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this complicated and cumbersome technique. However, the method is not very 

transparent, and does not lend itself to simple predictions o f scaling behavior. It could be 

pursued if  rigorous solutions to complicated geometric structures are desired. However, 

for simple geometries, and as a quick design aid, some o f the analytical techniques 

discussed later would be far more efficient.

1.3.3 The Transmission Line Matrix Method

The transmission line matrix (TLM) approach was first proposed by Johns [15] 

and Lohse et al. [16] as an alternative for overcoming the shortcomings o f  the finite 

difference (FD) scheme. As discussed above, stability of the FD scheme requires that 

the time step be less than half the thermal time constant. This can potentially result in 

excessively long computational times or increases in the matrix storage requirements. 

The TLM method, on the other hand, which relies on an equivalent RC transmission line 

model, proves to be conditionally stable. Its main utility lies in the time dependent 

domain o f heat flow analysis.

The TLM method was originally introduced to solve Maxwell’s equations, and 

problems in the field o f electromagnetics and transmission lines [17,18], Its application 

to thermal flow analysis stems from the fact that the form o f the wave equations of 

electromagnetics and the transmission line expressions, both reduce to the heat diffusion 

equation as the permittivity (or distributed inductance) become vanishingly small. This 

correspondence between the electromagnetic and the thermal systems sets up an 

equivalence between the voltages of transmission line theory and the temperature at an 

internal node of the discretized semiconductor space. A discretized segment of the
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semiconductor material can then be represented in terms o f a differential element of a 

transmission-line circuit. The resistance “Rtran” and capacitance “Ctnm” associated with 

such an analogous transmission line model are then given as: Rtnm = Ax /[k  A] and Ctran 

= C p A Ax . The parameters k, C, and p are the thermal conductivity, specific heat, and 

material density parameters, respectively. As a result, the issue of determining the heat 

flow problem is transformed to an equivalent problem o f  evaluating the time dependent 

propagation o f  voltage waveforms across the nodes o f  a distributed transmission line 

network. Since the equivalent network problem has only capacitors and resistors, it 

represents a lossy system and is inherently stable. It thus ensures that any spurious 

oscillations arising in this passive-network would quickly die away.

The TLM method provides an exact time-domain solution for the network by 

considering the propagation o f delta pulses from the various source nodes. The source 

nodes represent regions of actual power dissipation within the physical semiconductor 

device. The essence o f the technique is to launch pulses from every source node and 

propagate them down the elemental transmission line segments in all directions. After 

propagating down a differential transmission line segment, the voltage pulses scatter and 

are reflected. The time delays between all adjacent transmission line segments are set 

equal, so that pulses arrive at all successive scattering zones simultaneously. In a sense, 

the cumulative addition o f the voltage at each node following collective propagation and 

scattering is paramount to a discretization o f Huygen’s principle. Secondary sources are 

thus continually created at every time step as the wave interacts with successive 

transmission line segments. The temporal development o f voltage in response to the
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initial set o f pulses then yields the equivalent temperature as a function o f position and 

time.

The obvious advantage o f the TLM technique is the ease with which even the 

most complicated geometric structures can be analyzed. There are no convergence or 

stability problems. Also, a large amount o f information is made available by the TLM 

approach. For example, the technique can yield the impulse response for a given 

semiconductor structure. This can, in principle, allow for the computation o f the time- 

dependent response o f  the system to any excitation provided the system was linear. 

Furthermore, the characteristics o f the dominant and higher order modes can be assessed 

through a Fourier transform.

It is also important to state some of the drawbacks and potential sources of error 

in applying the TLM method for thermal analysis. First, the technique requires that all 

pulses propagating through the various transmission line segments arrive with perfect 

synchronization. This implies that the thermal velocity is constant and uniform. In 

practice, this would be difficult to achieve due to internal inhomogeneities, defects, and 

temperature dependent material characteristics. Sloping boundaries would cause mis­

alignments between the physical geometry and the simulated elemental regions leading to 

timing errors. The temperature dependence of the material parameters that would 

become especially important at the higher power dissipation levels would work to 

invalidate the premise o f  system linearity. This would bring into question the 

applicability of the Fourier transform. Apart from the velocity errors, timing offsets, and 

misalignment effects, truncation of the impulse response to a finite time duration would 

also contribute to the errors. This effectively would lead to the Gibb’s phenomena. In
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view o f the above problems, the TLM is perhaps not very well suited for steady state 

thermal analysis. It would best be used for simulations o f transient response, especially 

for fast rising input pulses.

