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Abstract

The small-xbehavior of structure functions in the saturation region is determined by the non-linear generalization of the
BFKL equation. | suggest the effective field theory for the smatlvolution which solves formally this equation. The result is
the 2+ 1 functional integral for the structure functions at small
0 2001 Published by Elsevier Science BOgen access under CC BY license.

PACS 12.38.Bx; 11.10.Jj; 11.55.0y

The great success of pQCD in describing & behavior of structure functions of deep inelastic scattering
(DIS) can be traced back to the fact that #é-dependence is governed by DGLAP evolution equations which
have two remarkable properties: they are linear equations, and the evolution @%iglpurely perturbative (the
non-perturbative physics enters the game only when we lower the normalizationygSoitiwn to the typical
hadronic scale- 1 GeV). The higher-order terms of perturbative expansion for both the coefficient functions and
the anomalous dimensions of the light-cone operators lie in the same framework of linear evolution and lead to the
corrections~ ay, a?, etc.

The situation for the small-DIS is more complicated. In the leading logarithmic approximation (LLA) the
small-x asymptotics is described by the BFKL pomeron [1]. It is possible to reformulate the BFKL equation as an
evolution equation where the relevant operators are Wilson lines — infinite gauge linkd [&.evolution of the
two-Wilson-line operator (“color dipole™) with respect to the slope of Wilson lines reproduces the BFKL equation.

Unfortunately, the theoretical status of the BFKL evolution is not as clear as the DGLAP one (for the review, see
Refs. [3]). The biggest problem is the lack of unitarity: the power behavior of the BFKL cross section violates the
Froissart bound and therefore, in order get the true asymptotics at snvedl must go beyond the LLA. At this
step, we face a new problem. In the DGLAP case, the sub-leading logarithms follow the same general pattern of
linear DGLAP equation and the problem is purely technical: calculating the loop corrections to the kernels. In the
case of small evolution there are als®; corrections to the BFKL kernel [5], but, on the top of that, there are the
unitarity corrections which lie outside the framework of the BFKL equation. At smadindx, these corrections
seem to dominate over the NLO BFKL ones [6].

1 At high energies the particles move so fast that their trajectories can be approximated by straight lines collinear to their velocities. The
proper degrees of freedom for the fast particles moving along the straight lines are the (infinite) gauge factors ordered along the straight line [4].
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Another problem with the BFKL evolution is infrared instability. We can safely apply pQCD to the amall-
DIS if the characteristic transverse momenta of the gluan# the gluon ladder are large. For the the first few
diagrams, one can check by explicit calculation that the characte@%ﬁxrefv Q2. However, asc decreases, it
turns out that the characteristic transverse momenta in the middle of the gluon ladder difttomaking the
application of pQCD questionable.

Recently, an idea has emerged that these two difficulties may cancel each other out. Consider the DIS from the
heavy nuclei where the large density sets the saturation gzdlé-10] which effectively cuts the integration over
k, even at relatively low energy. As we shall see below, the smallelution in this case is non-linear which leads
to the growth of the saturation scale with energy, see the discussion in Refs. [7-12]. It is natural to assume that
even for the DIS from the nucleon where there is no saturation at low energies, the saturation scale at sufficiently
small x may be generated by the non-linear evolution itself. Indeed, the parton recombination described by the
non-linear evolution must balance at some point the effects of parton splitting so the partons will reach the state
of the saturation. In this high-density regime the coupling constant is small but the characteristic fields are large,
making a perfect case for the application of the semiclassical QCD methods [9,13,14]. The high-density regime of
QCD can serve as a bridge between the domain of pQCD and the “real” non-perturbative QCD regime governed
by the physics of confinement.

In this Letter | suggest the effective field theory which describes the siralblution in the saturation region.
First, let me remind the OPE for high-energy amplitudes derived in [2]. Consider the amplitude of foriyard
scattering at smaltz = Q?/s. In the target frame, the virtual photon splits intg pair which approaches the
nucleon at high speed. Due to the high speed the classical trajectories of the quarks are straight lines collinear tc
the momentum of the incoming photgnThe corresponding operator expansion switched between nucleon states
has the form [2]:

/ d*x e (p|T{ju(x) ju(0)}|p) = / d?x 1 L (x)(pI TH{U )T O)}1p), 1)

where I, (x1) is a certain numerical function of the transverse separation of quarkasnd virtuality of the
photonQ? = —¢2. The relevant operatof$(UT) are gauge factors ordered along the classical trajectories which
are almost light-like lines stretching from minus to plus infinity:

o]

U(zl)zPexp<i / due“AM(ue—i-ZJ_)), (2

—00

wheree is collinear tog andz is the transverse position of the Wilson line.

