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ABSTRACT

ACCELERATING THE EFFICIENCY OF MULTISCALE HYBRIDIZABLE DISCONTINUOS
GALERKIN METHODS FOR FLOWS IN HETEROGENEOUS MEDIA

Tony Charles Haines
Old Dominion University, 2024
Director: Dr. Ke Shi

A plethora of scientific and engineering problems encountered are multiscale in nature. This
multiscale feature often influences simulation efforts wherever large disparities in spatial scales are
experienced. Notable examples include composite materials, fluid flow through porous media and
turbulent transport in high Reynolds number flow. Although there are promising results from the
advancement of modern supercomputer, obtaining direct numerical solution of multiscale prob-
lems is very laborious. This difficulty stems from the tremendous amount of computer memory
and CPU time required. Parallel computing may be one obvious choice in remedying this issue.
However, the complexity and size of the discrete problem is not reduced. The goal of this disser-
tation is to design a multiscale model reduction framework within the hybridizable discontinuous
Galerkin (HDG) finite element method. We utilize local snapshots that incorporate some local fea-
tures of the solution space in constructing a lower dimensional trace space. This approach affords
us the opportunity to avoid high dimensional representation of the trace spaces. Furthermore, we
leverage the advantages of localized multiscale basis functions to capture the multiscale structure
of the solution rather than the standard polynomial basis. These basis functions contain essential
multiscale information embedded in the solution. They allow us to obtain better approximations
through the coarse space enrichment. Moreover, orthogonality and its sparse representation are

preserved. With these tools, we can construct coarse scale solutions accurately and efficiently



without solving a global fine scale system. We employ the use of neural network to further im-
prove the efficiency of our method by training the network to learn the solution map of our model.
Such training is done on a single coarse block instead of the entire domain. A significant advantage
of this approach is that, once trained, this network can be used for any geometry and parameter
distribution without retraining. We can avoid the time-consuming global assembly due to the local

solvers.
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CHAPTER 1

INTRODUCTION

1.1 MOTIVATION

Flows in porous media appear in many scientific, industrial, engineering and environmental
applications. One of the many characteristics of these diverse areas is that porous media are in-
trinsically multiscale and particularly display heterogeneities over a wide range of length-scales.
Such heterogeneity is often represented by the multiscale fluctuations in the permeability of the
media. For composite or naturally occurring materials, e.g., soil or rock, the permeability is small
in granite formations (say, 10~15 ¢m?), medium in oil reservoirs, (say, 1077 cm? to 1077 cm? ),
and large in highly fractured materials (say, 10~ ¢cm?) [25]. The dispersed phases (particles or
fibers), which may be randomly distributed in the matrix, may also give rise to discontinuity in
electrical conductivity. Furthermore, in turbulent transport problems, the convective velocity field
fluctuates randomly and contains many scales depending on the Reynolds number of flow [30].

Numerical solution of such problems posses a great challenge even with modern supercomput-
ers and has attracted substantial attention in the scientific and engineering society. In groundwater
simulations, it is quite common to have millions of grid blocks involved, with each block having
a dimension of tens of meters, whereas the permeability measured from cores is at a scale of sev-
eral centimeters [30]. This results in more than 10° degrees of freedom per spatial dimension in
computation. Therefore, a tremendous amount of computer memory and CPU time are required,

which may easily exceed the limit of today’s computing resources. The situation is somewhat re-



lieved by parallel computing; however, the size of the discrete problem is not reduced. It is merely
distributed between processors with more memory. Whenever it is affordable to resolve all the
small scale features of a physical problem, direct solutions provide quantitative information of the
physical processes at all scales. However, from an engineering perspective, it is often sufficient
to predict the macroscopic properties of the multiscale systems, such as the effective conductivity,
elastic moduli, permeability and eddy diffusivity. This necessitates the use of reduced-order meth-
ods or specialized techniques which are capable of capturing the fine scale effects on the larger

scale, without ever fully resolving all the fine scale features.

1.2 SCOPE

The methods presented in this work analyse the case of scale separation, and attempt to cap-
ture the multiscale structure of the solution via basis functions within localized regions (Coarse-
scale grid blocks). These basis functions contain essential multiscale information and are coupled
through a global formulation to provide an approximate solution. Furthermore, the use of these ba-
sis functions allows parallel computing, which distributes the computation and reduces CPU time
as more processors are used. And though the operation count of the multiscale method is compa-
rable with that of conventional finite element method (FEM), this work aims to demonstrate the

application of parallel computing and artificial neural network to computational time reduction.

1.3 THESIS ORGANIZATION

The thesis consists of seven chapters. Chapter 2 gives a background to reduced-order methods
and subsequently, multiscale methods. A brief literature review and discussion of multiscale meth-

ods are proposed. Chapter 3 describes the physical problem under consideration and mathematical



details within the frame work of HDG finite element method. Chapter 4 provides an introduction
to Multiscale Finite Element Methods (MsFEM) and Hybridizible Discontinuous Galerkin scheme
(HDG). Chapter S presents multiscale basis functions. A brief description and detailed construc-
tion are provided. In Chapter 6, we presents the numerical results which includes solutions from
coarse-scale enrichment and the neural network approximation of the multiscale HDG solution.

Chapter 7 provides a summary or conclusion of this study.



CHAPTER 2

BACKGROUND

Multiscale FEM (MsSFEM) is a procedure of numerical upscaling that extends the capabilities
of the mathematical theory of homogenization to more general cases including materials with
nonperiodic properties, nonseparable scales, and/or random coefficents [25]. The main idea of this
method is to obtain the large scale solution accurately and efficiently without resolving the small
scale information. This is made possible by the construction of basis functions which capture the
small scale information within each coarse blocks. The small scale information is then brought to
the large scales through the coupling of the global stiffness matrix. Thus, the effect of the small
scales on the large scales is captured correctly. As a result, methods that can flexibly couple the

local multiscale solutions are much desirable.

