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ABSTRACT

A THEORETICAL MODEL FOR CALCULATION 
OF MOLECULAR STOPPING POWER

Y u a n -J ia n  Xu 
Old Dominion U n i v e r s i t y ,  1984 

D i r e c t o r :  Dr. Govind S. K handelwal

A m o d i f ie d  l o c a l  p la sm a  model b a se d  on t h e  work o f  L in h a r d -  

W in th e r ,  B e th e ,  Brown, and W alske i s  e s t a b l i s h e d .  The G ordon-K im 's  

m o le c u la r  ch a rg ed  d e n s i t y  m odel i s  employed to  o b t a i n  a  fo rm u la  to  

e v a l u a t e  t h e  s t o p p in g  power o f  many u s e f u l  m o le c u la r  s y s t e m s . The 

s to p p in g  power o f  ^  and He gas  was c a l c u l a t e d  f o r  i n c i d e n t  p ro to n  

en e rg y  r a n g in g  from 100 KeV to  2 .5  MeV. The s to p p in g  power o f  O2 , N2 

and w a te r  v ap o r  was a l s o  c a l c u l a t e d  f o r  i n c i d e n t  p r o to n  e n e rg y  ra n g 

in g  from  40 KeV to  2 .5  MeV. Good ag reem en t w i t h  e x p e r im e n ta l  d a t a  

was o b t a i n e d .

A d i s c u s s i o n  o f  m o le c u la r  e f f e c t s  l e a d i n g  to  d e p a r t u r e  from  

B r a g g 's  r u l e  was p r e s e n t e d  i n  t h i s  t h e s i s .  The e q u i p a r t i t i o n  r u l e  

and t h e  e f f e c t  o f  n u c l e a r  momentum r e c o i l i n g  i n  s to p p in g  power a r e  

a l s o  d i s c u s s e d  i n  t h e  a p p e n d ix .  The c a l c u l a t i o n a l  p r o c e d u r e  p r e s e n t e d  

i n  t h i s  t h e s i s  h o p e f u l l y  can  e a s i l y  be ex ten d ed  to  i n c l u d e  t h e  most 

u s e f u l  o rg a n ic  sy s tem s  su c h  as  t h e  m o le c u le s  composed o f  c a rb o n ,  

n i t r o g e n ,  hyd rogen  and oxygen w hich  a r e  u s e f u l  i n  r a d i a t i o n  p r o t e c 

t i o n  f i e l d .
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Chapter 1

INTRODUCTION

The s u b j e c t  o f  en e rg y  l o s s  o f  heavy  i o n s  su ch  a s  p r o t o n s ,  o r  a 

p a r t i c l e s  p a s s i n g  th ro u g h  m a t t e r ,  h a s  been  s t u d i e d  f o r  more th a n  

s i x t y  y e a r s .  R e se a rc h  in  t h i s  a r e a  began w i t h  th e  s tu d y  o f  a mecha

n ism  u n d e r  w h ich  c h a rg e d  p a r t i c l e s  l o s e  t h e i r  en e rg y  m a in ly  to  t h e  

a to m ic  e l e c t r o n s .  These s t u d i e s  have  c o n t r i b u t e d  to  t h e  b a s i c  

u n d e r s t a n d in g  o f  t h e  i n t e r a c t i o n  o f  c h a rg e  p a r t i c l e s  w i t h  m a t t e r -  

a to m s -m o le c u le s  an d ,  more r e c e n t l y ,  to  m a t e r i a l s .  The ene rgy  l o s s  

p a r a m e te r s  have  found  t h e i r  u se  i n  v a r i o u s  a p p l i c a t i o n s .  The l i s t  

i n c l u d e s :  r a d i a t i o n  dose e f f e c t s  on s o l i d  s t a t e  d e v i c e s ;  s h i e l d i n g

prob lem ; sp a c e  r a d i a t i o n  r e s e a r c h ;  d e s ig n  and c a l i b r a t i o n  o f  

s p e c t r o m e t e r s  and d o s im e te r s ;  p r o to n  d o s e s  i n  manned o r  unmanned 

sp a c e  f l i g h t s ;  e n e rg y  t r a n s f e r  t o  l i v i n g  c e l l s ,  and r a d i a t i o n  

e f f e c t s  i n  m a t e r i a l s ,  e t c .

The B e th e  [1] t h e o r y  o f  e n e rg y  l o s s  o f  f a s t  c h a rg e d  p a r t i c l e s  

r e s t s  on t h e  know ledge o f  t h e  s o - c a l l e d  mean e x c i t a t i o n  en e rgy  of 

t h e  medium. Once t h i s  p a r a m e te r  i s  known, t h e  h ig h  e n e rg y  s to p p in g  

power o f  an atom can  r e a d i l y  be c a l c u l a t e d .  The d e t e r m in a t i o n  o f  

t h i s  p a r a m e te r ,  how ever,  i s  v e ry  l a b o r i o u s ,  a s  i s  s e e n  i n  t h e  works 

o f  Dehmer, I n o k u t i ,  Saxon, and B aer  [ 2 ] ,  [ 3 ] ,  [4 ] ,  who c a l c u l a t e d  

t h e  mean e x c i t a t i o n  en e rg y  p a r a m e te r  f o r  a tom s o f  a to m ic  number
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r a n g in g  from Z = 1 to  Z = 38 . The n u m e r ic a l  e v a l u a t i o n s  i n v o l v in g  

t h e  H a r t r e e - S l a t e r  wave f u n c t i o n s  i n  t h e s e  c a l c u l a t i o n s  a r e  so 

in v o lv e d  t h a t  t h e  e s t i m a t i n g  o f  t h e  e r r o r s  i s  d i f f i c u l t  to  a s c e r t a i n .

The B e the  t h e o r y ,  a l t h o u g h  d ev e lo p e d  f o r  t h e  a to m s ,  h a s  a l s o  

been  e x te n d e d  to  o b t a i n  t h e  s t o p p in g  power o f  m o le c u le s  u n d e r  t h e  

B r a g g ' s  r u l e  [5 ] .  One e s s e n t i a l l y  i g n o r e s  t h e  ch e m ic a l  b in d in g  o f  

m o le c u le s  u n d er  t h i s  r u l e .  R e c e n t ly ,  how ever,  s e v e r a l  e x p e r im e n ts  

[6 ] ,  [ 7 ] ,  [ 8 ] ,  have  r e v e a l e d  t h a t  f o r  low e n e rg y  r e g io n s  t h e r e  may 

e x i s t  d e v i a t i o n s  from  t h e  B r a g g ' s  r u l e .  F u r th e rm o re ,  t h e r e  a r e  some 

i n d i c a t i o n s  ( s e e ,  f o r  i n s t a n c e ,  a s e r i e s  o f  p a p e r s  by W ilso n  and h i s  

c o -w o rk e r s )  t h a t  t h e  B r a g g ' s  r u l e  may n o t  be obeyed i n  t h e  d e t e r m in a 

t i o n  o f  t h e  mean e x c i t a t i o n  e n e rg y  p a r a m e te r  f o r  m o le c u le s ,  a l t h o u g h  

t h i s  d e p a r t u r e  does  n o t  h ave  much e f f e c t  on s to p p in g  power b e c a u s e  

o f  t h e  dom inance o f  t h e  v e l o c i t y  o f  t h e  p r o j e c t i l e  on t h e  s to p p i n g  

p o w e r .

I t  i s  e v i d e n t  from t h e  above d i s c u s s i o n  t h a t  t h e  t r a d i t i o n a l  

a p p ro a c h  o f  o b t a i n i n g  t h e  m o le c u l a r  s t o p p in g  power from  th e  a to m ic  

s to p p in g  power v i a  th e  B r a g g ' s  r u l e  s h o u ld  be abandoned , a t  l e a s t  f o r  

t h e  low en e rg y  p r o j e c t i l e .  The l o c a l  p lasm a model w hich h as  been  

s u c c e s s f u l  i n  p r e d i c t i n g  t h e  mean e x c i t a t i o n  en e rgy  would s e r v e  as  

t h e  a p p r o p r i a t e  c a n d id a t e  f o r  an  a l t e r n a t i v e  a p p ro ach .

T h is  t h e s i s  d i s c u s s e s  t h e  e s t a b l i s h e m e n t  o f  a m o d i f ie d  l o c a l  

p lasm a  model by em ploy ing  th e  Gordon-Kim m o le c u la r  [9] d e n s i t y  m odel,  

w hich  p r o v i d e s  a method o f  c a l c u l a t i n g  m o le c u la r  s t o p p in g  power even  

a t  q u i t e  low p r o t o n  e n e r g i e s .  I n  s p i t e  o f  t h e  f a c t  t h a t  i t  i s  a 

somewhat a v e ra g e  m odel,  c a l c u l a t i o n  i s  r e l a t i v e l y  s im p le ,  

and t h e  c a l c u l a t i o n  o f  s to p p in g  pow ers o f  H2 , He, C^, N2 and w a te r
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3

v ap o r  a r e  i n  f a i r  ag reem en t  w i th  e x p e r im e n ta l  d a t a .  M o d i f i c a t i o n s  

t o  t h e  l o c a l  p la sm a  model a r e  m a in ly  due to  t h e  c o m p le x i ty  o f  r e a l  

a to m ic  and m o le c u la r  s i t u a t i o n s .  B e s id e s  t h e  e f f e c t s  o f  s h e l l  

c o r r e c t i o n s ,  and  t h e  s c r e e n i n g  o f  p r o j e c t i l e s ,  o t h e r  e f f e c t s  such  

a s  n u c l e a r  r e c o i l i n g  a r e  a l s o  i n v o lv e d .  I n t e r e s t i n g  d i s c u s s i o n s  on 

d e v i a t i o n  from  t h e  B r a g g ' s  r u l e  and on t h e  m o d i f i e d  l o c a l  p lasm a 

model and t h e  c o n c lu s i o n s  deduced from  e x p e r im e n ta l  d a t a  a r e  p r e s 

e n te d  i n  t h e  l a s t  s e c t i o n  o f  t h i s  t h e s i s ,  " M o le c u la r  E f f e c t  o f  

S to p p in g  P o w er ."

From t h e  t h e o r e t i c a l  model e s t a b l i s h e d  i n  t h i s  r e p o r t ,  t h e  

d e p a r t u r e  o f  s to p p i n g  power from  B r a g g ' s  r u l e  o n ly  o c c u r s  f o r  low 

v e l o c i t y  p r o j e c t i l e  c a s e s .  D e v ia t i o n  from t h e  B r a g g ' s  r u l e  a l s o  i s  

found t o  depend  on t h e  c h e m ic a l  s t r u c t u r e  o f  m o l e c u l e s . More o v e r la p  

o f  e l e c t r o n  c lo u d s  i s  found  to  c a u s e  more d e v i a t i o n  from  th e  B r a g g 's  

r u l e  when t h e  Gordon-Kim model i s  em ployed. The g e o m e t r ic  s t r u c t u r e  

g iv e s  t h e  m ost i m p o r t a n t  i n f o r m a t io n  on m o le c u l a r  e f f e c t s .

The b a s i c  s t o p p i n g  power t h e o r i e s  assume t h e  i n t e r a c t i o n  betw een  

t h e  p r o j e c t i l e  and  t h e  a to m ic  e l e c t r o n ,  w hich i s  assum ed i n i t i a l l y  

to  be a t  r e s t .  W hile  i t  i s  t r u e  t h a t  th e  o v e r a l l  e n e rg y  l o s s  m u s t ,  

in d e e d ,  t a k e  p l a c e  i n  t h i s  m anner ,  i n  some c o l l i s i o n s  t h e  r e c o i l i n g  

o f  t h e  n u c l e u s  c a n n o t  be  n e g l e c t e d .  T h is  i s  e s p e c i a l l y  t r u e  f o r  

r e l a t i v e l y  low i n c i d e n t  e n e r g i e s  o f  t h e  heavy  io n .  A l th o u g h  th e  

r e c o i l i n g  momentum may b e  v e r y  l a r g e .  Thus, t h e  c o n s e r v a t i o n  o f  

momentum w i l l  l e a d  to  a d i f f e r e n t  v a lu e  o f  t h e  momentum o f  e l e c t r o n s  

t h a n  h a s  p r e v i o u s l y  been  assumed i n  t h e s e  t h e o r i e s .

T h is  o b s e r v a t i o n  l e n d s  i t s e l f  t o  s o l v i n g  a  t h r e e  body p ro b lem . 

Thus, i n  t h i s  r e p o r t ,  a s e m i - c l a s s i c a l  t h r e e  body model i s  e s t a b l i s h e d
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to  c a l c u l a t e  r e l e v a n t  q u a n t i t i e s .  S p e c i f i c a l l y ,  e x a c t  s e m i - c l a s s i c a l  

t h r e e  body c a l c u l a t i o n s  a r e  made f o r  a p ro to n  i n c i d e n t  on a  hydrogen  

atom w i t h  t h e  e l e c t r o n  i n  i t s  f i r s t  Bohr o r b i t .  The model and  th e  

r e s u l t i n g  c o n c lu s io n s  e s p e c i a l l y  i n  r e g a r d s  to  t h e  e q u i p a r t i t i o n  

theo rem  f o r  s h e l l  c o r r e c t i o n s  a r e  p r e s e n te d  i n  t h e  a p p e n d ix .

H i s t o r i c a l  Review

The t h r e e  p ro m in e n t  t h e o r i e s  o f  p e n e t r a t i o n  o f  c h a rg e d  p a r t i c l e s  

i n  m a t t e r  a r e :  B o h r ' s  s e m i - c l a s s i c a l  th e o r y ,  B e t h e ' s  quantum t h e o r y ,

and L i n d h a r d ' s  l o c a l  p lasm a th e o r y  b ased  on t h e  t r e a t m e n t  o f  f r e e  

e l e c t r o n  g a s .  S in c e  t h i s  p a p e r  to u c h e s  upon a l l  t h r e e  t h e o r i e s ,  i t  

i s  h e l p f u l  to  o u t l i n e  t h e i r  m ain  f e a t u r e s  and a s su m p t io n s  o f  i n t e r e s t .  

When a p p r o p r i a t e ,  t h e  d e t a i l e d  s t r u c t u r e  o f  t h e s e  t h e o r i e s  w i l l  a l s o  

be g iv e n ,  i n  l a t e r  s e c t i o n s .

S e m i - C la s s i c a l  Theory

B o h r ' s  s e m i - c l a s s i c a l  t r e a t m e n t  o f  th e  s lo w in g  down c h a rg e d  

p a r t i c l e s ,  done a s  e a r l y  a s  1913 [1 0 ] ,  [1 1 ] ,  was t h e  f i r s t  t o  g iv e  

t h e  o v e r a l l  c h a r a c t e r i s t i c  s t r u c t u r e  and th e  f e a t u r e s  o f  t h e  p e n e t r a 

t i o n  t h e o r y .  The c l a s s i c a l  p a r a m e te r s  a p p e a r in g  i n  t h i s  t h e o r y ,  

s u r p r i s i n g l y ,  c o u ld  l a t e r  be c a l c u l a t e d  o r  r e l a t e d  to  t h e  quantum  

t r e a t m e n t .  The main u n d e r ly i n g  a s su m p t io n s  and th e  c h a r a c t e r i s t i c s  

o f  th e  t h e o r y  a r e :

1 .  The coulomb i n t e r a c t i o n  be tw een  th e  i n c i d e n t - c h a r g e d  p a r t i c l e  
o f  v e l o c i t y  v  and  t h e  a to m ic  e l e c t r o n s  i s  assumed to  be r e s p o n 
s i b l e  f o r  e n e rg y  l o s s .

2 .  The momentum t r a n s f e r  i s  s u f f i c i e n t l y  s m a l l  so t h a t  t h e  
p r o j e c t i l e ' s  p a t h  i s  a  s t r a i g h t  l i n e .

3 .  The a to m ic  e l e c t r o n  i s  assumed t o  be a t  r e s t .
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4 . The minimum im pact p a r a m e te r  i s  d e te rm in e d  from th e  knowledge 
o f  t h e  maximum momentum t r a n s f e r  o f  t h e  p r o j e c t i l e  to  a f r e e  
e l e c t r o n .  The masimum im p ac t  p a r a m e te r  i s  d e te rm in e d  u n d e r  
t h e  a s su m p t io n  t h a t  t h e  i n t e r a c t i o n  t im e  m ust be  l a r g e r  th a n  
t h e  o r b i t a l  p e r io d  o f  th e  a to m ic  e l e c t r o n .

Based on t h e  above a s s u m p t io n s ,  Bohr o b ta in e d  t h e  s to p p in g  power 

fo rm u la  a s :

w here ,  ze i s  th e  ch a rg e  o f  t h e  p r o j e c t i l e  and N i s  t h e  number of 

atoms p e r  u n i t  volum e, w i th  Z e l e c t r o n s  p e r  atom, and w i s  t h e  

c h a r a c t e r i s t i c  a tom ic  f r e q u e n c y .

E q u a t io n  ( 1 ) ,  even th o u g h  t h e  d e r i v a t i o n  was b ased  on c l a s s i c a l  

c o n s i d e r a t i o n s ,  embodies t h e  m ain  f e a t u r e s  o f  t h e  quantum m e c h a n ic a l  

d e s c r i p t i o n  g iv e n  in  t h e  l a t e r  s e c t i o n .  As i s  known, i n  b o th  

t h e o r i e s ,  t h e  p r o p e r t i e s  o f  t h e  i n c i d e n t  i o n  su ch  a s  i t s  c h a rg e  ze ,  

and i t s  v e l o c i t y  v  o c c u r  i n  t h i s  e q u a t i o n ,  m b e in g  t h e  mass o f  

t h e  e l e c t r o n .  The p r o p e r t i e s  o f  t h e  medium a r e  c o n ta in e d  i n  t h e  

q u a n t i t i e s  N, Z, and u).

Q u a n ta l  Theory

B e th e ’ s n o n - r e l a t i v i s t i c  c a l c u l a t i o n  o f  s to p p in g  power was p e r 

formed i n  1933 i n  t h e  f i r s t  Born a p p r o x im a t io n  [ l ]  and r e s t s  m a in ly  

on t h e  fo l lo w in g  a s su m p t io n .

1 .  The i n t e r a c t i o n  r e s p o n s i b l e  for- e n e rg y  l o s s  i s  t h e  coulomb 
i n t e r a c t i o n  betw een th e  i n c i d e n t  io n  and th e  a tom ic  e l e c t o n .

2 .  The speed  o f  th e  io n  i s  much g r e a t e r  t h a n  t h a t  o f  t h e  a to m ic  
e l e c t r o n s .

3 .  The c a l c u l a t i o n  o f  t h e  maximum momentum t r a n s f e r  e n t a i l s  th e  
c o l l i s i o n  w i t h  th e  e l e c t r o n  i n i t i a l l y  a t  r e s t .

3mv
(1)

dx mv'.2
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4. W i th in  t h e  p l a n e  wave Born a p p r o x im a t io n ,  t h e  a s su m p t io n  t h a t  
th e  e l e c t r o n i c  p o s i t i o n s  a r e  c o r r e l a t e d  o n ly  o v e r  r e l a t i v e l y  
s m a l l  d i s t a n c e s  im p l i e s  t h e  u s e  o f  t h e  d i p o l e  o s c i l l a t o r  
s t r e n g t h s .

B ased on th e  above a s s u m p t io n s ,  B e th e  a r r i v e d  a t  t h e  f o l l o w i n g  

e n e r g y - l o s s  fo rm u la :

w here I ,  t h e  mean e x c i t a t i o n  en e rg y  o f  t h e  medium, i s  d e f in e d  

th ro u g h  t h e  e l e c t r i c  d i p o l e  s t r e n g t h  f  by:

Z In  I  = E f .  I n  L  n n  n

N o t i c e  t h e  s i m i l a r i t y  b e tw een  e q u a t i o n s  (1) and (2) o b t a i n e d  

u n d e r  c l a s s i c a l  and q u a n t a l  c o n s i d e r a t i o n s ,  r e s p e c t i v e l y .  N o t i c e

mum e n e rg y  t r a n s f e r  o f  th e  a s s u m p t io n  ( 3 ) )  w hich  i n  t h e  a rgum en t o f  

lo g  i n  e q u a t i o n  ( 2 ) .

