i )(zl+lm − z∗l )u±xz
+ (yj+jm − y∗j )(zl+lm − z∗l )u±yz +O(h3),

(158)

where plus or minus sign is chosen depending on whether (xi+im , yj+jm , zl+lm) lies in Ω+ or

Ω−. Using coordinate transformation of the nine interface relations (147) to (155) and other

two jump relations given by equations (156) and (157), we can eliminate limiting values of

plus side by limiting values of minus as explained in Appendix A. Then the Taylor series

expansion of equation (158) will contain u−, u−x , u−y , u−z , u−xx, u
−
xy, u

−
xz, u

−
yy, and u−yz.

Now the equation (158) will be in the form of,

u(xi+im , yj+jm , zl+lm) = c1mu
− + c2mu

−
x + c3mu

−
y + c4mu

−
z + c5mu

−
xx

+ c6mu
−
xy + c7mu

−
xz + c8mu

−
yy + c9mu

−
yz + c10m .

(159)

Here, coefficients c1m through c10m are known quantities. Now, we can see the correction term

Cx
i,j,l can be reformulated as,

Cx
i,j,l = a1u

− + a2u
−
x + a3u

−
y + a4u

−
z + a5u

−
xx + a6u

−
xy + a7u

−
xz + a8u

−
yy + a9u

−
yz + a10. (160)

Here, the coefficients a1 through a10 are known. Interpolation for Cy
i,j,l and Cz

i,j,l will be the

same form as for Cx
i,j,l , only with coefficients changed.

We assume that the correction terms Cx
i,j,l can be approximated as follows,

Cx
i,j,l =

ns∑
m

γmUi+im,j+jm,l+lm + γc. (161)
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By comparing equations (160) and (161), we get the following linear system,



c11 c12 · · · c13 c1m−1 c1m

c21 c22 · · · c23 c2m−1 c2m

· · ·
c81 c82 · · · c83 c8m−1 c8m

c91 c92 · · · c93 c9m−1 c9m





γ1

γ2

· · ·
γm−1

γm


=



a1

a2

a3

a4

a5

a6

a7

a8

a9



. (162)

We can find γc in equation (161) as follows,

γc = a10 −
ns∑
m

c10m · γm. (163)

Equation (162) gives a system of nine linear equations to determine the coefficients γm.

We can anticipate a solvable system by choosing the number of grid points ns = 9 in the

stencil for an irregular grid point. However, the number of minimum grid points that should

be involved to guarantee the existence of the solution to the above linear system is not

theoretically studied. In our implementation, we take all 27 grid points in the cube centered

at the irregular grid point (xi, yj, zl). See Figure 12 for an illustration. That is ns = 27.

We have not faced any numerical convergence problem. We have an underdetermined linear

system since the number of unknowns is greater than the number of equations. So, to solve

the above linear system with 9 equations and 27 unknowns, one can use the singular value

decomposition (SVD) to get the minimum norm solution. At this stage, finite difference

scheme at the irregular grid point (xi, yj, zl) is fully determined.

Now, linear system for finite difference equations can be written as,

AhU = F . (164)

Before we show some numerical results of the method for solving elliptic interface prob-

lems, let us explain further about the coefficient matrix (164). As we described earlier,

coefficients τms in the finite difference scheme (120) are obtained by adding the 27γm found

by solving the underdetermined linear system equation (162) into the standard seven-point

stencil which has the coefficients as same as the finite difference scheme coefficients of discrete

Laplacian operator for Poisson equation in the absence of interface. Moreover, these 27γms
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Fig. 12. The 27-point stencil for three-dimensional compact scheme.

are dependent on the location of the interface and the jump β in the PDE (117). The coef-

ficients γms in correction terms are O(1/h2) in general. However, they are far smaller than

1/h2 in magnitude from our calculation in numerical experiments. So, the larger weights of

coefficients in the FD scheme (120) are still coming by the grid values of the seven-point sten-

cil. Therefore, eigenvalues of the coefficient matrix will remain in the stability region. We

will demonstrate the magnitude of eigenvalues and coefficients γms for a particular example

in section 3.2 for a problem with a modest jump in β.

In order to recover the gradient of the solution at the interface, one can use the following

formula,

U−ξ = αxξU
−
x + αyξU

−
y + αzξU

−
z , (165)

U+
ξ = ραxξU

−
x + ραyξU

−
y + ραzξU

−
z + v/β+, (166)

U−η = αxηU
−
x + αyηU

−
y + αzηU

−
z , (167)

U+
η = αxηU

−
x + αyηU

−
y + αzηU

−
z + wη, (168)

U−ζ = αxζU
−
x + αyζU

−
y + αzζU

−
z , (169)

U+
ζ = αyζU

−
x + αyζU

−
y + αzζU

−
z + wζ , (170)
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where, ξ is the unit normal direction, and η and ζ are in the tangential directions to the

interface at the control point x∗ = (x∗i , y
∗
j , z
∗
l ).

The equations (165) and (166) were obtained using coordinate transformation of equation

(150). And equations (167) and (168) were derived using coordinate transformation of equa-

tion (148). Also, the equations (169) and (170) were obtained by coordinate transformation

of equation (149).

In order to interpolate these gradients from the solution, we will again assume that inter-

polation scheme will be in the same form as equation (161). where the point (xi, yj, zl) is cho-

sen to be the closest irregular point to the control point that is considered. For example, the

resulting linear system is same as the equation (162) with right hand vector replaced by the

vector [0, αxξ, αyξ, αzξ, 0, 0, 0, 0, 0, 0]T for U−ξ and vector [0, ραxξ, ραyξ, ραzξ, 0, 0, 0, 0, 0, v/β
+]T

for U+
ξ calculation.

3.1.7 OUTLINE OF THE ALGORITHM

In this section, the outline of the algorithm for solving three-dimensional elliptic interface

problems is given.

Step 1: Immerse the irregular domain (interface) into a cubic domain Ω = [a, b]× [a, b]×
[a, b] and represent the interface using a zero level set function.

Step 2: Determine the regular and irregular grid points and the location of control points

which are the intersection points of the interface and the grid lines using the level set grid

function φ.

Step 3: Apply the standard 7-point central difference scheme at the regular grid points.

Step 4: Solve the underdetermined linear system given by equation (162) to calculate

the correction terms Cx
ik,jk,lk

, Cy
i,j,l and Cz

i,j,l at irregular grid points. Then, find 27-point

compact scheme at irregular points.

Step 5: Solve the system of linear equations given by equation (164).

Step 5: Recover the gradients of the solution.

3.2 NUMERICAL EXAMPLES

Here we show some numerical examples and perform error analysis to show the perfor-

mance of the developed direct IIM to solve three-dimensional elliptic interface problems. For

all examples here, errors are illustrated in L∞ norm and order of convergence of the method
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is calculated using following formula,

r =
1

log(2)
log
‖ E2h ‖∞
‖ Eh ‖∞

. (171)

In all listed tables in this section, N is the number of grid points in each direction. E(u) is the

maximum norm error of the numerical solution. E(un), E(uη) and E(uζ) are the maximum

norm error in the normal and tangential directions of the computed solution respectively.

Example 3.1

In this example, both the solution u(x, y, z) and its flux have a jump discontinuity. The

differential equation is given by,

(βux)x + (βuy)y + (βuz)z = f, (172)

on the domain Ω = [−1, 1] × [−1, 1] × [−1, 1], where interface Γ is a sphere represented by

the zero level set of the function,

φ(x, y, z) = x2 + y2 + z2 − 0.25. (173)

The source term f is defined as,

f(x, y, z) =

6β− if (x, y, z) ∈ Ω−,

6β+ if (x, y, z) ∈ Ω+,
(174)

where,

β(x, y, z) =

β− if (x, y, z) ∈ Ω−,

β+ if (x, y, z) ∈ Ω+.
(175)

The jump in solution u(x, y, z) and it’s flux are given by,

[u] = 10, (176)

[βun ] = β+ − β−. (177)

Boundary conditions were taken from the exact solution of,

u(x, y, z) =

x2 + y2 + z2 if (x, y, z) ∈ Ω−,

x2 + y2 + z2 + 10 if (x, y, z) ∈ Ω+.
(178)

We have tested different cases of jumps for β. Figure 13 shows the slice of a computed
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Fig. 13. (a) Plot of numerical solution for Example 3.1, (b) Plot of error of the numerical
solution with N = 80, β− = 1 and β+ = 10.
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solution and the error of the computed solution. In Tables 5 and 6, we present the numerical

experiment results for grid refinement analysis of Example 3.1. Table 5 shows the results for

β− = 1 and β+ = 1 and Table 6 shows it for β− = 1 and β+ = 10000. The first column in the

tables is the number of grid points N in each direction. The second column illustrates the

maximum norm error of the numerical solution. The third, fourth, and five columns demon-

strate the maximum norm error in the normal and tangential derivatives. Furthermore, the

sixth column illustrates the number of control points involved in the computations. We can

see the errors are in order of 10−12 to 10−15 in infinity norm. The errors are actually from

round-off errors. This is because the solution is a quadratic function.

Table 5
A grid refinement analysis for Example 3.1 with β− = 1 and β+ = 1.

N E(u) E(un) E(uη) E(uζ) Nb

10 8.81E-13 3.73E-13 3.32E-13 3.82E-13 248
20 4.30E-13 1.10E-14 1.18E-13 1.53E-13 828
40 8.10E-14 1.93E-15 4.92E-14 3.34E-14 3696
80 5.02E-14 1.54E-15 1.92E-14 1.68E-14 11628
160 2.00E-14 1.40E-15 8.26E-15 6.59E-15 49080

Table 6
A grid refinement analysis for Example 3.1 with β− = 1 and β+ = 10000.

N E(u) E(un) E(uη) E(uζ) Nb

10 8.88E-13 3.73E-13 3.32E-13 3.52E-13 248
20 4.60E-14 1.10E-13 1.18E-13 1.08E-13 828
40 1.16E-14 1.98E-14 1.92E-14 1.62E-14 3696
80 9.82E-15 2.64E-15 8.83E-15 8.63E-15 11628
160 6.77E-15 1.40E-15 6.36E-15 6.56E-15 49080
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Example 3.2

In this example, both the solution u(x, y, z) and its flux have a jump discontinuity. The

differential equation is given by,

(βux)x + (βuy)y + (βuz)z = f. (179)

on the domain Ω = [−1, 1] × [−1, 1] × [−1, 1], where interface Γ is a sphere represented by

the zero level set of the function,

φ(x, y, z) = x2 + y2 + z2 − 0.25, (180)

The source term f is defined as,

f(x, y, z) =

2β−er
2
(3 + 2r2) if (x, y, z) ∈ Ω−,

2β+er
2
(3 + 2r2) if (x, y, z) ∈ Ω+.

(181)

where,

β(x, y, z) =

β− if (x, y, z) ∈ Ω−,

β+ if (x, y, z) ∈ Ω+.
(182)

The jump in solution u(x, y, z) and it’s flux are given by,

[u] = 1, (183)

[βun ] = (β+ − β−)e0.25. (184)

Boundary conditions were taken from the exact solution of,

u(x, y, z) =

er
2

(x, y, z) ∈ Ω−,

er
2

+ 1 (x, y, z) ∈ Ω+.
(185)

where r =
√
x2 + y2 + z2.

We have tested different cases of jumps in β. Figure 14 shows a slice of the computed

solution and error of the computed solution for Example 3.2 when [β] = 100. Tables 7 - 11

show the results of a grid refinement analysis for different jumps in β for Example 3.2. You

can see the errors in solution and the errors in gradients are almost in second-order accuracy.
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Fig. 14. (a) Plot of numerical solution for Example 3.2, (b) Plot of error of the numerical
solution with N = 80, β− = 1 and β+ = 100.
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Table 7
A grid refinement analysis for Example 3.2 with β− = 1 and β+ = 1.

N E(u) order E(un) order E(uη) order E(uζ) order
10 6.40E-02 0.134324 0.141663 0.14311
20 1.83E-02 1.81 3.47E-02 1.95 4.08E-02 1.80 4.15E-02 1.79
40 4.85E-03 1.91 8.98E-03 1.95 1.12E-02 1.86 1.09E-02 1.93
80 1.25E-03 1.96 2.41E-03 1.90 2.79E-03 2.01 2.78E-03 1.97
160 3.16E-04 1.98 6.01E-04 2.00 7.05E-04 1.99 7.59E-04 1.87

Table 8
A grid refinement analysis for Example 3.2 with β− = 1 and β+ = 10.

N E(u) order E(un) order E(uη) order E(uτ ) order
10 8.28E-02 0.11721 0.320327 0.325656
20 2.34E-02 1.82 3.51E-02 1.74 7.45E-02 2.10 7.18E-02 2.18
40 6.20E-03 1.92 8.44E-03 2.06 1.75E-02 2.09 1.72E-02 2.06
80 1.58E-03 1.97 3.07E-03 1.46 5.87E-03 1.58 5.94E-03 1.54
160 4.01E-04 1.98 8.48E-04 1.86 1.53E-03 1.94 1.49E-03 2.00
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Table 9
A grid refinement analysis for Example 3.2 with β− = 1 and β+ = 100.

N E(u) order E(un) order E(uη) order E(uτ ) order
10 8.54E-02 1.23E-01 3.64E-01 3.73E-01
20 2.40E-02 1.83 2.95E-02 2.06 8.97E-02 2.02 8.70E-02 2.10
40 6.32E-03 1.92 9.94E-03 1.57 2.50E-02 1.84 2.49E-02 1.81
80 1.61E-03 1.97 3.18E-03 1.64 9.32E-03 1.42 9.38E-03 1.41
160 4.08E-04 1.98 1.16E-03 1.45 2.26E-03 2.05 2.29E-03 2.04

Table 10
A grid refinement analysis for Example 3.2 with β− = 1 and β+ = 1000.

N E(u) order E(un) order E(uη) order E(uτ ) order
10 8.58E-02 0.123625 0.363609 0.379305
20 2.41E-02 1.83 2.97E-02 2.06 9.30E-02 1.97 8.98E-02 2.08
40 6.35E-03 1.93 8.68E-03 1.78 2.80E-02 1.73 2.80E-02 1.68
80 1.62E-03 1.97 3.81E-03 1.19 9.86E-03 1.50 9.92E-03 1.50
160 4.09E-04 1.98 1.43E-03 1.42 2.34E-03 2.08 2.37E-03 2.07

We also have done some analysis on eigenvalues of the coefficient matrix of the linear

system of FD scheme (164) to understand the stability of the method. Figure 15 shows the

eigenvalues of the coefficient matrix of FD scheme for Example 3.2 for the case of [β] = 100.

Here we have taken the number of grid points in each direction of the computational domain

as N = 22. You can see that all eigenvalues are negative, showing that the original method

is stable for this example.

In Figure 16, we have demonstrated the values of γms which are the coefficients of the

underdetermined linear system (162) for Example 3.2 for computing the correction terms

for a particular irregular grid point (xi, yj, zl). We have labeled the 27 grid points in the

FD scheme for this particular irregular grid point with red ink in the manner for which the

lowest left corner grid point is number 1 and increase the label number by one as it goes to

the right and up. Please refer the Figure 16 for an illustration.



52

Table 11
A grid refinement analysis for Example 3.2 with β− = 1 and β+ = 10000.

N E(u) order E(un) order E(uη) order E(uτ ) order
10 8.58E-02 1.24E-01 3.64E-01 3.80E-01
20 2.42E-02 1.83 2.98E-02 2.06 9.29E-02 1.97 8.97E-02 2.08
40 6.35E-03 1.93 8.29E-03 1.84 2.79E-02 1.73 2.80E-02 1.68
80 1.62E-03 1.97 3.87E-03 1.10 9.90E-03 1.50 9.96E-03 1.49
160 4.09E-04 1.98 1.40E-03 1.46 2.34E-03 2.08 2.38E-03 2.07

As we mentioned in the section 3.1.6, in order to find coefficients τms of the FD scheme

for a particular irregular point (Labeled as number 14), we have to add the coefficients of the

standard seven-point stencil of the FD scheme for a Poisson equation (117) in the absence

of an interface which takes −6 / h2 ≈ −661.00 for the central point and 1 / h2 ≈ 110.25

for rest of the six grid points (labeled as number 5, 11, 13, 15, 17 and 23) to the γm we

found in solving linear system (162). Note that we have taken the number of grid points in

each direction of the computational domain as N = 22. We can see that larger weights of

coefficients in the FD scheme are coming by values of the seven-point stencil, illustrating the

reason that the original method always gives a stable solution.



53

Fig. 15. The plot of eigenvalues of the coefficient matrix of the discrete elliptic operator for
Example 3.2 with N = 22 for β− = 1 and β+ = 100.
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Fig. 16. The γm coefficients of a point (xi, yj, zl) near the interface for Example 3.2 with
β− = 1 and β+ = 100. where the standard seven-point stencil of the grid point (xi, yj, zl),
labeled as number 14 has demonstrated with solid green circles. The solid orange circles
represent the grid points which are inside the sphere (the interface) and black ones are the
rest of the grid points in the 27-point stencil which are outside the sphere. The standard
seven-point stencil of (xi, yj, zl) is only cut from the righthand side.
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3.3 SUMMARY

In summary, we have developed a direct method for solving three-dimensional elliptic

interface problems with piecewise constant coefficients. Here, we have studied the extension

of the direct method for solving two-dimensional elliptic interface problems discussed in

[58] to three-dimensions. We have derived an appropriate finite difference scheme with a

standard seven-point stencil for regular grid point and a twenty-seven compact scheme for

an irregular grid point. We have observed that the larger weights of the coefficients of the

FD scheme for an irregular grid point are still coming from the original seven-point stencil,

and the coefficients of the rest of the twenty points are much smaller. We have also studied

the order of convergence of the developed method by doing grid refinement analysis for a few

numerical examples. We have observed that the developed method is second-order accurate

in both the solution and gradient of the solution. We also have shown that the method is

always stable as the coefficient matrix of the linear system for the FD scheme has all the

real parts of the eigenvalues that are negative.
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CHAPTER 4

STUDY FOR SOLVING TWO-DIMENSIONAL PARABOLIC

INTERFACE PROBLEMS

In this chapter, we propose a direct method for solving two-dimensional parabolic inter-

face problems with fixed interfaces.

Consider the following parabolic interface problem,

ut = (βux)x + (βuy)y − f(x, y, t), (x, y) ∈ Ω\Γ, (186)

[u] = w(:, t), (187)

[βun ] = v(:, t), (188)

with specified boundary and initial conditions.

When solving parabolic interface problems, numerical analysts prefer to use implicit over

explicit methods as there are no time step restrictions to the implicit methods. So, we use

the Crank-Nicholson scheme and some modifications to the direct IIM to solve parabolic

interface problems to obtain second-order accuracy for the solution and its gradient in both

time and space.

4.1 ALGORITHM FOR TWO-DIMENSIONAL PARABOLIC

INTERFACE PROBLEMS WITH PIECEWISE CONSTANT

COEFFICIENTS

As in chapter 2 for solving two dimensional elliptic interface problems, we begin by

reformulating the PDE by diving the both sides of the PDE (186) by β and get the following

equivalent problem.

ut
β

= uxx + uyy −
f(x, y, t)

β
, (x, y) ∈ Ω\Γ, (189)

[u] = w(:, t), (190)

[βun ] = v(:, t). (191)
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4.1.1 CRANK-NICOLSON SCHEME FOR TWO-DIMENSIONAL

PARABOLIC INTERFACE PROBLEMS

For any grid point (xi, yj), we can write the Crank-Nicolson scheme for equation (189)

as,

Un+1
i,j − Un

i,j

∆tβi,j
=

1

2
(δxU

n+1
i,j + (Cx

i,j)
n+1 + δyU

n+1
i,j + (Cy

i,j)
n+1 −

fn+1
i,j

βij

+ δxU
n
i,j + (Cx

i,j)
n + δyU

n
i,j + (Cy

i,j)
n −

fni,j
βi,j

).

(192)

where,

δxU
n
i,j =

Un
i−1,j − Un

i,j + Un
i+1,j

h2
, (193)

and correction term for a particular irregular grid point whose five-point stencil cut through

the right arm at the control point x∗ = (x∗i , yj) can be written as,

Cx
i,j = ± [u]

h2
± [ux]

(xi+1 − x∗)
h2

± [uxx]
(xi+1 − x∗)2

2h2
. (194)

Here, plus or minus is chosen depending on which side the irregular grid point lies. In a

similar way, we can define the correction term Cy
i,j.

4.1.2 LOCAL COORDINATE TRANSFORMATION OF JUMP RELATIONS

To compute the correction terms Cx
i,j and Cy

i,j, at irregular grid points, we need to find

the values of [ux], [uy], [uxx] and [uyy] in terms of the given jumps [u] and [βun ]. Required

jump relations can be obtained by differentiating the given jumps [u] and [βun ] and using

the PDE itself.

Similar to the two-dimensional elliptic interface problems in chapter 2, using the local

coordinate system given by equations (67) and (68), we can obtain the following jump

relations at the interface,

[u] = w, (195)

[βun ] = v, (196)

[uη] = wη, (197)

[uηη] = −κ[uξ] + wηη = D1, (198)

[βuηξ] = κ[βuη] + vη = D2. (199)
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Now from PDE itself we get the following relation,

[β(uξξ + uηη)] = [f + ut],

[βuξξ] = −[βuηη] + [f ] + wt.
(200)

From coordinate transformation of equations (197)-(200), we get the following relations

respectively,

−u+x s+ u+y c = wη − u−x s+ u−y c, (201)

u+x c+ u+y s =
v

β+
+ ρ(u−x c+ u−y s), (202)

u+xxs
2 − 2scu+yx + u+yyc

2 = u−xxs
2 − 2scu−yx + u−yyc

2 +D1, (203)

−scu+xx + (c2 − s2)u+xy + scu+yy = −ρscu−xx + ρ(c2 − s2)u−xy + ρscu−yy +
D2

β+
, (204)

u+xxc
2 + 2scu+yx + u+yys

2 = (ρ− s2)u−xx + 2scu−yx + (ρ− c2)u−yy +D3, (205)

where,

D3 = −D1 +
[f ] + wt
β+

. (206)

Now, from equation (195) and solving equations (201)-(205) to get u+, u+x , u+y , u+xx, u
+
xy and

u+yy in terms of u−, u−x , u−y , u−xx, u
−
xy and u−yy, we get

u+ = u− + w, (207)

u+x = u−x (s2 + ρc2) + u−y (ρ− 1)sc− swη +
cv

β+
, (208)

u+y = u−x (ρ− 1)sc+ u−y (ρs2 + c2) + cwη +
sv

β+
, (209)

u+xx = (c2ρ+ s4 − c2s2 + 2c2s2ρ)u−xx − (2cs3 − 2c3s− 2cs3ρ+ 2c3sρ)u−xy

+ (c2ρ− c4 + c2s2 − 2c2s2ρ)u−yy + s2D1 −
2csD2

β+
+ c2D3,

(210)

u+xy = −(2cs3 − cs3ρ+ c3sρ− csρ)u−xx + (c4ρ+ s4ρ+ 4c2s2 − 2c2s2ρ)u−xy

− (2c3s+ cs3ρ− c3sρ− csρ)u−yy − csD1 + (c2 − s2)D2

β+
+ csD3,

(211)

u+yy = (ρs2 − s4 + c2s2 − 2c2s2ρ)u−xx + (2cs3 − 2c3s− 2cs3ρ+ 2c3sρ)u−xy

+ (ρs2 + c4 − c2s2 + 2c2s2ρ)u−yy + c2D1 +
2csD2

β+
+ s2D3,

(212)

where ρ = β−/β+, c = cos(θ) and s = sin(θ). Here, β− and β+ are the limiting values of

the coefficient β from inside and outside of the interface respectively. And from coordinate
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transformation of D1 and D2 are

D1 = −κc(u+x − u−x )− κs(u+y − u−y ) + (s2wxx − 2cswxy + c2wyy)

+ κ(cwx + swy),
(213)

D2 = κc(β+u+y − β−u−y )− κs(β+u+x − β−u−x ) + (−svx + cvy). (214)

4.1.3 APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discuss how to interpolate the correction terms (Cx
i,j)

n and (Cy
i,j)

n.

Our target is to approximate the correction terms so that the resulting Crank-Nicolson

scheme for a two-dimensional parabolic interface problem with constant β would be the

same as the one without an interface but with some slight modification to source term only.

So, we follow the same approach for obtaining the correction terms for two-dimensional

elliptic interface problems. However, note that all our jump conditions are now time-

dependent. Given an irregular grid point (xi, yj), we first select a control point x∗ = (x∗, y∗)

on the interface Γ which is closest to the irregular point (xi, yj).

First, let’s assume that (xi, yj) is an irregular point that lies in Ω− and it’s five-point

stencil is only cut through the right arm. Then in order to obtain the Crank-Nicolson scheme

at the irregular point (xi, yj), we consider the Taylor expansion of all nine points of the form

u(xi+im , yj+jm) in the stencil of irregular grid point (xi, yj) at control point x∗ = (x∗, y∗) at

t = tn.

u(xi+im , yj+jm) = u± + (xi+im − x∗)u±x + (yj+jm − y∗)u±y +
1

2
(xi+im − x∗)2u±xx

+
1

2
(yj+jm − y∗)2u±yy + (xi+im − x∗)(yj+jm − y∗)u±xy +O(h3),

(215)

where plus or minus sign is chosen depending on whether (xi+im , yj+jm) lies in Ω+ or Ω−.

Note that right-hand side of the above equation can be rewritten in terms of the limiting

values u−, u−x , u−y , u−xx, u
−
xy and u−yy by using the jump relations (207)-(212). where im,

jm = {−1, 0, 1}. So, we get a scheme,

u(xi+im , yj+jm) = d1im,jmu
− + d2im,jmu

−
x + d3im,jmu

−
y + d4im,jmu

−
xx + d5im,jmu

−
xy + d6im,jmu

−
yy

+ d7im,jm ,
(216)

where, the coefficients d1im,jm through d6im,jm are known time-independent quantities and

coefficient d7im,jm is a time-dependent quantity. Now, we can see the correction term (Cx
i,j)

n

can also be reformulated as

(Cx
i,j)

n = b1u
− + b2u

−
x + b3u

−
y + b4u

−
xx + b5u

−
xy + b6u

−
yy + b7, (217)
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where b1 through b6 are also known time-independent quantities, but b7 is time-dependent.

We assume that the correction term (Cx
i,j)

n can be written using the nine-point stencil

of the irregular grid point (xi, yj) as follows,

(Cx
i,j)

n =
ns∑
m

αmU
n
i+im,j+jm + αxc , (218)

where, ns is the number of grid points involved in finding correction term, which we took

as nine, αm and αxc depend on the location of the grid point relative to the control point

x∗, jump ratio ρ, and limiting values of β. Moreover, αm is time-independent while αxc is

time-dependent. Therefore, for each irregular grid point (xi, yj), the coefficient αm need

to be found only at once for each time t = tn, but αxc should be updated. By comparing

equations (216), (217) and (218), we get the following linear system,

d1−1,−1 d10,−1 · · · d10,1 d11,1

d2−1,−1 d20,−1 · · · d20,1 d21,1

d3−1,−1 d30,−1 · · · d30,1 d31,1

d4−1,−1 d40,−1 · · · d40,1 d41,1

d5−1,−1 d50,−1 · · · d50,1 d51,1

d6−1,−1 d60,−1 · · · d60,1 d61,1





α1

α2

· · ·
α8

α9


=



b1

b2

b3

b4

b5

b6


. (219)

It seems we have to find nine unknown α coefficients. To find the αs, we have to solve a

system of equations with six equations. We have an underdetermined linear system since the

number of unknowns is greater than the number of equations. To solve the linear system,

one can use the singular value decomposition (SVD) to get the minimum norm. We can find

αxc as follows,

αxc = b7 −
ns∑
m

d7im,jm · αm. (220)

As αm are time-independent, we only need to solve the linear system given by equation

(219) at once. At this stage, Crank-Nicolson scheme at the irregular grid point (xi, yj) is

fully determined. Now, linear system of the Crank-Nicolson scheme can be written as,

AUn+1 = BUn + F, (221)

where, Un is the numerical solution of the parabolic interface problem given by equation

(186) at t = tn, A and B are the coefficient matrix and F is a vector constructed from the

source term f , boundary conditions and correction terms. For constant β, the matrix A and

B are identical to the five-diagonal matrices for an equivalent problem without an interface,
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and the vector F is only needed to be changed due to corrections terms. However, when β

is piecewise constant, A and B are nine-point banded matrices for irregular grid points and

five-diagonal matrices for regular grid points.

In order to recover the gradient of the solution at the interface, we can still use the same

formulas (98)-(101) in chapter 2.

4.1.4 AN OUTLINE OF ALGORITHM

In this section, an outline of the algorithm for solving two-dimensional parabolic interface

problems is given.

Step 1: Immerse the irregular domain (interface) into a square domain and represent

the interface using a zero level set function.

Step 2: Determine regular, irregular grid points and location of control points.

Step 3: Use standard 5-point central difference scheme at regular grid points for spatial

discretization.

Step 4: Find αm to get the time-independent part of the correction terms at grid points

by solving the linear system equation (219).

Step 5: Find a 9-point compact scheme at each irregular point.

Step 6: Use Crank-Nicolson scheme for time discretization

Step 7: Calculate αc which is the time-dependent part of the correction terms using

equation (220) at each irregular grid point for each time step

Step 8: Solve the linear system AUn+1 = BUn + F for each time step

Step 9: Recover the gradients of the solution using equations (98) to (101) in chapter 2.