2.1 LITERATURE REVIEW

Many multiscale numerial techniques have been developed and studied in literature. One of
the earlier and efficient mixed finite element approximations on multiblock grids was introduced
by Arbogast et al. in [6], Mary Wheeler and co-authors in [7]. The multiblock method proposed
here appeared to be very flexible in constructing finite element approximations independently on
each block. Possible discontinuities along the interblock faces were treated using mortar spaces,
a tool borrowed from domain decomposition. This can be seen in the works of [12]. These tech-
niques were introduced to accommodate methods that could be defined in separate subdomains

and meshed independently. Mortar methods [13] introduces an auxilliary space for the Lagrange



multiplier associated with the continuity constraint on the global approximation solution. Classical
mortaring techniques that have been extended as multiscale finite element methods can be found
in [4], [8], [10], [28]. In a two scale ( two-grid, fine and coarse) method, the aim is to resolve the
local heterogeneities on the fine grid introduced on each coarse block and then glue these approxi-
mations together via mortar spaces. However, to have a well stable method, the mortar spaces had
to satisfy a proper inf-sup condition. This method was shown to be well suited for problems with
heterogeneous media, and a number of efficient methods and implementations have been proposed.

More recently, new classes of reduced-order methods have been presented. These include
Galerkin multiscale finite element method ( e.g., [3], [17], [22], [26], [27], [29]), mixed multiscale
finite element methods ( e.g., [1], [2], [5], [32]), multiscale finite volume method [33], mortar mul-
tiscale methods ( e.g., [9], [36]), and variational multiscale methods [31]. In [24], the concept of
Generalized Multiscale Finite Element propose by [23] was used to construct a local reduced-order
approximation for the solution space. The local snapshot functions and spectral decomposition of
the snapshot space were constructed to approximate the solution in each coarse patch. This fa-
cilitated the transfer of the local properties of the solution into a global coarse-grid problem in
a systematic way that substantially reduced the number of coupled degrees of freedom in the al-
gebaic system. Since the solutions are discontinuous along the coarse grid interfaces, the local
snapshot solutions were computed separately one each coarse block.

In this thesis, we analyze multiscale model reduction techniques within the framework of the
Hybridizable Discontinuos Galerkin method (HDG). This method, as outlined in [19], allows suf-
ficient prospects of "gluing" various finite element approximations together. This mechanism is
made possible due to the notion of numerical trace and numerical flux. Numerical trace is a sin-

gle valued function on the finite element interfaces and belongs to a certain Lagrange multiplier



space which is used to solve the global problem. The well-posedness and accuracy are ensured
by a proper choice of the numerical flux, that involves a stabilization parameter 7 [19]. Standard
approaches for selection numerical traces involve the use of piecewise polynomials. Our approach
relies on multiscale basis functions that are constructed independently (and in an offline stage)
on each coarse-grid cell. Then, the coupling of these local functions is accomplish by the HDG

method.

2.2 STANDARD FINITE ELEMENT METHOD

Finite element method (FEM) is a general technique for numerical solution of differential and
integral equations in science and engineering. It was introduced by engineers in the late 50’s
and early 60’s for the numerical solution of partial differential equations in structural engineering

(elasticity equations, plate equations, etc). The workflow in FEM is as follows

1. Variational formulation of the given problem

2. Discretization using FEM: Construction of finite dimensional space V),

3. Solution of the discrete problem

4. Implementation of the method on a computer: programming.

The idea of forming a variational formulation is deeply rooted in mathematical physics or to
be more specific, calculus of variation — seeking the minimization point of a functional. Similar
to calculus of one variable functions where the minimization problem is solved by looking for the
critical point, the point where the derivative of the function is zero, the solution of minimization

of a functional is given by the function in the underlying function space that satisfies exactly



the variational formulation. We illustrate this and the process of FEM using the following one

dimensional example:

—u"(x) = f(x) for 0<x<1

where Vv = % and f is a given continuous function. By integrating the equation —u"(x) = f(x)

twice, it is easy to see that this problem has a unique solution #. And to show that the solution u is
also the solution of a minimization problem (M) and a variational problem (V), we will introduce

the following notation

for real-valued piecewise continuous bounded functions. We also introduce the linear space V =
{v: v is a continuous function on [0,1], ' is piecewise continuous and bounded on [0,1], and v(0)

=v(1)=0 }, and the linear functional F : V — R is given by

F() = 50/V) ~ ().

The minimization (M) and variational (V) problems are as follows
(M) Find u € V such that F(u) < F(v) Vvev,
(V)  Find u € V such that («/,V') = (f,v) Yvev,
By multiplying —u” (x) = f(x) by an arbitrary test function v € V, and integrating by parts over

the interval (0,1), we have
1 1 1
—"v) = —/ u"vdx = —[u'v|} —/ u'vdx] = u'v|} +/ u'v'dx
0 0 0
using the fact that v(0) = v(1) =0,

= —u'(1)v(1) +u' (0)v(0) + (u,v) = (V)



Thus, we can conclude that (1/,V') = (f,v) Ywev,
We shall now construct a finite-dimensional subspace Vj, of the space V defined above consisting
of piecewise linear functions To this end let 0 = xp < x;... < xpr < xpr+1 = 1, be a partition of the
interval (0,1) into subintervals /; = (x;_1,x;) of length h; = x; —x;_1,j = 1,...,M + 1, where the
quantity 4 is then a measure of how fine the partition is. Let V, be defined as the set of functions v
such that v is a linear function on each I;, v is continuous on [0, 1] and v(0) = v(1) = 0. We observe
that V;, C V and the basis functions y; of V), can be defined as follows

1, i=j

Wi(x)) =

0, i#j, i,j=1..M

i.e., y; is the continuous piecewise linear function that takes the value 1 at node point x; and the

value 0 at other node points. See Figure 1

Figure 1. Functions in finite dimensional space. (A) Representation of function v C V}, by unit

basis functions. (B) Piecewise linear function y; . (Reproduced from [14])

A function v € Vj, can then be represented as

v(x) =2 & yi(x), x€0,1]



where & = v(x;), ie, each v € V}, can be written in a unique way as a linear combination of the
basis functions y;. In particular, V}, is a linear space of dimension M with basis { l//,}fi - The
finite element method for the boundary value problem can now be formulated as follows. Using

the variational form (V) and the finite dimensional space V},, we find u;, € V}, such that

(up,V')=(fv)  Vvey,

If this is true for all v € V}, then it’s also true for the basis function y; € Vj,.

(u;u%):(fall/]) ]:1,,1’1—1
Then by taking a linear combination of the basis functions, and substituting into the above

equation, we have

n—1 1 n—1
(L &) v) = X (X & wito) v
nl
= /IZ (§" wi(x)) v dx

n—1
Y & (v vh) = (f.w)

i=1

where

n—1
= Zi " yi(x)
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This forms a linear system with M equations in M unknowns &, ..., &y, which can be written as
A =B

where A is the M x M matrix with elements (a;;) = (Y}, ¥}), & = (&1,...,&m) and b = (by, ..., by)

with b; = (f, y;) are M-vectors:

a . . aim &1 b

an - - aum Em by

The matrix A is called the stiffness matrix and b the load vector.

