Old Dominion University

ODU Digital Commons

Mathematics & Statistics Faculty Publications Mathematics & Statistics

1995

Convergence of Pélya Algorithm and Continuous
Metric Selections in Space of Continuous
Functions

Wu Li
Old Dominion University

Follow this and additional works at: https://digitalcommons.odu.edu/mathstat_fac pubs

Repository Citation

Li, Wu, "Convergence of Pélya Algorithm and Continuous Metric Selections in Space of Continuous Functions” (1995). Mathematics
& Statistics Faculty Publications. 147.

https://digitalcommons.odu.edu/mathstat_fac_pubs/147

Original Publication Citation

Li, W. (1995). Convergence of pélya algorithm and continuous metric selections in-space of continuous-functions. Journal of
Approximation Theory, 80(2), 164-179. doi:10.1006/jath.1995.1013

This Article is brought to you for free and open access by the Mathematics & Statistics at ODU Digital Commons. It has been accepted for inclusion in
Mathematics & Statistics Faculty Publications by an authorized administrator of ODU Digital Commons. For more information, please contact

digitalcommons@odu.edu.


https://digitalcommons.odu.edu?utm_source=digitalcommons.odu.edu%2Fmathstat_fac_pubs%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mathstat_fac_pubs?utm_source=digitalcommons.odu.edu%2Fmathstat_fac_pubs%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mathstat?utm_source=digitalcommons.odu.edu%2Fmathstat_fac_pubs%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mathstat_fac_pubs?utm_source=digitalcommons.odu.edu%2Fmathstat_fac_pubs%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mathstat_fac_pubs/147?utm_source=digitalcommons.odu.edu%2Fmathstat_fac_pubs%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@odu.edu

JOURNAL OF APPROXIMATION THEORY 80, 164—179 (1995)

Convergence of Pélya Algorithm and Continuous Metric
Selections in Space of Continuous Functions

Wu Li

Department of Mathematics and Statistics,
0ld Dominion University, Norfolk, Virginia 23529-0077

Communicated by Giunther Niirnberger

Received January 15, 1993; accepted October 27, 1993

We show that one can construct a continuous selection for the metric projection
in the space of continuous functions by the Pélya algorithm. Moreover, the
existence of a continuous selection for the metric projection is equivalent to the
stable convergence of the Polya algorithm. € 1995 Academic Press, Inc.

1. INTRODUCTION AND DEFINITIONS

Let T be a locally compact Hausdorff space and Cy(7T) be the Banach
space of all real-valued continuous functions f on T which vanish at infinity
(i.c., the set {reT:|f(7)] =¢} is compact for every £¢>0). The norm on
Co(T) is the supremum norm: | f|| :=sup,cr | f(#)]. For any fe Co(T) and
a finite-dimensional subspace G of Cy(T), the distance from f to G is
d(f, G) :=inf{| f — x| : xe G}. Consider the best approximation problem
associated with G:

find g in G such that ||f — gl = d(f, G). (1.1)

The metric projection I1,(-) from Cy(T)) onto G maps each fin Co(T) to
the solution set of the best approximation problem (1.1); ie.,

Is(f)={geG:|f—gl=d(f G)}

The classical Haar theorem (cf. [28]) implies that /7,(f) is a singleton for
all fe Cy(T) if and only if G is a Haar space (i.e., any nonzero element of
G has at most dim G — 1 zeros).