T h e o r ie s  B ased  on t h e  Thomas-Fermi Model

B lo ch  [1 3 ] ,  i n  1933, c a l c u l a t e d  t h e  s to p p in g  power by u s i n g  th e  

Thomas-Fermi model f o r  t h e  many e l e c t r o n s  o f  th e  atoms o f  t h e  medium 

U s e fu l  r e s u l t s  w ere  l a t e r  o b t a i n e d  by L in d h a rd  [1 4 ] ,  [ l 5 ] ,  [ l 6 ] ,  and 

h i s  c o - w o r k e r s .  L in d h a rd  showed t h a t  f o r  a s w i f t  heavy p a r t i c l e  o f  

low c h a rg e  t h e  s t o p p i n g  power o f  a  f r e e  e l e c t r o n  gas i s  g iv e n  by

dE 4ttNZz2 e4 2mv'2_  = In
dx mv I

( 2 )

w i th  b e in g  t h e  e ig e n e n e rg y  o f  t h e  e l e c t r o n .

2
a l s o  t h e  o c c u r r e n c e  o f  th e  f a c t o r  2mv (w hich  r e p r e s e n t s  t h e  m a x i-

dE 4tf z 2  e4
2— P I n  ( ( 3 )

dx mv
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w here , P i s  t h e  e l e c t r o n  d e n s i t y ,  and tOp i s  t h e  c l a s s i c a l  p lasm a 

f r e q u e n c y  g iv e n  by

L i n d h a r d  made t h e  b o ld  a s su m p t io n  t h a t  t h e  t h e o r y  can  be ex ten d ed  

to  t h e  a tom s i f  one w r i t e s  t h e  above e q u a t io n  a s :

w here ,  now p ( r )  i s  to  be e v a lu a t e d  by em ploying t h e  q u a n ta l  wave 

f u n c t i o n s  o f  t h e  e l e c t r o n s .  T h is  model i s  o f t e n  c a l l e d  a l o c a l  

plasm a m o d e l ,  i n  l i t e r a t u r e .

F u r t h e r  D i s c u s s i o n  o f  t h e  B e th e  and L in d h a rd  T h e o r ie s

The s i m p l i c i t y  in  B e th e ’ s t h e o r y  r e s u l t s  from s e v e r a l  f a c t o r s .  

The f i r s t  f a c t o r  a l l o w s  a l l  t h e  a to m ic  e l e c t r o n s  t o  p a r t i c i p a t e  i n  

t h e  s to p p in g  p r o c e s s .  In d e e d ,  t h i s  i s  n o t  v a l i d  f o r  t h e  i n n e r  s h e l l  

e l e c t r o n s  w h ich  a r e  t i g h t l y  bound and may n o t  a lw a y s  p a r t i c i p a t e  in  

t h e  s to p p in g  p r o c e s s .  The second  f a c t o r  i s  t h e  i n c l u s i o n  o n ly  o f  

t h e  d i p o l e  t r a n s i t i o n s  i n  t h e  t h e o r y ,  a l t h o u g h  o t h e r  t r a n s i t i o n s  

( th o u g h  l e s s  p r o b a b le )  may p o s s i b l y  t a k e  p l a c e .  T h i s ,  a s  i n d i c a t e d  

e a r l i e r ,  i s  t a n ta m o u n t  t o  assum ing  t h a t  t h e  e l e c t r o n i c  p o s i t i o n s  a r e  

c o r r e l a t e d  o n l y  o v e r  r e l a t i v e l y  s m a l l  d i s t a n c e s .  T h ese  c o r r e c t i o n s  

t o  t h e  B e th e  t h e o r y  have  been  e x t e n s i v e l y  i n v e s t i g a t e d .

0)

and Y i s  a  p a r a m e te r  c a l c u l a t e d  by L in d h a rd  t o  be  eq u a l  to  /IT" .

dE _ 4Trz^e^N 
— o 

dx mv
(3a)
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L i n d h a r d ' s  l o c a l  p lasm a t h e o r y ,  a s  m en tio n ed  e a r l i e r ,  makes t h e  

b o ld  a s s u m p t io n  th ro u g h  e q u a t io n  (3) f o r  i t s  a p p l i c a t i o n  to  a to m ic  

sy s te m s .  T h is  a p p r o a c h ,  s u r p r i s i n g l y ,  works w e l l  f o r  a tom s a s  i s  

shown r e c e n t l y  i n  t h e  e v a l u a t i o n  o f  t h e  mean e x c i t a t i o n  e n e rg y  p a r a 

m e te r  [1 7 ] .  The ap p ro a c h  r e s t s  w i th  t h e  co m p ar iso n  o f  e q u a t io n  (3) 

o f  L in d h a rd  w i t h  t h e  B e the  fo rm u la  e q u a t io n  (2 ) :

Z I n  I  = /  p ( r )  I n  (Thco^) • d ^ r  (4)

The l o c a l  p la sm a  model i s  a l s o  r e l a t i v e l y  e a s y  t o  ex te n d  to  m o le c u le s  

f o r  i o n i c  bonded g a s e s ,  c o v a le n t  bond g a s e s  and m e t a l s .  Such p ro g 

r e s s  h a s  r e c e n t l y  been  made by v a r io u s  a u t h o r s .  (S e e ,  f o r  i n s t a n c e ,  

a s e r i e s  o f  p a p e r s  by W ilson  and h i s  c o - w o r k e r s . )
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Chapter 2

STOPPING NUMBER FUNCTION

The e n e rg y  l o s s  of f a s t  ch a rg ed  p a r t i c l e s  c a u sed  by t h e i r  

i n e l a s t i c  c o l l i s i o n  w i th  a to m s ,  i s  g iv e n  w i th  good a p p r o x im a t io n  by 

B e t h e ' s  f o r m u la ,  w hich i s  based  on t h e  quantum p e r t u r b a t i o n  t h e o r y .  

However, t h e  mean e x c i t a t i o n  energy  i n  h i s  fo rm u la  i s  too  c o m p l i 

c a t e d  to  e v a l u a t e  t h e o r e t i c a l l y  f o r  many p r a c t i c a l  p rob lem s 

e s p e c i a l l y  f o r  m o le c u le s .  I t  a p p e a r s  t h e  l o c a l  p lasm a model 

a f f o r d s  a  s im p le  m ethod to  c a l c u l a t e  t h e  mean e x c i t a t i o n  en e rg y  o f  

e le m e n ts  a s  w e l l  a s  compounds. T here  s t i l l  re m a in  t h r e e  p rob lem s:  

(1) p e o p le  have  more i n t e r e s t  i n  s to p p in g  power t h a n  i n  mean e x c i t a 

t i o n  e n e rg y ;  (2) how to  ex ten d  t h i s  method to  e v a l u a t e  m o le c u la r  

s to p p in g  power; and (3) how to  ex ten d  t h i s  m ethod t o  s low  ch a rg ed  

p a r t i c l e  c a s e s  a s  w e l l  a s  to  f a s t  ch a rg ed  p a r t i c l e  c a s e s .  Now l e t  

u s  r e c a l l  t h e  b a s i c  fo rm u la  o f  l o c a l  p lasm a m odel f o r  f a s t  c h a rg e d  

p a r t i c l e s .

above  fo rm u la  t h a t  o n ce  t h e  p a r a m e te r  y and t h e  e l e c t r o n  d e n s i t y  

p ( r )  a r e  known, t h e  s to p p in g  power can  be  d e te rm in e d  im m e d ia te ly .

(5)

w here m ( r )  = 
P
2 , - s  _ 4ire2 p ( r )  i ( r )  =  o— i s  t h e  p lasm a f r e q u e n c y .  We can  s e e  i n  t h e

9
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We w i l l  d i s c u s s  t h e  prob lem  o f  p a r a m e te r  Y i n  t h e  s e c t i o n  "L oca l  

P lasma Model f o r  High P r o j e c t i l e ’ s E nergy  C a s e s . "

The a to m ic  e l e c t r o n  d e n s i t y  i s  j u s t  t h e  s q u a r e  o f  t h e  wave 

f u n c t i o n  o f  t h e  ground  s t a t e  o f  t h e  a tom . I t  i s  n o t  e a sy  to  f i n d  

t h e  m o le c u l a r  wave f u n c t i o n .  F o r t u n a t e l y ,  we have  a v e r y  s im p le  

m o le c u la r  e l e c t r o n  d e n s i t y  m o d e l ,  nam ely  t h e  Gordon-Kim model [ 9 ] .

I t  i s  a rough  m o d e l ,  bu t  a s  a f i r s t  o r d e r  o f  a p p r o x im a t io n  t h i s  

model g i v e s  t h e  m ain  f e a t u r e s  o f  m o le c u l a r  e f f e c t s .  D e ta i l e d  

d i s c u s s i o n  w i l l  be p r e s e n t e d  i n  t h e  n e x t  c h a p t e r .  To ex ten d  t h i s  

model to  low  e n e rg y  r e g i o n s  i s  o f  c o n s i d e r a b l e  i n t e r e s t  from b o t h  

a p r a c t i c a l  and t h e o r e t i c a l  p o i n t  o f  v iew .  U n f o r t u n a t e l y ,  many 

e f f e c t s  a r i s e  a t  low  e n e r g i e s  i n c lu d in g  p r o j e c t i l e  c h a rg e  s c r e e n i n g ,  

n u c l e a r  momentum r e c o i l i n g ,  f o r b id d e n  t r a n s i t i o n ,  e t c .  On one hand 

we have  t o  c o n s i d e r  t h e  above c o m p le x i ty  i n  r e a l i s t i c  a to m ic  and 

m o le c u la r  w o r ld .  On t h e  o t h e r  hand we s t i l l  need  to  keep t h e  

s i m p l i c i t y  o f  t h e  l o c a l  p lasm a  m o d e l ,  o t h e r w i s e  no r e s u l t s  can  be 

o b ta in e d  i n  p r a c t i c e .  T h is  s e c t i o n  i s  d e v o te d  to  e s t a b l i s h  a m od i

f i e d  l o c a l  p lasm a  m odel .  We w i l l  c o n c e n t r a t e  on f i n d i n g  a s to p p in g  

number f u n c t i o n  L. I t  s h o u ld  be v a l i d  f o r  low  e n e rg y  a s  w e ll  a s  

h igh  e n e rg y  c a s e s ,  and sh o u ld  s t i l l  r e t a i n  t h e  s i m p l i c i t y  o f  t h e  

l o c a l  p lasm a m o d el .  I t  w i l l  a l s o  a p p ro a c h  t h e  r e a l i s t i c  c a s e s  a s  

c l o s e l y  a s  p o s s i b l e .  However, i t  i s  o n l y  an  a v e ra g e  model and some 

e s t i m a t i n g  i s  in v o lv e d .

L o ca l  P lasm a Model f o r  High P r o j e c t i l e s  Energy Case

When t h e  p r o j e c t i l e s  move r a t h e r  f a s t  t h e  s to p p in g  power can  be 

d e te rm in e d  by B e t h e ' s  fo rm u la  w i th  good a c c u r a c y ,
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o
dx mv

( 6)

w here  I ,  t h e  mean e x c i t a t i o n  en e rg y  h a s  been  o f  c o n s i d e r a b l e  s tu d y .  

T h is  i s  b e c a u s e  once  t h e  p a r a m e te r  i s  known, t h e  en e rgy  l o s s  can  be 

o b ta in e d  im m e d ia te ly .  However, t h e  e v a l u a t i o n  o f  t h i s  p a r a m e te r  i s  

c o n s i d e r a b l y  l a b o r i o u s .  I n  p r i n c i p l e ,  t h e  p a r a m e te r  can  be  c a l c u 

l a t e d  e x a c t l y  o n l y  f o r  t h e  Il-atom f o r  which a c c u r a t e  wave f u n c t i o n s  

a r e  known. More r e c e n t l y ,  Dehmer, I n o k u t i  and Saxon [2] u sed  t h e  

t a b u l a t i o n  of. H a r t r e e - S l a t e r  p o t e n t i a l  g iv e n  by Herman and S k i l lm a n .  

They so lv ed  t h e  S c h ro e d in g e r  e q u a t io n  to  o b t a i n  t h e  r a d i a l  m a t r i x  

e lem ent R ( n l ,  n ' l ' )  w here (n ,  1 ) ,  ( n 1, 1 ' )  a r e  i n i t i a l  and f i n a l  

s t a t e s  o f  a tom . Knowing t h e s e  v a l u e s  t h e y  c a l c u l a t e d  t h e  mean 

e x c i t a t i o n  e n e rg y  p a r a m e te r  I  f o r  atoms r a n g in g  from  Z = 1 to  

Z = 38 .  However, t h e r e  a r e  d i f f i c u l t i e s  w i th  t h e  above a p p ro a c h .

I n  p r a c t i c e ,  t h e  ex t re m e  c o m p le x i ty  o f  n u m e r ic a l  c a l c u l a t i o n s  

r e n d e r s  i t  i m p o s s i b l e  t o  ex te n d  t h e  ap p ro a c h  to  e v a l u a t e  t h e  mean 

e x c i t a t i o n  e n e rg y  o f  m o le c u l e s .

An a l t e r n a t i v e  ap p ro a c h  i s  t h e  p o s s i b i l i t y  o f  u s i n g  t h e  l o c a l  

p lasm a m o d e l ,  fo rm u la  ( 5 ) .  T h e re  a r e ,  how ever,  two c e n t r a l  q u a n t i 

t i e s  which sh o u ld  be known. These  a r e  f u n c t i o n  y  and p ( r ) .

The e v a l u a t i o n  o f  P ( r )  r e s t s  on t h e  d e t e r m i n a t i o n  o f  t h e  wave f u n c 

t i o n s  o f  e l e c t r o n  o n l y  i n  ground  s t a t e s ,  such  I l a r t r e e  wave f u n c t i o n  

f o r  v a r i o u s  atom s have  r e c e n t l y  been  a v a i l a b l e  i n  t h e  work o f  

C lem en t i  and R o e t t i .  The p rob lem  i s  th e n  t h e  d e t e r m i n a t i o n  o f  

p a r a m e te r  Y.
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C a l c u l a t i o n  o f  P a ra m e te r  Y

I n  h i s  o r i g i n a l  t h e o r y  o f  s to p p in g  power o f  e l e c t r o n  g a s  

L in d h ard  g av e  a  q u a n t i t a t i v e  d i s c u s s i o n  f o r  t h e  v a l u e s  o f  p a r a 

m e te r  Y. The f i r s t  te rm  i n  h ig h  energy  e x p a n s io n  o f  s to p p in g  

number L i s  g i v e n  by

l n < t r c ( x ) )

where C(x) = 1 / y • L in d h a rd  d i s c u s s e d  t h e  f u n c t i o n  C(x) a s  a 

f u n c t i o n  o f  e l e c t r o n  d e n s i t y .  He su rm ised  t h a t  t h e  f u n c t i o n  C(x) 

d epends  on  t h e  d e n s i t y  s l i g h t l y  o n l y .  I t  s h o u ld  be a  l i t t l e  b i t  

l e s s  t h a n  one f o r  m o d e ra te  d e n s i t y  and sh o u ld  a p p r o a c h  u n i t y  f o r  b o th  

e x t re m e ly  low  and e x t r e m e ly  h ig h  d e n s i t i e s .  F u r th e rm o re ,  L in d h a rd  

s u g g e s te d  t h a t  t h e  v a l u e s  o f  Y can  be t a k e n  to  be u n i t y  f o r  l i g h t  

atoms w i th o u t  l a r g e  e r r o r .  L a t e r ,  L indhard  and S c h a r f f  [14] sug 

g e s t e d  o n  t h e  b a s i s  o f  a  s im p le  model t h a t  Y = / 2 ~  can  be ch o sen  

f o r  h e a v i e r  e l e m e n ts .

Chu and Power u s in g  c o n s t a n t  v a l u e  o f  Y = J 2 o b ta in e d  t h e  

p a r a m e te r  I  f o r  v a r i o u s  atom s 17 . T h e i r  c a l c u l a t e d  v a l u e s  

however w ere fo u n d  t o  exceed  t h e  v a l u e s  c a l c u l a t e d  by Delmer e t  a l .  

(based  on o s c i l l a t o r  s t r e n g t h  m ethod) by 20% to  30%. The most 

s a t i s f y i n g  t h i n g ,  h ow ever ,  was t h e  s i m i l a r  t r e n d  i n  t h e  v a r i a t i o n  

o f  I  v a l u e s  i n  b o th  c a s e s  a s  a f u n c t i o n  o f  a to m ic  num bers .  T h is  

p o i n t s  to w a rd s  a  g r e a t e r  c o n f id e n c e  in  t h e  l o c a l  p lasm a t h e o r y .

Some a u t h o r s  en c o u rag e d  by t h i s ,  and a l s o  n o t  s a t i s f i e d  w i th  Chu 

and Pow er’ s r e s u l t s  t r e a t e d  t h e  p a r a m e te r  Y a s  an  e m p i r i c a l  p a r a 

m e te r  to  f i t  t h e  d a t a .  U n s a t i s f i e d  w i th  t h i s  t y p e  o f  e m p i r i c a l
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t r e a t m e n t ,  we ad o p t  t h e  f o l lo w in g  a p p ro a c h .  Bohm and P in e  [ 1 8 ] ,

[19] hav e  t r e a t e d  t h e  p rob lem  o f  c o l l e c t i v e  lo n g  r a n g e  i n t e r a c t i o n  

i n  a  quantum e l e c t r o n  g a s .  They in t r o d u c e d  norm al c o o r d i n a t e s  o f  

c o l l e c t i v e  m o tio n  o f  e l e c t r o n  beyond some s c r e e n in g  r a d i u s  r c and 

t h e  i n d i v i d u a l  p a r t i c l e  m o tio n  was c o n s id e r e d  to  be more im p o r ta n t  

f o r  r a d i u s  s m a l l e r  t h a n  r c .

Bohm and P in e  showed t h a t  t h e  a v e ra g e  p lasm a f r e q u e n c y  <a>> 

(which i s  t h e  a v e ra g e  o v e r  t h e  f r e q u e n c y  o f  t h e  c o l l e c t i v e  o s c i l l a 

t i o n s ,  say  w) i s  a l i n e a r  f u n c t i o n  o f  t h e  c l a s s i c a l  p lasm a f r e q u e n c y  

(Op and i s  g iv e n  by

<ia> ■ 11 + ! i  (1 + To e2 )l “ p (7)

where A = r  / a  i s  a d i m e n s io n le s s  p a r a m e te r  and i s  t h e  a v e ra g e
S S (J

d i s t a n c e  betw een e l e c t r o n s ,  and where a^ i s  t h e  Bohr r a d i u s .