For a two dimensional space, consider the Poisson’s equation

V- (kVu)=f inQ,

u=~0 on dQ.

where Q = [0,1] x [0,1], f € L*(Q). K is a positive definite tensor. The weak formulation is to

seek u € V = H}(Q), such that
a(u,v)=1(v), VYveHQ),

here
a(u,v):/ kVuVvdx, l(v):/fvdx.
Q Q

Then, by continuous Galerkin FEM method , we seek u;, € V;, C V such that

a(up,v)=1(v), VveV,.
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where the finite dimensional function space V), is define as

Vh = {V € CO(Q>7V|39 - 07V|K € P1<K>7 forall K € “Th}

2.2.1 Finite Element Spaces

We shall now present some commonly used finite element spaces Vj,. These spaces will consist
of piecewise polynomial functions on subdivisions or "triangulations" 7, = {K} of a bounded
domain Q C R?,d = 1,2,3, into elements K. For d = 1, the elements K will be intervals, for
d =2, triangles or quadrilaterals (see Figure 2) and for d = 3 tetrahedrons for instance. We will
need to satisfy either Vj, C H'(Q) or V}, ¢ H*(Q), corresponding to second order or fourth order
boundary value problems, respectively. Since the space V}, consists of piecewise polynomials, we

have

te]

V, CHY (Q) < V, c Y

)

o]

Vi CH*(Q) < V,cC(D)

where Q = QNT and
C%(Q) = {v: vis a continuous function defined on 2}
Q) ={ec®Q):D*ec’Q), |aj=1}

Thus, V;, C H'(Q) if and only if the functions v € V}, are continuous, and Vj, C H>(Q) if and only
if the functions v € Vj, and their first derivatives are continuous. The equivalence depends on the

fact that the functions v in V), are polynomials on each element K so that if v is continuous across
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the common boundary of adjoining elements, then the first derivatives D%y, |&| = 1, exist and are
piecewise continuous so that v € H' (). On the other hand, if v is not continuous across a certain
inter-element boundary, i.e., v ¢ CO(Q), then the derivatives D%v, |a| = 1, do not exist as functions
in L,(Q) and thus v ¢ H'(Q) (if v is discontinuous across an element side S, then D%v,|a| = 1,
would be a o-function supported by S which is not a square-integrable function). To define a finite

element space V},, we will have to specify:
1. the triangulation 7}, = {K} of the domain Q,
2. the nature of the functions v € V}, on each K (eg linear, quadratic, cubic, etc),

3. the parameters to be used to describe the functions in Vj,.

Figure 2. Triangulation 7} with mesh size 4 comprising of finite elements.



13

2.2.2 Examples of Finite Elements

Let us consider some examples of finite elements. First, we examine the case when Q is a
domain in the plane R? with polygonal boundary I". Let 7;, = {K} be a given triangulation of Q

into triangles K. We shall use the following notation for r =0, 1,2, ...,
P,(K) = {v: vis a polynomial of degree < ronK}
Thus, P, (K) is the space of linear functions defined on K, i.e., functions of the form
v(x) = apo +ajox; +apixy, x€K
where a;; € R. We see that {y1, y», y3}, where
vi(x) = 1y (x) = x1, y3(x) = x2,

is a basis for P;(K), and that dim P (K) = 3, where dim W denotes the dimension of the linear

space W. Further, P>(K) is the space of quadratic functions on K, i.e., functions of the form
v(x) = apo +ajox; +aoixz + az()x% +ajixix —|—a02x%, xekK

where a;; € R. We see that {1,x; ,xz,x%,xlxz,x%} is a basis for P,(K) and that dim P>(K) = 6. In
general, we have
P(K)={v:v(x)= Z aijx’ixé forx € K, where a;; € R},
0<itj<r

and

(r+1)(r+2)

dimP.(K) = 5

Example 1. Let
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Vi={veC’Q):v[xcP(K), VKET}
1.e., V}, is the space of continuous piecewise linear functions. As parameters, or global degrees
of freedom, to describe the functions in V},, we choose the values at the node points of 7}, (including
the node points on I'). Notice that if K € T}, is a triangle with vertices a/,i = 1,2, 3, then the degrees

of freedom for K corresponds to the values at the vertices a,i=1,2,3.

Example 2. Our next example is the following space
Vi={vel®(Q):v|x e A(K), VKeT,}
i.e., V}, is the space of continuous piecewise quadratic functions where the global degrees of
freedom of the functions v € Vj, can be chosen as follows:
1. the values of v at the nodes of 7},

2. the values of v at the mid points of all the sides of the triangles in 7,

Example 3.
V,={vel®(Q):v|x e 5(K), VKET,}

i.e., V}, is the space of continuous piecewise cubic functions with global degrees of freedom
1. the values of v at the nodes of 7},

2. the values of v at the mid points @’/ on the sides of T},

3. the values of v at the center of gravity for all K € Tj,.

We define a finite element to mean a triple (K, Px,Y"), where

K is a geometric object, for example a triangle,



Px is a finite-dimensional linear space of functions defined on K

Z is a set of degrees of freedom

15

such that a function v € Px is uniquely determined by the degrees of freedom ). Below are some

of the most common finite elements with various degrees of freedom.