In general, I1,(f) has infinitively many elements and I7 is a set-valued
mapping from Cy(T) to 2° (subsets of G). In the theory of set-valued
mappings, one important subject is the existence of continuous selections.
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The most well known result is the Michael selection theorem, which in
essence states that a lower semicontinuous set-valued mapping has a con-
tinuous selection [29,30]. The continuous selection constructed by
Michael is the limit of a sequence of continuous g-approximate selections
which are defined by a partition of unity. Since /75(f) is closed and convex
for any fe Cu(T), Steiner point selector also provides a means for the
construction of a selection for 17, (cf. [38, 37, 35]). The definition of
Steiner point selector involves the integration of the supporting function of
IT;(f). Steiner point selector has many nice properties. In particular, it is
continuous (or Lipschitz continuous) if 71 is continuous (or Lipschitz
continuous). Since G is finite-dimensional, 77 is lower semicontinuous if
and only if /7 is continuous (cf. [39]). Therefore, Michael’s selection or
Steiner point selector provides a continuous selection for 7 if 11 is lower
semicontinuous. However, the lower semicontinuity of /7 is not necessary
for the existence of continuous selections (cf. [10-12, 33, 26] for intrinsic
characterizations of G whose metric projection has a continuous selection
and related topics). In general, one can prove the existence of a continuous
selection for /7, by constructing a lower semicontinuous submapping of
I1; (cf. [4, 14, 22, 7, 27, 26]). This can also be accomplished by Brown’s
derived mappings of I7; [8]. However, there is no simple constructive way
to define a continuous selection for 17 if such a selection is possible. The
continuous selections constructed for I7;, by Sommer and Niirnberger
[32,40-42], or by Li [17-21, 26], or by Blatter [1], or by Blatter and
Fischer [2], or by Blatter and Schumaker [5], are based on the idea of the
Chebyshev alternation property of uniform best approximations [287] and
are quite complicated. So a natural question is whether there is a simple
constructive way to define a continuous selection for /7, when 77 has con-
tinuous selections. The objective of this paper is to show that the Polya
algorithm is a solution; ie., the limit of the best L,-approximations as
p — oo produces a continuous selection for 7.

Suppose that there exists a finite Borel measure p on 7 such that
wW(U)>0 for every nonempty open subset U of 7. Then we can
“approximate” the supremum norm -] by a sequence of strictly convex
norms, known as L,-norms, | f1,:= ([, |f()|” du)"'?:

,,linl I/, =M1 for feCo(T)

Let ITL(f) be the best L,-approximation to f from G ie., IT7(f) is the
unique element in G such that

I/ =N, = inf | f—gll,.

geEG
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It is well known that any accumulation point of {/74(f)} as p— oc is
an element of IT.(f). In particular, if H1;(f) is a singleton, then
lim, ., IT5(f)=4(f).

The idea of finding a best L -approximation via best L, -approxima-
tions dated back to G. Pélya in 1913 [34] and the process is now called
the Polya algorithm. We say that the Polya algorithm (for G) converges if
lim, , . IT7(f) exists for every fin Co(T).

The limit of best L,-approximations as p— oo (if it exists) provides a
natural selection for 77

sba(f) := lim fT2(f). (1.2)

p— %

Here we use the notation sba(f) to indicate that the limit of {I72(/)} as
p— oo (if it exists) will be called the strict best approximation to /. When
T consists of n isolated points, Co(T) can be identified with the n-dimen-
sional Euclidean space R” with the supremum norm, denoted by /_(»). In
this case, Descloux [9] proved that the Polya algorithm converges to the
strict best approximation introduced by Rice. Therefore, one may consider
(1.2) as an alternative definition of the strict best approximation introduced
by Rice in {(n) [36]. Rice [36] proved that sba(-} is a continuous map-
ping from /_ (n) to G; ie., (1.2) does define a continuous selection for 77
in 1, (n). However, a counterexample given by Descloux shows that the
Poélya algorithm does not converge for some finite-dimensional subspace G
of C[—1,1] [9]; te., sba(/f) is not always well-defined by (1.2). One main
result of this paper is to prove that (1.2) does define a continuous selection
for 11, if I1; has a continuous selection. The discovery of the connection
between the convergence of the Polya algorithm and the existence of con-
tinuous selections for 7 is due to Sommer [43, 44], who proved that (1.2)
defines a continuous selection for /7, if 17, has a continuous selection and
G is a spline subspace of Claq, b].