The p a r a m e te r  3 can  be d e te rm in e d  by m in im iz in g  t h e  e l e c t r o n  

lo n g  r a n g e  c o r r e l a t i o n  en e rg y  ( t h e  long  r a n g e  p a r t  o f  c o r r e l a t i o n  

e n e rg y  i s  o b t a in e d  by s u b t r a c t i n g  s h o r t  r a n g e  exchange  e n e rg y  from 

t h e  c o h e s iv e  en e rg y )

1r 0 .8 6 6  B3 0 .4 5 8  82 0 .0 1 9  84
E =  r y r -  -  --------------- +   (8)

c o r r  a3 /2  a a
s s s

The m i n im iz a t io n  o f  t h e  above  e q u a t io n  l e a d s  to  t h e  f o l lo w in g  eq u a 

t i o n  f o r  g

o 2 .598  3
0 .0 7 6  8 + ----- :----------  0 .9 1 6  = 0 (9)

s z
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At t h i s  s t a g e  l e t  u s  r e c a l l  t h a t  B o h r 's  s e m i - c l a s s i c a l  t h e o r y  and 

B e t h e ' s  quantum th e o r y  have  th e  s i m i l a r  f i r s t  te rm  i n  th e  h ig h  

v e l o c i t y  e x p a n s io n  o f

L = I n  ( ^ )

One m ust n o t e  t h a t  E i s  some a v e ra g e  en e rg y  w hich  i n  t h e  c a s e  o f  

t h e  B e th e  t h e o r y  i s  t h e  mean e x c i t a t i o n  e n e rg y  I .  Thus, some s o r t  

o f  a v e ra g e  q u a n t i t y  m ust o c c u r  i n  t h e  argum en t o f  lo n g  te rm , t h e r e 

f o r e  r e c a l l i n g  e q u a t io n  (4) o f  L i n d h a r d ' s  t h e o r y ,

L = ^  ^
P

I t  was shown by Bohm and  P in e s  t h a t  may be r e p la c e d  by ft<w>

w here  <io> i s  g iv e n  by e q u a t io n  ( 7 ) .  Thus

Y = 1 + 3 /2  -f— (1 + 3 /1 0  B2)
A

S

Once we know Ag th e n  3 can  be d e te rm in e d  by e q u a t i o n  ( 9 ) ,  hence

Y can  be d e te rm in e d  by e q u a t io n  ( 7 ) .  Now l e t  us  u se  t h e  a v e ra g e

m odel t o  e v a l u a t e  y a s  f u n c t i o n  o f  Z f o r  v a r i o u s  a tom s. We to o k

3 4 3 /a v e ra g e  d i s t a n c e  b e tw een  e l e c t r o n s  i n  an atom a s  r ^  = r Q/Z

w here  r „  i s  a to m 's  r a d i u s .  Then A = r  / a _  w here  a .  i s  Bohr 0 s s 0 0

r a d i u s .  T ab le  1 shows r  , B» A a s  f u n c t i o n s  o f  Z f o r  somes s

s e l e c t e d  v a l u e s  o f  Z r a n g in g  from Z = 2 t o  Z = 54.

T ab le  2 shows Y a s  a f u n c t i o n  o f  Z. From t a b l e  2 we can see

Y i s  n e a r l y  a c o n s t a n t  e q u a l  to  1 .1 9 .  T h is  i s  r e a s o n a b l e ,  s i n c e  

o t h e r  w o rk e rs  have ch o se n  v a l u e s  o f  Y r a n g in g  from  Y = 1 .1  to

Y = 1 . 5 .  A c tu a l ly  i n  L i n d h a r d ' s  d e s c r i p t i o n  o f  Y i t  i s  a  f u n c t i o n

t h a t  s l i g h t l y  depends  on d e n s i t y  o r  Ag , and  i s  n o t  a c o n s t a n t .
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T ab le  1 .  r  , g a s  f u n c t i o n s  o f  Z.

z r s Xs 8

2 1 .0 2 .4 2 0 .5 4

3 1 .5 5 3 .2 7 0 .6 2

4 1 .1 2 2 .1 5 0 .5 1

5 0 .9 8 1 .7 5 0 .4 6

6 0 .9 1 1 .5 3 0 .4 3

7 0 .9 1 .4 3 0 .4 2

10 1 .1 7 1 .6 5 0 .4 5

11 1 .9 2 .6 0 0 .5 5

12 1 .6 2 .1 3 0 .5 0

13 1 .4 3 1 .8 5 0 .4 7

14 1 .3 2 1 .6 7 0 .4 5

15 1 .2 8 1 .5 8 0 .4 4

16 1 .2 7 1 .5 4 0 .4 3

18 1 .4 3 1 .6 6 0 .4 5

36 1 .5 9 1 .4 7 0 .4 2

54 1 .7 5 1 .4 1 0 .4 1
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We o b t a i n e d  Y = 1 .1 9  p a r t l y  b e c a u se  we to o k  an  a v e ra g e  model.

-18 7T ab le  3 l i s t s  Y a s  a f u n c t i o n  o f  X ( r a n g in g  from  10 to  10 ) .
3

S in c e  P ( r )  = 1M  from th e  t a b l e  we can  s e e  t h a t  Y i s  v e ry  

s l i g h t l y  d ep e n d en t  on d e n s i t y ;  a l i t t l e  b i t  g r e a t e r  th a n  one f o r  

m o d e ra te  d e n s i t y  and a p p ro ach e s  u n i t y  f o r  b o th  ex tre m e  c a s e s — v e r y  

low and v e r y  h ig h  d e n s i t y .  Compared w i t h  L i n d h a r d ' s  q u a l i t a t i v e  

d e s c r i p t i o n  o f  C(X) = 1/Y i s  h i s  t h e o r y ,  a s  m en t io n ed  e a r l i e r  in  

t h i s  s e c t i o n ,  we r e a c h  agreem en t w i th  L in d h a rd  f o r  t h e s e  two d i f f e r 

e n t  c a s e s .  I n  t h e  e x a c t  c a l c u l a t i o n s  o f  mean e x c i t a t i o n  en e rg y  

u s i n g  l o c a l  p lasm a  m odel,  we to o k  Y a s  f u n c t i o n  o f  d i s t a n c e  r  

( d i s t a n c e  from  e l e c t r o n  to  n u c l e i ) ,  i n s t e a d  o f  a c o n s t a n t .

R ecen t  deve lopm en t co n f irm ed  t h e  c o n c e p t  o f  Y o b ta in e d  h e r e  i n  

im p ro v in g  t h e  work o f  Chu and P ow ers .  F u r th e r m o r e ,  t h e  above c o n s id 

e r a t i o n  w i l l  be  u sed  in  th e  f o l lo w in g  s e c t i o n  f o r  low ene rgy  s t o p p in g  

p o w er .

Low Energy S to p p in g  Number F u n c t io n

L in d h a rd -W in th e r  expanded t h e  s to p p i n g  number f u n c t i o n  o f  f r e e  

e l e c t r o n  g a s  i n  h ig h  en e rg y  c a s e  and i n  low en e rg y  c a s e  as  f o l lo w s :

= I n  ( ^ ^  ) -  - ( h i g h  d e n s i t y  c a se )  (10)
“ p /

2 3 2 1  
L1 = = (~ ~ )^  C1 (X) ( low  e n e rg y  c a se )  (11)

2
_2 2

w here  CL (X) = -------   [ i n  ( 1 + ^ X ) -  —------ ^  ] (12)
2 ( 1  - j T )  X 1 +  x _

3 3
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2
,r2 2 ,  >TT 2 4Trpe /m i s  t h e  p lasm a f r e q u e n c y ,  p i s  t h eX = e /TniV-n , u> = r ’ p

e l e c t r o n  d e n s i t y  V i s  t h e  F erm i v e l o c i t y ,  r

Bonderup [20] d i r e c t l y  combined low en e rg y  L f u n c t i o n

and h ig h  e n e rg y  L f u n c t i o n  l ^  and u s e d  /2* i n s t e a d  C(X) in

t h e  f i r s t  te rm  in  L ^ .  ( I n  [15] L in d h ard  and W in th e r  assumed 

C(X) = 1; s e e  l a s t  few  l i n e s  o f  page 1 0 . )  He th e n  p e r fo rm ed  c a l c u 

l a t i o n s  f o r  t h e  s to p p in g  power o f  some e le m e n ts  u s i n g  t h e  above L 

f u n c t i o n  and l o c a l  p lasm a m odel.  Good ag reem en t was fo und  w i th  

e x p e r im e n ta l  d a t a  f o r  p r o to n  e n e rg y  o v e r  500 KeV. U n f o r t u n a t e l y ,  

f o r  low  e n e rg y  r e g i o n s ,  h i s  s im p le  ap p ro a c h  i s  n o t  v a l i d .

We e s t a b l i s h  o u r  m o d i f ie d  L f u n c t i o n  based  on  t h e  fo l lo w in g

p r i n c i p l e s :

1 .  sm o o th ly  j o i n  L in d h a r d - W in th e r ' s h ig h  en e rg y  L f u n c t i o n  L2 
and low  e n e rg y  f u n c t i o n  ;

2 .  in v o lv e  P in e  c o r r e c t i o n  u s i n g  Yftw i n s t e a d  o f  diw i n  a l l
t h e  te rm s  in  L f u n c t i o n ;  P ^

3 .  a p p ly  c o r r e c t i o n  on  t h e  second te rm  o f  L2 .

The c o r r e c t i o n  on t h e  second te rm  w a r r a n t s  some d i s c u s s i o n .

Many c o m p l ic a te d  p h y s i c a l  e f f e c t s  a r e  in v o lv e d  i n  t h e  low en e rg y

r e g i o n .  We w i l l  d i s c u s s  them i n  d e t a i l  to  ap p ro ach  t h e  r e a l i s t i c  

a to m ic  and m o le c u l a r  w o r ld .  B e th e ,  W alske ,  and Brown [ 2 1 ] ,  [ 2 2 ] ,  

[2 3 ] ,  d e v e lo p e d  quantum m e c h a n ic a l  t h e o r y  o f  s t o p p in g  power o f  

i n n e r s h e l l s  o f  a to m s .  C a l c u l a t i o n s  a r e  done u n d e r  p l a n e  wave Born 

a p p ro x im a t io n  u s i n g  h y d ro g e n ic  wave f u n c t i o n s .  Brown [21] and 

W alske [22] had c a l c u l a t e d  t h e  s to p p in g  power o f  K s h e l l  e l e c t r o n .  

Walske [23] a l s o  c a l c u l a t e d  t h e  s to p p in g  power o f  L s h e l l  e l e c 

t r o n s .  IChandelwal and M erzbacher  [24] c a l c u l a t e d  t h e  s to p p in g  power
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o f  M -s h e l l  e l e c t r o n s .  Khandelw al more r e c e n t l y  e v a lu a t e d  K and L 

s h e l l  c o r r e c t i o n s  [ 2 5 ] .

They d e f in e d  a s to p p in g  number f u n c t i o n  B a s  f o l lo w s :

dE % e 4 z2  N. „  B. (13)
dx mv2 i-K ,L ,M  i

where w qmax max
B. = f  wdw f  j Fw. (q) -^4^- (14)l  1 l  H q3w . q . 9mm mm

2
w here |Fw^(q)[ i s  th e  form  f a c t o r ,  q i s  t h e  change  i n  i n c i d e n c e  

p a r t i c l e s  momentum d i v i d e d  by

(2m Z 2i e f f  R y)2 .

For h ig h  en e rg y  p r o j e c t i l e s ,  th e y  a l s o  g iv e  an a s y m p to t ic  s to p p in g  

number fo rm u la  o f  t h e  form

b (e  , n ) = s (e  ) i n  n + t  (0 ) -  c ( e  , n )s s s s  s s s s s  s s

w here s = K,L,M and w here C a r e  t h e  so c a l l e d  s h e l l  c o r r e c t i o ns

te rm s .  E q u a t io n  (13) can  a l s o  be w r i t t e n  i n  te rm s  o f

B = Z I n  O ^ r - )  -  S C (0  , n ) (13a)I  s s s  s

where I  i s  t h e  mean e x c i t a t i o n  e n e rg y ,  0 g i s  d im e n s io n le s s

s c r e e n in g  p a r a m e te r  d e n o t in g  th e  o b s e rv e d  i o n i z a t i o n  p o t e n t i a l  i n

2 2u n i t s  o f  i d e a l  i o n i z a t i o n  p o t e n t i a l  Z sR y /s  . i s  a l s o  a
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2
dimension.].ess q u a n t i t y  and i s  g iv e n  by 1/2  mv d iv id e d  by 

Ze f f s  R̂

The c a l c u l a t i o n s  o f  t h e  s h e l l  c o r r e c t i o n s  a r e  e x t r e m e ly  com plex.

B e th e ,  Brown, and W alske expanded them i n  power s e r i e s  o f  l / h s -

The f i r s t  t e rm  o f  s h e l l  c o r r e c t i o n  g iv e n  by Brown [21] i s  t o t a l

~ 1 /n ,  f o r  K s h e l l  e l e c t r o n  m eanw hile  W a ls k e 's  [23] r e s u l t s  a r e  k

C t o t a l  ~ 2/ri . The d i f f e r e n c e  be tw een  Brown and Walske i s
1C L

m a in ly  due t o  t h e  f a c t  t h a t  th e y  to o k  d i f f e r e n t  u p p e r  l i m i t s  to

e s t i m a t e  maximum momentum and e n e rg y  t r a n s f e r .  As i s  w e l l  known

when a  heavy  p a r t i c l e  c o l l i d e s  w i th  a  f r e e  e l e c t r o n ,  t h e  maximum

momentum t r a n s f e r r e d  to  t h e  e l e c t r o n  i s  2mv and maximum en ergy  

2
t r a n s f e r  i s  2mv t h e s e  v a l u e s  a r e  t h e  ones  t a k e n  i n  by Brown in  

d o ing  h i s  c a l c u l a t i o n s .  But i f  one c o n s i d e r s  t h e  n u c l e a r  r e c o i l i n g  

and th e  b i n d in g  e f f e c t s ,  t h e n  t h e  u p p e r  l i m i t  o f  momentum t r a n s f e r  i s  

no l o n g e r  2mv. W alske to o k  t h e  u p p e r  l i m i t  o f  b o th  momentum t r a n s 

f e r  and e n e rg y  t r a n s f e r  as  i n f i n i t y .  I n d e e d ,  b o th  Brown and Walske 

s i m p l i f i e d  t h e  p ro b lem  i n  t h i s  m anner .  L a t e r ,  w e ' l l  u s e  an  e x a c t  

t h r e e  body s e m i - c l a s s i c a l  model to  e s t i m a t e  t h e  u p p e r  l i m i t  o f  momen

tum t r a n s f e r .  R ig h t  now, a t  t h i s  s t a g e ,  w e ' l l  u s e  B ro w n 's  a ssu m p tio n  

f o r  c o n s i s t e n c y  w i t h  th e  f r e e  e l e c t r o n  g as  o f  p lasm a m odel,  b u t  keep 

i n  mind t h a t  t h e r e  a r e  some e r r o r s  due t o  B ro w n 's  a s s u m p t io n .  The 

a c c u r a t e  r e s u l t  s h o u ld  be  e x p e c te d  to  be b e tw een  B row n 's  and W a ls k e 's  

r e s u l t s .  Now we t r y  to  e s t a b l i s h  some r e l a t i o n s h i p  be tw een  plasm a 

model and quantum m e c h a n ic a l  c a l c u l a t i o n  b a se d  on B e th e ,  Brown, and 

W a ls k e 's  t h e o r y .  F o l lo w in g  Brown

C t o t a l  ~ —  = 
k nk <n> nk
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w here we d e f i n e

1 2 .<n> = mv /<T> ,

<T> i s  t h e  a v e ra g e  k i n e t i c  e n e rg y  o f  e l e c t r o n  o f  atoms th e n

<„> i mv2 zL ff
n, <T> 1 mv2

k 2

by v i r i a l  th eo rem  <T> = |<E>| we h av e

^rp- = Zk e f f  Ry

! <e >|

F or Z = 1 we g e t

C | = \  C t o t a lk ' z = l  2 k

h e n c e ,  we have

lr I 7 = 1  1 1  < T >  1
  = —   = — -  = — (L in d h a rd -W in th e r 's  second  te rm  o f  I
12=1 <1̂ > mv ^

F or Z = 2 we g e t

C, „ = C, t o t a l  k ' z=2 k

so t h a t

Ck| 1 1  1
  = — -----  = — ( L i n d h a r d - W i n t h e r ' s  seco n d  te rm  o f  L„
lz=2 2 <n> 2 2

,2 fu n c tio n )  .

f u n c t i o n ) .
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Now, l e t  u s  c o n s i d e r  atoms w hich  c o n t a i n  L s h e l l  e l e c t r o n s .

W alske a l s o  showed t h a t  t h e  t o t a l  s h e l l  c o r r e c t i o n  o f  L e l e c t r o n

C t o t a l  ~ 2/ nT , w hich  i s  s t i l l  due to  t h e  v a l u e  i n f i n i t y  f o r  th e  L

u p p er  l i m i t  o f  momentum t r a n s f e r  and en e rg y  t r a n s f e r .  I f  we keep 

B row n 's  m odel,  i . e .  assume t h a t  t h e  i n c i d e n t  p a r t i c l e  c o l l i d e s  w i th  

f r e e  e l e c t r o n ,  we have  C t o t a l  ~ 1 /n  whereLa La

1 2 
~2 mv

=

L ZLeff2 Ry

Now c o n s i d e r  L s h e l l  c l o s e d .  The t o t a l  K and L s h e l l  c o r r e c 

t i o n s  i s

C t + c = —  + —  = —  [ 1 + — ]K t o t a l  L t o t a l  nTr hT ri nTK Li K Li

1 r-, . ZLeff2 i 1 r-, . ZLeff2 i <h>
—  [ i  + ] = - i -  [1 + ^ e r i - ]
\  ZKeff2 <n> ZKeff2 \

Z 9 i  21 ^  + L e f f 2 t 2 mv /<T>

<r|> ZK e f f2 — mv2/Z 22 '  K e f f Z Ry

1 ^  + ZL e f f 2 t ZK e f f2 Ry

<n> ZKef f 2 l<E>

f o r  h y d ro g e n ic  atom

1
2Z 2 Ry +  T  Z_ _ 2  Ry • 8 Z 2 i

|< E > | -  K e f f  -------4 L e f f    = 2ZK eff2  Ey '  7
Z K e ff  K eff  Z
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h e n c e ,

c  cK t o t a l  +  L t o t a l  _ _1 1
Z 2 <n>

Now c o n s i d e r  L s h e l l  open:

c  . +  c  = ±  +  ± l ^ - ± [ 1 + S £ = » J * :  
k t o t a l  l  n K nL 8 n K 8 n L

1 [ (Z -2 )  ZL e f f 2 j ZK e f f 2 Ry

<n> 8 ZK e f f 2 l < E > l

where ZK e f f 2 Ry <rl>

I<E>| \

Now i 1
l < E > l ’  z 12 ZK e f f2 Ey + ^2 ZL e f f 2 Ey (Z~2)]

= 2 Z 2 E y [ l + - ^
Z K eff  8 ZKef£2

h e n c e ,

1 r. ^  (Z -2 )  L e f f  i Z ,  M , (Z -2) L e f f  .
1 . + C -  [ l +  q 7 9 9 8 Z 2k t o t a l  L <n > 8 K e ff  K e ff

o r  C„ +  C.K L 1 1
2 < n >
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In  b o th  b a s e s  e i t h e r  c l o s e d  s h e l l  o r  open s h e l l  we o b t a i n e d  t h e  same 

r e s u l t s ,

C _ 1 1 ^ 1 <T> = <T> 1 - . .
2 < n > 2 1  mv2 2

2 mv

( L in d h a r d - W in th e r 's  second  te rm  o f  f u n c t i o n ) .

I t  a p p e a r s  t h a t  from  quantum p e r t u r b a t i o n  th e o r y  we o b t a i n e d  t h e  

s i m i l a r  r e s u l t  a s  o f  p lasm a th e o r y  e x c e p t  a f a c t o r  o f  1 / 2 .  A c tu a l l y  

i f  we u s e  W a ls k e 's  r e s u l t  e x a c t l y  t h e  same r e s u l t s  a r e  o b t a i n e d  from  

b o th  q u i t e  d i f f e r e n t  a p p r o a c h e s .  What i s  im p l i e d  i n  t h i s  s u r p r i s i n g  

s i m i l a r i t y .  We b e l i e v e  t h i s  s i m i l a r i t y  i s  t h e  r e a l  b ackground  o f  

l o c a l  p lasm a m odel.  I n  p lasm a m odel a v e ra g e  k i n e t i c  e n e rg y  <T> i s  

r e l a t e d  to  t h e  p lasm a d e n s i t y .  On a n o t h e r  s i d e  i n  B ethe-B row n- 

W a ls k e 's  t h e o r y  a s  we have  shown t h e  a v e ra g e  k i n e t i c  e n e rg y  <T> i s  

r e l a t e d  to  a to m ic  wave f u n c t i o n  by u s in g  v i r i a l  theo rem  o r  a v e ra g e  

k i n e t i c  e n e rg y  i s  r e l a t e d  to  a to m ic  e l e c t r o n  d e n s i t y .  S in c e  t h e s e  

two a p p ro a c h e s  g iv e  t h e  same s to p p i n g  power e x p r e s s i o n s ,  we may say  

t h a t  p lasm a m odel can  b e  l o c a l i z e d  by t h e  e q u iv a l e n c e  o f  t h e s e  two 

a p p r o a c h e s .  But f o r  low e n e rg y  p r o j e c t i l e ,  e s p e c i a l l y  f o r  l i g h t  

e le m e n ts  w hich  c o n t a i n  L s h e l l  e l e c t r o n s ,  t h i s  fo rm u la  i s  to o  

s im p le  to  d e s c r i b e  t h e  s to p p i n g  power due to  v a r i o u s  p h y s i c a l  e f f e c t s .  