Degrees of freedom X

Geometry Function space Pk

! Degree of conlinuity
; of corresponding
FEM-space Vi

i,/,\\: 3 Pk} (W

AT I 2

f . 10 PalK) co

A 10 noras 0
ey

4 Q4(K) c°

' 9 QoK) co

Figure 3. Examples of some common finite elements.(Reproduced from [14])

2.3 PRINCIPLE OF HYBRIDIZATION

Discontinuous Galerkin (DG) methods have been investigated and applied to a wide variety

of problems. Initially introduced in Reed and Hill [35], these techniques have become popular

beyond their original applications in fluid dynamics or electromagnetic problems. They provide a
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natural stabilization to the solution due to inter-element fluxes. However, in recent years, hybridiz-
able discontinuous Galerkin (HDG) methods have become more popular. As noted by Arnold and
Brezzi [11], hybridization of DG methods derives from the mixed methods of Raviart and Thomas
[34], where the continuity constrain is eliminated from the finite element space and imposed by
means of Lagrange multipliers on the inter-element boundaries. This idea was further exploited
by Cockburn and Gopalakrishnan [18] and Cockburn et al. [20] to formally develop the HDG
method for second-order elliptic problems. In the HDG method, a numerical trace i, is introduced
to approximate the trace of a solution besides u;,, which is the new unknown and may be called
the hybrid unknown. Eliminating the unknown u; by the hybrid unknown i, we obtain a dis-
cretized equation in terms of #; only. As a result, the number of DOF of the HDG method can
be considerably reduced, an advantage of HDG method over the DG method. Furthermore, HDG
method has amazing features such as superconvergence properties and various connections with
other numerical methods (mixed and nonconforming finite element methods, etc). The basic ideas
of domain decomposition can be carried out in the following fashion.

Consider the Poisson equation on a region £, in two or three dimensions, with zero Dirichlet
data given on the boundary dQ of the region Q. Also, suppose that Q is partitioned into two

nonoverlapping subdomains €; (see Figure 4) such that

ﬁZ.QIU.Qz, QN =0, T'=09Q,NIQ,

We further assume that the boundaries of the subdomains are Lipschitz continuous.

V.(kVu)=f  inQ,
(D
u=>0 on dQ.
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Figure 4. Partition of Q into two nonoverlapping subdomains Q; and Q. (Reproduced from

[15])

Under suitable regularity assumptions on f (square-summable) and the boundaries of the sub-

domains, equation 1 is equivalent to the following coupled problem:
V.- (xVuy)=f in Q1,
u; =0 on dQ\T.
V- (kVup) = f in Qo,

2)
u =0 on dH \T.

Uy = up onl,
aul 8u2
T =—==0 I.
8n1 8n2 on

where u; is the restriction of u to ; and n; the unit outward normal to ;. We refer to the normal

derivatives as the flux. The conditions imposed on the interface I are called transmission condi-
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tions. Equivalently, the above problem can reformulated as finding 7, on I" such that

V- (kVu)=f  inQ,

u=1a on dQ;, 3)
Ju
[%] =0 onT.
where
du, ou’ du~



19

CHAPTER 3

PROBLEM STATEMENT

In this thesis, we consider the following second-order elliptic differential equation defined on

a bounded polyhedral domain Q in R", n = 2,3.

—V-(k(x)Vu) = f(x), x€Q 4)

where k(x) > kp > 0 represents the permeability coefficient of a highly heterogeneous porous
media with multiple scales. Application of equation 4 can be seen in different areas such as flows
in porous media, diffusion and transport of passive chemicals or heat transfer in heterogeneous
media. We shall now present the HDG method for equation 4 on a fine-grid 7. Equation 4 can
be rewritten as a first order PDE with homogeneous Dirichlet boundary condition by introducing

a new variable q.

aq+Vu=0 in Q, (5a)
Vg=f in Q, (5b)
u=0 on Q. (5¢)

where o(x) = k(x)~!, Q C R" (n = 2,3) is a bounded polyhedral domain and f € L*(Q).
Consider a partitioning of the domain € into elements K forming a mesh 7}, that satisfy the standard
finite element conditions. Denote also, the faces of K by F. Then, the method yields a scalar
approximation uy to u, a vector approximation g, to g and a scalar approximation #y, to the trace

of u on the boundaries of each element. We also have the following finite dimension spaces of the



20

form

Wy :={we LZ(T;,) : wlk e W(K), K € Ty},
Vi:={reL*(T,): rlx eV(K), K € T;,},
My :={p e Lz(Th) D U|F € My(F)},

where the transmission condition or the numerical trace is defined as

(}h-n:qh-n+r(uh—ﬁh) on 07, (6)

3.1 DERIVATION OF THE HDG SCHEME

We multiplying 5a by r € V;, and equation 5b by w € W, and perform integration-by-parts.
Then, the HDG method reads as follows: find (u,q,, ;) in the space W), x V;, x M), such that the

following weak problem is satisfied.

(ogy,, 1)y, — (up, V-r)g, + iy, r-n)yy, =0 VreVy, (7a)
—(qp, Vw)g, (@ -n,w)og, = (f,w)g, YweW, (7b)
(@n-n 1)o7, =0 VueM,, (7¢)

uy, =0 ondQ. (7d)

By substitute 6 into 7b

(agy, r)g, — (up, V-r)g, + (ip, r-n)yg, =0 VreV,, (8a)
—(qp, Vw)7, gy n+T(up—dp), wyog, = (f, w)y, YweW,,  (8b)
<Qh'n7u>aﬂ'h =0 v;u € My, (8C)

i, =0 ondQ. (8d)
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From 8b we observe that

_(qh7 VW)‘J’;, + <qh h, W)aiTh = (V *4qp W)‘Th-

Then, 8 can be reformulated as follows

(aqp, 1)y, — (up, V-r)g, =— (i, r-n)yy, VreV,, (9a)
(V-qy, w)g, + (tun, w)og, = —(Tip, w)og, + (f, w)g, VYwe W, (9b)
(@p-n,u)o7, =0 VUM, (9¢)

u,=0 ondQ. (9d)

Since the spaces W), x V, x M, are finite dimensional, we can express every function (uy,, qy,, i)

in W), x V, x M}, as a linear combination of polynomial shape functions of order p.

4= 4% €Vi (10a)
i=1

up =Y uiy € W, (10b)
i=1

=Y 0ii €My (10c)
i=1

where ¢g;, u; and #; are nodal values on each element, ¢; are polynomial shape functions of order p
in each element. Given the element-by-element formulation, the vector #; is defined globally over
the entire mesh skeleton (face/edges). This allows the trace to be defined in such a way that both
q;, u; can be eliminated from equation 9 to give rise to a single equation for ;. By substituting

equation 10 into equation 9, we can obtain the following matrices.

