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ABSTRACT
ON WEIGHTED SEQUENCE SPACES

Gilbert D. Acheampong
Old Dominion University, 2024
Director: Dr. Raymond Cheng

The space 7% of complex sequences a = (ag,ay,as,...) for which

pa= (L lal(k+1)%) " <o

k=0

la

is studied. Each such sequence can be identified with the analytic function with power series
-k
f@) =Y az.
k=0

In this setting, the point evaluation and the difference quotient mappings are shown to be bounded;
the cases are identified in which 7% is boundedly contained in ¢"#. Conditions on the parame-
ters are derived for the analytic functions of /7% to have radial limits almost everywhere on the
boundary of the domain, and for /7% to be an algebra. Smoothness properties of the boundary
function are investigated. Basic properties of multipliers on 7% are established, and conditions
on the multiplier norm and coefficient growth are derived. Multipliers having a certain extremal
property are described. A discrete version of the Schur Test is obtained, and used to produce a

family of examples of multipliers.
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The difference quotient mapping

Hélder’s conjugate of p for which 1/p+1/q =1
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Differentiation operator
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CHAPTER 1
INTRODUCTION

Functional analysis is a branch of mathematics concerned with the study of spaces of functions
with certain properties. These spaces are typically vector spaces, endowed with a metric, norm, or
inner product. Of course the functions belonging to such a space are studied: What smoothness
properties do they enjoy? Do they have interesting representations? Can their zero sets be char-
acterized? In addition, it is worthwhile to study the space itself: What are its natural subspaces?
Can we speak of its dual space? Are there any interesting dense subsets? Finally, as a rule we
are interested in investigating operators or mappings on the space, especially those that arise in an
organic way.

Function spaces can be rewarding to study as abstract mathematical objects. Moreover, the
more we know about a particular class of functions, the more useful it can potentially be, as a tool
for mathematical modeling in science, engineering, finance, medicine and so on. For example, the
theoretical foundations of the Hardy space H> were laid down over a century ago; today, it is still
used to model stationary Gaussian stochastic processes, with applications in signal processing and
digital filter design [26].

This research focuses on a particular class of weighted sequence spaces, which arise in the
following way. Let 0 < p <  and a € R. The space ¢7* is defined to be the collection of

complex sequences a = (ag,ay,dy, ...) for which

pa= (Ll () <

Ial

Each (7% is a vector space, endowed with a norm (if 1 < p < o0), or quasinorm (if 0 < p < 1). It



can be viewed as a special case of the Lebesgue space L”, where the measure space is the index set
No =1{0,1,2,...}, and for each k € Ny the atom {k} has mass (k+ 1)%.

But /7% is more than a sequence space: each a € ¢7'* can be identified with the analytic

function with power series

flz)= i az,
k=0

where the complex variable z lies in the open unit disk ). We shall see that there is interplay be-
tween the behavior of the sequence (as such) with the properties of the associated analytic function.
Furthermore, there will arise some natural operators on the space, including point evaluation, the
forward and backward shifts, difference quotients, and multipliers. There will also emerge a broad
pattern to the way the behavior of the space £7°%* varies with the parameters p and «.

Some special cases of £7°* have been well studied. The Hardy space H> can be identified with
(>0 = 2. There is quite a substantial literature on H? and its generalizations and applications,
with numerous deep results; it stands as one of the great triumphs of a century of mathematical
analysis. Our reference on this subject is the classic tome [8]. Significant advances have also been
made to understand the Dirichlet space ¥ = 2111, [11], [29], and the Bergman space Ay = 21
[9], [17], [20]. More recently, a body of work concerning the spaces ¢ = 2P0 has been brought
within a single volume [6], though many fundamental issues remain to be solved.

Elsewhere, there is work identifying upper and lower bounds for certain matrix operators on
weighted sequence spaces [15], [16]. In [27], boundedness of point evaluation and cyclicity of
polynomials in general weighted sequence spaces are covered; and in [28], the analyticity of formal
power series. Further matters relating to cyclicity in weighted sequence spaces are addressed in

[2], [14], [22]. A version of the Hardy inequality on weighted sequence spaces is obtained in [18].



Multiplication and composition operators on /7% are the subject of [10]. Notably, the dynamics
of composition operators on ¢7% spaces (1 < p < o) are explored in [24], [25], proving that no
composition operator is hypercyclic on these spaces, and defining conditions for supercyclicity and
cyclicity. The paper [13] studies the boundary behavior of 7"~ and convergence of Taylor sums,
treating the space as an extension of the classical Dirichlet space Z.

In the present work, we endeavor to contribute to the theory of /7% spaces in a systematic
manner, culminating in a treatment of the (function) multipliers on these spaces. We first bring to-
gether some basic results about /7%, including coverage of the shift and backward shift operators,
the point evaluation functional, and difference quotient operators. This occupies the next two chap-
ters. In Chapter 4, conditions on the parameters are obtained for the inclusion relation £7°% C ¢ to
hold. Similarly, how ¢7:% relates to the Hardy spaces is covered in Chapter 5. Chapter 6 identifies
those cases in which each function in ¢7** has radial limits almost everywhere on the unit circle.
We characterize in Chapter 7 all those £7** which constitute an algebra (under functional multipli-
cation); this identifies cases in which the multiplier space of ¢7* coincides with the entirety of ¢£7>%
itself. Next, the spaces /7% are partially characterized by a family of smoothness conditions. This
is covered in Chapter 8. A family of algebras is identified by use of these smoothness conditions,
which will later shed light on the multiplier space. The concluding section is devoted to multipliers
on /7% anatural class of operators to study. We present some basic properties of multipliers, offer
some norm and coefficient growth estimates, identify multipliers with a certain extremal property,
and produce a family of examples using a discrete version of the Schur Test. Our hope is that
these results raise further interest in weighted sequence spaces, and add value to their potential

applications.



CHAPTER 2
BASIC PROPERTIES

Let us begin by setting forth some of the basic properties of the /7% spaces. We shall see that
they are vector spaces, endowed with a norm or quasinorm. In the former case, the dual space
is identified, along with the norming functions and a natural basis. The shift and backward shift
operators are defined and shown to be bounded. We acknowledge that some of these results overlap
with the papers [14], [27], as well as some other works concerned with weighted shift operators
(see, for instance, [23]).

Let 0 < p < oo, and @ € R. By /7% we mean the collection of complex sequences a =
(ag,ay,az,...) such that

1/p

lallp.a = (Y lail?(k+1)%) " < oo
k=0

(This notation for the space /7% is not standard, but we shall see that it makes sense to treat the
parameter pair (p, o) as a point in the right half-plane). Irrespective of &, we take £*% to be the

collection of bounded sequences, and define
[al]o,q := sup|ax].
k>0

Thus =% coincides with the familiar unweighted space ¢£°°; for that reason, our focus will be on

the finite cases of p.

Remark 2.1. Notice that as p decreases toward zero, or as « increases, the convergence of the

expression

Y lalP(k+1)%
k=0



would require the sequence a = (ay);_, to converge toward zero more rapidly. Thus, informally
speaking, the members of /7% tend to be better behaved when the parameter pair (p, o) lies in
the upper left extreme of the half plane (0,00) X (—eo,00). This is a phenomenon that will play out

repeatedly within this investigation.

From the general theory of L” spaces, we know that /7% is a vector space over the complex
scalars. Furthermore, we know that | - ||, ¢ i @ norm when 1 < p < oo, under which ¢7% is a

Banach space. If 0 < p < 1, then || - || 5 ¢ is a quasinorm; in this situation,
d(a,b) :=|la—b|};q

determines a metric under which /7% is complete. (See, for instance, [6, Chapter 1].) In what
follows, convergence and continuity will be in the sense of this metric, when 0 < p < 1.

If 1 <p<oo,p#2,and 1/p+1/q =1, then the dual of /7°* can be identified with ¢4°* under
the pairing

oo

(a,b) := ) arby(k+1)%, (1)
k=0

where a = (ag,ay,ay,...) € (7% and b = (bg,b1,bs,...) € (9%, If p =2, the Hilbert space case,
then by, is replaced by its complex conjugate in the formula (1).

For any k > 0, let

€ 1= <3O,k751,k7 62,/(7 .- ')a

where §; 4 is the Kronecker delta. Then {e;}};” is a basis for /7%

Let I < p < oo, p # 2. Every nonzero vector a € /"% has a unique norming functional given



by T, : x — (x,b), where

_ _ —1
arlaP%/||allh e, ax #0
by = k>0,

O, akzO

Indeed, it is straightforward to check that ||7;|| = 1, and T(a) = ||a

p,a-

In the study of any function space it is of interest to explore the operators that arise in a natural
way. Perhaps none is more natural than the shift S and the backward shift B operators. They are

defined on any sequence a = (agp,ay,ay,...) by

S(ag,ay,az,...) :=(0,a9,a;,a,...)