4.2 NUMERICAL EXAMPLES

Here we do a numerical experiment and perform error analysis to show the performance

of the developed method for solving parabolic interface problems. The errors are illustrated

in L∞ norm and order of convergence of the method is calculated using

r =
1

log(2)
log
‖ E2h ‖∞
‖ Eh ‖∞

. (222)

In all listed tables in this section, N is the number of the grid points in each direction. E(u)

is the maximum norm error of the numerical solution. E(un) and E(uη) are the maximum

norm error in the normal and tangential directions.
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Example 4.1

In this example, both the solution u(x, y, t) and its flux have a jump discontinuity. The

differential equation is given by,

ut = (βux)x + (βuy)y − f, (223)

on the domain Ω = [−1, 1] × [−1, 1], where interface Γ is a circle represented by the zero

level set of the function,

φ(x, y) = x2 + y2 − 0.52. (224)

The source term f is defined as,

f(x, y, t) =

0 if (x, y) ∈ Ω−,

e−t(x2 − y2) if (x, y) ∈ Ω+.
(225)

The coefficient β in equation (223) is a piecewise constant given by,

β(x, y) =

β− if (x, y) ∈ Ω−,

β+ if (x, y) ∈ Ω+.
(226)

The jump in solution u(x, y, t) and it’s flux are given by,

[u] = e−t(x2 − y2), (227)

[βun ] = 4β+e−t(x2 − y2). (228)

Boundary and initial conditions were taken from the exact solution of,

u(x, y, t) =

0 if (x, y) ∈ Ω−,

e−t(x2 − y2) if (x, y) ∈ Ω+.
(229)

In Tables 12 - 14, we present the numerical experiment results for grid refinement analysis

of Example 4.1 for different jumps in β at final time T = 1. In this study we use time step

∆t = h. The second column in all the tables illustrates the maximum norm error of the

numerical solution. The third column is the order convergence of the proposed method for

spatial discretization. The fourth and fifth columns demonstrate the maximum norm error in

the normal direction and its order convergence, respectively. Moreover, six and seven columns

represent the maximum norm error in the tangential direction and order convergence. It can

be seen that the solution and the solution’s derivatives (normal and tangential) are on the

average of second-order accuracy. Figure 17 shows a slice of the computed solution and error

of the computed solution for Example 4.1 when [β] = 1000.
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Table 12
A grid refinement analysis for Example 4.1 with β− = 1 and β+ = 1.

N E(u) r E(un) r E(uη) r
20 7.08E-06 1.83E-05 1.95E-05
40 1.76E-06 2.01 4.52E-06 2.02 4.88E-06 2.00
80 4.42E-07 1.99 1.13E-06 1.99 1.21E-06 2.01
160 1.10E-07 2.00 2.84E-07 2.00 3.03E-07 2.00
360 2.18E-08 2.34 5.61E-08 2.34 5.96E-08 2.34

Table 13
A grid refinement analysis for Example 4.1 with β− = 1 and β+ = 1000.

N E(u) r E(un) r E(uη) r
20 9.67E-09 6.83E-08 6.21E-08
40 2.46E-09 1.98 2.53E-08 1.44 3.02E-08 1.04
80 5.81E-10 2.08 6.99E-09 1.85 8.50E-09 1.83
160 1.57E-10 1.89 1.41E-09 2.31 3.02E-09 1.49
360 2.87E-11 2.45 7.74E-11 4.19 3.15E-10 3.26

We also did numerical experiments to find order convergence of the temporal discretiza-

tion. In Tables 15 - 17, we demonstrate the temporal discretization analysis results for

different jump ratio for Example 4.1 at T = 2. In these tables, ∆t is the time step, E(u),

E(un), E(uη) are in the maximum norm as explained previously. For this analysis, we kept

the number of grid points in the computational domain as constant and set it to N = 80. It

can be seen that the proposed method can also achieve average of second order in time for

both solution and the solution’s derivatives for the present parabolic interface problem.
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Table 14
A grid refinement analysis for Example 4.1 with β− = 1 and β+ = 10000.

N E(u) r E(un) r E(uη) r
20 9.80E-10 7.19E-09 6.51E-09
40 2.66E-10 1.88 2.99E-09 1.27 3.51E-09 0.89
80 6.83E-11 1.96 1.13E-09 1.41 1.33E-09 1.40
160 1.59E-11 2.10 3.49E-10 1.69 4.96E-10 1.42
360 3.11E-12 2.35 8.06E-11 2.12 1.87E-10 1.41

Table 15
Temporal discretization analysis for Example 4.1 with β− = 1 and β+ = 1.

∆t E(u) r E(un) r E(uη) r
1/40 4.42E-07 1.13E-06 1.21E-06
1/80 1.10E-07 2.00 2.88E-07 1.98 3.03E-07 2.00
1/160 2.76E-08 2.00 7.21E-08 2.00 7.58E-08 2.00
1/320 6.90E-09 2.00 1.80E-08 2.00 1.89E-08 2.00

Table 16
Temporal discretization analysis for Example 4.1 with β− = 1 and β+ = 1000.

∆t E(u) r E(un) r E(uη) r
1/40 5.81E-10 6.99E-09 8.50E-09
1/80 1.94E-10 1.58 2.00E-09 1.81 2.83E-09 1.59
1/160 3.41E-11 2.51 2.62E-11 6.25 1.44E-10 4.29
1/320 8.35E-12 2.03 8.37E-13 4.97 3.35E-11 2.10
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Fig. 17. (a) Plot of the numerical solution for Example 4.1, (b) Plot of the error of numerical
solution with N = 60, β− = 1 and β+ = 1000 at T = 1.
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Table 17
Temporal discretization analysis for Example 4.1 with β− = 1 and β+ = 10000.

∆t E(u) r E(un) r E(uη) r
1/40 6.83E-11 1.13E-09 1.33E-09
1/80 2.14E-11 1.68 4.43E-10 1.35 4.96E-10 1.42
1/160 3.24E-12 2.72 6.41E-11 2.79 9.87E-11 2.33
1/320 8.10E-13 2.00 3.95E-12 4.02 6.09E-12 4.02

4.3 SUMMARY AND DISCUSSION

In this section, we present an algorithm for solving two-dimensional parabolic interface

problems. Here we use the Crank-Nicolson scheme together with modified direct IIM to

solve parabolic interface problems. The resulting method achieves second-order accuracy

in both space and time for fixed interfaces for both solution and gradients. Moreover, the

proposed method is unconditionally stable as it uses the Crank-Nicolson scheme for time

discretization.
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CHAPTER 5

STUDY FOR SOLVING THREE-DIMENSIONAL PARABOLIC

INTERFACE PROBLEMS

In this chapter, we propose a direct method for solving three-dimensional parabolic inter-

face problems with fixed interfaces. The method uses the Crank-Nicholson scheme together

with some modifications to the three-dimensional direct IIM that we developed in chapter

3.

Consider the following parabolic interface problem

ut = (βux)x + (βuy)y + (βuz)z − f(x, y, z, t), (x, y, z) ∈ Ω\Γ, (230)

[u] = w(:, t), (231)

[βun ] = v(:, t), (232)

with specified boundary and initial conditions.

5.1 CRANK-NICOLSON SCHEME FOR THREE-DIMENSIONAL

PARABOLIC INTERFACE PROBLEMS

For any grid point (xi, yj, zl), the Crank-Nicolson scheme for equation (230) is as follows,

Un+1
ijl − Un

ijl

∆tβijl
=

1

2
(δxU

n+1
ijl + (Cx

ijl)
n+1 + δyU

n+1
ijl + (Cy

ijl)
n+1 + δzU

n+1
ijl + (Cz

ijl)
n+1

−
fn+1
ijl

βijl
+ δxU

n
ijl + (Cx

ijl)
n + δyU

n
ijl + (Cy

ijl)
n + δzU

n
ijl + (Cz

ijl)
n −

fnijl
βijl

).

(233)

where,

δxU
n
ijl =

Un
i−1,j,l − Un

i,j,l + Un
i+1,j,l

h2
, (234)

and correction term for particular irregular grid point whose seven-point stencil cut through

the right arm at the control point x∗ = (x∗, y∗, z∗) is given by,

Cx
ijl = ± [u]

h2
± [ux]

(xi+1 − x∗)
h2

± [uxx]
(zi+1 − z∗)2

2h2
, (235)

where, plus or minus sign is chosen depending on whether the irregular grid point (xi, yj, zl)

lies in plus or minus sign of the interface Γ.
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5.1.1 LOCAL COORDINATE TRANSFORMATION OF JUMP RELATIONS

Now using the local coordinate transformation system (124) and by differentiating the

jump relations [u] = w and [βun ] = v with respect to η and ζ, we can obtain

[u] = w, (236)

[uη] = wη, (237)

[uζ ] = wζ , (238)

[βuξ] = v, (239)

[uηη] = −χηη[uξ] + wηη = D1, (240)

[uζζ ] = −χζζ [uξ] + wζζ = D2, (241)

[uηζ ] = −χηζ [uξ] + wηζ = D3, (242)

[βuξη] = χηη[βuη] + χηζ [βuζ ] + vη = D4, (243)

[βuξζ ] = χηζ [βuη] + χζζ [βuζ ] + vζ = D5. (244)

And from governing equation (230)

[βuξξ] = −[βuηη]− [βuζζ ] + [f ] + wt = D. (245)

As similar to the two-dimensional case for solving parabolic interface problems, we do the

coordinate transformation of all jump relations given by the equations (236)-(245) into Carte-

sian coordinates and express all limiting values u+, u+x , u+y , u+z , u+xx, u
+
xy, u

+
xz, u

+
yy, u

+
yz, u

+
zz in

terms of u−, u−x , u−y , u−z , u−xx, u
−
xy, u

−
xz, u

−
yy, u

−
yz and u−zz. Derivation of these expression are

given in the Appendix B. Notice that D1 through D5 and can also be expressed in terms of

u−x , u−y , u−z .

5.1.2 APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discuss how to interpolate the correction terms (Cx
ijl)

n, (Cy
ijl)

n and

(Cz
ijl)

n.

We follow the same approach as we did in solving three-dimensional elliptic interface

problems in chapter 3 to obtain the correction terms. However, note that all our jump

conditions are now time-dependent. Given an irregular grid point (xi, yj, zl), we first select

a control point x∗ = (x∗, y∗, z∗) on the interface Γ which is closest to the irregular point

(xi, yj, zl).

First, let’s assume that (xi, yj, zl) is an irregular point which lies in Ω− and it’s seven-point

stencil is only cut through the right arm. Then in order to obtain the Crank-Nicolson scheme
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at the irregular point (xi, yj, zl), we will consider the Taylor expansion of u(xi+im , yj+jm , zl+lm)

about the control point x∗ = (x∗, y∗, z∗) at t = tn.

u(xi+im , yj+jm , zl+lm) = u± + (xi+im − x∗i )u±x + (yj+jm − yj)u±y + (zl+lm − zl)u±z

+
1

2
(xi+im − x∗i )2u±xx +

1

2
(yj+jm − yj)2u±yy +

1

2
(zl+lm − zl)2u±zz

+ (xi+im − x∗i )(yj+jm − yj)u±xy + (xi+im − x∗i )(zl+lm − zl)u±xz
+ (yj+jm − y∗j )(zl+lm − zl)u±yz +O(h3),

(246)

where plus or minus sign is chosen depending on whether (xi+im , yj+jm , zl+lm) lies in Ω+ or Ω−

and im, jm, lm = {−1, 0, 1}. Note that right-hand side of the equation (246) can be written

in terms of the limiting values u−, u−x , u−y , u−z , u−xx, u
−
xy, u

−
xz, u

−
yy, u

−
yz and u−zz by using the

coordinate transformation of the jump relations given by the equations (236)-(245). So, we

get a scheme,

u(xi+im , yj+jm , zl+lm) = c1mu
− + c2mu

−
x + c3mu

−
y + c4mu

−
z + c5mu

−
xx + c6mu

−
xy

+c7mu
−
xz + c8mu

−
yy + c9mu

−
yz + c10mu

−
zz + c11m .

(247)

Here, the coefficients c1m through c10m are known time-independent quantities. And the co-

efficient c11m is a time-dependent quantity. Now, we can see the correction term (Cx
ijl)

n can

also be reformulated as,

(Cx
ijl)

n = a1u
−+a2u

−
x +a3u

−
y +a4u

−
z +a5u

−
xx+a6u

−
xy+a7u

−
xz+a8u

−
yy+a9u

−
yz+a10u

−
zz+a11, (248)

where a1 through a10 are also known time-independent quantities, but a11 is a time-dependent

quantity.

We assume that the correction term (Cx
ijl)

n can be approximated as,

(Cx
ijl)

n =
ns∑
m

αmU
n
i+im,j+jm,l+lm + αxc . (249)
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By comparing the equations (247) and (248), we get the following linear system,



c11 c12 · · · c13 c1m−1 c1m

c21 c22 · · · c23 c2m−1 c2m

· · ·
c81 c82 · · · c83 c8m−1 c8m

c91 c92 · · · c93 c9m−1 c9m

c101 c102 · · · c103 c10m−1 c10m





α1

α2

· · ·
αm−1

αm


=



a1

a2

a3

a4

a5

a6

a7

a8

a9

a10



. (250)

We can find αxc in equation (249) as,

αxc = a11 −
ns∑
m

c11m · αm (251)

Interpolation for (Cy
ijl)

n and (Cz
ijl)

n will be in the same form, only with coefficients changed.

As for the direct method for solving three-dimensional elliptic interface problems in Chap-

ter 3, we take ns = 27. That is, we will use the twenty-seven compact stencil as in Figure

12 illustrated in chapter 3. We have an underdetermined linear system since the number of

unknowns is greater than the number of equations. So, to solve the linear system (250) with

ten equations and 27 unknowns, one can use the singular value decomposition (SVD) to get

the minimum norm solution.

As αm’s are time-independent, we only need to solve the linear system given by equation

(250) at once. At this stage, the Crank-Nicolson scheme at the irregular grid point (xi, yj, zl)

is fully determined. Now, linear system of the Crank-Nicolson scheme can be written as,

AUn+1 = BUn + F (252)

where, Un is the numerical solution of the parabolic interface problem given by equation

(230) at t = tn, A and B are the coefficient matrix and F is a vector constructed from the

source term f , boundary conditions and correction terms. For constant β, the matrix A

and B are identical to the seven-diagonal matrices for an equivalent problem without an

interface, and the right-hand sided vector F only need to be corrected. However, when β

is piecewise constant, A and B are twenty-seven point banded matrices for irregular grid

points and seven-diagonal matrices for regular grid points.
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In order to recover the gradient of the solution at the interface, we can still use the

formulas (165)-(170) in chapter 3.

5.1.3 AN OUTLINE OF ALGORITHM

In this section, the outline of the algorithm for solving three-dimensional parabolic in-

terface problems is given.

Step 1: Immerse the irregular domain (interface) into a cubic domain and represent the

interface using a zero level set function.

Step 2: Determine the regular and irregular grid points and the location of control

points.

Step 3: Use standard 7-point central difference scheme at regular grid points for spatial

discretization.

Step 4: Find αms to get the time-independent part of the correction terms at grid point

by solving the linear system (250).

Step 5: Find 27-point compact scheme at each irregular point.

Step 6: Use Crank-Nicolson scheme for time discretization

Step 7: Calculate αc which is the time-dependent part of the correction terms using

equation (251) at each irregular grid point for each time step

Step 8: Solve the linear system AUn+1 = BUn + F for each time step

Step 9: Recover the gradients of the solution using equations (165) to (170) in chapter

3.

5.2 NUMERICAL EXAMPLES

Here we do a numerical experiment and perform error analysis to show the performance of

the Crank-Nicolson scheme together with the direct IIM method to solve parabolic interface

problems. The errors are illustrated in L∞ norm and order of convergence of the method is

calculated using,

r =
1

log(2)
log
‖ E2h ‖∞
‖ Eh ‖∞

. (253)

In all listed tables in this section, N is the number of the grid points in each direction of the

computational domain.

Example 5.1

In this example, both the solution u(x, y, z, t) and its flux have a jump discontinuity. The
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differential equation is given by,

ut = (βux)x + (βuy)y + (βuz)z − f, (254)

on the domain Ω = [−2, 2]× [−2, 2]× [−2, 2]. where the interface Γ is a sphere represented

by the zero level set of the function as,

φ(x, y, z) = x2 + y2 + z2 − 1. (255)

The source term f is defined as,

f(x, y, z, t) =

0 if (x, y, z) ∈ Ω−,

e−t(6β+ + (x2 + y2 + z2)) if (x, y, z) ∈ Ω+,
(256)

where, coefficient β is a piecewise constant,

β(x, y, z) =

β− if (x, y, z) ∈ Ω−,

β+ if (x, y, z) ∈ Ω+.
(257)

The jump in solution u(x, y, z, t) and it’s flux are given by,

[u] = e−t, (258)

[βun ] = β+e−t. (259)

Boundary and initial conditions were taken from the exact solution of,

u(x, y, t) =

0 if (x, y, z) ∈ Ω−,

e−t(x2 + y2 + z2) if (x, y, z) ∈ Ω+.
(260)

In Tables 18 to 20, we present the numerical experiment results for grid refinement analysis of

Example 5.1 for jump in β as 1, 1000 and 10000 respectively. In this study we use time step

∆t = h and final time T = 2. In all tables, E(u) is the error in the computed solution in the

maximum norm, E(un) is the error in the normal derivative of the solution at the interface.

E(uη) and E(uζ) are the error in the tangential derivative of the solution at the interface. It

can be seen that the solution and the solution’s derivatives (normal and tangential) are on

the average of second-order accuracy. Figure 18 shows a slice of the computed solution and

error of the computed solution for Example 5.1 when [β] = 10000.
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Table 18
A grid refinement analysis for Example 5.1 with β− = 1 and β+ = 1.

N E(u) r E(un) r E(uη) r E(uζ) r
10 5.03E-03 1.95E-03 4.82E-04 4.82E-04
20 1.34E-03 1.90 4.56E-04 2.10 9.62E-05 2.32 1.02E-04 2.24
40 3.38E-04 1.99 1.14E-04 2.00 2.23E-05 2.11 2.43E-05 2.07
80 8.46E-05 2.00 2.86E-05 2.00 5.56E-06 2.00 6.21E-06 1.97

Table 19
A grid refinement analysis for Example 5.1 with β− = 1 and β+ = 1000.

N E(u) r E(un) r E(uη) r E(uζ) r
10 1.50E-05 1.44E-05 6.61E-06 7.87E-06
20 3.09E-06 2.28 6.72E-06 1.10 6.73E-06 0.03 6.73E-06 0.23
40 5.89E-07 2.39 2.41E-06 1.48 3.39E-06 0.99 3.40E-06 0.99
80 8.61E-08 2.77 5.13E-07 2.23 7.55E-07 2.17 7.55E-07 2.17

We also did numerical experiments to find the order convergence of the temporal dis-

cretization. In Tables 21 - 23, we show the numerical experiment results for temporal dis-

cretization of Example 5.1 with jump in β as 1, 1000 and 10000 at T = 0.1. For this

experiment, we kept the number of grid points constant and used N = 80. ∆t is the time

step. It can be seen that the proposed method can also achieve an average of second-order

in time for both solution and the solution’s derivatives for the present parabolic interface

problem.
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Table 20
A grid refinement analysis for Example 5.1 with β− = 1 and β+ = 10000.

N E(u) r E(un) r E(uη) r E(uζ) r
10 1.54E-06 1.41E-06 7.41E-07 8.99E-07
20 3.34E-07 2.20 6.99E-07 1.02 7.21E-07 0.04 7.21E-07 0.32
40 7.38E-08 2.18 2.84E-07 1.30 4.03E-07 0.84 4.03E-07 0.84
80 1.66E-08 2.16 8.10E-08 1.81 1.22E-07 1.72 1.21E-07 1.73

Table 21
Temporal discretization analysis for Example 5.1 with β− = 1 and β+ = 1.

∆t E(u) r E(un) r E(uη) r E(uζ) r
1/40 2.34E-05 1.51E-05 2.86E-07 2.86E-07
1/80 5.82E-06 2.01 3.80E-06 1.99 1.17E-07 1.29 1.17E-07 1.29
1/160 1.45E-06 2.00 9.55E-07 1.99 3.29E-08 1.83 3.29E-08 1.83
1/320 3.63E-07 2.00 2.39E-07 2.00 8.24E-09 2.00 8.25E-09 2.00

Table 22
Temporal discretization analysis for Example 5.1 with β− = 1 and β+ = 1000.

∆t E(u) r E(un) r E(uη) r E(uζ) r
1/40 7.07E-08 7.84E-08 1.46E-07 1.31E-07
1/80 1.98E-08 1.84 3.72E-08 1.07 5.47E-08 1.42 5.47E-08 1.26
1/160 4.18E-09 2.24 4.06E-10 6.52 2.52E-09 4.44 2.53E-09 4.43
1/320 1.04E-09 2.01 3.38E-11 3.59 1.90E-10 3.73 1.95E-10 3.70
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Fig. 18. (a) Plot of numerical solution for Example 5.1, (b) Plot of the error of numerical
solution with N = 60, β− = 1 and β+ = 10000 at T = 1.
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Table 23
Temporal discretization analysis for Example 5.1 with β− = 1 and β+ = 10000.

∆t E(u) r E(un) r E(uη) r E(uζ) r
1/40 6.88E-09 1.01E-08 1.65E-08 1.47E-08
1/80 1.91E-09 1.85 6.08E-09 0.74 9.09E-09 0.86 9.09E-09 0.69
1/160 4.16E-10 2.20 1.17E-09 2.38 1.99E-09 2.19 2.00E-09 2.18
1/320 1.03E-10 2.01 1.14E-10 3.36 2.02E-10 3.30 2.03E-10 3.30

5.3 SUMMARY AND DISCUSSION

In this section, we present an algorithm for solving three-dimensional parabolic interface

problems. Here we use the Crank-Nicolson scheme and modifications to the direct IIM

developed in chapter 3 to solve parabolic interface problems. The resulting method achieves

second-order accuracy in both space and time for both the solution and its derivatives at the

interface. Furthermore, the proposed method is unconditional stable as it uses the Crank-

Nicolson scheme for time discretization.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this dissertation, we have mainly studied developing a direct method for solving three-

dimensional elliptic interface problems and its application for solving parabolic interface

problems.

The developed direct IIM is an extension of the work in [58] for solving one and two-

dimensional elliptic interface problems into three-dimensions. As many practical interface

problems in the real world can be approximated with PDEs with piecewise constant co-

efficients, we focused our model derivation on interface problems with piecewise constant

coefficients but have finite jumps across an interface. The derived model can obtain second-

order accuracy globally for both the solution and the solution’s gradient.

The prominent characteristic of the method is that our computational framework is based

on finite difference schemes on uniform Cartesian grids. Moreover, it does not require an

augmented variable as in FIIM. So the implementation of the method is easier to understand

for non-experts in the area. As in the augmented method, we first divide the PDE in each

subdomain by its coefficient β. In this way, we can use the standard seven-point stencil for

the Poisson equation with the constant coefficient for most grid points in the computational

domain with some modification only into the right-hand side of the equation. For grid points

near or on the interface (irregular grid points), we use a twenty-seven-point compact scheme

derived considering the jump discontinuities in the solution, flux, and jump ratio. The

resulting linear system for the twenty-seven compact scheme leads to a twenty-seven block

diagonal matrix. However, it is primarily a seven-block diagonal matrix as most grid points

in the computational domain are regular. When the coefficient in the PDE is constant,

the resulting finite-difference scheme is reduced to a standard seven-point central difference

scheme. Therefore, many fast-Poisson solvers can be used to solve the linear system for this

case. We have also conducted an eigenvalue analysis to study the method’s stability for a
modest jump ratio. Our numerical experiments indicate that eigenvalues of the coefficient

matrix of the linear system for the FD scheme are located in the left half-plane, which implies

the stability of our method. An important feature we see in the FD scheme is that larger

weights of coefficients in the FD scheme for irregular grid points are still coming from the

original seven-point stencil, and the coefficients of the rest of the twenty points are much
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smaller. The model was implemented using both MATLAB and FORTRAN routines. When

solving the linear system in FORTRAN, we have used GMRES iterative method, while

in Matlab, we used the ”\” operator. However, we can solve the linear system using an

appropriate multigrid solver to make the method more efficient in future studies. We also

plan to extend our direct IIM to solve incompressible two-phase Navier-Stokes equations.

Our dissertation has also studied how to apply the direct IIM method to solve parabolic

interface problems with piecewise constant coefficients. So we first derive an algorithm for

solving two-dimensional parabolic interface problems. Later we developed the algorithm

for solving three-dimensional parabolic interface problems. Both two and three-dimensional

algorithms use the Crank-Nicolson scheme together with some modification of the direct

IIM. Also, we have observed that both schemes can accurately capture the jumps in the

solution across the interface. We have conducted numerical experiments to understand the

order of convergence of the methods in both space and time. Both two and three-dimensional

methods can achieve second-order accuracy for both the solution and its gradient in both

space and time. Moreover, the proposed methods are unconditionally stable as they use the

Crank-Nicolson scheme for time discretization.
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APPENDIX A

COORDINATE TRANSFORMATION OF JUMP RELATIONS

FOR THREE-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS

Here we explain how to do the coordinate transformation of the jump relations (147)-

(155) in chapter 3 for deriving the appropriate correction terms at an irregular grid point 
and obtain direct relations for all the limiting values of the u and its derivatives from outside 
the interface in terms of the limiting values from inside the interface.

First, from the definition of the jump relation (147) itself, we can obtain,

u+ = u− + w, (261)

Then, by the coordinate transformation of jump relations (148)-(150), we get,

(u+x − u−x )αxη + (u+y − u−y )αyη + (u+z − u−z )αzη = wη, (262)

(u+x − u−x )αxζ + (u+y − u−y )αyζ + (u+z − u−z )αzζ = wζ , (263)

(u+x − ρu−x )αxξ + (u+y − ρu−y )αyξ + (u+z − ρu−z )αzξ = v/β+, (264)

By solving the equations (262)-(264) for u+x , u+y and u+z in terms of u−x , u−y and u−z , one can

get the following expressions,

u+x = −(αxηαyξαzζ − αxηαzξαyζ − αyξαxζαzη + αxζαyηαzξ − αxξαyηαzζρ+ αxξαyζαzηρ)u−x /r1

− (αyξαyηαzζ − αyξαyζαzη − αyξαyηαzζρ+ αyξαyζαzηρ)u−y /r1

− (αyηαzξαzζ − αzξαyζαzη − αyηαzξαzζρ+ αzξαyζαzηρ)u−z /r1

+ (αyηαzζ − αyζαzη)v/(β+r1)

− (αyξαzζ − αzξαyζ)wη/r1
+ (αyξαzη − αyηαzξ)wζ/r1,

(265)
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u+y = (αxξαxηαzζ − αxξαxζαzη − αxξαxηαzζρ+ αxξαxζαzηρ)u−x /r1

+ (αxξαyηαzζ − αxξαyζαzη + αxηαzξαyζ − αxζαyηαzξ − αxηαyξαzζρ+ αyξαxζαzηρ)u−y /r1

+ (αxηαzξαzζ − αxζαzξαzη − αxηαzξαzζρ+ αxζαzξαzηρ)u−z /r1

− (αxηαzζ − αxζαzη)v/(β+r1)

+ (αxξαzζ − αxζαzξ)wη/r1
− (αxξαzη − αxηαzξ)wζ/r1,

(266)

u+z = −(αxξαxηαyζ − αxξαxζαyη − αxξαxηαyζρ+ αxξαxζαyηρ)u−x /r1

− (αxηαyξαyζ − αyξαxζαyη − αxηαyξαyζρ+ αyξαxζαyηρ)u−y /r1

+ (αxξαyηαzζ − αxξαyζαzη − αxηαyξαzζ + αyξαxζαzη + αxηαzξαyζρ− αxζαyηαzξρ)u−z /r1

+ (αxηαyζ − αxζαyη)v/(β+r1)− (αxξαyζ − αyξαxζ)wη/r1
+ (αxξαyη − αxηαyξ)wζ/r1,

(267)

where,

r1 = αxξαyηαzζ − αxξαyζαzη − αxηαyξαzζ + αxηαzξαyζ + αyξαxζαzη − αxζαyηαzξ, (268)

By coordinate transformation of jump relations (151)-(155), we get,

(u+xx − u−xx)α2
xη + (u+yy − u−yy)α2

yη + (u+zz − u−zz)α2
zη

+ 2αxηαyη(u
+
xy − u−xy) + 2αxηαzη(u

+
xz − u−xz) + 2αyηαzη(u

+
yz − u−yz) = D1,

(269)

(u+xx − u−xx)α2
xζ + (u+yy − u−yy)α2

yζ + (u+zz − u−zz)α2
zζ

+ 2αxζαyζ(u
+
xy − u−xy) + 2αxζαzζ(u

+
xz − u−xz) + 2αyζαzζ(u

+
yz − u−yz) = D2,

(270)

(u+xx − u−xx)αxηαxζ + (u+yy − u−yy)αyηαyζ + (u+zz − u−zz)αzηαzζ
+ (αyηαxζ + αxηαyζ)(u

+
xy − u−xy) + (αzηαxζ + αxηαzζ)(u

+
xz − u−xz)

+ (αzηαyζ + αyηαzζ)(u
+
yz − u−yz) = D3,

(271)

(u+xx − ρu−xx)αxξαxη + (u+yy − ρu−yy)αyξαyη + (u+zz − ρu−zz)αzξαzη
+ (αyξαxη + αxξαyη)(u

+
xy − ρu−xy) + (αzξαxη + αxξαzη)(u

+
xz − ρu−xz)

+ (αzξαyη + αyξαzη)(u
+
yz − ρu−yz) = D4/β+,

(272)

(u+xx − ρu−xx)αxξαxζ + (u+yy − ρu−yy)αyξαyζ + (u+zz − ρu−zz)αzξαzζ
+ (αyξαxζ + αxξαyζ)(u

+
xy − ρu−xy) + (αzξαxζ + αxξαzζ)(u

+
xz − ρu−xz)

+ (αzξαyζ + αyξαzζ)(u
+
yz − ρu−yz) = D5/β+,

(273)



86

We can solve the equations (269)-(273) together with the equations (156) and (157) in chapter

3 to get expressions for u+xx, u
+
xy, u

+
xz, u

+
yy, u

+
yz, u

+
zz in terms of u−xx, u

−
xy, u

−
xz, u

−
yy, u

−
yz.