Ay = Ay — Aol (11)
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where A is the mass matrix within each element, A s the vector containing the forcing term and A,
the edge integrals. Using the transmission condition equation 6 and equation 10, we can eliminate

qfl, u’h in equation 11 to obtain a global system. From 11,

(@n-n,wog, = (qp n+t(un—1in),w)ys, =0,
a,| .
= A —Dal =0
A
4|
Az =Da (12)
1)
a0,
Substitute equation 11 into equation 12 for ,
i)
As(ATTA; — AT A = Dal,
AAT A, — AGAT AR, = D,
A3AIIAJ€ = (A3A;1A2+D) LAt;.l,
C; = Muj,
i, =M1 Cy. (13)

This gives us a global system for determining ﬁ;, on the edges of the elements. Once this is ob-
h

tained, we perform a back substitution into equation 11 to determine on the interior of each
uj,

element. We may view the values of ﬁ;l as the Dirichlet boundary data. Together, they form local

solvers within the triangulation Jy,.
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CHAPTER 4

MULTISCALE HDG

In this thesis, we consider a multiscale model reduction technique within the framework of
hyridizable discontinuous Galerkin finite element method. This approach uses local snapshot
spaces derived from two-grid approximation to avoid high dimensional representation of trace

spaces. For this purpose, we shall consider as before, equation 5.

aq+Vu=0 in Q,
Vg=f in Q,

u=20 on dQ.
where a(x) = k(x) ™!, Q C R" (n = 2,3) is a bounded polyhedral domain and f € L?(Q).
4.1 FINE AND COARSE GRIDS

We partition the domain Q, as proposed by [24], into disjoint polygonal subdomains {Q}f’: |
with maximum diameter H;, see e.g Figure 5. Denote by Fy, the face or edge of the subdomain
Q;, if Fy is either shared by Q; or its neighboring subdomain Q;, i.e. Fy = Q;NQ; or Fy =
Q;NdQ. Then we shall denote the set of all coarse edges of a subdomain Q; as &y, where &y =
UY €n (). Furthermore, let J5,(€;) be a shape regular triangulations with triangular elements
of maximum mesh-size ;. Edges (faces) of this triangulation will be denoted by F;,. Let J; =
UN T4 (€24), E4(€), be the set of all faces of the triangulation T;,(€;) and £P(Q;) be the set of all

interior edges of the triangulation T;,(€;), and set &, = UY | &,(Q;).
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L§ ¥

Coarsa grid Firne grid

Figure 5. Fine (interior of red squares) and coarse grids.

Associated with this method are the following finite element spaces consisting of piece-wise

polynomial functions.

Wy = {w € L*(Ty) : wlx € W(K), K € Ty},
V,={re LZ(‘J';,) : rlg € V(K), K € Ty},

My, 1y =M &My,
where the spaces M}?,MH are defined as

M) :={uel*&p): forF €&y ulr € My(F), and ple, =0},

My :={u€L*(&yy): forF €&y ulr € My(F), and N’gguag =0}.
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4.2 GLOBAL FORMULATION

The multiscale HDG (MsHDG) method reads as follows: find (u,,qy,, i, ) in the space Wy, x

V), X My, i such that the following weak problem is satisfied.

(oqy,,r)g, — (up, V-r)g, +{dpg, r-n)yy, =0 VreVy, (14a)
—(qp, Vw)T, Gy -n,wog, = (f,w)g, YweW, (14b)
(Qpu-n oy, =0 VU EMyp, (14¢)

i —0 ondQ. (14d)

For triangulation T,(Q;), we write (1 , {)y:= Y kc7(1, §)k, where (1, {)p denotes the integral of
n¢ over the domain D C R". We also write (], §)g7:= Y keg(n, {) ok, where (1, ) yp denotes
the integral of ¢ over the boundary of the domain D C R"~!. We now complete the method with

the definition of the transmission condition or the normal component of the numerical trace:
Gnp-n=q, n+t(u,—tlpy) onadTy. (15)

where 7 is non-negative and known as the stabilization parameter. To allow us to solve the global
system on just the coarse mesh, we split the third equation of 14 by testing separately with tt € Mg

and 4 € My such that

@y n o7, =0 YueM) and (G,y-nW)o5, = Gy N Moo, =0 YUEMy. (16)

On any subdomain €, given the boundary data of ), iy = g for &g € My (F),F € Ep(2), we can
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solve for (q;,,un, U i)| o, by restricting the equation 14 on this particular €;:

(aqy, r)g, ) — Un, V1)) + Unhm, rn)o3,0) =0, (17a)
— (i, VW), Q) +(Gppnw)az, @) = (fs W)3,00) (17b)
@ n1)o7,0) =0, (17¢)

UnH =&y ondQ;, (174d)

for all (w,r, 1) € Wylo, X Vilg, X M} £0(q,)- Fora single coarse block, the above local system is
the regular HDG methods defined on ;. Moreover, from [19] we already know that this system is

stable. Using the principle of superposition, equation 17 can be further split into two parts, namely,

(qh7uh7ﬁh,H) - (qh(f)auh(f)7ﬁh,H(f)) + (qh(éH)auh(éH)7ﬁh,H(§H))'
where (q,(f),un(f), un,u(f)) satisfies

(g, (), N)3y@) — Wn(f), V)3, + Unu(f), r-n)or,@) =0,
—(qn(f), VW)7, () + @ (f) -1, w)ag, ) = (f W3,
(@nu(f) n1)55,0) =0,

Ung =0 ondT,

for all (W, I‘,,U) € Wh|Q,- X Vhlﬂi X M2|€2(Q) and (qh(gy),uh(éy),l//t\hﬂ(é[{)) satisfies

i

(g, (&), P30 — Wn(SH), V- P)3, Q) + (e (Gr) T+ 1) o, =0,
—(91(&n), VW)g,(0) +(@nu(Ex) -n, w)og3, Q) =0,
(@1 1) 07,0 =0,

unn(En) =&y ondT,
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for all (w,r, i) € Wy|q, X Vil X M,9|€2(Qi).
Given equation 16, we can follow a similar process outlined in equation 12 - 13 to obtain a
global system for u), ;. This implies that we only need to solve the global system on the coarse

mesh, a process known as upscaling using the following equation:

a(&Hnu) :l(:u) for all“ € My, (18)

where the bilinear form a(Eg, 1) : Mg x My — R and the linear form /() : My — R are defined

a(Gu, ) == (Qnu(Sn) 0, oo, and () :=a(f,1)=(gnu(f) n,Woq-  (19)

In the next chapter, we shall construct orthogonal basis functions used in the space M.
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CHAPTER 5