It turns out that the smalt-behavior of structure functions is governed by the evolution of these operators with
respect to the deviation of the Wilson lines from the light cone; this deviation serves as a kind of “renormalization
point” for these operators. At infinite energy, the vectds light-like and the corresponding matrix elements of
the operators (2) have a logarithmic divergence in longitudinal momenta. To regularize it, we consider operators

corresponding to large but finite velocity and take= e1 + ez, wheree; = (g — %1)) ande; = p are the
lightlike vectors close to the directions of the colliding particles. Now, instead of studying the energy-dependence
of the physical amplitude we must investigate the dependence of the operators (2) on the kkge energies

mean smalk and we can sum up logarithms ofinstead of logarithms of (at present, we can do it only in the
leading logarithmic approximation (LLAY, < 1, o In ﬁ ~ 1). The equation governing the dependencé/of
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So

Fig. 1. BFKL evolution in terms of Wilson-line operators (denoted by dotted lines).

on¢ has the form [2f

d o N, (x1 —y1)?
UGy, —
¢ dg (e v 272 (x1 —z1)%(z1 — y1)?
x {UGL,z0) + Uz, yr) —UxL, y1) UL, 20Uz, y1) ), 3)

wherel(xy,y1) = %Tr{U(xL)U*(yL)} — 1. The first three linear terms in braces in the r.h.s. of Eq. (3)
reproducesthe BFKL‘pomeron [1] while the quadratic term will give us the three-pomeron vertex [18]. The solution
of the linearized evolution equation is especially simple in the case of zero momentum transfer (e.g., for the total
cross section of smai-DIS):

_ dv _1lyy s \@W) 1.
(PIUS=2 (x1,0)|p) = / 52 (%) +<W> / dz1(z3) 727" (plU(z1, 0| p), (4)
Wherea)(v) 2N, "‘Y[ Rellf(% +iv) — C] andm? is eitherQ? ormN (in LLA, we cannot distinguish between

asln Q2 andag In 2 ). The sketch of linear evolution is presented in Fig. 1. The starting point of the evolution is

the slope colhnear to the momentum of the incoming photon ¢ ) and it is convenient to stop the evolution

at a certain intermediate poigg = Q?/so, where g > m12V % In 29« 1. The first of these conditions means

thatsg is still high from the viewpoint of low-energy nucleon physu:s while the second condition means that

is sufficiently small from the viewpoint of high-energy physics (so one can neglect the BFKL logs). The matrix
element of the double-Wilson-line operator at this slope is a phenomenological input for the BFKL evolution (just
as the structure function at lo@? serves as the input for ordinary DGLAP evolution). At lasgie integral over

v is dominated by the vicinity of = 0 which gives the familiar BFKL asymptoties® ~ x , 12

Unlike the linear evolution, the general picture is very complicated since the number of ope.*éj‘aanld;UT
increases after each evolution. At the time being, it is not known how to solve the non-linear evolution equation
in an explicit form. It is possible, however, to write down the solution of the non-linear equation (3) in the form
of a functional integral over the double set of the variabtes; 2(z, n) =t%c} -y »(z1,n) belonging to the Lie
algebra of thesU (3) color group and2;—1 2(z.1 , n) belonging to the group |tself

m1,2(na)=0
UM(x ) @UM(y)= / Dg1(z,n) Dg2(z, n) DS21(z, n) D22(2, n)
£21,2(n0)=1

2 The first non-linear equation for parton densities is known since 1983 as the GLR equation (it was conjectured in Ref. [7] and proved
in the double-log limit in Ref. [8]). The full LLAx result was first derived in Ref. [2] by the above method. After that, it was reobtained in
Ref. [11] in the framework of the dipole model [15,16], in Ref. [17] by direct summation of relevant Feynman diagrams, and in Refs. [19,20]
by the semiclassical methods.
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X 2] (L, 1)U 22(x1, 1) ® 25 (y1 1) UTO21(yL, na)

nA

1 = . a

x exp{ f dn / dzz[g 3 st @ (2@ msie )
0 i=1,2

1 - a
-1 Msh(z, (2] (2, MU 2s(z, m)) ”} }

(5)

where 2 = 352/9y and (272)% = 2Tr{1*27$2}. Going to the the variables = 32 ¢ we see that Eq. (5) is a
phase-space functional integral for the non-local Hamiltonian

