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ABSTRACT

A DIRECT METHOD FOR MODELING AND SIMULATIONS OF
ELLIPTIC AND PARABOLIC INTERFACE PROBLEMS

Kumudu Janani Gamage
Old Dominion University, 2022
Director: Dr. Yan Peng

Interface problems have many applications in physics. In this dissertation, we develop
a direct method for solving three-dimensional elliptic interface problems and study their
application in solving parabolic interface problems. As many of the physical applications
of interface problems can be approximated with partial differential equations (PDE) with
piecewise constant coefficients, our derivation of the model is focused on interface problems
with piecewise constant coefficients but have a finite jump across the interface. The critical
characteristic of the method is that our computational framework is based on a finite differ-
ence scheme on a uniform Cartesian grid system and does not require an augmented variable
as in the augmented approach. So the implementation of the method is easier to understand
for non-experts in the area. The discretization of the PDE uses the standard seven-point
central difference scheme for grid points away from the interface and a twenty-seven-point
compact scheme that considers the jump discontinuities in the solution, flux, and jump ra-
tio for grid points near or on the interface. As a result, the developed model can obtain
second-order accuracy globally for both the solution and the solution’s gradient. Moreover,
our numerical experiment indicates that eigenvalues of the coefficient matrix of the resulting
linear system for the finite difference scheme are located in the left half-plane, implicating our
method’s stability. We have also developed a model for solving two and three-dimensional
parabolic interface problems using the Crank-Nicolson scheme and some modifications into
the direct immersed interface method (IIM). The developed model can accurately capture
the discontinuities in the solution across the interface and achieve second-order accuracy for

both the solution and the solution’s gradient in both space and time.
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CHAPTER 1

INTRODUCTION

Interface problems have taken attention due to their wide range of applications in the
real world. Examples of interface problems often seen in the real world are bubble formation
in fluid dynamics [1], electromigration of voids [2], glacier prediction [3], growth of inter-
nal blood clots [4], heat propagation in different materials in thermodynamics, and Stefan
problems and crystal growth [5] and many others.

Mathematically, interface problems usually lead to partial differential equations (PDE)
whose input data are discontinuous or singular across the interfaces in the solution domain
[6]. Due to the presence of these discontinuities or singularities across the interface, solu-
tions to these problems may be non-smooth or even discontinuous across those interfaces [6].
Therefore, many standard numerical methods designed for smooth solutions work poorly for
solving interface problems. Over the past years, various numerical methods for solving inter-
face problems have been developed. In this dissertation, we study the accuracy, efficiency,
and stability of immersed interface method (IIM) for solving elliptic and parabolic interface
problems.

Below we discuss the two main problems we are interested in solving in this dissertation.

1.1 MODEL PROBLEMS

1.1.1 ELLIPTIC INTERFACE PROBLEMS

We are interested in solving elliptic interface problem of the form,

V- (Bx)Vu(x)) = f(x), xe\l, (1)
[u](X) =w(X), XeT, (2)
[Bun](X) = v(X), XeT, (3)

with given boundary conditions on 0f2, where, I" is a smooth interface in the domain 2
and the interface I' divides the domain 2 into two subdomains Q% and Q= and therefore,
Q=0QTUQ UT. See Figure 1 for an illustration. X is a point on the interface I, x is a

point in € and n is the unit outward normal vector to the interface at the point X. The



Q+

Q=0tuQ ur

Fig. 1. A diagram of a rectangular domain €2 with a smooth interface I'.

superscript + or — denotes the limiting value of a function from one side or the other of
the interface. Here, [u] = [u](X) = uT(X) — «~(X) is the jump in the solution at X and
Up = n.Vu = g—z is the normal derivative of solution u. Moreover, the coefficient (3 is defined
as,

Bx) = f(x) if xeQ, 0

fr(x) if xe Q.

In general, for these kinds of elliptic interface problems, if coefficient [ is discontinuous or
source term f is singular across the interface, solution or its derivatives across the interface
may be non-smooth or discontinuous. For example, if coefficient £ in the equation (1) is
discontinuous with source term f being continuous across the interface, then the solution u
and flux fu, are continuous across the interface, making [u] = 0 and [fu,| = 0, however
the derivative of the solution in the normal direction to the interface is discontinuous [7].
Moreover, if £ is continuous, but source term f has a J-function singularity along with the
interface, then [u] = 0 and [Su,] will be no longer be zero; instead, it will be equal to the

strength of the source term [7].



Since many applications of elliptic interface problems have a piecewise constant coeffi-
cient, our goal of the dissertation is to develop a model to solve three-dimensional elliptic

interface problems of the form equation (1) with a piecewise constant coefficient.
1.1.2 PARABOLIC INTERFACE PROBLEMS

We are also interested in solving two and three-dimensional parabolic interface problems

of the form,
u =V - (ﬁ(X)VU(X,t)) - f(X= t)? X e Q\Fv (5>
[w](X) =w(X,t), XeTl, (6)
[Bua](X) =v(X, 1), Xel (7)

1.2 REVIEW OF NUMERICAL METHODS FOR INTERFACE
PROBLEMS

Interface problems often originate in fluid dynamics, electromagnetism, molecular biology,
and material science. Consequently, one can find many different approaches to find the
numerical solution of such problems in the literature [8-12].

To solve interface problems, we can use a body-fitted grid [13-15], or a Cartesian grid
[10, 16, 17]. One of the many advantages of choosing a Cartesian grid over the body-fitted
grid is that grid generation is easy. Moreover, if the Cartesian grid is used, we can take
advantage of many available software packages such as fast Poisson solvers [18], the Clawpack
[19] and the Amrclawpack [20], the level set method [21-23], the structured multigrid solvers
24, 25], the immersed boundary method [8], and many others [26].

Below is a review of a few popular methods that use finite difference methods for interface

problems on a uniform Cartesian grid system.

1.2.1 POPULAR FINITE DIFFERENCE METHODS FOR INTERFACE
PROBLEMS

1. The smoothing method
In this method, coefficients are smoothed by introducing a Heaviside function which is
both continuous and smooth at some e radius from the interface. We present the idea through

a one-dimensional case.



Lets first assume that S(x) has a finite jump at the interface z = a. Then we can define,

“(x) if z<a,
sy =7 e ®)

pH(z) if x> a.

Then, we can smooth out the £ using,

Be(x) = B~ () + (B7(x) = 7 (2)) He(z = a), (9)

where, H.(z) is the smoothed Heaviside function,

0 if < —e,
He(r) =11+ 2+ Leinm) if |a| <e (10)
1 if z>e

and, € is a small number that depends on the mesh size. The coefficient of the sine function
in H(x) definition is chosen so that the H,(x) is continuously differentiable at x = +e. The
smoothing method is easy to implement for one-dimensional interface problems. However,
it is not easy to implement in two and three-dimensions unless the interface is represented
using a zero-level set of a Lipschitz continuous function. Furthermore, the method is not very

accurate as it smooths the coefficient [ resulting in smearing the solution at the interface

27].

2. The harmonic averaging method
In this method, accurate coefficients are calculated by taking the harmonic averages of
them on a uniform grid system. The method is more accurate than the smoothing method.

See examples in [28-30]. Consider the following one-dimensional model problem,

which can be discretized as,

)] 2

where h = z; — x;_1 is the step size of a uniform grid in x-direction. If the coefficient g

h
5

is smooth, we can define §;,1 = B(x;,1), where x;,1 = z; + If 5 is discontinuous in
2 2 2

(;_1,;y1), then the harmonic average of § is given by,

By z(%/:m B Hx) dr)t (13)



The method is second-order accurate for one-dimensional elliptic problems with [u], =
[Buz]a = [fla = 0 in maximum norm, primarily due to the cancellation of errors. How-
ever, it does not give second-order accuracy for the two-dimensional problems in general as
the cancellations of errors are unlikely to occur for arbitrary interfaces [27]. Furthermore, ac-
curate computation of the integral close to the interface is not trivial for a three-dimensional

problem with discontinuous f.

3. Peskin’s immersed boundary (IB) method

Peskin [31] developed immersed boundary method (IB) to model blood flow in human
heart. Later, this method has been used to study the interaction between fluid flows and
elastic membranes and many others [32-42]. Such problems involves studying interface
problems with singular source terms. In his method, he used a discrete delta function to
distribute a singular source to nearby grid points. Vast number of discrete delta functions

can be found in the literature. However, commonly used delta functions are the hat function,

(E_E# if |z| <e,

Oc() = (14)
0 if x| >,
and Peskin’s original discrete cosine delta function,
L1 +cos(Z2)) if |z| < 2,
sy = [ eos(E) i )
0 it |z| > 2e.

Figure 2 illustrates the diagram of these two delta functions. For some one-dimensional
interface problems, one can obtain the second-order accuracy by using the discrete hat
function given by equation (14) [43]. However, solutions obtained by using the second
discrete delta function are only first-order accurate. This method is popular because of its
robustness and easiness of implementation. The discontinuity is spread over several grid cells
using the discrete delta function, and it smears the numerical solution near the interface.
For higher dimensions, the discrete delta function is the product of one-dimensional discrete
delta functions with d.(x,y) = d.(x)d.(y) [26]. There have been many improvements to the
original Peskin’s method to obtain higher-order accuracy with a minimal distribution of
discontinuities or singular source terms over the computational grid [44-46]. Also, the 1B
package written in Python and MATLAB is accessible in [47].

All the discussed methods above result in a solution to an interface problem which smears

at the interface as their approaches require either smearing the discontinuities in coefficients



(a) 1/€ (b)

/(2€)

—€ € —2€ 2€

Fig. 2. Two particular discrete delta functions. (a) Discrete hat delta function, (b) Peskin’s
discrete delta function. This Figure is adapted from Ref. [6]

or singular sources. Consequently, these methods can get second-order accuracy using av-
erage norms such as L' or L? norm, but it is unlikely to get the same order of accuracy
using point-wise norms as L*°. This is because average norms usually do not reflect the
errors correctly at or near the interfaces. Therefore we are interested in methods that give
second-order accuracy using point-wise norms rather than the average norms.

With those issues we discussed in smooth interface methods, several sharp interface
methods were developed. Among these methods, the immersed interface method (IIM)
developed by Leveque and Li [48] has become more popular among the numerical community
as it is the first sharp interface method that preserves the discontinuities in solution and the
first second-order method for solving interface problems [49]. Also IIM has been applied to
different linear and nonlinear problems including hyperbolic elliptic systems [50], elasticity
systems [51, 52], Hele-Shaw flow [53], traffic flow [54], glacier prediction [3], simulations
of porosity evolution in chemical vapor infiltration [55] and shape identification in inverse
problems [56].

Below we discuss the main characteristics of IIM and its improvements over the past few

years.

4. The immersed interface method (IIM)

Immersed interface method (IIM) [48] was primarily developed to solve linear elliptic



and parabolic interface problems on a uniform Cartesian grid system. To preserve the
discontinuities in solution or derivative across the interface, IIM uses the jump conditions
across the interface by modifying the standard centered finite difference scheme only for the
points closer to or at the interface. As the number of grid points that need this special
attention is lower than the regular grid points, computational cost does not increase much
due to these modifications.

Below we illustrate the key idea of IIM using a one-dimensional model problem with

piecewise constant coefficient,

[u] =w, [Pun] =wv. (17)

At regular grid points, whose three-point stencil do not cut through the interface, the finite

difference scheme for IIM is the one with the standard three point stencil
(Bir1(Uirr = Us) = Bi_1 (Ui — Ui—1))
+1 (Vi1 ! V) _ s (18)
52
where, §; 1 = B(x(i + 1)), f; = f(z;). But we have to find the finite difference scheme at

irregular grid points, whose three-point stencil is cut through the interface. Let’s take the

case in which interface « lies in between the grid points x; and z;,1 as an example. Then
we can assume that the finite difference (FD) scheme for irregular grid points x; and x4,

are as follows,

YinUi1 + 52U + %i3Uin = f(x;) + C, (19)
Yir1,1Ui + Yir1,2Uie1 + Yie13Uir2 = f(@ig1) + Cigr. (20)

Now we are going to explain how to find the coefficients, v of the FD scheme in the equations
(19) and (20). We do this by minimizing the magnitude of the local truncation error at each

irregular grid point. First, let’s write the local truncation error at the irregular point z;,
T; = viaw(zi—1) + viouw(x;) + visu(wiyr) — f(2;) — C. (21)

Then, do the Taylor expansion of w(z;_1), u(z;) and u(z;41) at the interface a. The Taylor

expansion of the irregular grid point x; and x;,; are given as follows,

(Tip1 — 04)2
2

N _ o _ (7; — a)?

u(i) = u”(a) +ug (@) (2; — ) + ug, (@) ——5——

u(wipr) = u' (@) + (@) (zin — @) + ), (a) +O0(h?), (22)

+ O(R?). (23)



Then the equation (22) is rewritten by replacing the limiting values from the plus side in
terms of limiting values from the minus side using the jump relations (17) and the PDE (16).
So the new expression for u(z;;1) is given by,

_ v BTu (o
i) = (0 (@) + ) + (- + B—f))(m )

_ (24)
ﬁ uzx(a) (‘Tﬂ-l B Oé)2 3
+ B 5 + O(h?).
From the PDE (16), when approaching « from left side,
B Uy, = fla). (25)

So, using the equations (21)-(25), the local truncation error 7; at the irregular point x; can

be written as,

T = (vin +viz2 + vis)u (@)

+ ((rim1 — @)yin + (2 — a)vio + g—Jr(%’Jrl —a)vis)u, (a)

—~

(@it — )Pyus + (2 — )iz + §—< — 0 (a) — fa) — C; + O(h).
(26)

+

N | —

Since the interface is one dimension lower than the computational domain, it is enough
to have O(h) local truncation error at irregular grid points. So, by comparing the finite

difference approximation with PDE from the minus side, we get,

Yig + Y2 + %3 =0, (27)
(i1 — a)vin + (2 — a)vie + %(%’H —a)vi3=0, (28)

1 2 1 2 6_ 2 _
5(35@;1 —)*Yi1 + 5(1’@ — ) *Yi2+ Q’ﬁ(lﬂl —a) iz =0 (29)

Once all these v coefficients are found, one can find the correction term Cj as,

v

Ci = ’}/Z'yg('w + ($i+1 — a)ﬁj) (30)

Similarly, we can compute the 7;.1s by considering the local truncation error 7;,; at x =

x;+1. Then we can solve the linear system obtained from equations (18), (19) and (20), to
approximate the solution for PDE (16) at all grid points.