B(ao,al,az,...) = (al,az,a;;,...).

Let us retain the symbols S and B for their restrictions to £7°%.

Proposition 2.1. If0 < p < o, and a € R, then S and B are bounded linear mappings on (P2,

with
(
|l | (DT @ =0
sup —— - = )
a0 al]p,a
1, a<0
\
(
1 oa>0
B" , =5
sup || a”[’aa _ (3)
az0 ||al[p.a
(n+1)ll/P o <0,
\
forn>1.

Proof. The mappings S and B are obviously linear.



If a € 7%, then

1S"all}.o = [1S" (a0, a1, a2, ..) [«

=1/(0,0,...,0,a0,a1,a2,...)||h «

n

lal? (k+1+4n)®

k=0

= k+14n\o
= apk+1“-<—>
3 sy (S

i+ 1o &
<sup (5 7") " Llad e

J=0 k=0
J+l+n> »
=Ssu < - .

This shows that

sup 15" 3llp.ac <j+1+n>a/P
a20 |[@llpa 20\ J+1
In fact, equality holds since
jH+14+n\a/p
IS llpa= (") leslle

for all j > 0, where e; is a basis vector. Now we obtain (2) by observing that

(n+1)%7,  a>0;
sup

(j+1+n>06/p_
=0

j+1
1, a <0.



Similarly, to establish (3) we start with

1B"all,o = Z |@gen|? (4 1)%
=0

- k+1 \«

JH1 o
<su (—) ari|P(k+n+1)%

j+1 )a°° )4 o
=~ Su - a k41
],213(]+n+1 g%ru (k+1)

swp (54 7) el

/\

noting that for j > 0 we also have

. j+1 \a/p
B nllp = (j+ 1)*P = (—j+n+1> lejnllp.a-
Therefore
|B"al| .o ( j+1 >a/p L, a > 0;
sup ———— = N _
a0 l1allp.a >0 Njtn+1
(n+ 1)\06\/17, a<0.
as claimed. O

We note that Proposition 2.1 overlaps results contained in [14], [27], as well as some other
works concerned with weighted shift operators (see, for instance, [23]).

When 1 < p < oo, the case /7% is a Banach space, then (2) and (3) give the usual operator
norms of §"* and B", respectively. Let us abuse notation slightly and use the operator norm notation
in the case 0 < p < 1 as well. That is, for all cases 0 < p < e and o € R, if T is a bounded linear

mapping on /7%, we write

T
IT || := sup —2%.

a+0 [[allp.a




The following proposition shows that || - || is well behaved when 0 < p < 1, even though it is

not a norm in the strict sense.

Proposition 2.2. Let 0 < p < 1 and oo € R. If T\ and T» are bounded linear mappings on (%,

then so are Ty + T and T\ T, with
1
1T+ Tl < (IT P+ I1TlP) P and ITiTa < 1T |73

Proof. Linearity of the sum and composite is obvious; the bounds come from

(T + B)allp o = Tia+ Dallj o < [|Tiall} o + | T2al5.o < |IT1]7[[all5.e + [ 2] 1a]l},«
(T T2)al|pa = IT1(T22) | p.o < [T ||| 722l p,e, < I T2 || T2l l|a]] p,cx
for any a € (7%, O

Proposition 2.3. Let 0 < p < 1 and o € R. A linear mapping on £P* is continuous if and only if

it is bounded.

The proof follows that for the corresponding result on a Banach space, mutatis mutandis.
In what follows we make repeated use of a basic inequality for the (unweighted) ¢7 spaces: if

0 < p < r < oo, then for any complex sequence (ag,ay,as,...)
1 1
(|a0‘r—|—\a1’r—i—|a2|r+...) /r < (‘a0|p+‘alyp+’a2‘l7_|_...) /P. (4)

A recent source is [6, Proposition 1.5.2].
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CHAPTER 3
ANALYTIC FUNCTIONS

In this section we see that each element of ¢”°* can be associated with an analytic function,
endowed with the (quasi-)norm that it inherits from its coefficient sequence. From this point for-
ward, let us view the members of ¢7°* primarily as analytic functions, rather than sequences. We
adhere to the convention that if f is the name of a function, then its coefficient sequence will be
(fo,f1,f2,--.). We shall see that point evaluation and difference quotients are bounded linear map-
pings. As usual, D stands for the open unit disk in the complex plane, and T is its boundary, the

unit circle.

Proposition 3.1. Let 0 < p < o and oo € R. If £ = (fo, f1, /2,...) € £P%, then the power series

@)=Y fizX converges in D,

Proof. By hypothesis, the series Y.;- | fx|’(k+ 1)* converges. Consequently there is a constant
C > 0 such that | f;| < C(k+1)~%/? for all k > 0. Thus the radius of convergence p of f(z) is at

least unity, as can be seen from
1/p =limsup|fi['/* < lim C'/¥(k+ 1)~/ = 1.
k —soo
O

This result overlaps with [28], which considers more general domains and classes of weights.
As we have seen before with sequences, we will find that as & increases, or p decreases, the

functions associated with ¢7:% are “nicer".
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The next proposition shows that the act of plugging a point into a function in £7>% constitutes a
bounded linear operator.

For w € D we define the point evaluation functional A,, on 7% by

Aw(f) = f(W)

Proposition 3.2. Let 0 < p < o and a € R. For any w € D, the point evaluation functional A, is

a bounded linear mapping on (7%,

Proof. The linearity of A,, is obvious. Let f € 7%,

If 1 < p<eo,and 1/p+1/q =1, then Holder’s inequality gives

[ A ()] = ()]

— | % A+ D (s 1)
k=0

- (/gbm’p(lﬁL l)a) 1/17( i (k+ 1)*“q/pwkq> "

k=0
1/q

= 1l X (ke 1)7e9/rak0)

k=0

The exponentially decaying factor dominates in the final series expression.
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If 0 < p <1, then by (4) we have

1A ()] = [f(w)]
[ £
k=0
< Y Ifillwlf

il (ke 1) 7P (k1) =P wl

k=0

< (X 1A Gt 1) ot 1))
k=0
< |1 fllp.ccsup(k+ 1)~/ [wl.
k>0
The factor |w|¥ ensures that the supremum is finite. O

The case 1 < p < o was previously covered in [27].
For an analytic function f on D and a point w € D, the difference quotient mapping Q,, is given

by

0u(1)(0) = TEI,

The resulting function is again analytic in [, a zero of the numerator having been removed.

More can be said in the context of ¢7+*.

Proposition 3.3. Let 0 < p < oo and ox € R. If w € D, then Q,, is a bounded linear mapping on

e,

Proof. Once again, linearity is trivial to check.

We claim that

k pk+1
QW:ZWB+7
k=0
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where B is the backward shift. The right side represents a bounded mapping, since

> Yo |wl¥| B, 1 <p <o

| Xt <
k=0

(X5 Wl B PP o< p<t.

The exponentially decaying factors dominate both of the sums.

Moreover, for any n > 1

oo n—1
Zkak+1en — ZWkBk+lzn
k=0 k=0

:Zn_l—|—WZn_2+"'+Wn_2Z—|—Wn_l

7ty

—w

= Qwen~

Now extend this equation by linearity and continuity to all of £7%, O

This extends [6, Proposition 7.2.1].
From the point of view of analytic functions, the shift operator S could be viewed as multipli-
cation by z, and the backward shift can be identified with Qy.

For functions with non-negative coefficients, there is a reverse norm inequality.

Proposition 3.4. Let 1 < p < oo and a < 0. If the coefficients of f and g in (7% are non-negative,

then

17gllp.a = 11/ 1lp.cll8llp.a

Proof. For n > 1, consider the function ¥(x) =x(n+1—x), 1 <x <n. It attains a minimum value



at x = n. Thus for 1 < k < n, we have

k(n+1—k)>n
(k+1)(n—k+1)>n+1

(k+1D)%*n—k+1)* < (n+1)*.

Since the coefficients of f and g are non-negative, and p > 1,

Ifgllb

p.a =

. (”(n+1)a
n=0

>y (Z [l al”) (1)
n=0 "k=0

>

n=0 "k=0

=17

D,

18llp.ac

The inequality (5) was used to obtain (6).

(X 1l ln 4l et 1% (n— k4 1))

14

&)

(6)
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CHAPTER 4

INCLUSIONS

The main theorem of this chapter gives exact conditions on the parameters for the inclusion
relation £7:% C ¢ to hold. Its proof will be built from a set of lemmas, handling the different cases
as r, 3 varies through the right half-plane. The inclusion mappings will turn out to be bounded.