F i r s t ,  one sh o u ld  t a k e  i n t o  a c c o u n t  t h e  t r a n s i t i o n s  t h a t  a r e  f o r b i d 

den by P a u l i ' s  p r i n c i p l e  ( f o r  t h e  im p o r ta n c e  o f  t h i s  i n  t h e  c a s e  o f

a s y m p to t ic  s to p p in g  numbers s e e  K handelw al [ 2 6 ] ) .  T h ere  i s  a modi

f i c a t i o n  f a c t o r  on 1 /n .,  o r  l / n T o r  1 /n , ,  which depends  on ZK L M

and a l s o  depends  on t h e  s h e l l .  The f o l l o w i n g  t a b l e s  4 and  5 l i s t  t h e  

c o e f f i c i e n t s  o f  nT f o r  d i f f e r e n t  0 (w here  0 i s  t h e  e n e rg yJL J_i J-j
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d i f f e r e n c e  be tw een  g round  s t a t e  and lo w e s t  o c c u p ie d  s t a t e  i n  u n i t s  o f  

z -^e f £ 2  Ry/n^ f o r  L s h e l l  n = 2) a c c o r d in g  to  W alske f o r  0 ^ = 1  

t h e  c o e f f i c i e n t  o f  hT- -*- i s  2 .Li

T ab le  4 .  C o e f f i c i e n t  o f  h .
Li

0L 0 .3 5 0 .4 5 0 .5 5 0 .6 5 1

C o e f f i c i e n t s  
o f  nL- l 1 .5032 1 .0756 1 .9890 2.0000 2

T ab le  5 .  C o e f f i c i e n t  o f  n ^ .K

0L 0 .7  0 .7 5 0 .8 0 .8 5 0 .9

C o e f f i c i e n t s  
o f  nK- l 2 .0 6 6 2  2 .0999 2 .1196 2 .1 2 9 0 2 .1309

Second , a t  low e n e rg y  we a l s o  n ee d  to  c o n s i d e r  h ig h  o r d e r  expan

s i o n  te rm s  w h ich  a r e  n o t  c o m p le te ly  known. W a ls k e 's  e x p a n s io n  f o r  

t h e  L s h e l l  f o r  t h e  fo rm s i n v o l v e s  f i t t i n g .

T h i r d ,  Brown and W a ls k e 's  c a l c u l a t i o n s  a r e  b a s e d  on h y d ro g e n ic  

wave f u n c t i o n s ,  a s  W alske h a s  p o i n t e d  o u t ,  f o r  Z <30 t h e  r e s u l t s  

a r e  n o t  a c c u r a t e .
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F o u r th ,  a s  m e n t io n e d ,  B ro w n 's  model o f  u p p e r  l i m i t  o f  momentum 

t r a n s f e r  was used  and t h i s  i n v o lv e s  an u n c e r t a i n  f a c t o r  betw een  1 

and 2 .  T h i s  i s  b e c a u s e  due to  t h e  n u c l e a r  r e c o i l i n g ,  t h e  r e a l  v a lu e  

s h o u ld  be  be tw een  t h a t  o f  Brown and W alske ,  and s h o u ld  depend on 

p r o j e c t i l e s  e n e rg y .

F u r th e rm o re ,  t h e r e  e x i s t s  a  s c r e e n in g  e f f e c t  o n  low  en e rg y  

p r o j e c t i l e s  c h a rg e .  I t  i s  e a s y  f o r  t h e  e lem en t l i k e  L i  to  l o o s e  

i t s  v a l e n c e  e l e c t r o n ,  when p o s i t i v e  heavy  io n  p r o j e c t i l e  moves 

r a t h e r  s lo w . T h ere  i s  some ch an ce  t h a t  t h e  p r o j e c t i l e  can c a p tu r e  

t h e  e l e c t r o n .  T h is  w i l l  c a u s e  s c r e e n in g  e f f e c t  on p r o j e c t i l e  which 

i n  t u r n  w i l l  d e c r e a s e  t h e  s to p p in g  power. A l l  t h e s e  c o m p l ic a te d  

e f f e c t s  sh o u ld  be  t a k e n  i n t o  a c c o u n t .

In  fo rm u la  (15)

CK +  CT 1 1 7  1 1
 7------ = V  = 7  {-v L i n d h a r d - W i n t h e r ' sZ Z <ri> 2 Z 2

Second te rm  o f  f u n c t i o n  t im e s  Z}

*
t h e  f a c t o r  1/Z  i s  due t o  t h e  d e f i n i t i o n  o f  C/Z a s  a n o th e r  Z in

t h e  b r a c k e t  i s  m a in ly  due t o  ea ch  e l e c t r o n ' s  c o n t r i b u t i o n  t o  t o t a l

s h e l l  c o r r e c t i o n ,  l / r u  o r  l / n T i s  f u l l  s h e l l ' s  s h e l l  c o r r e c t i o n ,
K L

i t  l o o k s  l i k e  t h e s e  two Z f a c t o r s  c a n c e l  e a ch  o t h e r ,  b u t  t a k i n g  

i n t o  ac c o u n t  a l l  t h e  above e f f e c t s  t h e  s i t u a t i o n  i s  n o t  so s im p le .

As we know, t h e  q u a n t i t y  Z in  t h e  b r a c k e t  o f  fo rm u la  (15) i s

m a in ly  due to  ea ch  e l e c t r o n ' s  c o n t r i b u t i o n  to  t o t a l  s h e l l  c o r r e c t i o n  

bu t  a t  l e a s t  t h e  s c r e e n i n g  e f f e c t  h as  a n e g a t i v e  i n f l u e n c e .  As i s

w e l l  known, L i ' s  f i r s t  i o n i z a t i o n  p o t e n t i a l  i s  above  5 ev .  I t  means

o n ly  5 ev a d d i t i o n a l  en e rg y  can  ca u se  L i  t o  l o o s e  i t s  v a l e n c e  e l e c t ro n .
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M eanwhile , n e o n ' s  f i r s t  i o n i z a t i o n  p o t e n t i a l  i s  a b o u t  20 e v .  The 

i o n i z a t i o n  p o t e n t i a l  r i s e s  l i n e a r l y  in  Z betw een  l i t h i u m  and n eon .  

I t  a p p e a r s  f o r  L i  s c r e e n in g  e f f e c t  i s  much more im p o r t a n t  th a n  f o r

n eo n .  At l e a s t  f o r  2 < Z < 10 e le m e n ts  o f  s m a l l  Z have more

i n f l u e n c e  on r e d u c in g  t h e  s to p p in g  power th ro u g h  s c r e e n i n g  th a n  

l a r g e  Z .

F o rm a l ly ,  we a b s o rb  t h i s  e f f e c t  i n t o  t h e  b r a c k e t .  Now, i n  t h e  

b r a c k e t  we have  two c o n t r a d i c t o r y  e f f e c t s .  The s h e l l  c o r r e c t i o n  

p r o p o r t i o n a l  to  Z, t h e  s c r e e n in g  e f f e c t  i s  i n  t h e  i n v e r s e  d i r e c t i o n .  

I n  a d d i t i o n ,  t h e r e  a r e  many o t h e r  u n c l e a r  e f f e c t s  w hich  we have  

m en tio n ed  ab o v e .  Roughly now, we have  t h e  f o l lo w in g  a s s u m p t io n ,  

suppose  t h e s e  two c o n t r a d i c t o r y  e f f e c t s  ro u g h ly  c a n c e r  e a ch  o t h e r  

a l s o  w i th  o t h e r  e f f e c t s .  We may u s e  a h a l f  f u l l  s h e l l  number as  an

a v e ra g e  i n s t e a d  o f  Z i n  th e  b r a c k e t .

Thus, we o b t a i n  t h e  e x p r e s s io n  f o r  L ^ ,

,2mv"\ 1 <T> £ „L„ = I n  (—---- ) -  — — v  f o r  Z 4  2
2 fiWp Z mv2

(16)

,2mv2N 5 <T>  ̂ , AL. = I n  (-r----- ) -  — — r  f o r  2 < Z 10
2 z mv2

<T> 1where — ~ = -r- ( L in d h a r d - W in th e r 's  second  te rm  i n  L f u n c t i o n )  . 
mv2 2  2

As m en tio n ed  e a r l i e r  t h e  e q u iv a l e n c e  o f  t h e  s h e l l  c o r r e c t i o n  

te rm  from L i n d h a r d - W in th e r 's  t h e o ry  and B e th e -W a ls k e ' s t h e o r y  a c t u 

a l l y  g iv e s  somewhat t h e  e x p l a n a t io n  o f  t h e  l o c a l  p la sm a  m odel.
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F u r th e rm o re ,  f o r  r e a l  atoms we a l s o  g iv e  t h e  c o r r e c t i o n  o f  L i n d h a r d ' s  

t h e o r y .  A lso  we can  t e l l  how f a r  t h e  l o c a l  p la sm a  model can  be 

a p p l i e d  to  r e a l  s i t u a t i o n s .  L in d h a rd  and W in th e r  a l s o  u sed  a  p a r a 

m e te r  Y i n  b o th  t h e  f i r s t  t e rm  and  te rm s  o f  L^ to  s i m p l i f y  t h e  

c a l c u l a t i o n s  we w i l l  show i n  t h e  n o te  a t  t h e  end o f  t h i s  s e c t i o n  in  

d e t a i l .

Now (16) becomes

Ln = In  I  -  -  3" ' 5 1 £"  Z « 2
2 Z 10X Y

, v 5 31 -5  1 f o r  2 < Z < 10
Lz ‘  l n  Y -  I  W  7

2 2 2
where X = -------  > V„ i s  t h e  Ferm i v e l o c i t y  and Y =-—-----

TThVrr F

Now we a p p ly  t h e  P in e  c o r r e c t i o n  on L, i . e .  u s e  Yhto^ i n s t e a d

2
o f  hw i n  L„ a s  w e l l  a s  i n  L. o r  u s in g  Y = 2mv /Yhm i n s t e a d

p  2  1  p
2

o f  Y = 2mv /hm i n  L f u n c t i o n .
P

F i n a l l y ,  we sm o o th ly  j o i n  L^ and L^  t h u s  o b t a i n i n g  L fu n c 

t i o n  by t h e  f o l l o w i n g  m anner .  E x te n s iv e  n u m e r ic a l  e v a l u a t i o n s  u s in g  

a  com puter p rog ram  o f  t h e  f u n c t i o n  L^ and L^ f o r  v a r i o u s  v a l u e s

o f  t h e  v a r i a b l e  Y r e v e a l e d  t h a t  i n  m ost u s e f u l  c a s e s  t h e r e  w ere

found  two r o o t s  Y^ and Y^ o f  t h e  e q u a t i o n  L^ = L^ w here 

Y^ < Y^. F u r th e rm o re ,  t h e  s l o p e  M o f  t h e  f u n c t i o n  f o r  v a l u e s

o f  Y g r e a t e r  th a n  Y^  was a lw ays  s m a l l .  On t h e  o t h e r  h an d ,  t h e  

s l o p e  o f  L2 f o r  Y v a l u e s  l e s s  th a n  Y^ was v e r y  s t e e p .  These 

o b s e r v a t i o n s ,  i n c l u d i n g  t h e  b e h a v io r  o f  t h e s e  f u n c t i o n s  ( s e e  f i g u r e  1),
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4

3

2

1

20

Y

F ig .  1 .  The low and h ig h  e n e rg y  s to p p in g  number f u n c t i o n s  as
f u n c t i o n  o f  t h e  v a r i a b l e  Y. A t y p i c a l  v a l u e  e q u a l  to
0 .1  o f  t h e  q u a n t i t y  was c h o se n .
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l e d  us  t o  t h e  f o l lo w in g  r e c i p e  to  p r e s e r v e  t h e  c o n t i n u i t y  c o n s i s t e n t  

w i t h  t h e  p h y s i c s  o f  t h e  s i t u a t i o n

L = L„ when MY < L r

L2 = Max [L^, when MY >

a c t u a l l y  we have

L =

L Y < Y1 1

L2 Y > Y1

w hich  was found  to  be c o n v e n ie n t  f o r  t h e  com puter  program m ing. The 

f u n c t i o n s  and a r e  d e f in e d  a s  f o l l o w s :

2 —  —

Lx = ( 4 j - ) 4 Y2 ^ ( X )

w here C^(X)
X^ 22 (1 - ^ - )

1 + 4  x2
( I n  (------4 -----)

X

i - ^ x 2

i + 4  x 2

T -  1 V  S 1 ’ 5  A

2 Z 10X X

w here N i s  t h e  h a l f  f u l l  s h e l l  number

N =
1 f o r  Z < 2

5 f o r  Z < Z < 10

N o te :  L in d h a rd  and W in th e r  u s e d  a  p a r a m e te r  Y i n  b o th  f i r s t  and

second  te rm s  o f  th e  L2 f u n c t i o n ,  i . e .
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i n s t e a d  o f

where Y = -̂ flV - and X'•fru>
P

TThV.F

where V— i s  th p  p p r m i  v p l n n ' l ' v  V m

n i s  t h e  d e n s i t y  o f  p la sm a .

A p p ly in g  t h i s  fo rm u la  i n  t h e  a to m ic  o r  m o le c u la r  s c a l e ,  i . e .  i n  

th e  l o c a l  p lasm a model n  i s  t h e  e l e c t r o n i c  wave f u n c t i o n  s q u a r e  o f  

ground s t a t e .  Thus Y and X a r e  t h e  f u n c t i o n  o f  d e n s i t y  s i n c e  we 

know th e  wave f u n c t i o n ,  L^  can  be e a s i l y  o b t a i n e d .  Now we w i l l  

show t h a t  t h e  second  te rm  o f

12 mv

< p > 3i s  e q u a l  to  —

th e  fo l l o w in g  fo rm u la e  a r e  u s e d :

X^ = —§—  d e f i n i t i o n  o f  X
v p

(1 7 .1 )

a) 2 
P

4ire n 
m

(1 7 .2 )

(1 7 .3 )
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<T> "  1 5  "  V

From (1 7 .3 )  we have \ / n  = ~  ‘/ " I F  VF

2
)  4-^6from  (1 7 .2 )  we have u) = -------  * np m

th u s

hu = / —  eh -3 - / • —- V /  V_ = AV_ /  V p V m ir-h v 3h F v F F v / F

w here  A = 2 me '
3TTh

2 „ 2 ___ 2m / V
A T  =   — E (— ) '

%  A V /  ^  F A V
_ 2mv 2mv / 7T~ V F , v s 2

from  (1 7 .1 )  we have  J v ¥ = \

th u s

,2V x v'

2
s i n c e  from  (1 7 .4 )  we know <T> = -ry- m V 2 } f i n a l l y  we have

I D  r

31,5  1L = l n  Y -2 5x Y

( 1 7 . 4 )
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Chapter 3

CALCULATION OF MOLECULAR STOPPING POWER

In  t h i s  s e c t i o n ,  we p e r fo rm  c a l c u l a t i o n s  on t h e  m o le c u la r  

s t o p p in g  power o f  H^, He, and  w a te r  v a p o r  f o r  w ide p ro to n

p r o j e c t i l e  en e rg y  r e g io n s  ( f o r  He, 100 KeV -  2 .5  MeV, 40 KeV -

2 .5  MeV e l s e ) .  C om parisons o f  t h e  e x p e r im e n ta l  d a t a  w ere i n d i c a t e d  

i n  t a b l e s  6 to  11 ( s e e  r e f e r e n c e  [27] and [ 2 8 ] ) .

The b a s i c  fo rm u la  f o r  t h e  s to p p in g  power o f  l o c a l  p lasm a i s  a s  

f o l l o w s :

2 4 2mvn2 o_ dE = 4 j t z  e_N f  ( r )  l n  (-------- } d3r
dx mv 2 Yfto, ( r )

P p

To e x te n d  th e  fo rm u la  to  low e n e rg y  r e g i o n s ,  i t  i s  o n ly  n e c e s s a r y  to  

r e p l a c e

2mv 2
In  (------- — )

Yftu) ( r )
P

by L f u n c t i o n ,  w hich  we h av e  e s t a b l i s h e d  i n  t h e  s e c t i o n  e n t i t l e d  

" S to p p in g  Number F u n c t i o n . "

Now we a r e  i n t e r e s t e d  i n  m o le c u la r  s t o p p in g  pow er. The c h a rg e  

d e n s i t y  i n  th e  i n t e g r a l  s h o u ld  be  t h e  e l e c t r o n  d e n s i t y  o f  m o le c u le s .  

As we m en tio n ed  i n  t h e  s e c t i o n  t i t l e d  " S to p p in g  Number F u n c t i o n ,"  

t h e  Gordon-Kim model i s  a  ro u g h  m odel o f  m o le c u la r  e l e c t r o n  d e n s i t y .

3 3
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They assumed t h a t  no a r ra n g e m e n t  o r  d i s t o r t i o n  o f  t h e  s e p a r a t e  a tom ic  

d e n s i t y  t a k e s  p l a c e  when t h e  atoms a r e  b ro u g h t  t o g e t h e r .  The t o t a l  

e l e c t r o n  d e n s i t y  o f  two i n t e r a c t i n g  atoms i s ,  t h e r e f o r e ,  t a k e n  sim ply  

a s  t h e  sum o f  t h e  two a to m ic  d e n s i t i e s .

p (?) = p . ( t )  +  P* ( ?  -  1 9) (18)
m o le c u le  A B 12

w here  i s  t h e  i n t e r n u c l e a r  d i s t a n c e .

r-R.