Derivation of IIM for two and three dimensions can be done in a similar manner. As

ITM integrates the jump discontinuities at the interface into its derivation, the method can



achieve second-order accuracy for both the solution and for the gradient in L* norm even
if the interface is not aligned with the Cartesian grid points. When [ is continuous, the
resulting coefficient matrix of the FD scheme for two and three-dimensional elliptic interface
problems is a block tridiagonal sparse matrix. Therefore, standard iterative methods such as
SOR or the multigrid methods can be used to solve the system of linear equations efficiently
[57]. However, for numerical examples with significant jump discontinuities in the coefficient
B, the resulting linear system is usually ill-conditioned, and IIM may not converge or give
accurate answers [57].

Due to the convergence issues described above in IIM for larger jump ratios, a fast
immersed interface method (FIIM) is proposed to solve interface problems with piecewise
constant coefficients but discontinuities at the interface. The following section introduces

FIIM to solve interface problems with large ratios in the coefficient 5.

5. The fast immersed interface method (FIIM)

In [17], a fast immersed interface method (FIIM), also called an augmented method,
is proposed to solve the interface problems with piecewise constant coefficients. In this
method, the elliptic equation is preconditioned before applying the original IIM. In addition,
an unknown intermediate function for a jump in the normal derivative across the interface
is introduced to take advantage of fast Poisson solvers on a rectangular region.

Below we illustrate the key idea of FIIM using a two-dimensional model problem with a
piecewise constant coefficient.

Consider the following model problem,

V- (B(z,y)Vu) = f(z,y), (31)
[u] =w, [Bun] =, (32)

with specified boundary condition on 0f2.
In this method, the coefficient § is given by,

pT it (z,y) €,
Blz,y) = (33)
gt it (x,y) € Q.
Now as the coefficient § is peicewise constant, we can divide the equation (31) by 8 and

reformulate the original equation into the following equivalent problem with an unknown
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augmented variable [u,] = g.

Au=-L if (z,9)eQ,

- (34)
Au = ﬁé if (z,y) €O,
[ul =w, [un] =g, (35)

with the same boundary condition as in the original elliptic interface problem given. Then
we can use standard five-point stencil for discretization of the equivalent problem together
with some modification into the right hand side. The discrete form of the equation (31) is

given as
Usj+tUia;+Uijn + Uy —4U;; &

h? B
where C; ; is the correction term which depends on w and g.

+Cij, (36)

We first have to select some control points X, Xo,..., Xy, on the interface where N,
is the number of control points selected to apply the augmented method. let W =
(W, Wa, ... Wa]T and G = [G1, Gy, ..., Gn.]" be the discrete values of the jump condi-
tions w and g at the control points. Let B(W,G) be a mapping from W and G to the
correction term C; ;. As B(W, G) is a linear combination of W and G at the control points,

we can write

B(W,G) =BG — BiW, (37)
where, B and B are matrices. Now the matrix form of the equation (36) can be written as
AU+ BG =F + BiW =Fy, (38)

where, U is the approximate solution to original problem and F is the vector representation

of Z;—J Now we need one more equation other than equation (38) to have a closed system
2V

since there are two unknown quantities U and G in equation (38). For that we can define a

residual vector R at control points using the flux jump condition.
R(G) = [fUL)(G) =V = TUL(G) - B7UL(G) -V, (39)

where, U} and U, are the discrete approximations of the normal derivative from each side
of the interface at control points. We find G such that R(G) = 0. Now for an approximate
G, we can obtain the solution U by solving equation (38). Then we can obtain U, and
U,, at control points by interpolating U;;. For the interpolation, FIIM uses weighted least
squares interpolation. As the interpolation is linear, normal derivative of the approximate

solution at control points can be written as,

g—: = P*U+ Q*G + SV +T* W. (40)
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As vector G should satisfy the second interface condition 37U} — 37U, =V, we get the
following matrix equation,

PU+QG - SV -TW =0, (41)
where,
P=p"Pt—p"P7,Q=p7Q" — Q" and
S=I1+p"S —p*St, T =T —p+tT.

By combining the equations (38) and (41), we can get the following linear system

A B||U F,
= ) (42)
P Q| |G SV +TW
Now by eliminating U from equation (42), we can get a linear system for G,
(Q— PA'B)G =SV+TW — PA'F; =F,. (43)

As G is defined only on the interface, corresponding coefficient matrix for G is only N, x N,
which is much smaller than for U. The generalized minimal residual (GMRES) iterative
method is used to solve the Schur complement system for the augmented variable. FIIM
has shown to be second-order accurate for both the solution and for solution gradient in

maximum norm [17].
1.3 MOTIVATION AND DISSERTATION OUTLINE

Despite FIIM giving second-order accuracy for both solution and its gradient, its im-
plementation is not trivial, and setting up the Schur complement system and solving it
brings extra computational cost. Therefore, a new direct IIM method [58] for solving one
and two-dimensional elliptic interface problems with variable coefficients without using an
augmented variable was developed. As in FIIM, the PDE is reformulated at irregular grid
points. They eliminated the need for an augmented variable using approximations for gradi-
ent and second-order derivatives at the interface as part of the finite difference scheme at the
irregular grid points. As a result, the method is second-order accurate for both the solution
and its gradient.

In this dissertation, we extend the Direct IIM method in [58] to three-dimensions to solve
elliptic interface problems with piecewise constant coefficients followed by the convergence
analysis. First, our study aims to obtain a direct method for solving the three-dimensional

interface problems, which can achieve second-order accuracy in both solution and its gradient.
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Then, we investigate the application of direct IIM to solve parabolic interface problems with
piecewise constant coefficients by combining it with the Crank-Nicolson scheme.

The remaining part of the dissertation consists of five chapters. In chapter 2, we study
how to reformulate the direct IIM method developed by [58] to solve two-dimensional elliptic
interface problems with piecewise constant coefficients. The original method is applicable for
any variable coefficients, including the piecewise constant coefficients. We want to adapt the
model so that we can reduce the unnecessary complications in the implementation caused by
the upwind type discretizations for having variable coefficients. We also run some numerical
experiments for two-dimensional elliptic interface problems to demonstrate the accuracy of
the direct ITM.

In chapter 3, we will develop a direct method for three-dimensional elliptic interface
problems with piecewise constant coefficients but have a finite jump across the interface
using finite difference discretization on a uniform Cartesian grid system. Here we explain in
detail how to extend the two-dimensional model described in chapter 2 to three-dimensions.
Also, we will numerically show that the convergence of the developed new model is second-
order for both the solution and its gradient using some examples.

Chapter 4 develops a model for solving two-dimensional parabolic interface problems
with piecewise constant but discontinuous coefficients. The model combines the Crank-
Nicolson scheme with some modifications into the direct method described in chapter 2. We
also investigate the order convergence and stability of the method by doing some numerical
experiments.

Chapter 5 develops a model for solving three-dimensional parabolic interface problems
with piecewise constant but discontinuous coefficients. The model combines the Crank-
Nicolson scheme with some modifications into the direct method described in chapter 3. We
also investigate the order of convergence and stability of the method by doing some numerical
experiments.

Chapter 6 finalizes the dissertation by summarizing my results and outlines the future

study areas.
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CHAPTER 2

STUDY FOR TWO-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS WITH PIECEWISE CONSTANT COEFFICIENTS

In this chapter, we discuss how to adapt the original direct IIM in [58] to solve two-
dimensional elliptic interface problems with piecewise constant coefficients. The original
method in [58] is applicable for any variable coefficients, including the piecewise constant
coefficients. We study how to reformulate the model to reduce the unnecessary complica-
tions in the implementation caused by the upwind type discretizations for having variable
coefficients. We also do some numerical experiments for two-dimensional elliptic interface

problems to demonstrate the accuracy of the direct IIM method.

2.1 ALGORITHM FOR TWO-DIMENSIONAL ELLIPTIC
INTERFACE PROBLEMS WITH PIECEWISE CONSTANT
COEFFICIENTS

We first assume that the coefficient 5 in the elliptic interface problem (1) is a positive

piecewise constant, i.e.,

b= T WES (44)
pr it (x,y) € QF.

So that we can rewrite equation (1) as

Bumz + Buyy - f(x,y), (ZL’, y) € Q\F (45>

Since the coefficient [ is a positive piecewise constant, we can divide it from both sides of

the equation (45) to get the following equivalent problem:

ety = L2 (g e (46)
with jump conditions across the interface I,
[u](X) =w(X), [Bun](X) =v(X), (47)

where X = (X, Y) is a point on the interface I
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For simplicity, we assume that the domain 2 is a square, say [a,b] X [a,b] and use a

uniform grid with,
ri=a+1h,i=0,1,...M; y;=a+jh,j=0,1,..M; (48)

where h = b — a/M is the step size in each direction. Interface I' is represented by the zero

level set of a Lipschitz continuous function ¢(z,y)

I'= {(l’,y), ¢(l‘,y) =0, (xay) < Q} (49>

The position of any grid point relative to the interface I' can be determined by using the

level set function

o(z,y) <0 for (z,y) € Q, (50)
¢(z,y) =0 for (z,y) €T, (51)
d(x,y) >0 for (z,y) € QF. (52)

In order to obtain the coefficients of the finite difference scheme at each grid point in the
domain, we need to identify the regular and irregular grid points. Grid points whose five-
point stencil cut through the interface are called the irregular grid points and those that are
not are called the regular grid points. We can identify regular and irregular grid points using
the level set function ¢.

Let ¢(z;,y;) = ¢i; be the level set grid function. At a grid point (x;,y;), we define,

Qi = max{i—1j, Gij, Pi+15, Pij—1, Pij1}s (53)
b =min{di_1;, i j, Giv1j, ij-1, i1} (54)

A grid point (z;,y;) is called regular if O ;n]m > 0, otherwise it is called irregular. The
interfacial points which cuts the grid line are called the control points. See Figure 3 for

illustrations.

2.1.1 FINITE DIFFERENCE SCHEME FOR TWO-DIMENSIONAL INTER-
FACE PROBLEMS

Our intention is to obtain a finite difference scheme of the form

Z TmUitim.j+im = Fij, (55)
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m Regular

A lIrregular

e Control

Fig. 3. Illustration of regular, irregular, and control points in a square domain with a
circular interface. This Figure is adapted from Ref. [58].
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at any grid point (z;,y;), where the summation is taken over ng, the number of grid points
centered at (z;,y;) and i,, and j,, takes values from {—1,0,1}. Here, F}; = F(x;,y;) is the
right-hand side of the difference scheme which is computed as a contribution from source
term, coefficient [ and some correction terms. By finding proper coefficients 7,,, we desire
the resulting finite difference scheme still be second-order accurate in both the solution and
the gradient of the solution. Note that we have excluded the dependency of m on ¢ and j
for simplicity.

For a regular grid point (x;,y;), discretizeation of the equation (46) using the standard

central difference scheme will result the standard five-point stencil of the form

Ui —2Usj + Uig 4 n Uij—1—2U;i; + Ui ja &

h? h? Bi j (56)

where f;; = f(zi,9;), Bi; = B(x;,y;) and U, ; is the numerical solution at u(x;, y;).

In order to derive the numerical scheme for irregular grid points, we assume that five-
point stencil of the irregular grid point (x;,y;) is only cut through the right arm, say at
x* = (z},y;) = (z},y;). Without loss of generality, we also have assumed that (x;,y;) € Q7.
See Figure 4 for an illustration.

Now we can consider the Taylor expansion of w(x;_1,y;), u(z;,y;) and u(x;11,y;) at the

control point x*,

o *\2
u(wy,y;) = u (2") + uy (v — ") + Umw + O(h*), (57)
) k)2
i) = @)+ (e — o)+ S I o, (e
) k)2
w(wir1,y;) = ut (@) + uf (T — 27) + Uixw +O(n?). (59)

In order to account for the jump discontinuities of the solution and its derivatives at the
control point x*, we have to eliminate the values on the onside, say u™, v}, v} in terms of

other side u™, u,, u,,. For example, u* can be written as

ut = [u] +u". (60)

Now, we can obtain the central difference approximation for u,, by combining the equations
(57), (58), (59) and jump conditions in equation (47). Consider the discretization in the z-

direction.
Uz’—l,j — 2Ui,j + Ui+1,j + CZJ

U/;m = h2 ) (6]‘)
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|
(xi’yj+1)

H -
(Xi—1,Y}) (xi,¥)

(Xi+1, )

W (X Yi-1)

Fig. 4. A diagram of an irregular grid point whose five-point stencil only cuts through the
right arm.
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where, C7; is the correction term in the z-direction. One can derive the formula for the

correction term CY; as,

(%’H - 33i*)2

) (62

Cij = =l = [ua)(Tips — 2.7) = [ttaa]

Similarly, if the five-point stencil of the irregular grid point (x;,y;) also cuts from the top

*k
70

arm, say at x™ = (27", y;*) = (2;,9;"), we can obtain the central difference approximation

for u,, as,

Uijo1 —2U;; + Ui j1 +CY
up = T T T (63)

vy h2

where,

(g1 — y;™)°
2

Note that, if the five-point stencil of the irregular point is only cut through the right arm,

Oy = —lu] = fug] (g1 = 9;™) — [uyy] (64)

then C’f{ ; = 0. However, if the five-point stencil of the irregular point is cut more than once

say from the right and the top, we have to correct the difference scheme both at the right

and the top. So when that happens, the resulting finite difference scheme at the irregular
grid point can be written as

Ui = 2U;j + Uit + & + Uij—1—2U;j + Ui jn N Cy; _ fi,j‘

h? h? h? h? Bi.;

(65)

Now, you can see that, to obtain the difference scheme at irregular point (z;,y;), we need to
know the jumps [u], [us], [uy], [tee] and [u,,] at corresponding control points. Those jumps
can be obtained by differentiating the known jumps [u] = w and [Su,] at the interface. To do
S0, it turns out that it would be very convenient if we do the local coordinate transformation

at the control point x* in the normal and tangential directions to the interface.

2.1.2 JUMP RELATIONS AND THE LOCAL COORDINATE TRANSFOR-
MATION

First, let’s assume that parametric representation of the interface I' is given by
D={(="(s)y7(s), a*(s)e C* y*(s)e C?}, (66)

where, s is an arc-length parameter. At a point (z*, y*) on the interface, let’s define the local

coordinate system in the normal and tangential direction as,

&= (x—a")cos(h) + (y — y*) sin(6), (67)
n=—(x—2x%)sin(@) + (y — y*) cos(6), (68)
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|
CXp}y+1)

(xi—lryj) (xivyj) (xi+1!yj)

N
(i, Yj-1)

Fig. 5. A sketch of a two-dimensional local coordinates transformation. where, (z;,y;) is
an irregular grid point, (z*,y*) is a control point on the x-axis, £ and 7 are the normal and
tangential direction at (z*,y*), and 0 is the angle between x-axis and the normal direction.

where, 0 is the angle between z-axis and the outward normal vector to the interface from QF
direction. See Figure 5 for an illustration. In the neighborhood of the control point (z*, y*),

the interface can be parameterized as,

§£=x(n), with x(0)=0, x'(0)=0. (69)

Then curvature s of the interface at (z*,y*) is x”(0) = 0.