Previously we have argued that the members of 7% are nicer for small p and larger a. The

following assertion bears this out.

Theorem 4.1. Let 0 < p <occand ¢ € R. If 0 < r < oo, and B € R, then (7% C 0B if and only if

the point (r, ) satisfies the condition

B<—14+(a+1)r/p,if 0<r<p,or (7)

B<or/p,if p<r<oo. @)

In either case the inclusion mapping is bounded.

The shaded region in FIGURE 1 identifies the pairs (r, ) such that 7% C ¢%F. We could
interpret FIGURE 1 has telling us that the elements of /7% are nicer as the pair (p, o) lies higher
and further to the left in the parameter set, in a manner consistent with Remark 2.1.

The horizontal axis represents the parameter r in £ which is a positive number; the vertical
axis represents 3, which can be any real number. Let the pair (p, &) in the half-plane be specified.
Put a solid line from (p, &) to the origin; put a dashed line from (p, &) to the point (0, —1). These

two lines form the boundary of the shaded region. Then for all pairs (r, ) in the shaded region, we
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have ¢7* C ("B This makes sense because the more we go up and left in the diagram, the nicer

the functions are.

Figure 1. (7% C ("F exactly when (r, B) lies in the shaded region.

This theorem will be established via a set of lemmas.

Lemmad4.1. Let 0 < p < o and o € R. If r > p, then (7% C {17/,
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Proof. By (4), we find that for any f € (7% we have

1/
il e+ 1))

(agk

1A llp.o =

T
[e]

ke nyelrr)

T
o

[filk+1)%/P PP

s

v

|
e N
ok

)(1/P)‘(P/r)

b

g

]

= (X vt )"

k=0
= [1£llrcr/p
[
Lemmad4.2. Let 0 < p < ocoand o € R. If B < o, then (7% C (P:B,
Proof. For any f € (P>%, the comparison test gives
= (L PG 0%) " = (R 120 17) = 17l
0

Together, Lemmas 4.1 and 4.2 prove the sufficiency of (8). We check by inspection that the

inclusion mappings have unit norm.

The next Lemma verifies the sufficiency of (7).
Lemmad4.3. Let0 < p<ooand o € R. If0 <r < p, and B € R, and (r, B) satisfies the condition
B<—14+(a+1)r/p,

then (7% C ("B and the inclusion mapping is bounded.
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Proof. Let
y:=—-B+ar/p.
The inequality (4.3) implies that
Yp -1
p—r
Next, from
1 1

=1

ol Pl —1)

we see that p/r and p/(p — r) are conjugate exponents. Thus, with f € (7%, Holder’s inequality

yields
oo - 1
rk+1[3: Vk_|_1B+7
k;)\fd (k+1) k;)|fk! (k+1) k1)
oo rlp s & 1 (p—=r)/p
rp/r (B+y)p/r R —
< <k:20|fk| (k+1) > (I;)(k+1)yp/(pr)>
o0 rip s & 1 (p=r)/p
= (k;()‘fk’p(k+ 1)05) <k:ZO (k—|— l)yp/(pr)) ©)
< oo,

showing that f € ¢"B.

Evidently from (9), the inclusion mapping is bounded by no more than the constant

> 1 (p—r)/pr
(l;()(k+1)7p/(p—r)> '

]

The remaining lemmas furnish counterexamples that establish the necessity of the conditions

in Theorem 4.1.



Lemmad4. LetO<p<occand x €R. If p <r < oo, and
B> oar/p,

then (P% g (7B,
Proof. Our strategy will be to exhibit a function f € £7* for which f ¢ P Let

(k+1)7B/"if k+1 =2/ for some j > 0;
Jie=

0, otherwise.

Then

(o)

(o) l .
P _ p o _ JO - o
P kgﬂw (k+1) jgszﬁp/rz <o,

1

since Bp/r > a.

However,

[e] (o] 1 .
roo_ r B _ B — o
17165 = B VAl Gkt 1P = 3 72 = o=

Thus, f belongs to /7%, but not /B

Lemmad4.5. Let0 < p <ococand x € R. If0 <r < p, and
B>—-1+(a+1)r/p,

then (7% (7P

Proof. Let fi = (k+1)~7, where y= (B +1)/r. Then (11) implies

B+1>(a+1)r/p
v>(a+1)/p

Yp—o > 1.

19

(10)

(1)
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Consequently,

[ee] [eel 1
ha=Y AP+ =Y oo <
p,a I;) ];) (k+1)rr—@

17

On the other hand,

R SEPSTYMIRN S S DI S S
||f||r,ﬁ ];O|fk| (k+1) k;)(kJrl)W—ﬁ k;)(k-i—l)

— oo,

O
It remains to handle the critical segment, the dashed oblique boundary line in FIGURE 1.
Lemma 4.6. Let 0 < p <occand x € R. If0 <r < p, and
B=—-1+(a+1)r/p, (12)

then (7% g ("B,

Proof. Let

1

Je= (k+1)B+D/rlog(k+2)]1/7

Using (B+1)/r=(a+1)/p, we find that

1A lpe= Y 1l (k+1)%
k=0

i 1

= k+1)¢
& e @ rfogii 2 Y
i 1

= (k+1)[log(k+2)]P/"



By contrast,

Tl ( k+1

1

i |
i

(k-+ 1) (B+1)/r[log(k+2)]7/"

)}

k:0

oo,

(k+1) log (k+2)

(k+1

)ﬁ

21
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CHAPTER 5
RELATION TO HARDY SPACES

For 0 < p < oo, the Hardy space H” consists of those analytic functions f on the open unit disk

D for which
e 9., dON\1/p
I£llr = sup [ 170 o) <o

0<r<1 2n

These spaces are well studied and have numerous applications [8].

Some classical inequalities identify the relationship between the Hardy space H? and the un-
weighted sequence spaces ¢”. Here, we use the results of the previous section to describe which
Hardy spaces are contained inside ¢”%, and vice-versa.

The Hausdorff-Young inequality [8, p. 94] says thatif 1 < p <2,and 1/p+1/g =1, then

HP C ¢ (13)

P C HA, (14)

with bounded inclusions.

A theorem of Hardy and Littlewood, and its dual [8, pages 95 and 97], state that

HP CPP2 if 0<p<2; (15)

(PP=2CHP if 2< p < co. (16)

‘We can extend these results as follows.
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Theorem 5.1. Let 1 <p<2and1/p+1/q=1.1If

a<r/g—1,0<r<p;
a<r/g—1, p<r<gq;or

a<0,g<r<oo,
then HP C ("%,

Proof. The claim follows by applying Theorem 4.1 in conjunction with (13) and (15), except for
the critical segment @ = r/q— 1, p < r < q. In that situation, write Yy = (2 —p)/(¢ — p), and
consider the mapping

T: aZ — Z(k+1)7’akzk,
k=0 k=0

which is densely defined on H” and any /”**. Boundedness of the inclusion H? C ¢4 is equivalent to
the boundedness of 7 as a mapping from H” to ¢4~ "4. Similarly, the boundedness of the inclusion
HP C (PP=2 is equivalent to the boundedness of T from H? to £~ 74,

Now apply the Marcinkiewicz Interpolation Theorem [19] to conclude that 7" is bounded from

HP to ¢"7Y4, whenever p < r < q. Thus if f(z) = Y5, fid" € HP, this implies that

o) (o)

Y (k+ 1)~@Pa/la=p)| (k4 1) 2P/ a=P) | = Y (k4 1)~ QPG| f 7 < oo
k=0 k=0

that is, H? C ¢"% for any (r, @) lying on the critical segment. O
Theorem 5.2. Let2 < p <ooand1/p+1/q=1.1If
a>0,0<r<gq;

a>(p-2)r/(p—q)—1,q<r<p;or

a>(p-2)r/(p—q)—1, p<r<eo,
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then ("% C HP.

Proof. The assertion arises from Theorem 4.1 together with (14) and (16), apart from the case o >
(p—=2)r/(p—q) —1, g < r < p. On this critical segment, apply the Marcinkiewicz Interpolation
Theorem, with

b Y bk +1)752,
0 k=0

T:
k=

where ¢ = (p—2)/(p —q). The result is that T is a bounded mapping from ¢"~59 to H? for all

q < r < p. Thus, £"* C H? when (r, ) lies on the critical segment. ]

These inclusions enable us to draw further inferences about the elements of ¢7>*. For example,
under the conditions of Theorem 5.2, the zero sets of functions belonging to /% must be Blaschke
sequences [8, Theorem 2.4]. Furthermore, such functions have radial limits almost everywhere on
the circle T. We shall pursue the matter of radial limits further in the next chapter.