The paper is organized as follows. In Section 2, we show that there exist
“best of the best” approximations in /1,(f) if 11, has a continuous selec-
tion. This is the foundation for the stable convergence of the Polya
algorithm. Section 3 is devoted to the proof of the equivalence of the stable
convergence of the Polya algorithm and the existence of continuous selec-
tions for I7;. As a consequence, we obtain that (1.2) does define a con-
tinuous selection for 7, if IT; has continuous selections. Finally, examples
and comments are given in Section 4.

We conclude the section with definitions and notations used in this
paper. The Polya algorithm (for G) is said to converge stably if the limit
lim, , , ,_, . [T%(h) exists for any fe Co(T). For any subset X of T, int(X)
denotes the interior of X. For a subset Fof C(T), E(F):={teT:|f(1)l=
I/ for every feF} denotes the set of common extremum points of
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functions in F. The set of all zeros of a function f is expressed by Z(f) :=
[teT: f(1)=0}. Let Q be a set-valued mapping from Cy(T) to 29; ie.,
Q(f) 1s a subset of G for fe Cy(T). We say that Q has a continuous selec-
tion if there exists a continuous mapping S from Cy(7T) to G such that
S(S)e Q) for all fe Cy(T). The set-valued mapping Q is lower semicon-
tinuous at f if, for every open set U with UnQ(f)# &, {he C(T):
UnQ(h)# J} contains an open neighborhood of f. The mapping Q is
said to be lower semicontinuous if Q is lower semicontinuous at f for every
fin Co(T). When Q(f)= I (f), a function g* in Q(f) is called a local
strict best approximation in Q(f) if, for any ge Q(f),

int{re T:(f(1)— g*())(g*(1)— g(1)) 20} 2 E(f — Q(f)).

The meaning of local strict best elements will be clarified in Lemma 2.1.
We also need the following definition of a relation < on Co(T). For two
functions f, & in Cy(T) with f # h, we say that f precedes h, written as
f<h il Ecint{re T:|f(1)| <|h(1)|}, where

E:={teT:|h(t) =sup{|A(x)|: flx)#h(x)}}.

Intuitively, *“f <A~ means “|f(s}] <)h(¢)|” in a neighborhood of the
extremum points of 4 after we ignore the part of T where fand 4 are identi-
cal. Given a subset F of Cy(T), a function f in F will be called a minimal
element in F if there is no function 4 in F such that 4 < f. Note that we
treat < as if it is a partial order on Cy(7T) even though it is not,

2. BEST OF THE BEST APPROXIMATIONS

In this section we first show that local strict best approximations do
deserve to be credited as “best of the best” approximations. Most results
concerning local strict best approximations are known and proved in [22].
The main result in this section is Theorem 2.4, about the uniqueness of
minimal elements in f — I7;(f). Its proof is based on manipulation of local
strict best approximations.

To get a feel for local strict best approximations and minimal elements
with respect to the relation <, we start with the following example.

Let T be the closed interval [ — 1,17} and G := {|¢| (a + f1): o, B are real
numbers} be the subspace of C[—1,1] with basis functions {|¢], 7 f]}.
Then G is a weak Chebyshev subspace of C[—1,1] (cf. [15]) and any
nonzero function in G has at most two zeros. Therefore, I7,; has a con-
tinuous selection (cf. [26, 317).
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Set f(t):=1— 11| for |#| < 1. Then d(f, G)=1. For g(t) == |t| (x+ ft) G
flty—g(ty=1—11| (1 + a+ Br) and

If — gll = max{|f(1)— g(1)], | f(0)— g(O)[, | /(= 1)— g(—1)|}
=max{|a+ B, 1, |lxa— B}