As mentioned earlier, to derive the finite difference scheme at irregular grid points, we
have to find the jumps [u], [uz], [uy], [tze] and [u,,] using the known jumps [u] and [Bu,,].
To do so, we have to take the derivatives of the known jump conditions at the interface. To
make those computations easier, we first consider the local coordinate transformation of the
PDE.

Note that under the local coordinate transformation, PDE (46) remains the same. We
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would have a new notation for u(z,y), f(x,y) in the local coordinate transformation. Say,
u(¢,n) = u(z,y) and f(&,n) = f(x,y). For simplicity, we drop the bars and use the same
notation in the local coordinate transformations as in the Cartesian coordinate system.

In local coordinates, we can write jump in the solution [u] = w as

u (x(n),n) —u (x(n),n) = w. (70)

Differentiating the equation (70) with respect to 7 gives
ug X'+ uy = (ug X+ uy) = wy, =, (71)
or in compact form,
[ug] X" + [ug] = w'. (72)
Differentiating the equation (72) with respect to 7 gives

[uee] X + 2[ugy) X + [ue) X" + [tyy] = w". (73)

At a control point (z*,y*), (&,17) = (0,0), x’(0) = 0 and x = x”(0). Evaluating equations
(72) and (73) at the control point (z*,y*),

[u,) =w' =w (74)

m

] = 0~ [ueli = Di. (75)
Now, we can write [Su,] = v in local coordinates as
[Bug] = v. (76)

Similarly taking the derivative of equation (76) with respect to n and evaluating the same

at the control point (z*,y*), we get
[Bugy] = [Buylk +v" = Do. (77)

Now, we have all together five jump relations which are given by the equations (74)-(77)
together with the jump in the solution [u] = w.

Also, from PDE (46) itself, we can obtain two more additional jump relations.

Jr
'LL;;: + u;_y - /‘é__;'_ = D37 (78)
Uy, + Uy = . Dy. (79)

i



21

Now, we will do the coordinate transformation of jump relations (74)-(79) into Cartesian

coordinates and express all limiting values in terms of u™, u,, u,, u,, and u,,.

From jump condition [u] = w, we get

ut =u" +w, (80)
Using the coordinate transformation equations (67) and (68), the equations (76) and (74)
become
: v BT .
u, cos(f) + u, sin(f) = e - 5—+(uz cos(f) + u, sin()), (81)
—uy sin(f) + u,; cos(0) = w’ — u, sin(f) 4 u, cos(6). (82)

Then multiplying the equation (81) by sin(#) and equation (82) by cos(6), we get the following

relation for u;r

sV
ul =ug (p—1)sc+uy, (ps* + ) + cw' + 5 (83)
where, p = % is the jump ratio and s and ¢ stands for sin(f) and cos(f) respectively.

Similarly, by multiplying equation (81) by cos(f) and the equation (82) by — sin(#) and
adding them each other, we get a relation for «;.
cv

uf = u, (s° + pc?) +u, (p—1)sc — sw' + 5 (84)
From coordinate transformation of equation (75), we get
uts® +u) = 2esul, = v, " 4 u @ — 2esug, + Dy (85)

Also, from coordinate transformation of equation (77), we get the following equation,

2 2 — — 2 2\ — —
BH(=scuf, + (¢ — s*)uf, + scu),) = B (—scuy, + (¢ — s*)ugy, + scuy,) + Ds. (86)

By solving the linear equations (85), (86), (78) and equation (79), we can find u},, v}, , u},

and u,, .
ul = [st 4+ (4p — 2)s* + Mug, +2(p — 1)(s*c — 503)u;y + (s* = ) D, (&7
— (25¢/BT)Dy + *D3 — [(2p — 1)s*c + ¢*] Dy,
U;ry =2(p—1)(s’c — sc®)uy, + (ps* — (2p — 4)s*c” + pc4)u;y — 2s¢Dy (59)
+ [(* = 8%) /BT Dy + scDs — [psPc — (p — 2)sc®| Dy,
uf, = —[s* + (4p — 2)° + Mug, — 2(p — 1)(s°c — s, — (s* — ) Dy (89)

+ (2s¢/BT)Dq + s> D3 + [(2p — 1)s°c* + ¢*| Dy,
Uy, = —U,, + Dy. (90)

Y



22

2.1.3 APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discuss how to interpolate the correction terms C; and C’ff ; In
the finite difference scheme for an irregular grid point.

For a given irregular grid point (z;,;), we first select a point x* = (z7, y}) on the interface
I which is closest to (z;,y;).

Without loss of generality, let’s first assume that (x;,y;) is an irregular point that lies
inside the interface, and its five-point stencil is only cut through the right arm as in Figure
4.

As we are seeking the difference scheme at an irregular point to be in the form of equation
(55), we expand each u(w;14,,,¥j4j,,) about the control point x* = (z, yj).

1 *)2 +

Uit Ytin) = 0 (Tt — T+ Wy — Y)E + 5 @1, — 300,

(91)

1 . , .
+§(?Jj+jm - yj)zug:/ty + (Titin, = T7) (Yjjm — Z/j)ufy +O(h%),

where plus or minus sign is chosen depending on whether (x4, , ;4. ) lies in @ or Q~. Note
that in order to incorporate the discontinuances at the interface, we can rewrite right-hand
side of the equation (91) by eliminating limiting values in plus side by limiting values in
minus side using relations (80), (83), (84), (87), (88), (89) and (90). Then the Taylor series

expansion in equation (91) will contain u™, uz, u,, u,,, and ug,.
Now the equation (91) will be in the form,
Wit Yyrim) = g™ + iy + duy + dyigy + diyug, + dy, (92)

where i,,, j, = {—1,0,1}. Here, the coefficients d!, through d are known. Now, we can see

the correction term Cz‘f’fj can also be reformulated as
CY; = etu” + equ, + eu, + equy, + esu,, + e (93)

Interpolation for Cg ; will be in the same form, only with coefficients changed. Here, the
coefficients e; through eg in the equation (93) are also known.

We assume that the correction term C7; can be approximated as

CL = YnUisin i + Ve (94)

As in [58], we take ny = 9. See Figure 6 for an illustration of the compact nine-point stencil

for the irregular point (z;,y,). By comparing equations (93) and (94), we get the following
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[ | n ]
(Xi—1, Yj+1) (xi, Vi+1)

[ N
(xi-1.Y) (x0, ¥5) (X1, Yj)
L 7 |
i1 ¥j-1) o Yj-a) (%is1,¥j-1)

Fig. 6. A diagram of nine-point stencil for an irregular grid point (x;,y;) whose right arm
cut through the interface at (z7,y;).
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linear system

di dy oo dbodh_, d. M el
d% d% d% disq dis 2 €2
i dy - dy 4 d e | = es| - (95)
dy dy - dy dy g dy | [Yee €4
_d? dg dg dgs—l dis_ | Tns | | €5 |

Here, we can see that the linear system (95) contains five equations with nine unknown ~y
coefficients. Since the number of unknowns in the linear system are greater than the number
of equations, we have a underdetermined linear system. To solve the linear system, one can
use the singular value decomposition (SVD) to get the minimum norm solution. Then we

can find 7. in equation (94) as follows
Ye=e6— Y do Yin: (96)

At this stage, finite difference scheme at the irregular grid point (x;,y;) is fully determined.
Notice that correction terms are only needed at the irregular grid points. Hence the ad-
ditional cost of determining correction terms is only O(NV) rather than that for the linear
system solver of the finite difference equations, which is O(N?).

Now, the linear system of the finite difference equations can be written as
AU =F, (97)

where, U is the numerical solution of equation (45), Ay, is the discrete elliptic operator and
F is the modified right-hand side that is constructed from the source term f, boundary
conditions and correction terms. For constant (5, the matrix A; becomes discrete Laplacian,
and only right-hand side vector F' needs to be changed due to corrections terms. Therefore,
for constant 3, the above system of equations can be easily solved using a fast-Poisson solver.
However, when [ is piecewise constant, A, becomes the standard five-point Laplacian at
regular grid point and compact nine-point scheme at irregular grid points. Therefore, linear
system (97) can be solved using some iterative methods like GMRES or using some direct
solvers.

In order to recover the gradient of the solution at the interface, one can use the following
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formula
U, =cos(0)U, +sin(0)U,, (98)
Uy = peos(0)U; + psin(0)U, +v/37, (99)
U = —sin(0)U, + cos(0)U,, (100)
UF = —sin(0)U, + cos(0)U, + w', (101)

where, n and 7 represent the normal and tangential directions to the interface at some
control point. Equation (98) was obtained using the coordinate transformation defined in the
equation (67) and equation (99) was obtained using flux jump condition (76). The equations
(100) and (101) come from the equation (74). In order to interpolate these gradients from
the solution, we will again assume that interpolation scheme will be in the same form as
equation (94). where the point (x;,y;) is chosen to be the closest irregular point to the
control point that is considered. So for example, when approximating U, , we can still use
the resulting linear system (95) but by changing the right-hand vector of the same replaced
by vector [0, cos(f),sin(#),0,0,0]” and for U} by replacing right side vector vector into
[0, pcos(h), psin(#),0,0,v/8T]T.

2.1.4 OUTLINE OF THE ALGORITHM

In this section, the outline of the algorithm for solving two-dimensional elliptic interface
problems is given.

Step 1: Immerse the irregular domain (interface) into a square domain Q = [a, b] X [a, b]
and represent the interface using zero level set function.

Step 2: Determine regular and irregular grid points and the location of control points
using the level set grid function ¢.

Step 3: Apply the standard 5-point central difference scheme at regular grid points.

Step 4: Solve the underdetermined linear system given by the equation (95) to calculate
7’s in the correction terms C}; and C’ffj at irregular grid points. Then, find the compact
9-points scheme at irregular points.

Step 5: Solve the system of linear equations (97).

Step 6: Recover the gradients of the solution using equations (98) to (101).

2.2 NUMERICAL EXAMPLES

Here we show some numerical examples and perform some error analysis to show the

performance of direct IIM method to solve two-dimensional elliptic interface problems. The



26

errors are illustrated in L> norm and order of convergence of the method is calculated using

L1 ol Bl
loa(2) [ B I

In all listed tables in this section, N is the number of the grid points in each direction. F(u)

(102)

r

is the maximum norm error of the numerical solution. E(u,) and E(u,) are the maximum

norm error in the normal and tangential direction of the computed solution.

Example 2.1
In this example, both the solution u(x,y) and its flux have a jump discontinuity. The

differential equation is given by

(Bug)e + (Buy)y = f, (103)
on the domain Q = [—1,1] x [—1, 1], where interface I' is a circle represented by the zero
level set of the function

o(z,y) = 2%+ y* — 0.25. (104)
The source term f is defined as
0 if  (z,y) € 7,
fla,y) = (105)

—26%sin(x) cos(y) if (z,y) € QF.
The coefficient 5 in equation (103) is a piecewise constant given by

Bla,y) = o e (106)
gt it (x,y) € Q.

The jump in solution u(zx,y) and it’s flux are given by

] = sin(z) cos(y) — (2% — 47, (107
[Bun] = B (22 cos(x) cos(y) — 2y sin(z) sin(y)) — 48~ (z* — 3?). (108)

Here, numerical experiments were conducted for different 8 jumps. And the boundary

conditions were taken from the exact solution of

u(z,y) = (109)
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Fig. 7. (a) Plot of the numerical solution for Example 2.1, (b) Plot of the error of numerical
solution with N = 60, 8~ = 1 and " = 1000.
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Table 1
A grid refinement analysis for Example 2.1 with 5~ =1 and g1 = 1.

N E(u) T E(uy) r E(uy,) r
20 | 1.41E-04 1.16E-02 6.22E-03
40 | 3.01E-05 | 2.22 | 3.93E-03 | 1.57 | 1.42E-03 | 2.13
80 | 6.52E-06 | 2.21 | 1.41E-03 | 1.48 | 6.90E-04 | 1.04
160 | 1.46E-06 | 2.16 | 3.71E-04 | 1.92 | 2.56E-04 | 1.43
320 | 2.81E-07 | 2.38 | 6.72E-05 | 2.47 | 4.72E-05 | 2.44

Figure 7 shows a slice of the computed solution and its error distribution for Example 2.1
with a modest jump in 8 as 1000. In Tables 1 and 2, we present the numerical experiment
results for grid refinement analysis of Example 2.1. Table 1 shows the results for 5~ = 1 and
BT =1 and Table 2 shows it for 5~ = 1 and 8+ = 10000. It can be seen that the solution
and the solution’s derivatives (normal and tangential) are on the average of second-order

accuracy.

Table 2
A grid refinement analysis for Example 2.1 with 5~ = 1 and 8% = 10000.

N E(u) r E(u,) | order | E(u,) | order
20 | 6.59E-04 2.44E-02 7.08E-03
40 | 1.85E-04 | 1.83 | 6.07E-03 | 2.01 | 5.03E-03 | 0.49
80 | 4.73E-05 | 1.96 | 1.28E-03 | 2.24 | 1.39E-03 | 1.86
160 | 1.21E-05 | 1.97 | 2.62E-04 | 2.29 | 4.39E-04 | 1.66
320 | 2.53E-06 | 2.25 | 4.30E-05 | 2.61 | 9.26E-05 | 2.25

Example 2.2

In this example, both the solution u(x,y) and its flux have a jump discontinuity. The
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differential equation is given by

(Bua)e + (Buy)y = f, (110)
on the domain Q = [—1,1] x [—1, 1], where interface I' is a circle represented by the zero
level set of the function

o(z,y) = 2* +y* — 0.25. (111)

The source term f is defined as

o) = —2~ cos(z + y) ?f (x,y) € Q, 112)
657 (x +y) it (z,y) € Q.

The coefficient 5 in equation (110) is a piecewise constant given by

Bla,y) = it (my) €87, (113)
gt it (x,y) € Q.

The jump in solution u(zx,y) and it’s flux are given by

[u] = cos(z +y) — (z° +3/°), (114)
[Bun] = 687 (2° + ¢*) + 287 sin(x + y)(z +y). (115)

The boundary conditions were taken from the exact solution of

ale.y) = cos(x +y) (z,y) €N, (116)

3+ (xz,y) € QF.
Figure 8 shows a slice of the computed solution and its error distribution for Example 2.2 with
a modest jump in S as 1000. In Tables 3 and 4, we demonstrate the numerical experiment
results for grid refinement analysis of Example 2.2. Table 3 shows the results for 5~ = 1 and
BT =1 and Table 4 shows it for 5~ = 1 and 8+ = 10000. It can be seen that the solution

and the solution’s derivatives (normal and tangential) are on the average of second-order.
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Fig. 8. (a) Plot of the numerical solution for Example 2.2, (b) Plot of the error of numerical
solution with N = 60, 8~ = 1 and " = 1000.