A similar course could be pursued with the Bergman spaces, A;,. See [9, Pages 81-83].
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CHAPTER 6

RADIAL LIMITS

A function f associated with £7:% is analytic in the open unit disk of the complex plane. Thus,
it is defined on the interior of the circular region, but not on the boundary. But if f is nice enough,
it might be possible to take limits as we tend toward the boundary along the radial lines. We will
see which of the spaces /7% are sufficiently nice that all of the members have radial limits.

Let f be analytic on D. We say that f has radial limits a.e. on T if

f(eie) = lim f(reie)

r—1—
exists for almost every 0 € [0,27) in the sense of Lebesgue measure. If this occurs, we may then
speak of the boundary function f(e®) that is associated with the analytic function f(z). It will be
our convention to use the same letter to denote the boundary function. The main theorem of this
section identifies the parameter values (p, &) for which all members of /7% have radial limits a.e.
on T. Again, we see that this occurs when p is small and « is large, in some combination.

Later, in Chapter 8, we examine the radial limit functions for their smoothness properties.
Theorem 6.1. Let 0 < p < oo and a € R. Every element of (7** has radial limits a.e. on T if and
only if

0<p<?2 and a>0; or (17)

2<p<ooand a>(p—2)/2. (18)

Proof. Sufficiency follows from Theorem 4.1, as either condition (17) or (18) implies that /7% C

20 = K2,
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Necessity will be obtained through a set of lemmas below. O

Every element of /7% has radial limits a.e. on T if and only if the point (p, o) lies in the shaded
region of FIGURE 2. Yet again, the observation from Remark 2.1 is born out: The functions of /7%

have radial limits precisely when(p, o) lies sufficiently high and to the left in the parameter space.

Figure 2. All members of /7% have radial limits a.e. exactly when (p, @) lies in the shaded

region.

In the diagram, if the pair (p, &) belongs to the shaded region, then all of the members have radial
limits almost everywhere on the boundary. Notice that this happens for pairs that are sufficiently
far up and to the left, as previously expected.

The forthcoming counterexamples rely on a theorem of Littlewood. Here is a version of it that

suits our purpose (see, for instance, [6, Proposition 6.5.2]).
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Theorem 6.2. Let (ag,ay,az,...) be a sequence of complex numbers such that

k—ro0

limsup |ax|'* =1 and Z |a|* = oo.
k=0
Then there are infinitely many choices of sign & = *£1, k > 0, such that the function

f2)=Y &ad
k=0
fails to have radial limits almost everywhere on T.

Lemma 6.1. Let 2 < p < oo, and o0 < (p—2)/2. There exist functions f € (7% such that f fails to

have radial limits a.e. on T.

Proof. Let fi = (k+ 1)*1/ 2. Then the hypotheses of Theorem 6.2 are met, and so f fails to have

radial limits a.e. In addition,

Pyl Poaipe_y_ L
P7a_k;0’<k+1)1/2‘ (k+1) _kgo(k_kl)(l’/z)a.

17

The series converges, since the hypothesis o < (p —2)/2 implies that 1 < (p/2) — a, which places

fin P, O

Lemma 6.2. Let 2 < p < oo, and ot = (p —2) /2. There exist functions f € (7% such that f fails to

have radial limits a.e. on T.

Proof. Let fi = (k+1)"'/?[log(k+2)]~"/2. Again, the hypotheses of Theorem 6.2 are met, and
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so f fails to have radial limits a.e. Furthermore,

> 1
P _ 1 o
1717 E’(k+1)1/2[log(k—|—2)]1/2 (k+1)
> 1
=5 (k+1)(/2)=%log (k + 2)]P/?

(k+1)(
1
© (k+1)[log(k+2)]P/?

~&

-1

< oo,
[l

Lemma 6.3. Ler 0 < p <2 and o0 < 0. There exist functions f € (7% such that f fails to have

radial limits a.e. on T.
Proof. Let N be a positive integer such that Na < —1. Define

1, if k+1= /N forsome j>1;
ap =

(k+1)"1/pa, otherwise.

Then once again Theorem 6.2 applies. It remains to check that

(o]

Y JarlP(k+1)* < Z 1117 “N+
k=0

=1 > 1
§j|a|N +l;) (k—|— 1)l+|a|

< oo,
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CHAPTER 7

ALGEBRAS

We say that /7%, viewed as a space of analytic functions, is an algebra if it is closed under
multiplication (in addition to being a vector space). It has long been established that ¢# = ¢P:0
is an algebra when 0 < p <1 (for an exposition, see [6, Section 6.6]). Here our main theorem
characterizes those pairs (p, a) for which ¢7°% is an algebra. In such cases, multiplication satisfies

a norm inequality

178llp.a < cllfllpallelpa

po

for some constant ¢ depending only on p and «. Its proof relies on a set of lemmas that complete
the chapter.

Knowing which of the spaces /7> are algebras will inform our work in Section 9 on multipliers.

Theorem 7.1. Let 0 < p < oo and o € R. The space (7% is an algebra if and only if

O0<p<l1,and o0 > 0; or (19)

l<p<oo,and @ >p—1. (20)

If a > 0, then ¢Y% is a Banach algebra; if (20) holds, then (7% is a Banach algebra.

The pairs (p, o) for which ¢7% is an algebra lie in the shaded region of FIGURE 3. Yet again,
we see that the property of being an algebra favors the parameter pairs (p, ¢) that are higher and

toward the left of the half plane.
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Figure 3. (7% is an algebra exactly when (p, @) lies in the shaded region.

Lemma 7.1. Let 0 < p < 1. If a > 0, then (7% is an algebra. Moreover, 1% is a Banach algebra.

Proof. Let f and g be members of /7:*. Then by (4), we have

o)

If8lhe =Y | Y fisgas| (1)
n=0 k=0
=Y Y 1AlPlgnilP (n+1)°
n=0k=0
_ SRR o a (n+1)%
1)
<If15alglha- sup n+]) 1)

o<k<n (k+1)%(n—k+1)%

By elementary calculus, the function ®(x) := (x+ 1)(n—x+ 1) on the interval [0, ] is critical
at x =0, x = n/2 and x = n, with its minimum occurring at the endpoints 0 and n. Thus, with
a > 0, the supremum in (21) is uniformly bounded by 1 for all k and n. In particular, we see that

¢1% is a Banach algebra. O
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This proves sufficiency of condition (19). Note that when 0 < p < 1 and & > 0, /7% is not a
Banach algebra in the strict sense (it is not a Banach space), but multiplication is bounded in norm

by a constant: || fg

pa <l fllp.allgllp.a-

The next lemma handles sufficiency of the condition (20). The method used here was pre-
viously described in [27]. Here and elsewhere we adopt a typical convention: within a chain of
estimates, the letter C will denote an evolving constant, the precise value of which is not important

for the conclusion.

Lemma 7.2. Let 1 < p <oo. If o0 > p— 1, then 7% is a Banach algebra.

Proof. Let f and g belong to ¢7°%. Then with 1/p+ 1/g = 1, Holder’s inequality says

TR M) WES TR
g) ki,ofk (k4 1)*P gy x(n— k+1)a/p[(k+l(>n(:_1)k+l)r/lﬂ‘l7
g{kn0|fk|p (k+1)*gp|P(n—k+1) } g[ k+1”:1)k+1)]0‘f1/17}p/q
gg {kfb\fk!p (k+1)%gn|"(n+1) } i‘i%{gl kHN;_l)kH)}aq/p}p/q
= Wlallelp.e ';‘;%{é [(k+ 1<)]\(]1\:L_1)k+ 1)}aq/p}p/q' (22)

Thus we are done if the supremum in (22) is finite.

Write s := og/p. The sum in (22) is comparable to the integral

x=N N+1 s x=N r1 1 s
/ [—} dx:/ [——k—} dx
=1 Lx(N+1-—x) =1 Lx N+1-—x
=Nr1 1
- L?*(Nﬂ—x)s

< 2C [1 1 ]
—s—1 N1

<C ]dx
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This is bounded if s > 1. This shows that /7% is a Banach algebra if ag/p > 1, or equivalently,

a>p—1. [

In fact, under the conditions of Lemma 7.2, the elements of /7** have absolutely summable

coefficients.
Proposition 7.1. If 1 < p < oo, and & > p — 1, then 7% is boundedly contained in 1.