MULTISCALE ORTHOGONAL BASES FUNCTIONS

Multiscale basis functions are a very important component used to represent the solution at
different scales within the computational domain. These basis functions are usually designed to
capture the behavior of the problem at various scales, allowing for an accurate approximation of the
solution across the entire domain. In MsFEM, they are constructed by combining local fine-scale
solutions with global coarse-scale information. This integration enables the accurate modeling of
features at different scales and facilitates the efficient computation of the overall solution. Further-
more, they are often chosen to be orthogonal to ensure that they capture essential characteristics
of the problem while minimizing computational costs. They provide a flexible framework for rep-
resenting the solutions in a multiscale fashion, making it possible to efficiently analyze complex
systems with varying scales of behavior. Therefore, by using these basis functions, MsFEM can
effectively handle problems with heterogeneuos material properties, discontinuities, or other mul-
tiscale phenomena. . In this chapter, we consider the construction of multiscale basis functions for

the coarse space My

5.1 MULTISCALE FUNTIONS ON THE UNIT INTERVAL

Consider the simplest invariant set Q = [0, 1]. The advantage of the construction on this set is
the recursive generation of partitions of € and multiscale bases based on partitions. The following

procedures have been proposed and discussed extensively in [16]. Let Q = [0, 1], be an invariant
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set with the associated contractive mapping

t
d)g(t):% teQ, €€y, (20)

where

Q=9¢o(Q)U¢1(Q) and meas(go(Q)N¢1(Q)) =0.

and meas(A) denotes the Lebesgue measure of the set A. Then, for each € € Z, we set Q¢ :=

£, 5] and define the isometry T such that for f € L*(Q) :

V2f(2t —€) for t€Q,,
Tef == V2(fod: ') xa, = 1)
0 for t¢ Q.

where y4 is the characteristic function of the set A. The application of the operator J¢ to a function

can be seen in Figure 6.

L J L | J L 1 J

0 Q 1 0 ¢o(S2) 1 0 B(Q) 1

Figure 6. Application of the operator T¢ to a function producing Jo f and T f. (Reproduced from

[16])
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C Sén, if Xy is an orthonormal

Morover, given the space X,, = Sén, n € Ng, where S; €S, € ...
basis for S’f, then

1
Xp:=|J TeXp—1, neN (22)

Ee€ln

is an orthonormal basis for S’;,,. We refer the reader to [16] for a detailed proof.
5.2 CONSTRUCTION OF MULTISCALE BASIS
Let X, be a space such that X,,_| C X,,. By the theorem orthogonal decomposition, we have
X =Xy & W,

where W, is the orthogonal complement of X, in X,. This gives the decomposition for the space
Xn-

X, =Xo& W, Wyt ...t W,,

with dimension X,, = k2" and dimension W,, = k2"~ ! for k > 1.
In order to construct multiscale orthonormal basis, we begin with the establishment of or-
thonormal basis W; for the space W for each j € N,,. First, we choose the Legendre polynomials

of degree < k— 1 on Q as an orthonormal basis for Xy = S’f and denote these basis by Xy. Then,

(1) Use equation 22 to construct an orthonormal basis X for the space Xj.

1
Xi = U TeXg, neN

€€l

(2) Form a linear combination of the basis functions in X; and require it to be orthogonal to
all elements of X through the process of Gram-Schmidt. This gives k linearly independent

elements which are orthogonal to Xj.
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(3) Orthonormalize these k functions and have them serve as an orthonormal basis for W,

For the construction of basis W; , j > 2, we use the following results proposed in [16]. If W; is

given as an orthonormal basis for Wy , then
i
Wyir:= [ TeW,, neN (23)

€€l

is an orthonormal basis for W, ;.
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5.3 EXAMPLES OF MULTISCALE FUNCTIONS

We consider basis functions of the form W; := {w;; : j € Z,,(; } with double subscripts. The first
subscript represents the level of the scale of the subspace and the second indicating the location
of its support. In this work, we shall construct basis functions up to the third level. Since the

decomposition for the space X, is given by

X, =Xo®t W, oW ot ...t W,

for n = 3, we have,

X3 =Xy @LWI @LW2 EBLW}

For the space X, we have the following orthonormal basis functions. See Figure 7.

Xp: W()()(t):l, W01<t):\/§(2t—1), te[O,l]
2
wOO(x) |
150 wt:)1(x)
/’/'/”
1 -
//
05t T
’/,/’
gl p //,/
o
/,/
05 ol
/,//
A g -
| o
asr
9 . . . .
0 0.2 0.4 0.6 0.8 1

Figure 7. Orthonormal basis on X spanned by woo(7) and wo; (¢) .
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For the space Wy, we obtain following orthonormal basis functions through the process out-

lined in section 5.2. See Figure 8

1—6t for t€0,1],

Wlo(l‘)z
5—6t for te€(5,1].
V3(1—4t) for €04,
W]](I):

V3(4t—3) for te(3,1].

2 T 2
A B

151 1 151
1 1
051 & 05
0 0
05 ] 05
1 1
A5F E 15+t
20 0.1 0.2 0.3 0.4 0.5 0‘.6 0.7 0.8 0.9 1 20 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8. Orthonormal basis for W. (A) basis wyg. (B) basis wi;. (Reproduced from [16]).
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Since we are furnished with the basis of W;, we apply the operators 21 to W; to obtain the

basis functions for the space W,. This can be seen in Figure 9.

Wy : To{wio,wi1} U T1{wio, w11} := span{wag, wa1, w2z, w23 }.

TO applied to w10 T1 applied to w10

3 3
A B
2 2
| i
0 0
1 1
2 2
3 . . . . . . . . . 3 . . . . . . . , .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
TO applied to w11 T1 applied to w11
25 T T 25 T T
C D
2 2
1.5 15
1F 1
05} 05
0 0
05 0.5
. 1
15 15
2 2
25 ; . : . : ; . . . 25
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 9. Orthonormal basis for W. (A) Ty applied to wyg. (B) J1 applied to wig . (C) To applied

to wyi. (D) T applied to wyy .
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Finally, we apply the operators 21 to W to obtain the basis functions for the space W3. This

can be seen in Figure 10 and Figure 11

W3 2 To{wa0, wa1,wa,wa3 } U T {wag, war,waz, wa3 } :=span{wsg, w31, w3z, w33, W3a, W3s, W3, W37 }.

TO applied to w20 T1 applied to w20

A B
2 2
| i
0 0
1 1
2 2
3 . . . . . . . . . 3 . . . . . . . , .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
o TO applied to w21 3 T1 applied to w21
C D
2 2
1 1
0 0
1 1
2 2
3 ! 3
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 10. Orthonormal basis for W3. (A) Ty applied to woq. (B) T applied to wrq . (C) Ty

applied to wy1. (D) T applied to wyg .