Now we can write an expression for u+xx as,

u+xx = Cxx
xxu

−
xx + Cxx

xyu
−
xy + Cxx

xz u
−
xz + Cxx

yy u
−
yy + Cxx

yz u
−
yz + Cxx

D1
D1 + Cxx

D2
D2 + Cxx

D3
D3 + Cxx

D4
D4

+ Cxx
D5
D5 + Cxx

D6
D6 + Cxx

D7
D7,

(274)

where,

Cxx
xx = (αxξα

3
yηα

3
zζ − αxξα3

yζα
3
zη + αyξα

3
xζα

3
zη

− α3
xηαyξα

3
zζ + α3

xηαzξα
3
yζ − α3

xζα
3
yηαzξ − αxξα2

xηαyηα
3
zζ

+ αxξα
2
xηα

3
yζαzη + αxξα

2
xζαyζα

3
zη − αxξα2

xζα
3
yηαzζ

− αxηαyξα2
yηα

3
zζ + αyξα

3
xζα

2
yηαzη − αxηαzξα3

yζα
2
zη

+ αyξαxζα
2
yζα

3
zη − α3

xηαyξα
2
yζαzζ − α3

xζαyηαzξα
2
zη

+ αxζα
3
yηαzξα

2
zζ + α3

xηαzξαyζα
2
zζ − αxξα2

xηαyηα
2
yζαzζ

+ αxξα
2
xζα

2
yηαyζαzη − αxηαyξα2

xζα
2
yηαzζ + 3αxηα

2
xζα

2
yηαzξαyζ

+ α2
xηαyξαxζα

2
yζαzη − 3α2

xηαxζαyηαzξα
2
yζ + αxξα

2
xηαyζαzηα

2
zζ

− αxξα2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ + αxηα

2
xζαzξαyζα

2
zη

+ 3α2
xηαyξαxζαzηα

2
zζ − α2

xηαxζαyηαzξα
2
zζ + 3αxξαyηα

2
yζα

2
zηαzζ

− 3αxξα
2
yηαyζαzηα

2
zζ − αxηαyξα2

yζα
2
zηαzζ − αxηα2

yηαzξαyζα
2
zζ

+ αyξαxζα
2
yηαzηα

2
zζ + αxζαyηαzξα

2
yζα

2
zη + 2αxξα

2
xηαyηα

3
zζρ

− 2αxξα
2
xηα

3
yζαzηρ− 2αxξα

2
xζαyζα

3
zηρ+ 2αxξα

2
xζα

3
yηαzζρ

+ 2αxηαzξα
3
yζα

2
zηρ− 2αxζα

3
yηαzξα

2
zζρ− 2αxξαxηαxζαyηα

2
yζαzη

+ 2αxξαxηαxζαyηαzηα
2
zζ + 2αxξαxηαxζα

2
yηαyζαzζ − 2αxηαyξα

2
xζαyηαyζαzη

− 2αxξαxηαxζαyζα
2
zηαzζ + 2α2

xηαyξαxζαyηαyζαzζ + 2αxηαyξαyηαyζαzηα
2
zζ

+ 2αxηα
2
xζαyηαzξαzηαzζ + 2αxηαyηαzξα

2
yζαzηαzζ − 2αyξαxζαyηαyζα

2
zηαzζ

− 2α2
xηαxζαzξαyζαzηαzζ − 2αxζα

2
yηαzξαyζαzηαzζ + 2αxξα

2
xηαyηα

2
yζαzζρ

− 2αxξα
2
xζα

2
yηαyζαzηρ− 2αxξα

2
xηαyζαzηα

2
zζρ+ 2αxξα

2
xζαyηα

2
zηαzζρ

+ 2αxηα
2
yηαzξαyζα

2
zζρ− 2αxζαyηαzξα

2
yζα

2
zηρ+ 4αxξαxηαxζαyηα

2
yζαzηρ

− 4αxξαxηαxζαyηαzηα
2
zζρ− 4αxξαxηαxζα

2
yηαyζαzζρ+ 4αxξαxηαxζαyζα

2
zηαzζρ

− 4αxηαyηαzξα
2
yζαzηαzζρ+ 4αxζα

2
yηαzξαyζαzηαzζρ)/r2,

(275)
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Cxx
xy =− (2αxξαxηα

2
yηα

3
zζ − 2αxξαxζα

2
yζα

3
zη + 2α2

xηαyξαyηα
3
zζ

− 2α2
xηαyξα

3
yζαzη − 2αyξα

2
xζαyζα

3
zη + 2αyξα

2
xζα

3
yηαzζ + 2αxξαxηα

2
yζα

2
zηαzζ

− 2αxξαxζα
2
yηαzηα

2
zζ − 2αyξα

2
xζα

2
yηαyζαzη

+ 2α2
xηαyξαyηα

2
yζαzζ + 2αyξα

2
xζαyηα

2
zηαzζ

− 2α2
xηαyξαyζαzηα

2
zζ − 2αxξαxηα

2
yηα

3
zζρ+ 2αxξαxζα

2
yζα

3
zηρ− 2α2

xηαyξαyηα
3
zζρ

+ 2α2
xηαyξα

3
yζαzηρ+ 2αyξα

2
xζαyζα

3
zηρ− 2αyξα

2
xζα

3
yηαzζρ+ 4αxηαyξαxζαyηα

2
yζαzη

− 4αxξαxηαyηαyζαzηα
2
zζ − 4αxηαyξαxζαyηαzηα

2
zζ

− 4αxηαyξαxζα
2
yηαyζαzζ + 4αxξαxζαyηαyζα

2
zηαzζ

+ 4αxηαyξαxζαyζα
2
zηαzζ − 2αxξαxηα

2
yζα

2
zηαzζρ

+ 2αxξαxζα
2
yηαzηα

2
zζρ+ 2αyξα

2
xζα

2
yηαyζαzηρ

− 2α2
xηαyξαyηα

2
yζαzζρ− 2αyξα

2
xζαyηα

2
zηαzζρ

+ 2α2
xηαyξαyζαzηα

2
zζρ− 4αxηαyξαxζαyηα

2
yζαzηρ

+ 4αxξαxηαyηαyζαzηα
2
zζρ+ 4αxηαyξαxζαyηαzηα

2
zζρ

+ 4αxηαyξαxζα
2
yηαyζαzζρ− 4αxξαxζαyηαyζα

2
zηαzζρ

− 4αxηαyξαxζαyζα
2
zηαzζρ)/r2,

(276)

Cxx
xz =(2αxξαxηα

3
yζα

2
zη − 2αxξαxζα

3
yηα

2
zζ − 2α2

xηαyηαzξα
3
zζ

+ 2α2
xηαzξα

3
yζαzη + 2α2

xζαzξαyζα
3
zη − 2α2

xζα
3
yηαzξαzζ

+ 2αxξαxηα
2
yηαyζα

2
zζ − 2αxξαxζαyηα

2
yζα

2
zη − 2α2

xηαyηαzξα
2
yζαzζ

+ 2α2
xζα

2
yηαzξαyζαzη + 2α2

xηαzξαyζαzηα
2
zζ − 2α2

xζαyηαzξα
2
zηαzζ

− 2αxξαxηα
3
yζα

2
zηρ+ 2αxξαxζα

3
yηα

2
zζρ+ 2α2

xηαyηαzξα
3
zζρ

− 2α2
xηαzξα

3
yζαzηρ− 2α2

xζαzξαyζα
3
zηρ+ 2α2

xζα
3
yηαzξαzζρ

− 4αxξαxηαyηα
2
yζαzηαzζ − 4αxηαxζαyηαzξα

2
yζαzη + 4αxξαxζα

2
yηαyζαzηαzζ

+ 4αxηαxζαyηαzξαzηα
2
zζ + 4αxηαxζα

2
yηαzξαyζαzζ − 4αxηαxζαzξαyζα

2
zηαzζ

− 2αxξαxηα
2
yηαyζα

2
zζρ+ 2αxξαxζαyηα

2
yζα

2
zηρ+ 2α2

xηαyηαzξα
2
yζαzζρ

− 2α2
xζα

2
yηαzξαyζαzηρ− 2α2

xηαzξαyζαzηα
2
zζρ+ 2α2

xζαyηαzξα
2
zηαzζρ

+ 4αxξαxηαyηα
2
yζαzηαzζρ+ 4αxηαxζαyηαzξα

2
yζαzηρ− 4αxξαxζα

2
yηαyζαzηαzζρ

− 4αxηαxζαyηαzξαzηα
2
zζρ− 4αxηαxζα

2
yηαzξαyζαzζρ+ 4αxηαxζαzξαyζα

2
zηαzζρ)/r2,

(277)
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Cxx
yy =− (2αxηαyξα

2
yηα

3
zζ + 2αxηαzξα

3
yζα

2
zη − 2αyξαxζα

2
yζα

3
zη

− 2αxζα
3
yηαzξα

2
zζ + 2αxηαyξα

2
yζα

2
zηαzζ + 2αxηα

2
yηαzξαyζα

2
zζ

− 2αyξαxζα
2
yηαzηα

2
zζ − 2αxζαyηαzξα

2
yζα

2
zη − 2αxηαyξα

2
yηα

3
zζρ

− 2αxηαzξα
3
yζα

2
zηρ+ 2αyξαxζα

2
yζα

3
zηρ+ 2αxζα

3
yηαzξα

2
zζρ

− 4αxηαyξαyηαyζαzηα
2
zζ − 4αxηαyηαzξα

2
yζαzηαzζ + 4αyξαxζαyηαyζα

2
zηαzζ

+ 4αxζα
2
yηαzξαyζαzηαzζ − 2αxηαyξα

2
yζα

2
zηαzζρ− 2αxηα

2
yηαzξαyζα

2
zζρ

+ 2αyξαxζα
2
yηαzηα

2
zζρ+ 2αxζαyηαzξα

2
yζα

2
zηρ+ 4αxηαyξαyηαyζαzηα

2
zζρ

+ 4αxηαyηαzξα
2
yζαzηαzζρ− 4αyξαxζαyηαyζα

2
zηαzζρ− 4αxζα

2
yηαzξαyζαzηαzζρ)/r2,

(278)

Cxx
yz =(2αxηαyξα

3
yζα

2
zη − 2αxηα

2
yηαzξα

3
zζ − 2αyξαxζα

3
yηα

2
zζ

+ 2αxζαzξα
2
yζα

3
zη + 2αxηαyξα

2
yηαyζα

2
zζ − 2αyξαxζαyηα

2
yζα

2
zη

− 2αxηαzξα
2
yζα

2
zηαzζ + 2αxζα

2
yηαzξαzηα

2
zζ − 2αxηαyξα

3
yζα

2
zηρ

+ 2αxηα
2
yηαzξα

3
zζρ+ 2αyξαxζα

3
yηα

2
zζρ− 2αxζαzξα

2
yζα

3
zηρ

− 4αxηαyξαyηα
2
yζαzηαzζ + 4αxηαyηαzξαyζαzηα

2
zζ + 4αyξαxζα

2
yηαyζαzηαzζ

− 4αxζαyηαzξαyζα
2
zηαzζ − 2αxηαyξα

2
yηαyζα

2
zζρ+ 2αyξαxζαyηα

2
yζα

2
zηρ

+ 2αxηαzξα
2
yζα

2
zηαzζρ− 2αxζα

2
yηαzξαzηα

2
zζρ+ 4αxηαyξαyηα

2
yζαzηαzζρ

− 4αxηαyηαzξαyζαzηα
2
zζρ− 4αyξαxζα

2
yηαyζαzηαzζρ+ 4αxζαyηαzξαyζα

2
zηαzζρ)/r2,

(279)

Cxx
D1

=− (αxξαyηα
3
zζ − αxξα3

yζαzη + αxηαyξα
3
zζ

− αxηαzξα3
yζ + αxξαyηα

2
yζαzζ + αxηαyξα

2
yζαzζ

+ αyξαxζα
2
yζαzη + αxζαyηαzξα

2
yζ − αxξαyζαzηα2

zζ

− αxηαzξαyζα2
zζ − αyξαxζαzηα2

zζ − αxζαyηαzξα2
zζ

− 2αyξαxζαyηαyζαzζ + 2αxζαzξαyζαzηαzζ)/r2,

(280)

Cxx
D2

=(αxξαyζα
3
zη − αxξα3

yηαzζ + αyξαxζα
3
zη

− αxζα3
yηαzξ + αxξα

2
yηαyζαzη + αxηαyξα

2
yηαzζ

+ αxηα
2
yηαzξαyζ + αyξαxζα

2
yηαzη − αxξαyηα2

zηαzζ

− αxηαyξα2
zηαzζ − αxηαzξαyζα2

zη − αxζαyηαzξα2
zη

− 2αxηαyξαyηαyζαzη + 2αxηαyηαzξαzηαzζ)/r2,

(281)
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Cxx
D3

=− (−2αxξα
2
yηαyζαzζ − 2αxζαzξα

2
yηαyζ + 2αyξαxζα

2
yηαzζ

+ 2αxξαyηα
2
yζαzη + 2αxηαzξαyηα

2
yζ − 2αxξαyηαzηα

2
zζ

+ 2αxηαzξαyηα
2
zζ − 2αxηαyξα

2
yζαzη + 2αxξαyζα

2
zηαzζ

− 2αxζαzξαyζα
2
zη + 2αyξαxζα

2
zηαzζ − 2αxηαyξαzηα

2
zζ)/r2,

(282)

Cxx
D4

=(−2αxζα
2
yηαyζαzζ + 2αxζαyηα

2
yζαzη + 2αxηαyηα

2
yζαzζ

− 2αxζαyηαzηα
2
zζ + 2αxηαyηα

3
zζ − 2αxηα

3
yζαzη + 2αxζαyζα

2
zηαzζ

− 2αxηαyζαzηα
2
zζ)/(β

+r2),

(283)

Cxx
D5

=− (−2αxζα
3
yηαzζ + 2αxζα

2
yηαyζαzη + 2αxηα

2
yηαyζαzζ

− 2αxηαyηα
2
yζαzη − 2αxζαyηα

2
zηαzζ + 2αxηαyηαzηα

2
zζ

+ 2αxζαyζα
3
zη − 2αxηαyζα

2
zηαzζ)/(β

+r2),

(284)

Cxx
D6

=(αxξα
3
yηα

3
zζ − αxζαzξα3

yηα
2
zζ − 3αxξα

2
yηαyζαzηα

2
zζ

+ 2αxζαzξα
2
yηαyζαzηαzζ + αxηαzξα

2
yηαyζα

2
zζ

+ αyξαxζα
2
yηαzηα

2
zζ − αxηαyξα2

yηα
3
zζ + 3αxξαyηα

2
yζα

2
zηαzζ

− αxζαzξαyηα2
yζα

2
zη − 2αxηαzξαyηα

2
yζαzηαzζ − 2αyξαxζαyηαyζα

2
zηαzζ

+ 2αxηαyξαyηαyζαzηα
2
zζ − αxξα3

yζα
3
zη + αxηαzξα

3
yζα

2
zη

+ αyξαxζα
2
yζα

3
zη − αxηαyξα2

yζα
2
zηαzζ)/r2,

(285)

Cxx
D7

=− (αxξα
3
yηα

3
zζ − αxξα3

yζα
3
zη − αxηαyξα2

yηα
3
zζ

− αxηαzξα3
yζα

2
zη + αyξαxζα

2
yζα

3
zη + αxζα

3
yηαzξα

2
zζ

+ 3αxξαyηα
2
yζα

2
zηαzζ − 3αxξα

2
yηαyζαzηα

2
zζ

− αxηαyξα2
yζα

2
zηαzζ − αxηα2

yηαzξαyζα
2
zζ + αyξαxζα

2
yηαzηα

2
zζ

+ αxζαyηαzξα
2
yζα

2
zη + 2αxηαzξα

3
yζα

2
zηρ− 2αxζα

3
yηαzξα

2
zζρ

+ 2αxηαyξαyηαyζαzηα
2
zζ + 2αxηαyηαzξα

2
yζαzηαzζ − 2αyξαxζαyηαyζα

2
zηαzζ

− 2αxζα
2
yηαzξαyζαzηαzζ + 2αxηα

2
yηαzξαyζα

2
zζρ− 2αxζαyηαzξα

2
yζα

2
zηρ

− 4αxηαyηαzξα
2
yζαzηαzζρ+ 4αxζα

2
yηαzξαyζαzηαzζρ)/r2,

(286)

The expression for u+xy is,

u+xy = Cxy
xxu

−
xx + Cxy

xyu
−
xy + Cxy

xzu
−
xz + Cxy

yyu
−
yy + Cxy

yz u
−
yz + Cxy

D1
D1 + Cxy

D2
D2 + Cxy

D3
D3 + Cxy

D4
D4

+ Cxy
D5
D5 + Cxy

D6
D6 + Cxy

D7
D7,

(287)
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where,

Cxy
xx =(αxξα

3
xηα

3
zζ − αxξα3

xζα
3
zη − αxξαxηα2

yηα
3
zζ

− αxξα3
xζα

2
yηαzη + αxξαxζα

2
yζα

3
zη + αxξα

3
xηα

2
yζαzζ

− αxξα3
xηα

3
zζρ+ αxξα

3
xζα

3
zηρ+ αxξαxηα

2
xζα

2
yηαzζ

− αxξα2
xηαxζα

2
yζαzη + 3αxξαxηα

2
xζα

2
zηαzζ − 3αxξα

2
xηαxζαzηα

2
zζ

− αxξαxηα2
yζα

2
zηαzζ + αxξαxζα

2
yηαzηα

2
zζ + 2αxηαxζαzξα

2
yζα

2
zη

− 2αxηαxζα
2
yηαzξα

2
zζ + 2α2

xηαyηαzξαyζα
2
zζ − 2α2

xζαyηαzξαyζα
2
zη

− 2α2
xηαzξα

2
yζαzηαzζ + 2α2

xζα
2
yηαzξαzηαzζ + αxξαxηα

2
yηα

3
zζρ

+ αxξα
3
xζα

2
yηαzηρ− αxξαxζα2

yζα
3
zηρ− αxξα3

xηα
2
yζαzζρ

+ 2αxξαxηα
2
xζαyηαyζαzη − 2αxξα

2
xηαxζαyηαyζαzζ + 2αxξαxηαyηαyζαzηα

2
zζ

− 2αxξαxζαyηαyζα
2
zηαzζ − αxξαxηα2

xζα
2
yηαzζρ+ αxξα

2
xηαxζα

2
yζαzηρ

− 3αxξαxηα
2
xζα

2
zηαzζρ+ 3αxξα

2
xηαxζαzηα

2
zζρ+ αxξαxηα

2
yζα

2
zηαzζρ

− αxξαxζα2
yηαzηα

2
zζρ− 2αxηαxζαzξα

2
yζα

2
zηρ+ 2αxηαxζα

2
yηαzξα

2
zζρ

− 2α2
xηαyηαzξαyζα

2
zζρ+ 2α2

xζαyηαzξαyζα
2
zηρ+ 2α2

xηαzξα
2
yζαzηαzζρ

− 2α2
xζα

2
yηαzξαzηαzζρ− 2αxξαxηα

2
xζαyηαyζαzηρ+ 2αxξα

2
xηαxζαyηαyζαzζρ

− 2αxξαxηαyηαyζαzηα
2
zζρ+ 2αxξαxζαyηαyζα

2
zηαzζρ)/r2,

(288)
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Cxy
xy =(α3

xηαzξα
3
yζ − α3

xζα
3
yηαzξ + 2αxξα

2
xηαyηα

3
zζ

− 2αxξα
2
xζαyζα

3
zη − 2αxηαyξα

2
yηα

3
zζ + αxηαzξα

3
yζα

2
zη

+ 2αyξαxζα
2
yζα

3
zη − α3

xζαyηαzξα
2
zη − αxζα3

yηαzξα
2
zζ

+ α3
xηαzξαyζα

2
zζ + αxξα

3
yηα

3
zζρ− αxξα3

yζα
3
zηρ

+ αyξα
3
xζα

3
zηρ− α3

xηαyξα
3
zζρ+ 3αxηα

2
xζα

2
yηαzξαyζ

− 3α2
xηαxζαyηαzξα

2
yζ − 2αxξα

2
xηαyζαzηα

2
zζ

+ 2αxξα
2
xζαyηα

2
zηαzζ + αxηα

2
xζαzξαyζα

2
zη − α2

xηαxζαyηαzξα
2
zζ

− 2αxηαyξα
2
yζα

2
zηαzζ + αxηα

2
yηαzξαyζα

2
zζ + 2αyξαxζα

2
yηαzηα

2
zζ

− αxζαyηαzξα2
yζα

2
zη − αxξα2

xηαyηα
3
zζρ− αxξα2

xηα
3
yζαzηρ

+ αxξα
2
xζαyζα

3
zηρ+ αxξα

2
xζα

3
yηαzζρ+ αxηαyξα

2
yηα

3
zζρ

+ αyξα
3
xζα

2
yηαzηρ− αyξαxζα2

yζα
3
zηρ− α3

xηαyξα
2
yζαzζρ

− 4αxξαxηαxζαyηαzηα
2
zζ + 4αxξαxηαxζαyζα

2
zηαzζ + 4αxηαyξαyηαyζαzηα

2
zζ

+ 2αxηα
2
xζαyηαzξαzηαzζ − 2αxηαyηαzξα

2
yζαzηαzζ − 4αyξαxζαyηαyζα

2
zηαzζ

− 2α2
xηαxζαzξαyζαzηαzζ + 2αxζα

2
yηαzξαyζαzηαzζ + αxξα

2
xηαyηα

2
yζαzζρ

− αxξα2
xζα

2
yηαyζαzηρ− αxηαyξα2

xζα
2
yηαzζρ+ α2

xηαyξαxζα
2
yζαzηρ

+ αxξα
2
xηαyζαzηα

2
zζρ− αxξα2

xζαyηα
2
zηαzζρ− 3αxηαyξα

2
xζα

2
zηαzζρ

+ 3α2
xηαyξαxζαzηα

2
zζρ+ 3αxξαyηα

2
yζα

2
zηαzζρ− 3αxξα

2
yηαyζαzηα

2
zζρ

+ αxηαyξα
2
yζα

2
zηαzζρ− αyξαxζα2

yηαzηα
2
zζρ+ 2αxξαxηαxζαyηα

2
yζαzηρ

+ 2αxξαxηαxζαyηαzηα
2
zζρ− 2αxξαxηαxζα

2
yηαyζαzζρ− 2αxηαyξα

2
xζαyηαyζαzηρ

− 2αxξαxηαxζαyζα
2
zηαzζρ+ 2α2

xηαyξαxζαyηαyζαzζρ− 2αxηαyξαyηαyζαzηα
2
zζρ

+ 2αyξαxζαyηαyζα
2
zηαzζρ)/r2,

(289)
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Cxy
xz =(α3

xηαzξα
3
zζ − α3

xζαzξα
3
zη − αxηα2

yηαzξα
3
zζ

− α3
xζα

2
yηαzξαzη + αxζαzξα

2
yζα

3
zη + α3

xηαzξα
2
yζαzζ

− α3
xηαzξα

3
zζρ+ α3

xζαzξα
3
zηρ+ 2αxξαxηαxζα

2
yηα

2
zζ

− 2αxξαxηαxζα
2
yζα

2
zη − 2αxξα

2
xηαyηαyζα

2
zζ + 2αxξα

2
xζαyηαyζα

2
zη

+ 2αxξα
2
xηα

2
yζαzηαzζ − 2αxξα

2
xζα

2
yηαzηαzζ + αxηα

2
xζα

2
yηαzξαzζ

− α2
xηαxζαzξα

2
yζαzη + 3αxηα

2
xζαzξα

2
zηαzζ − 3α2

xηαxζαzξαzηα
2
zζ

− αxηαzξα2
yζα

2
zηαzζ + αxζα

2
yηαzξαzηα

2
zζ + αxηα

2
yηαzξα

3
zζρ

+ α3
xζα

2
yηαzξαzηρ− αxζαzξα2

yζα
3
zηρ− α3

xηαzξα
2
yζαzζρ

+ 2αxηα
2
xζαyηαzξαyζαzη − 2α2

xηαxζαyηαzξαyζαzζ + 2αxηαyηαzξαyζαzηα
2
zζ

− 2αxζαyηαzξαyζα
2
zηαzζ − 2αxξαxηαxζα

2
yηα

2
zζρ+ 2αxξαxηαxζα

2
yζα

2
zηρ

+ 2αxξα
2
xηαyηαyζα

2
zζρ− 2αxξα

2
xζαyηαyζα

2
zηρ− 2αxξα

2
xηα

2
yζαzηαzζρ

+ 2αxξα
2
xζα

2
yηαzηαzζρ− αxηα2

xζα
2
yηαzξαzζρ+ α2

xηαxζαzξα
2
yζαzηρ

− 3αxηα
2
xζαzξα

2
zηαzζρ+ 3α2

xηαxζαzξαzηα
2
zζρ+ αxηαzξα

2
yζα

2
zηαzζρ

− αxζα2
yηαzξαzηα

2
zζρ− 2αxηα

2
xζαyηαzξαyζαzηρ+ 2α2

xηαxζαyηαzξαyζαzζρ

− 2αxηαyηαzξαyζαzηα
2
zζρ+ 2αxζαyηαzξαyζα

2
zηαzζρ)/r2,

(290)

Cxy
yy =− (αyξα

3
yηα

3
zζ − αyξα3

yζα
3
zη − α2

xηαyξαyηα
3
zζ

− α2
xηαyξα

3
yζαzη + αyξα

2
xζαyζα

3
zη + αyξα

2
xζα

3
yηαzζ

− αyξα3
yηα

3
zζρ+ αyξα

3
yζα

3
zηρ− 2αxηαxζαzξα

2
yζα

2
zη

+ 2αxηαxζα
2
yηαzξα

2
zζ − αyξα2

xζα
2
yηαyζαzη + α2

xηαyξαyηα
2
yζαzζ

− αyξα2
xζαyηα

2
zηαzζ + α2

xηαyξαyζαzηα
2
zζ − 2α2

xηαyηαzξαyζα
2
zζ

+ 2α2
xζαyηαzξαyζα

2
zη + 3αyξαyηα

2
yζα

2
zηαzζ − 3αyξα

2
yηαyζαzηα

2
zζ

+ 2α2
xηαzξα

2
yζαzηαzζ − 2α2

xζα
2
yηαzξαzηαzζ + α2

xηαyξαyηα
3
zζρ

+ α2
xηαyξα

3
yζαzηρ− αyξα2

xζαyζα
3
zηρ− αyξα2

xζα
3
yηαzζρ

+ 2αxηαyξαxζαyηα
2
yζαzη + 2αxηαyξαxζαyηαzηα

2
zζ − 2αxηαyξαxζα

2
yηαyζαzζ

− 2αxηαyξαxζαyζα
2
zηαzζ + 2αxηαxζαzξα

2
yζα

2
zηρ− 2αxηαxζα

2
yηαzξα

2
zζρ

+ αyξα
2
xζα

2
yηαyζαzηρ− α2

xηαyξαyηα
2
yζαzζρ+ αyξα

2
xζαyηα

2
zηαzζρ

− α2
xηαyξαyζαzηα

2
zζρ+ 2α2

xηαyηαzξαyζα
2
zζρ− 2α2

xζαyηαzξαyζα
2
zηρ

− 3αyξαyηα
2
yζα

2
zηαzζρ+ 3αyξα

2
yηαyζαzηα

2
zζρ− 2α2

xηαzξα
2
yζαzηαzζρ

+ 2α2
xζα

2
yηαzξαzηαzζρ− 2αxηαyξαxζαyηα

2
yζαzηρ− 2αxηαyξαxζαyηαzηα

2
zζρ

+ 2αxηαyξαxζα
2
yηαyζαzζρ+ 2αxηαyξαxζαyζα

2
zηαzζρ)/r2,

(291)
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Cxy
yz =(αzξα

3
yζα

3
zη − α3

yηαzξα
3
zζ + α2

xηαyηαzξα
3
zζ

+ α2
xηαzξα

3
yζαzη − α2

xζαzξαyζα
3
zη − α2

xζα
3
yηαzξαzζ

− αzξα3
yζα

3
zηρ+ α3

yηαzξα
3
zζρ+ 2αxηαyξαxζα

2
yηα

2
zζ

− 2αxηαyξαxζα
2
yζα

2
zη + 2αyξα

2
xζαyηαyζα

2
zη − 2α2

xηαyξαyηαyζα
2
zζ

− 2αyξα
2
xζα

2
yηαzηαzζ + 2α2

xηαyξα
2
yζαzηαzζ − α2

xηαyηαzξα
2
yζαzζ

+ α2
xζα

2
yηαzξαyζαzη − α2

xηαzξαyζαzηα
2
zζ + α2

xζαyηαzξα
2
zηαzζ

− 3αyηαzξα
2
yζα

2
zηαzζ + 3α2

yηαzξαyζαzηα
2
zζ − α2

xηαyηαzξα
3
zζρ

− α2
xηαzξα

3
yζαzηρ+ α2

xζαzξαyζα
3
zηρ+ α2

xζα
3
yηαzξαzζρ

− 2αxηαxζαyηαzξα
2
yζαzη − 2αxηαxζαyηαzξαzηα

2
zζ + 2αxηαxζα

2
yηαzξαyζαzζ

+ 2αxηαxζαzξαyζα
2
zηαzζ − 2αxηαyξαxζα

2
yηα

2
zζρ+ 2αxηαyξαxζα

2
yζα

2
zηρ

− 2αyξα
2
xζαyηαyζα

2
zηρ+ 2α2

xηαyξαyηαyζα
2
zζρ+ 2αyξα

2
xζα

2
yηαzηαzζρ

− 2α2
xηαyξα

2
yζαzηαzζρ+ α2

xηαyηαzξα
2
yζαzζρ− α2

xζα
2
yηαzξαyζαzηρ

+ α2
xηαzξαyζαzηα

2
zζρ− α2

xζαyηαzξα
2
zηαzζρ+ 3αyηαzξα

2
yζα

2
zηαzζρ

− 3α2
yηαzξαyζαzηα

2
zζρ+ 2αxηαxζαyηαzξα

2
yζαzηρ+ 2αxηαxζαyηαzξαzηα

2
zζρ

− 2αxηαxζα
2
yηαzξαyζαzζρ− 2αxηαxζαzξαyζα

2
zηαzζρ)/r2,

(292)

Cxy
D1

=(αxξαxηα
3
zζ − αyξαyηα3

zζ + αxξαxηα
2
yζαzζ

− αxξαxζα2
yζαzη − αxηαxζαzξα2

yζ − αxξαxζαzηα2
zζ

− αxηαxζαzξα2
zζ − αyξα2

xζαyηαzζ + αyξα
2
xζαyζαzη

+ α2
xζαyηαzξαyζ + αyξαyζαzηα

2
zζ + αyηαzξαyζα

2
zζ

+ α2
xζαzξαzηαzζ − αzξα2

yζαzηαzζ)/r2,

(293)