Table 3
A grid refinement analysis for Example 2.2 with 5~ =1 and gt = 1.

N E(u) |order | E(uy) |order | FE(u,) | order
20 | 2.37E-03 6.43E-02 4.95E-02
40 | 4.93E-04 | 2.26 | 1.60E-02 | 2.01 | 1.79E-02 | 1.46
80 | 1.03E-04 | 2.26 | 4.43E-03 | 1.85 | 4.10E-03 | 2.13
160 | 2.25E-05 | 2.19 | 1.16E-03 | 1.93 | 1.09E-03 | 1.91
320 | 4.79E-06 | 2.23 | 2.19E-04 | 2.41 | 2.69E-04 | 2.02
Table 4
A grid refinement analysis for Example 2.2 with 5~ =1 and 1 = 10000.
N E(u) |order | E(uyn) |order | FE(u,) | order
20 | 5.01E-03 9.50E-02 5.17E-02
40 | 1.21E-03 | 2.05 | 1.61E-02 | 2.56 | 2.87TE-02 | 0.85
80 | 2.63E-04 | 2.20 | 4.04E-03 | 2.00 | 8.14E-03 | 1.82
160 | 6.54E-05 | 2.01 | 1.13E-03 | 1.84 | 2.06E-03 | 1.98
320 | 1.26E-05 | 2.37 | 2.06E-04 | 2.45 | 3.87E-04 | 2.41
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CHAPTER 3

STUDY FOR THREE-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS WITH PIECEWISE CONSTANT COEFFICIENTS

In this chapter, we propose a direct method for solving three-dimensional elliptic interface
problems. The model is an extension of the two-dimensional model described in chapter 2

to three-dimensions.

3.1 ALGORITHM DESCRIPTION FOR THREE-DIMENSIONAL
INTERFACE PROBLEMS
Let’s consider the following three-dimensional elliptic interface problem with a piecewise

constant coefficient,

Bty + Uyy + usz) = f(2,y,2), (2,y,2) € Q\L, (117)
[u](X) = w(X), [Bua](X) = v(X). (118)

For simplicity, we assume the domain €2 is a solid cube (See Figure 9 ), say [a, b] X [a, b] X [a, b].

For the discretization of the domain, consider the uniform grid system with

ri=a+1th, 1=0,1,...,N,
y;=a+jh, j=0,1,.. N, (119)
z=a+1lh, 1=0,1,.., N,

where h = (b—a)/N.

We intend to develop a finite difference scheme of the form
Ns
> Ui gtimitin = Fiit; (120)
m

at any grid point (x;,y;,2). where the summation is taken over n,, the number of grid
points centered at (z;,y;,2) and 4,,, j,, and [, take the values from {—1,0,1}. By finding
the proper coefficients 7,,,, we desire the resulting finite difference scheme to still be second-
order accurate in both the solution and the gradient of the solution. Note that we have

excluded the dependency of m on i, 7 and [ for simplicity.
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Q=Q'UQ UT

Fig. 9. A diagram of a cubic domain §2 with a smooth interface I". where n is the unit
outward normal vector to the interface T'.
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Fig. 10. A cross section illustration of domain €2 with a smooth interface I". where solid
dots are regular grid points, solid triangles are irregular grid points and solid diamonds are
the control points.

Also, we want to use the standard seven-point stencil at regular grid points. A point
(wi,y;, z) is regular if the interface I' does not cut the grid lines between any points in the

standard seven-point stencil and is irregular otherwise. See Figure 10 for an illustration.

3.1.1 FINITE DIFFERENCE SCHEME FOR THREE-DIMENSIONAL INTER-
FACE PROBLEMS

For a regular grid point (z;,y;, ), after dividing both sides of the equation (117) by /3, we

can discretize the same using a standard central difference scheme, which has a seven-point
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stencil to get the finite difference scheme

Ui—1,j0 — 2Ui ju + Uit1,5u

E +
Ui,j—Ll - 2Uv’i,j,l + Ui,j-‘y—l,l
h? +
Ui’j»lfl — 2Ui,j,l + Ui,j,l+1 (121)
h2
_ fi
Bi,j,l’

where f; ;1 = f(zi,y;,21), Biji = B(zi, yj, z1) and U; ;; is the numerical solution at u(z;, y;, 21).
In order to derive the numerical scheme for irregular grid points, we do the Taylor expan-
sion at a control point similar to the two-dimensional case and obtain the following resulting

finite difference scheme

Uic1ju = 2Ui ju + Uiv1,54

h2 + igfj,l

Ui =200+ Ui v (122)
h2 27‘77
Uiji-1—2U; 1 + U ji+1 figi
_|_ 5Js sJs 5Js + CZ — sJs .
h2 2,7, Bz‘,j,l

where, C7;; is the correction term in the z-direction and so on. For a particular irregular

grid point whose seven-point stencil cut through the right arm at the control point x* =

T

(z7,yj,2;), the correction term C7,, is given by

il = i[% + [um]w + [%]W- (123)
Here, plus or minus is chosen depending on which side the irregular grid point (x;, y;, 2;) lies.
The correction terms in the y and z-directions also will be in the same format.

Now, you can see that, to obtain the difference scheme at irregular point (z;,v;, ),
we need to know the jumps [u], [us], [uy], [w.], [Usa], [Uyy] and [u..]. We must do this by
differentiating the known jumps [u] = w and [Bu,]| at the interface. So to do so, we will
first perform a local coordinate transformation into the normal and tangential direction to

interface I' at the control point x* = (z;*, (T ) as we did for the two-dimensional case.
3.1.2 LOCAL COORDINATE TRANSFORMATION

At a given point (z*,y*, 2*) € T, let £ be the normal direction of I', n and ¢ be two or-

thogonal directions tangential to I'. Then, local coordinates in the normal and the tangential
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(x*’ y*, z*)

Fig. 11. A sketch of a three-dimensional local coordinate transformation.

directions are
§= (2 — 20 + (y =y )aye + (2 — 2",
n=(x—a")am,+ (y—y oy, + (z—2")a.,, (124)
(= (2 —a )+ (y —y oy + (2 — 27,
where oy is the directional cosine between the z-axis and  and and so on. See Figure 11
for an illustration. The three-dimensional coordinate transformation given by the equation

(124) can be written in the matrix form

£ r—x*
nl=Aly—-vy|. (125)
¢ z—2z*

where,
Qg Qe Olzg
(126)

Qgn  Qyp Qg

Az Qye Qg
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Then, local coordinate transformation of first derivative of any differentiable function

q(z,y, z) can be written as

q& Gz
G| = A Q| - (127)
GC q-

Also, local coordinate transformation of a second derivative of any differentiable function

q(z,y, z) can be written as

Gee Qen Qec Qoo Gy Qos

7 " - T

Ine 4nm Inc =A Gy Gy Q| A (128)
dee en Gec Gz Qoy  Qes

where A7 is the transpose of the matrix A. Note that under the local coordinate transforma-

tion, the PDE equation (117) remains the same. Therefore, we drop the bars for simplicity.

3.1.3 LOCAL COORDINATE TRANSFORMATION IN TERMS OF LEVEL
SET FUNCTION

At a given point (z*,y*, z*) on the interface, let £ to be parallel to the normal direction

of the interface pointing outward, i.e.

f — V(b — (¢x> ¢y7 ¢Z)T (129)
AV RV R

and n and ¢ are in the tangent plane passing through the point (z*,y*, 2*). However unlike

the two-dimensional case, we have to choose two tangential directions. In practice, we choose

the first tangential direction as

. ¢ ) _¢x7 O)T
if ¢+ ¢l #0; G :
Y NCARH
(¢za 07 _¢$)T (130)

otherwise n=

VRl
and the corresponding second tangential direction as
. S
lf ¢:2E + ¢32/ 7£ O’ C i Where s = (¢$¢Z7 ¢y¢27 _QS;QE - ¢§)T7

(131)
otherwise (= — where t=(—gety, 2+¢%, —¢,0.)".
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3.1.4 COMPUTING THE PRINCIPAL CURVATURES USING THE LEVEL
SET FUNCTION

In the neighborhood of a control point x* = (z*, y*, 2*), interface can be parameterized

as
§=x(n,¢), with  x(0,0) =0, xy(0,0) =0, xc(0,0)=0. (132)

In order to compute the derivatives of jumps at the interface, we need to obtain the second-
order tangential derivatives Xy, Xc¢, Xnc of x at x*.
On the interface, ¢(x(n, (), n,¢) = 0. First, lets consider the implicit differentiation of ¢

in terms of 1 and ( respectively.

Oy + Gexn =0, (133)
$¢ + dexe = 0. (134)
Then, differentiating the equations (133) and (134) by n and ¢ we get
G+ OneXn + (Den + deeXn) X + Pedny = 0,

G + Pnexe + (Pec + PeeXc)Xn + Pexne = 0, (135)
bee + Geexe + (e + Deexe)Xe + Pexee = 0.

Since, x,(0,0) = 0 and x¢(0,0) = 0 on the interface, we get

Xy = —Pun/ P
Xce = —Pcc/ Pe (136)
Xn¢ = _925774/@2557

where,
¢ P
Gp| =A |y - (137)
o¢ ¢

3.1.5 LOCAL COORDINATE TRANSFORMATION OF JUMP CONDITIONS

As we pointed out earlier, in order to find the jump conditions [u], [u,], [uy], [w:], [tez],
[wy,] and [u..] at a control point x* = (z*,y*, 2*), it is convenient to differentiate the jump
conditions [u] = w and [fu,] = v along the interface and then do the coordinate transfor-

mation.
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Now, let’s first differentiate [u] = w with respect to n and ¢ respectively,

[ue]xn + [ug] = wy, (138)
[uelxe + [u¢] = we. (139)
Then, differentiate the equation (138) with respect to n and we get the following,

Xn aéu . + Xomlue] + Xy [unel + [wny] = win, (140)

Differentiating the equation (138) with respect to ¢ gives,

o+ ol ] + ] = (141

Differentiating the equation (139) with respect to ¢ gives,

X¢ 8([;?] + Xeelue] + xeluce] + uee] = wee (142)

Now, we need to differentiate [fu,| = v. Before, we do that, lets express the unit normal

vector of the interface with respect to x,

1 . .
1+ X3+ G

Now, we rewrite the flux jump condition [Su,] = v using the local coordinate transformations

[B(ug — wnXxn — ucxe)] = v(n0, )4/ 1+ X2 + xZ. (144)

After differentiating the equation (144) with respect to 7, we get,

as follows,

8u 8u§
[B(ugexy + ugy — Xnﬁ_nn ~Xe Ty T UnXom U¢Xne)]

145
/1+Xn+Xg+U Xon X . (145)
z/ 1+ X77 + XC
Likewise, differentiating the equation (144) with respect to ¢, we get,
ﬁun 8U,C

[B(ueexe + uee — Xna_c T X T e ueXee)]

146
v/ L+ 0@ + xR+ XX (146)
’/1+X77+XC



40

Since, x,(0,0) = x¢(0,0) = 0 on the interface, equations (138) to (146) reduced to following

jump conditions.

147
148
149
150

152
153
154
155

[uce] = —xeclue] + wee = Dy,
[unc] = —xnclue] +wye = Ds,
[Bufn] = Xnn[ﬁun] + XnC[ﬂUC] + vy = Dy,

(147)
(148)
(149)
(150)
[tnn] = —Xm[ue] + wyy = Di, (151)
(152)
(153)
(154)
[Buge] = Xnc[Buy] + Xee[Buc] +ve = Ds. (155)

Now, we have all together nine jump relations. Also, from PDE equation (117) itself, we can

obtain two more additional jump relations,

+
ul + u;y +ul = g—+ = D, (156)
_ _ N
Uy + Uy + U, = e D;. (157)

Now, we will do the coordinate transformation of jump relations (147)-(157) into Cartesian

coordinates and express all the limiting values from outside the interface in terms of u™, u_

x )

e e e e —  Derivati : + ot ot ot oot ot
Uy s Uy Uy, Upys Uys Uy and u, . Derivation of the expression for u™, u, w), ul, uj,, u

z ) Txx? xz) xx) Ty’
+ gt ot + ; : : :
uy,, Uy, . and ul, are given in the Appendix A. Notice that D; through D5 can also be
expressed in terms of u,, u,, u; .

3.1.6 THE APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discus how to interpolate the correction terms C7; ),

C’Zyjl and

C7;, from the Cartesian coordinate transformations of the jump relations given by equations
(147) to (155) and the other two jump conditions equations (156) and (157) given by the
PDE itself.

We follow the same approach as described in chapter 2 to approximate the correction
terms. Given an irregular grid point (;,y;, 21), we first select a point x* = (7}, yj, 2;) on the

interface I near (x;,y;,2;). Here we take this point as the control point closest to (z;, y;, 21).
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As we are seeking the difference scheme at the irregular point to be in the form of
equation (120), we expand each Uiy, jij,i+1, about the control point x* = (z}, 47, 2/).
Where m = 1,2..,n, and n, is the number of grid points in the difference scheme. And
im, Jm and [, will take the values from {—1,0,1}. We will explain later how to choose n.
Also note that m is really depended on 7, j and [ and we have omitted the dependency for
simplicity.

Without loss of generality, let’s first assume that (x;,y;, %) is an irregular point and
seven-point stencil of (z;,y;, %) is only cut through the right arm and (z;,y;,2) € Q.

We will now consider the Taylor expansion of w(%;ti,,, Yjtjns Zi+1,,) about the control point

X" = (27,95, %)

W(Zigiy s Yjtjons ) = U+ (Tigin, — Ty + (Yjagn — yj*)%t + (2041, — 2 Uz
1 * + 1 * + 1 +
+ Q(xl"‘rim - )Zua:x + é(yj+jm - yj)zuyy +3 2 (Zl+lm -z )2uzz (158)
+ ('IZ“F'Lm - )(y]"!‘]m y;)u;ty + (:L‘i+7:7n - 'r:()<zl+lm - Zl*)u::l?tz
+ Wit — Y5) (2141 — *)u:ytz +0(h?),

where plus or minus sign is chosen depending on whether (;14,,, Yj+j.» Zi+1,,) lies in QF or
)~. Using coordinate transformation of the nine interface relations (147) to (155) and other
two jump relations given by equations (156) and (157), we can eliminate limiting values of
plus side by limiting values of minus as explained in Appendix A. Then the Taylor series

expansion of equation (158) will contain u™, u,, u,, u;, Uy, Uy, U,,, U,,, and u,,

Yy
Now the equation (158) will be in the form of,

1
(T s Yt Ai) = Ol + oty + Cuy + Ehui; + g,

(159)

10
+ cmumy + cmuxz + cmuyy + cmuyz +c,,

Here, coefficients ¢!, through ¢!% are known quantities. Now, we can see the correction term

C7;, can be reformulated as,

Ciii = au” +agu, + azu, + aqu; + asu,, + agly, + aru,, + agu,, + agu,, + ap. (160)

Here, the coefficients a; through a;¢ are known. Interpolation for C? ;o and CF ;) will be the

same form as for CF,, , only with coefficients changed.