~ 1 - 1
H (1, 72, 21, §22) = / dxydyy i (x1)(xL] 7 [62 (2]22)"] 7 Iy )s (yo), (6)
1 1

where |x)) is an eigenstate of the coordinate operator normalized accordifg@|t0) = §@(x — y), see, e.g,
Ref. [21]. The rapidityy serves as a Euclidean “time” for this evolution.

We shall demonstrate that the perturbative expansion of the functional integral (5) reproduces the evolution of
the color dipolel/ (x 1) ® UT(y.) in the LLA. To get the perturbative series, we substitie: | , 7) = e 18*L.):

71,2(na)=0
vrou= [ ] Datw Dot
$1.2(10=0 =12

x el’g(bl(uﬂ?A)U}i{?oe*igm(uﬂm) ® eig¢2(y1_,i7A)U}Tnoe*ig(ﬁl(yl’m)

nA

1 > . . a

% exp[/dn/dzz[— Z gfl(z,n)i?z(elgqbi(z’”)—elg¢i(z’”)>
no

8 i=1,2 37]
1 . .
— i e (e U;oe—lmw)“b] } @)

Next, we can represent the r.h.s. of Eq. (7) in the fogra=(9$ /1)

71,2(na)=0

[ Psiz m Deiz, m) na, nole U {no, nakte ® (na, nody U™ no, naly
¢12(10)=0 =12

nA

o 1 - a

x exp{ / dn / dzz[—i D 5@ mdhite,m — 51 @ md*((na, nol-U o, 1a)) e n)”,
70 i=1,2

®)

where we introduced the notations
ig [yt dr(xr.m)

ig fyy $2(xLm) ©)

[7]1, 7]2]x = TE {7717 772}x = TE

Let us now expand the r.h.s. of Eq. (8) in powergoThe first nontrivial term in this expansion is
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U ;CM ® U;W]A

71,2(na)=0
—o [ ] osewoacn
$12000=0 =12

X [(d’l(u, NAU = UPa(x1.n4)) ® (¢2(y1. na)UJ™ — U1 (y1. na))
— (¢1(x L. nO)U$2(x 1. 14)) @ U™ + U @ ($2(y1. na) U1 (y1. flA))]

nA

/dn/d 268z, Mh(z, MaZ(U™(zy))" exp{—l/dn/dzz PN CHER I e n)} (10)

1o i=12

The propagators for this phase-space functional integral are

1
(¢ e, st (v, m)) = i5i./5“b((XI?|y))9(n -1,

(¢t e, M2 (v, m)) =0, (s (x,ms?(y,n)) = (11)

With these propagators, the r.h.s of Eq. (10) reduces to
—%(m—no)[(t U P U™ + Ut @ Ul ) (1= = 52 U”O 51y

—aynorh ®UT”°((x| (a u'o) 2|x))“b U ® Ui ((yl (a U'o) 12|y))”b},
p
12)
which coincides with the Eq. (B17) from Ref. [2]. Taking trace over the color dipole indices one reproduces the

Eq. (3). Similarly, it can be demonstrated that further terms of the expansion of Eq. (8) in powersgbduce

the subsequent iterations of the non-linear equation (3).
The integral overr variables can be easily performed resulting in:

U™ (x1) @ UM (y1)
212(14)=0
= DR1(z, ) D22(z, 1) 21 (x 1, nA)U™(x1)22(x 1, 14) ® 23 (y1, na)U ™ (y1)21(y1, na)

£21,2(no)=1

X exp{——/dn/dz [02(2) @ nulra(, n))]ub
92(i 2]z, m) 21z, m)*02(i 23z, W) 22z, ) } (13)

Note that the action of this effective field theory is local. This functional integral for the simalblution of the

Wilson-line operators is the main result of the Letter.
In the case of large nuclei it is possible to write initial conditions for the smaNolution using the McLerran—

Venugolalan model. The nuclear matrix element of the two-Wilson-line operator (“color dipole”) is given by the
Glauber formula [22—-24], see Fig. 2.