Obviously, a necessary condition for ge IT,;(f) is la| + 8] < 1. On the
other hand, if |¢| + |f| <1, then 1 +a+ fr=0. Moreover, | f{1)— g(1)| <1
iff(r)— g(r)=0and | f(¢}— g(r)] <max{l, 7] (a+ ft)} <1l f(z)— g(1) <0.
Therefore, T,(f)={|t| (x+ Pr):]x) +|fl<1}. Consider the two best
approximations g,, g, of /' from G, where g,(¢) :=|t| and g,(¢) :=1¢-{¢|. For
any g=ltf (a+pryell (f) with a1, (f(1)—g()—(f(1)— g ()=
g,/(t)y—g(t)y= 1] (1 —a)— Bt)=0 for 1 near 0; i.e.,

Oeint{re T:|f(1)—g()| 21/(1)— gD} for gellg(f). (2.1)

Since E(f—Hg(f))={0}, (2.1) implies that g, is a local strict best
approximation in I7,(f) (cf. Lemma 2.1). Moreover, it follows from (2.1)
that there is no ge I1;(f) such that f — g < f— g,; i.e., f — g, is a minimal
element in I7,(f). However, f — g, £ f— g, and f — g, € f — g,. Intuitively,
f— g* is a minimal element in f — IT.( f) if there is no function g in I ,(f)
which approximates / “better than ¢* in a neighborhood of E(f — g*).”

The following lemma clarifies the meaning of local strict best approxima-
tions defined in the Introduction.

LEMMA 2.1, Suppose that Q(f) is a convex subset of I (f). A function
g* is a local strict best approximation in Q(f), if and only if, for any

geQ(f),
E(f—Q(f))cint{re T:|f(1)— g*() <|/(1)— g(1)] }.

Proof 2.1. First we claim that E(f—Q(f))cZ(g,—g,) for any
g, 82€0(f). In fact, since |f(1)—g()l=Ilf—gll=d(f G) for g:=
3(g1+82)€Q(f) and 1€ E(f — Q(f)), we have

d(f, G)=11(1) = 3(g. () + g2(1))]
<5 = gD+ 1f(2) — g20))) = d( /. G).
Thus, the equality must hold, which implies f(¢)— g (t})= f(t)— g.(2).
That is, te Z(g, — g,) for any te E(f—Q(f))and g,, g- € Q(f).
Therefore, f(t) — g = f(t)—g(t) for te E(f—Q(f)) and

()~ g* () f(t)— g( ))>O for t in a neighborhood of E(f — O(f)). Also
note that | f(e)— g0}l = (S (1) — g*(2)) + (g*(2) — g(¢))]. Thus,

E(f—Q(f N <cint{reT:|f(1)— g () <If(1)—g)}
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if and only if (f(z)—g* () g*()—g(1))=0 in a neighborhood of
E(f=-0(/) 1

Remark. Note that g* is “best of the best approximations” in Q(f) with
respect to the errors near the set of common extremum points. This is the
reason why the terminology “local strict best approximation” is introduced.
In [22], g* was called a local maximal element.

By the Lazar-Morris—~Wulbert lemma [16] (cf. also [6]), local strict
best approximations of I7,(f) always exist if 77, has a continuous selec-
tion. As a matter of fact, we can construct a lower semicontinuous submap-
ping 71 of 11, via local strict best approximations. Let IT0(f) 1= I ;(f)
and 174+ V(f) be the set of all local strict best approximations in J7%'( f)
for k=0. If dimG=n, then H3*V(f)y=H(f) for k>n Moreover,
H2(f)# & for any fe Co(T) and T is the derived mapping of 17
introduced by Brown. The following lemma lists some useful properties of
o

LemMa 2.2 [22]. Suppose that II; has a continuous selection and
dim G = n. Then
(1) The mapping IT} is lower semicontinuous.
(2) There exists g* e IT(f) such that E(f — g*)= E(f — (1))
(3)  Forany two functions g,, g.€lT(f), E(f—H(f)<int Z(g, —g5).
(4) I ge I (fWIT(S), then there exists g* e T [f) such that

E(f—g)cint{te T:[f(t)— g*() <[ f(1) — gl0)] ],
E(f—g)int Z(g*— g) # .
Remark. Intuitively, statement (4) means that, if g is not in ITZ(f),
then the error of approximation | f(#)— g{¢)] can be “strictly” reduced near

the set of extremum points of (/' — g). That is, f/ — g cannot be a minimal
element in f— I1.(f).