36

TO applied to w22 T1 applied to w22

“o 0.1 0.2 0.3 04 05 0.6 0.7 0.8 09 1 i 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
TO applied to w23 T1 applied to w23

06 07 08 09 1 0 0.1 02 03 04 05 06

Figure 11. Orthonormal basis for W3. (A) Ty applied to wo;. (B) T applied to wyy . (C) Ty

applied to wy3. (D) T applied to wp3 .
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CHAPTER 6

NUMERIAL RESULTS

In this chapter, we develop numerical experiments by harnessing the results from previous
chapters to establish our goals in two folds. The first, involves comparing our coarse mesh solution
with that of the fine-scale. The efficiency of computation was improved through the implementing
of parallel computing, and the enrichment of the coarse-scale solution through the addition of
multiscale basis on the coarse edges. In this case, going from one level to another.

The second, entails the application of Artificial Neural Network (ANN) in determining a solu-
tion map (Dirichlet-to-Neumann) between the coarse blocks. Training is done on a single coarse

block instead of the entire domain. A similar case of element learning was also established in [21]

6.1 MSHDG RESULTS

We consider the domain Q = [0, 1] x [0, 1] and divide Q into N = M x M coarse blocks where
H = 1/M is the size of each coarse blocks. Then, within each subdomain €;, we establish a
structured triangulation (fine-scale) with m subintervals on each axis. This gives us a fine-mesh size
of h=1/(Mm). We test our method with the following PDE parameters: f = 1, T = | representing
the stabilization parameter on each edge (fine and coarse edge), and a multiscale coefficient k = 1
in white regions and k = 10% in the gray regions. See Figure 12. To fully implement the multiscale
HDG method established in Chapter 4, we consider W), and V, to be spaces of piece-wise linear,
discontinuous functions on T7,, M}, a space of piece-wise linear, discontinuous functions on &;, and

Mp is the multiscale space consisting of multiscale functions constructed in Chapter 5.
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Figure 12. Distribution of kappa. k = 1 in white regions and k¥ = 10* in dark or gray regions.

We can view the results of this implementation in Figure 13 and Figure 14. We choose a
10 x 10 coarse block with size H = 1/10. Then in each coarse block, we choose 8 x 8 smaller
squares of size h = H /8. This give us 128 elements in each coarse block. We find approximations
to the fine-scale solution by adding more multiscale basis functions on the coarse edges. This is
accomplised by going from one level to the other, where the dimension of each level is given by
Li=2x2!, for i=1,2,3. Figure 15 shows the fine-scale solution with the given parameters.
For error analysis, we use the weighted L?-norm for the solution ||y, — iz || 12(q) between the fine-

scale solutions #;, and the coarse-scale éig on the coarse scale edges. The results can be seen in

Tablel.



Figure 13. Comparison of MsHDG solutions for My. (A) Ly, Dim=360. (B) L;, Dim=720
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Figure 14. Comparison of MsHDG solutions for My. (A) L, Dim=1440. (B) L3, Dim=2880.
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Figure 15. Fine-scale solution with dimension (Dim) = 152960.

Table 1. Error and processor time for different scale levels on M.

Level Dim. ||, —#nl|2q) Elapsed time(seconds)

0

1

360 0.0041

720 0.0023

1440 0.00047

2880 0.000042

3.9516

6.3237

12.0186

28.5727

41
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The fourth column (Elapsed time), in Table1 shows the results from parallel computation. Par-
allel processing was done using MATLAB parallel computing toolbox on an Intel(R) Core(TM)
17-147700F process with twenty cores and twenty-eight Logical processors. MATLAB used a max-

imum of eight workers.

6.2 ARTIFICIAL NEURAL NETWORK

The goal of this section is to improve the efficiency of our multiscale HDG method using
machine learning. Previous numerical results established in section 6.1 were obtain through the
use of local solvers for each coarse block over the entire domain. And although the dimension of
the global system is reduced, the process does not eliminate the disadvantage of performing tedious
operations over every coarse block. As such, a significant advantage of using neural network is
that we can train the network on a single coarse block (reference coarse block) to learn the solution
map, or more specifically, the Dirichelet-to-Neumann map between coarse block. And once the
network is trained, it can be used to determine solution map for other geometries (coarse blocks)
using a simple linear transformation.

We establish the training process of our neural network in the following manner. Consider the
domain Q = [0, 1] x [0, 1] and divide Q into N = M x M smaller squares, where M = 6. Then on
Q), we generate a structured triangulation (fine-scale) containing 128 finite elements. This domain
will serve as our reference coarse block. We perform a random sampling of kappa (k) such that
within each small square, we have k = 1 in the white regions and k = 10* in the dark/gray regions.

See Figure 17.

6.2.1 Data Generation
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Figure 16. Coarse block learning. A domain is decompose into several subdomains. For each

subdomain, the neural network takes the PDE parameters as inputs, and returns the

Dirichlet-to-Neuman map. (Reproduced from [21])
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We evaluate kappa within each element and store the following two matrices. The first, is the

coordinates of all vertices of all elements in . This will have a dimension N,;;, X 3. The second,

is the matrix containing the barycentric coordinates of all the quadrature nodes, with dimension

3 X Ny4. Then, the product of these two matrices gives us the x and y-coordinates of all quadrature

nodes in all triangles with dimension N, X N,;. We reshape this matrix into a 1 X Nyj5 X Ny

vector for each sample of kappa generated. The value of the entries of this matrix will depend on

whether the x,y-coordinate is within the white or dark/gray regions. This will serve as the data for

the input layer of our neuron network.

Next, we determine the output layer of the neural network.

Output layer := ([a(&, 1)), [1(1)]).