12

L e t  us  u s e  ^  a s  an  example t o  e x p l a i n  how to  a p p ly  fo r m u la r

( 1 8 ) .  The g round  s t a t e  wave f u n c t i o n  o f  t h e  hy d ro g en  atom  i s

 — 2r
1 / tt e . The e l e c t r o n  d e n s i t y  o f  hy d ro g en  atom i s  1 / tt e . Accord

in g  o f  (18)

P„ = -  e " 2 r  + -  e -  (2 7  r 2 + R_ -  2 r  R co s  6 )
TT TT 12 1 /

For o t h e r  a tom s t h e  a to m ic  wave f u n c t i o n s  a r e  o b t a i n e d  by C lem en t i ,  

R o e t t i  [29] ( p u b l i s h e d  i n  a tom ic  d a t a  and n u c l e a r  d a t a ) . They used  

R o o th a n -H a r t r e e -F o c k  m ethod to  c a l c u l a t e  b a s i c  f u n c t i o n  and t h e i r  

c o e f f i c i e n t s  f o r  ground  an d  c e r t a i n  e x c i t e d  s t a t e s  o f  n e u t r a l  and 

i o n i c  atom s f o r  Z « 54. For m o le c u le s  w hich  c o n t a i n  more th a n  two
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atoms t h e  model can  be  e x te n d e d  a s  f o l l o w s :

P m o lecu le  " PA<*> + PB( ?  " ^  +  PC( ?  ‘  *AC>

H ere we p r e s e n t  t h e  c a l c u l a t i o n  o f  w a te r  v a p o r  w hich  c o n t a i n s  t h r e e  

a to m s .  The a n g l e  be tw een  two OH bounds i s  a b o u t  1 0 5 ° .  I t  sh o u ld  

be c a l c u l a t e d  by fo rm u la  ( 1 9 ) ,  b u t  f o r  s i m p l i c i t y  i n  t h i s  s e c t i o n  we 

n e g l e c t e d  t h e  H-H o v e r la p  s im p ly  a s  f o l lo w s :

V  ’  P0 C?) +  2 PH( f  -  ° S)

Also we n eed  t o  c o n s i d e r  p a r t i a l  i o n i c  bond e f f e c t .  Many compounds

e x h i b i t  p a r t i a l  i o n i c  bond r a t h e r  th a n  p u re  c o v a l e n t  bond. P a u l in g

d e f in e d  p a r t i a l  i o n i c  f r a c t i o n  [30] as  t h e  m easu red  d i p o l e  moment

d i v i d e d  by i d e a l  d i p o l e  moment. C o n s id e r ,  f o r  exam ple ,  t h e  compound

HC1. The d i s t a n c e  be tw een  two n u c l e i  i s  1 .275A 0 , t h e  p a r t i a l  i o n i c

f r a c t i o n  i s  p = —0 x 100%, h° = e x Rn = 4 .8 0  x 1 .2 7 5  = 6 .1 2  D, b u t  
p  u

t h e  a c t u a l  m easu red  d i p o l e  moment b° = 1 .0 3  D. Hence 

p = 1 . 0 3 /6 .1 2  x  100% = 17%. H2O i s  a l s o  p a r t i a l  i o n i c  bonded 

compound. The a c t u a l  m easu red  d ipom ent i s  h = 1 .9 4  D th e  i d e a l  

d ipom ent b° = e Rq = 4 .8  x 0 .958  D = 4 .5 9 8  D th e  p a r t i a l  i o n i c
p

f r a c t i o n  p = —— = 0 .4 2 .  The m o l e c u l e ' s  e l e c t r o n  d e n s i t y  o f  p a r t i a l  
V

i o n i c  bonded compounds can  be e x p re s s e d  a s  f o l l o w s :

pm o le c u le  = pA( r )  + pB( r  _ RAB) 

w i th  p~  = (1 -  p) p ( r )  + p p " ( r )
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The c a s e  p = 1 (p u re  i o n i c  bond) p h y s i c a l l y  c o r re s p o n d s  to  moving 

one e l e c t r o n  from  one atom to  a n o t h e r .  Now f o r  one atom we u s e  wave 

f u n c t i o n  o f  p o s i t i v e  io n ,  f o r  a n o th e r  atom we u s e  wave f u n c t i o n  o f  

n e g a t i v e  i o n .  For t h e  c a s e  p = 0, t h a t  i s  th e  p u re  c o v a le n t  bond, 

we s t i l l  u s e  t h e  n e u t r a l  a to m 's  wave f u n c t i o n .  H^, C^, a r e  a l l

p u re  c o v a le n t  bond m o l e c u l e s .

W ater v a p o r  i s  a  p a r t i a l  i o n i c  bonded compound. The d i s t a n c e s  

be tw een  n u c l e i  a r e  l i s t e d  i n  t a b l e  6 .

T a b le  6 . The d i s t a n c e s  be tw een  n u c l e i  o f  m o lecu le s
°2 > N h2 and H2° -

H-H H-0 N-N 0-0

R(A) 0 .7 4 0 .958 1 .094 1.207

T a b le  7 l i s t s  t h e  r e s u l t s  o f  t h i s  p a p e r  t o g e t h e r  w i th  A ndersen  and 

Z i e g l e r  [ 3 1 ] ,  c u rv e  f i t t e d  r e s u l t s  and  t h r e e  s e t s  o f  e x p e r im e n ta l  

d a t a  f o r  m o le c u le s .  Good ag reem en t  w i t h i n  20 p e r c e n t  i s  found

w i t h  e x p e r im e n ta l  d a t a  from p ro to n  e n e rg y  100 KeV -  2 .5  MeV. 

C a l c u l a t i o n s  from  t h e  e q u a t io n s  e s t a b l i s h e d  by Bonderup [20] were 

a l s o  u n d e r ta k e n  by e x te n d in g  them to  m o le c u la r  sy s tem .  T ab le  7 

l i s t s  t h e s e  v a l u e s  f o r  m o le c u le s  in  th e  l a s t  column. These

d i f f e r  from  o u r  r e s u l t s  i n  t h e  low e n e rg y  r e g i o n s .  T ab le  8 l i s t s  

t h e  same p h y s i c a l  q u a n t i t i e s  f o r  h e l iu m  g a s .  The same t r e n d  i s  

o b s e rv e d  a s  i n  t h e  b a s e  o f  th e  ^  m o le c u le .
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T a b le  7 . Sum m ary o f  th e  s t o p p in g  
v a r io u s  p r o t o n  e n e r g ie s .

c r o s s  s e c t io n s  ( l n u n i t s  o f  eV x  10  ^
2

cm /m o le c u le )  f o r th e  h y d ro g e n  m o le c u le  f o r

E (K eV )

T h e o r e t ic a l  
V a lu e s  o f  th e  
P r e s e n t  P a p e r

C u rv e  F i t t e d  
V a lu e s  

A n d e rs e n  & 
Z ie g le r  

[3 1 ]

R e y n o ld s  
e t  a l . *  

[3 2  1
L a n g le y

[3 3 ]

B o n d e ru p  & 
H r e lp la n d  

[3 4 ]

T h e o r e t ic a l  
V a lu e s  C a lc u 

l a t e d  fro m  
B o n d e ru p *  s 

W o rk  
12 0 ]

100 1 1 .4 1 1 1 .6 1 1 .6 6 1 1 .2 1 0 .2 3

200 7 .5 2 8 .0 7 .8 0 7 .6 4 7 .0 2

300 5 .7 0 5 .9 5 5 .8 2 4 .5 4  
(3 1 1  KeV)

5 .3 9

4 00 4 .6 3 4 .6 0 4 .7 0 4 .4 1

500 3 .9 3 4 .0 0 3 .9 4 3 .7 5

600 3 .4 2 3 .4 0 3 .4 0 3 .8 2  
( 5 8 1 .5  KeV)

3 .2 8

700 3 .0 4 3 .0 0 2 .9 2

800 2 .7 5 2 .7 5 2 .7 3  
( 7 7 8 .7  KeV)

2 .6 4

900 2 .5 0 2 .5 0 2 .4 1

1037 2 .2 4 2 .3 5 2 .1 4 2 .1 6

1055 1 .6 2 1 .6 4 1 .5 3 1 .5 7

2047 1 .3 0 1 .2 1 1 .2 2 1 .2 4

2591 1 .0 7 1 .0 7 1 .0 4 1 .0 4

*A n d e rs e n  and  Z i e g l e r  ( 3 1 J n o te  t h a t  th e  d a ta  I n  r e fe r e n c e  f 3 2 J a p p e a r  to  be c o n s t a n t ly  h ig h  by a m oun t r a n g in g  fro m  5 p e r c e n t  
t o  10 p e r c e n t .

UJ
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T a b le  8 . Summary o f  th e  s 
p r o t o n  e n e r g ie s .

t o p p in g  c r o s s s e c t io n  v a lu e s - 1 5  2
( i n  u n i t s  o f  eV x  10  cm f a to m ) f o r  h e l iu m  a to m  f o r v a r io u s

B e s t A v a i l a b le  E x p e r im e n ta l  R e s u l ts

E (K eV )

T h e o r e t ic a l  
V a lu e s  o f  th e  
P r e s e n t  P a p e r

C u rv e  F i t t e d  
V a lu e s  

A n d e rs e n  fit 
Z i e g le r  

[3 1 ]

R e y n o ld s  
e t  a l .  

[ 3 2 ]

P a rk  & B o n d e ru p  & 
Zim m erm an H r e lp la n d  

[3 5 ]  [3 4 ]

B r o l l e y
P h i l l i p s  & R ib e  

[3 6 ]  [3 7 ]

T h e o r e t ic a l  
V a lu e s  C a lc u 

la t e d  fro m  
B o n d e ru p 's  

W ork 
[2 0 ]

80 7 .4 6 7 .3 7 7 .1 5 6 .6

100 7 .0 7 7 .1 6 7 .3 0 7 .0 5  7 .0 2 5 .4 5

200 5 .3 8 5 .6 4 5 .5 5 5 .6 4  5 .6 0 4 .4 9

300 4 .2 6 4 .3 9 4 .4 1 3 .7 8

400 3 .5 9 3 .6 0 3 .6 9 3 .2 5

500 3 .1 0 3 .0 7 3 .1 8 2 .8 5

600 2 .7 3 2 .6 9 2 .8 1 2 .5 4

700 2 .4 5 2 .4 1 2 .2 9

8 00 2 .2 3 2 .1 9 2 .0 9

900 2 .1 5 2 .0 0 1 .9 2

1000 1 .8 9 1 .9 2 1 .7 9

2000 1 .1 2 1 .1 4 1 .0 7

440 0 0 5 .9 5 0 .6 0 0 0 .5 8 5 0 .5 7 6

U>
00



39

T a b le  9 l i s t s  t h e  r e s u l t s  o f  t h i s  model t o g e t h e r  w i t h  A n d e rsen -  

Z e i g l e r  and t h r e e  s e t s  o f  e x p e r im e n ta l  d a t a  from p ro to n  en e rg y  

40 KeV -  2 .5  MeV f o r  m o le c u le .  T ab le  10 l i s t s  t h e  same p h y s i c a l

q u a n t i t i e s  f o r  0^ .  T ab le  11 l i s t s  t h e  r e s u l t s  o f  t h i s  model 

t o g e t h e r  w i t h  R eynolds  e t  a l .  e x p e r im e n ta l  d a t a  f o r  w a te r  v ap o r  

a l l  t h e s e  t a b l e s  show t h e o r e t i c a l  r e s u l t s  o f  t h i s  model a r e  i n  good 

ag reem en t w i th  e x p e r im e n ta l  d a t a .
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T ab le  9 .  P ro to n  s to p p in g  c r o s s  s e c t i o n  v a l u e s  ( i n  u n i t s  o f
10- 15 e y cm2) o r  more e x a c t l y  1/2  s t o p p in g  c r o s s  s e c t i o n  
p e r  m o le c u le  (10- -*-̂  eV -  cm2) o f  09 g a s .

E(KeV)

T h e o r e t i c a l  
V a lu e s  o f  th e  
P r e s e n t  Paper

Curve F i t t e d  
V alues  

A ndersen  & 
Z i e g l e r

[31]

B es t  A v a i l a b l e  
EXPERIMENTAL RESULTS

R eynolds  
e t  a l .  

[32]
P h i l l i p s  L ang ley  

[36] [33]

40 1 7 .2 0 16 .0 1 7 . 1 ±  2 .6 1 4 .1

50 17 .8 1 16 .9 1 7 .8  ± 2 . 6 1 4 .8

60 1 8 .2 4 1 7 .3 1 8 .2  ± 2 .6 1 5 .0

70 18 .4 8 1 7 .8 1 8 .5  ± 2 .6 1 4 .9

80 1 8 .4 1 17 .9 1 8 .5  ± 2 . 6

90 18.25± 2 .6

100 1 7 .7 9 17 .7 1 7 .9  ± 2 . 6

200 1 3 .2 6 14 .1 1 4 .7  ± 2 .6

300 1 0 .8 5 11.2 1 1 .2  ± 1 . 7

400 9 .2 4 9 .3 9.34± 1 .7

500 8.10 8.1 8 .08± 1 .7

600 7 .2 5 7 .2 7 .2 1 ± 1 .7

700 6 .7

800 6.0

900 5 .65 4 .7 8

1037 5 .2 0

2074

2591 2 .7 1 2 .7 2
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T ab le  10 . P ro to n  s to p p in g  c r o s s  s e c t i o n  p e r  atom  ( i n  u n i t s  o f
10- -*-̂  eV cm^) o r  more e x a c t l y  1 /2  s to p p in g  c r o s s  s e c t i o n  
p e r  m o le c u le  (10- 1 ^ eV -  cm2 ) o f  02 g a s .

Curve F i t t e d  
V alues  

A ndersen  & 
Z i e g l e r  

[31]

B e s t  A v a i l a b l e  
EXPERIMENTAL RESULTS

E(KeV)

T h e o r e t i c a l  
V a lu e s  of the 
P r e s e n t  Paper

R eynolds  
e t  a l .  
[32]

P h i l l i p s  L an g ley  
[36] [33]

40 15 .8 9 1 4 .6 1 5 .2  ± 2 . 6 1 2 .5

50 16 .52 15 .2 1 6 .4  ± 2 .6

60 16 .9 9 16 .2 1 6 .9  ± 2 . 6 14 .2

70 17 .29 16 .7 17.15 ± 2 . 6 1 3 .8

80 17 .48 17 .0 17.25 ± 2 .6 1 3 .8

90 1 7 .1 17.25 ± 2 .6

100 17 .4 3 1 7 .0 17.17 ± 2 .6

200 1 4 .3 6 1 4 .6 1 4 .7  ± 2 .6

300 11 .84 11 .9 11.99± 1 .7

400 1 0 .1 4 10.0 9.76± 1 .7

500 8 .9 2 8.8 8 .8 4 ± 1 .7

600 7 .9 9 7 .9 7.91± 1 .7

700 7 .0

800 6 .5

900 6.0

1037 5 .6 4 5 .2 5

2074

2591 2 .9 7 2 .8 5
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T ab le  1 1 .  P r o to n  s to p p in g  c r o s s  s e c t i o n  p e r  m o le c u le  
(10- ^  eV -  cm^) o f  ^ 0  v a p o r .

E(KeV)

T h e o r e t i c a l  
V a lu e s  of 

P r e s e n t  R eport

R eynolds  
e t  a l .  
[32]

40 2 8 .8 1 2 5 . 0 ±  2 . 6

50 2 8 .8 1 2 6 . 1 ± 2.6

60 28 .5 9 2 6 .9  ± 2 .6

70 28 .22 2 7 .5  ± 2 . 6

80 27 .77 2 7 .6  ± 2 .6

90 28 .2 8 2 7 .5  ± 2 . 6

100 26 .77 2 7 .3  ± 2 . 6

200 2 1 .0 4 2 2 .0  ± 1. 7

300 1 7 .0 6 1 7 .9  ± 1 . 7

400 14 .4 3 1 5 .0  ± 1 . 7

500 12 .59 1 3 .0  ± 1 . 7

600 11.20

700 1 0 .1 3

800 9 .28

900 8 .5 6

1000 7. 97
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C hap te r  4 

MOLECULAR EFFECT OF STOPPING POWER

D e v ia t i o n s  from  B r a g g ' s  r u l e  due to  c h e m ic a l  s t r u c t u r e  have been  

r e c e n t l y  s y s t e m a t i c a l l y  s t u d i e d  by s e v e r a l  e x p e r i m e n t e r s .  Some 

i n t e r e s t i n g  c o n c l u s i o n s  w ere summarized from t h e s e  e x p e r im e n ts .  Now, 

we have  a l r e a d y  o b t a i n e d  s to p p in g  c r o s s  s e c t i o n  o f  m o le c u le s  by u s in g  

method e s t a b l i s h e d  in  t h e  s e c t i o n s  t i t l e d  " S to p p in g  Number F u n c t io n "  

and " C a l c u l a t i o n  o f  M o le c u la r  S to p p in g  P o w e r ."  We can a l s o  e a s i l y  

o b t a i n  t h e  a to m ic  s to p p in g  c r o s s  s e c t i o n  by c a l c u l a t i n g  t h e  d i f f e r 

en c e  o f  t h e s e  two q u a n t i t i e s .  In  t h i s  way we c a n  o b t a i n  t h e  

d e v i a t i o n  from  B r a g g ' s  r u l e  t h e o r e t i c a l l y .  A d i s c u s s i o n ,  b a se d  on 

t h i s  e v a l u a t i o n  and on  c o n c lu s io n  from t h e  e x p e r im e n ta l  s i d e ,  w i l l  

be  p r e s e n t e d  i n  t h i s  s e c t i o n .

D i s c u s s i o n  on d e v i a t i o n  from B r a g g ' s  r u l e  due t o  ch em ica l  

s t r u c t u r e  o f  s to p p in g  power o f  m o le c u le s  i s  o f  g r e a t  i n t e r e s t .  In  

1905 , Bragg and Kleeman f i r s t  p roposed  t h e  B r a g g ' s  r u l e  [ 5 ] .  I t  

s t a t e s  t h a t  t h e  s t o p p in g  power (o r  s to p p in g  c r o s s  s e c t i o n )  o f  a 

m o le c u l a r  s u b s t a n c e  i s  t h e  a d d i t i v e  sum o f  t h e  a to m ic  s to p p in g  

powers m u l t i p l i e d  by t h e  number o f  t im e s  each  atom o c c u r s  i n  th e  

m o le c u le .  B r a g g ' s  r u l e  has  been  shown by Thompson [ 3 8 ] ,  f o r  v e ry  

h ig h  v e l o c i t y  p r o t o n  to  be v a l i d  w i t h i n  ab o u t  1%. W ilso n  and h i s  

c o -w o rk e r s  [39] , [ 4 0 ] ,  [42] s y s t e m a t i c a l l y  s t u d i e d  t h e  m o le c u la r
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e f f e c t  on mean e x c i t a t i o n  e n e rg y .  C o n s id e r a b le  d e v i a t i o n s  from 

B ra g g 's  r u l e  on  mean e x c i t a t i o n  en e rg y  were fo u n d .  T h is  i s  n o t  

c o n t r a d i c t o r y  to  Thompson b ecau se  due to  B e t h e ' s  fo rm u la

< o
dE 4 tt e  Z „  , 2mv -  —  = ----- 5— N In -------
dx mv I

even th o u g h  t h e r e  may be c o n s i d e r a b l e  d i f f e r e n c e  i n  mean e x c i t a t i o n  

en e rg y  I ,  f o r  v e r y  h ig h  v e l o c i t y  c a s e  t h e  p e r c e n t a g e  d e v i a t i o n  on 

s to p p in g  power can  s t i l l  be  v e r y  s m a l l .

For low  e n e rg y  p r o j e c t i l e  t h e  s i t u a t i o n  i s  more com plex . Many 

a u t h o r s  fo u n d  no m o le c u la r  e f f e c t  on s to p p in g  pow er. R eynolds  

e t  a l . [ 3 2 ] ,  and P a rk  and Zimmerman [ 3 5 ] ,  found t h e r e  e x i s t e d  d e v i a 

t i o n  from  B r a g g ' s  r u l e .  S in c e  1971, B ay lo r  g ro u p  d id  s e v e r a l  

e x p e r im e n ts  and  t h u s  s y s t e m a t i c a l l y  s t u d i e d  d e v i a t i o n  from B ra g g 's  

r u l e  due t o  c h e m ic a l  s t r u c t u r e ,  [ 6] ,  [7] , and [8] . They u sed  a 

p a r t i c l e  a s  t h e  p r o j e c t i l e  from 300 ICeV to  2 MeV and many g aseo u s  

compounds a s  t a r g e t s  i n  t h e i r  e x p e r im e n ts .  The f o l l o w in g  c o n c lu s io n s  

have b een  g iv e n :

1 .  P h y s i c a l  e f f e c t s  ap p e a r  to  have ca u sed  d e v i a t i o n  from 

B r a g g ' s  r u l e .  The s to p p in g  power o f  H^O v a p o r  o b t a i n e d  by R eynolds  

e t  a l .  [ 3 2 ] ,  was found to  be an a v e ra g e  11% h ig h e r  t h a n  t h a t  o f

D2O i c e  o b t a i n e d  by Wenzel and Waling f o r  p r o to n  o f  30-600 KeV [4 3 ] .

2 .  Chem ical b in d in g  e f f e c t s  a r e  more l i k e l y  t o  c a u s e  d e p a r 

t u r e  from  B r a g g ' s  r u l e  f o r  low v e l o c i t y  p r o j e c t i l e .

3 .  B o u r lan d  and Power [7] s a i d  B r a g g ' s  r u l e  a p p l i e s  t o  t h e  

g a s e o u s  compounds which c o n t a i n  s i n g l e  and d o u b le  bonded m o le c u le s .  