The next lemma is a technical one which will be used in the proof of
Theorem 2.4 for manipulation of local strict best approximations.

Lemma 23, Let gellg(f). Then, for any positive number >0,
ge Il (f.)c I (f), where

g(r) +7, if flny—g(t)y>y
fA) =< f(1), if —y<fly—g(n)<y
glt) =, if flyy—glty< —7.
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Proof 23. Ify=|f— gll, then f, = f. Otherwise, let g* e [1,(f,). Then
If,—g*Il<If,—gl=7

If | f,— g*|l <7, then it follows from the definition of f, that (f(¢)— g(r))
(g* (t)—g(t))>0 whenever |f(¢)— g(1)] =2y. In particular, (f(1)— g(¢))
{(g*(t)— g(t)) > 0 whenever t € E(f — g), which contradicts the Kolmogorov
criterion for best approximations (cf. [28]). Hence, d(f,, G)=7 and
gell (f,). Moreover, |[f(t)—g*()i=If()—g*(D<y<If—gl if
[f(1)—g(t)| <7 and

A1) = g* (D < A= L1+ 1f,(1) — g*(1)]
<)=L +7 =)= gl < | f - gl

if | f(¢)— g(1)] 2. Therefore, || f—g*l| <l f— gl and g*e (/). 1

Finally, we are ready to prove the main theorem in this section: There
exists at most one minimal element in f — I1,(f). The uniqueness of mini-
mal elements in f — I1,{f) guarantees the stable convergence of {II2(h)}}
as h— f, p— oo (cf. the proof of Theorem 3.1).

THEOREM 2.4. Assume that I, has a continuous selection. Then there
exists at most one element g* in Il (f) such that {—g* is a minimal
element in f — I Af) (ie., there is no ge [1,(f) such that f — g < f— g*).

Proof 2.4. Suppose the contrary, that there are two distinct elements g,
and g, in 175(f) such that f— g, are both minimal in /' — I7;(f). Let

yoi=sup{|f(1)— g, (1)) (1) # ga(1)},
E:={teT:|f(t)—g()l =7}

Then y,=7y,. In fact, if y,>7v,, then, for any t*e E \int Z(g, — g,),
Lf(t*) — g, (t*} <y, <y, =|f(t*)— g,(¢*)|. Therefore, there exists an open
neighborhood U(t*) of * such that |f(t)— g,(2)l <|f(z)— g,(2)| for
te U(e*). Since | f(1) — g,(¢) = | f(t)— g,(2)| for teint Z(g, — g,), for U :=
int Z(g; — £2) V(U v c 4 im 2z, — &) U(I¥)), We have

L) — g0l <|f(t)—g1))  for rel.

Since U is an open neighborhood of E,, the above inequality means
f—g,< f— g,, which contradicts the fact that f — g, is a minimal element
in f— I (f). Therefore, v, <7v,. Similarly, y, <y,. Thus, y, must be equal
to y,.
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Let

gult)+71, if  f(1)—gi(1)>y,
SH() =< fly, if -y <f)—g )<y,
gl)—y, U f)—gt)<~y

By 7, =7v, and the definition of y,, we know that |f(¢) — g;(r)] >y, if and
only if f(¢) — g,(¢)= f(t) — g,(t). Hence, f* can also be represented as

gt) 7y, il f(1)— gt >,
fry =< f(n), if =y, <flr)—g:() <y,
g2(1) =71, il f(H)~gt) < —7,.