Proof. Let f € (7% and 1/p+1/qg = 1. Then

Y Uil = Y 1Al (k+ 1)%P (k4 1)/
k=0 k=0

(Z\fk|pk+1 > <i k_l_lotq/p>l/q

o)

0
1/q
=7l X Hla/,, )

The second factor converges since o /(p — 1) > 1. It serves as a bound for the inclusion mapping

of /7% into ¢!. O

It remains to prove the necessity implication of Theorem 7.1. This will be accomplished by

different methods, depending on the region of the parameter space.
Lemma 7.3. Let 1 < p <oo. If0 < ¢ < p—1, then (7% is not an algebra.

Proof. Since o < p— 1, we have

o+l 2042 _p-l+a+2 ptatl
p 2p 2p 2p

Choose
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and define f via the coefficients

1
=—>2, k>0.
fr kT 1B K=
Then
= 1
e p k+ 1 a e —_— oo,
since Bp — a > 1. We may conclude that f € /7%,
On the other hand, crude estimates yield
1=y o 1
n=0
oo n
+1)*
ZO Z (k+ 1) (n— k+1ﬁ‘ "

> i [(n—kl)-;]p(n—kl)a
= (n/2)%

= 1
>C
L G i

= 1
=C

ngb (n+1)
That is, £2 fails to belong to /7% which therefore fails to be an algebra. [

To extend the necessity result to the case o < 0, we need the following general fact about

Banach algebras.

Proposition 7.2. If 2 is a Banach algebra of analytic functions on D such that point evaluation

at any point of D is bounded, then 2" consists of bounded functions.

Proof. Let f € Z . For any positive integer n, and any w € D,

)" = 1A (S < AL 2 < AW



Hence | f(w)| < [|Aw|'/"||f]| 2. Take n — oo to complete the verification.
Proposition 7.3. If 0 < p < oo, and o < 0, then (P** contains unbounded functions.

Proof. For all indices k, define

2j‘°“/p, if k=37 forsome j>1;

fi=

0, otherwise.

Then

%)

y ' j A AIL]
Iflhe = X 17 (k+1)% = ¥ @iinrai4 12 < ¥ (2) <o
k=0 ~

Jj=1 J

Next, forO < r < 1,
)= ¥ = T
k=0 j=1

This is unbounded as r increases to 1.
Here is an immediate consequence.

Lemma 7.4. If 1 < p < oo, and o < 0, then (7% fails to be an algebra.
Next, we handle the critical line on which ¢ = p — 1.

Lemma 7.5. If 1 < p < oo, then (PP~ fails to be an algebra.

Proof. Let y= (p+1)/p and consider f determined by the coefficients

1
(k+1)[log(k+2)]7

fi =

34
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Then

S WAL
(k+1)P~1
¢ [log(k+2)]7P(k+1)P

= 1
; [log(k+2)]"P(k+1)

P’J

Since yp = (p+1)/2 > 1, the series converges, and we have f € (PP~ 1,

On the other hand, routine estimates yield

121, = [ o
n=0
n/2
> Y PY fifas| 1!
ne2N' k=0
n/2 1
=) 12X ‘p(n+1)f’*1
w2 (k+1)[log(k+2)]7(n —k+1)[log(n —k+2)]7
1 n/2 1 P
p—1
anN 2(1+n/2)1?[10g(2—|—n/2)]71) <k;)(k+1)[log(k+2)]?’> (n+1)
1 n/2 dx p
- p—1
-¢ ezz"N”p[log(n-l-z)]Yp(/x:l x[log(x—i—l)]?’) (n+1)
_ 1 1 1—7\? bl
_CngN" [log(nﬂ)]yp(l_y[logn] ) (n+1) (23)
1
:Cnganogn
where in the step (23) weuse yp— (p—7vyp) =2yp—p=1. 0

It remains to treat the case that (p, @) lies in the strip 0 < p < 1, & < 0.

Lemma 7.6. Let 0 < p < 1. If a < 0, then (7% fails to be an algebra.
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Proof. As before we exhibit a function that lies in £7°% whose square does not. Let N > 2 be an

integer such that N|a| > 1. Suppose that 0 <7 < 1, and define

Nl|a|—1
.

B=t
With that, take f to have the coefficients

jP, if k= jN for some j > 1;
Ji=

0, otherwise.
Then

1 f15.6 = Z |l (k+1)* Zﬂ”’

since aN + Bp < —1. This confirms that f € /7%,

Next, since 0 < p < 1, N > 2 and o < 0, we have

12 15a= Y| X fufa| (11"
n=0" m=0
- Z mefn m n+1 a/p‘
n=0" m=0

M=

Y

JmSn—m(n+ 1)05/;7})

(n=0 m=0
> (i Y PR +kN)°‘/”)
j=1k=0
> (Y Y PPy
Jj=1k=0
R e xﬁyﬁ )4
ZC</1 1 x2-|—y N|a/2pd dy)
= 7/2 y2B[cos 0]B [sin 0P p
zc(/l /0 e rdrdo)
o0 p
> (| o) .



There are now two cases. First, if p = 1/2, then we choose ¢t = 1/2, so that

N|a|—1
b=
P
We then have
Nlo N|a Nla|—1
P p 2p

=1.

Hence the integral diverges in (24), and it follows f2 ¢ (7%,

In the second case, p # 1/2. Consider the family of lines

2 2t
x_
N@2t—1)" N@2t—1)

y:

37

(25)

in the x,y-plane, with ¢ varying from 0 to 1/2, and from 1/2 to 1. Their slopes range from —oo to

—2/N, and then from 2/N to co. Each of these lines passes through the point (1/2,—1/N). Thus,

if0<p<l1,p#1/2,and o < 0, we can find an integer N > 2 with N|a| > 1 (as previously

required), and a value of ¢ so that the point (p, @) lies on the line (25).

Consequently, for this particular 7,

2 2t

TN - T N@—

N|o|(2t —1)=—2p+2¢

N|o| :2+2<IN|OC|—1>
p p
Nlo|
2428
p
N|a
L—2[3—1:1.
p

Once again, the integral diverges in (24).
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CHAPTER 8
SMOOTHNESS

In the special case that f has radial limits a.e., it may happen that the boundary limit function
f(e'®) enjoys certain smoothness properties. Here we show that for some parameter values, the
members of /7% are nearly characterized by a sort of mean-square Lipschitz condition on their
boundary limit function. This is used to identify another family of Banach algebras at the end of
the section.

To prove the main smoothness results, we borrow some methods and ideas from [4], which
trace further back to [3]. Accordingly, the smoothness classes of functions that arise here have
some independent interest.

If f(z) = Yo oz’ is a power series, define

2n+1_]

- y
£l = (laol”+ X 2% ¥ Jaul?) "

n=0 k=2"
This breaks the infinite series into blocks of length 2", and adds a weight 2"% to each block. It

turns out that the resulting norm is (topologically) equivalent to the norm on £7%.
Proposition 8.1. [f0 < p < coand a € R, then || - ||}, o is equivalent to || - || p.a-

Proof. Let (ag,ay,az,...) be a complex sequence. Then for 0 < p < o and o > 0,

oo oo 2n+171
Y lalPe+1)% =laolP+ ), Y lalP(k+1)%
k=0 n=0 k=2"
oo 2n+171
>lao?+ Y27 ¥ laglP.
n=0 k=21
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Similarly,
oo o 2n+l -1
Y lail?(k+ D) < aolP + 3 21 Y jagf?
k=0 n=0 k=2"
o 211+1 —1
< 2a<|ao|p+ Y ey |ak|p>-
n=0 k=2"
The inequalities reverse when o < 0, and again we obtain the claimed equivalence. U

We use the alternate norm to derive smoothness conditions associated with ¢7°*. Let us express

the differentiation operator D and the difference operator A; on the analytic polynomials by

D0 — i1k

Aek® — oik(0+1) _ ,ike

and extending linearly. Thus D is the differentiation operator on square-integrable functions on the
unit circle; A, is the first-order difference operator with increment 7.
The following theorem asserts that if an analytic function in the disk is sufficiently smooth on

the boundary circle, then it belongs to /7%,

Theorem 8.1. Let 1 < p <2 and o > 0. Choose b € (0,1], and integers M and N such that

O<M<M+b<M-+N, and

o< (M+b+3)p—1.
If for some ¢ > 0, the function f (eie) =Yoo are™®® ¢ H? satisfies the smoothness condition
2 . 4o
|80 e P < e, —m<i<m 26)
0

then f € (P%,



40

To make sense of the condition (26), consider the special case M = 0 and N = 1. Then the

condition is

. 12
7O~ @) 52 < el

/27[
0

This says that f satisfies a mean-square Lipschitz condition with parameter b. The general case

merely says that f is even nicer.