YR
We assume that the correction terms C};; can be approximated as follows,

i = va bt T Ve (161)



42

By comparing equations (160) and (161), we get the following linear system,

0]
a2
G ] [n ] e
i 3 o1 C 72 ozt
= las| - (162)
a 5 Cho1 Co| |Ym—1 e
_C? e €3 Cpna C?n_ | Ym | az
as
49
We can find +, in equation (161) as follows,
Ns
Ve = Q10 — 0717? *Yme- (163)

m

Equation (162) gives a system of nine linear equations to determine the coefficients ~,,.
We can anticipate a solvable system by choosing the number of grid points n, = 9 in the
stencil for an irregular grid point. However, the number of minimum grid points that should
be involved to guarantee the existence of the solution to the above linear system is not
theoretically studied. In our implementation, we take all 27 grid points in the cube centered
at the irregular grid point (x;,y;, z). See Figure 12 for an illustration. That is ny = 27.
We have not faced any numerical convergence problem. We have an underdetermined linear
system since the number of unknowns is greater than the number of equations. So, to solve
the above linear system with 9 equations and 27 unknowns, one can use the singular value
decomposition (SVD) to get the minimum norm solution. At this stage, finite difference
scheme at the irregular grid point (z;,y;, z) is fully determined.

Now, linear system for finite difference equations can be written as,
A U=F. (164)

Before we show some numerical results of the method for solving elliptic interface prob-
lems, let us explain further about the coefficient matrix (164). As we described earlier,
coefficients 7,,s in the finite difference scheme (120) are obtained by adding the 27+, found
by solving the underdetermined linear system equation (162) into the standard seven-point
stencil which has the coefficients as same as the finite difference scheme coefficients of discrete

Laplacian operator for Poisson equation in the absence of interface. Moreover, these 277,,s
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Fig. 12. The 27-point stencil for three-dimensional compact scheme.

are dependent on the location of the interface and the jump /5 in the PDE (117). The coef-
ficients 7,8 in correction terms are O(1/h?) in general. However, they are far smaller than
1/h? in magnitude from our calculation in numerical experiments. So, the larger weights of
coefficients in the FD scheme (120) are still coming by the grid values of the seven-point sten-
cil. Therefore, eigenvalues of the coefficient matrix will remain in the stability region. We
will demonstrate the magnitude of eigenvalues and coefficients ~,,s for a particular example
in section 3.2 for a problem with a modest jump in .

In order to recover the gradient of the solution at the interface, one can use the following

formula,
¢ = ageUy +ayeU) + U, (165)
U = paueUy + poyeU, + pazeUs +v/B87, (166)
U, = anU, +a,U, +a,U;, (167)
U = apgUy + ayyU, + a U + wy, (168)
Us = ancUy +aycUy + U, (169)
Ul = aycUy + aycUy + oz U+, (170)
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where, ¢ is the unit normal direction, and n and ( are in the tangential directions to the
interface at the control point x* = (77, yJ, 27).

The equations (165) and (166) were obtained using coordinate transformation of equation
(150). And equations (167) and (168) were derived using coordinate transformation of equa-
tion (148). Also, the equations (169) and (170) were obtained by coordinate transformation
of equation (149).

In order to interpolate these gradients from the solution, we will again assume that inter-
polation scheme will be in the same form as equation (161). where the point (x;,y;, ;) is cho-
sen to be the closest irregular point to the control point that is considered. For example, the
resulting linear system is same as the equation (162) with right hand vector replaced by the
vector [0, ae, e, e, 0,0,0,0,0,0]" for Uy and vector [0, page, pavye, pacze, 0,0, 0,0,0,v/57]"

for Ug calculation.
3.1.7 OUTLINE OF THE ALGORITHM

In this section, the outline of the algorithm for solving three-dimensional elliptic interface
problems is given.

Step 1: Immerse the irregular domain (interface) into a cubic domain €2 = [a, b] X [a, b] X
[a, b] and represent the interface using a zero level set function.

Step 2: Determine the regular and irregular grid points and the location of control points
which are the intersection points of the interface and the grid lines using the level set grid
function ¢.

Step 3: Apply the standard 7-point central difference scheme at the regular grid points.

Step 4: Solve the underdetermined linear system given by equation (162) to calculate
the correction terms C} . | , C’g ;1 and CF; ) at irregular grid points. Then, find 27-point
compact scheme at irregular points.

Step 5: Solve the system of linear equations given by equation (164).

Step 5: Recover the gradients of the solution.

3.2 NUMERICAL EXAMPLES

Here we show some numerical examples and perform error analysis to show the perfor-
mance of the developed direct IIM to solve three-dimensional elliptic interface problems. For

all examples here, errors are illustrated in L*° norm and order of convergence of the method
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is calculated using following formula,

L1 ol Bl
loa(2) [ B I

r (171)

In all listed tables in this section, N is the number of grid points in each direction. F(u) is the
maximum norm error of the numerical solution. E(uy), E(u,) and E(u,) are the maximum

norm error in the normal and tangential directions of the computed solution respectively.

Example 3.1
In this example, both the solution u(z,y,z) and its flux have a jump discontinuity. The

differential equation is given by,

(Buz)z + (Buy)y + (Buz). = f, (172)

on the domain Q = [—1,1] x [-1,1] x [—1, 1], where interface T is a sphere represented by

the zero level set of the function,
d(z,y,2) = 2* +y* + 2* — 0.25. (173)
The source term f is defined as,

g2 = 66~ if (r,y,2) €, (174)
66% if (z,y,2) € QF,

where,
B it (z,y,2) € Q7
Bz, y,2) = (175)
pr it (x,y,2) € Q.
The jump in solution u(zx,y, z) and it’s flux are given by,

[u] = 10, (176)
[Bun] = BT =57 (177)

Boundary conditions were taken from the exact solution of,

2+ y? + 22 if (x,y,2) € Q,
w2y =" ) (178)
2+ y 4+ 22410 if (z,y,2) € QT

We have tested different cases of jumps for 8. Figure 13 shows the slice of a computed
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Fig. 13. (a) Plot of numerical solution for Example 3.1, (b) Plot of error of the numerical

solution with N =80, 8~ =1 and " = 10.
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solution and the error of the computed solution. In Tables 5 and 6, we present the numerical
experiment results for grid refinement analysis of Example 3.1. Table 5 shows the results for
S~ =1and 8T =1 and Table 6 shows it for 3~ = 1 and 8" = 10000. The first column in the
tables is the number of grid points N in each direction. The second column illustrates the
maximum norm error of the numerical solution. The third, fourth, and five columns demon-
strate the maximum norm error in the normal and tangential derivatives. Furthermore, the
sixth column illustrates the number of control points involved in the computations. We can
see the errors are in order of 1072 to 107'° in infinity norm. The errors are actually from

round-off errors. This is because the solution is a quadratic function.

Table 5
A grid refinement analysis for Example 3.1 with 5~ =1 and gt = 1.
N | E(w) | Bun) | E(uy) | E(u) | N
10 | 8.81E-13 | 3.73E-13 | 3.32E-13 | 3.82E-13 | 248
20 | 4.30E-13 | 1.10E-14 | 1.18E-13 | 1.53E-13 | 828
40 | 8.10E-14 | 1.93E-15 | 4.92E-14 | 3.34E-14 | 3696
80 | 5.02E-14 | 1.54E-15 | 1.92E-14 | 1.68E-14 | 11628
160 | 2.00E-14 | 1.40E-15 | 8.26E-15 | 6.59E-15 | 49080
Table 6
A grid refinement analysis for Example 3.1 with 5~ =1 and % = 10000.
N | Ew) | Efup) | E(uy) | Eu) | N,
10 | 8.88E-13 | 3.73E-13 | 3.32E-13 | 3.52E-13 | 248
20 | 4.60E-14 | 1.10E-13 | 1.18E-13 | 1.08E-13 | 828
40 | 1.16E-14 | 1.98E-14 | 1.92E-14 | 1.62E-14 | 3696
80 | 9.82E-15 | 2.64E-15 | 8.83E-15 | 8.63E-15 | 11628
160 | 6.77E-15 | 1.40E-15 | 6.36E-15 | 6.56E-15 | 49080
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Example 3.2
In this example, both the solution u(z,y,z) and its flux have a jump discontinuity. The

differential equation is given by,

(Buz)s + (Buy)y + (Buz). = f. (179)

on the domain Q = [—1,1] x [-1,1] x [—1, 1], where interface I" is a sphere represented by

the zero level set of the function,
o(x,y,2) = 2° +y* + 22 — 0.25, (180)
The source term f is defined as,

267 (3+2r?) if (x,y,2) € Q,
207e” (34 2r?) if (z,y,2) € Q.

where,

By, 2) = B~ it (z,y,2) € Q7 (162)
gt it (x,y,2) € Q.

The jump in solution u(zx,y, z) and it’s flux are given by,

] = 1, (183)
[Bun] = (67— B7)e". (184)

Boundary conditions were taken from the exact solution of,

e x,y,2) € Q7
(z,y,2) (185)

2

e +1 (r,y,2) € QF.
where r = /22 + y? + 22.

We have tested different cases of jumps in 5. Figure 14 shows a slice of the computed
solution and error of the computed solution for Example 3.2 when [§] = 100. Tables 7 - 11
show the results of a grid refinement analysis for different jumps in § for Example 3.2. You

can see the errors in solution and the errors in gradients are almost in second-order accuracy.
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Fig. 14. (a) Plot of numerical solution for Example 3.2, (b) Plot of error of the numerical
solution with N =80, = =1 and " = 100.



Table 7

A grid refinement analysis for Example 3.2 with 5~ =1 and g1 = 1.
N E(u) |order | E(uyn) |order| FE(u,) |order| FE(u¢) | order
10 | 6.40E-02 0.134324 0.141663 0.14311
20 | 1.83E-02 | 1.81 | 3.47E-02 | 1.95 | 4.08E-02 | 1.80 | 4.15E-02 | 1.79
40 | 4.85E-03 | 1.91 | 8.98E-03 | 1.95 | 1.12E-02 | 1.86 | 1.09E-02 | 1.93
80 | 1.25E-03 | 1.96 | 2.41E-03 | 1.90 | 2.79E-03 | 2.01 | 2.78E-03 | 1.97
160 | 3.16E-04 | 1.98 | 6.01E-04 | 2.00 | 7.05E-04 | 1.99 | 7.59E-04 | 1.87

Table 8

A grid refinement analysis for Example 3.2 with 5~ =1 and 5% = 10.
N E(u) | order | E(u,) |order | FE(u,) |order| FE(u,) | order
10 | 8.28E-02 0.11721 0.320327 0.325656
20 | 2.34E-02 | 1.82 | 3.51E-02 | 1.74 | 7.45E-02 | 2.10 | 7.18E-02 | 2.18
40 | 6.20E-03 | 1.92 | 8.44E-03 | 2.06 | 1.75E-02 | 2.09 | 1.72E-02 | 2.06
80 | 1.58E-03 | 1.97 | 3.07E-03 | 1.46 | 5.87E-03 | 1.58 | 5.94E-03 | 1.54
160 | 4.01E-04 | 1.98 | 8.48E-04 | 1.86 | 1.53E-03 | 1.94 | 1.49E-03 | 2.00

50
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Table 9
A grid refinement analysis for Example 3.2 with 5~ =1 and 5% = 100.

N E(u) |order | E(uyn) |order| FE(u,) |order| FE(u,) | order
10 | 8.54E-02 1.23E-01 3.64E-01 3.73E-01
20 | 240E-02 | 1.83 | 2.95E-02 | 2.06 | 8.97E-02 | 2.02 | 8.70E-02 | 2.10
40 | 6.32E-03 | 1.92 | 9.94E-03 | 1.57 | 2.50E-02 | 1.84 | 2.49E-02 | 1.81
80 | 1.61E-03 | 1.97 | 3.18E-03 | 1.64 | 9.32E-03 | 1.42 | 9.38E-03 | 1.41
160 | 4.08E-04 | 1.98 | 1.16E-03 | 1.45 | 2.26E-03 | 2.05 | 2.29E-03 | 2.04

Table 10
A grid refinement analysis for Example 3.2 with 5~ =1 and 51 = 1000.

N E(u) |order | E(uyn) |order| FE(u,) |order| FE(u,) | order
10 | 8.58E-02 0.123625 0.363609 0.379305
20 | 241E-02 | 1.83 | 2.97E-02 | 2.06 | 9.30E-02 | 1.97 | 8.98E-02 | 2.08
40 | 6.35E-03 | 1.93 | 8.68E-03 | 1.78 | 2.80E-02 | 1.73 | 2.80E-02 | 1.68
80 | 1.62E-03 | 1.97 | 3.81E-03 | 1.19 | 9.86E-03 | 1.50 | 9.92E-03 | 1.50
160 | 4.09E-04 | 1.98 | 1.43E-03 | 1.42 | 2.34E-03 | 2.08 | 2.37E-03 | 2.07

We also have done some analysis on eigenvalues of the coefficient matrix of the linear
system of FD scheme (164) to understand the stability of the method. Figure 15 shows the
eigenvalues of the coefficient matrix of FD scheme for Example 3.2 for the case of [5] = 100.
Here we have taken the number of grid points in each direction of the computational domain
as N = 22. You can see that all eigenvalues are negative, showing that the original method
is stable for this example.

In Figure 16, we have demonstrated the values of ~,,s which are the coefficients of the
underdetermined linear system (162) for Example 3.2 for computing the correction terms
for a particular irregular grid point (x;,y;,2). We have labeled the 27 grid points in the
FD scheme for this particular irregular grid point with red ink in the manner for which the
lowest left corner grid point is number 1 and increase the label number by one as it goes to

the right and up. Please refer the Figure 16 for an illustration.



52

Table 11
A grid refinement analysis for Example 3.2 with 5~ =1 and 5% = 10000.