By Lemma 2.3, g,e T (f*)< gz f) for i=1, 2.
Let n:=dim G. If g, ¢ T2(f*), then, by Lemma 2.2(4), there exists
g*elIl;(f*) such that f*— g*¥ < f* — g, and

yi=f* = gl = sup{| f*(1) = g.(1)]: g,(1) # g*(1)}. (2.2)

If g elTE(f*) and E(f* — g )\E(f* T P(f*) # D, let g*e T G(f*)
be such that (cf. Lemma 2.2(2))

E(f*—g*)=E(f*~IO(f*).
Then (2.2) still holds. Moreover, since (cf. Lemma 2.2(3))
E(f*—g*)c E(f*— I (f*))cint Z(g* — g, )0 E(f* - g)),

we have f* — g* < f* — g,. By the definition of <, there exists an open
neighborhood U, of E(f* — g;) such that |f*(1)— g*()] < |/*(t)— g,(2)]
for te U. Note that, for any te U,

If() = g*(DI<1f ()= XD+ 1/ *(1) — g* ()]
<Ay = >0+ 1 f*0) — g0
=f(1)— g:(2)]. (2.3)
Set
y X i=sup{[f(t)— gi(1): g*(1) # g:(1)},
Ex:={teT:|f(1)— g0 =7},

Let t*e E(f* — g, \int Z(g* — g;), which is not empty by (2.2). Then, y,=
Lf*(r*) = g, (¥ < | f(r*)— g (1) <y¥. Therefore, EXcE(f*—g)cU
and (2.3) implies that f— g* < f — g;, which is impossible.
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The contradiction proves that g, e IV (f*) and E(f*—g,)=
E(f*—M(f*)). Now, by Lemma22(3), E(f*-g,)cintZ(g, —g,)
Note that f*(z)= f(1) if t¢ E(f* — g,). Therefore,

sup{ | /(1) — g ()] g (1) # g.(0)y <sup{|f(r)— g, (1) -t ¢int Z(g, — g5)}
=sup{[f*(¢)—g:(t)l:1¢int Z(g, — g,)}
<|/*—gl =7,

which is impossible. This completes the proof of Theorem 24. |

3. POLYA ALGORITHM AND CONTINUOUS SELECTIONS

In this section, we first show that, for any accumulation point s* of
{(h)} as h— fand p— cc, f—s* is a minimal element of f— IT;(f).
Since f—I1;(f) has at most one minimal element (cf. Theorem 2.4), the
Pélya algorithm must stably converge. This is the main effort in the proof
of Theorem 3.1, which characterizes the existence of continuous metric
selections by the stable convergence of the Polya algorithm. As a conse-
quence, the Polya algorithm produces a continuous selection for 7 if such
a selection exists.

THEOREM 3.1. Suppose that there exists a finite Borel measure y on T
such that y(U)>0 for any nonempty open subset U of T. Then the metric
projection Il has a continuous selection if and only if the Polya algorithm
is stably convergent; i.e., for any fe Co(T), lim, , ., . IT7(h) exists.

Proof 3.1. Let s* be an accumulation point of {/I12(h)} as h— f,
p— oc; ie., there exist p, — oo and f, — f, as k — oo, such that

s*=lim g,, where g, =7 f;) for k=1,2, ..

k- x

Now, it suffices to prove that f — s* is a minimal element in f — I7( f). Since
there exists at most one minimal element in f'— J7;(f) (cf. Theorem 2.4),
f —s* must be the minimal element. Therefore, the sequence {I72(f,)} has
exactly one accumulation point; ie., the limit lim, , ., . I7{(h) exists.