Proof. Parseval’s identity says that condition (26) can be expressed as

Z \eik’—1|2Nk2M|ak|2 Scwﬂa‘ (27)
k=0

We will also need the elementary inequality

er —1

X

2
P , 0<x<m. (28)

Fix a non-negative integer n, and put # = 2~ ("1 For k satisfying 2" < k < 2"*!, we have 0 < kr <

1, and hence (28) holds with x = kz. Utilizing this with (27), we find that for any u > 0 we have

2n+1_1 2n+1_1 :
Y KMaP< Y k“MkZM(E)ZN elkt_l’m!ak!z
k=271 k=27+1 2 kt
o o 2n+1_]
< (E>2N2|M 2M‘2n(u 2M) Z k2M|eikt _ 1|2N|Clk|2
— 2 2
2) @

=241

70N\ 2N 2lu=2M|n(u—2M) |t‘2b
C(E) 27+ 12NN

0\ 2N 2lu=2M|pn(u=2M) 2(n+1)(N~b)
C(E) 27+ 1)2N

IN

(Note: the factor 2/4~2M| appears in order to manage the possibility that u —2M is negative.) This

expression is summable over n, provided that

u—2M+2(N—b)—2N <0, or u<2(M+Db).
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That is, we have shown that the condition 0 < u < 2(M + b) implies that

oo 2n+1_1

Y (X #al?) <. (29)

Y Kay|> =
k=2 n=0 "k=2"+1
Next, we observe that if 1 < p < 2, the parameters 2/p and 2/(2 — p) constitute a pair of

conjugate exponents. Holder’s inequality then enables us to estimate as follows for any v > 0.

1

a1 = Y gl (k1% (k4 1)P2 — L
kZO|ak| (k+1) kZOIakI (k+1)%(k+1) e

- pl2 s (2-p)/2
S(Z\asz(kH)”(z“/”)) (Z(Hl)””/(z”)) . (30)

k=0 k=0

The second factor is finite if vp/(2 — p) > 1.
According to the calculation leading up to (29), the first factor in (30) is bounded provided that

20
Uu=—+v<2(M+>b).
p

By hypothesis, the condition o0 < (M +b + %) p — 1 holds, which is equivalent to

200 2
—+——1<2(M+Db).
P p
Thus we can select
2
v=——1+¢
p

for some € > 0 sufficiently small, ensuring that the first factor in (30) is bounded.

With this selection, we also have

v 2—p+éep -

1
2—p 2—p

Y

and hence the second factor in (30) is also bounded.
If p = 2, then we can take u = o, and the condition & < 2(M +b) = 2(M +b+ 3) — 1 suffices,

as claimed. ]
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A reverse containment is possible when 2 < p < oo,
Theorem 8.2. Let 2 < p < oo, and let b € (0, 1]. Choose integers M and N such that
0<M<M+b<M+N.

If f € 0P% with o« > p(M+b+ %) — 1, or if f € 0% with o« > 2(M + b), then f has boundary

values almost everywhere satisfying the smoothness condition
TN oM igy2 40 2b
|1 @ ey <l
0 2z
for some ¢ > 0.

Proof. By hypothesis,

-2 &
a=pM+b)+ 75"+

for some € > 0.
In case 2 < p < oo, the parameters 2/p and —2 /(p —2) constitute a pair of conjugate exponents,
the second being negative. The Reverse Holder’s Inequality [6, Proposition 1.4.11] then applies as

follows forv=¢€e+(p—2)/p > 0.

3 - 1
Plk+1)% = Pk 1) (kr1) P2+
/;om| ey kzolakl DR (k+ 1)/
= P2/ e ~(p-2)/2
> (Z \ak\z(k+1)(2“/1’)_v> (Z(k+1)_””/(l’—2)> _
k=0 k=0

The second factor is nonzero (i.e., the series converges) since vp/(p —2) > 1. Consequently the
first factor is finite. Since the quantity (2a¢/p) — v is positive, the coefficients a; must be square-

summable by comparison; this confirms that f has boundary values almost everywhere.
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Suppose that s and n are non-negative integers, u = 2(M +b) > 0, and 2~ 0+ < |7| <275,

Notice that

20
u=2M+b)=——v
p
For any n < s we have
2mil— 2mtlg
Y Kfa =Y K Ckle]) T (ke )2V g
k=2" k=2"
2n+1_1
— Z k“_zM_2N|t|_2N(k|t|)2Nk2M]ak]2
k=2"
2n+1_1
> Z kufZMfZN’t‘72N|eikt - 1|2Nk2M\ak\2.
k=2"

In the last step we used the fact that |¢” — 1| < |x| for any real x, in particular x = k|¢|. Taking into

account that u —2M — 2N = 2(b — N) < 0, we may continue the estimates with

2n+1_1
> 2(n+1)(u72M72N)|t|72N Z |elkt _ 1|2Nk2M|ak|2
k=2
211+l —1
> 2(s+1)(u—2M—2N)|t|—2N Z |etkt _ 1|2Nk2M|ak|2
k=2"
2n+1_1
> 2(u—2M—2N)|t|—2N—(u—2M—2N) Z |elkl _ 1|2Nk2M‘ak‘2,
k=2n
which gives
2n+1_1 2n+1_1
Z |ezkt - 1|2Nk2M\ak\2 < 22M+2N7u|t‘u72M Z ku|ak|2‘ (31)
k=2n k=2"

For n > s the estimate is similar, except that we use the crude bound |e’* — 1| < 2. The result is

2n+1 ] 2n+l ]
Z ku|ak|2 — Z ku2—2N22Nk—2Mk2M|ak|2
k=2" k=21
2n+1_]
2 Z ku—2M2—2N|eikl‘ . 1|2Nk2M|ak|2
k=2"

2ntl—
> (2n)u—2M2—2N Z ’eikt _ 1]2Nk2M]ak]2.
k=2"



44

Considering that u —2M > 0, this tells us that

2n+171 2n+171
. 1 \u—2M
Z |elkt_1|2Nk2M|ak|2§22N<ﬁ) Z k"lak|2
k=2 K=
2;1+1_1
S 22N2u—2M‘t|u—2M Z ku|ak|2. (32)
k=2"

It follows from (31) and (32) that, by summing over n > 0, we can find a constant ¢ > 0 such
that

Z ’eikt . 1’2Nk2M|ak|2 < C|t|u72M — C|l"2b. (33)
k=1

That is, f satisfies the claimed smoothness condition.
If p =2, then there is no need to introduce v, and the calculations go through using u = o >

2(M+b). O
Near converses of the above two results also hold.
Theorem 8.3. Let 1 < p <2, and let b € (0,1]. Choose integers M and N such that
O<M<M+b<M+N.
If f €L7% with o > p(M + b), then f satisfies the smoothness condition
2n . de
|18 @ ) < el

0 21

for some ¢ > 0.

Proof. We begin with the norm inequality

oo 1/p - 1/2
(Z |ak|f’<k+1>“> > (z \ak\2<k+1>2a/p> |

k=0 k=0
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Next, apply the calculation leading to (33), except that u = 2 /p. It remains to check that with

this choice of u, the smoothness condition requires that

2
w<u—2M="2_oM, or
P

o> (M+Db)p,
as claimed. O]

Theorem 8.4. Let2 < p < e and a > 0. Choose b € (0, 1], and integers M and N such that

0O<M<M+b<M+N, and

a<pM+b).
If for some ¢ > 0, the function f (eie) =Y 0 are™®® ¢ H? satisfies the smoothness condition

2r ) 4o
|18 @S <, ~a<i<m (34)
0

then f € (7%,

Proof. Again, by the basic norm inequality (4) we have

1/2

o 1/p o
(Zlakl”(kﬂ)“) < (Z |ak|2(k+1>2°‘/”>
k=0 k=0

The calculation preceding (29) remains applicable, with the identification u = 2a/p. Thus the

criterion for the (29) to hold in the present case is

2
il <2(M+b), or
p

o <pM+Db).
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Remark 8.1. We can see from Theorems 8.2 and 8.3 that if the pair (p, o) satisfies

a>0,1<p<2;or
-2
Oc>pT,2§p<°°,

then every f € /7% satisfies some smoothness condition of the form (26). This collection of pairs
very nearly coincides with the parameter set for which members of ¢7°* have radial limits, the latter

differing by the inclusion of the line segment {(p,a): oo =0, 0 < p <2}.
When p = 2 there is an exact smoothness criterion for membership in £7:¢,
Corollary 8.1. Let b € (0,1], let M and N be integers such that
O0<M<M+b<M+N,

and let o = 2(M +b). There exists ¢ > 0 such that the function f(e'®) € H? satisfies the smoothness

condition
21 . do
|18 @) <, ~m<i<m (39)
0

if and only if f € (7%,

In addition, we get a basket of equivalent norms for /2%, Here ||- || is the norm on the Hardy
space H?.
Corollary 8.2. Let b € (0,1], let M and N be integers such that
0<M<M+b<M+N,
and let &« = 2(M + b). Then the norm given by
Pl = 7l sup VAPl

o<|t|<m |t|b ’

is equivalent to || - ||2,q.