N E(u) |order | E(uyn) |order| FE(u,) |order| FE(u,) | order
10 | 8.58E-02 1.24E-01 3.64E-01 3.80E-01
20 | 242E-02 | 1.83 | 2.98E-02 | 2.06 | 9.29E-02 | 1.97 | 8.97E-02 | 2.08
40 | 6.35E-03 | 1.93 | 8.29E-03 | 1.84 | 2.79E-02 | 1.73 | 2.80E-02 | 1.68
80 | 1.62E-03 | 1.97 | 3.87E-03 | 1.10 | 9.90E-03 | 1.50 | 9.96E-03 | 1.49
160 | 4.09E-04 | 1.98 | 1.40E-03 | 1.46 | 2.34E-03 | 2.08 | 2.38E-03 | 2.07

As we mentioned in the section 3.1.6, in order to find coefficients 7,,s of the FD scheme
for a particular irregular point (Labeled as number 14), we have to add the coefficients of the
standard seven-point stencil of the FD scheme for a Poisson equation (117) in the absence
of an interface which takes —6 / h? ~ —661.00 for the central point and 1 / h? &~ 110.25
for rest of the six grid points (labeled as number 5, 11, 13, 15, 17 and 23) to the ~,, we
found in solving linear system (162). Note that we have taken the number of grid points in
each direction of the computational domain as N = 22. We can see that larger weights of
coefficients in the FD scheme are coming by values of the seven-point stencil, illustrating the

reason that the original method always gives a stable solution.
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Fig. 15. The plot of eigenvalues of the coefficient matrix of the discrete elliptic operator for
Example 3.2 with N =22 for 8~ =1 and " = 100.
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Fig. 16. The v, coefficients of a point (x;,y;, z;) near the interface for Example 3.2 with
B~ =1and f* = 100. where the standard seven-point stencil of the grid point (z;,y;, 1),
labeled as number 14 has demonstrated with solid green circles. The solid orange circles
represent the grid points which are inside the sphere (the interface) and black ones are the
rest of the grid points in the 27-point stencil which are outside the sphere. The standard
seven-point stencil of (z;,y;, 2;) is only cut from the righthand side.
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3.3 SUMMARY

In summary, we have developed a direct method for solving three-dimensional elliptic
interface problems with piecewise constant coefficients. Here, we have studied the extension
of the direct method for solving two-dimensional elliptic interface problems discussed in
[58] to three-dimensions. We have derived an appropriate finite difference scheme with a
standard seven-point stencil for regular grid point and a twenty-seven compact scheme for
an irregular grid point. We have observed that the larger weights of the coefficients of the
FD scheme for an irregular grid point are still coming from the original seven-point stencil,
and the coefficients of the rest of the twenty points are much smaller. We have also studied
the order of convergence of the developed method by doing grid refinement analysis for a few
numerical examples. We have observed that the developed method is second-order accurate
in both the solution and gradient of the solution. We also have shown that the method is
always stable as the coefficient matrix of the linear system for the FD scheme has all the

real parts of the eigenvalues that are negative.
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CHAPTER 4

STUDY FOR SOLVING TWO-DIMENSIONAL PARABOLIC

INTERFACE PROBLEMS

In this chapter, we propose a direct method for solving two-dimensional parabolic inter-

face problems with fixed interfaces.

Consider the following parabolic interface problem,

u = (Bug)e + (Buy)y — f(z,y,t), (z,y) € Q\I, (186)
[u} - w<:7 t)v (187)
[Bun] = v(:,1), (188)

with specified boundary and initial conditions.

When solving parabolic interface problems, numerical analysts prefer to use implicit over
explicit methods as there are no time step restrictions to the implicit methods. So, we use
the Crank-Nicholson scheme and some modifications to the direct IIM to solve parabolic
interface problems to obtain second-order accuracy for the solution and its gradient in both

time and space.

4.1 ALGORITHM FOR TWO-DIMENSIONAL PARABOLIC
INTERFACE PROBLEMS WITH PIECEWISE CONSTANT
COEFFICIENTS

As in chapter 2 for solving two dimensional elliptic interface problems, we begin by
reformulating the PDE by diving the both sides of the PDE (186) by 8 and get the following

equivalent problem.

Y ety = L2y e (189)
[u] =w(:,1), (190)

[Bug] = v(:,t). (191)
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4.1.1 CRANK-NICOLSON SCHEME FOR TWO-DIMENSIONAL
PARABOLIC INTERFACE PROBLEMS

For any grid point (z;,y;), we can write the Crank-Nicolson scheme for equation (189)

as,

gttt —un. 1 ntl

P = R (O s (et - T
Athiy 2 | | ’ & (192)

+ &U 4 (CF)" + 6,U7 + (C)" — éﬂ ).
2%
where,
o Uiy Ul +URy

6in,j = : h2] Ju (193)

and correction term for a particular irregular grid point whose five-point stencil cut through
the right arm at the control point z* = (2, y;) can be written as,

($i+1 - x*)

h2

($i+1 - 95*)2'

C¥. = j:M + [u,] 572

2,7 2 :i: [u:rx]

(194)

Here, plus or minus is chosen depending on which side the irregular grid point lies. In a

similar way, we can define the correction term C’f{ i
4.1.2 LOCAL COORDINATE TRANSFORMATION OF JUMP RELATIONS

To compute the correction terms Cy; and C’f’: ;» at irregular grid points, we need to find
the values of [uy], [uy], [use] and [uy,] in terms of the given jumps [u] and [Su,]. Required
jump relations can be obtained by differentiating the given jumps [u] and [Su,] and using
the PDE itself.

Similar to the two-dimensional elliptic interface problems in chapter 2, using the local
coordinate system given by equations (67) and (68), we can obtain the following jump

relations at the interface,

[u] = w, (195)

[Bun] = v, (196)

[uy] = wy, (197)

(U] = —K[ue] + wyy, = Dy, (198)
[Buye] = K[Buy] + v, = Dy (199)
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Now from PDE itself we get the following relation,

[Buge + wny)] = [f +wil,

(200)
[Buge] = —[Buyg] + [f] + we.

From coordinate transformation of equations (197)-(200), we get the following relations

respectively,
—ufs +uyc=wy —uy s +uyc (201)
uyc+uls = 5% + p(u, ¢+ u,'s), (202)
uts® — 2scul, +ul ¢ = ug, st — 2scu, +u,, ¢ + Dy, (203)
—scul, + (& — Pt + scut, = —pscug, + p(¢® — 5°)ug, + pscu,, + %, (204)
w4 2scut, +ul st = (p— % )ug, + 2scuy, + (p — )uy, + Ds, (205)
where,
Dy = —Dy 4+ ] ﬁtwt. (206)
Now, from equation (195) and solving equations (201)-(205) to get u™, u;, uf, ui,, uf, and
u,, in terms of u™, uy, uy, Uy, Uy, and u,,, we get
ut =u" +w, (207)
uf =u, (s° + p?) +u, (p— 1)sc — swy, + %, (208)
u = u, (p—1)sc+u, (ps* + ) + cw, + ;—Z, (209)
ul, = (®p+ s — ?s* + 22 p)u,, — (2c5° — 2c%s — 2cs°p + QCgsp)u,;y
+ (Pp— '+ s =287 p)uy, + s° Dy — 20;{)2 + ¢* D3, (210)
ug, = —(2c5® — es*p + Esp — esp)uy, + (ctp + stp +4c%s® — 20232p)u;y
D (211)
— (2¢%s + ¢s’p — Psp — esp)u,, — csDy + (& — SZ)ﬁ—f + ¢sDs,
uy, = (p 2 st 25?277 p)uy, + (2e5° — 2¢%s — 2¢5%p + 203sp)u;y
+ (ps* + ¢! — *s* + 2% p)u,, + * Dy + 2¢sDy + 52 Ds, (212)

B+
where p = 7/87, ¢ = cos(f) and s = sin(f). Here, 5~ and ST are the limiting values of

the coefficient 5 from inside and outside of the interface respectively. And from coordinate
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transformation of D; and Dy are

Dy = —rc(uf —uy) — ks(uf —uy) + (8%Wgy — 2C8Wyy + CPwy,) (213)
+ K(cw, + swy),
Dy = ke(Bhuy — B7uy ) — ms(B7u) — B7uy) 4 (—sv. + cvy). (214)

4.1.3 APPROXIMATION OF THE CORRECTION TERMS

In this section, we will discuss how to interpolate the correction terms (C7;)" and (C7;)".
Our target is to approximate the correction terms so that the resulting Crank-Nicolson
scheme for a two-dimensional parabolic interface problem with constant § would be the
same as the one without an interface but with some slight modification to source term only.

So, we follow the same approach for obtaining the correction terms for two-dimensional
elliptic interface problems. However, note that all our jump conditions are now time-
dependent. Given an irregular grid point (z;,y;), we first select a control point x* = (z*, y*)
on the interface I' which is closest to the irregular point (z;,y;).

First, let’s assume that (z;,y;) is an irregular point that lies in Q= and it’s five-point
stencil is only cut through the right arm. Then in order to obtain the Crank-Nicolson scheme
at the irregular point (z;,y;), we consider the Taylor expansion of all nine points of the form
W(ZTitiy, > Yj+im ) i the stencil of irregular grid point (z;,y;) at control point x* = (z*,y*) at
t=t,.

W Tty Yjtim) = U+ (Tiga,, — VUG + Yjag, — ¥ )uy + §($z’+z‘m — ") uy,
1 (215)
+ 5 Wit — Y uy, + (@i, — ) Yy — YU, + O(R?),

where plus or minus sign is chosen depending on whether (z;14,.,y;+j,.) lies in QT or Q.
Note that right-hand side of the above equation can be rewritten in terms of the limiting

values u™~, u;;

Z"u

o5 Upps Uy, and u, by using the jump relations (207)-(212). where iy,

Jjm ={—1,0,1}. So, we get a scheme,

1 - 2 - 3 - 4 - 5 _ 6 _
u(xi-‘rim: yj+jm) = dim,jmu + dim,jmum + dim,jmuy + dim,jmumz + dim,jmumy + dim,jmuyy (216)
+d’

immjm’

where, the coefficients d}my-m through d?mjm are known time-independent quantities and

J
coeflicient dzm,jm is a time-dependent quantity. Now, we can see the correction term (Cf;)"

can also be reformulated as

(CE)" = byu™ + bouy + bsuy, + byug, + bsug, + beuy, + br, (217)
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where b; through bg are also known time-independent quantities, but b7 is time-dependent.
We assume that the correction term (Cf;)" can be written using the nine-point stencil

of the irregular grid point (z;,vy;) as follows,

(Ciy)" = Z Ui, jvjm + (218)

where, n, is the number of grid points involved in finding correction term, which we took
as nine, a,, and aF depend on the location of the grid point relative to the control point
x*, jump ratio p, and limiting values of 3. Moreover, «,, is time-independent while o is
time-dependent. Therefore, for each irregular grid point (z;,y;), the coefficient a,, need
to be found only at once for each time ¢t = ¢,, but ¥ should be updated. By comparing

equations (216), (217) and (218), we get the following linear system,

d1—1,—1 d(l),—l T dé,l d%,l -041- b1

dz—1,—1 dé,—l T d§,1 dz,l a by

d>y y dy_y -+ dgy diy bs

ddt o d @ T (219)
—-1,—1 0,—1 0,1 1,1 g 4

di1,—1 d(5),—1 T dg,l d?,l a bs

d§1,—1 dg,—l T dg,l d?,l - be

It seems we have to find nine unknown « coefficients. To find the as, we have to solve a
system of equations with six equations. We have an underdetermined linear system since the
number of unknowns is greater than the number of equations. To solve the linear system,
one can use the singular value decomposition (SVD) to get the minimum norm. We can find

a? as follows,

Ns

af =bp— Y dj . - (220)

As «,, are time-independent, we only need to solve the linear system given by equation
(219) at once. At this stage, Crank-Nicolson scheme at the irregular grid point (z;,y;) is

fully determined. Now, linear system of the Crank-Nicolson scheme can be written as,
AU = BU" +F, (221)

where, U" is the numerical solution of the parabolic interface problem given by equation
(186) at t = t,,, A and B are the coefficient matrix and F is a vector constructed from the
source term f, boundary conditions and correction terms. For constant (3, the matrix A and

B are identical to the five-diagonal matrices for an equivalent problem without an interface,
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and the vector F is only needed to be changed due to corrections terms. However, when (3
is piecewise constant, A and B are nine-point banded matrices for irregular grid points and
five-diagonal matrices for regular grid points.

In order to recover the gradient of the solution at the interface, we can still use the same
formulas (98)-(101) in chapter 2.

4.1.4 AN OUTLINE OF ALGORITHM

In this section, an outline of the algorithm for solving two-dimensional parabolic interface
problems is given.

Step 1: Immerse the irregular domain (interface) into a square domain and represent
the interface using a zero level set function.

Step 2: Determine regular, irregular grid points and location of control points.

Step 3: Use standard 5-point central difference scheme at regular grid points for spatial
discretization.

Step 4: Find «,, to get the time-independent part of the correction terms at grid points
by solving the linear system equation (219).

Step 5: Find a 9-point compact scheme at each irregular point.

Step 6: Use Crank-Nicolson scheme for time discretization

Step 7: Calculate a,. which is the time-dependent part of the correction terms using
equation (220) at each irregular grid point for each time step

Step 8: Solve the linear system AU = BU" + F for each time step

Step 9: Recover the gradients of the solution using equations (98) to (101) in chapter 2.

4.2 NUMERICAL EXAMPLES

Here we do a numerical experiment and perform error analysis to show the performance
of the developed method for solving parabolic interface problems. The errors are illustrated

in L* norm and order of convergence of the method is calculated using

1 Eop oo
RS N -

= 10g® BB I (222)

In all listed tables in this section, N is the number of the grid points in each direction. F(u)
is the maximum norm error of the numerical solution. E(u,) and E(u,) are the maximum

norm error in the normal and tangential directions.



62

Example 4.1
In this example, both the solution u(x,y,t) and its flux have a jump discontinuity. The

differential equation is given by,

ur = (Bug)s + (Buy)y — f, (223)
on the domain 2 = [—1,1] x [—1,1], where interface I" is a circle represented by the zero
level set of the function,

o(z,y) = 2> + y* — 0.5% (224)
The source term f is defined as,
0 if (z,y) € Q,
fl@,y.t) = (225)

e t(x? —y?) if (z,y) € QT
The coefficient § in equation (223) is a piecewise constant given by,

By =4 et (226)
85 if (2,y) € OF.