Cxy
D2

=− (αxξαxζα
3
zη − αyξαyζα3

zη − αxξαxηα2
yηαzζ

+ αxξαxζα
2
yηαzη − αxηαxζα2

yηαzξ − αxξαxηα2
zηαzζ

− αxηαxζαzξα2
zη + α2

xηαyξαyηαzζ − α2
xηαyξαyζαzη

+ α2
xηαyηαzξαyζ + αyξαyηα

2
zηαzζ + αyηαzξαyζα

2
zη

+ α2
xηαzξαzηαzζ − α2

yηαzξαzηαzζ)/r2,

(294)
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Cxy
D3

=(αzξα
2
xηα

2
yζ + αzξα

2
xηα

2
zζ + 2αyξαxηαxζαyηαzζ

− 2αyξαxηαxζαyζαzη − 2αxξαxηαyηαyζαzζ − 2αxξαxηαzηα
2
zζ

− αzξα2
xζα

2
yη − αzξα2

xζα
2
zη + 2αxξαxζαyηαyζαzη

+ 2αxξαxζα
2
zηαzζ − αzξα2

yηα
2
zζ + 2αyξαyηαzηα

2
zζ

+ αzξα
2
yζα

2
zη − 2αyξαyζα

2
zηαzζ)/r2,

(295)

Cxy
D4

=− (α2
xηα

2
yζαzζ + α2

xηα
3
zζ − 2αxηαxζα

2
yζαzη − 2αxηαxζαzηα

2
zζ

− α2
xζα

2
yηαzζ + 2α2

xζαyηαyζαzη + α2
xζα

2
zηαzζ − α2

yηα
3
zζ

+ 2αyηαyζαzηα
2
zζ − α2

yζα
2
zηαzζ)/(β

+r2),

(296)

Cxy
D5

=(2α2
xηαyηαyζαzζ − α2

xηα
2
yζαzη + α2

xηαzηα
2
zζ

− 2αxηαxζα
2
yηαzζ − 2αxηαxζα

2
zηαzζ + α2

xζα
2
yηαzη

+ α2
xζα

3
zη − α2

yηαzηα
2
zζ + 2αyηαyζα

2
zηαzζ − α2

yζα
3
zη)/(β

+r2),

(297)

Cxy
D6

=− (αzξα
2
xηαyηαyζα

2
zζ − αyξα2

xηαyηα
3
zζ − αzξα2

xηα
2
yζαzηαzζ

+ αyξα
2
xηαyζαzηα

2
zζ − αzξαxηαxζα2

yηα
2
zζ + 2αyξαxηαxζαyηαzηα

2
zζ

+ αzξαxηαxζα
2
yζα

2
zη − 2αyξαxηαxζαyζα

2
zηαzζ + αxξαxηα

2
yηα

3
zζ

− 2αxξαxηαyηαyζαzηα
2
zζ + αxξαxηα

2
yζα

2
zηαzζ + αzξα

2
xζα

2
yηαzηαzζ

− αzξα2
xζαyηαyζα

2
zη − αyξα2

xζαyηα
2
zηαzζ + αyξα

2
xζαyζα

3
zη

− αxξαxζα2
yηαzηα

2
zζ + 2αxξαxζαyηαyζα

2
zηαzζ − αxξαxζα2

yζα
3
zη)/r2,

(298)

Cxy
D7

=(αxξαxηα
2
yηα

3
zζ − αxξαxζα2

yζα
3
zη − α2

xηαyξαyηα
3
zζ

+ αyξα
2
xζαyζα

3
zη + αxξαxηα

2
yζα

2
zηαzζ − αxξαxζα2

yηαzηα
2
zζ

− αxηαxζαzξα2
yζα

2
zη + αxηαxζα

2
yηαzξα

2
zζ − αyξα2

xζαyηα
2
zηαzζ

+ α2
xηαyξαyζαzηα

2
zζ − α2

xηαyηαzξαyζα
2
zζ + α2

xζαyηαzξαyζα
2
zη

+ α2
xηαzξα

2
yζαzηαzζ − α2

xζα
2
yηαzξαzηαzζ − 2αxξαxηαyηαyζαzηα

2
zζ

+ 2αxηαyξαxζαyηαzηα
2
zζ + 2αxξαxζαyηαyζα

2
zηαzζ − 2αxηαyξαxζαyζα

2
zηαzζ

+ 2αxηαxζαzξα
2
yζα

2
zηρ− 2αxηαxζα

2
yηαzξα

2
zζρ+ 2α2

xηαyηαzξαyζα
2
zζρ

− 2α2
xζαyηαzξαyζα

2
zηρ− 2α2

xηαzξα
2
yζαzηαzζρ+ 2α2

xζα
2
yηαzξαzηαzζρ)/r2,

(299)

Now we can write an expression for u+xz as,

u+xz = Cxz
xxu

−
xx + Cxz

xyu
−
xy + Cxz

xzu
−
xz + Cxz

yyu
−
yy + Cxz

yzu
−
yz + Cxz

D1
D1 + Cxz

D2
D2 + Cxz

D3
D3 + Cxz

D4
D4

+ Cxz
D5
D5 + Cxz

D6
D6 + Cxz

D7
D7,

(300)
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where,

Cxz
xx =− (αxξα

3
xηα

3
yζ − αxξα3

xζα
3
yη + αzξα

3
yζα

3
zη

− α3
yηαzξα

3
zζ − αxξαxηα3

yζα
2
zη − αxξα3

xζαyηα
2
zη

+ αxξαxζα
3
yηα

2
zζ + αxξα

3
xηαyζα

2
zζ − α2

xηαyηαzξα
3
zζ

− α2
xηαzξα

3
yζαzη + α2

xζαzξαyζα
3
zη + α2

xζα
3
yηαzξαzζ

− αxξα3
xηα

3
yζρ+ αxξα

3
xζα

3
yηρ− αzξα3

yζα
3
zηρ

+ α3
yηαzξα

3
zζρ+ 3αxξαxηα

2
xζα

2
yηαyζ − 3αxξα

2
xηαxζαyηα

2
yζ

+ αxξαxηα
2
xζαyζα

2
zη − αxξα2

xηαxζαyηα
2
zζ − αxξαxηα2

yηαyζα
2
zζ

+ αxξαxζαyηα
2
yζα

2
zη + α2

xηαyηαzξα
2
yζαzζ − α2

xζα
2
yηαzξαyζαzη

+ α2
xηαzξαyζαzηα

2
zζ − α2

xζαyηαzξα
2
zηαzζ − 3αyηαzξα

2
yζα

2
zηαzζ

+ 3α2
yηαzξαyζαzηα

2
zζ + αxξαxηα

3
yζα

2
zηρ+ αxξα

3
xζαyηα

2
zηρ

− αxξαxζα3
yηα

2
zζρ− αxξα3

xηαyζα
2
zζρ+ α2

xηαyηαzξα
3
zζρ

+ α2
xηαzξα

3
yζαzηρ− α2

xζαzξαyζα
3
zηρ− α2

xζα
3
yηαzξαzζρ

+ 2αxξαxηα
2
xζαyηαzηαzζ + 2αxξαxηαyηα

2
yζαzηαzζ − 2αxξα

2
xηαxζαyζαzηαzζ

+ 2αxηαxζαyηαzξα
2
yζαzη − 2αxξαxζα

2
yηαyζαzηαzζ + 2αxηαxζαyηαzξαzηα

2
zζ

− 2αxηαxζα
2
yηαzξαyζαzζ − 2αxηαxζαzξαyζα

2
zηαzζ − 3αxξαxηα

2
xζα

2
yηαyζρ

+ 3αxξα
2
xηαxζαyηα

2
yζρ− αxξαxηα2

xζαyζα
2
zηρ+ αxξα

2
xηαxζαyηα

2
zζρ

+ αxξαxηα
2
yηαyζα

2
zζρ− αxξαxζαyηα2

yζα
2
zηρ− α2

xηαyηαzξα
2
yζαzζρ

+ α2
xζα

2
yηαzξαyζαzηρ− α2

xηαzξαyζαzηα
2
zζρ+ α2

xζαyηαzξα
2
zηαzζρ

+ 3αyηαzξα
2
yζα

2
zηαzζρ− 3α2

yηαzξαyζαzηα
2
zζρ− 2αxξαxηα

2
xζαyηαzηαzζρ

− 2αxξαxηαyηα
2
yζαzηαzζρ+ 2αxξα

2
xηαxζαyζαzηαzζρ− 2αxηαxζαyηαzξα

2
yζαzηρ

+ 2αxξαxζα
2
yηαyζαzηαzζρ− 2αxηαxζαyηαzξαzηα

2
zζρ+ 2αxηαxζα

2
yηαzξαyζαzζρ

+ 2αxηαxζαzξαyζα
2
zηαzζρ)/r2,

(301)



96

Cxz
xy =(αyξα

3
xζα

3
yη − α3

xηαyξα
3
yζ + αxηαyξα

3
yζα

2
zη

+ αyξα
3
xζαyηα

2
zη − αyξαxζα3

yηα
2
zζ − α3

xηαyξαyζα
2
zζ

− αyξα3
xζα

3
yηρ+ α3

xηαyξα
3
yζρ+ 2αxξαxηαxζα

2
yηα

2
zζ

− 2αxξαxηαxζα
2
yζα

2
zη − 3αxηαyξα

2
xζα

2
yηαyζ + 3α2

xηαyξαxζαyηα
2
yζ

− 2αxξα
2
xηαyηαyζα

2
zζ + 2αxξα

2
xζαyηαyζα

2
zη − αxηαyξα2

xζαyζα
2
zη

+ α2
xηαyξαxζαyηα

2
zζ + 2αxξα

2
xηα

2
yζαzηαzζ − 2αxξα

2
xζα

2
yηαzηαzζ

+ αxηαyξα
2
yηαyζα

2
zζ − αyξαxζαyηα2

yζα
2
zη − αxηαyξα3

yζα
2
zηρ

− αyξα3
xζαyηα

2
zηρ+ αyξαxζα

3
yηα

2
zζρ+ α3

xηαyξαyζα
2
zζρ

− 2αxηαyξα
2
xζαyηαzηαzζ − 2αxηαyξαyηα

2
yζαzηαzζ + 2α2

xηαyξαxζαyζαzηαzζ

+ 2αyξαxζα
2
yηαyζαzηαzζ − 2αxξαxηαxζα

2
yηα

2
zζρ+ 2αxξαxηαxζα

2
yζα

2
zηρ

+ 3αxηαyξα
2
xζα

2
yηαyζρ− 3α2

xηαyξαxζαyηα
2
yζρ+ 2αxξα

2
xηαyηαyζα

2
zζρ

− 2αxξα
2
xζαyηαyζα

2
zηρ+ αxηαyξα

2
xζαyζα

2
zηρ− α2

xηαyξαxζαyηα
2
zζρ

− 2αxξα
2
xηα

2
yζαzηαzζρ+ 2αxξα

2
xζα

2
yηαzηαzζρ− αxηαyξα2

yηαyζα
2
zζρ

+ αyξαxζαyηα
2
yζα

2
zηρ+ 2αxηαyξα

2
xζαyηαzηαzζρ+ 2αxηαyξαyηα

2
yζαzηαzζρ

− 2α2
xηαyξαxζαyζαzηαzζρ− 2αyξαxζα

2
yηαyζαzηαzζρ)/r2,

(302)
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Cxz
xz =(αyξα

3
xζα

3
zη − α3

xηαyξα
3
zζ − 2αxξα

2
xηα

3
yζαzη

+ 2αxξα
2
xζα

3
yηαzζ − αxηαyξα2

yηα
3
zζ + αyξα

3
xζα

2
yηαzη

+ 2αxηαzξα
3
yζα

2
zη + αyξαxζα

2
yζα

3
zη − α3

xηαyξα
2
yζαzζ

− 2αxζα
3
yηαzξα

2
zζ + αxξα

3
yηα

3
zζρ− αxξα3

yζα
3
zηρ

+ α3
xηαzξα

3
yζρ− α3

xζα
3
yηαzξρ+ 2αxξα

2
xηαyηα

2
yζαzζ

− 2αxξα
2
xζα

2
yηαyζαzη − αxηαyξα2

xζα
2
yηαzζ + α2

xηαyξαxζα
2
yζαzη

− 3αxηαyξα
2
xζα

2
zηαzζ + 3α2

xηαyξαxζαzηα
2
zζ − αxηαyξα2

yζα
2
zηαzζ

+ 2αxηα
2
yηαzξαyζα

2
zζ + αyξαxζα

2
yηαzηα

2
zζ − 2αxζαyηαzξα

2
yζα

2
zη

+ αxξα
2
xηαyηα

3
zζρ+ αxξα

2
xηα

3
yζαzηρ− αxξα2

xζαyζα
3
zηρ

− αxξα2
xζα

3
yηαzζρ− αxηαzξα3

yζα
2
zηρ− α3

xζαyηαzξα
2
zηρ

+ αxζα
3
yηαzξα

2
zζρ+ α3

xηαzξαyζα
2
zζρ+ 4αxξαxηαxζαyηα

2
yζαzη

− 4αxξαxηαxζα
2
yηαyζαzζ − 2αxηαyξα

2
xζαyηαyζαzη + 2α2

xηαyξαxζαyηαyζαzζ

+ 2αxηαyξαyηαyζαzηα
2
zζ − 4αxηαyηαzξα

2
yζαzηαzζ − 2αyξαxζαyηαyζα

2
zηαzζ

+ 4αxζα
2
yηαzξαyζαzηαzζ − αxξα2

xηαyηα
2
yζαzζρ+ αxξα

2
xζα

2
yηαyζαzηρ

+ 3αxηα
2
xζα

2
yηαzξαyζρ− 3α2

xηαxζαyηαzξα
2
yζρ− αxξα2

xηαyζαzηα
2
zζρ

+ αxξα
2
xζαyηα

2
zηαzζρ+ αxηα

2
xζαzξαyζα

2
zηρ− α2

xηαxζαyηαzξα
2
zζρ

+ 3αxξαyηα
2
yζα

2
zηαzζρ− 3αxξα

2
yηαyζαzηα

2
zζρ− αxηα2

yηαzξαyζα
2
zζρ

+ αxζαyηαzξα
2
yζα

2
zηρ− 2αxξαxηαxζαyηα

2
yζαzηρ− 2αxξαxηαxζαyηαzηα

2
zζρ

+ 2αxξαxηαxζα
2
yηαyζαzζρ+ 2αxξαxηαxζαyζα

2
zηαzζρ+ 2αxηα

2
xζαyηαzξαzηαzζρ

+ 2αxηαyηαzξα
2
yζαzηαzζρ− 2α2

xηαxζαzξαyζαzηαzζρ− 2αxζα
2
yηαzξαyζαzηαzζρ)/r2,

(303)
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Cxz
yy =− (αzξα

3
yζα

3
zη − α3

yηαzξα
3
zζ − α2

xηαyηαzξα
3
zζ

− α2
xηαzξα

3
yζαzη + α2

xζαzξαyζα
3
zη + α2

xζα
3
yηαzξαzζ

− αzξα3
yζα

3
zηρ+ α3

yηαzξα
3
zζρ− 2αxηαyξαxζα

2
yηα

2
zζ

+ 2αxηαyξαxζα
2
yζα

2
zη − 2αyξα

2
xζαyηαyζα

2
zη + 2α2

xηαyξαyηαyζα
2
zζ

+ 2αyξα
2
xζα

2
yηαzηαzζ − 2α2

xηαyξα
2
yζαzηαzζ + α2

xηαyηαzξα
2
yζαzζ

− α2
xζα

2
yηαzξαyζαzη + α2

xηαzξαyζαzηα
2
zζ − α2

xζαyηαzξα
2
zηαzζ

− 3αyηαzξα
2
yζα

2
zηαzζ + 3α2

yηαzξαyζαzηα
2
zζ + α2

xηαyηαzξα
3
zζρ

+ α2
xηαzξα

3
yζαzηρ− α2

xζαzξαyζα
3
zηρ− α2

xζα
3
yηαzξαzζρ

+ 2αxηαxζαyηαzξα
2
yζαzη + 2αxηαxζαyηαzξαzηα

2
zζ − 2αxηαxζα

2
yηαzξαyζαzζ

− 2αxηαxζαzξαyζα
2
zηαzζ + 2αxηαyξαxζα

2
yηα

2
zζρ− 2αxηαyξαxζα

2
yζα

2
zηρ

+ 2αyξα
2
xζαyηαyζα

2
zηρ− 2α2

xηαyξαyηαyζα
2
zζρ− 2αyξα

2
xζα

2
yηαzηαzζρ

+ 2α2
xηαyξα

2
yζαzηαzζρ− α2

xηαyηαzξα
2
yζαzζρ+ α2

xζα
2
yηαzξαyζαzηρ

− α2
xηαzξαyζαzηα

2
zζρ+ α2

xζαyηαzξα
2
zηαzζρ+ 3αyηαzξα

2
yζα

2
zηαzζρ

− 3α2
yηαzξαyζαzηα

2
zζρ− 2αxηαxζαyηαzξα

2
yζαzηρ− 2αxηαxζαyηαzξαzηα

2
zζρ

+ 2αxηαxζα
2
yηαzξαyζαzζρ+ 2αxηαxζαzξαyζα

2
zηαzζρ)/r2,

(304)

Cxz
yz =− (αyξα

3
yηα

3
zζ − αyξα3

yζα
3
zη + α2

xηαyξαyηα
3
zζ

+ α2
xηαyξα

3
yζαzη − αyξα2

xζαyζα
3
zη − αyξα2

xζα
3
yηαzζ

− αyξα3
yηα

3
zζρ+ αyξα

3
yζα

3
zηρ+ 2αxηαxζαzξα

2
yζα

2
zη

− 2αxηαxζα
2
yηαzξα

2
zζ + αyξα

2
xζα

2
yηαyζαzη − α2

xηαyξαyηα
2
yζαzζ

+ αyξα
2
xζαyηα

2
zηαzζ − α2

xηαyξαyζαzηα
2
zζ + 2α2

xηαyηαzξαyζα
2
zζ

− 2α2
xζαyηαzξαyζα

2
zη + 3αyξαyηα

2
yζα

2
zηαzζ − 3αyξα

2
yηαyζαzηα

2
zζ

− 2α2
xηαzξα

2
yζαzηαzζ + 2α2

xζα
2
yηαzξαzηαzζ − α2

xηαyξαyηα
3
zζρ

− α2
xηαyξα

3
yζαzηρ+ αyξα

2
xζαyζα

3
zηρ+ αyξα

2
xζα

3
yηαzζρ

− 2αxηαyξαxζαyηα
2
yζαzη − 2αxηαyξαxζαyηαzηα

2
zζ + 2αxηαyξαxζα

2
yηαyζαzζ

+ 2αxηαyξαxζαyζα
2
zηαzζ − 2αxηαxζαzξα

2
yζα

2
zηρ+ 2αxηαxζα

2
yηαzξα

2
zζρ

− αyξα2
xζα

2
yηαyζαzηρ+ α2

xηαyξαyηα
2
yζαzζρ− αyξα2

xζαyηα
2
zηαzζρ

+ α2
xηαyξαyζαzηα

2
zζρ− 2α2

xηαyηαzξαyζα
2
zζρ+ 2α2

xζαyηαzξαyζα
2
zηρ

− 3αyξαyηα
2
yζα

2
zηαzζρ+ 3αyξα

2
yηαyζαzηα

2
zζρ+ 2α2

xηαzξα
2
yζαzηαzζρ

− 2α2
xζα

2
yηαzξαzηαzζρ+ 2αxηαyξαxζαyηα

2
yζαzηρ+ 2αxηαyξαxζαyηαzηα

2
zζρ

− 2αxηαyξαxζα
2
yηαyζαzζρ− 2αxηαyξαxζαyζα

2
zηαzζρ)/r2,

(305)
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Cxz
D1

=− (αxξαxηα
3
yζ − αzξα3

yζαzη − αxξαxζαyηα2
yζ

− αxηαyξαxζα2
yζ + αxξαxηαyζα

2
zζ − αxξαxζαyηα2

zζ

− αxηαyξαxζα2
zζ + αyξα

2
xζαyηαyζ − αyξαyηαyζα2

zζ

+ αyξα
2
xζαzηαzζ + α2

xζαyηαzξαzζ − α2
xζαzξαyζαzη

+ αyξα
2
yζαzηαzζ + αyηαzξα

2
yζαzζ)/r2,

(306)

Cxz
D2

=(αxξαxζα
3
yη − α3

yηαzξαzζ − αxξαxηα2
yηαyζ

− αxηαyξαxζα2
yη − αxξαxηαyζα2

zη + αxξαxζαyηα
2
zη

− αxηαyξαxζα2
zη + α2

xηαyξαyηαyζ − αyξαyηαyζα2
zη

+ α2
xηαyξαzηαzζ − α2

xηαyηαzξαzζ + α2
xηαzξαyζαzη

+ αyξα
2
yηαzηαzζ + α2

yηαzξαyζαzη)/r2,

(307)

Cxz
D3

=(−αyξα2
xηα

2
yζ − αyξα2

xηα
2
zζ + 2αzξαxηαxζαyηαzζ

− 2αzξαxηαxζαyζαzη + 2αxξαxηαyηα
2
yζ + 2αxξαxηαyζαzηαzζ

+ αyξα
2
xζα

2
yη + αyξα

2
xζα

2
zη − 2αxξαxζα

2
yηαyζ

− 2αxξαxζαyηαzηαzζ + 2αzξα
2
yηαyζαzζ − αyξα2

yηα
2
zζ

− 2αzξαyηα
2
yζαzη + αyξα

2
yζα

2
zη)/r2,

(308)

Cxz
D4

=(α2
xηα

3
yζ + α2

xηαyζα
2
zζ − 2αxηαxζαyηα

2
yζ

− 2αxηαxζαyηα
2
zζ + α2

xζα
2
yηαyζ + 2α2

xζαyηαzηαzζ

− α2
xζαyζα

2
zη − α2

yηαyζα
2
zζ + 2αyηα

2
yζαzηαzζ − α3

yζα
2
zη)/(β

+r2),

(309)

Cxz
D5

=− (α2
xηαyηα

2
yζ − α2

xηαyηα
2
zζ + 2α2

xηαyζαzηαzζ − 2αxηαxζα
2
yηαyζ − 2αxηαxζαyζα

2
zη

+ α2
xζα

3
yη + α2

xζαyηα
2
zη − α3

yηα
2
zζ + 2α2

yηαyζαzηαzζ − αyηα2
yζα

2
zη)/(β

+r2),

(310)

Cxz
D6

=(αzξα
2
xηαyηα

2
yζαzζ − αyξα2

xηαyηαyζα
2
zζ − αzξα2

xηα
3
yζαzη

+ αyξα
2
xηα

2
yζαzηαzζ − 2αzξαxηαxζα

2
yηαyζαzζ + αyξαxηαxζα

2
yηα

2
zζ

+ 2αzξαxηαxζαyηα
2
yζαzη − αyξαxηαxζα2

yζα
2
zη + αxξαxηα

2
yηαyζα

2
zζ

− 2αxξαxηαyηα
2
yζαzηαzζ + αxξαxηα

3
yζα

2
zη + αzξα

2
xζα

3
yηαzζ

− αzξα2
xζα

2
yηαyζαzη − αyξα2

xζα
2
yηαzηαzζ + αyξα

2
xζαyηαyζα

2
zη

− αxξαxζα3
yηα

2
zζ + 2αxξαxζα

2
yηαyζαzηαzζ − αxξαxζαyηα2

yζα
2
zη)/r2,

(311)
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Cxz
D7

=(αzξα
3
yζα

3
zη − α3

yηαzξα
3
zζ − αxξαxηα3

yζα
2
zη

+ αxξαxζα
3
yηα

2
zζ − α2

xηαyηαzξα
3
zζ + α2

xζαzξαyζα
3
zη

− αzξα3
yζα

3
zηρ+ α3

yηαzξα
3
zζρ− αxξαxηα2

yηαyζα
2
zζ

+ αxξαxζαyηα
2
yζα

2
zη − αxηαyξαxζα2

yηα
2
zζ + αxηαyξαxζα

2
yζα

2
zη

− αyξα2
xζαyηαyζα

2
zη + α2

xηαyξαyηαyζα
2
zζ + αyξα

2
xζα

2
yηαzηαzζ

− α2
xηαyξα

2
yζαzηαzζ + α2

xηαzξαyζαzηα
2
zζ − α2

xζαyηαzξα
2
zηαzζ

− 3αyηαzξα
2
yζα

2
zηαzζ + 3α2

yηαzξαyζαzηα
2
zζ + α2

xηαyηαzξα
3
zζρ

+ α2
xηαzξα

3
yζαzηρ− α2

xζαzξαyζα
3
zηρ− α2

xζα
3
yηαzξαzζρ

+ 2αxξαxηαyηα
2
yζαzηαzζ − 2αxξαxζα

2
yηαyζαzηαzζ + 2αxηαxζαyηαzξαzηα

2
zζ

− 2αxηαxζαzξαyζα
2
zηαzζ − α2

xηαyηαzξα
2
yζαzζρ+ α2

xζα
2
yηαzξαyζαzηρ

− α2
xηαzξαyζαzηα

2
zζρ+ α2

xζαyηαzξα
2
zηαzζρ+ 3αyηαzξα

2
yζα

2
zηαzζρ

− 3α2
yηαzξαyζαzηα

2
zζρ− 2αxηαxζαyηαzξα

2
yζαzηρ− 2αxηαxζαyηαzξαzηα

2
zζρ

+ 2αxηαxζα
2
yηαzξαyζαzζρ+ 2αxηαxζαzξαyζα

2
zηαzζρ)/r2,

(312)

The expression for u+yy is,

u+yy = Cyy
xxu

−
xx + Cyy

xyu
−
xy + Cyy

xzu
−
xz + Cyy

yyu
−
yy + Cyy

yzu
−
yz + Cyy

D1
D1 + Cyy

D2
D2 + Cyy

D3
D3

+ Cyy
D4
D4 + Cyy

D5
D5 + Cyy

D6
D6 + Cyy

D7
D7,

(313)

Cyy
xx =(2αxξα

2
xηαyηα

3
zζ − 2αxξα

2
xζαyζα

3
zη + 2α3

xζαyηαzξα
2
zη

− 2α3
xηαzξαyζα

2
zζ − 2αxξα

2
xηαyζαzηα

2
zζ + 2αxξα

2
xζαyηα

2
zηαzζ

− 2αxηα
2
xζαzξαyζα

2
zη + 2α2

xηαxζαyηαzξα
2
zζ − 2αxξα

2
xηαyηα

3
zζρ

+ 2αxξα
2
xζαyζα

3
zηρ− 2α3

xζαyηαzξα
2
zηρ+ 2α3

xηαzξαyζα
2
zζρ

− 4αxξαxηαxζαyηαzηα
2
zζ + 4αxξαxηαxζαyζα

2
zηαzζ − 4αxηα

2
xζαyηαzξαzηαzζ

+ 4α2
xηαxζαzξαyζαzηαzζ + 2αxξα

2
xηαyζαzηα

2
zζρ− 2αxξα

2
xζαyηα

2
zηαzζρ

+ 2αxηα
2
xζαzξαyζα

2
zηρ− 2α2

xηαxζαyηαzξα
2
zζρ+ 4αxξαxηαxζαyηαzηα

2
zζρ

− 4αxξαxηαxζαyζα
2
zηαzζρ+ 4αxηα

2
xζαyηαzξαzηαzζρ− 4α2

xηαxζαzξαyζαzηαzζρ)/r2,

(314)
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Cyy
xy =(2αxξαxηα

2
yηα

3
zζ − 2αxξα

3
xζα

2
yηαzη − 2αxξαxζα

2
yζα

3
zη

+ 2αxξα
3
xηα

2
yζαzζ + 2α2

xηαyξαyηα
3
zζ − 2αyξα

2
xζαyζα

3
zη

+ 2αxξαxηα
2
xζα

2
yηαzζ − 2αxξα

2
xηαxζα

2
yζαzη + 2αxξαxηα

2
yζα

2
zηαzζ

− 2αxξαxζα
2
yηαzηα

2
zζ + 2αyξα

2
xζαyηα

2
zηαzζ − 2α2

xηαyξαyζαzηα
2
zζ

− 2αxξαxηα
2
yηα

3
zζρ+ 2αxξα

3
xζα

2
yηαzηρ+ 2αxξαxζα

2
yζα

3
zηρ

− 2αxξα
3
xηα

2
yζαzζρ− 2α2

xηαyξαyηα
3
zζρ+ 2αyξα

2
xζαyζα

3
zηρ

+ 4αxξαxηα
2
xζαyηαyζαzη − 4αxξα

2
xηαxζαyηαyζαzζ − 4αxξαxηαyηαyζαzηα

2
zζ

− 4αxηαyξαxζαyηαzηα
2
zζ + 4αxξαxζαyηαyζα

2
zηαzζ + 4αxηαyξαxζαyζα

2
zηαzζ

− 2αxξαxηα
2
xζα

2
yηαzζρ+ 2αxξα

2
xηαxζα

2
yζαzηρ− 2αxξαxηα

2
yζα

2
zηαzζρ

+ 2αxξαxζα
2
yηαzηα

2
zζρ− 2αyξα

2
xζαyηα

2
zηαzζρ+ 2α2

xηαyξαyζαzηα
2
zζρ

− 4αxξαxηα
2
xζαyηαyζαzηρ+ 4αxξα

2
xηαxζαyηαyζαzζρ

+ 4αxξαxηαyηαyζαzηα
2
zζρ+ 4αxηαyξαxζαyηαzηα

2
zζρ

− 4αxξαxζαyηαyζα
2
zηαzζρ− 4αxηαyξαxζαyζα

2
zηαzζρ)/r2,

(315)