B r a g g 's  r u l e  d o es  n o t  a p p ly  to  compounds c o n t a i n i n g  t r i p l e  b onds .
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For a  p a r t i c l e s  o f  e n e rg y  0 . 3 - 2  MeV, t h e  d e v i a t i o n  o f  B r a g g 's  r u l e  

a r e  found a s  much a s  12.8%. E s p e c i a l l y  t h e y  i n d i c a t e d  t h a t  m o le c u la r  

hydrogen  o b ey s  B r a g g ' s  r u l e .  One y e a r  l a t e r ,  Power e t  a l .  [6 ] 

wondered a b o u t  t h e i r  p r e v io u s  c o n c lu s i o n .  They s a id  " t h i s  o b s e r v a 

t i o n  g r e a t l y  weakens t h e  a ssu m p tio n  t h a t  a p h y s i c a l  s t a t e  e f f e c t  i s  

p o s s i b l y  t h e  c a u s e  o f  d e v i a t i o n  from  B r a g g ' s  r u l e  and may even  im ply  

t h a t  t h e  p rob lem  i s  n o t  due to  a  d i f f e r e n c e  i n  e(C) ( s to p p in g  c r o s s  

s e c t i o n )  u n d e r  c e r t a i n  c i r c u m s ta n c e s  b u t  r a t h e r  th a n  th e  a to m ic  

s to p p in g  c r o s s  s e c t i o n  e(H) may be c o n s i d e r a b l y  d i f f e r e n t  th a n  

o n e - h a l f  t h e  m o le c u l a r  s to p p in g  c r o s s  s e c t i o n  e C ^ )  a s  h a s  u s u a l l y  

been  assumed i n  t h e  p a s t .  In 1974 L o d h i  and Power [ 8] have a  more 

c a r e f u l  c o n c lu s i o n .  They s a id  t h a t  s i n g l e  bonded compounds in v o lv 

ing  C, H, F and Br h av e  been  shown t o  h av e  m o le c u la r  s to p p in g  c r o s s  

s e c t i o n s  t h a t  a r e  p r e d i c t a b l e  w i th  e r r o r s  o f  a  v e r y  few p e r c e n t  by 

u s in g  v a p o r  d e p o s i t e d  s o l i d  c a rb o n  e(C) a lo n g  w i th  an s(H) t h a t  

i s  common t o  e l e v e n  compounds. I t  a p p e a r s  t h a t  t h e r e  e x i s t s  no 

u n iq u e  a to m ic  s to p p in g  power f o r  c a rb o n  and h y drogen  w hich s a t i s f i e s  

B ra g g 's  r u l e  f o r  d o u b le  bond compounds and t h a t  due c o n s i d e r a t i o n  

m ust be  g iv e n  to  m o le c u la r  s t r u c t u r e  when p r e d i c t i n g  m o le c u la r  

s to p p in g  power from a to m ic  s to p p in g  power f o r  t h o s e  compounds.

I t  a p p e a r s  t h e y  c o r r e c t e d  t h e i r  p r e v io u s  c o n c lu s io n  t h a t  t h e  

d o u b le  bonded compounds have  no d e v i a t i o n  from  B r a g g 's  r u l e .  How

e v e r ,  t h e i r  m ain  d i f f i c u l t i e s  l i e  i n  t h e  f a c t  t h a t  i t  i s  v e r y  h a rd  

to  d e te r m in e  t h e  a to m ic  s to p p in g  power from e x p e r im e n ta l  d a t a .
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D i s c u s s i o n  on D e v ia t io n  from B ra g g ’s R u le ,  Due to  
Chem ical S t r u c t u r e  from T h e o r e t i c a l  Model

I n  t h e  above  s e c t i o n ,  we found t h e  B ay lo r  g roup  met d i f f i c u l t i e s  

w i th  d e t e r m in in g  t h e  a to m ic  s to p p in g  c r o s s  s e c t i o n  from  e x p e r im e n ts .  

A c t u a l l y ,  i t  i s  v e r y  h a rd  to  o b t a i n  a to m ic  s t a t e  h y d rogen . However, 

from t h e  l o c a l  p lasm a model i t  i s  q u i t e  e a s y  to  c a l c u l a t e  t h e  a to m ic  

c r o s s  s e c t i o n ,  s i n c e  a tom ic  e l e c t r o n  g ro u n d  wave f u n c t i o n s  a r e  

employed i n  o b t a i n i n g  t h e  d e n s i t y  i n  l o c a l  p lasm a m odel.

T a b le s  1 2 ,  13 ,  and 14 show t h e  c a l c u l a t e d  a to m ic  and m o le c u la r  

s to p p in g  c r o s s  s e c t i o n  o f  0^ ,  N^, H^, r e s p e c t i v e l y .  The p e r c e n t a g e  

d e v i a t i o n  from  B ra g g 's  r u l e  a r e  a l s o  l i s t e d .

From t a b l e s  1 2 ,  13 ,  and 14 t h e  f o l l o w in g  f a c t s  a r e  fo u n d :

1 .  When t h e  p r o j e c t i l e ' s  v e l o c i t y  becomes e x t r e m e ly  l a r g e ,  t h e  

d e v i a t i o n  from  B r a g g ' s  r u l e  a lm o s t  v a n i s h e s  from  C>2 g a s e s .  When 

t h e  p r o t o n s  e n e rg y  i n c r e a s e d  to  100 MeV, t h e  d e v i a t i o n  from B r a g g ' s  

r u l e  d e c r e a s e d  to  a lm o s t  1%. T h is  r e s u l t  a g r e e s  w i t h  Thom son 's  

p r e d i c t i o n s .

2 .  When t h e  p r o to n s  v e l o c i t y  becomes co m p arab le  to  t h e  a to m ic  

e l e c t r o n  v e l o c i t y  ( c o r re s p o n d in g  to  p r o to n  e n e rg y  40-100  KeV) t h e r e  

may e x i s t  c o n s i d e r a b l e  d e v i a t i o n s  from B r a g g ' s  r u l e .

3 .  D e v ia t i o n s  from B ra g g 's  r u l e  a r e  a l s o  found  t o  depend on 

ch e m ic a l  s t r u c t u r e  o f  m o le c u le .  As i s  w e l l  known in  c h e m is t r y  0 2 ' s  

s t r u c t u r e  i s  a l i t t l e  b i t  f u z z y .  From bond e n e rg y  p o i n t  o f  v ie w ,

O2 i s  s t i l l  a  d o u b le  bonded m o le c u le .  M eanw hile ,  ^  i s  100% t r i p l e  

bonded m o le c u l e ,  ^  i s  a  s i n g l e  bonded m o le c u l e .  I t  i s  a l s o  n o t i c e d  

t h a t  t h e  maximum d e v i a t i o n  f o r  O2 , ^  and above 100 KeV p ro to n  

en e rg y  a r e  a b o u t  2.6%, 7.4% and 10%, r e s p e c t i v e l y .  M eanwhile ,  t h e
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T ab le  1 2 .  Atomic and m o le c u la r  s t o p p in g  c r o s s  s e c t i o n  and d e v i a t i o n  
from  B r a g g 's  r u l e  o f  C^.

E(KeV) 40 100 200 300 500 1037 100000

S (a to m ic )

eV x 10 cm 

atom

1 7 .4 4 17 .4 8 14 .6 5 12 .1 5 9 .1 5 . 72 0 .1429

S (m o le c u la r )

1 /2  eV x  10 cm 

m o le c u le

1 5 .8 9 17 .4 3 1 4 .3 6 1 1 .8 4 8. 92 5 .6 4 0 .1 4 7 6

d e v i a t i o n 8.9% 0.3% 2% 2 . 6% 2% 2.4% 1 . 1%

T ab le  1 3 .  Atomic and 
from  Bragg

m o le c u le  s to p p in g  c r o s s  s e c t i o n  
' s  r u l e  o f  N2 *

and d e v i a t i o n

E(KeV) 40 100 200 300 500 1037 100000

S (a to m ic )
-1 5  2 eV x  10 cm 1 9 .3 3  1 8 .5 7  14 .52 11 .5 6 8 .5 3 5 .3 0 0 .1 3 4 0

atom

S (m o le c u la r )

1 /2  eV x 10 cm^ 1 7 .7 0  1 7 .7 9  13 .2 6 10 .5 5 8.10 5 . 20 0 .1 3 1 9

m o le c u le

d e v i a t i o n 4% 4.2% 7.4% 6 . 1% 5% 1.9% 1.3%
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T ab le  14. Atomic and  m o le c u l a r  s to p p in g  c r o s s  s e c t i o n  and d e v i a t i o n  
from  B r a g g ' s  r u l e  o f  H^.

E(KeV) 100 200 300 500 800 1037 2 5 .9 1

S (2 x  a to m ic )
-1 5  2 2 x eV x 10 cm

atom

1 2 .7 8 .1 3 6.1 4 .1 7 2 .8 9 2 . 36 1.11

S (m o le c u le )
in "15 2 eV x  10 cm

m o le c u le

11 .43 7 .5 3 5 .7 1 3 .9 3 2 . 75 2 .24 1%

d e v i a t i o n 10% 7.4% 6.4% 5.8% 4.8% 5.1% 3.6%
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i n t e r n u c l e a r  d i s t a n c e  f o r  0 ^ ,  N , and a r e  1 .2 0 A °,  1.094A0 and

0.74A °, r e s p e c t i v e l y .

I t  a p p e a r s ,  t h e  s m a l le r  t h e  i n t e r n u c l e a r  d i s t a n c e  t h e  more t h e  

d e v i a t i o n  w i l l  b e .  When Gordon-Kim model i s  em ployed, t h e  s m a l l e r  

t h e  i n t e r n u c l e a r  d i s t a n c e  a lw a y s  means t h a t  t h e r e  i s  more o v e r l a p  

o f  e l e c t r o n  c l o u d s .  Thus more o v e r la p  c a u s e s  more d e v i a t i o n  from  

B ra g g 's  r u l e .  I n  t h i s  m ode l ,  t h e  m o le c u la r  b in d in g  e f f e c t s  a r e  

a l s o  d e te rm in e d  by t h e s e  o v e r l a p  o f  e l e c t r o n  c l o u d s .  However, 

Gordon-Kim model i s  a  v e r y  s im p le  model f o r  d ia to m ic  m o le c u le s .

The i n t e r n u c l e a r  d i s t a n c e  i s  t h e  o n l y  r e l e v a n t  p a r a m e te r ,  b u t  t h e  

m ost im p o r ta n t  i n f o r m a t io n  a b o u t  t h e  m o le c u la r  e f f e c t  i s  c o n t a in e d  

in  t h i s  p a r a m e te r .  T here  i s  a  v e r y  s t r o n g  r e l a t i o n s h i p  betw een  

t h e  bond e n e rg y  and t h e  d i s t a n c e  betw een  t h e  n u c l e i .  The s t r o n g e r  

t h e  bond e n e rg y ,  t h e  s h o r t e r  t h e  d i s t a n c e  w i l l  b e .  I t  i s  i n t e r e s t 

ing  to  n o t e  t h a t  t h e  s i n g l e  bonded , d o u b le  bonded and t r i p l e  bonded 

c a rb o n  m o le c u le s  h a v e  i n t e r n u c l e a r  d i s t a n c e s  eq u a l  to  2 .9 4 ,  2 .5 2 ,  

and 2 .2 4  i n  Bohr u n i t s ,  r e s p e c t i v e l y .  I t  means t h a t  t h e  t r i p l e  

bonded c a rb o n  h as  more o v e r l a p  t h a t  t h e  s i n g l e  bonded c a rb o n .  We 

may t h u s  ex p e c t  t h a t  t h e  t r i p l e  bond ca rb o n  w i l l  h av e  more d e v i a t i o n  

from B ra g g 's  r u l e  t h a n  t h e  s i n g l e  bonded c a rb o n .  I t  i s  e x p e c te d  

from t h e  above s t a t e m e n t  t h a t  t h e  same compounds t h e  t r i p l e  bonded 

m o le c u le s  m ost l i k e l y  have more d e v i a t i o n  from B r a g g ' s  r u l e  t h a n  

s i n g l e  bonded m o le c u le s ,  bu t i t  d o es  n o t  mean t h a t  we a g r e e  w i th  

t h e  s t a t e m e n t  t h a t  t h e  s i n g l e  bonded m o le c u le s  have no d e v i a t i o n  

from B r a g g 's  r u l e .

A c t u a l l y  from o u r  c a l c u l a t i o n ,  i t  was found  t h a t  had c o n s i d 

e r a b l e  d e v i a t i o n  from B ra g g 's  r u l e  a t  low  p r o j e c t i l e s  e n e rg y  (10% f o r
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100 KeV p r o to n  e n e rg y )  due to  i t s  s m a l l  i n t e r n u c l e a r  d i s t a n c e  0.74A° 

and r e l a t i v e l y  l a r g e  o v e r la p  o f  e l e c t r o n  c lo u d .  I t  was a l s o  n o t i c e d  

t h a t  a l l  t h e s e  d e v i a t i o n s  due to  m o le c u la r  e f f e c t  a lw ays  d e c r e a s e d  

t h e  s to p p in g  power.

One o f  t h e  r e a s o n s  to  u n d e r s ta n d  t h e  above f a c t  i s  t h a t  t h e  

b in d in g  e f f e c t s  a lw a y s  weaken momentum t r a n s f e r  and c a u s e  t h e  u p p e r  

l i m i t  o f  momentum t r a n s f e r  to  be l e s s  t h a n  2mv and th u s  r e d u c e  

t h e  s to p p in g  power. A no ther  r e a s o n  i s  due t o  t h e  s h e l l  c o r r e c t i o n

t e rm .  As we know t h e  f i r s t  s h e l l  c o r r e c t i o n  te rm  i s  p r o p o r t i o n  to

2 I I<T>/mv f o r  bond s t a t e s  <T> ~ |< E > | . T hus ,  more b in d in g  e f f e c t

i n c r e a s e d  t h e  k i n e t i c  e n e r g i e s  t h u s  d e c r e a s in g  o f  s to p p in g  power.
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Chapter 5

CONCLUSION

We h av e  e s t a b l i s h e d  a  m o d i f ie d  l o c a l  p lasm a model w hich in  

c o n j u n c t i o n  w i t h  t h e  Gordon-Kim model a f f o r d s  a  method to  c a l c u l a t e  

m o le c u la r  s to p p in g  power even a t  low  p r o j e c t i l e  e n e rg y .  By u s in g  

t h i s  model t h e  m ain  c o n c lu s io n  o f  d e v i a t i o n  from B r a g g 's  r u l e ,  

summarized by B ay lo r  g r o u p ' s  e x p e r im e n t s ,  can  be u n d e r s to o d .  Some 

a m b ig u i ty  on  d e v i a t i o n  from B r a g g 's  r u l e  o f  i s  now u n d e r s to o d

u n d e r  t h e  p r e s e n t  m o d e l .  The a s s u m p t io n  t h a t  e(H) = 1 / 2  e ( f^ )  , 

i s  n o t  c o r r e c t  from  o v e r la p  p o i n t  o f  v ie w  (where e i s  t h e  s t o p 

p in g  c r o s s  s e c t i o n ) . The o n ly  c o n c lu s i o n  by u s in g  s im p le  Gordon-Kim 

model i s  t h a t  t h e  more p e r c e n t a g e  o v e r l a p  ca u sed  more d e v i a t i o n s .

In  o t h e r  w o rd s ,  t h e  s t r o n g e r  t h e  b in d in g  e f f e c t  t h e  more d e v i a t i o n  

from  t h e  B r a g g 's  r u l e  w i l l  b e .  I t  a p p e a r s  t h a t  f o r  t h e  same 

compounds, t r i p l e  bonded m o le c u le s  m ost l i k e l y  ca u sed  more d e v i a 

t i o n  t h a n  t h e  s i n g l e  bonded m o le c u l e s .
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APPENDIX A

THE EQUIPARTITION RULE AND NUCLEAR MOMENTUM RECOILING

A s e m i - c l a s s i c a l  t h r e e  body c o l l i s i o n  model h a s  been  e s t a b l i s h e d  

to  e s t i m a t e  th e ’ u p p e r  l i m i t  o f  t o t a l  momentum t r a n s f e r  o f  p ro to n  

i n c i d e n t  on hy d ro g en  a to m s . N u m er ica l  r e s u l t s  r e v e a l e d  t h a t  th e  

e q u i p a r t i t i o n  r u l e  i n  s h e l l  c o r r e c t i o n  d e s e r v e s  more c a r e f u l  s t u d y .

We have  m en t io n ed  i n  t h e  s e c t i o n  t i t l e d  "S to p p in g  Number Func

t i o n "  t h a t  to  a p p ly  a  c o r r e c t i o n  on t h e  f i r s t  te rm  o f  s h e l l  c o r r e c t i o n
2

we u sed  B row n 's  r e s u l t s .  S p e c i f i c a l l y  t h e  te rm  <T>/mv was u sed

1 2i n s t e a d  o f  t h e  te rm  mv o f  p lasm a m odel.

I n  t h e i r  p a p e r  " S to p p in g  Power o f  E l e c t r o n  Gas and E q u i p a r t i t i o n  

R u le"  L in d h a rd  and W in th e r  [15] m en t io n ed  t h a t  t h e i r  r e s u l t  o f  f i r s t  

te rm  o f  s h e l l  c o r r e c t i o n  was in  ag reem en t  w i th  W a ls k e 's  r e s u l t  [ 2 2 ] .

As i s  known, W a ls k e 's  s h e l l  c o r r e c t i o n  te rm  i s  j u s t  tw ic e  t h a t  o f  

Brown [ 2 l ] . T h is  r e s u l t  l e a d s  one t o  b e l i e v e  th e  e x i s t e n c e  o f  an 

e q u i p a r t i t i o n  r u l e  i n  c a s e  o f  s h e l l  c o r r e c t i o n s .  L in d h ard  and 

W in th e r  n o t i c e d  t h i s ,  and su rm is e d  t h a t  t h e r e  was a c o r re s p o n d in g  

e q u i p a r t i t i o n  r u l e  i n  t h e  p lasm a m ode l .  T h is  i m p l i e s  t h a t  t h e  p lasm a 

re s o n a n c e  e x c i t a t i o n  and t h e  c l o s e  c o l l i s i o n  ea ch  had e q u a l  c o n t r i b u 

t i o n  to  s t o p p i n g  pow er. I t  a p p e a r s  t h a t  p lasm a model g i v e s  e x a c t l y  

t h e  same r e s u l t s  a s  quantum p e r t u r b a t i o n  t h e o r y .  L in d h a rd  and W in th e r  

em phasized  t h i s  f a c t  a s  a s u c c e s s  o f  l o c a l  p lasm a m odel. Fano a l s o  

m en t io n ed  t h i s  f a c t  i n  h i s  p a p e r  " P e n e t r a t i o n  o f  P ro to n  a  P a r t i c l e s
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and  Mensons" [44] . He u sed  th e  r e s u l t s  o f  p lasm a model to  s u p p o r t  

t h e  e x i s t e n c e  o f  t h e  e q u i p a r t i t i o n  r u l e  in  s h e l l  c o r r e c t i o n s .

The so c a l l e d  e q u i p a r t i t i o n  r u l e  h a s  i t s  o r i g i n  in  B e t h e ' s  

s t o p p i n g  power fo r m a l i s m .  B e th e  d i v i d e d  t h e  s to p p in g  power o f  f a s t  

c h a rg e d  p a r t i c l e s  i n t o  two p a r t s ,  t h a t  due to  t h e  d i s t a n t  c o l l i s i o n  

and t h e  c l o s e  c o l l i s i o n .  T here  was a l s o  found to  have  c o n s i d e r a b l e  

c o n t r i b u t i o n  to  s to p p i n g  power f o r  th o s e  p a r t i c l e s  w hich move n o t  

so f a s t .  T h u s ,  b e s i d e s  t h e  l o g a r i t h m  te rm ,  t h e  so c a l l e d  s h e l l  

c o r r e c t i o n  te rm s  s h o u ld  a l s o  be i n c lu d e d  i n  c a l c u l a t i n g  t h e  c o n t r i 

b u t i o n s  t o  s t o p p i n g  pow er.