47

Having a set of equivalent norms on a space is extremely useful. For example, the equivalent

norm enables us to identify another family of Banach algebras.

Corollary 8.3. If a > 0, then (>* NH® is a Banach algebra under the norm

1Al 2anpe = 1/ ll2.e+ 1/ =

Proof. When a > 1, Theorem 7.1 and Proposition 7.1 tell us that ¢#* N H* = (7% is a Banach

algebra. If 0 < @ < 1, choose M =0, N =1 and b = a /2. Then for any f, g € %% H*, we have

||At(fg)||,%12 < 2(||fAt8||12qz + ||8Atf||H2>

< 2(I 1= Al 222 + Il 7= | A £ 1172)

< C|l|2b

for some constant c¢. In addition, ||fg||g2 < ||fllg2]/gllH= < e. We may thus conclude that

1£8llee/2,0,1) < °°, and hence fg € 203 0

This extends [11, Theorem 1.3.2], in which the & = 1 case is handled.
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CHAPTER 9

MULTIPLIERS

The investigation of any function space must include an examination of the operators on that
space, particularly those that emerge in an organic way. Multipliers constitute such a class of
operators, and we conclude this project by studying the multipliers on /7%,

Let 0 < p <o and a € R. An analytic function 4 on D is a multiplier on 7% if hf € (7% for
all f € (7%, By the Closed Graph Theorem (i.e., a generalized version applicable to functions in a
complete metric space), the mapping

My: f—hf

is bounded and continuous (it is obviously linear). The set .#), o of multipliers on ¢7°* is a vector

space. To each h € ./}, o we associate the norm

1AS 1l p.
1]l o0 = 1Mn]] = sup Z==PE=,
720 Ifllp.a
recognizing that when 0 < p < 1, || - ||///p~a is not an operator norm in the strict sense.

We shall lay out some basic properties of multipliers, then relate the operator norm of a mul-
tiplier to the behavior of its coefficients. Next, we describe the multipliers that exhibit a certain
extremal property. The chapter concludes with a version of the Schur Test, which is used to extract
a family of examples of multipliers. These results extend some of the material in [5], which sur-
veys multipliers on 7 = (P,

This paper treats only function multipliers. There are multipliers of other senses throughout

the literature. See, for example, [6, page 92] and [8, Section 6.4].
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We begin by establishing some basic properties of multipliers.
Proposition 9.1. If0 < p < oo, and oc € R, then M, o C (77
Proof. Since 1 € /7%, we have h = hl € (7%, O
Proposition 9.2. If0 < p < oo, and a € R, then the elements of . o are bounded functions.
Proof. Leth € #), o and w € D. Then for every n > 1
[hW)[" = [Aw(Mp1)]|
< AwlF- M) (1.

1/n
p.o

[ROw)] < (1AWl (1M -1

Take n — oo to complete the proof. 0
The difference quotients turn out to be bounded linear mappings on the multiplier space.

Proposition 9.3. Let 0 < p <o, and a € R. Ifwe D, and h € M, o, then Q\yh € M), o, and

1
10wkl e < (ICWI7IMll” + AP 11} allQuNIP) 7, 0 < p < 15

1Qwhll .00 < NQull - M|+ [ Asw |- 7

O, 1< p <o

p.o

Proof. If f € 7%, then

(Quh)f = Wﬂz)
h(z)f(z) —h(w)f(2)
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The norm bounds can be derived from this by inspection. Linearity is evident. O
Proposition 9.4. If 1 < p < oo, and o € R, then .4, o is closed in the operator norm.

Proof. Let A h2 pG)  bea Cauchy sequence in .7, 4. Since the space of operators on (/%
is closed, we know that ;%) converges in operator norm to some operator 7. It follows that hk) 1
converges to T1 in (7%, Let h:=T1. Then h® f — T f in (7%, while at the same time 4 f
converges uniformly to 4f on compact subsets of ID. This forces T f = hf, and we conclude that

the Cauchy sequence converges to an element of .Z), o. [

A similar result could be fashioned when 0 < p < 1, with care taken to identify a metric on the
multipliers on 7%,

In some cases it is possible to describe the multiplier space completely. For example, it is well
known that .#5 o = H* (see [6, Proposition 12.2.6] for an exposition). For some pairs (p, &), the

multiplier space .#), o coincides with 7%,

Proposition 9.5. If

O0<p<l1,and o > 0; or

l<p<oo,and @ >p—1,
then M), o = 7%

Proof. This follows immediately from Theorem 7.1, which states that /7% is an algebra un-

der the identified conditions, with multiplication being norm bounded in the sense || fg||p.a <

cllf

|8lp.a- ]

pa

Here is another case in which the multiplier space for 7% is completely known.
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Proposition 9.6. If0 < p <1, and a <0, then M, o = ¥ = 2P0 with equal norms.

Proof. Let f € (7% and h € .#,, o. Then

1 f 11,0 =

p
n—kfk‘ (n+1)a
n=0" k=0

%)

<Y Y kP lfil? (n+1)%

n=0k=0
-X Z ha-il? (5

< Z Z il 1 | fil (k4 1)*

n=0k=0

= [I17115.01l£ 1170

k+1

D) “ e

Conversely, for every n > 1 we have

pa o = M7 (V1)

= | £ i) = e )% < a2
k=0

From this we we find that

N+1 \la
Zr (o) < vl

for all N. Take N — oo to conclude that

(X )" < 1)
k=0

Thus equality is forced, and we conclude |||, 0 = ||M]|. O

In Corollary 8.3 we saw that /2% N H* is a Banach algebra when 0 < o < 1. It is natural to
wonder whether /2% N H* coincides with the multiplier space for £>*. The following example

shows that it does not, however.

Proposition 9.7. Let 0 < o < 1. There exists h € {>* N\ H* such that h ¢ M .



Proof. For o0 = 1, this was proved as [11, Theorem 5.1.6].

Assume that 0 < o < 1. Let ng = 22k, k > 0, and define

1
hm:W’ I’l]?_l §m<n,‘<x
forall £k > 1.
Thus
Z Z( hm)gz:(nk ny, 1)—k2 <Zﬁ<°°

This shows that h € H*.

Next,

W;hfnma Z( y hzma)gkg( nk1k42a ;k—4

k=1 %1<m<%
showing that i € /2% as well.

Continuing, suppose that f; = 1/(k[logk]>/#) for all k > 2. Then f € ¢>%, since

k&
2700 _
Z fick Z kz(logk)3/2

Finally, for some constant C > 0, and n > 5,

n—2 n—2 1
P> ——dx > (C(l 174,
jngj - /1 x(logx)3/4 x 2 C(logn)

52
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Consequently

(oo}

) ’
n—jfj} (n+ 1)a

nfl3a =

> Zh2n+1 (Zf])

oo

> Y 12(n+1)%C*(logn)"/?
n=>5

Y (X ()% (logn)82)

k=2 "n/2<n<ny

2 v M /2) ¢ (g /2) 2k=1\11/2

from which we see that  fails to be a multiplier on ¢>%, O

We have pointed out some instances for which the multipliers on £7:* are explicitly character-
ized. In other cases, however, we can only offer partial descriptions in terms of their coefficient
growth or decay, and provide bounds for the multiplier norm. The next several results are of this

nature.

Proposition 9.8. Let0 < p <and o € R. If h € M, o, then

1
- (|ho[P + [y |PIIS|1? + | P|IS2|P +--) P, 0<p<1;
M| <

(o] + A ]IS ]+ [ha] - [|S%]] + -+, 1 <p<ee.

Proof. This follows immediately from

h(z)f(z) = hof (2) + M Sf(2) +haS2f(z) +---

for any f € (7%, O
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Thus, for example, if 1 < p < o and o > 0, then
[Mall < 1P |+ 2%/P | +3%/P o] -
and we may conclude that /%P C .4, 4. Similar expressions arise in the other cases.
Proposition 9.9. Let 1 < p <o, 1/p+1/qg=1,and o € R. If h € M, o, then for every n >0,
ol - 1% 4 || - 2% - By - (n 4+ 1) < [My]| (1% 2%+ -+ (n+ D)7 36)

and

1 1 1 1/q
ol |+ -+ al < M3 (55 + 32 +---+m) NI

Proof. Let

b/ |, if by #0;
Cl =

0, otherwise.