Cyy
xz =− (2αxξα

3
xζαyηα

2
zη − 2αxξα

3
xηαyζα

2
zζ − 2α2

xηαyηαzξα
3
zζ

+ 2α2
xζαzξαyζα

3
zη − 2αxξαxηα

2
xζαyζα

2
zη + 2αxξα

2
xηαxζαyηα

2
zζ

+ 2α2
xηαzξαyζαzηα

2
zζ − 2α2

xζαyηαzξα
2
zηαzζ − 2αxξα

3
xζαyηα

2
zηρ

+ 2αxξα
3
xηαyζα

2
zζρ+ 2α2

xηαyηαzξα
3
zζρ− 2α2

xζαzξαyζα
3
zηρ

− 4αxξαxηα
2
xζαyηαzηαzζ + 4αxξα

2
xηαxζαyζαzηαzζ + 4αxηαxζαyηαzξαzηα

2
zζ

− 4αxηαxζαzξαyζα
2
zηαzζ + 2αxξαxηα

2
xζαyζα

2
zηρ− 2αxξα

2
xηαxζαyηα

2
zζρ

− 2α2
xηαzξαyζαzηα

2
zζρ+ 2α2

xζαyηαzξα
2
zηαzζρ+ 4αxξαxηα

2
xζαyηαzηαzζρ

− 4αxξα
2
xηαxζαyζαzηαzζρ− 4αxηαxζαyηαzξαzηα

2
zζρ

+ 4αxηαxζαzξαyζα
2
zηαzζρ)/r2,

(316)
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Cyy
yy =(αxξα

3
yηα

3
zζ − αxξα3

yζα
3
zη + αyξα

3
xζα

3
zη

− α3
xηαyξα

3
zζ + α3

xηαzξα
3
yζ − α3

xζα
3
yηαzξ

+ αxξα
2
xηαyηα

3
zζ − αxξα2

xηα
3
yζαzη − αxξα2

xζαyζα
3
zη

+ αxξα
2
xζα

3
yηαzζ + αxηαyξα

2
yηα

3
zζ − αyξα3

xζα
2
yηαzη

+ αxηαzξα
3
yζα

2
zη − αyξαxζα2

yζα
3
zη + α3

xηαyξα
2
yζαzζ

+ α3
xζαyηαzξα

2
zη − αxζα3

yηαzξα
2
zζ − α3

xηαzξαyζα
2
zζ

+ αxξα
2
xηαyηα

2
yζαzζ − αxξα2

xζα
2
yηαyζαzη + αxηαyξα

2
xζα

2
yηαzζ

+ 3αxηα
2
xζα

2
yηαzξαyζ − α2

xηαyξαxζα
2
yζαzη − 3α2

xηαxζαyηαzξα
2
yζ

− αxξα2
xηαyζαzηα

2
zζ + αxξα

2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ

− αxηα2
xζαzξαyζα

2
zη + 3α2

xηαyξαxζαzηα
2
zζ + α2

xηαxζαyηαzξα
2
zζ

+ 3αxξαyηα
2
yζα

2
zηαzζ − 3αxξα

2
yηαyζαzηα

2
zζ + αxηαyξα

2
yζα

2
zηαzζ

+ αxηα
2
yηαzξαyζα

2
zζ − αyξαxζα2

yηαzηα
2
zζ − αxζαyηαzξα2

yζα
2
zη

− 2αxηαyξα
2
yηα

3
zζρ+ 2αyξα

3
xζα

2
yηαzηρ+ 2αyξαxζα

2
yζα

3
zηρ

− 2α3
xηαyξα

2
yζαzζρ− 2α3

xζαyηαzξα
2
zηρ+ 2α3

xηαzξαyζα
2
zζρ

+ 2αxξαxηαxζαyηα
2
yζαzη − 2αxξαxηαxζαyηαzηα

2
zζ − 2αxξαxηαxζα

2
yηαyζαzζ

+ 2αxηαyξα
2
xζαyηαyζαzη + 2αxξαxηαxζαyζα

2
zηαzζ − 2α2

xηαyξαxζαyηαyζαzζ

− 2αxηαyξαyηαyζαzηα
2
zζ − 2αxηα

2
xζαyηαzξαzηαzζ − 2αxηαyηαzξα

2
yζαzηαzζ

+ 2αyξαxζαyηαyζα
2
zηαzζ + 2α2

xηαxζαzξαyζαzηαzζ + 2αxζα
2
yηαzξαyζαzηαzζ

− 2αxηαyξα
2
xζα

2
yηαzζρ+ 2α2

xηαyξαxζα
2
yζαzηρ+ 2αxηα

2
xζαzξαyζα

2
zηρ

− 2α2
xηαxζαyηαzξα

2
zζρ− 2αxηαyξα

2
yζα

2
zηαzζρ+ 2αyξαxζα

2
yηαzηα

2
zζρ

− 4αxηαyξα
2
xζαyηαyζαzηρ+ 4α2

xηαyξαxζαyηαyζαzζρ

+ 4αxηαyξαyηαyζαzηα
2
zζρ+ 4αxηα

2
xζαyηαzξαzηαzζρ

− 4αyξαxζαyηαyζα
2
zηαzζρ− 4α2

xηαxζαzξαyζαzηαzζρ)/r2,

(317)
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Cyy
yz =− (2αyξα

3
xζαyηα

2
zη − 2αxηα

2
yηαzξα

3
zζ − 2α3

xηαyξαyζα
2
zζ

+ 2α3
xζα

2
yηαzξαzη + 2αxζαzξα

2
yζα

3
zη − 2α3

xηαzξα
2
yζαzζ

− 2αxηαyξα
2
xζαyζα

2
zη + 2α2

xηαyξαxζαyηα
2
zζ − 2αxηα

2
xζα

2
yηαzξαzζ

+ 2α2
xηαxζαzξα

2
yζαzη − 2αxηαzξα

2
yζα

2
zηαzζ + 2αxζα

2
yηαzξαzηα

2
zζ

− 2αyξα
3
xζαyηα

2
zηρ+ 2αxηα

2
yηαzξα

3
zζρ+ 2α3

xηαyξαyζα
2
zζρ

− 2α3
xζα

2
yηαzξαzηρ− 2αxζαzξα

2
yζα

3
zηρ+ 2α3

xηαzξα
2
yζαzζρ

− 4αxηαyξα
2
xζαyηαzηαzζ − 4αxηα

2
xζαyηαzξαyζαzη + 4α2

xηαyξαxζαyζαzηαzζ

+ 4α2
xηαxζαyηαzξαyζαzζ + 4αxηαyηαzξαyζαzηα

2
zζ − 4αxζαyηαzξαyζα

2
zηαzζ

+ 2αxηαyξα
2
xζαyζα

2
zηρ− 2α2

xηαyξαxζαyηα
2
zζρ+ 2αxηα

2
xζα

2
yηαzξαzζρ

− 2α2
xηαxζαzξα

2
yζαzηρ+ 2αxηαzξα

2
yζα

2
zηαzζρ− 2αxζα

2
yηαzξαzηα

2
zζρ

+ 4αxηαyξα
2
xζαyηαzηαzζρ+ 4αxηα

2
xζαyηαzξαyζαzηρ

− 4α2
xηαyξαxζαyζαzηαzζρ− 4α2

xηαxζαyηαzξαyζαzζρ

− 4αxηαyηαzξαyζαzηα
2
zζρ+ 4αxζαyηαzξαyζα

2
zηαzζρ)/r2,

(318)

Cyy
D1

=(αxξαyηα
3
zζ + αxηαyξα

3
zζ − αyξα3

xζαzη

− α3
xζαyηαzξ + αxξα

2
xζαyηαzζ + αxξα

2
xζαyζαzη

+ αxηαyξα
2
xζαzζ + αxηα

2
xζαzξαyζ − αxξαyζαzηα2

zζ

− αxηαzξαyζα2
zζ − αyξαxζαzηα2

zζ − αxζαyηαzξα2
zζ

− 2αxξαxηαxζαyζαzζ + 2αxζαzξαyζαzηαzζ)/r2,

(319)

Cyy
D2

=− (αxξαyζα
3
zη + αyξαxζα

3
zη − α3

xηαyξαzζ − α3
xηαzξαyζ

+ αxξα
2
xηαyηαzζ + αxξα

2
xηαyζαzη + α2

xηαyξαxζαzη

+ α2
xηαxζαyηαzξ − αxξαyηα2

zηαzζ − αxηαyξα2
zηαzζ

− αxηαzξαyζα2
zη − αxζαyηαzξα2

zη − 2αxξαxηαxζαyηαzη

+ 2αxηαyηαzξαzηαzζ)/r2,

(320)

Cyy
D3

=− (2αyξα
2
xηαxζαzζ + 2αzξαyζα

2
xηαxζ − 2αxξαyζα

2
xηαzζ

− 2αyξαxηα
2
xζαzη − 2αyηαzξαxηα

2
xζ + 2αyξαxηαzηα

2
zζ

− 2αyηαzξαxηα
2
zζ + 2αxξαyηα

2
xζαzη − 2αyξαxζα

2
zηαzζ

+ 2αzξαyζαxζα
2
zη − 2αxξαyζα

2
zηαzζ + 2αxξαyηαzηα

2
zζ)/r2,

(321)
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Cyy
D4

=− (−2αyζα
2
xηαxζαzζ + 2αyζαxηα

2
xζαzη + 2αyηαxηα

2
xζαzζ

− 2αyζαxηαzηα
2
zζ + 2αyηαxηα

3
zζ − 2αyηα

3
xζαzη + 2αyζαxζα

2
zηαzζ

− 2αyηαxζαzηα
2
zζ)/(β

+r2),

(322)

Cyy
D5

=(−2αyζα
3
xηαzζ + 2αyζα

2
xηαxζαzη + 2αyηα

2
xηαxζαzζ − 2αyηαxηα

2
xζαzη

− 2αyζαxηα
2
zηαzζ + 2αyηαxηαzηα

2
zζ + 2αyζαxζα

3
zη − 2αyηαxζα

2
zηαzζ)/(β

+r2),
(323)

Cyy
D6

=(−αyξα3
xηα

3
zζ + αzξαyζα

3
xηα

2
zζ + 3αyξα

2
xηαxζαzηα

2
zζ

− 2αzξαyζα
2
xηαxζαzηαzζ − αyηαzξα2

xηαxζα
2
zζ − αxξαyζα2

xηαzηα
2
zζ

+ αxξαyηα
2
xηα

3
zζ − 3αyξαxηα

2
xζα

2
zηαzζ + αzξαyζαxηα

2
xζα

2
zη

+ 2αyηαzξαxηα
2
xζαzηαzζ + 2αxξαyζαxηαxζα

2
zηαzζ − 2αxξαyηαxηαxζαzηα

2
zζ

+ αyξα
3
xζα

3
zη − αyηαzξα3

xζα
2
zη − αxξαyζα2

xζα
3
zη + αxξαyηα

2
xζα

2
zηαzζ)/r2,

(324)

Cyy
D7

=− (αyξα
3
xζα

3
zη − α3

xηαyξα
3
zζ + αxξα

2
xηαyηα

3
zζ

− αxξα2
xζαyζα

3
zη + α3

xζαyηαzξα
2
zη − α3

xηαzξαyζα
2
zζ

− αxξα2
xηαyζαzηα

2
zζ + αxξα

2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ

− αxηα2
xζαzξαyζα

2
zη + 3α2

xηαyξαxζαzηα
2
zζ + α2

xηαxζαyηαzξα
2
zζ

− 2α3
xζαyηαzξα

2
zηρ+ 2α3

xηαzξαyζα
2
zζρ− 2αxξαxηαxζαyηαzηα

2
zζ

+ 2αxξαxηαxζαyζα
2
zηαzζ − 2αxηα

2
xζαyηαzξαzηαzζ + 2α2

xηαxζαzξαyζαzηαzζ

+ 2αxηα
2
xζαzξαyζα

2
zηρ− 2α2

xηαxζαyηαzξα
2
zζρ+ 4αxηα

2
xζαyηαzξαzηαzζρ

− 4α2
xηαxζαzξαyζαzηαzζρ)/r2,

(325)

Now we can write an expression for u+yz as,

u+yz = Cyz
xxu
−
xx + Cyz

xyu
−
xy + Cyz

xzu
−
xz + Cyz

yyu
−
yy + Cyy

yzu
−
yz + Cyz

D1
D1 + Cyz

D2
D2 + Cyz

D3
D3

+ Cyz
D4
D4 + Cyz

D5
D5 + Cyz

D6
D6 + Cyz

D7
D7,

(326)
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Cyz
xx =− (α3

xηαzξα
3
zζ − α3

xζαzξα
3
zη + αxηα

2
yηαzξα

3
zζ

+ α3
xζα

2
yηαzξαzη − αxζαzξα2

yζα
3
zη − α3

xηαzξα
2
yζαzζ

− α3
xηαzξα

3
zζρ+ α3

xζαzξα
3
zηρ− 2αxξαxηαxζα

2
yηα

2
zζ

+ 2αxξαxηαxζα
2
yζα

2
zη + 2αxξα

2
xηαyηαyζα

2
zζ − 2αxξα

2
xζαyηαyζα

2
zη

− 2αxξα
2
xηα

2
yζαzηαzζ + 2αxξα

2
xζα

2
yηαzηαzζ − αxηα2

xζα
2
yηαzξαzζ

+ α2
xηαxζαzξα

2
yζαzη + 3αxηα

2
xζαzξα

2
zηαzζ − 3α2

xηαxζαzξαzηα
2
zζ

+ αxηαzξα
2
yζα

2
zηαzζ − αxζα2

yηαzξαzηα
2
zζ − αxηα2

yηαzξα
3
zζρ

− α3
xζα

2
yηαzξαzηρ+ αxζαzξα

2
yζα

3
zηρ+ α3

xηαzξα
2
yζαzζρ

− 2αxηα
2
xζαyηαzξαyζαzη + 2α2

xηαxζαyηαzξαyζαzζ − 2αxηαyηαzξαyζαzηα
2
zζ

+ 2αxζαyηαzξαyζα
2
zηαzζ + 2αxξαxηαxζα

2
yηα

2
zζρ− 2αxξαxηαxζα

2
yζα

2
zηρ

− 2αxξα
2
xηαyηαyζα

2
zζρ+ 2αxξα

2
xζαyηαyζα

2
zηρ+ 2αxξα

2
xηα

2
yζαzηαzζρ

− 2αxξα
2
xζα

2
yηαzηαzζρ+ αxηα

2
xζα

2
yηαzξαzζρ− α2

xηαxζαzξα
2
yζαzηρ

− 3αxηα
2
xζαzξα

2
zηαzζρ+ 3α2

xηαxζαzξαzηα
2
zζρ− αxηαzξα2

yζα
2
zηαzζρ

+ αxζα
2
yηαzξαzηα

2
zζρ+ 2αxηα

2
xζαyηαzξαyζαzηρ− 2α2

xηαxζαyηαzξαyζαzζρ

+ 2αxηαyηαzξαyζαzηα
2
zζρ− 2αxζαyηαzξαyζα

2
zηαzζρ)/r2,

(327)

Cyz
xy =− (αxξα

3
xηα

3
yζ − αxξα3

xζα
3
yη + αxξαxηα

3
yζα

2
zη

+ αxξα
3
xζαyηα

2
zη − αxξαxζα3

yηα
2
zζ − αxξα3

xηαyζα
2
zζ

− αxξα3
xηα

3
yζρ+ αxξα

3
xζα

3
yηρ+ 3αxξαxηα

2
xζα

2
yηαyζ

− 3αxξα
2
xηαxζαyηα

2
yζ − αxξαxηα2

xζαyζα
2
zη + αxξα

2
xηαxζαyηα

2
zζ

+ αxξαxηα
2
yηαyζα

2
zζ − αxξαxζαyηα2

yζα
2
zη − 2αxηαyξαxζα

2
yηα

2
zζ

+ 2αxηαyξαxζα
2
yζα

2
zη − 2αyξα

2
xζαyηαyζα

2
zη + 2α2

xηαyξαyηαyζα
2
zζ

+ 2αyξα
2
xζα

2
yηαzηαzζ − 2α2

xηαyξα
2
yζαzηαzζ − αxξαxηα3

yζα
2
zηρ

− αxξα3
xζαyηα

2
zηρ+ αxξαxζα

3
yηα

2
zζρ+ αxξα

3
xηαyζα

2
zζρ

− 2αxξαxηα
2
xζαyηαzηαzζ − 2αxξαxηαyηα

2
yζαzηαzζ + 2αxξα

2
xηαxζαyζαzηαzζ

+ 2αxξαxζα
2
yηαyζαzηαzζ − 3αxξαxηα

2
xζα

2
yηαyζρ+ 3αxξα

2
xηαxζαyηα

2
yζρ

+ αxξαxηα
2
xζαyζα

2
zηρ− αxξα2

xηαxζαyηα
2
zζρ− αxξαxηα2

yηαyζα
2
zζρ

+ αxξαxζαyηα
2
yζα

2
zηρ+ 2αxηαyξαxζα

2
yηα

2
zζρ− 2αxηαyξαxζα

2
yζα

2
zηρ

+ 2αyξα
2
xζαyηαyζα

2
zηρ− 2α2

xηαyξαyηαyζα
2
zζρ− 2αyξα

2
xζα

2
yηαzηαzζρ

+ 2α2
xηαyξα

2
yζαzηαzζρ+ 2αxξαxηα

2
xζαyηαzηαzζρ+ 2αxξαxηαyηα

2
yζαzηαzζρ

− 2αxξα
2
xηαxζαyζαzηαzζρ− 2αxξαxζα

2
yηαyζαzηαzζρ)/r2,

(328)
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Cyz
xz =(αxξα

3
xηα

3
zζ − αxξα3

xζα
3
zη + αxξαxηα

2
yηα

3
zζ

+ αxξα
3
xζα

2
yηαzη − αxξαxζα2

yζα
3
zη − αxξα3

xηα
2
yζαzζ

− αxξα3
xηα

3
zζρ+ αxξα

3
xζα

3
zηρ− αxξαxηα2

xζα
2
yηαzζ

+ αxξα
2
xηαxζα

2
yζαzη + 3αxξαxηα

2
xζα

2
zηαzζ − 3αxξα

2
xηαxζαzηα

2
zζ

+ αxξαxηα
2
yζα

2
zηαzζ − αxξαxζα2

yηαzηα
2
zζ − 2αxηαxζαzξα

2
yζα

2
zη

+ 2αxηαxζα
2
yηαzξα

2
zζ − 2α2

xηαyηαzξαyζα
2
zζ + 2α2

xζαyηαzξαyζα
2
zη

+ 2α2
xηαzξα

2
yζαzηαzζ − 2α2

xζα
2
yηαzξαzηαzζ − αxξαxηα2

yηα
3
zζρ

− αxξα3
xζα

2
yηαzηρ+ αxξαxζα

2
yζα

3
zηρ+ αxξα

3
xηα

2
yζαzζρ

− 2αxξαxηα
2
xζαyηαyζαzη + 2αxξα

2
xηαxζαyηαyζαzζ − 2αxξαxηαyηαyζαzηα

2
zζ

+ 2αxξαxζαyηαyζα
2
zηαzζ + αxξαxηα

2
xζα

2
yηαzζρ− αxξα2

xηαxζα
2
yζαzηρ

− 3αxξαxηα
2
xζα

2
zηαzζρ+ 3αxξα

2
xηαxζαzηα

2
zζρ− αxξαxηα2

yζα
2
zηαzζρ

+ αxξαxζα
2
yηαzηα

2
zζρ+ 2αxηαxζαzξα

2
yζα

2
zηρ− 2αxηαxζα

2
yηαzξα

2
zζρ

+ 2α2
xηαyηαzξαyζα

2
zζρ− 2α2

xζαyηαzξαyζα
2
zηρ− 2α2

xηαzξα
2
yζαzηαzζρ

+ 2α2
xζα

2
yηαzξαzηαzζρ+ 2αxξαxηα

2
xζαyηαyζαzηρ− 2αxξα

2
xηαxζαyηαyζαzζρ

+ 2αxξαxηαyηαyζαzηα
2
zζρ− 2αxξαxζαyηαyζα

2
zηαzζρ)/r2,

(329)
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Cyz
yy =(αyξα

3
xζα

3
yη − α3

xηαyξα
3
yζ − α3

xηαzξα
3
zζ

+ α3
xζαzξα

3
zη − αxηαyξα3

yζα
2
zη − αyξα3

xζαyηα
2
zη

− αxηα2
yηαzξα

3
zζ + αyξαxζα

3
yηα

2
zζ + α3

xηαyξαyζα
2
zζ

− α3
xζα

2
yηαzξαzη + αxζαzξα

2
yζα

3
zη + α3

xηαzξα
2
yζαzζ

− αyξα3
xζα

3
yηρ+ α3

xηαyξα
3
yζρ+ α3

xηαzξα
3
zζρ

− α3
xζαzξα

3
zηρ− 3αxηαyξα

2
xζα

2
yηαyζ + 3α2

xηαyξαxζαyηα
2
yζ

+ αxηαyξα
2
xζαyζα

2
zη − α2

xηαyξαxζαyηα
2
zζ − αxηαyξα2

yηαyζα
2
zζ

+ αxηα
2
xζα

2
yηαzξαzζ + αyξαxζαyηα

2
yζα

2
zη − α2

xηαxζαzξα
2
yζαzη

− 3αxηα
2
xζαzξα

2
zηαzζ + 3α2

xηαxζαzξαzηα
2
zζ − αxηαzξα2

yζα
2
zηαzζ

+ αxζα
2
yηαzξαzηα

2
zζ + αxηαyξα

3
yζα

2
zηρ+ αyξα

3
xζαyηα

2
zηρ

+ αxηα
2
yηαzξα

3
zζρ− αyξαxζα3

yηα
2
zζρ− α3

xηαyξαyζα
2
zζρ

+ α3
xζα

2
yηαzξαzηρ− αxζαzξα2

yζα
3
zηρ− α3

xηαzξα
2
yζαzζρ

+ 2αxηαyξα
2
xζαyηαzηαzζ + 2αxηα

2
xζαyηαzξαyζαzη + 2αxηαyξαyηα

2
yζαzηαzζ

− 2α2
xηαyξαxζαyζαzηαzζ − 2α2

xηαxζαyηαzξαyζαzζ + 2αxηαyηαzξαyζαzηα
2
zζ

− 2αyξαxζα
2
yηαyζαzηαzζ − 2αxζαyηαzξαyζα

2
zηαzζ + 3αxηαyξα

2
xζα

2
yηαyζρ

− 3α2
xηαyξαxζαyηα

2
yζρ− αxηαyξα2

xζαyζα
2
zηρ+ α2

xηαyξαxζαyηα
2
zζρ

+ αxηαyξα
2
yηαyζα

2
zζρ− αxηα2

xζα
2
yηαzξαzζρ− αyξαxζαyηα2

yζα
2
zηρ

+ α2
xηαxζαzξα

2
yζαzηρ+ 3αxηα

2
xζαzξα

2
zηαzζρ− 3α2

xηαxζαzξαzηα
2
zζρ

+ αxηαzξα
2
yζα

2
zηαzζρ− αxζα2

yηαzξαzηα
2
zζρ− 2αxηαyξα

2
xζαyηαzηαzζρ

− 2αxηα
2
xζαyηαzξαyζαzηρ− 2αxηαyξαyηα

2
yζαzηαzζρ+ 2α2

xηαyξαxζαyζαzηαzζρ

+ 2α2
xηαxζαyηαzξαyζαzζρ− 2αxηαyηαzξαyζαzηα

2
zζρ+ 2αyξαxζα

2
yηαyζαzηαzζρ

+ 2αxζαyηαzξαyζα
2
zηαzζρ)/r2,

(330)
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Cyz
yz =(αxξα

3
yηα

3
zζ − αxξα3

yζα
3
zη

+ αxξα
2
xηαyηα

3
zζ − αxξα2

xηα
3
yζαzη − αxξα2

xζαyζα
3
zη + αxξα

2
xζα

3
yηαzζ

+ 2αyξα
3
xζα

2
yηαzη − 2α3

xηαyξα
2
yζαzζ − 2α3

xζαyηαzξα
2
zη

+ 2α3
xηαzξαyζα

2
zζ + αyξα

3
xζα

3
zηρ− α3

xηαyξα
3
zζρ

+ α3
xηαzξα

3
yζρ− α3

xζα
3
yηαzξρ+ αxξα

2
xηαyηα

2
yζαzζ

− αxξα2
xζα

2
yηαyζαzη − 2αxηαyξα

2
xζα

2
yηαzζ + 2α2

xηαyξαxζα
2
yζαzη

− αxξα2
xηαyζαzηα

2
zζ + αxξα

2
xζαyηα

2
zηαzζ + 2αxηα

2
xζαzξαyζα

2
zη

− 2α2
xηαxζαyηαzξα

2
zζ + 3αxξαyηα

2
yζα

2
zηαzζ − 3αxξα

2
yηαyζαzηα

2
zζ

− αxηαyξα2
yηα

3
zζρ− αyξα3

xζα
2
yηαzηρ+ αxηαzξα

3
yζα

2
zηρ

+ αyξαxζα
2
yζα

3
zηρ+ α3

xηαyξα
2
yζαzζρ+ α3

xζαyηαzξα
2
zηρ

− αxζα3
yηαzξα

2
zζρ− α3

xηαzξαyζα
2
zζρ+ 2αxξαxηαxζαyηα

2
yζαzη

− 2αxξαxηαxζαyηαzηα
2
zζ − 2αxξαxηαxζα

2
yηαyζαzζ − 4αxηαyξα

2
xζαyηαyζαzη

+ 2αxξαxηαxζαyζα
2
zηαzζ + 4α2

xηαyξαxζαyηαyζαzζ + 4αxηα
2
xζαyηαzξαzηαzζ

− 4α2
xηαxζαzξαyζαzηαzζ + αxηαyξα

2
xζα

2
yηαzζρ+ 3αxηα

2
xζα

2
yηαzξαyζρ

− α2
xηαyξαxζα

2
yζαzηρ− 3α2

xηαxζαyηαzξα
2
yζρ− 3αxηαyξα

2
xζα

2
zηαzζρ

− αxηα2
xζαzξαyζα

2
zηρ+ 3α2

xηαyξαxζαzηα
2
zζρ+ α2

xηαxζαyηαzξα
2
zζρ

− αxηαyξα2
yζα

2
zηαzζρ+ αxηα

2
yηαzξαyζα

2
zζρ+ αyξαxζα

2
yηαzηα

2
zζρ

− αxζαyηαzξα2
yζα

2
zηρ+ 2αxηαyξα

2
xζαyηαyζαzηρ− 2α2

xηαyξαxζαyηαyζαzζρ

+ 2αxηαyξαyηαyζαzηα
2
zζρ− 2αxηα

2
xζαyηαzξαzηαzζρ− 2αxηαyηαzξα

2
yζαzηαzζρ

− 2αyξαxζαyηαyζα
2
zηαzζρ+ 2α2

xηαxζαzξαyζαzηαzζρ+ 2αxζα
2
yηαzξαyζαzηαzζρ)/r2,

(331)

Cyz
D1

=(αyξα
3
xζαxη − α3

xζαzξαzη + αxξαxηαxζα
2
yζ

− αxξαxηαxζα2
zζ − αxξα2

xζαxηαyζ − αxηαyξα2
xζαyζ

− αxξαxηαyζα2
zζ + αxξα

2
xζαzηαzζ − αxηαyξαyζα2

zζ

+ αxηα
2
xζαzξαzζ + αyξαxζαxηα

2
zζ + αxξα

2
yζαzηαzζ

+ αxηαzξα
2
yζαzζ − αxζαzξα2

yζαzη)/r2,

(332)
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Cyz
D2

=− (α3
xηαyξαyζ − α3

xηαzξαzζ + αxξαxηαxζα
2
yη

− αxξαxηαxζα2
zη − αxξα2

xηαyηαyζ − α2
xηαyξαxζαyη

− αxξαyηαyζα2
zη + αxξα

2
xηαzηαzζ + αxηαyξαyζα

2
zη

− αyξαxζαyηα2
zη + α2

xηαxζαzξαzη + αxξα
2
yηαzηαzζ

− αxηα2
yηαzξαzζ + αxζα

2
yηαzξαzη)/r2,

(333)

Cyz
D3

=− (−2αyξα
2
xηαxζαyζ + 2αzξα

2
xηαxζαzζ + αxξα

2
xηα

2
yζ

− αxξα2
xηα

2
zζ + 2αyξαxηα

2
xζαyη − 2αzξαxηα

2
xζαzη

+ 2αzξαxηαyηαyζαzζ − 2αyξαxηαyζαzηαzζ − αxξα2
xζα

2
yη

+ αxξα
2
xζα

2
zη − 2αzξαxζαyηαyζαzη + 2αyξαxζαyηαzηαzζ

− αxξα2
yηα

2
zζ + αxξα

2
yζα

2
zη)/r2,

(334)

Cyz
D4

=− (α2
xηαxζα

2
yζ − α2

xηαxζα
2
zζ

− 2αxηα
2
xζαyηαyζ + 2αxηα

2
xζαzηαzζ

− 2αxηαyηαyζα
2
zζ + 2αxηα

2
yζαzηαzζ + α3

xζα
2
yη − α3

xζα
2
zη

+ αxζα
2
yηα

2
zζ − αxζα2

yζα
2
zη)/(β

+r2),

(335)

Cyz
D5

=(α3
xηα

2
yζ − α3

xηα
2
zζ − 2α2

xηαxζαyηαyζ + 2α2
xηαxζαzηαzζ

+ αxηα
2
xζα

2
yη − αxηα2

xζα
2
zη − αxηα2

yηα
2
zζ

+ αxηα
2
yζα

2
zη + 2αxζα

2
yηαzηαzζ − 2αxζαyηαyζα

2
zη)/(β

+r2),

(336)