Assume the contrary, that there exists g* e I7;(f) such that f— g* <
f—s*. Set

y r=sup{ (1) — s*(D)]: (1) #5*(1)},
E:={teT:|f(t)—s*(D)]=7).
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Then there exists an open neighborhood U, of E such that
[y —-g* <1 f()y—s*()]  for 1eU,. (3.1)

It follows from (3.1) that f —s* and (f —s*)—(f— g*) (=g*—s*) have
the same sign on U,; ie,

()= s*()(g* ) —s*(tP=0  for rel,. (3.2)
Also, there exists an open neighborhood U, of E such that

a1

)f(t)—s*(r)lzé for teU,. (3.3)

Let U:=U,n U, and
66 :=y—sup{|f(r)~—s*(t):1¢ U, g*(1) #s*(1)} > 0.
Set £ :=min{J, y/4}. Then there is k* > 1 such that
I(fe—g)—(f—s¥)<e  for kzk* (34)

By (3.3) and (3.4), we have

lfk(z)—gk(r))>§ for rel, k=k*  (3.5)

(f(t)—s*(N(Sfi(f)— ge(1)) =0 for teU, k=zk* (3.6)
We can derive from (3.2), (3.5), and (3.6) that for te U and k > k*,
[(fiult) = gul1)) — A(g* (1) — s*(1))]
=1flt) — g — 4 1 g* (1) — s*(2)], (3.7)
where A:=gf|g* —s*||. Let V.= {relU:|f(t)—s*()|>y—¢}. Then V is
also an open neighborhood of E. Since E\int Z{g* —s*)# (7, there is
*eV\Z(g*—s*). Let
2 = | g*¥(t*)—s*(*)| > 0.

Then there exists an open neighborhood W of r* in V' such that

lg*¥(1)—s*(1)| =n for tew.
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From now on, assume k> k*. Then, for g, , = g, + A(g* —s*), we have

lfk“gklpkdﬂZJ- [ fx— gkl ™ dy, (3.8)

‘[(Zlg‘—,\")u vy w (Z(g*- s*)yo U)W

since | f,— gl 2 fi—g.il for teZ(g*—s*)o U (cf (3.7)). If teT\
(Z(g* —s*)u U), then

fe(t) = gD S f(1) = s*(@) +e+ 4 [ g* —s*]
<y—60+2e<y—49,

which implies that

J [fic— 1.4l P du
TW(Z(g* —s*)u U)

S(y—40)" u{T\(Z(g* —s*) L U)}. (39)

Note that, if & (£)=y— 3¢ and h,(t)= 4.y for te W, then
[t haydu—{ nrdu={ (h+ha)— 7 du
W w W

= [ plhy+6h)r " hydy
Zp-Aog-p(W)-(y=3¢)" 1, (3.10)

where § := 6(1) is a number between 0 and 1 whose existence is guaranteed
by the mean value theorem. But, for re W, we have

/() = gD Z 1 f() —s* (D] —e— A1 g*(1) —s*(1)| =7 - 3¢

and A |g*(¢)—s*(¢)) = 4 - n. Therefore, by (3.7) and (3.10),
[ V=g du=[ (1= giel +241g* = 5*)™ du
w w

zjka—g&klmd#‘*‘l’k'i"?'M(W)'(?"-3€)pkq-

Since

lim (y ~40)" - i T\(Z(g* —s*)u U)}

:O’
ko Pi-A-n-w(W)-(y—3e)» !
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for k large enough,

[ V= gairdu> | 11— gl du (= 48y
nw w

{T\(Z(g* —s*) U U)}. (3.11)
It follows from (3.8), (3.9), and (3.11) that, for k large enough,

[ 1= gdmdu> [ 1= g™ d
T T

ie, fi— gl > 1 fi— g4l for k large enough. This contradicts the
definition of g, := ITJX( f}).

See the proof of Corollary 3.2 for proof of the fact that the stable
convergence of the Polya algorithm implies the existence of continuous
selections. |

COROLLARY 3.2. Suppose that there exists a finite Borel measure p on T
such that u(U) >0 for any nonempty open subset U of T. If the metric pro-
jection Il has a continuous selection, then the strict best approximation
sba(-) in (1.2) is well-defined and is a continuous selection for II.
Moreover, sba(f) is independent of the choice of p.