The jump in solution u(zx,y,t) and it’s flux are given by,

[u] = e (2% — y?), (227)
[Bun) = 467 (2* — ). (228)

Boundary and initial conditions were taken from the exact solution of,

0 it (z,y) € Q7
u(z,y,t) = (229)

e t(z? —y?) if (z,y) € QT
In Tables 12 - 14, we present the numerical experiment results for grid refinement analysis
of Example 4.1 for different jumps in 3 at final time 7" = 1. In this study we use time step
At = h. The second column in all the tables illustrates the maximum norm error of the
numerical solution. The third column is the order convergence of the proposed method for
spatial discretization. The fourth and fifth columns demonstrate the maximum norm error in
the normal direction and its order convergence, respectively. Moreover, six and seven columns
represent the maximum norm error in the tangential direction and order convergence. It can
be seen that the solution and the solution’s derivatives (normal and tangential) are on the
average of second-order accuracy. Figure 17 shows a slice of the computed solution and error

of the computed solution for Example 4.1 when [/5] = 1000.
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Table 12
A grid refinement analysis for Example 4.1 with 5~ =1 and g1 = 1.

N E(u) T E(uy) r E(uy,) r
20 | 7.08E-06 1.83E-05 1.95E-05
40 | 1.76E-06 | 2.01 | 4.52E-06 | 2.02 | 4.88E-06 | 2.00
80 | 4.42E-07 | 1.99 | 1.13E-06 | 1.99 | 1.21E-06 | 2.01
160 | 1.10E-07 | 2.00 | 2.84E-07 | 2.00 | 3.03E-07 | 2.00
360 | 2.18E-08 | 2.34 | 5.61E-08 | 2.34 | 5.96E-08 | 2.34

Table 13
A grid refinement analysis for Example 4.1 with 5~ = 1 and 1 = 1000.

N E(u) T E(uy) T E(uy,) r
20 | 9.67E-09 6.83E-08 6.21E-08
40 | 2.46E-09 | 1.98 | 2.53E-08 | 1.44 | 3.02E-08 | 1.04
80 | 5.81E-10 | 2.08 | 6.99E-09 | 1.85 | 8.50E-09 | 1.83
160 | 1.57E-10 | 1.89 | 1.41E-09 | 2.31 | 3.02E-09 | 1.49
360 | 2.87E-11 | 2.45 | 7.74E-11 | 4.19 | 3.15E-10 | 3.26

We also did numerical experiments to find order convergence of the temporal discretiza-
tion. In Tables 15 - 17, we demonstrate the temporal discretization analysis results for
different jump ratio for Example 4.1 at 7" = 2. In these tables, At is the time step, E(u),
E(uy), E(uy) are in the maximum norm as explained previously. For this analysis, we kept
the number of grid points in the computational domain as constant and set it to N = 80. It
can be seen that the proposed method can also achieve average of second order in time for

both solution and the solution’s derivatives for the present parabolic interface problem.



Table 14
A grid refinement analysis for Example 4.1 with 5~ =1 and % = 10000.

N E(u) r E(uy) r E(u,) r
20 | 9.80E-10 7.19E-09 6.51E-09
40 | 2.66E-10 | 1.88 | 2.99E-09 | 1.27 | 3.51E-09 | 0.89
80 | 6.83E-11 | 1.96 | 1.13E-09 | 1.41 | 1.33E-09 | 1.40
160 | 1.59E-11 | 2.10 | 3.49E-10 | 1.69 | 4.96E-10 | 1.42
360 | 3.11E-12 | 2.35 | 8.06E-11 | 2.12 | 1.87E-10 | 1.41

Table 15
Temporal discretization analysis for Example 4.1 with 8~ =1 and " = 1.

At E(u) r E(uy,) r E(u,) r
1/40 | 4.42E-07 1.13E-06 1.21E-06
1/80 | 1.10E-07 | 2.00 | 2.88E-07 | 1.98 | 3.03E-07 | 2.00
1/160 | 2.76E-08 | 2.00 | 7.21E-08 | 2.00 | 7.58E-08 | 2.00
1/320 | 6.90E-09 | 2.00 | 1.80E-08 | 2.00 | 1.89E-08 | 2.00

Table 16
Temporal discretization analysis for Example 4.1 with 3~ =1 and 51 = 1000.

At E(u) r E(uy) r E(u,) r
1/40 | 5.81E-10 6.99E-09 8.50E-09
1/80 | 1.94E-10 | 1.58 | 2.00E-09 | 1.81 | 2.83E-09 | 1.59
1/160 | 3.41E-11 | 2.51 | 2.62E-11 | 6.25 | 1.44E-10 | 4.29
1/320 | 8.35E-12 | 2.03 | 8.37E-13 | 4.97 | 3.35E-11 | 2.10
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Fig. 17. (a) Plot of the numerical solution for Example 4.1, (b) Plot of the error of numerical
solution with N =60, 8~ =1 and " = 1000 at T' = 1.



66

Table 17
Temporal discretization analysis for Example 4.1 with = = 1 and 7 = 10000.

At E(u) r E(uy) r E(u,) r
1/40 | 6.83E-11 1.13E-09 1.33E-09
1/80 | 2.14E-11 | 1.68 | 4.43E-10 | 1.35 | 4.96E-10 | 1.42
1/160 | 3.24E-12 | 2.72 | 6.41E-11 | 2.79 | 9.87E-11 | 2.33
1/320 | 8.10E-13 | 2.00 | 3.95E-12 | 4.02 | 6.09E-12 | 4.02

4.3 SUMMARY AND DISCUSSION

In this section, we present an algorithm for solving two-dimensional parabolic interface
problems. Here we use the Crank-Nicolson scheme together with modified direct IIM to
solve parabolic interface problems. The resulting method achieves second-order accuracy
in both space and time for fixed interfaces for both solution and gradients. Moreover, the
proposed method is unconditionally stable as it uses the Crank-Nicolson scheme for time

discretization.



67

CHAPTER 5

STUDY FOR SOLVING THREE-DIMENSIONAL PARABOLIC

INTERFACE PROBLEMS

In this chapter, we propose a direct method for solving three-dimensional parabolic inter-
face problems with fixed interfaces. The method uses the Crank-Nicholson scheme together
with some modifications to the three-dimensional direct IIM that we developed in chapter

3.

Consider the following parabolic interface problem

Uy = (5“:0):(; + (ﬁuy)y + (ﬁuz)z - f(xaya th)’ (x,y, Z) € Q\F’ (230)
[u] = w(:’ t)? (231)
[Bun] = v(:, 1), (232)

with specified boundary and initial conditions.

5.1 CRANK-NICOLSON SCHEME FOR THREE-DIMENSIONAL
PARABOLIC INTERFACE PROBLEMS

For any grid point (x;,y;, 2;), the Crank-Nicolson scheme for equation (230) is as follows,

Upl' = Ul 1
JAtﬁul b 5(5$UZJL?-1+( Za;l)n—l—l+5yUZZL?—1+(Czl)n+1+5ZU£z&-l+( fjl)n-i—l
ij
fﬁ?—l f.n.l (233)
— S §UL A+ (5™ + 8,U + (CL)" + 8.UL + (C5)" — 224,
Bl]l 613[
where,
n_ Uit — Ui + Uiy

5x ijl — L h’;’ T, ) (234)

and correction term for particular irregular grid point whose seven-point stencil cut through

the right arm at the control point x* = (z*, y*, z*) is given by,

(zig1 — 2%)?
2h? ’

(Tiy1 — %)

L= :I:M + [uy] s

where, plus or minus sign is chosen depending on whether the irregular grid point (z;,y;, 2/)

lies in plus or minus sign of the interface I'.
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5.1.1 LOCAL COORDINATE TRANSFORMATION OF JUMP RELATIONS

Now using the local coordinate transformation system (124) and by differentiating the

jump relations [u] = w and [fu,] = v with respect to  and ¢, we can obtain

[u] = w, (236)

[Uy] = wy, (237)

[uc] = we, (238)

[Bug] = v, (239)

(W] = —Xogn|te] + Wy = Dy, (240)

[uce] = =xeclug] +wee = D, (241)

[tnc] = —Xanclue] + wne = Ds, (242)

[Bugn] = X[ Bug] + xn¢[Buc] + vy = Da, (243)

[Buec] = xuc[Bun] + Xec[Buc] +ve = Ds. (244)
And from governing equation (230)

[Buge] = —[Buyy] — [Buce] + [f] +we = D. (245)

As similar to the two-dimensional case for solving parabolic interface problems, we do the

coordinate transformation of all jump relations given by the equations (236)-(245) into Carte-

+

sian coordinates and express all limiting values u™, u}

N R I TE gy
y Uy s Uy y Uggy Ugyyy Ugyy Ugpyyy Uypy Uyy ML

terms of u™, uy, Uy, Uy, Uy, Uy, Uy, Uy, U, and u_ . Derivation of these expression are

given in the Appendix B. Notice that D; through Ds and can also be expressed in terms of
Uy Uy U, .

5.1.2 APPROXIMATION OF THE CORRECTION TERMS
In this section, we will discuss how to interpolate the correction terms (Cf)", (C7,

ijl
(C50)"

We follow the same approach as we did in solving three-dimensional elliptic interface

)™ and

problems in chapter 3 to obtain the correction terms. However, note that all our jump
conditions are now time-dependent. Given an irregular grid point (z;,y;,2), we first select
a control point x* = (z*,y*, 2*) on the interface I" which is closest to the irregular point
(i, Y5, 21).

First, let’s assume that (z;,y;, ) is an irregular point which lies in Q~ and it’s seven-point

stencil is only cut through the right arm. Then in order to obtain the Crank-Nicolson scheme
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at the irregular point (z;, y;, 2;), we will consider the Taylor expansion of w(@iti,., Yjtim > Z1+im)

about the control point x* = (z*,y*, z*) at t = t,,.

Wit Yjtjons Ztt) = U+ (Tigi, — T)UE A+ Yig — Yy + (241, — 2000
1 s 1 1
+ §($i+im - %)QUII + §(yj+jm - yj)zu;:y + §(Zl+zm - Zl)QUfz (246)
+ (Titin, = T7) (Yjajm — yj)ufy + (Tigin, — 27) (2041, — 20U,
+ Wi — U) Gt — 20)uy, + O(RP),

where plus or minus sign is chosen depending on whether (244, Yj+j,.» Zi+1,,) lies in QT or O~

and 4y, Jm, lm = {—1,0,1}. Note that right-hand side of the equation (246) can be written

in terms of the limiting values ™, u; Uy s Uy Uy Uy Uy

I’u

o Uy, U, and u_, by using the
coordinate transformation of the jump relations given by the equations (236)-(245). So, we

get a scheme,
_ 1, - 2 - 3, — 4, — 5, — 6, —
u(xiJrim? Yjtim> ZlJrlm) =Cpu t U, + CnUy T CplU, + Cpliy, + Crn Uy

(247)

7 8 9 10 11
+c,, U, + Con Uy + C Uy +cu,, +c,,-

Here, the coefficients ¢! through ¢! are known time-independent quantities. And the co-
efficient c!! is a time-dependent quantity. Now, we can see the correction term ( )" can

also be reformulated as,
(Ci)" = aru™ +aguy, +azu, +asu; +asu,, +ae,, +aru, +agu,, +agu,, +aou,, +ai;, (248)

where a; through ag are also known time-independent quantities, but a;; is a time-dependent
quantity.

We assume that the correction term (Cf;)" can be approximated as,

(Ci)" = Z Ui, ittt + e (249)
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By comparing the equations (247) and (248), we get the following linear system,

a1
a2
1 1 1 1 1
1
2 2 2 2 2
Cl 02 63 Cm—l cm Q4
6%)]
Qs
8 8 8 8 8 - ’ (250)
€1 G €3 Cp1 Cp ag
A A A & c -1 a
1 2 3 m—1 m a 7
10 .10 10 .10 0] L ™
Cl 02 03 Cm—l Cm as
Q9
_alo_
We can find o in equation (249) as,
Ns
xr 11
al =ap — E Coy " O (251)
m

Interpolation for (C};)" and (CF;;)" will be in the same form, only with coefficients changed.

As for the direct method for solving three-dimensional elliptic interface problems in Chap-
ter 3, we take ng = 27. That is, we will use the twenty-seven compact stencil as in Figure
12 illustrated in chapter 3. We have an underdetermined linear system since the number of
unknowns is greater than the number of equations. So, to solve the linear system (250) with
ten equations and 27 unknowns, one can use the singular value decomposition (SVD) to get
the minimum norm solution.

As a,,’s are time-independent, we only need to solve the linear system given by equation
(250) at once. At this stage, the Crank-Nicolson scheme at the irregular grid point (z;, y;, 2)

is fully determined. Now, linear system of the Crank-Nicolson scheme can be written as,
AU = BU" +F (252)

where, U" is the numerical solution of the parabolic interface problem given by equation
(230) at t = t,,, A and B are the coefficient matrix and F is a vector constructed from the
source term f, boundary conditions and correction terms. For constant 3, the matrix A
and B are identical to the seven-diagonal matrices for an equivalent problem without an
interface, and the right-hand sided vector F only need to be corrected. However, when (3
is piecewise constant, A and B are twenty-seven point banded matrices for irregular grid

points and seven-diagonal matrices for regular grid points.
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In order to recover the gradient of the solution at the interface, we can still use the
formulas (165)-(170) in chapter 3.

5.1.3 AN OUTLINE OF ALGORITHM

In this section, the outline of the algorithm for solving three-dimensional parabolic in-
terface problems is given.

Step 1: Immerse the irregular domain (interface) into a cubic domain and represent the
interface using a zero level set function.

Step 2: Determine the regular and irregular grid points and the location of control
points.

Step 3: Use standard 7-point central difference scheme at regular grid points for spatial
discretization.

Step 4: Find «,,s to get the time-independent part of the correction terms at grid point
by solving the linear system (250).

Step 5: Find 27-point compact scheme at each irregular point.

Step 6: Use Crank-Nicolson scheme for time discretization

Step 7: Calculate a,. which is the time-dependent part of the correction terms using
equation (251) at each irregular grid point for each time step

Step 8: Solve the linear system AU = BU" + F for each time step

Step 9: Recover the gradients of the solution using equations (165) to (170) in chapter

5.2 NUMERICAL EXAMPLES

Here we do a numerical experiment and perform error analysis to show the performance of
the Crank-Nicolson scheme together with the direct IIM method to solve parabolic interface
problems. The errors are illustrated in L*° norm and order of convergence of the method is

calculated using,
1 | E2n oo

= og .
log(2) || £ [l
In all listed tables in this section, N is the number of the grid points in each direction of the

(253)

r

computational domain.

Example 5.1

In this example, both the solution u(x, y, z,t) and its flux have a jump discontinuity. The
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differential equation is given by,

Uy = (Bu;r)z + (ﬁuy)y + (ﬁuz)z - f: (254)

on the domain Q = [—2,2] x [-2,2] X [-2,2]. where the interface I" is a sphere represented

by the zero level set of the function as,
¢($,y, Z) :$2+y2—|—2’2— L. (255)
The source term f is defined as,

0 if (r,y,2)€Q,
fla,y,2,t) = (256)
e (68T + (2 +y*+2%) if (z,y,2) € QT

where, coefficient 3 is a piecewise constant,

b= e En (257)
gt it (z,y,2) € Q.