Cyz
D6

=− (αzξα
3
xηα

2
yζαzζ − αyξα3

xηαyζα
2
zζ − 2αzξα

2
xηαxζαyηαyζαzζ

+ αyξα
2
xηαxζαyηα

2
zζ − αzξα2

xηαxζα
2
yζαzη + 2αyξα

2
xηαxζαyζαzηαzζ

+ αxξα
2
xηαyηαyζα

2
zζ − αxξα2

xηα
2
yζαzηαzζ + αzξαxηα

2
xζα

2
yηαzζ

+ 2αzξαxηα
2
xζαyηαyζαzη − 2αyξαxηα

2
xζαyηαzηαzζ − αyξαxηα2

xζαyζα
2
zη

− αxξαxηαxζα2
yηα

2
zζ + αxξαxηαxζα

2
yζα

2
zη − αzξα3

xζα
2
yηαzη

+ αyξα
3
xζαyηα

2
zη + αxξα

2
xζα

2
yηαzηαzζ − αxξα2

xζαyηαyζα
2
zη)/r2,

(337)
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Cyz
D7

=(α3
xηαzξα

3
zζ − α3

xζαzξα
3
zη + αyξα

3
xζαyηα

2
zη

+ αxηα
2
yηαzξα

3
zζ − α3

xηαyξαyζα
2
zζ − αxζαzξα2

yζα
3
zη

− α3
xηαzξα

3
zζρ+ α3

xζαzξα
3
zηρ− αxξαxηαxζα2

yηα
2
zζ

+ αxξαxηαxζα
2
yζα

2
zη + αxξα

2
xηαyηαyζα

2
zζ − αxξα2

xζαyηαyζα
2
zη

− αxηαyξα2
xζαyζα

2
zη + α2

xηαyξαxζαyηα
2
zζ − αxξα2

xηα
2
yζαzηαzζ

+ αxξα
2
xζα

2
yηαzηαzζ + 3αxηα

2
xζαzξα

2
zηαzζ − 3α2

xηαxζαzξαzηα
2
zζ

+ αxηαzξα
2
yζα

2
zηαzζ − αxζα2

yηαzξαzηα
2
zζ − αxηα2

yηαzξα
3
zζρ

− α3
xζα

2
yηαzξαzηρ+ αxζαzξα

2
yζα

3
zηρ+ α3

xηαzξα
2
yζαzζρ

− 2αxηαyξα
2
xζαyηαzηαzζ + 2α2

xηαyξαxζαyζαzηαzζ − 2αxηαyηαzξαyζαzηα
2
zζ

+ 2αxζαyηαzξαyζα
2
zηαzζ + αxηα

2
xζα

2
yηαzξαzζρ− α2

xηαxζαzξα
2
yζαzηρ

− 3αxηα
2
xζαzξα

2
zηαzζρ+ 3α2

xηαxζαzξαzηα
2
zζρ− αxηαzξα2

yζα
2
zηαzζρ

+ αxζα
2
yηαzξαzηα

2
zζρ+ 2αxηα

2
xζαyηαzξαyζαzηρ− 2α2

xηαxζαyηαzξαyζαzζρ

+ 2αxηαyηαzξαyζαzηα
2
zζρ− 2αxζαyηαzξαyζα

2
zηαzζρ)/r2,

(338)

Now we can write an expression for u+zz as,

u+zz = Czz
xxu
−
xx + Czz

xyu
−
xy + Czz

xzu
−
xz + Czz

yyu
−
yy + Czz

yzu
−
yz + Czz

D1
D1 + Czz

D2
D2 + Czz

D3
D3

+ Czz
D4
D4 + Czz

D5
D5 + Czz

D6
D6 + Czz

D7
D7,

(339)
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Czz
xx =− (αxξα

3
yηα

3
zζ − αxξα3

yζα
3
zη

+ αyξα
3
xζα

3
zη − α3

xηαyξα
3
zζ + α3

xηαzξα
3
yζ − α3

xζα
3
yηαzξ

+ αxξα
2
xηαyηα

3
zζ + αxξα

2
xηα

3
yζαzη

− αxξα2
xζαyζα

3
zη − αxξα2

xζα
3
yηαzζ − αxηαyξα2

yηα
3
zζ + αyξα

3
xζα

2
yηαzη

− αxηαzξα3
yζα

2
zη + αyξαxζα

2
yζα

3
zη − α3

xηαyξα
2
yζαzζ + α3

xζαyηαzξα
2
zη

+ αxζα
3
yηαzξα

2
zζ − α3

xηαzξαyζα
2
zζ − αxξα2

xηαyηα
2
yζαzζ

+ αxξα
2
xζα

2
yηαyζαzη − αxηαyξα2

xζα
2
yηαzζ + 3αxηα

2
xζα

2
yηαzξαyζ

+ α2
xηαyξαxζα

2
yζαzη − 3α2

xηαxζαyηαzξα
2
yζ − αxξα2

xηαyζαzηα
2
zζ

+ αxξα
2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ − αxηα2

xζαzξαyζα
2
zη

+ 3α2
xηαyξαxζαzηα

2
zζ + α2

xηαxζαyηαzξα
2
zζ + 3αxξαyηα

2
yζα

2
zηαzζ

− 3αxξα
2
yηαyζαzηα

2
zζ − αxηαyξα2

yζα
2
zηαzζ − αxηα2

yηαzξαyζα
2
zζ

+ αyξαxζα
2
yηαzηα

2
zζ + αxζαyηαzξα

2
yζα

2
zη − 2αxξα

2
xηα

3
yζαzηρ

+ 2αxξα
2
xζα

3
yηαzζρ+ 2αxηαzξα

3
yζα

2
zηρ− 2α3

xζαyηαzξα
2
zηρ

− 2αxζα
3
yηαzξα

2
zζρ+ 2α3

xηαzξαyζα
2
zζρ− 2αxξαxηαxζαyηα

2
yζαzη

− 2αxξαxηαxζαyηαzηα
2
zζ + 2αxξαxηαxζα

2
yηαyζαzζ − 2αxηαyξα

2
xζαyηαyζαzη

+ 2αxξαxηαxζαyζα
2
zηαzζ + 2α2

xηαyξαxζαyηαyζαzζ + 2αxηαyξαyηαyζαzηα
2
zζ

− 2αxηα
2
xζαyηαzξαzηαzζ + 2αxηαyηαzξα

2
yζαzηαzζ − 2αyξαxζαyηαyζα

2
zηαzζ

+ 2α2
xηαxζαzξαyζαzηαzζ − 2αxζα

2
yηαzξαyζαzηαzζ + 2αxξα

2
xηαyηα

2
yζαzζρ

− 2αxξα
2
xζα

2
yηαyζαzηρ+ 2αxηα

2
xζαzξαyζα

2
zηρ− 2α2

xηαxζαyηαzξα
2
zζρ

+ 2αxηα
2
yηαzξαyζα

2
zζρ− 2αxζαyηαzξα

2
yζα

2
zηρ+ 4αxξαxηαxζαyηα

2
yζαzηρ

− 4αxξαxηαxζα
2
yηαyζαzζρ+ 4αxηα

2
xζαyηαzξαzηαzζρ

− 4αxηαyηαzξα
2
yζαzηαzζρ− 4α2

xηαxζαzξαyζαzηαzζρ+ 4αxζα
2
yηαzξαyζαzηαzζρ)/r3,

(340)
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Czz
xy =(2αxξα

3
xζα

2
yηαzη − 2αxξα

3
xηα

2
yζαxζ − 2α2

xηαyξα
3
yζαzη

+ 2αyξα
2
xζα

3
yηαxζ − 2αxξαxηα

2
xζα

2
yηαxζ + 2αxξα

2
xηαxζα

2
yζαzη

− 2αyξα
2
xζα

2
yηαyζαzη + 2α2

xηαyξαyηα
2
yζαxζ − 2αxξα

3
xζα

2
yηαzηρ

+ 2αxξα
3
xηα

2
yζαxζρ+ 2α2

xηαyξα
3
yζαzηρ− 2αyξα

2
xζα

3
yηαxζρ

− 4αxξαxηα
2
xζαyηαyζαzη + 4αxξα

2
xηαxζαyηαyζαxζ + 4αxηαyξαxζαyηα

2
yζαzη

− 4αxηαyξαxζα
2
yηαyζαxζ + 2αxξαxηα

2
xζα

2
yηαxζρ− 2αxξα

2
xηαxζα

2
yζαzηρ

+ 2αyξα
2
xζα

2
yηαyζαzηρ− 2α2

xηαyξαyηα
2
yζαxζρ+ 4αxξαxηα

2
xζαyηαyζαzηρ

− 4αxξα
2
xηαxζαyηαyζαxζρ− 4αxηαyξαxζαyηα

2
yζαzηρ+ 4αxηαyξαxζα

2
yηαyζαxζρ)/r3,

(341)

Czz
xz =− (2αxξαxηα

3
yζα

2
zη − 2αxξα

3
xζαyηα

2
zη − 2αxξαxζα

3
yηα

2
zζ

+ 2αxξα
3
xηαyζα

2
zζ + 2α2

xηαzξα
3
yζαzη − 2α2

xζα
3
yηαzξαzζ

+ 2αxξαxηα
2
xζαyζα

2
zη − 2αxξα

2
xηαxζαyηα

2
zζ + 2αxξαxηα

2
yηαyζα

2
zζ

− 2αxξαxζαyηα
2
yζα

2
zη − 2α2

xηαyηαzξα
2
yζαzζ + 2α2

xζα
2
yηαzξαyζαzη

− 2αxξαxηα
3
yζα

2
zηρ+ 2αxξα

3
xζαyηα

2
zηρ+ 2αxξαxζα

3
yηα

2
zζρ

− 2αxξα
3
xηαyζα

2
zζρ− 2α2

xηαzξα
3
yζαzηρ+ 2α2

xζα
3
yηαzξαzζρ

+ 4αxξαxηα
2
xζαyηαzηαzζ − 4αxξαxηαyηα

2
yζαzηαzζ − 4αxξα

2
xηαxζαyζαzηαzζ

− 4αxηαxζαyηαzξα
2
yζαzη + 4αxξαxζα

2
yηαyζαzηαzζ + 4αxηαxζα

2
yηαzξαyζαzζ

− 2αxξαxηα
2
xζαyζα

2
zηρ+ 2αxξα

2
xηαxζαyηα

2
zζρ− 2αxξαxηα

2
yηαyζα

2
zζρ

+ 2αxξαxζαyηα
2
yζα

2
zηρ+ 2α2

xηαyηαzξα
2
yζαzζρ− 2α2

xζα
2
yηαzξαyζαzηρ

− 4αxξαxηα
2
xζαyηαzηαzζρ+ 4αxξαxηαyηα

2
yζαzηαzζρ

+ 4αxξα
2
xηαxζαyζαzηαzζρ+ 4αxηαxζαyηαzξα

2
yζαzηρ

− 4αxξαxζα
2
yηαyζαzηαzζρ− 4αxηαxζα

2
yηαzξαyζαzζρ)/r3,

(342)
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Czz
yy =− (αxξα

3
yηα

3
zζ − αxξα3

yζα
3
zη + αyξα

3
xζα

3
zη

− α3
xηαyξα

3
zζ + α3

xηαzξα
3
yζ − α3

xζα
3
yηαzξ

+ αxξα
2
xηαyηα

3
zζ − αxξα2

xηα
3
yζαzη − αxξα2

xζαyζα
3
zη

+ αxξα
2
xζα

3
yηαzζ − αxηαyξα2

yηα
3
zζ − αyξα3

xζα
2
yηαzη

− αxηαzξα3
yζα

2
zη + αyξαxζα

2
yζα

3
zη + α3

xηαyξα
2
yζαzζ

+ α3
xζαyηαzξα

2
zη + αxζα

3
yηαzξα

2
zζ − α3

xηαzξαyζα
2
zζ

+ αxξα
2
xηαyηα

2
yζαzζ − αxξα2

xζα
2
yηαyζαzη + αxηαyξα

2
xζα

2
yηαzζ

+ 3αxηα
2
xζα

2
yηαzξαyζ − α2

xηαyξαxζα
2
yζαzη − 3α2

xηαxζαyηαzξα
2
yζ

− αxξα2
xηαyζαzηα

2
zζ + αxξα

2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ

− αxηα2
xζαzξαyζα

2
zη + 3α2

xηαyξαxζαzηα
2
zζ + α2

xηαxζαyηαzξα
2
zζ

+ 3αxξαyηα
2
yζα

2
zηαzζ − 3αxξα

2
yηαyζαzηα

2
zζ − αxηαyξα2

yζα
2
zηαzζ

− αxηα2
yηαzξαyζα

2
zζ + αyξαxζα

2
yηαzηα

2
zζ + αxζαyηαzξα

2
yζα

2
zη

+ 2αyξα
3
xζα

2
yηαzηρ+ 2αxηαzξα

3
yζα

2
zηρ− 2α3

xηαyξα
2
yζαzζρ

− 2α3
xζαyηαzξα

2
zηρ− 2αxζα

3
yηαzξα

2
zζρ+ 2α3

xηαzξαyζα
2
zζρ

+ 2αxξαxηαxζαyηα
2
yζαzη − 2αxξαxηαxζαyηαzηα

2
zζ − 2αxξαxηαxζα

2
yηαyζαzζ

+ 2αxηαyξα
2
xζαyηαyζαzη + 2αxξαxηαxζαyζα

2
zηαzζ − 2α2

xηαyξαxζαyηαyζαzζ

+ 2αxηαyξαyηαyζαzηα
2
zζ − 2αxηα

2
xζαyηαzξαzηαzζ + 2αxηαyηαzξα

2
yζαzηαzζ

− 2αyξαxζαyηαyζα
2
zηαzζ + 2α2

xηαxζαzξαyζαzηαzζ − 2αxζα
2
yηαzξαyζαzηαzζ

− 2αxηαyξα
2
xζα

2
yηαzζρ+ 2α2

xηαyξαxζα
2
yζαzηρ+ 2αxηα

2
xζαzξαyζα

2
zηρ

− 2α2
xηαxζαyηαzξα

2
zζρ+ 2αxηα

2
yηαzξαyζα

2
zζρ− 2αxζαyηαzξα

2
yζα

2
zηρ

− 4αxηαyξα
2
xζαyηαyζαzηρ+ 4α2

xηαyξαxζαyηαyζαzζρ

+ 4αxηα
2
xζαyηαzξαzηαzζρ− 4αxηαyηαzξα

2
yζαzηαzζρ

− 4α2
xηαxζαzξαyζαzηαzζρ+ 4αxζα

2
yηαzξαyζαzηαzζρ)/r3,

(343)
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Czz
yz =− (2αxηαyξα

3
yζα

2
zη − 2αyξα

3
xζαyηα

2
zη − 2αyξαxζα

3
yηα

2
zζ

+ 2α3
xηαyξαyζα

2
zζ − 2α3

xζα
2
yηαzξαzη + 2α3

xηαzξα
2
yζαzζ

+ 2αxηαyξα
2
xζαyζα

2
zη − 2α2

xηαyξαxζαyηα
2
zζ + 2αxηαyξα

2
yηαyζα

2
zζ

+ 2αxηα
2
xζα

2
yηαzξαzζ − 2αyξαxζαyηα

2
yζα

2
zη − 2α2

xηαxζαzξα
2
yζαzη

− 2αxηαyξα
3
yζα

2
zηρ+ 2αyξα

3
xζαyηα

2
zηρ+ 2αyξαxζα

3
yηα

2
zζρ

− 2α3
xηαyξαyζα

2
zζρ+ 2α3

xζα
2
yηαzξαzηρ− 2α3

xηαzξα
2
yζαzζρ

+ 4αxηαyξα
2
xζαyηαzηαzζ + 4αxηα

2
xζαyηαzξαyζαzη − 4αxηαyξαyηα

2
yζαzηαzζ

− 4α2
xηαyξαxζαyζαzηαzζ − 4α2

xηαxζαyηαzξαyζαzζ + 4αyξαxζα
2
yηαyζαzηαzζ

− 2αxηαyξα
2
xζαyζα

2
zηρ+ 2α2

xηαyξαxζαyηα
2
zζρ− 2αxηαyξα

2
yηαyζα

2
zζρ

− 2αxηα
2
xζα

2
yηαzξαzζρ+ 2αyξαxζαyηα

2
yζα

2
zηρ

+ 2α2
xηαxζαzξα

2
yζαzηρ− 4αxηαyξα

2
xζαyηαzηαzζρ− 4αxηα

2
xζαyηαzξαyζαzηρ

+ 4αxηαyξαyηα
2
yζαzηαzζρ+ 4α2

xηαyξαxζαyζαzηαzζρ

+ 4α2
xηαxζαyηαzξαyζαzζρ− 4αyξαxζα

2
yηαyζαzηαzζρ)/r3,

(344)

Czz
D1

=− (αxξα
3
yζαzη + αxηαzξα

3
yζ − αyξα3

xζαzη

− α3
xζαyηαzξ + αxξα

2
xζαyηαzζ + αxξα

2
xζαyζαzη

+ αxηαyξα
2
xζαzζ + αxηα

2
xζαzξαyζ − αxξαyηα2

yζαzζ

− αxηαyξα2
yζαzζ − αyξαxζα2

yζαzη − αxζαyηαzξα2
yζ

− 2αxξαxηαxζαyζαzζ + 2αyξαxζαyηαyζαzζ)/r3,

(345)

Czz
D2

=(αxξα
3
yηαzζ + αxζα

3
yηαzξ − α3

xηαyξαzζ − α3
xηαzξαyζ

+ αxξα
2
xηαyηαzζ + αxξα

2
xηαyζαzη + α2

xηαyξαxζαzη

+ α2
xηαxζαyηαzξ − αxξα2

yηαyζαzη − αxηαyξα2
yηαzζ

− αxηα2
yηαzξαyζ − αyξαxζα2

yηαzη − 2αxξαxηαxζαyηαzη

+ 2αxηαyξαyηαyζαzη)/r3,

(346)

Czz
D3

=(2αzξα
2
xηαxζαyζ + 2αyξαzζα

2
xηαxζ − 2αxξαzζα

2
xηαyζ

− 2αzξαxηα
2
xζαyη − 2αyξαzηαxηα

2
xζ + 2αzξαxηαyηα

2
yζ

− 2αyξαzηαxηα
2
yζ + 2αxξαzηα

2
xζαyη − 2αzξαxζα

2
yηαyζ

+ 2αyξαzζαxζα
2
yη − 2αxξαzζα

2
yηαyζ + 2αxξαzηαyηα

2
yζ)/r3,

(347)
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Czz
D4

=(−2αzζα
2
xηαxζαyζ + 2αzζαxηα

2
xζαyη + 2αzηαxηα

2
xζαyζ

− 2αzζαxηαyηα
2
yζ + 2αzηαxηα

3
yζ − 2αzηα

3
xζαyη + 2αzζαxζα

2
yηαyζ

− 2αzηαxζαyηα
2
yζ)/(β

+r3),

(348)

Czz
D5

=− (−2αzζα
3
xηαyζ + 2αzζα

2
xηαxζαyη + 2αzηα

2
xηαxζαyζ − 2αzηαxηα

2
xζαyη

− 2αzζαxηα
2
yηαyζ + 2αzηαxηαyηα

2
yζ + 2αzζαxζα

3
yη − 2αzηαxζα

2
yηαyζ)/(β

+r3),
(349)

Czz
D6

=(αzξα
3
xηα

3
yζ − αyξαzζα3

xηα
2
yζ − 3αzξα

2
xηαxζαyηα

2
yζ

+ 2αyξαzζα
2
xηαxζαyηαyζ + αyξαzηα

2
xηαxζα

2
yζ + αxξαzζα

2
xηαyηα

2
yζ

− αxξαzηα2
xηα

3
yζ + 3αzξαxηα

2
xζα

2
yηαyζ − αyξαzζαxηα2

xζα
2
yη

− 2αyξαzηαxηα
2
xζαyηαyζ − 2αxξαzζαxηαxζα

2
yηαyζ + 2αxξαzηαxηαxζαyηα

2
yζ

− αzξα3
xζα

3
yη + αyξαzηα

3
xζα

2
yη + αxξαzζα

2
xζα

3
yη − αxξαzηα2

xζα
2
yηαyζ)/r3,

(350)

Czz
D7

=(αxξα
3
yηα

3
zζ − αxξα3

yζα
3
zη + αyξα

3
xζα

3
zη

− α3
xηαyξα

3
zζ + αxξα

2
xηαyηα

3
zζ − αxξα2

xζαyζα
3
zη

− αxηαyξα2
yηα

3
zζ − αxηαzξα3

yζα
2
zη + αyξαxζα

2
yζα

3
zη

+ α3
xζαyηαzξα

2
zη + αxζα

3
yηαzξα

2
zζ − α3

xηαzξαyζα
2
zζ

− αxξα2
xηαyζαzηα

2
zζ + αxξα

2
xζαyηα

2
zηαzζ − 3αxηαyξα

2
xζα

2
zηαzζ

− αxηα2
xζαzξαyζα

2
zη + 3α2

xηαyξαxζαzηα
2
zζ + α2

xηαxζαyηαzξα
2
zζ

+ 3αxξαyηα
2
yζα

2
zηαzζ − 3αxξα

2
yηαyζαzηα

2
zζ − αxηαyξα2

yζα
2
zηαzζ

− αxηα2
yηαzξαyζα

2
zζ + αyξαxζα

2
yηαzηα

2
zζ + αxζαyηαzξα

2
yζα

2
zη

+ 2αxηαzξα
3
yζα

2
zηρ− 2α3

xζαyηαzξα
2
zηρ− 2αxζα

3
yηαzξα

2
zζρ

+ 2α3
xηαzξαyζα

2
zζρ− 2αxξαxηαxζαyηαzηα

2
zζ + 2αxξαxηαxζαyζα

2
zηαzζ

+ 2αxηαyξαyηαyζαzηα
2
zζ − 2αxηα

2
xζαyηαzξαzηαzζ + 2αxηαyηαzξα

2
yζαzηαzζ

− 2αyξαxζαyηαyζα
2
zηαzζ + 2α2

xηαxζαzξαyζαzηαzζ − 2αxζα
2
yηαzξαyζαzηαzζ

+ 2αxηα
2
xζαzξαyζα

2
zηρ− 2α2

xηαxζαyηαzξα
2
zζρ+ 2αxηα

2
yηαzξαyζα

2
zζρ

− 2αxζαyηαzξα
2
yζα

2
zηρ+ 4αxηα

2
xζαyηαzξαzηαzζρ− 4αxηαyηαzξα

2
yζαzηαzζρ

− 4α2
xηαxζαzξαyζαzηαzζρ+ 4αxζα

2
yηαzξαyζαzηαzζρ)/r3,

(351)
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where,

r3 =(αzξα
3
xηα

3
yζ − αyξα3

xηα
2
yζαzζ + αzξα

3
xηαyζα

2
zζ

− αyξα3
xηα

3
zζ − 3αzξα

2
xηαxζαyηα

2
yζ + 2αyξα

2
xηαxζαyηαyζαzζ

− αzξα2
xηαxζαyηα

2
zζ + αyξα

2
xηαxζα

2
yζαzη − 2αzξα

2
xηαxζαyζαzηαzζ

+ 3αyξα
2
xηαxζαzηα

2
zζ + αxξα

2
xηαyηα

2
yζαzζ + αxξα

2
xηαyηα

3
zζ − αxξα2

xηα
3
yζαzη

− αxξα2
xηαyζαzηα

2
zζ + 3αzξαxηα

2
xζα

2
yηαyζ − αyξαxηα2

xζα
2
yηαzζ

− 2αyξαxηα
2
xζαyηαyζαzη + 2αzξαxηα

2
xζαyηαzηαzζ + αzξαxηα

2
xζαyζα

2
zη

− 3αyξαxηα
2
xζα

2
zηαzζ − 2αxξαxηαxζα

2
yηαyζαzζ + 2αxξαxηαxζαyηα

2
yζαzη

− 2αxξαxηαxζαyηαzηα
2
zζ + 2αxξαxηαxζαyζα

2
zηαzζ + αzξαxηα

2
yηαyζα

2
zζ

− αyξαxηα2
yηα

3
zζ − 2αzξαxηαyηα

2
yζαzηαzζ + 2αyξαxηαyηαyζαzηα

2
zζ

+ αzξαxηα
3
yζα

2
zη − αyξαxηα2

yζα
2
zηαzζ − αzξα3

xζα
3
yη + αyξα

3
xζα

2
yηαzη

− αzξα3
xζαyηα

2
zη + αyξα

3
xζα

3
zη + αxξα

2
xζα

3
yηαzζ − αxξα2

xζα
2
yηαyζαzη

+ αxξα
2
xζαyηα

2
zηαzζ − αxξα2

xζαyζα
3
zη − αzξαxζα3

yηα
2
zζ + 2αzξαxζα

2
yηαyζαzηαzζ

+ αyξαxζα
2
yηαzηα

2
zζ − αzξαxζαyηα2

yζα
2
zη − 2αyξαxζαyηαyζα

2
zηαzζ + αyξαxζα

2
yζα

3
zη

+ αxξα
3
yηα

3
zζ − 3αxξα

2
yηαyζαzηα

2
zζ + 3αxξαyηα

2
yζα

2
zηαzζ − αxξα3

yζα
3
zη),

(352)

And the expression for u−zz is,

u−zz = −u−xx − u−yy +D7. (353)
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APPENDIX B

COORDINATE TRANSFORMATION OF JUMP RELATIONS

FOR THREE-DIMENSIONAL PARABOLIC INTERFACE

PROBLEMS

Here we explain how to obtain explicit expressions for u+, u+x , u+y , u+z , u+xx, u
+
xy, u

+
xz, u

+
yy,

u+yz and u+zz in terms of u−, u−x , u−y , u−z , u−xx, u
−
xy, u

−
xz, u

−
yy, u

−
yz and u−zz as a part of finding

the correction terms at the irregular grid points. To get that, we have to do the coordinate

transformations of the jump relations (237)-(245) in chapter 5.

As the first nine jump relations are as the same as in the model for elliptic interface

problem, coordinate transformations of the jump relations (237)-(244) in chapter 5 are given

by (262)-(264) and (269)-(273) in Appendix A.

So, the expression for u+x , u+y , u+z are as same as for three-dimensional elliptic interface

problems and are given by the equations (265)- (267) in the Appendix A. However, expres-

sions for u+xx, u
+
xy, u

+
xz, u

+
yy, u

+
yz and u+zz are different from the case for three-dimensional

elliptic interface problems as the last jump relation for both cases are obtained from the

PDE itself.

So, the coordinate transformation of the jump relation (245) in chapter 5 is given by,

(u+xx − ρu−xx)α2
xξ + (u+yy − ρu−yy)α2

yξ + (u+zz − ρu−zz)α2
zξ

+ 2αxξαyξ(u
+
xy − ρu−xy) + 2αxξαzξ(u

+
xz − ρu−xz)

+ 2αyξαzξ(u
+
yz − ρu−yz) = D,

(354)

We can solve the equations (269)-(273) in Appendix A together with the equation (354) to

get expressions for u+xx, u
+
xy, u

+
xz, u

+
yy, u

+
yz, u

+
zz in terms of u−xx, u

−
xy, u

−
xz, u

−
yy, u

−
yz, u

−
zz.