Brown had c a l c u l a t e d  t h e  s to p p in g  number f u n c t i o n  and s h e l l  

c o r r e c t i o n  o f  K s h e l l  e l e c t r o n  by u s i n g  t h e  h y d ro g e n ic  wave fu n c 

t i o n s .  The e x p r e s s i o n  f o r  s t o p p in g  number i s  a s  f o l l o w s :

_ Emax , Qmax ,
BK = /  EdE f  i a  F (Q) 2

Emin Qmin Q2 1 n w '  1

w here Q = (P -  P ' ) B/2m P and P ' b e in g  th e  momenta o f  i n c i d e n t

i 12p a r t i c l e  b e f o r e  and a f t e r  c o l l i s i o n  | C Q ) | i s  t h e  form f a c t o r .  

Brown to o k  t h e  s im p le  two body c o l l i s i o n  m odel,  nam ely p a r t i c l e s  

c o l l i d i n g  w i t h  a  f r e e  e l e c t r o n  to  e s t i m a t e  t h e  u p p e r  l i m i t  o f  momen

tum and  e n e rg y  t r a n s f e r .  Thus he o b t a i n e d  t h e  maximum t r a n s f e r  

APmax = 2mv. Brown o b t a i n e d  an a s y m p to t ic  e x p r e s s i o n  f o r  s t o p p in g  

power o f  K e l e c t r o n  a s  B = 2 In  n + 2 .57861  -  l / n „  where
O

= 1/2  mv i n  u n i t s  o f

<ffK *

i s  t h e  f i r s t  t e rm  o f  s h e l l  c o r r e c t i o n .  M eanwhile , Walske to o k  b o th
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t h e  u p p e r  l i m i t  o f  momentum t r a n s f e r  and en e rg y  t r a n s f e r  a s  i n f i n i t y  

and o b t a in e d  th e  s to p p in g  number f u n c t i o n s

W  V  = " 0 2 EdE *2 ^ | l FwW. = e . / n . 2 w / 4 n .  Q2 im i l  i

2
w here i  = K, L, M d e n o te s  t h e  d i f f e r e n t  s h e l l ,  T) = mv /2  i n  

o
u n i t s  o f  z Ry> 0^ i s  t h e  o b s e rv e d  i o n i z a t i o n  p o t e n t i a l  o f  i t h  

s h e l l  d iv id e d  by " i d e a l  i o n i z a t i o n  p o t e n t i a l . "

Walske a l s o  d e f in e d  t h e  s h e l l  c o r r e c t i o n  te rm  C . ( 0 . ,  p . )  a si l l
f o l l o w s  B . (0 . ,  n.) = S . (0 .) I n  p. + T . ( 0 . )  -  C . ( 0 . ,  p . )  and  h e  t h u si l  l 1 1  i l i  i i i
o b t a i n e d  a s y m p to t ic  fo rm u la  B and  B b o th  f o r  K and  L s h e l l .is. L

The c o r r e c t  c o e f f i c i e n t  o f  l / n „ 2  i s  t a k e n  from  K h a n d e lw a l 's  p a p e ris.
[2 5 ] .

Bj, = 2 In  nK +  2 .57861  -  2pR 1 -  ( y )  pR 2

Bt = 8 I n  pT + 2 5 .5766  -  2p ^ ( t o  o r d e r  nT ■*■)L L L •L'

N o t ic e  t h a t  t h e  f i r s t  s h e l l  c o r r e c t i o n  te rm s  a r e  2p^ F o r  2p^ F .

The K - s h e l l  te rm  2 n “ ^ th u s  i s  tw ic e  t h a t  o f  B row n 's  t e rm  n ,7F .K

I n  o t h e r  w ords ,  s h e l l  c o r r e c t i o n  can  a l s o  b e  d iv id e d  i n t o  two 

h ig h  and low momentum t r a n s f e r  p a r t s .  Such p a r t s  e a ch  c o n t r i b u t e  

e q u a l l y  to  s to p p in g  power. I n d e e d ,  W alske e x p l i c i t l y  d i v i d e d  s h e l l  

c o r r e c t i o n  i n t o  two p a r t s .

C (0 , P) = C ^ (0 , p) + c 2 (0 ,  n)

w here  and a r e  low and h i g h  momentum t r a n s f e r  p a r t s ,  r e s p e c 

t i v e l y .  F u r th e rm o re ,  he  a l s o  showed t h a t  and a r e  e q u a l  to
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t h e  o r d e r  o f  ru ^ b o th  f o r  K and L s h e l l s  and to  o r d e r  l / h „ 2  X K

f o r  K - s h e l l .  W a ls k e 's  r e s u l t s  a r e  o n ly  l i m i t e d  to  K and L s h e l l  

e l e c t r o n s  o f  h y d ro g e n ic  a to m s .  But Fano made an a s s u m p t io n  t h a t  th e  

c o n c lu s io n  can be  g e n e r a l i z e d  to  any s h e l l  o f  any a tom .

T h is  i s  so c a l l e d  t h e  e q u i p a r t i t i o n  r u l e  o f  s h e l l  c o r r e c t i o n .  A l l  

t h e s e  c o n c lu s i o n s  a r e  b a se d  on W a ls k e 's  a s s u m p t io n  t h a t  t h e  u p p e r  

l i m i t s  o f  t h e  momentum t r a n s f e r  and t h e  e n e rg y  t r a n s f e r  a r e  i n f i n i t y .  

The q u e s t i o n  i s  w h e th e r  t h e  a s s u m p t io n  i s  t r u e  o r  n o t .

Brown to o k  t h e  u p p e r  l i m i t  o f  momentum t r a n s f e r  a s  2mv and 

t h i s  i s  b a se d  on t h e  a s s u m p t io n  t h a t  th e  e l e c t r o n  i n i t i a l l y  i s  f r e e .  

Two f a c t o r s  a r e  n e g l e c t e d  i n  t h i s  a s s u m p t io n .  F i r s t ,  Brown 

n e g l e c t e d  t h e  b i n d in g  e f f e c t  o f  th e  e l e c t r o n .  S econd, h e  a l s o  

n e g l e c t e d  th e  n u c l e a r  momentum r e c o i l i n g .  I t  i s  o b v io u s  t h a t  i f  

t h e  n u c l e a r  m o t io n  i s  in v o lv e d  th e n  due t o  i t s  huge m ass ,  t h e  t o t a l  

momentum t r a n s f e r  may be g r e a t l y  i n c r e a s e d .  But by how much? I s  

t a k i n g  i n f i n i t y  a good a p p r o x im a t io n  f o r  t h e  u p p e r  l i m i t  o f  momentum 

t r a n s f e r ?  I t  a p p e a r s  t h e  answ er sh o u ld  be  d ep e n d en t  on th e  v e l o c i t y  

o f  p r o j e c t i l e .  For i n s t a n c e ,  i f  t h e  p r o j e c t i l e  moves e x t r e m e ly  slow 

th e n  th e  n u c l e u s  may o b t a i n  s u f f i c i e n t l y  l a r g e  momentum t r a n s f e r .  

O th e rw ise  due to  t h e  s h o r t  i n t e r a c t i o n  t im e ,  n u c l e a r  momentum c o u ld  

be s m a l l  and  t h e  u p p e r  l i m i t  o f  t o t a l  momentum t r a n s f e r  w i l l  n o t  

d i f f e r  to o  much from  2mv.

In  t h i s  a p p e n d ix ,  we e s t i m a t e  t h e  u p p e r  l i m i t  o f  momentum 

t r a n s f e r  by t h e  p r o j e c t i l e  to  a  hydrogen  atom  by e s t a b l i s h i n g  a  

s e m i - c l a s s i c a l  t h r e e  body c o l l i s i o n  m odel.  F o r  p r o t o n s  en e rg y  o v e r  

50 KeV a  f i t t i n g  fo rm u la  from  n u m e r ic a l  r e s u l t s  was o b t a i n e d  ( s e e  

f o r  t h e  g e n e r a l  r e s u l t s  l a t e r  i n  t h i s  a p p e n d i x ) :
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AP = 2 m V ? max e p

where

? = \  (1 + 8 .9  ( - J V )  (1  + J  1  -  A 2 )
P P

w here i s  t h e  v e l o c i t y  o f  p ro to n  and Vq i s  th e  Bohr v e l o c i t y .
£.

N u m er ic a l  r e s u l t s  o f  o f  v a r i o u s  p r o t o n  e n e r g i e s  a r e  l i s t e d  i n  

t a b l e  A l.

T a b le  A l .  5 a s  f u n c t i o n s  o f  E.

E(KeV) 50 75 100 200 400 1600

£ 2 .2 0  1 .4 3  1 .1 9  1 .0 1  0 .991  0 .9 9 6

From t h e  above fo rm u la  and t h e  t a b l e  we s e e  t h a t  f o r  h ig h  e n e rg y  

p r o j e c t i l e s  B row n 's  a s s u m p t io n  i s  c o r r e c t .  The v a l u e s  o f  £ 

s l i g h t l y  l e s s  t h a n  u n i t y  i s  due to  b i n d i n g  e f f e c t  b u t  f o r  low 

e n e rg y  p r o to n  t h e  f a c t o r  o f  n u c l e a r  momentum p la y  a more im p o r ta n t  

r u l e .  T here  i s  a  c o n s i d e r a b l e  c o r r e c t i o n  t o  B row n 's  r e s u l t s .  But 

even a t  50 KeV p r o to n s  en e rg y  t h e  n u m e r i c a l  r e s u l t  o f  £ i s  o n ly  

2 . 2 ,  s t i l l  q u i t e  d i f f e r e n t  from  W a ls k e 's  a s s u m p t io n  o f  i n f i n i t y .

I t  i s  t r u e  t h a t  when p r o t o n s  e n e rg y  becomes s m a l l e r ,  th e n  t h e  

c o r r e c t i o n  f a c t o r  £ i s  e x p e c te d  to  i n c r e a s e  r a p i d l y ,  b u t  t h e n
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t h e  e x p a n s io n  o f  s to p p in g  number f u n c t i o n  B^ s h o u ld  i n v o l v e  more 

te rm s  th a n  j u s t  t h e  te rm  . However, F a n o 's  a s s u m p t io n  t h a t

o r  e q u i p a r t i t i o n  r u l e  o f  s h e l l  c o r r e c t i o n ,  d e s e r v e s  a c a r e f u l

s tu d y .

N u c le a r  Momentum R e c o i l i n g

In  t h i s  s e c t i o n  f i r s t  we s h a l l  r e v ie w  t h e  c o n s e r v a t i o n  law s and 

th e  r e s u l t i n g  p h y s i c a l  q u a n t i t i e s  when t h e  c o l l i s i o n  i s  assumed to  be 

t a k i n g  p l a c e  b e tw een  two b o d ie s  o n ly .  L a t e r ,  t h r e e  body c o l l i s i o n  

p ro b lem s a r e  h a n d le d  n u m e r i c a l ly  i n  a s e m i - c l a s s i c a l  m anner .  N u c le a r  

momentum r e c o i l i n g  e f f e c t  i s  e s t i m a t e d  i n  t h e  r e l a t i v e l y  low e n e rg y  

r e g io n  o f  B e th e  s to p p i n g  pow er.

E s t i m a t i n g  o f  t h e  Q u a n t i t i e s  Q(min) and Q(max) Two Body 
C o l l i s i o n

L e t  u s  f i r s t  c o n s i d e r  t h e  en e rg y  r e g io n s  su ch  t h a t  we can  a lw ays  

n e g l e c t  t h e  n u c l e a r  r e c o i l i n g  e n e rg y ,  i . e .  we can e x p r e s s  en e rg y  

c o n s e r v a t i o n  law  a s

e l e c t r o n  and i n i t i a l  s t a t e  o f  e l e c t r o n ,  hK and hK' a r e  t h e  

i n i t i a l  and f i n a l  momentum o f  p r o j e c t i l e .

We know t h a t  i n  l a b .  c o o r d in a t e s  t h e  momentum c h a n g e s  o f  p ro 

j e c t i l e  a r e  much s m a l l e r  t h a n  t h e  momentum o f  p r o j e c t i l e  i t s e l f ,

S e m i - C la s s i c a l  F o rm u la t io n  o f  T hree  Body P ro b lem  f o r  
R e l a t i v e l y  Low Energy S to p p in g  Power

where E^ and Eq a r e  t h e  e ig e n  en e rg y  v a l u e s  o f  f i n a l  s t a t e  o f
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i . e .  AK<<K o r  9<<1 s o ,  we have

(En "  V = 2̂(r2 "  k 2 ' ) / 2Mp S * 2r Ck  “  K') /M p = hVp (K -  K ')

AK = Q

s i n c e  0 i s  s m a l l

Q2 = K2 +  K' 2 -  2KK' cos  (0) = (K -  K' ) 2 + (K ) 2
0

Q ^ J ( E n -  EQ/hVp) 2 + (KQ) 2

Thus Q(min) = (E^ -  Egj/tiV  . T h is  Q(min) e s t i m a t i o n  i s  j u s t i f i e d  

u n l e s s  one d e a l s  w i t h  t h e  e x t r e m e ly  low en e rg y  c a s e  f o r  h y d ro g en  atom 

t a r g e t s  when p r o t o n ' s  en e rg y  i s  low er th a n  10 KeV (A n d ersen  and 

Z i e g l e r )  f o r  w hich  we need  to  c o n s id e r  n u c l e a r  r e c o i l i n g  en e rg y  te rm . 

Now l e t  u s  e s t i m a t e  Q(max) te rm  v e r y  c a r e t u l l y .  T h is  u p p e r  l i m i t  

e s t i m a t i o n  w i l l  i n v o l v e  a c o r r e c t i o n  to  B e t h e ' s  t h e o r y .

We u s e  L a n d a u 's  t r e a t m e n t  o f  B e t h e ' s  t h e o r y  f o r  e s t i m a t i n g  t h e  

u p p e r  l i m i t  o f  momentum t r a n s f e r .  E s s e n t i a l l  i t  n e g l e c t s  t h e  n u c l e a r  

r e c o i l i n g  d i s p la c e m e n t  and momentum. Hence i t  becomes s im p ly  a two 

body c o l l i s i o n .  I n  t h i s  mode, th e  p r o j e c t i l e  c o l l i d e s  w i t h  a f r e e  

e l e c t r o n .

AK
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The p r o j e c t i l e ' s  i n i t i a l  momentum i s  hK and t h e  f i n a l  momentum i s  

h K ' . A l l  t h e  momentum changes  o f  p r o j e c t i l e  a r e  t r a n s f e r r e d  to  th e  

e l e c t r o n  w hich  i s  f r e e  i n  i t s  i n i t i a l  s t a t e  h en ce  we w r i t e  down th e  

momentum and e n e rg y  c o n s e r v a t i o n  law s a s ,

w here Q i s  t h e  momentum o f  e l e c t r o n  ( i n  o u r  c a s e  p r o j e c t i l e  momen

tum l o s s  i s  e n t i r e l y  t r a n s f e r r e d  to  t h e  e l e c t r o n )  m i s  t h e  mass o f  

e l e c t r o n .  From above c o n s e r v a t i o n  law s ,  we have

I t  i s  a  v e r y  s im p le  m ode l ,  b u t  i t  works a t  h ig h  e n e rg y .  The main 

p h y s i c a l  r e a s o n  i s  t h a t  t h e  p r o j e c t i l e  moves to o  f a s t  to  c a u s e  any 

s i g n i f i c a n t  d i s p la c e m e n t  o f  t h e  n u c l e u s .  At r e l a t i v e l y  low energy  

due to  lo n g  i n t e r a c t i o n  t im e ,  we n eed  c o n s i d e r  t h e  n u c l e a r  r e c o i l i n g  

momentum to  c o r r e c t  t h e  u p p er  l i m i t ,  i . e .  Q (m ax).

K ' 2 = K2 + AK2 -  2KAK co s  (f>

AK = Q

2K AK co s  -  AK'
2M

P
2m

2K Q co s  tj>
M

P

o r Q(max) = 2 mV
P
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S e m i - C la s s ic a l  T hree  Body F o rm u la t io n

A model e s s e n t i a l l y  b ased  on c l a s s i c a l  t h r e e  body p ro b lem  was 

e s t a b l i s h e d .  C o n s id e r  a p r o to n  w hich c o l l i d e s  w i t h  a hydrogen  atom 

The e l e c t r o n  o f  t h e  atom was i n i t i a l l y  assum ed t o  be i n  i t s  ground 

s t a t e .  Somewhat sem i-quan tum  c o n d i t i o n s  a r e  in v o lv e d  i n  o u r  m odel,  

b e s i d e s  u s u a l  c l a s s i c a l  columb i n t e r a c t i o n .  Now l e t  us  s e e  how th e  

n u c l e a r  r e c o i l i n g  momentum i n f l u e n c e s  t h e  u p p e r  l i m i t .

where Apg and  APn a r e  t h e  d i f f e r e n c e s  o f  t h e  e l e c t r o n  momentum 

and t h e  n u c l e a r  momentum b e f o r e  and a f t e r  c o l l i s i o n .  Now th e  p r o j e c 

t i l e s  momentum n o t  o n ly  can be t r a n s f e r r e d  to  t h e  e l e c t r o n ,  b u t  a l s o  

be t r a n s f e r r e d  to  t h e  n u c l e u s .  F u r th e rm o re ,  a s  s t a t e d  b e f o r e  we 

assume t h a t  t h e  e l e c t r o n  i s  i n  t h e  g round  s t a t e  i n i t i a l l y .  Now l e t  

us  s e t  t h e  i n i t i a l  momentum o f  n u c le u s  t o  be z e r o ,  i . e .  APn = pn . 

Thus we h av e  A^ = APg + Pn

K

At = f' - f = A?e + A?n

AK * Pe P I ( 1 +  n )  e 1

w here 1 + n =

( APe ) 2 + 2A?e • Pn + (Pn) 2

2
(Al)
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We a g a in  w r i t e  down t h e  c o n s e r v a t i o n  la w s :

K' 2 = K2 + AK2 -  2K AK cos

K
2M_ + E0 ■ Ir + ̂ + I r+ vn

ak = |p [ ( l + n )

(A2a)

(A2b)

(A2c)

For maximum momentum t r a n s f e r  cos  (<f>) = 1 ,  a s  b e f o r e .  From (A2a)

we h av e  K2 -  K2 , /2M = (2K AK -  AK2)/2M ; from  (A 2 a ) , (A 2b), (A2c)
P P

we have

V P (1 + n) p ' e ' —  (1 + P ) 2 
2M

+ n
2m 2M (E0 -  V

n

h e n c e ,

V | P J  ( 1  +  ri) +  ( E q  -  Vn ) =   ̂ p 2
^ "  Pq

w here

P n

1 2
2 Pe a

2
( l+ n ) 2 . 1 . 1 Pna  ------------- 1------ 1------------

M m M p 2p n r e

.  2V P ( l+ n ) 2 (V -  E )
r  2  P  e  i n  0  no r  p _   -)----------------------   (j

e a a
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V (1+n) / (V -  E_)a
P = - £ - 5   [1 + /  1 -  1 (A3)

V I  ’ j, u + " »

,2V (1+n) / '  (v -  E ) a
AK = P (1 + n ) = - 2 —   (1  +  /  1 -  — -------y— ) (A4)

max e a / A  v  2 (1+n)2
2 P

For h ig h  e n e rg y  c a s e  anc  ̂ t h u s  t h e r e  i s  no n u c l e a r  r e c o i l i n g

a-*-1/m, n + 0 (V -  E ) a V (1 + n) 2 +  0 n  U Z p

h en c e  AK = 2V m . T h e r e f o r e ,  r e l a t i v e l y  low en e rg y  c a s e ,  we have max p

two c o r r e c t i o n s ;  one i s  from n u c l e a r  r e c o i l i n g  momentum, and a n o t h e r

c o r r e c t i o n  i s  from  th e  i n i t i a l  e n e rg y  o f  e l e c t r o n .  For most c a s e s

th e  f i r s t  c o r r e c t i o n  i s  more im p o r t a n t .  From t h e  fo rm u la  f o r  AK ,r  max

we can  s e e  AK depends on 1 + n  o r  depends  on n u c l e a r  r e c o i l i n g  max

momentum Pn w h ich  e x te n d s  t h e  u p p e r  l i m i t  and  w i l l  c a u se  an a d d i 

t i o n a l  s t o p p i n g  pow er. In  fo rm u la

/ AP +  2AP P + P 2 
1 + n = /  — ^  —  (A4)

A l l  t h e s e  Ap P and P a r e  n u m e r i c a l  r e s u l t s  o f  t h r e e  body e n  e

p ro b le m s .  Now l e t  u s  e s t a b l i s h  fu n d a m e n ta l  e q u a t i o n s ;  we d e n o te  

p r o j e c t i l e  by 1 ,  e l e c t r o n  by 2, and n u c l e u s  by 3.
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p r o j e c t i l e

12

For s i m p l i f y i n g  t h e  c a l c u l a t i o n s  we e s t a b l i s h e d  a  two d im e n s io n a l  

m odel.  I t  i s  n o t  a bad ap p ro ach  b e c a u se  we a r e  i n t e r e s t e d  i n  n u c l e a r  

r e c o i l i n g  e f f e c t s  i n  w hich  th e  m ain c o n t r i b u t i o n  i s  due to  t h e  columb 

i n t e r a c t i o n s  be tw een  p r o j e c t i l e  and n u c l e u s .  T h is  i s  p a r t l y  due to  

th e  symmetry and p a r t l y  due to  o u r  i n t e r e s t  i n  o b t a i n i n g  a v e ra g e  

v a l u e s .  E q u a t io n s  o f  m o tio n  f o r  p r o j e c t i l e s  a r e  a s  f o l l o w s :

e 2 (Y -  Y ) e 2 (Y -  Y ) 
MY, = -  -------^ ----- —  +L1 3 3

r12 r13

e2 (X -  X ) e 2 (X -  X )
M X =1 3  3r  r

12 13

= b = 0
t  = to t  = to

= 4 a r = Vp

t  = to t  = to

Where M i s  t h e  mass o f  p r o j e c t i l e  which i n  o u r  c a s e  i s  a  p r o t o n .