The jump in solution u(zx,y, z,t) and it’s flux are given by,

] = e, (258)
[Bun] = Bre™. (259)

Boundary and initial conditions were taken from the exact solution of,

0 if (z,y,2) € Q7

u(z,y,t) = (260)

e 22 +y*+2%) if (z,9,2) € QT.
In Tables 18 to 20, we present the numerical experiment results for grid refinement analysis of
Example 5.1 for jump in S as 1, 1000 and 10000 respectively. In this study we use time step
At = h and final time 7" = 2. In all tables, E(u) is the error in the computed solution in the
maximum norm, F(u,) is the error in the normal derivative of the solution at the interface.
E(u,) and E(u¢) are the error in the tangential derivative of the solution at the interface. It
can be seen that the solution and the solution’s derivatives (normal and tangential) are on
the average of second-order accuracy. Figure 18 shows a slice of the computed solution and

error of the computed solution for Example 5.1 when [§] = 10000.
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Table 18
A grid refinement analysis for Example 5.1 with 5~ =1 and g1 = 1.

N | E(u) r E(uy) T E(u,) r E(uc) r
10 | 5.03E-03 1.95E-03 4.82E-04 4.82E-04
20 | 1.34E-03 | 1.90 | 4.56E-04 | 2.10 | 9.62E-05 | 2.32 | 1.02E-04 | 2.24
40 | 3.38E-04 | 1.99 | 1.14E-04 | 2.00 | 2.23E-05 | 2.11 | 2.43E-05 | 2.07
80 | 8.46E-05 | 2.00 | 2.86E-05 | 2.00 | 5.56E-06 | 2.00 | 6.21E-06 | 1.97

Table 19
A grid refinement analysis for Example 5.1 with 5~ =1 and 5% = 1000.

N | E(u) T E(up) r E(u,) r E(u¢) r
10 | 1.50E-05 1.44E-05 6.61E-06 7.87TE-06
20 | 3.09E-06 | 2.28 | 6.72E-06 | 1.10 | 6.73E-06 | 0.03 | 6.73E-06 | 0.23
40 | 5.89E-07 | 2.39 | 2.41E-06 | 1.48 | 3.39E-06 | 0.99 | 3.40E-06 | 0.99
80 | 8.61E-08 | 2.77 | 5.13E-07 | 2.23 | 7.55E-07 | 2.17 | 7.55E-07 | 2.17

We also did numerical experiments to find the order convergence of the temporal dis-
cretization. In Tables 21 - 23, we show the numerical experiment results for temporal dis-
cretization of Example 5.1 with jump in § as 1, 1000 and 10000 at 7" = 0.1. For this
experiment, we kept the number of grid points constant and used N = 80. At is the time
step. It can be seen that the proposed method can also achieve an average of second-order
in time for both solution and the solution’s derivatives for the present parabolic interface

problem.



Table 20
A grid refinement analysis for Example 5.1 with 5~ = 1 and 5% = 10000.

N | E(u) r E(uy) r E(u,) r E(uc) r
10 | 1.54E-06 1.41E-06 7.41E-07 8.99E-07
20 | 3.34E-07 | 2.20 | 6.99E-07 | 1.02 | 7.21E-07 | 0.04 | 7.21E-07 | 0.32
40 | 7.38E-08 | 2.18 | 2.84E-07 | 1.30 | 4.03E-07 | 0.84 | 4.03E-07 | 0.84
80 | 1.66E-08 | 2.16 | 8.10E-08 | 1.81 | 1.22E-07 | 1.72 | 1.21E-07 | 1.73

Table 21
Temporal discretization analysis for Example 5.1 with 3~ =1 and gt = 1.

At | Ew) [ r | Blu) [ r | E(w) [ r | Eu) [ r

1/40 | 2.34E-05 1.51E-05 2.86E-07 2.86E-07

1/80 | 5.82E-06 | 2.01 | 3.80E-06 | 1.99 | 1.17E-07 | 1.29 | 1.17E-07 | 1.29

1/160 | 1.45E-06 | 2.00 | 9.55E-07 | 1.99 | 3.29E-08 | 1.83 | 3.29E-08 | 1.83

1/320 | 3.63E-07 | 2.00 | 2.39E-07 | 2.00 | 8.24E-09 | 2.00 | 8.25E-09 | 2.00

Table 22

Temporal discretization analysis for Example 5.1 with 8~ = 1 and " = 1000.

At E(u) r | Elu,) | r | BEluy) | r | BElu) | r

1/40 | 7.07E-08 7.84E-08 1.46E-07 1.31E-07

1/80 | 1.98E-08 | 1.84 | 3.72E-08 | 1.07 | 5.47E-08 | 1.42 | 5.47E-08 | 1.26

1/160 | 4.18E-09 | 2.24 | 4.06E-10 | 6.52 | 2.52E-09 | 4.44 | 2.53E-09 | 4.43

1/320 | 1.04E-09 | 2.01 | 3.38E-11 | 3.59 | 1.90E-10 | 3.73 | 1.95E-10 | 3.70

74
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(a)

(b)

Fig. 18. (a) Plot of numerical solution for Example 5.1, (b) Plot of the error of numerical
solution with N =60, 8~ =1 and " = 10000 at T' = 1.
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Table 23
Temporal discretization analysis for Example 5.1 with = = 1 and 7 = 10000.

At E(u) r E(uy) r E(u,) r E(u¢) r
1/40 | 6.88E-09 1.01E-08 1.65E-08 1.47E-08
1/80 | 1.91E-09 | 1.85 | 6.08E-09 | 0.74 | 9.09E-09 | 0.86 | 9.09E-09 | 0.69

1/160 | 4.16E-10 | 2.20 | 1.17E-09 | 2.38 | 1.99E-09 | 2.19 | 2.00E-09 | 2.18
1/320 | 1.03E-10 | 2.01 | 1.14E-10 | 3.36 | 2.02E-10 | 3.30 | 2.03E-10 | 3.30

5.3 SUMMARY AND DISCUSSION

In this section, we present an algorithm for solving three-dimensional parabolic interface
problems. Here we use the Crank-Nicolson scheme and modifications to the direct 1IM
developed in chapter 3 to solve parabolic interface problems. The resulting method achieves
second-order accuracy in both space and time for both the solution and its derivatives at the
interface. Furthermore, the proposed method is unconditional stable as it uses the Crank-

Nicolson scheme for time discretization.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this dissertation, we have mainly studied developing a direct method for solving three-
dimensional elliptic interface problems and its application for solving parabolic interface
problems.

The developed direct IIM is an extension of the work in [58] for solving one and two-
dimensional elliptic interface problems into three-dimensions. As many practical interface
problems in the real world can be approximated with PDEs with piecewise constant co-
efficients, we focused our model derivation on interface problems with piecewise constant
coefficients but have finite jumps across an interface. The derived model can obtain second-
order accuracy globally for both the solution and the solution’s gradient.

The prominent characteristic of the method is that our computational framework is based
on finite difference schemes on uniform Cartesian grids. Moreover, it does not require an
augmented variable as in FIIM. So the implementation of the method is easier to understand
for non-experts in the area. As in the augmented method, we first divide the PDE in each
subdomain by its coefficient 5. In this way, we can use the standard seven-point stencil for
the Poisson equation with the constant coefficient for most grid points in the computational
domain with some modification only into the right-hand side of the equation. For grid points
near or on the interface (irregular grid points), we use a twenty-seven-point compact scheme
derived considering the jump discontinuities in the solution, flux, and jump ratio. The
resulting linear system for the twenty-seven compact scheme leads to a twenty-seven block
diagonal matrix. However, it is primarily a seven-block diagonal matrix as most grid points
in the computational domain are regular. When the coefficient in the PDE is constant,
the resulting finite-difference scheme is reduced to a standard seven-point central difference
scheme. Therefore, many fast-Poisson solvers can be used to solve the linear system for this
case. We have also conducted an eigenvalue analysis to study the method’s stability for a
modest jump ratio. Our numerical experiments indicate that eigenvalues of the coefficient
matrix of the linear system for the FD scheme are located in the left half-plane, which implies
the stability of our method. An important feature we see in the FD scheme is that larger
weights of coefficients in the FD scheme for irregular grid points are still coming from the

original seven-point stencil, and the coefficients of the rest of the twenty points are much
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smaller. The model was implemented using both MATLAB and FORTRAN routines. When
solving the linear system in FORTRAN, we have used GMRES iterative method, while
in Matlab, we used the ”\” operator. However, we can solve the linear system using an
appropriate multigrid solver to make the method more efficient in future studies. We also
plan to extend our direct IIM to solve incompressible two-phase Navier-Stokes equations.
Our dissertation has also studied how to apply the direct IIM method to solve parabolic
interface problems with piecewise constant coefficients. So we first derive an algorithm for
solving two-dimensional parabolic interface problems. Later we developed the algorithm
for solving three-dimensional parabolic interface problems. Both two and three-dimensional
algorithms use the Crank-Nicolson scheme together with some modification of the direct
IIM. Also, we have observed that both schemes can accurately capture the jumps in the
solution across the interface. We have conducted numerical experiments to understand the
order of convergence of the methods in both space and time. Both two and three-dimensional
methods can achieve second-order accuracy for both the solution and its gradient in both
space and time. Moreover, the proposed methods are unconditionally stable as they use the

Crank-Nicolson scheme for time discretization.
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APPENDIX A

COORDINATE TRANSFORMATION OF JUMP RELATIONS
FOR THREE-DIMENSIONAL ELLIPTIC INTERFACE

PROBLEMS

Here we explain how to do the coordinate transformation of the jump relations (147)-
(155) in chapter 3 for deriving the appropriate correction terms at an irregular grid point
and obtain direct relations for all the limiting values of the u and its derivatives from outside
the interface in terms of the limiting values from inside the interface.

First, from the definition of the jump relation (147) itself, we can obtain,
ut =u" 4w, (261)

Then, by the coordinate transformation of jump relations (148)-(150), we get,

(g — g oy + (uy — uy oy, + (0 —u;)az, = wy, (262)
(U — uy )oge + (uy — ug oy + (uf — uy )aze = we, (263)
(U — puy )aae + (uy — puy )aye + (ul — pu; )oze = v/B%, (264)

By solving the equations (262)-(264) for u}, u,; and u] in terms of u;, u, and u, one can

get the following expressions,

Uy = — (e Qg — Qg Qe — Qe Q¢ Oy Q¢ Qg — Qg Qg P+ Qg Qe APty /71
Qlye Qlyn Oz — QyeOlycOlzy — Olye QlynOlzc P+ ayfo‘ycaznp)u;/rl

— (O Qg Q¢ — Qe QuyQlzy — QuypQze Qe P+ O‘zéaycaznp)u;/rl

+

—
(
(aynorze — aycay)v/(B7r1)

— (Oyezg — ety )wy/m

(

+ (QyeQzy — O‘yna%)wc/rla

(265)
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+ (U Qag 0o — Oty Qe — Qo Qe+ Qe Qe CLyp U, /71
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where,

T1 = QagQypQlzg — QpgQly¢Olzy — QgpOlye0z¢ + QanQizeQy¢ + QlyeQla¢ oy — Qg QynQizes

By coordinate transformation of jump relations (151)-(155), we get,

2

(U’Jr U )Oé + ( U )afm + (ujz - u;z)azn

T
+ 20%77&1/77(“;;/ - ua:y) + 205907704277(,&;_2 - U';z) + 2ay77a277 (uy—;z o uy_z) = D1>

+ 2acoyc(uf, — ug,) 4 200c0ac (U, — uy,) + 2ayc0uc(uy, —u,,) = D2,

('u’:x - u;m)aﬂﬂlazC + (’U,+ - ui )O‘ynayc + (ujz - u;z>azﬁazc
+ (Qyn Qe + O‘l‘nayc)(u ) + (e + O‘MO‘ZC)(U; —U,)
+ (Qapayye + O‘ynazc)(u;z ) = D3,
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y /71

(266)

S/

(267)

(268)

(269)

(270)

(271)

(272)

(273)
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We can solve the equations (269)-(273) together with the equations (156) and (157) in chapter

xxT)

u

] ot ot ut . ut . ut i -
3 to get expressions for u;, ul . w, u; , w’ , ul in terms of u gy Uy

zxy Txyr Txz) Yyyr Yyzo U

u u

Ty) Yz

Now we can write an expression for u}, as,

gy = Oty + Coyug, + Ciluy, + Cpuy, + Cjfu,, + CpiDy + CF Dy + O Ds + Cpi Dy

+ O3 Dy + C3 Dg + C3 Dy,
(274)

where,
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Now we can write an expression for u}, as,
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And the expression for u_, is,
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APPENDIX B

COORDINATE TRANSFORMATION OF JUMP RELATIONS

FOR THREE-DIMENSIONAL PARABOLIC INTERFACE

PROBLEMS

+
€T

+
Y

sy Uy, and u_ as a part of finding

(TR TR VR VR T

. . .. . "
Here we explain how to obtain explicit expressions for u™, u ay Uy Unsy Uy s

, U
Uy Ugg Uy

+ + - -
u,, and u], in terms of u™, u

€T

u u U

Yy y)
the correction terms at the irregular grid points. To get that, we have to do the coordinate
transformations of the jump relations (237)-(245) in chapter 5.

As the first nine jump relations are as the same as in the model for elliptic interface
problem, coordinate transformations of the jump relations (237)-(244) in chapter 5 are given
by (262)-(264) and (269)-(273) in Appendix A.

So, the expression for u), u), ul are as same as for three-dimensional elliptic interface

zs Uy
problems and are given by the equations (265)- (267) in the Appendix A. However, expres-
sions for wl,, uf,, ul, uf, uf and u} are different from the case for three-dimensional
elliptic interface problems as the last jump relation for both cases are obtained from the
PDE itself.

So, the coordinate transformation of the jump relation (245) in chapter 5 is given by,

(tge — Pl )0 + (U, — puy, )age + (ul, — puz,)o’e

+ QOéxfayﬁ(ujc_y - pu;y) + 2a$§a25<u;z - pu:;z) (354>
+ 20ve e (uy), — pu,,) = D,

We can solve the equations (269)-(273) in Appendix A together with the equation (354) to
+

: + gt + ot ot i - = = = u—
get expressions for wy,, u;l , url . wy, wr, ul in terms of ug,, Uy, Uy, Uy, U, U_,.
So the expression for u), can be written as,
+ _ oxx,, — Tx — xTT,  — T, B — Tx —
Ugey = Cxx Uzy + ny u:vy + sz Uy + ny uyy + Cyz uyz
(355)
xxr,, — T xrxT T xrxT T xrxT

Notice that Dg = Dy 4+ Dy — ([f] + wy) /57
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