Proof 3.2. 1t follows from Theorem 3.1 that, for any &> 0, there exist
d>0 and p* > 1 such that

|772(h)—sba(f)| <e  for p=p*, lh—fl<s.  (3.12)

Let p— o in (3.12). By Theorem 3.1, lim, ., , IT%(h)=sba(h). Therefore,
lIsba(h) —sba( f)) <& for |h— f] <4. Thus, sba(-) is a continuous selec-
tion for [1,;. From the proof of Theorem 3.1 we know that sba(f’) is the
unique element in [7,(f) such that f—sba(f) is a minimal element in
f— M4 f). Since the minimal element of /' — I1,(f) is independent of y, so
is sba(f). 1

4. ExamPLES AND COMMENTS

Let / be an index set which is at most countable with the discrete topol-
ogy. Then Cy([) is either /. (n) if I is finite or ¢, (the Banach space of all
sequences converging to 0). Consider a finite-dimensional subspace G of
Co(I). Since the boundary for any subset of I is empty, I7; has a con-
tinuous selection (cf. [26]). For any w{(i) >0 with X,., w(/) < oc, define

w(J) =Y wli) for Jcl,

ieJ
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which is a finite Borel measure on [/ satisfying the condition: u(J)> 0 for
any nonempty subset J of /. The corresponding L,-norm is

wﬂu=<zmdnuunQ7

iel

By Theorem 3.1, the corresponding best L,-approximations converge to
the strict best approximation as p — <. Note that the individual values of
w(i) are irrelevant to the limit,

Let [a, #] be a closed interval of the real line and w(r) be a positive
Lebesgue measurable function such that {? w(z) dr < o0. Then the weighted
Lebesgue measure p can be defined as

WUy = witydi

L

and the corresponding L,-norm is

i1, =([ v i ar)

a

If G is a finite-dimensional subspace of C[a, ] and /1, has a continuous
selection, then the best L, -approximations converge to the strict best
approximation as p — o¢ and the limit is irrelevant to the choice of w(t).

It was a pleasant surprise for the author to {ind out that an 80-year-old
idea of Polya provides a simple solution to the problem of constructing a
continuous selection for the metric projection in Cy(T).

There are quite a few attempts to generalize Rice’s definition of strict best
approximations to Co(T), where 7 is not a finite set. In her thesis [45],
Stover defines strict best approximations in C[a, b] via discretization of
[a,b]: Let {X,} be a sequence of finite subsets of [a, ] such that
X,cX,,, for nz1 and lim, , , sup,c.<,inf,c 5, [t—c|=0. If there is a
unique limit of the sequence of strict best approximations to f] in C(X,),
independent of the choice of the sequence {X,}, then this limit is called the
strict best approximation to f. She proved that I7; has a continuous selec-
tion if and only if every f'e Cla, b] has a strict best approximation. Also,
one could extend Rice’s definition of strict best approximations via
extremal signature and local strict best approximations as done by Strauss
[46, 47], or via alternation signatures and local strict best approximations
as in [26]. The similarity between Rice’s and Stover’s definitions makes
Stover’s definition an attractive one. But (1.2) seems to be the simplest even
though it does not explicitly provide “best of the best” feature in its form.
We strongly believe that all the definitions concerning strict best
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approximations are equivalent when /7, has a continuous selection, due to
the fact that they all involve the feature of local strict best approximations
one way or another.

Also, it would be interesting to know whether the strict best approxima-
tion is Lipschitz continuous if /7, has a Lipschitz continuous selection.
Note that I7; has a Lipschitz continuous selection if and only if 17, is
Lipschitz continuous (cf. [25]). When Cy(T)=/_(n), Finzel has proved
that sba(-) is a Lipschitz continuous selection for 17, [13].

Finally, we would like to point out that some of the results in this paper
were announced in [23], which unfortunately is unreadable due to a
serious typographic error: int(-) was printed as “[ (-)” (=\int(-) in TEX).
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