We to o k  t h e  i n t e g r a t i o n  t im e  a s  p r o j e c t i l e  moved from  - ^a Q t0 ^ a g
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f o r  t h e  s t a n d a r d  gas s t a t e  g iv e n  t h e  a v e ra g e  d i s t a n c e s  be tw een  m ole

c u l e s  a r e  a b o u t  t h e  o r d e r  o f  10A and b i s  t h e  im pac t  p a r a m e t e r . 

For t h e  e l e c t r o n  we have t h e  f o l l o w i n g  e q u a t i o n s :

e 2 (Y -Y ) e 2 (Y -Y ) 
m Y2 = --------- r - 1 -  -   Y„

m X2 =

M Y. n 3

M X„ n 3

3
r12

e 2 (X3-X2)

3
r 23

e2 (X2- Xi )

3 3
r23 r 23

<j) i s  th e i n i t i a l  phasi

l e u s  a r e :

e 2 (Y2-Y3) e 2 (Y1-Y3)

3 3
r23 r 13

e 2 (X3-X2) e 2 (X3-X1)

3 3
r 23 r13

= s i n
t= to

= Vo s i n
t= to

X„ = cos <{> X„
t= t o

= Vo cos
t= to

= 0
t= to t= to

X„ = 0
t= to

= 0
t= to

As i s  w e l l  known n u m e r i c a l ly  h ig h  o r d e r  d i f f e r e n t i a l  e q u a t io n s  can 

be re d u c e d  t o  a f i r s t  o r d e r  e q u a t i o n  su ch  a s :

Y(n) = £ U , Y , Y ' , y ' ,  . . . y ^ )

L e t  Y = Y . Y1 = Y„, Y" = Y . , . . . Ytm-1' = Y th e n  t h i s  w i l l1 2 3 m

re d u c e  to
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So o u r  s i x  second  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  a r e  re d u ced  to  

tw e lv e  f i r s t  o r d e r  e q u a t i o n s .  The e l e c t r o n  i s  assumed i n i t i a l l y  to  

be i n  t h e  f i r s t  Bohr o r b i t .  S in c e  we to o k  l a b o r a t o r y  c o o r d in a t e s  th e  

n u c l e u s  i s  i n i t i a l l y  a t  r e s t  i n  t h e  p o s i t i o n  o f  o r i g i n .  We em phasize  

h e r e ,  t h e  d i f f e r e n c e  from th e  u s u a l  t r e a t m e n t .  H ere  we to o k  t h e  

im p ac t  p a r a m e te r  b a s  t h e  v e r t i c a l  d i s t a n c e  from  t h e  p r o j e c t i l e  to  

t h e  n u c l e i ' s  i n i t i a l  p o s i t i o n  and n o t  t h e  v e r t i c a l  d i s t a n c e  from  th e  

p r o j e c t i l e  to  t h e  e l e c t r o n s  i n i t i a l  p o s i t i o n ,  a s  i s  u s u a l l y  d one .

To a p p ly  c l a s s i c a l  m echan ics  t o  t h e  m i c r o s c a l e  sy s te m ,  t h e  most 

s e r i o u s  d i f f i c u l t y  i s  t h a t  t h e  e l e c t r o n  can  e v e n t u a l l y  drop i n t o  

p o s i t i v e  i o n s  columb p o t e n t i a l  w e l l .  I t  a l s o  c a u s e d  n u m e r ic a l  

d i f f i c u l t i e s  i n  p r a c t i c e  b e c a u s e  we need  i n f i n i t e s i m a l  s t e p s  to  keep 

a c c e p t a b l e  a c c u r a c y .

To p r e v e n t  t h i s  d i f f i c u l t y  i t  l o o k s  a s  th o u g h  we need to  i n t r o 

d uce  somewhat sem i-quan tum  c o n d i t i o n s .  I n  1951, David Bohm s u g g e s te d  

an i n t e r r u p t i o n  o f  quantum t h e o r y  i n  te rm s  o f  " h id d e n  v a r i a b l e s "  [4 5 ] .  

Bohm pro v ed  t h a t  quantum m echan ics  can be e x p la in e d  a s  some
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m o d i f i c a t i o n  to  c l a s s i c a l  m ech a n ic s .  S c h o r d i n g e r ' s  e q u a t io n  can be 

e x p re s s e d  a s :

d ^ r  -  V^rm = -  V (V ( r )  -   --------
d t  2m R

2 2
w here R i s  t h e  r e a l  p a r t  o f  wave f u n c t i o n  o r  R = | ^ ( r ) |  .

So t h e  e q u a t i o n  o f  m o tio n  f o r  quantum m ech a n ics  can  be  e x p re s s e d  

a s  u s i n g  c l a s s i c a l  p o t e n t i a l  p l u s  a  quantum m e c h a n ic a l  p o t e n t i a l  

which i s  c o r r e c t i o n  to  c l a s s i c a l  t h e o r y .

F o l lo w in g  Bohm we g o t  some h i n t  t h a t  t h i s  sem i-quan tum  m echan ics  

t r e a t m e n t  p r e v e n t s  t h e  e l e c t r o n  from  d ro p p in g  i n t o  t h e  n u c l e u s .  I f  

g iv e n  an a d d i t i o n a l  sem i-quan tum  p o t e n t i a l  th e n  we w i l l  have  an 

a d d i t i o n a l  f o r c e  t o  b a l a n c e  th e  u s u a l  columb f o r c e .

For r< < aQ t h i s  f o r c e  w i l l  be g r e a t e r  t h a n  columb f o r c e .  I t  

w i l l  p r e v e n t  e l e c t r o n  d ro p p in g  i n t o  t h e  n u c l e u s .  For r > a g> t h i s  

f o r c e  w i l l  v a n i s h .  I n  some s e n s e  t h i s  a d d i t i o n a l  p o t e n t i a l  g iv e s  

e x p l a n a t io n  o f  f i r s t  Bohr o r b i t .  The above  d i s c u s s i o n  i s  f o r  th e  

bound s t a t e .  For t h e  s c a t t e r i n g  s t a t e  t h e  e l e c t r o n  can a p p ro ach  th e  

n u c l e u s .  Thus, we w i l l  e s t a b l i s h  a  p o t e n t i a l  somewhat l i k e  Fermi 

d i s t r i b u t i o n  w h ich  depends  on t h e  e n e rg y  o f  t h e  e l e c t r o n

. 2  , -10 , 
v „ * -H  (einF 'A5>

ed 2»R2 (e  + 1)

F ig u r e  2 g i v e s  t h e  g r a p h ic s  o f  t h i s  p o t e n t i a l  f o r  E>1 Ved~0, and 

f o r  E<-1

. 2
V

e(3 2 2mR^
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Ved

•1 0 1 E

F ig .  A l .  Ved a s  a  f u n c t i o n  o f  E.
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o r  we may say  f o r  s c a t t e r i n g  s t a t e  o u r  model i s  a c l a s s i c a l  model, 

b u t  f o r  bound s t a t e  we h av e  an  a d d i t i o n a l  te rm  somewhat sem i-quantum  

te rm .

We u se  t h e  e x p r e s s i o n  (A6) r a t h e r  t h a n  a  p o t e n t i a l  l i k e

h 2
V = -£ -= ■  E<0

6 2mR

Ved = 0 E>0

m e re ly  due to  t h e  r e a s o n  t h a t  we n eed  a c o n t in u o u s  p o t e n t i a l  to  obey

th e  c o n s e r v a t i o n  law  a c c u r a t e l y .  We h av e  some freed o m  to  choose

—10 -12  —8 e o r  e o r  e i n  t h e  te rm s  o f  ve(j* T^ e  b i g g e r  t h e  number

we choose i n  e x p o n e n t i a l  te rm s  t h e  s h a r p e r  t h e  c u rv e  o b t a i n e d . But

a s  m en tioned  too  s h a rp  a v a l u e  w i l l  c a u s e  en e rg y  o r  momentum c o n s e r 

v a t i o n  p ro b lem s .

We c a l c u l a t e d  t h e s e  r e c o i l i n g  momenta and  a v e ra g e d  them o v er  

p h ase  o f  t h e  e l e c t r o n  o r b i t  and th e n  to o k  t h e  a v e ra g e  o v e r  im pact 

p a ra m e te r  b .  H ere a s  we m en t io n ed  e a r l i e r ,  b i s  t h e  v e r t i a l  d i s 

t a n c e  from p r o j e c t i l e  to  t h e  i n i t i a l  p o s i t i o n  o f  t h e  n u c l e u s .  From 

(A4) we have t h e  maximum momentum t r a n s f e r

n _ , 2  / (V -  E j c t
AK = V (  ̂ (1 + /  1 -  ^— =) = £ 2m V

max p a / I V 2 ( l +n) 2 P
't 2 p

I n  t h e  s t o p p i n g  number fo rm u la  i n s t e a d  o f  2m V we h a v e  2m V K
p  p

hence  we f i n a l l y  o b t a i n e d  t h e  new s t o p p in g  number fo rm u la
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2m V 2 5 
L = I n  (-----   )

I n  t h i s  two d im en s io n  m odel,  t h e r e  a r e  two p a r a m e t e r s ,  im p ac t  p a r a 

m e te r  b and i n i t i a l  p h a s e .  N u m e r ic a l ly  we c a l c u l a t e d  P^, P^, P , 

(1 + n ) ,  and f i n a l l y  to o k  t h e  a v e ra g e  o v e r  $ and b .  T ab le  A2 shows

some exam ples  o f  P , P , P a s  f u n c t i o n s  o f  i n i t i a l  p h a s e ,  n  e p

T ab le  A3 shows some exam ples  o f  th e  a v e r a g e  o f  <j> a s  a f u n c t i o n  o f  

im p ac t  o f  p a r a m e te r  b .  The c o r r e c t i o n  c o e f f i c i e n t  o f  t h e  s to p p in g  

number in v o lv e s  two f a c t o r s .  One i s  an  a d d i t i o n a l  c o n t r i b u t i o n  due 

to  n u c l e a r  momentum r e c o i l i n g .  As b i s  v e r y  s m a l l  t h i s  f a c t o r  i s  

v e r y  i m p o r t a n t , ' a s  b becomes l a r g e r  t h i s  e f f e c t  v a n i s h e s .  A n o th e r  

f a c t o r  i s  m a in ly  due to  t h e  v e l o c i t y  o f  t h e  e l e c t r o n  i n  t h e  i n i t i a l  

s t a t e .  T h is  f a c t o r  makes n e g a t i v e  c o n t r i b u t i o n  on c o r r e c t i o n  (make 

i t  l e s s  th a n  u n i t y )  a s  i n c r e a s e s  t h i s  f a c t o r  becomes n e g l i g i b l e .

A f t e r  an a v e ra g e  o v e r  <j> and a n  a v e ra g e  o v e r  b ,  we o b ta in e d

T ab le  A4 a s  a f u n c t i o n  o f  t h e  p r o j e c t i l e s  e n e rg y .

As we e x p e c te d  when p r o j e c t i l e s  e n e rg y  i s  s m a l l  t h a t  i s  when 

t h e  p r o j e c t i l e  moves s lo w , i t  c a u s e s  s i g n i f i c a n t  n u c l e a r  momentum 

r e c o i l i n g  e f f e c t .  M eanwhile t h e  i n i t i a l  v e l o c i t y  e f f e c t  i s  c o v e re d  

by n u c l e a r  r e c o i l i n g  e f f e c t .  As p r o j e c t i l e  moves f a s t  i t  can  n o t  

c a u s e  s i g n i f i c a n t  n u c l e a r  r e c o i l i n g  momentum. We can  se e  t h a t  t h e

i n i t i a l  v e l o c i t y  e f f e c t  however i s  l e s s  im p o r ta n t  when th e  p r o j e c t i l e  

moves f a s t  b o th  e f f e c t s  v a n i s h  and t h e r e  i s  no c o r r e c t i o n  and we 

o b t a i n  t h e  B e t h e ' s  fo rm u la .

An a p p ro x im a te  u s e f u l  fo rm u la  o b t a i n e d  by f i t t i n g  t h e  v a l u e s  a s  

en e rg y  g r e a t e r  th a n  50 KeV, i s :
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T ab le  A2. Momentums a f t e r  c o l l i s i o n  a s  a  f u n c t i o n  o f  t h e  i n i t i a l  
p h a s e .

I n i t i a l  Phase Momentums A f t e r  C o l l i s i o n

P (m - B o h r / s e c )  
P e

P (m ^-B o h r/sec )  e c Pn (me- B o h r / s e c )

0 3672 1 .3 9 9 .2 8

1.10 3672 1 .3 6 1 1 .4 7

2 .0 4 3672 1 .3 0 1 1 .2 7

2 .9 8 3667 2 .8 0 2.86
4 .0 8 3671 1 .8 3 12 .3 1

5 .0 3 3667 4 .3 1 7 .6 5

5 .9 7 3672 2 .3 5 9 .6 5

(a ) b = .1  ( a Q) E = 100 KeV

I n i t i a l  P hase Momentums A f t e r  C o l l i s i o n

<f> P (m - B o h r / s e c )  P (m - B o h r / s e c )  P ( m - B o h r / s e c )  p e e e n  e

0 3672 1 .4 7 1 .9 9

1.10 3672 1 .3 7 3 .6 3

2 .0 4 3672 1.21 3 .5 0

2 .9 8 3671 1 .7 3 2.88

4 .0 8 3671 2 .1 5 0 .8 4

4 .8 7 3668 4 .7 2 0 .9 5

5 .9 7 3672 1 .2 5 1 .0 9

(b) b = .5  ( a Q) E = 100 KeV
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T ab le  A3. a s  a f u n c t i o n o f  im p ac t  p a r a m e te r s .

b ( a 0 ) § b ( a 0 ) S

0 .1 80 0 .1 3 9 .2
0 .3 8 .84 0 .3 3 .8 2
0 .5 2 .9 4 0 .5 1 .1 7
0 .7 1 .4 1 0 .7 0 .9313
1 .3 0 .852 0 .9 0 .9318

(a ) (E = 50 KeV) (b) (E = 100 KeV)

b ( a 0) I b ( a 0 ) 5

0 .1 1 9 .1 0 .1 7 .5
0 .3 1 .161 0 .3 0 .9 8 1
0 .5 0 .9660 0 .5 0 .983
0 .9 0 .9665

(c ) (E = 200 KeV) (d) (E = 400 KeV)

T ab le  A4.

E(KeV) 50 75 100 200 400 1600

z 2.20 1 .4 3 1 .1 9 1.01 0 .9 9 1 0 .9 9 6
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V I V
5 = \  (1 = 8 .9  0 5) (1 + 1 -  0 2)

P v P

Where Vq i s  t h e  Bohr v e l o c i t y  and V^ i s  t h e  v e l o c i t y  o f  p r o j e c 

t i l e .  N u m er ica l  r e s u l t s  o f  r e l a t i v e  c o r r e c t i o n  o f  s to p p in g  number 

a r e  a l s o  c a l c u l a t e d .

L/L q a s  a  f u n c t i o n  o f  p r o j e c t i l e s  en e rg y  a r e  l i s t e d  below :

E(KeV) 50 75 100 200 400 1600

L / L q 1 .3 9 8 1 .1 5 1 .065 1 .0035 0.998 0 .9993

From t h e  t a b l e  we can  s e e  t h a t  f o r  t h e  hydrogen  atom t a r g e t  and f o r  

th e  p r o to n  a s  a  p r o j e c t i l e  o f  50 KeV n u c l e a r  r e c o i l i n g  momentum 

cau se  a c o n s i d e r a b l e  c o r r e c t i o n  (40%) on s to p p in g  power f o r  100 KeV 

ab o u t  6-7% c o r r e c t i o n  on s t r o p p i n g  above  200 KeV th e  c o r r e c t i o n  o f  

s to p p in g  power can  be n e g l i g i b l e .

Argument o f  E x te n d in g  t o  G e n e ra l  M a t e r i a l

Up to  now we h av e  c a l c u l a t e d  t h e  r e c o i l i n g  momentum o f  hydrogen  

atom t a r g e t .  Now we w i l l  g iv e  an argum en t t h a t  t h i s  r e s u l t  can  be 

r o u g h l y  e x te n d e d  to  a  g e n e r a l  c a s e  o f  any o t h e r  a tom s. L e t  u s  

c o n s id e r  p r o to n  p r o j e c t i l e  p a s s i n g  th ro u g h  m a t e r i a l  composed o f  atoms 

o f  c h a rg e  Ze. Then due t o  t h e  columb i n t e r a c t i o n  betw een  p ro to n  and 

n u c le u s  t h e  momentum t r a n s f e r  i s :
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AP = r  f  ( t )  d tII -co y

where f  ( t )  i s  p r o p o r t i o n a l  t o  Z t and i s  in d e p e n d e n t  o f  t h e

n u c l e a r  m ass.  Now o n ly  f o r  e s t i m a t i n g  we su p p o se  t h a t  a l l  t h e  momen

tum o b ta in e d  by n u c l e i  i s  t r a n s f e r r e d  to  t h e  e l e c t r o n s .  Thus Z 

e l e c t r o n s  s h a r e  t h e i r  a d d i t i o n a l  momentum. Hence on t h e  a v e ra g e  

each  e l e c t r o n  o b t a i n e d  momentum in d e p e n d e n t  o f  Z t and  n u c l e a r  m ass .

Then th e  a d d i t i o n a l  s t o p p in g  power i s  p r o p o r t i o n a l  to  Zt b u t

t h e  s t o p p in g  number i s  in d e p e n d e n t  o f  Zt and n u c l e a r  m ass .  We can 

ro u g h ly  say  t h a t  t h e  r a t i o  o f  " a d d i t io n a l  s t o p p in g  number" to  s t o p 

p in g  number o f  any  atom a r e  t h e  same a s  f o r  t h e  h y d ro g en  atom.
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