/ @2 (A TP U (et + 200U (21| A) = N / (2 [1— e ¥ erdudite], (14)
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Fig. 2. Propagation of the color dipole through the nucleus.

Here L, = 2+/R? — b2 is the propagation length of the dipole (located at the impact paramptarough the

nucleus,p = ﬁ is the nuclear density, and
2
TX 1
g(xz) = 7J‘paoG (oo, ,bL2 = —> (15)
L7 4Nz -1 x?

The Eq. (15) is derived under the assumption that the characteristic size of the dipole (the “saturation scale”) is
smaller than the size of the nuclednin this case, the quarks propagating along the straight light-like fimgeract
by the instantaneous (in the light-cone timg) potential

d’p. g?
(27)2 Zpi
wheremo >~ my /2 is the IR cutoff [23]. It is worth noting that the facterl in the parenthesis in the I.h.s. comes
from the diagrams with the two gluons attached to the same nucleon and the same Wilson line. Taking into account
the color factors, one obtains the Eq. (14) WthG (xp, 12 = x ) = % Inx ?/m3, see Ref. [23].

Similarly to Eq. (13), it is possible to represent this result as a functional integral over a vatiable/) €
U (3):

pgzt” ®1°

(P = 1) = g © 19 T (r = 2 InGx — y)im}, (16)

/ d?z(A|US U™ A)
A'(Lp,y)=0
Z/dzb / DA(y. 1) A(x 42, Ly) ATz, Ly)

A0, y)=1
Ly
x exp[zgizp/dzfdzy (AU A, )" (—52+m5)2(/1(1, yA'(l, y))“}, (17)
0
whereA’ = 9A/dl. Extra U0 (x) (U0 (x)) lead to extraA(x, Ly) (AT(x, Lp)) in the pre-exponent.

3 This assumption is certainly true at— co. For real nuclei, one should find the saturation se@jefrom the final result for the matrix
element of the color dipole between the nuclear states, and verifthst 1 GeV.

4 As we mentioned above, the energy should be high enough so we can replace the sjppe gp2 by p1 in the non-logarithmical
expressions.
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The final formula for the matrix element of the color dipole operator at smals obtained by combining the
functional integrals (13) and (17):

/dzz (AJU (x +2) @ U4 (2)| A)

A (Lp,y1)=08212(na,)=0
[ [ Aty D2 D22y @I+ 200 AL x +2)
A0,y1)=1 £212(n0,y)=1
X ®22(x +2,14)23 (2, 1) AT (Lp, 2)21(z, 14)

Ly
1 a e . 12 a
x exp{— %7 / dl / d%y (i AU ) A, ) (m3 — 822 (1 A, y) AL, y))
0

nA
1 - . ar= _
- / dn / %y 322 (v, M1y, ) A (23 . m AT Ly, 1y )],
no

x 82(i23 (v, €22y, m)" - (18)
The gluon structure function in the LLA is proportional to the matrix element of the dipole opefai g, 12 =
xlz) = —23—,” (A|Tr Ul.'“ (xL)Ul.’7A (0)|A), so the numerical calculation of the functional integral (18) should give the
nuclear structure functions at smallThis would be complementary to the approximate solutions of Refs. [11,12,
17,19,20,26] since it could give the structure functions not only in the asymptotic black-body limit, but also in the
intermediate region defining the saturation saale

It should be mentioned that our formula (13) gives the evolution of the color dipole only in the LLA. In the
case of large nucleus we have an additional param®eterl so our LLA approximation based on the non-linear
equation (3) has awindow? A3 ~ 1, Inxp ~ 1 where it is justified even at moderately smajl In the case of
nucleon, our (Q5) < 1, a5(Qy) Inxp ~ 1 approximation should be justifiedposteriori after checking that the
saturation does occur at sufficiently smadl. If the saturation takes place at such lewhato, (Q;) Inxp > 1, our
LLA breaks down and we need to take into account the non-fan diagrams such as t-channel loops formed by BFKL
pomerons. However, the non-linear equation (3) leads to the result for the structure function which does not violate
unitarity (see the discussion in Refs. [11-13,17,25]) and therefore we should not expect the large discrepancy
between the unitary LLA result and the exact amplitude at present energies.
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