So the expression for u+xx can be written as,

u+xx = Cxx
xxu

−
xx + Cxx

xyu
−
xy + Cxx

xz u
−
xz + Cxx

yy u
−
yy + Cxx

yz u
−
yz

+ Cxx
zz u

−
zz + Cxx

D1
D1 + Cxx

D2
D2 + Cxx

D3
D3 + Cxx

D4
D4 + Cxx

D5
D5 + Cxx

D8
D8,

(355)

Notice that D8 = D1 +D2 − ([f ] + wt)/β
+.
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where,

Cxx
xx = (α2

xηα
2
yξα

2
zζ + α2

xηα
2
zξα

2
yζ + α2

yξα
2
xζα

2
zη

+ α2
xζα

2
yηα

2
zξ − α2

xηα
2
yηα

2
zζ − α2

xηα
2
yζα

2
zη

− α2
xζα

2
yηα

2
zζ − α2

xζα
2
yζα

2
zη + α2

xξα
2
yηα

2
zζρ

+ α2
xξα

2
yζα

2
zηρ+ α2

xηα
2
yηα

2
zζρ+ α2

xηα
2
yζα

2
zηρ

+ α2
xζα

2
yηα

2
zζρ+ α2

xζα
2
yζα

2
zηρ− 2αxηαxζαyηα

2
zξαyζ

− 2αyξα
2
xζαyηαzξαzη − 2αxηα

2
yξαxζαzηαzζ − 2α2

xηαyξαzξαyζαzζ

+ 2α2
xηαyηαyζαzηαzζ + 2α2

xζαyηαyζαzηαzζ + 2αxηαyξαxζαyηαzξαzζ

+ 2αxηαyξαxζαzξαyζαzη − 2αxξαxηαyξαyηα
2
zζρ

− 2αxξαxηαzξα
2
yζαzηρ− 2αxξαyξαxζαyζα

2
zηρ

− 2αxξαxζα
2
yηαzξαzζρ− 2α2

xξαyηαyζαzηαzζρ

− 2α2
xηαyηαyζαzηαzζρ− 2α2

xζαyηαyζαzηαzζρ

+ 2αxξαxηαyξαyζαzηαzζρ+ 2αxξαxηαyηαzξαyζαzζρ

+ 2αxξαyξαxζαyηαzηαzζρ+ 2αxξαxζαyηαzξαyζαzηρ)/r2,

(356)

Cxx
xy = −(2αxηα

3
yηα

2
zζ + 2αxζα

3
yζα

2
zη − 2αxηα

2
yξαyηα

2
zζ

+ 2αxηαyηα
2
yζα

2
zη − 2α2

yξαxζαyζα
2
zη + 2αxζα

2
yηαyζα

2
zζ

− 2αxηα
3
yηα

2
zζρ− 2αxζα

3
yζα

2
zηρ− 2αxηαyξαzξα

2
yζαzη

− 2αyξαxζα
2
yηαzξαzζ + 2αxηα

2
yξαyζαzηαzζ + 2α2

yξαxζαyηαzηαzζ

− 4αxηα
2
yηαyζαzηαzζ − 4αxζαyηα

2
yζαzηαzζ + 2αxηα

2
yξαyηα

2
zζρ

− 2αxηαyηα
2
yζα

2
zηρ+ 2α2

yξαxζαyζα
2
zηρ− 2αxζα

2
yηαyζα

2
zζρ

+ 2αxηαyξαyηαzξαyζαzζ + 2αyξαxζαyηαzξαyζαzη + 2αxηαyξαzξα
2
yζαzηρ

+ 2αyξαxζα
2
yηαzξαzζρ− 2αxηα

2
yξαyζαzηαzζρ− 2α2

yξαxζαyηαzηαzζρ

+ 4αxηα
2
yηαyζαzηαzζρ+ 4αxζαyηα

2
yζαzηαzζρ− 2αxηαyξαyηαzξαyζαzζρ

− 2αyξαxζαyηαzξαyζαzηρ)/r2,

(357)
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Cxx
xz = −(2αxηα

2
yζα

3
zη + 2αxζα

2
yηα

3
zζ − 2αxηα

2
zξα

2
yζαzη

+ 2αxηα
2
yηαzηα

2
zζ − 2αxζα

2
yηα

2
zξαzζ + 2αxζα

2
yζα

2
zηαzζ

− 2αxηα
2
yζα

3
zηρ− 2αxζα

2
yηα

3
zζρ− 2αxηαyξαyηαzξα

2
zζ

− 2αyξαxζαzξαyζα
2
zη + 2αxηαyηα

2
zξαyζαzζ + 2αxζαyηα

2
zξαyζαzη

− 4αxηαyηαyζα
2
zηαzζ − 4αxζαyηαyζαzηα

2
zζ + 2αxηα

2
zξα

2
yζαzηρ

− 2αxηα
2
yηαzηα

2
zζρ+ 2αxζα

2
yηα

2
zξαzζρ− 2αxζα

2
yζα

2
zηαzζρ

+ 2αxηαyξαzξαyζαzηαzζ + 2αyξαxζαyηαzξαzηαzζ + 2αxηαyξαyηαzξα
2
zζρ

+ 2αyξαxζαzξαyζα
2
zηρ− 2αxηαyηα

2
zξαyζαzζρ− 2αxζαyηα

2
zξαyζαzηρ

+ 4αxηαyηαyζα
2
zηαzζρ+ 4αxζαyηαyζαzηα

2
zζρ

− 2αxηαyξαzξαyζαzηαzζρ− 2αyξαxζαyηαzξαzηαzζρ)/r2,

(358)

Cxx
yy = −(α4

yηα
2
zζ + α4

yζα
2
zη − α2

yξα
2
yηα

2
zζ

− α2
yξα

2
yζα

2
zη + α2

yηα
2
yζα

2
zη + α2

yηα
2
yζα

2
zζ

− α4
yηα

2
zζρ− α4

yζα
2
zηρ+ α2

yξα
2
yηα

2
zζρ

+ α2
yξα

2
yζα

2
zηρ− α2

yηα
2
yζα

2
zηρ− α2

yηα
2
yζα

2
zζρ

− 2αyηα
3
yζαzηαzζ − 2α3

yηαyζαzηαzζ + 2α2
yξαyηαyζαzηαzζ

+ 2αyηα
3
yζαzηαzζρ+ 2α3

yηαyζαzηαzζρ− 2α2
yξαyηαyζαzηαzζρ)/r2, ;

(359)

Cxx
yz = −(2αyηα

2
yζα

3
zη + 2α2

yηαyζα
3
zζ + 2α3

yηαzηα
2
zζ

+ 2α3
yζα

2
zηαzζ − 2αyξαzξα

2
yζα

2
zη − 2αyξα

2
yηαzξα

2
zζ

− 4αyηα
2
yζαzηα

2
zζ − 4α2

yηαyζα
2
zηαzζ − 2αyηα

2
yζα

3
zηρ

− 2α2
yηαyζα

3
zζρ− 2α3

yηαzηα
2
zζρ− 2α3

yζα
2
zηαzζρ

+ 2αyξαzξα
2
yζα

2
zηρ+ 2αyξα

2
yηαzξα

2
zζρ+ 4αyηα

2
yζαzηα

2
zζρ

+ 4α2
yηαyζα

2
zηαzζρ+ 4αyξαyηαzξαyζαzηαzζ

− 4αyξαyηαzξαyζαzηαzζρ)/r2,

(360)

Cxx
zz = −(α2

yηα
4
zζ + α2

yζα
4
zη − α2

yηα
2
zξα

2
zζ

− α2
zξα

2
yζα

2
zη + α2

yηα
2
zηα

2
zζ + α2

yζα
2
zηα

2
zζ

− α2
yηα

4
zζρ− α2

yζα
4
zηρ+ α2

yηα
2
zξα

2
zζρ

+ α2
zξα

2
yζα

2
zηρ− α2

yηα
2
zηα

2
zζρ− α2

yζα
2
zηα

2
zζρ

− 2αyηαyζαzηα
3
zζ − 2αyηαyζα

3
zηαzζ + 2αyηα

2
zξαyζαzηαzζ

+ 2αyηαyζαzηα
3
zζρ+ 2αyηαyζα

3
zηαzζρ− 2αyηα

2
zξαyζαzηαzζρ)/r2,

(361)
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Cxx
D1

= (α2
yξα

2
zζ − 2αyξαzξαyζαzζ + α2

zξα
2
yζ)/r2, (362)

Cxx
D2

= (α2
yξα

2
zη − 2αyξαyηαzξαzη + α2

yηα
2
zξ)/r2, (363)

Cxx
D3

= (2αyηα
2
zξαyζ + 2α2

yξαzηαzζ − 2αyξαyηαzξαzζ − 2αyξαzξαyζαzη)/r2, (364)

Cxx
D4

= −D4(2αyξαyηα
2
zζ + 2αzξα

2
yζαzη − 2αyξαyζαzηαzζ − 2αyηαzξαyζαzζ)/(β

+r2), (365)

Cxx
D5

= (2αyξαyζα
2
zη + 2α2

yηαzξαzζ − 2αyξαyηαzηαzζ − 2αyηαzξαyζαzη)/(β
+r2), (366)

Cxx
D8

= −(α2
yηα

2
zζ − 2αyηαyζαzηαzζ + α2

yζα
2
zη)/r2, (367)

where,

r2 = (αxξαyηαzζ − αxξαyζαzη − αxηαyξαzζ + αxηαzξαyζ + αyξαxζαzη − αxζαyηαzξ)2, (368)

u+xy = Cxy
xxu

−
xx + Cxy

xyu
−
xy + Cxy

xzu
−
xz + Cxy

yyu
−
yy + Cxy

yz u
−
yz

+ Cxy
zz u

−
zz + Cxy

D1
D1 + Cxy

D2
D2

+ Cxy
D3
D3 + Cxy

D4
D4 + Cxy

D5
D5 + Cxy

D8
D8,

(369)

where,

Cxy
xx = (α3

xηαyηα
2
zζ + α3

xζαyζα
2
zη − αxξαyξα2

xζα
2
zη − αxξα2

xηαyξα
2
zζ + αxηα

2
xζαyηα

2
zζ

+ α2
xηαxζαyζα

2
zη − α3

xηαyηα
2
zζρ− α3

xζαyζα
2
zηρ

− α3
xηαyζαzηαzζ − α3

xζαyηαzηαzζ + αxξα
2
xζαyηαzξαzη

+ αxξα
2
xηαzξαyζαzζ − α2

xηαxζαyηαzηαzζ − αxηα2
xζαyζαzηαzζ

+ α3
xηαyζαzηαzζρ+ α3

xζαyηαzηαzζρ

+ αxξαyξα
2
xζα

2
zηρ+ αxξα

2
xηαyξα

2
zζρ

− αxηα2
xζαyηα

2
zζρ− α2

xηαxζαyζα
2
zηρ

+ 2αxξαxηαyξαxζαzηαzζ − αxξαxηαxζαyηαzξαzζ
− αxξαxηαxζαzξαyζαzη − αxξα2

xζαyηαzξαzηρ

− αxξα2
xηαzξαyζαzζρ+ α2

xηαxζαyηαzηαzζρ

+ αxηα
2
xζαyζαzηαzζρ− 2αxξαxηαyξαxζαzηαzζρ

+ αxξαxηαxζαyηαzξαzζρ+ αxξαxηαxζαzξαyζαzηρ)/r2,

(370)
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Cxy
xy = (α2

xηα
2
zξα

2
yζ + α2

xζα
2
yηα

2
zξ + 2α2

xηα
2
yηα

2
zζ

+ 2α2
xζα

2
yζα

2
zη + α2

xξα
2
yηα

2
zζρ+ α2

xξα
2
yζα

2
zηρ

+ α2
xηα

2
yξα

2
zζρ+ α2

yξα
2
xζα

2
zηρ− 2α2

xηα
2
yηα

2
zζρ

− 2α2
xζα

2
yζα

2
zηρ− 2αxξαxηαyξαyηα

2
zζ − αxξαxηαzξα2

yζαzη

− 2αxξαyξαxζαyζα
2
zη − αxξαxζα2

yηαzξαzζ − 2αxηαxζαyηα
2
zξαyζ

− αyξα2
xζαyηαzξαzη + 2αxηαxζαyηαyζα

2
zη − α2

xηαyξαzξαyζαzζ

+ 2αxηαxζαyηαyζα
2
zζ − 2αxηαxζα

2
yηαzηαzζ − 2αxηαxζα

2
yζαzηαzζ

− 2α2
xηαyηαyζαzηαzζ − 2α2

xζαyηαyζαzηαzζ + 2αxξαxηαyξαyζαzηαzζ

+ αxξαxηαyηαzξαyζαzζ + 2αxξαyξαxζαyηαzηαzζ + αxξαxζαyηαzξαyζαzη

+ αxηαyξαxζαyηαzξαzζ + αxηαyξαxζαzξαyζαzη − αxξαxηαzξα2
yζαzηρ

− αxξαxζα2
yηαzξαzζρ− αyξα2

xζαyηαzξαzηρ− 2αxηαxζαyηαyζα
2
zηρ

− 2αxηα
2
yξαxζαzηαzζρ− α2

xηαyξαzξαyζαzζρ− 2αxηαxζαyηαyζα
2
zζρ

+ 2αxηαxζα
2
yηαzηαzζρ− 2α2

xξαyηαyζαzηαzζρ

+ 2αxηαxζα
2
yζαzηαzζρ+ 2α2

xηαyηαyζαzηαzζρ

+ 2α2
xζαyηαyζαzηαzζρ+ αxξαxηαyηαzξαyζαzζρ

+ αxξαxζαyηαzξαyζαzηρ+ αxηαyξαxζαyηαzξαzζρ

+ αxηαyξαxζαzξαyζαzηρ)/r2,

(371)

Cxy
xz = −(αyξα

2
xζαzξα

2
zη + α2

xηαyξαzξα
2
zζ − α2

xζαyηα
2
zξαzη − 2α2

xηαyηαzηα
2
zζ

− α2
xηα

2
zξαyζαzζ + 2α2

xηαyζα
2
zηαzζ + 2α2

xζαyηαzηα
2
zζ − 2α2

xζαyζα
2
zηαzζ

− 2αxηαxζαyηα
3
zζ − 2αxηαxζαyζα

3
zη + αxξαxηαyηαzξα

2
zζ + αxξαxζαzξαyζα

2
zη

+ αxηαxζαyηα
2
zξαzζ + αxηαxζα

2
zξαyζαzη + 2αxηαxζαyηα

2
zηαzζ + 2αxηαxζαyζαzηα

2
zζ

+ 2αxηαxζαyηα
3
zζρ+ 2αxηαxζαyζα

3
zηρ− αyξα2

xζαzξα
2
zηρ− α2

xηαyξαzξα
2
zζρ

+ α2
xζαyηα

2
zξαzηρ+ 2α2

xηαyηαzηα
2
zζρ+ α2

xηα
2
zξαyζαzζρ− 2α2

xηαyζα
2
zηαzζρ

− 2α2
xζαyηαzηα

2
zζρ+ 2α2

xζαyζα
2
zηαzζρ− αxξαxηαzξαyζαzηαzζ − αxξαxζαyηαzξαzηαzζ

− 2αxηαyξαxζαzξαzηαzζ − αxξαxηαyηαzξα2
zζρ− αxξαxζαzξαyζα2

zηρ− αxηαxζαyηα2
zξαzζρ

− αxηαxζα2
zξαyζαzηρ− 2αxηαxζαyηα

2
zηαzζρ− 2αxηαxζαyζαzηα

2
zζρ+ αxξαxηαzξαyζαzηαzζρ

+ αxξαxζαyηαzξαzηαzζρ+ 2αxηαyξαxζαzξαzηαzζρ)/r2,

(372)
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Cxy
yy = (αxηα

3
yηα

2
zζ + αxζα

3
yζα

2
zη − αxξαyξα2

yηα
2
zζ

− αxξαyξα2
yζα

2
zη + αxηαyηα

2
yζα

2
zζ + αxζα

2
yηαyζα

2
zη

− αxηα3
yηα

2
zζρ− αxζα3

yζα
2
zηρ− αxηα3

yζαzηαzζ

− αxζα3
yηαzηαzζ + αxηαyξαzξα

2
yζαzη + αyξαxζα

2
yηαzξαzζ

− αxηα2
yηαyζαzηαzζ − αxζαyηα2

yζαzηαzζ + αxηα
3
yζαzηαzζρ

+ αxζα
3
yηαzηαzζρ+ αxξαyξα

2
yηα

2
zζρ+ αxξαyξα

2
yζα

2
zηρ

− αxηαyηα2
yζα

2
zζρ− αxζα2

yηαyζα
2
zηρ+ 2αxξαyξαyηαyζαzηαzζ

− αxηαyξαyηαzξαyζαzζ − αyξαxζαyηαzξαyζαzη − αxηαyξαzξα2
yζαzηρ

− αyξαxζα2
yηαzξαzζρ+ αxηα

2
yηαyζαzηαzζρ+ αxζαyηα

2
yζαzηαzζρ

− 2αxξαyξαyηαyζαzηαzζρ+ αxηαyξαyηαzξαyζαzζρ

+ αyξαxζαyηαzξαyζαzηρ)/r2,

(373)

Cxy
yz = −(αxξαzξα

2
yζα

2
zη + αxξα

2
yηαzξα

2
zζ

− αxηα2
zξα

2
yζαzη − 2αxηα

2
yηαzηα

2
zζ − αxζα2

yηα
2
zξαzζ + 2αxηα

2
yζαzηα

2
zζ

+ 2αxζα
2
yηα

2
zηαzζ − 2αxζα

2
yζα

2
zηαzζ − 2αxηαyηαyζα

3
zζ − 2αxζαyηαyζα

3
zη

+ αxηαyξαyηαzξα
2
zζ + αyξαxζαzξαyζα

2
zη + αxηαyηα

2
zξαyζαzζ + αxζαyηα

2
zξαyζαzη

+ 2αxηαyηαyζα
2
zηαzζ + 2αxζαyηαyζαzηα

2
zζ + 2αxηαyηαyζα

3
zζρ+ 2αxζαyηαyζα

3
zηρ

− αxξαzξα2
yζα

2
zηρ− αxξα2

yηαzξα
2
zζρ

+ αxηα
2
zξα

2
yζαzηρ+ 2αxηα

2
yηαzηα

2
zζρ+ αxζα

2
yηα

2
zξαzζρ− 2αxηα

2
yζαzηα

2
zζρ

− 2αxζα
2
yηα

2
zηαzζρ+ 2αxζα

2
yζα

2
zηαzζρ− 2αxξαyηαzξαyζαzηαzζ − αxηαyξαzξαyζαzηαzζ

− αyξαxζαyηαzξαzηαzζ − αxηαyξαyηαzξα2
zζρ

− αyξαxζαzξαyζα2
zηρ− αxηαyηα2

zξαyζαzζρ− αxζαyηα2
zξαyζαzηρ− 2αxηαyηαyζα

2
zηαzζρ

− 2αxζαyηαyζαzηα
2
zζρ+ 2αxξαyηαzξαyζαzηαzζρ

+ αxηαyξαzξαyζαzηαzζρ+ αyξαxζαyηαzξαzηαzζρ)/r2,

(374)
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Cxy
zz = (αxηαyηα

4
zζ + αxζαyζα

4
zη − αxηαyηα2

zξα
2
zζ

+ αxηαyηα
2
zηα

2
zζ − αxζα2

zξαyζα
2
zη + αxζαyζα

2
zηα

2
zζ − αxηαyζαzηα3

zζ

− αxηαyζα3
zηαzζ − αxζαyηαzηα3

zζ − αxζαyηα3
zηαzζ

− αxηαyηα4
zζρ− αxζαyζα4

zηρ+ αxηα
2
zξαyζαzηαzζ + αxζαyηα

2
zξαzηαzζ

+ αxηαyζαzηα
3
zζρ+ αxηαyζα

3
zηαzζρ+ αxζαyηαzηα

3
zζρ

+ αxζαyηα
3
zηαzζρ+ αxηαyηα

2
zξα

2
zζρ− αxηαyηα2

zηα
2
zζρ

+ αxζα
2
zξαyζα

2
zηρ− αxζαyζα2

zηα
2
zζρ

− αxηα2
zξαyζαzηαzζρ− αxζαyηα2

zξαzηαzζρ)/r2,

(375)

Cxy
D1

=− (αxξαyξα
2
zζ + αxζα

2
zξαyζ − αxξαzξαyζαzζ − αyξαxζαzξαzζ)/r2, (376)

Cxy
D2

=− (αxξαyξα
2
zη + αxηαyηα

2
zξ − αxξαyηαzξαzη

− αxηαyξαzξαzη)/r2,
(377)

Cxy
D3

=− (αxξαyηαzξαzζ − αxζαyηα2
zξ − 2αxξαyξαzηαzζ

− αxηα2
zξαyζ + αxξαzξαyζαzη + αxηαyξαzξαzζ + αyξαxζαzξαzη)/r2,

(378)

Cxy
D4

=− (αxξαyζαzηαzζ − αxηαyξα2
zζ − αxξαyηα2

zζ + αxηαzξαyζαzζ

+ αyξαxζαzηαzζ + αxζαyηαzξαzζ − 2αxζαzξαyζαzη)/(β
+r2),

(379)

Cxy
D5

=− (αxξαyηαzηαzζ − αyξαxζα2
zη − αxξαyζα2

zη + αxηαyξαzηαzζ

− 2αxηαyηαzξαzζ + αxηαzξαyζαzη + αxζαyηαzξαzη)/(β
+r2),

(380)

Cxy
D8

=(αxηαyηα
2
zζ + αxζαyζα

2
zη − αxηαyζαzηαzζ − αxζαyηαzηαzζ)/r2, (381)

u+xz = Cxz
xxu

−
xx + Cxz

xyu
−
xy + Cxz

xzu
−
xz + Cxz

yyu
−
yy + Cxz

yzu
−
yz + Cxz

zz u
−
zz + Cxz

D1
D1 + Cxz

D2
D2

+ Cxz
D3
D3 + Cxz

D4
D4 + Cxz

D5
D5 + Cxz

D8
D8,

(382)
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where,

Cxz
xx =(α3

xηα
2
yζαzη + α3

xζα
2
yηαzζ − αxξα2

xηαzξα
2
yζ

− αxξα2
xζα

2
yηαzξ + αxηα

2
xζα

2
yζαzη + α2

xηαxζα
2
yηαzζ

− α3
xηα

2
yζαzηρ− α3

xζα
2
yηαzζρ− α3

xηαyηαyζαzζ

− α3
xζαyηαyζαzη + αxξαyξα

2
xζαyηαzη + αxξα

2
xηαyξαyζαzζ

− α2
xηαxζαyηαyζαzη − αxηα2

xζαyηαyζαzζ + α3
xηαyηαyζαzζρ

+ α3
xζαyηαyζαzηρ+ αxξα

2
xηαzξα

2
yζρ+ αxξα

2
xζα

2
yηαzξρ

− αxηα2
xζα

2
yζαzηρ− α2

xηαxζα
2
yηαzζρ− αxξαxηαyξαxζαyηαzζ

− αxξαxηαyξαxζαyζαzη + 2αxξαxηαxζαyηαzξαyζ − αxξαyξα2
xζαyηαzηρ

− αxξα2
xηαyξαyζαzζρ+ α2

xηαxζαyηαyζαzηρ+ αxηα
2
xζαyηαyζαzζρ

+ αxξαxηαyξαxζαyηαzζρ+ αxξαxηαyξαxζαyζαzηρ− 2αxξαxηαxζαyηαzξαyζρ)/r2;

(383)

Cxz
xy =− (αyξα

2
xζα

2
yηαzξ + α2

xηαyξαzξα
2
yζ − α2

yξα
2
xζαyηαzη

− 2α2
xηαyηα

2
yζαzη − α2

xηα
2
yξαyζαzζ + 2α2

xηα
2
yηαyζαzζ + 2α2

xζαyηα
2
yζαzη

− 2α2
xζα

2
yηαyζαzζ − 2αxηαxζα

3
yηαzζ − 2αxηαxζα

3
yζαzη + αxξαxηαyξα

2
yζαzη + αxξαyξαxζα

2
yηαzζ

+ αxηα
2
yξαxζαyηαzζ + αxηα

2
yξαxζαyζαzη + 2αxηαxζα

2
yηαyζαzη

+ 2αxηαxζαyηα
2
yζαzζ + 2αxηαxζα

3
yηαzζρ+ 2αxηαxζα

3
yζαzηρ− αyξα2

xζα
2
yηαzξρ

− α2
xηαyξαzξα

2
yζρ+ α2

yξα
2
xζαyηαzηρ+ 2α2

xηαyηα
2
yζαzηρ

+ α2
xηα

2
yξαyζαzζρ− 2α2

xηα
2
yηαyζαzζρ− 2α2

xζαyηα
2
yζαzηρ

+ 2α2
xζα

2
yηαyζαzζρ− αxξαxηαyξαyηαyζαzζ − αxξαyξαxζαyηαyζαzη

− 2αxηαyξαxζαyηαzξαyζ − αxξαxηαyξα2
yζαzηρ− αxξαyξαxζα2

yηαzζρ

− αxηα2
yξαxζαyηαzζρ− αxηα2

yξαxζαyζαzηρ− 2αxηαxζα
2
yηαyζαzηρ

− 2αxηαxζαyηα
2
yζαzζρ+ αxξαxηαyξαyηαyζαzζρ

+ αxξαyξαxζαyηαyζαzηρ+ 2αxηαyξαxζαyηαzξαyζρ)/r2,

(384)
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Cxz
xz =(α2

xηα
2
yξα

2
zζ + α2

yξα
2
xζα

2
zη + 2α2

xηα
2
yζα

2
zη

+ 2α2
xζα

2
yηα

2
zζ + α2

xξα
2
yηα

2
zζρ+ α2

xξα
2
yζα

2
zηρ+ α2

xηα
2
zξα

2
yζρ

+ α2
xζα

2
yηα

2
zξρ− 2α2

xηα
2
yζα

2
zηρ− 2α2

xζα
2
yηα

2
zζρ

− αxξαxηαyξαyηα2
zζ − 2αxξαxηαzξα

2
yζαzη − αxξαyξαxζαyζα2

zη − 2αxξαxζα
2
yηαzξαzζ

− αyξα2
xζαyηαzξαzη − 2αxηαxζαyηαyζα

2
zη − 2αxηα

2
yξαxζαzηαzζ

− α2
xηαyξαzξαyζαzζ − 2αxηαxζαyηαyζα

2
zζ + 2αxηαxζα

2
yηαzηαzζ + 2αxηαxζα

2
yζαzηαzζ

− 2α2
xηαyηαyζαzηαzζ − 2α2

xζαyηαyζαzηαzζ + αxξαxηαyξαyζαzηαzζ + 2αxξαxηαyηαzξαyζαzζ

+ αxξαyξαxζαyηαzηαzζ + 2αxξαxζαyηαzξαyζαzη + αxηαyξαxζαyηαzξαzζ

+ αxηαyξαxζαzξαyζαzη − αxξαxηαyξαyηα2
zζρ− αxξαyξαxζαyζα2

zηρ

− 2αxηαxζαyηα
2
zξαyζρ− αyξα2

xζαyηαzξαzηρ+ 2αxηαxζαyηαyζα
2
zηρ

− α2
xηαyξαzξαyζαzζρ+ 2αxηαxζαyηαyζα

2
zζρ

− 2αxηαxζα
2
yηαzηαzζρ− 2α2

xξαyηαyζαzηαzζρ− 2αxηαxζα
2
yζαzηαzζρ

+ 2α2
xηαyηαyζαzηαzζρ+ 2α2

xζαyηαyζαzηαzζρ+ αxξαxηαyξαyζαzηαzζρ

+ αxξαyξαxζαyηαzηαzζρ+ αxηαyξαxζαyηαzξαzζρ

+ αxηαyξαxζαzξαyζαzηρ)/r2,

(385)

Cxz
yy =(αxηα

4
yζαzη + αxζα

4
yηαzζ − αxηα2

yξα
2
yζαzη

+ αxηα
2
yηα

2
yζαzη − α2

yξαxζα
2
yηαzζ + αxζα

2
yηα

2
yζαzζ

− αxηαyηα3
yζαzζ − αxηα3

yηαyζαzζ − αxζαyηα3
yζαzη

− αxζα3
yηαyζαzη − αxηα4

yζαzηρ− αxζα4
yηαzζρ+ αxηα

2
yξαyηαyζαzζ

+ α2
yξαxζαyηαyζαzη + αxηαyηα

3
yζαzζρ+ αxηα

3
yηαyζαzζρ+ αxζαyηα

3
yζαzηρ

+ αxζα
3
yηαyζαzηρ+ αxηα

2
yξα

2
yζαzηρ− αxηα2

yηα
2
yζαzηρ+ α2

yξαxζα
2
yηαzζρ

− αxζα2
yηα

2
yζαzζρ− αxηα2

yξαyηαyζαzζρ− α2
yξαxζαyηαyζαzηρ)/r2,

(386)
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Cxz
yz =− (αxξαyξα

2
yηα

2
zζ + αxξαyξα

2
yζα

2
zη − αxηα2

yξαyηα
2
zζ − 2αxηαyηα

2
yζα

2
zη

− α2
yξαxζαyζα

2
zη + 2αxηαyηα

2
yζα

2
zζ + 2αxζα

2
yηαyζα

2
zη

− 2αxζα
2
yηαyζα

2
zζ − 2αxηα

3
yζαzηαzζ − 2αxζα

3
yηαzηαzζ

+ αxηαyξαzξα
2
yζαzη + αyξαxζα

2
yηαzξαzζ + αxηα

2
yξαyζαzηαzζ + α2

yξαxζαyηαzηαzζ

+ 2αxηα
2
yηαyζαzηαzζ + 2αxζαyηα

2
yζαzηαzζ + 2αxηα

3
yζαzηαzζρ+ 2αxζα

3
yηαzηαzζρ

− αxξαyξα2
yηα

2
zζρ− αxξαyξα2

yζα
2
zηρ+ αxηα

2
yξαyηα

2
zζρ+ 2αxηαyηα

2
yζα

2
zηρ

+ α2
yξαxζαyζα

2
zηρ− 2αxηαyηα

2
yζα

2
zζρ− 2αxζα

2
yηαyζα

2
zηρ

+ 2αxζα
2
yηαyζα

2
zζρ− 2αxξαyξαyηαyζαzηαzζ − αxηαyξαyηαzξαyζαzζ

− αyξαxζαyηαzξαyζαzη − αxηαyξαzξα2
yζαzηρ

− αyξαxζα2
yηαzξαzζρ− αxηα2

yξαyζαzηαzζρ− α2
yξαxζαyηαzηαzζρ

− 2αxηα
2
yηαyζαzηαzζρ− 2αxζαyηα

2
yζαzηαzζρ+ 2αxξαyξαyηαyζαzηαzζρ

+ αxηαyξαyηαzξαyζαzζρ+ αyξαxζαyηαzξαyζαzηρ)/r2,

(387)

Cxz
zz =(αxηα

2
yζα

3
zη + αxζα

2
yηα

3
zζ − αxξαzξα2

yζα
2
zη − αxξα2

yηαzξα
2
zζ

+ αxηα
2
yζαzηα

2
zζ + αxζα

2
yηα

2
zηαzζ − αxηα2

yζα
3
zηρ

− αxζα2
yηα

3
zζρ− αxηαyηαyζα3

zζ − αxζαyηαyζα3
zη

+ αxηαyξαyηαzξα
2
zζ + αyξαxζαzξαyζα

2
zη − αxηαyηαyζα2

zηαzζ

− αxζαyηαyζαzηα2
zζ + αxηαyηαyζα

3
zζρ+ αxζαyηαyζα

3
zηρ

+ αxξαzξα
2
yζα

2
zηρ+ αxξα

2
yηαzξα

2
zζρ− αxηα2

yζαzηα
2
zζρ− αxζα2

yηα
2
zηαzζρ

+ 2αxξαyηαzξαyζαzηαzζ − αxηαyξαzξαyζαzηαzζ − αyξαxζαyηαzξαzηαzζ
− αxηαyξαyηαzξα2

zζρ− αyξαxζαzξαyζα2
zηρ+ αxηαyηαyζα

2
zηαzζρ+ αxζαyηαyζαzηα

2
zζρ

− 2αxξαyηαzξαyζαzηαzζρ+ αxηαyξαzξαyζαzηαzζρ+ αyξαxζαyηαzξαzηαzζρ)/r2,

(388)

Cxz
D1

=− (αxξαzξα
2
yζ + α2

yξαxζαzζ − αxξαyξαyζαzζ − αyξαxζαzξαyζ)/r2, (389)

Cxz
D2

=− (αxξα
2
yηαzξ + αxηα

2
yξαzη − αxξαyξαyηαzη − αxηαyξαyηαzξ)/r2, (390)

Cxz
D3

=− (αxξαyξαyηαzζ − α2
yξαxζαzη − αxηα2

yξαzζ + αxξαyξαyζαzη

− 2αxξαyηαzξαyζ + αxηαyξαzξαyζ + αyξαxζαyηαzξ)/r2,
(391)

Cxz
D4

=− (αxξαyηαyζαzζ − αxηαzξα2
yζ − αxξα2

yζαzη + αxηαyξαyζαzζ

− 2αyξαxζαyηαzζ + αyξαxζαyζαzη + αxζαyηαzξαyζ)/(β
+r2),

(392)
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Cxz
D5

=− (αxξαyηαyζαzη − αxζα2
yηαzξ − αxξα2

yηαzζ + αxηαyξαyηαzζ

− 2αxηαyξαyζαzη + αxηαyηαzξαyζ + αyξαxζαyηαzη)/(β
+r2),

(393)

Cxz
D8

=(αxηα
2
yζαzη + αxζα

2
yηαzζ − αxηαyηαyζαzζ − αxζαyηαyζαzη)/r2, (394)

u+yy = Cyy
xxu

−
xx + Cyy

xyu
−
xy + Cyy

xzu
−
xz + Cyy

yyu
−
yy + Cyy

yzu
−
yz + Cyy

zz u
−
zz + Cyy

D1
D1 + Cyy

D2
D2

+ Cyy
D3
D3 + Cyy

D4
D4 + Cyy

D5
D5 + Cyy

D8
D8,

(395)

where,

Cyy
xx =− (α4

xηα
2
zζ + α4

xζα
2
zη − α2

xξα
2
xηα

2
zζ − α2

xξα
2
xζα

2
zη

+ α2
xηα

2
xζα

2
zη + α2

xηα
2
xζα

2
zζ − α4

xηα
2
zζρ− α4

xζα
2
zηρ+ α2

xξα
2
xηα

2
zζρ+ α2

xξα
2
xζα

2
zηρ

− α2
xηα

2
xζα

2
zηρ− α2

xηα
2
xζα

2
zζρ− 2αxηα

3
xζαzηαzζ − 2α3

xηαxζαzηαzζ

+ 2α2
xξαxηαxζαzηαzζ + 2αxηα

3
xζαzηαzζρ+ 2α3

xηαxζαzηαzζρ− 2α2
xξαxηαxζαzηαzζρ)/r2,

(396)