Our reference domain consists of four coarse edges on which we assign multiscale basis function to
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Figure 17. Random samples of kappa . (A) Sample 1 . (B) Sample 2 . (C) Sample 3. (D)

Sample 4. k = 1 in the white regions and x = 10* in the dark/gray regions

determine the flux response (Dirichlet-to-Neumann map). This is a symmetric matrix of dimension
4N basis X 4N, basis» where

Npasis =2 - 2level7
is the number of basis functions per coarse edge and /evel is the level of the scale. We form an upper
4Npasis (‘gvbasis"'l) .

triangle of this matrix and use the values as the output layer with dimension 1 x

We also form a 1 X 4 Ny, vector for the right-hand-side of Equation 18. Then, the output layer
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of our neural network is a vector with total dimension 1 X w X 4 Npgsis-

For the rest of the neural network structure, we follow a similar design outlined in [21]. Among
the Nyamp = 1000 random samples generated for the distribution of x, 800 of them constitute the
training set and the remaining 200 samples, the testing set. We use a fully connected neural net-
work with four hidden layers, where the size of the hidden layer is four times the input layer. The
activation function is chosen to be the Rectified Linear Units (ReLU) along with Adam optimiza-
tion and L1-norm error as the loss function (see Figure 19). We choose a batch size of 100 with
an initial learning rate 10~ for the first 3000 epochs. For the next 3000 epochs, we reduce the
learning rate to 10~* and then to 107> for the last 3000 epochs. All training was done on the
PyTorch platform using 8.0 GB NVIDIA GEForce RTX 4060 dedicated GPU memory. Figure 18
shows the L1-norm errors of the neural network for both training and testing using two multiscale

basis functions.

14000
12000
10000
8000
6000 |
4000

2000

T T T T T
0 2000 4000 6000 8000

Figure 18. Training (blue) and testing(orange) errors for neural network. L.1-norm errors (y-axis)

vs. number of epochs(x-axis).
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We tested the performance of our neural network on a two-by-two (2x2) and three-by-three
(3x3) coarse blocks with random distribution of kappa « for different levels (Lo, L) of multiscales
basis funcitons. Given the reference domain (coarse block) K = [0, 1)?, the parameterization of any

geometry K (physical domain) is determined by the following push-forward map:

Fx: K — K,
K K . K
o app ap X by
(£,9) — + :
K K o K
dp; 4y y by

where the geometry of K is parameterized by the parameters aﬁ and blK . Since we are using square

coarse blocks, this reduces to

(x/\,)?) — + !

where A represents the size of the coarse block K. Then, solving Equation 17 on K is equivalent to
solving the same equation on K with a re-scaled coefficient h.

The L2-norm error between the solution of the multiscale HDG method proposed in Chapter
4, and that of the neural network was also determined within an error tolerance of 10~ 3. Figure
21 to Figure 34 uses two multiscale basis functions (Lg) per coarse edge, whereas Figure 36 and
Figure 40 uses four multiscale basis functions (L;). Table 2 shows the amount of time(seconds) it
takes each method to achieve an approximate solution.

Table 3 shows the errors between the MsHDG and Artificial Neural Network (ANN) solutions

for different test domains.



47

Table 2. Elapsed time (seconds) to achieve an approximate solution in both methods at scale level

Lo.

Method 2 x 2 coarse block 3 x 3 coarse block

ANN 0.5402 0.6547

MsHDG 2.0610 5.1105

Table 3. Errors between the MsHDG and Artificial Neural Network (ANN) solutions for different

test domains.

Test domain  ||a)/SHPG — ﬁZ‘NNHLz(Q)

1 3.2609 x 10~4
2 6.3265 x 1074
3 2.6397 x 1074
4 9.2869 x 1074
5 7.1630 x 1074
6 9.1246 x 1074

7 7.9571 x 1074
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Figure 19. Neural network architecture comprising input layer, hidden layer with non-linear

activation functions (ReLU), and an output layer.



Figure 20. Test domain 1:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 21. L neural network solutions for Test domain 1. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 22. Ly MsHDG solution for Test domain 1. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x1073).



Figure 23. Test domain 2:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 24. L neural network solutions for Test domain 2. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 25. Ly MsHDG solution for Test domain 2. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x 1073).
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Figure 26. Test domain 3:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 27. Ly neural network solution for Test domain 3. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 28. Ly MsHDG solution for Test domain 3. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x1073).



Figure 29. Test domain 4:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 30. Ly neural network solution for Test domain 4. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 31. Ly MsHDG solution for Test domain 4. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x1073).
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Figure 32. Test domain 5:x = 1 in the white regions and k = 10* in the dark/gray regions
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20 .

Figure 33. L neural network solution for Test domain 5. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1074).
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20 .

Figure 34. Ly MsHDG solution for Test domain 5. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x 1074).
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Figure 35. Test domain 6:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 36. L; neural network solution for Test domain 6. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 37. L; MsHDG solution for Test domain 6. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x1073).



Figure 38. Test domain 7:x = 1 in the white regions and k = 10* in the dark/gray regions
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Figure 39. L neural network solution for Test domain 7. (A) 2-D view of neural network

approximation . (B) 3-D view of neural network approximation (x1073).
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Figure 40. L; MsHDG solution for Test domain 7. (A) 2-D view of MsHDG approximation . (B)

3-D view of MsHDG approximation (x 1073).
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CHAPTER 7

CONCLUSION

The objective of this thesis was to solve the second-order elliptic differential equation, equation
4, defined on a bounded polyhedral domain with heterogeneous permeability coefficient kappa k.
Numerical solution of such equation on a fine-scale may require a tremendous amount of memory
and CPU time. Whenever it is affordable to resolve all the small scale features of a physical
problem, direct solutions provide quantitative information of the physical processes at all scales.
However, it is often sufficient to predict the macroscopic properties of the multiscale systems.
This necessitates the use of reduced-order methods or specialized techniques which are capable of
capturing the fine scale effects on the larger scale, without ever fully resolving all the fine scale
features. We utilized local snapshots that incorporated local features of the solution space and
employed multiscale basis functions to obtain better approximations through the process of coarse
scale enrichment. Furthermore, neural network was incorporated to improve the efficiency of our
method by training the network to learn the solution map between each coarse blocks. We state,
that the size of the fine-scale domain (2x2) and (3x3) in the neural network section is chosen solely
for demonstration purposes. It is expected that this method can be applied to a larger domain and
higher scale levels (L, and L3) of multiscale basis functions. Figure 21 - Figure 40 shows that we
can obtain good approximations to the multiscale HDG solutions once the network parameters are
fine-tuned to minimize the loss function. In Table 1, we can observe that as we enrich the coarse
space, 1.e., going from one level to the other, the error between the MsHDG approximations and the

fine-scale solutions on the coarse edges decreases. It also shows the possibility of implementing
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these methods in parallel. Table 2 shows that we can improve on the efficiency of our method by

using neural network even as we increase the coarse scale dimensions.
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