For any g € (%, we have

(7, 8)] = [(Mn1, )| < IMnll - [l p,ec - 18l g

Then (36) follows by taking

g(z) =cot+ciz+--+cnd',

and (37) derives from the choice
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Proposition 9.10. Let 1 < p <o, 1/p+1/g=1,and oo € R. If h € M) o, then for every n > 0,

we have
24+ 1% 3%+ [n 1]
ho + 1 hy
1a..._|_[n_|_1]a 1oc_|_..._|_[n_|_1]oc
[n+1]*
hy| < ||M, 38
+ +1a—|—--~—|—[n+1]0‘ n —H hH (38)
and
|(n+ Vho+nhy -+ Uy < [My[|(1942% 4 -+ [n+1]%) /7
1 1 1 1/q
X<1a(q—1)+2a(q—1)"'+[n+1]a(q—1)> : (39)
Proof. Take

fl@)=1+z+2+ -+

=t g &
8= T T pa EESICh

Then (38) results from |(f, f)| < ||Mp|| - || fllp.all fllg,c» and (39) derives from |(hf,g)| < || Mp]| -

Hf”pﬂ”guq,a- O]

Corollary 9.1. Let 1 < p <o and a > 0. If h € .#, o has non-negative coefficients, then h € { L
Proof. Take n — o0 in (38), and invoke the monotone convergence theorem. ]

The next result essentially makes use of the adjoint of a multiplier.
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Proposition 9.11. Let 1 < p <o, 1/p+1/qg=1,and o € R. If h € M, o, then

1Ml - 117215
> (S e () () o
[l 2o () o 2Ras (25) st (TE) T 41y
It =2mano (1) ol 2msm (CED)  haf2hana () T2 1)

1/q
oy

where |hi|P~2hy, is understood to be zero when hy, = 0.

(40)

Proof. Let f € (7%, For any n > 0,

8,2 = Lhwsfint )% = e p) G D% = (),

where

un(Z)Zhn<n—;1>a—|—hn1<n—;1>az+...+h0<n+l>azn‘

Then for any g € /%, we may write

nf.8) = (1, L sunt2)

The Riesz Representation Theorem [7, Theorem 5.5] compels the expression Y ;> gxutx(z) to be-
long to /9%, since the mapping f — (hf,g) is a bounded linear functional on /7% with norm not

exceeding ||Mp| - ||gllg.a-
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Consequently

o0 > nggkuk(Z)Hq

72
041\«
=[eoto (=)
1
14+1\@
() reim(557)
+ 811 1 +g1ng >
2+ 2+1 2+1
() o (13 con((5)
b
q.0
0+1 1+1 2+1 q
)goh0< I ) glhl( 1 ) +g2h2( I ) +‘ (0+1)*
141 241 3Ll g
Jr‘81%( > g2h1< ) g3h2< ) +‘ (1+1)
2 2 2
+1\@ 3+1 441\« q
+‘82h0(—> g3h1< ) g4h2< > +‘ 2+1)*
3 3 3
Now choose
P2l if By # O
8k =
0, if = 0.
= ||1||5,«> and the claim follows. 0

Again, the above results describe how the coefficients of a multiplier grow or decay, and how
they relate to the multiplier norm.

We know from Proposition 9.1 that in general | M},|| > ||| o for any h € .#), o. Itis interesting
to ask for which multipliers /4 does equality hold between its operator and vector norms, a sort of

¢%0 = H?, the extremal multipliers are exactly

extremal property. It is known, for example, that in
the constant multiples of inner functions [12, Section 7]. The following theorem describes the

multipliers on /7% which enjoy the extremal property.
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Theorem 9.1. Let 1 < p < o and o € R. Suppose that h € M), o, h is not identically zero, and
define G by

G(2)|1hllha = 1ol 2o + [ [P~ hiz + [ha|P~2hod® + -+ € (4%,
If ||My|| = ||h|| p,q, then for every n > 1 we have (S"h,G) = 0.

Proof. If the condition ||M}|| = ||h|| o holds, then in the expression (40), each line except the first

must vanish. The claim follows. L]

In Theorem 9.1, the function G is the norming functional of 4. Note that the condition ($"h, G) =
0, n > 1, is a way to say that 4 is “inner” in /7% in a certain sense (cf. [6, Definition 8.3.2]). The
converse of Theorem 9.1 is known to fail, however, even for /7 = ¢P:0; see [12, Example 7.1 and
Theorem 7.3].

The Schur Test supplies a way to estimate the norm of an integral operator on L?, based on its
kernel [21]. Here is a discrete version of the Schur Test, which can be used to identify operators
on /7%, In particular, we use it to produce a class of multipliers. For this purpose, we temporarily
view elements of /7% as column vectors of coefficients, and matrices B = [b; x| j x>0 as operators

by left multiplication.

Theorem 9.2. Assume that 1 < p <o, 1/p+1/q=1, and o« € R. Let B= [bj ] x>0 be a matrix of
non-negative entries. Suppose that there are constants Cy and Cy, and positive sequences (s;) j>0

and (ty) x>0 such that

= ~1/p

S .
Y bty P < Cl—L—— forall j>0; 1)
Far S (j+1)oalr
Y bjxs; /4 < Cotg Mkt 1)% for all k > 0. (42)
j=0

Then B is a bounded linear operator on ("%, with ||B|| < Cll/qul/p.
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Proof. B is obviously linear. Suppose that x € £7°%*, and y = Bx. Then by Holder’s inequality and

(41),

yj = Z bj kxk
~1/pg 1
_ ij’ /pa, /pq X

_ Z b;/kqtk l/qu;/kpt;/pq

< (I;)bj,ktma) (Z b ktk/q|x]€‘p> 1/p

—1/p

S

= (Clw—aq/p) (Z” al )"

Therefore (42) allows for

Ihe < Y IyilPGi+1)*

j=0
—_— j X

1 —1
- cf/q ) r,/qika Y5y b
k=0 j=0
<MY (P ot (k4 1)
k=0

=0y Y Il (k+ 1)°
k=0

Here is an example of applying Theorem 9.2 to get a class of multipliers on ¢7%.

Proposition 9.12. Let 1 < p <ooand B < —1. If o < |B|—1 and |h| < (k+1)B for all k >0,

then h € M) o.
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Proof. First, assume that h; > 0 for all k. We apply Theorem 9.2, with #; = 1 for all &k, and

= (j+1)"% for all j. Let the infinite matrix B be defined by

hjfk; if .] > k;
bjx=

0, otherwise.

Then
Y b V=Y 7P <Y (j—k+ )P =c1P 2P 4. 4 P
k=0 k=0 k=0

Since B < —1, the last expression is uniformly bounded over j. Hence we can find a constant C;

such that

- | 1 1
L bt < G = )Y e = G G e

This checks that condition (41) holds.
Next, suppose 0 < o < || — 1. Then

Y bias; U< Y (G—k+1)P(j+1)°
j=0 j=k

_ B+a Jj+1 o
JZ j=k+1) (j—k+1)

Z *(k+1)"
where we used the elementary inequality k +m < (k+ 1)m, for all m > 1. Thus condition (42)

holds, with Cy = Y5 jPT% < eo.

Finally, if o <0, then

[}

Z(j—k—i—l (j+1)* Z] k+1DP(k+1)* Z] (k+1)%
j=k =k

and once again (42) holds.
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By Theorem 9.2, B is a bounded operator on ¢7°*. But B is simply the matrix for multiplication
by h.
Finally, for & having complex coefficients, the lemma below shows that if |hig| 4 |11 |z + |2 |2% +

.-+ is a multiplier, then so is h(z) = hg+ hiz +hoz> +---. 0

If (2) = fo+ fiz+ fo2° +---, letus write f(2) := | fol + | fi|z+ | f2]z* +-- . Obviously f € 7*

if and only if f € ¢7*, and their norms coincide.
Lemma9.1. Let | < p<ocoand & €R. Ifh € M, then h € My .

Proof. For any f € (P%,

1A fllpe =Y,
n=0

< 3 (L iultil) 1

=110

! P
Y hufoi| (1)
k=0

< M 1P 17117 e

= IM;|I”11£11p.a
This shows that [|M|| < ||M;||. O

We have laid out some elementary properties of multipliers, presented some examples of mul-
tipliers, and furnished estimates for multiplier coefficients. Multipliers enjoying a certain extremal

property were shown to exhibit a certain orthogonality property.
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CHAPTER 10

CONCLUSION AND FUTURE WORK

This chapter concludes our goal to systematically study the /7% spaces. Numerous issues
remain to be solved. They include the characterization of zero sets; problems of interpolation;
problems about sampling and bases; canonical factorization and invariant subspaces. There are
numerous other classes of operators that merit exploration.

The applications, largely yet to be identified, will drive many other questions. These matters

will be the subject of future projects.
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