Cyy
xy =− (2α3

xηαyηα
2
zζ + 2α3

xζαyζα
2
zη − 2α2

xξαxηαyηα
2
zζ + 2αxηα

2
xζαyηα

2
zη

− 2α2
xξαxζαyζα

2
zη + 2α2

xηαxζαyζα
2
zζ

− 2α3
xηαyηα

2
zζρ− 2α3

xζαyζα
2
zηρ− 2αxξα

2
xζαyηαzξαzη

− 2αxξα
2
xηαzξαyζαzζ + 2α2

xξαxηαyζαzηαzζ

+ 2α2
xξαxζαyηαzηαzζ − 4α2

xηαxζαyηαzηαzζ − 4αxηα
2
xζαyζαzηαzζ

+ 2α2
xξαxηαyηα

2
zζρ− 2αxηα

2
xζαyηα

2
zηρ

+ 2α2
xξαxζαyζα

2
zηρ− 2α2

xηαxζαyζα
2
zζρ+ 2αxξαxηαxζαyηαzξαzζ

+ 2αxξαxηαxζαzξαyζαzη + 2αxξα
2
xζαyηαzξαzηρ+ 2αxξα

2
xηαzξαyζαzζρ− 2α2

xξαxηαyζαzηαzζρ

− 2α2
xξαxζαyηαzηαzζρ+ 4α2

xηαxζαyηαzηαzζρ+ 4αxηα
2
xζαyζαzηαzζρ

− 2αxξαxηαxζαyηαzξαzζρ− 2αxξαxηαxζαzξαyζαzηρ)/r2,

(397)

Cyy
xz =− (2αxηα

2
xζα

3
zη + 2α2

xηαxζα
3
zζ + 2α3

xηαzηα
2
zζ

+ 2α3
xζα

2
zηαzζ − 2αxξα

2
xηαzξα

2
zζ − 2αxξα

2
xζαzξα

2
zη − 4αxηα

2
xζαzηα

2
zζ − 4α2

xηαxζα
2
zηαzζ

− 2αxηα
2
xζα

3
zηρ− 2α2

xηαxζα
3
zζρ

− 2α3
xηαzηα

2
zζρ− 2α3

xζα
2
zηαzζρ+ 2αxξα

2
xηαzξα

2
zζρ+ 2αxξα

2
xζαzξα

2
zηρ

+ 4αxηα
2
xζαzηα

2
zζρ+ 4α2

xηαxζα
2
zηαzζρ

+ 4αxξαxηαxζαzξαzηαzζ − 4αxξαxηαxζαzξαzηαzζρ)/r2,

(398)
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Cyy
yy =(α2

xξα
2
yηα

2
zζ + α2

xξα
2
yζα

2
zη + α2

xηα
2
zξα

2
yζ

+ α2
xζα

2
yηα

2
zξ − α2

xηα
2
yηα

2
zζ − α2

xζα
2
yηα

2
zη − α2

xηα
2
yζα

2
zζ − α2

xζα
2
yζα

2
zη

+ α2
xηα

2
yξα

2
zζρ+ α2

yξα
2
xζα

2
zηρ+ α2

xηα
2
yηα

2
zζρ

+ α2
xζα

2
yηα

2
zηρ+ α2

xηα
2
yζα

2
zζρ+ α2

xζα
2
yζα

2
zηρ− 2αxξαxηαzξα

2
yζαzη

− 2αxξαxζα
2
yηαzξαzζ − 2αxηαxζαyηα

2
zξαyζ + 2αxηαxζα

2
yηαzηαzζ − 2α2

xξαyηαyζαzηαzζ

+ 2αxηαxζα
2
yζαzηαzζ + 2αxξαxηαyηαzξαyζαzζ + 2αxξαxζαyηαzξαyζαzη − 2αxξαxηαyξαyηα

2
zζρ

− 2αxξαyξαxζαyζα
2
zηρ− 2αyξα

2
xζαyηαzξαzηρ− 2αxηα

2
yξαxζαzηαzζρ− 2α2

xηαyξαzξαyζαzζρ

− 2αxηαxζα
2
yηαzηαzζρ− 2αxηαxζα

2
yζαzηαzζρ

+ 2αxξαxηαyξαyζαzηαzζρ+ 2αxξαyξαxζαyηαzηαzζρ+ 2αxηαyξαxζαyηαzξαzζρ

+ 2αxηαyξαxζαzξαyζαzηρ)/r2,

(399)

Cyy
yz =− (2α2

xζαyηα
3
zη + 2α2

xηαyζα
3
zζ − 2α2

xζαyηα
2
zξαzη

+ 2α2
xηαyηαzηα

2
zζ − 2α2

xηα
2
zξαyζαzζ + 2α2

xζαyζα
2
zηαzζ − 2α2

xζαyηα
3
zηρ− 2α2

xηαyζα
3
zζρ

− 2αxξαxηαyηαzξα
2
zζ − 2αxξαxζαzξαyζα

2
zη + 2αxηαxζαyηα

2
zξαzζ

+ 2αxηαxζα
2
zξαyζαzη − 4αxηαxζαyηα

2
zηαzζ − 4αxηαxζαyζαzηα

2
zζ

+ 2α2
xζαyηα

2
zξαzηρ− 2α2

xηαyηαzηα
2
zζρ+ 2α2

xηα
2
zξαyζαzζρ− 2α2

xζαyζα
2
zηαzζρ

+ 2αxξαxηαzξαyζαzηαzζ + 2αxξαxζαyηαzξαzηαzζ + 2αxξαxηαyηαzξα
2
zζρ

+ 2αxξαxζαzξαyζα
2
zηρ− 2αxηαxζαyηα

2
zξαzζρ− 2αxηαxζα

2
zξαyζαzηρ

+ 4αxηαxζαyηα
2
zηαzζρ+ 4αxηαxζαyζαzηα

2
zζρ

− 2αxξαxηαzξαyζαzηαzζρ− 2αxξαxζαyηαzξαzηαzζρ)/r2,

(400)

Cyy
zz =− (α2

xηα
4
zζ + α2

xζα
4
zη − α2

xηα
2
zξα

2
zζ − α2

xζα
2
zξα

2
zη

+ α2
xηα

2
zηα

2
zζ + α2

xζα
2
zηα

2
zζ − α2

xηα
4
zζρ− α2

xζα
4
zηρ+ α2

xηα
2
zξα

2
zζρ+ α2

xζα
2
zξα

2
zηρ

− α2
xηα

2
zηα

2
zζρ− α2

xζα
2
zηα

2
zζρ− 2αxηαxζαzηα

3
zζ − 2αxηαxζα

3
zηαzζ

+ 2αxηαxζα
2
zξαzηαzζ + 2αxηαxζαzηα

3
zζρ+ 2αxηαxζα

3
zηαzζρ− 2αxηαxζα

2
zξαzηαzζρ)/r2,

(401)

Cyy
D1

=(α2
xξα

2
zζ − 2αxξαxζαzξαzζ + α2

xζα
2
zξ)/r2, (402)

Cyy
D2

=(α2
xξα

2
zη − 2αxξαxηαzξαzη + α2

xηα
2
zξ)/r2, (403)

Cyy
D3

=− (2αxηαxζα
2
zξ + 2α2

xξαzηαzζ − 2αxξαxηαzξαzζ − 2αxξαxζαzξαzη)/r2, (404)
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Cyy
D4

=− (2αxξαxηα
2
zζ + 2α2

xζαzξαzη − 2αxξαxζαzηαzζ − 2αxηαxζαzξαzζ)/(β
+r2), (405)

Cyy
D5

=− (2αxξαxζα
2
zη + 2α2

xηαzξαzζ − 2αxξαxηαzηαzζ − 2αxηαxζαzξαzη)/(β
+r2), (406)

Cyy
D8

=− (α2
xηα

2
zζ − 2αxηαxζαzηαzζ + α2

xζα
2
zη)/r2, (407)

u+yz = Cyz
xxu
−
xx + Cyz

xyu
−
xy + Cyz

xzu
−
xz + Cyz

yyu
−
yy + Cyz

yzu
−
yz + Cyz

zzu
−
zz + Cyz

D1
D1 + Cyz

D2
D2

+ Cyz
D3
D3 + Cyz

D4
D4 + Cyz

D5
D5 + Cyz

D8
D8,

(408)

where,

Cyz
xx =(α4

xζαyηαzη + α4
xηαyζαzζ − α2

xξα
2
xζαyηαzη − α2

xξα
2
xηαyζαzζ

+ α2
xηα

2
xζαyηαzη + α2

xηα
2
xζαyζαzζ

− αxηα3
xζαyηαzζ − αxηα3

xζαyζαzη − α3
xηαxζαyηαzζ − α3

xηαxζαyζαzη

− α4
xζαyηαzηρ− α4

xηαyζαzζρ+ α2
xξαxηαxζαyηαzζ + α2

xξαxηαxζαyζαzη

+ αxηα
3
xζαyηαzζρ+ αxηα

3
xζαyζαzηρ+ α3

xηαxζαyηαzζρ+ α3
xηαxζαyζαzηρ

+ α2
xξα

2
xζαyηαzηρ+ α2

xξα
2
xηαyζαzζρ− α2

xηα
2
xζαyηαzηρ− α2

xηα
2
xζαyζαzζρ

− α2
xξαxηαxζαyηαzζρ− α2

xξαxηαxζαyζαzηρ)/r2,

(409)

Cyz
xy =− (αxξα

2
xηαzξα

2
yζ + αxξα

2
xζα

2
yηαzξ − α2

xξαxηα
2
yζαzη

− 2αxηα
2
xζα

2
yηαzη − α2

xξαxζα
2
yηαzζ + 2αxηα

2
xζα

2
yζαzη

+ 2α2
xηαxζα

2
yηαzζ − 2α2

xηαxζα
2
yζαzζ − 2α3

xηαyηαyζαzζ − 2α3
xζαyηαyζαzη

+ αxξαyξα
2
xζαyηαzη + αxξα

2
xηαyξαyζαzζ + α2

xξαxηαyηαyζαzζ + α2
xξαxζαyηαyζαzη

+ 2α2
xηαxζαyηαyζαzη + 2αxηα

2
xζαyηαyζαzζ + 2α3

xηαyηαyζαzζρ

+ 2α3
xζαyηαyζαzηρ− αxξα2

xηαzξα
2
yζρ− αxξα2

xζα
2
yηαzξρ

+ α2
xξαxηα

2
yζαzηρ+ 2αxηα

2
xζα

2
yηαzηρ+ α2

xξαxζα
2
yηαzζρ

− 2αxηα
2
xζα

2
yζαzηρ− 2α2

xηαxζα
2
yηαzζρ+ 2α2

xηαxζα
2
yζαzζρ

− αxξαxηαyξαxζαyηαzζ − αxξαxηαyξαxζαyζαzη − 2αxξαxηαxζαyηαzξαyζ

− αxξαyξα2
xζαyηαzηρ− αxξα2

xηαyξαyζαzζρ− α2
xξαxηαyηαyζαzζρ− α2

xξαxζαyηαyζαzηρ

− 2α2
xηαxζαyηαyζαzηρ− 2αxηα

2
xζαyηαyζαzζρ+ αxξαxηαyξαxζαyηαzζρ

+ αxξαxηαyξαxζαyζαzηρ+ 2αxξαxηαxζαyηαzξαyζρ)/r2,

(410)
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Cyz
xz =− (αxξαyξα

2
xζα

2
zη + αxξα

2
xηαyξα

2
zζ − α2

xξαxηαyηα
2
zζ

− 2αxηα
2
xζαyηα

2
zη − α2

xξαxζαyζα
2
zη + 2αxηα

2
xζαyηα

2
zζ + 2α2

xηαxζαyζα
2
zη − 2α2

xηαxζαyζα
2
zζ

− 2α3
xηαyζαzηαzζ − 2α3

xζαyηαzηαzζ + αxξα
2
xζαyηαzξαzη + αxξα

2
xηαzξαyζαzζ

+ α2
xξαxηαyζαzηαzζ + α2

xξαxζαyηαzηαzζ + 2α2
xηαxζαyηαzηαzζ

+ 2αxηα
2
xζαyζαzηαzζ + 2α3

xηαyζαzηαzζρ+ 2α3
xζαyηαzηαzζρ− αxξαyξα2

xζα
2
zηρ

− αxξα2
xηαyξα

2
zζρ+ α2

xξαxηαyηα
2
zζρ+ 2αxηα

2
xζαyηα

2
zηρ

+ α2
xξαxζαyζα

2
zηρ− 2αxηα

2
xζαyηα

2
zζρ− 2α2

xηαxζαyζα
2
zηρ+ 2α2

xηαxζαyζα
2
zζρ

− 2αxξαxηαyξαxζαzηαzζ − αxξαxηαxζαyηαzξαzζ
− αxξαxηαxζαzξαyζαzη − αxξα2

xζαyηαzξαzηρ− αxξα2
xηαzξαyζαzζρ

− α2
xξαxηαyζαzηαzζρ− α2

xξαxζαyηαzηαzζρ− 2α2
xηαxζαyηαzηαzζρ− 2αxηα

2
xζαyζαzηαzζρ

+ 2αxξαxηαyξαxζαzηαzζρ+ αxξαxηαxζαyηαzξαzζρ+ αxξαxηαxζαzξαyζαzηρ)/r2,

(411)

Cyz
yy =(α2

xζα
3
yηαzη + α2

xηα
3
yζαzζ − αyξα2

xζα
2
yηαzξ − α2

xηαyξαzξα
2
yζ

+ α2
xηα

2
yηαyζαzζ + α2

xζαyηα
2
yζαzη

− α2
xζα

3
yηαzηρ− α2

xηα
3
yζαzζρ− αxηαxζα3

yηαzζ − αxηαxζα3
yζαzη

+ αxξαxηαyξα
2
yζαzη + αxξαyξαxζα

2
yηαzζ

− αxηαxζα2
yηαyζαzη − αxηαxζαyηα2

yζαzζ + αxηαxζα
3
yηαzζρ+ αxηαxζα

3
yζαzηρ

+ αyξα
2
xζα

2
yηαzξρ+ α2

xηαyξαzξα
2
yζρ− α2

xηα
2
yηαyζαzζρ

− α2
xζαyηα

2
yζαzηρ− αxξαxηαyξαyηαyζαzζ − αxξαyξαxζαyηαyζαzη

+ 2αxηαyξαxζαyηαzξαyζ − αxξαxηαyξα2
yζαzηρ− αxξαyξαxζα2

yηαzζρ

+ αxηαxζα
2
yηαyζαzηρ+ αxηαxζαyηα

2
yζαzζρ

+ αxξαxηαyξαyηαyζαzζρ+ αxξαyξαxζαyηαyζαzηρ− 2αxηαyξαxζαyηαzξαyζρ)/r2,

(412)
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Cyz
yz =(α2

xξα
2
yηα

2
zζ + α2

xξα
2
yζα

2
zη + 2α2

xζα
2
yηα

2
zη + 2α2

xηα
2
yζα

2
zζ + α2

xηα
2
yξα

2
zζρ

+ α2
xηα

2
zξα

2
yζρ+ α2

yξα
2
xζα

2
zηρ+ α2

xζα
2
yηα

2
zξρ− 2α2

xζα
2
yηα

2
zηρ

− 2α2
xηα

2
yζα

2
zζρ− αxξαxηαyξαyηα2

zζ

− αxξαxηαzξα2
yζαzη − αxξαyξαxζαyζα2

zη − αxξαxζα2
yηαzξαzζ − 2αyξα

2
xζαyηαzξαzη

− 2αxηαxζαyηαyζα
2
zη − 2α2

xηαyξαzξαyζαzζ − 2αxηαxζαyηαyζα
2
zζ − 2αxηαxζα

2
yηαzηαzζ

− 2α2
xξαyηαyζαzηαzζ − 2αxηαxζα

2
yζαzηαzζ + 2α2

xηαyηαyζαzηαzζ

+ 2α2
xζαyηαyζαzηαzζ + αxξαxηαyξαyζαzηαzζ

+ αxξαxηαyηαzξαyζαzζ + αxξαyξαxζαyηαzηαzζ + αxξαxζαyηαzξαyζαzη

+ 2αxηαyξαxζαyηαzξαzζ + 2αxηαyξαxζαzξαyζαzη − αxξαxηαyξαyηα2
zζρ

− αxξαxηαzξα2
yζαzηρ− αxξαyξαxζαyζα2

zηρ

− αxξαxζα2
yηαzξαzζρ− 2αxηαxζαyηα

2
zξαyζρ+ 2αxηαxζαyηαyζα

2
zηρ

− 2αxηα
2
yξαxζαzηαzζρ+ 2αxηαxζαyηαyζα

2
zζρ

+ 2αxηαxζα
2
yηαzηαzζρ+ 2αxηαxζα

2
yζαzηαzζρ

− 2α2
xηαyηαyζαzηαzζρ− 2α2

xζαyηαyζαzηαzζρ

+ αxξαxηαyξαyζαzηαzζρ+ αxξαxηαyηαzξαyζαzζρ+ αxξαyξαxζαyηαzηαzζρ

+ αxξαxζαyηαzξαyζαzηρ)/r2,

(413)

Cyz
zz =(α2

xζαyηα
3
zη + α2

xηαyζα
3
zζ − αyξα2

xζαzξα
2
zη − α2

xηαyξαzξα
2
zζ

+ α2
xηαyζα

2
zηαzζ + α2

xζαyηαzηα
2
zζ − α2

xζαyηα
3
zηρ− α2

xηαyζα
3
zζρ

− αxηαxζαyηα3
zζ − αxηαxζαyζα3

zη + αxξαxηαyηαzξα
2
zζ + αxξαxζαzξαyζα

2
zη

− αxηαxζαyηα2
zηαzζ − αxηαxζαyζαzηα2

zζ + αxηαxζαyηα
3
zζρ+ αxηαxζαyζα

3
zηρ

+ αyξα
2
xζαzξα

2
zηρ+ α2

xηαyξαzξα
2
zζρ− α2

xηαyζα
2
zηαzζρ

− α2
xζαyηαzηα

2
zζρ− αxξαxηαzξαyζαzηαzζ

− αxξαxζαyηαzξαzηαzζ + 2αxηαyξαxζαzξαzηαzζ − αxξαxηαyηαzξα2
zζρ

− αxξαxζαzξαyζα2
zηρ+ αxηαxζαyηα

2
zηαzζρ+ αxηαxζαyζαzηα

2
zζρ

+ αxξαxηαzξαyζαzηαzζρ+ αxξαxζαyηαzξαzηαzζρ

− 2αxηαyξαxζαzξαzηαzζρ)r2,

(414)

Cyz
D1

=− (αyξα
2
xζαzξ + α2

xξαyζαzζ − αxξαyξαxζαzζ − αxξαxζαzξαyζ)/r2, (415)

Cyz
D2

=− (α2
xηαyξαzξ + α2

xξαyηαzη − αxξαxηαyξαzη − αxξαxηαyηαzξ)/r2, (416)
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Cyz
D3

=− (αxξαxηαyξαzζ − α2
xξαyζαzη − α2

xξαyηαzζ + αxξαxηαzξαyζ

+ αxξαyξαxζαzη + αxξαxζαyηαzξ − 2αxηαyξαxζαzξ)/r2,
(417)

Cyz
D4

=− (αxξαxζαyηαzζ − α2
xζαyηαzξ − 2αxξαxηαyζαzζ − αyξα2

xζαzη

+ αxξαxζαyζαzη + αxηαyξαxζαzζ + αxηαxζαzξαyζ)/(β
+r2),

(418)

Cyz
D5

=− (αxξαxηαyηαzζ − α2
xηαzξαyζ − α2

xηαyξαzζ + αxξαxηαyζαzη

− 2αxξαxζαyηαzη + αxηαyξαxζαzη + αxηαxζαyηαzξ)/(β
+r2),

(419)

Cyz
D8

=(α2
xζαyηαzη + α2

xηαyζαzζ − αxηαxζαyηαzζ − αxηαxζαyζαzη)/r2, (420)

u+zz = Czz
xxu
−
xx + Czz

xyu
−
xy + Czz

xzu
−
xz + Czz

yyu
−
yy + Czz

yzu
−
yz + Czz

zzu
−
zz + Czz

D1
D1 + Czz

D2
D2

+ Czz
D3
D3 + Czz

D4
D4 + Czz

D5
D5 + Czz

D8
D8,

(421)

where,

Czz
xx =− (α4

xηα
2
yζ + α4

xζα
2
yη − α2

xξα
2
xηα

2
yζ − α2

xξα
2
xζα

2
yη + α2

xηα
2
xζα

2
yη

+ α2
xηα

2
xζα

2
yζ − α4

xηα
2
yζρ− α4

xζα
2
yηρ+ α2

xξα
2
xηα

2
yζρ+ α2

xξα
2
xζα

2
yηρ

− α2
xηα

2
xζα

2
yηρ− α2

xηα
2
xζα

2
yζρ− 2αxηα

3
xζαyηαyζ − 2α3

xηαxζαyηαyζ

+ 2α2
xξαxηαxζαyηαyζ + 2αxηα

3
xζαyηαyζρ+ 2α3

xηαxζαyηαyζρ

− 2α2
xξαxηαxζαyηαyζρ)/r3,

(422)

Czz
xy =− (2αxηα

2
xζα

3
yη + 2α2

xηαxζα
3
yζ + 2α3

xηαyηα
2
yζ + 2α3

xζα
2
yηαyζ

− 2αxξαyξα
2
xζα

2
yη − 2αxξα

2
xηαyξα

2
yζ − 4αxηα

2
xζαyηα

2
yζ − 4α2

xηαxζα
2
yηαyζ − 2αxηα

2
xζα

3
yηρ

− 2α2
xηαxζα

3
yζρ− 2α3

xηαyηα
2
yζρ− 2α3

xζα
2
yηαyζρ

+ 2αxξαyξα
2
xζα

2
yηρ+ 2αxξα

2
xηαyξα

2
yζρ+ 4αxηα

2
xζαyηα

2
yζρ+ 4α2

xηαxζα
2
yηαyζρ

+ 4αxξαxηαyξαxζαyηαyζ − 4αxξαxηαyξαxζαyηαyζρ)/r3,

(423)
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Czz
xz =− (2α3

xηα
2
yζαzη + 2α3

xζα
2
yηαzζ − 2α2

xξαxηα
2
yζαzη + 2αxηα

2
xζα

2
yηαzη

− 2α2
xξαxζα

2
yηαzζ + 2α2

xηαxζα
2
yζαzζ − 2α3

xηα
2
yζαzηρ− 2α3

xζα
2
yηαzζρ

− 2αxξαyξα
2
xζαyηαzη − 2αxξα

2
xηαyξαyζαzζ + 2α2

xξαxηαyηαyζαzζ

+ 2α2
xξαxζαyηαyζαzη − 4α2

xηαxζαyηαyζαzη − 4αxηα
2
xζαyηαyζαzζ

+ 2α2
xξαxηα

2
yζαzηρ− 2αxηα

2
xζα

2
yηαzηρ+ 2α2

xξαxζα
2
yηαzζρ− 2α2

xηαxζα
2
yζαzζρ

+ 2αxξαxηαyξαxζαyηαzζ + 2αxξαxηαyξαxζαyζαzη + 2αxξαyξα
2
xζαyηαzηρ

+ 2αxξα
2
xηαyξαyζαzζρ− 2α2

xξαxηαyηαyζαzζρ− 2α2
xξαxζαyηαyζαzηρ

+ 4α2
xηαxζαyηαyζαzηρ+ 4αxηα

2
xζαyηαyζαzζρ

− 2αxξαxηαyξαxζαyηαzζρ− 2αxξαxηαyξαxζαyζαzηρ)/r3,

(424)

Czz
yy =− (α2

xηα
4
yζ + α2

xζα
4
yη − α2

xηα
2
yξα

2
yζ − α2

yξα
2
xζα

2
yη + α2

xηα
2
yηα

2
yζ + α2

xζα
2
yηα

2
yζ

− α2
xηα

4
yζρ− α2

xζα
4
yηρ+ α2

xηα
2
yξα

2
yζρ+ α2

yξα
2
xζα

2
yηρ− α2

xηα
2
yηα

2
yζρ− α2

xζα
2
yηα

2
yζρ

− 2αxηαxζαyηα
3
yζ − 2αxηαxζα

3
yηαyζ + 2αxηα

2
yξαxζαyηαyζ

+ 2αxηαxζαyηα
3
yζρ+ 2αxηαxζα

3
yηαyζρ− 2αxηα

2
yξαxζαyηαyζρ)/r3,

(425)

Czz
yz =− (2α2

xζα
3
yηαzη + 2α2

xηα
3
yζαzζ − 2α2

yξα
2
xζαyηαzη

+ 2α2
xηαyηα

2
yζαzη − 2α2

xηα
2
yξαyζαzζ + 2α2

xζα
2
yηαyζαzζ − 2α2

xζα
3
yηαzηρ

− 2α2
xηα

3
yζαzζρ− 2αxξαxηαyξα

2
yζαzη − 2αxξαyξαxζα

2
yηαzζ + 2αxηα

2
yξαxζαyηαzζ

+ 2αxηα
2
yξαxζαyζαzη − 4αxηαxζα

2
yηαyζαzη − 4αxηαxζαyηα

2
yζαzζ + 2α2

yξα
2
xζαyηαzηρ

− 2α2
xηαyηα

2
yζαzηρ+ 2α2

xηα
2
yξαyζαzζρ− 2α2

xζα
2
yηαyζαzζρ

+ 2αxξαxηαyξαyηαyζαzζ + 2αxξαyξαxζαyηαyζαzη + 2αxξαxηαyξα
2
yζαzηρ

+ 2αxξαyξαxζα
2
yηαzζρ− 2αxηα

2
yξαxζαyηαzζρ− 2αxηα

2
yξαxζαyζαzηρ

+ 4αxηαxζα
2
yηαyζαzηρ+ 4αxηαxζαyηα

2
yζαzζρ

− 2αxξαxηαyξαyηαyζαzζρ− 2αxξαyξαxζαyηαyζαzηρ)/r3,

(426)



134

Czz
zz =(α2

xξα
2
yηα

2
zζ + α2

xξα
2
yζα

2
zη + α2

xηα
2
yξα

2
zζ + α2

yξα
2
xζα

2
zη − α2

xηα
2
yζα

2
zη − α2

xζα
2
yηα

2
zη

− α2
xηα

2
yζα

2
zζ − α2

xζα
2
yηα

2
zζ + α2

xηα
2
zξα

2
yζρ

+ α2
xζα

2
yηα

2
zξρ+ α2

xηα
2
yζα

2
zηρ+ α2

xζα
2
yηα

2
zηρ

+ α2
xηα

2
yζα

2
zζρ+ α2

xζα
2
yηα

2
zζρ− 2αxξαxηαyξαyηα

2
zζ − 2αxξαyξαxζαyζα

2
zη

+ 2αxηαxζαyηαyζα
2
zη − 2αxηα

2
yξαxζαzηαzζ + 2αxηαxζαyηαyζα

2
zζ − 2α2

xξαyηαyζαzηαzζ

+ 2αxξαxηαyξαyζαzηαzζ + 2αxξαyξαxζαyηαzηαzζ − 2αxξαxηαzξα
2
yζαzηρ

− 2αxξαxζα
2
yηαzξαzζρ− 2αxηαxζαyηα

2
zξαyζρ− 2αyξα

2
xζαyηαzξαzηρ

− 2αxηαxζαyηαyζα
2
zηρ− 2α2

xηαyξαzξαyζαzζρ− 2αxηαxζαyηαyζα
2
zζρ

+ 2αxξαxηαyηαzξαyζαzζρ+ 2αxξαxζαyηαzξαyζαzηρ

+ 2αxηαyξαxζαyηαzξαzζρ+ 2αxηαyξαxζαzξαyζαzηρ)/r3,

(427)

Czz
D1

=(α2
xξα

2
yζ − 2αxξαyξαxζαyζ + α2

yξα
2
xζ)/r3, (428)

Czz
D2

=(α2
xξα

2
yη − 2αxξαxηαyξαyη + α2

xηα
2
yξ)/r3, (429)

Czz
D3

=− (2αxηα
2
yξαxζ + 2α2

xξαyηαyζ − 2αxξαxηαyξαyζ − 2αxξαyξαxζαyη)/r3, (430)

Czz
D4

=− (2αxξαxηα
2
yζ + 2αyξα

2
xζαyη − 2αxξαxζαyηαyζ − 2αxηαyξαxζαyζ)/r3, (431)

Czz
D5

=− (2αxξαxζα
2
yη + 2α2

xηαyξαyζ − 2αxξαxηαyηαyζ − 2αxηαyξαxζαyη)/r3, (432)

Czz
D8

=− (α2
xηα

2
yζ − 2αxηαxζαyηαyζ + α2

xζα
2
yη)/r3, (433)

where,

r3 =α2
xξα

2
yηα

2
zζ − 2α2

xξαyηαyζαzηαzζ + α2
xξα

2
yζα

2
zη − 2αxξαxηαyξαyηα

2
zζ

+ 2αxξαxηαyξαyζαzηαzζ + 2αxξαxηαyηαzξαyζαzζ

− 2αxξαxηαzξα
2
yζαzη + 2αxξαyξαxζαyηαzηαzζ

− 2αxξαyξαxζαyζα
2
zη − 2αxξαxζα

2
yηαzξαzζ

+ 2αxξαxζαyηαzξαyζαzη + α2
xηα

2
yξα

2
zζ − 2α2

xηαyξαzξαyζαzζ

+ α2
xηα

2
zξα

2
yζ − 2αxηα

2
yξαxζαzηαzζ + 2αxηαyξαxζαyηαzξαzζ + 2αxηαyξαxζαzξαyζαzη

− 2αxηαxζαyηα
2
zξαyζ + α2

yξα
2
xζα

2
zη − 2αyξα

2
xζαyηαzξαzη + α2

xζα
2
yηα

2
zξ,

(434)
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