1.3.4 Thermal Analysis Using The SPICE Circuit Simulator

The equivalence between the thermal system o f equations and the variables of 

circuit theory immediately suggests the use o f circuit simulators for the solution o f the 

thermal problem. Based on a finite difference discretization o f the heat flow equation, an 

equivalence between the following variables can be shown to result. Details of this are 

discussed in Chapter 3.

As a result, a differential element o f volume within the semiconductor material 

denoting a unit cell for the thermal problem may be presented in terms of an equivalent 

electrical building block. This repetitive block would consist o f two serial resistors with 

a parallel combination of a current source and a capacitor connected between them. 

Obviously, for 2D or 3D analysis, one would have four- or six- resistors, respectively. 

These building blocks would be interconnected to yield the volume o f the entire structure. 

This equivalent electrical network could be solved for a given set o f current excitations, 

using the commercially available SPICE simulator yielding all node voltages as a 

function of time. Since SPICE programs are available, and are capable of handling a 

large number of nodes, the thermal problem could be solved exactly.

Such equivalent electrical circuit simulations have been used for thermal analysis 

[19, 20]. This approach can easily be generalized to include the temperature dependence 

o f the thermal conductivity and specific heat by employing voltage controlled resistor and
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capacitor elements. Since voltage controlled elements are available within the SPICE 

simulator, this extension should be trivial. The added advantage is that in addition to 

time-domain analysis, the technique would easily furnish the frequency response 

characteristics based on the built-in capability of the SPICE simulation tool.

13.5 Analytical Techniques and Fourier Series Solutions

This final class o f techniques is the least intensive computationally, and provides 

closed form expressions for the internal device temperature. Quantities o f  interest such 

as the thermal resistance and peak surface temperature can easily be obtained. As such, 

these methods appear to be best suited for quick device optimization or to ascertain the 

thermal implications for competing layout schemes. Most o f the methods are intended 

for analysis under steady state operating conditions.

1.4 CURRENT RESEARCH OBJECTIVES

The primaiy goal of this study is to analyze the problem o f  heat flow and thermal 

transport in solids through numerical simulations. There are a number o f numerical 

modeling approaches to this problem based on the thermal equations. However, multi­

purpose software packages and simulation tools for a variety o f operating conditions are 

not easily available for the thermal problem. Simulators of electrical circuits, on the 

other hand, are widely available and capable of performing dc, transient, and ac analysis. 

The SPICE tool is one example with which all electrical engineers have a great deal of 

familiarity. Consequently, one o f  the primary objectives o f this research was to explore
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the feasibility o f utilizing such electrical circuit simulators for the solution of thermal 

problems by establishing electrical analogues.

The focused objectives were the following: (1) Determine whether electrical 

analogues could be constructed to represent both the transient and steady-state conditions 

o f heat flow in solids. It was necessary and important to have a one-to-one 

correspondence between the variables o f  the thermal and electrical systems. (2) Ascertain 

the equivalent electrical circuit elements (such as capacitors and conductors) required for 

such a task. (3) Incorporate temperature dependence o f parameters such as the thermal 

conductivity. (4) Demonstrate the validity of such a SPICE-based equivalent electrical 

simulator for heat flow problems through careful comparisons.

The overall, long-term objective o f  developing an alternate SPICE-based approach 

is to be able to carry out steady-state, transient, and ffequency-response analysis o f  both 

pure (i.e., defect-free), and defective solids. The application to fatigue and defect 

analysis from such simulations would be very important and useful for non-destructive 

evaluation (NDE) and testing purposes. Laser-based spanning of samples is currently 

being pursued as a superior fast, jitter-free technique for such NDE activity. It also has 

the advantage of good spatial resolution. From this NDE standpoint, it is important for 

this thesis work to also successfully carry out the following tasks, (a) To demonstrate 

that clear differences exist in the results o f simulated heat flow between pure samples and 

those containing defects and/or cracks, (b) Identify the parameters that can best carry 

information on the defects. These are likely to be time-delays or magnitudes of the local 

temperature in response to a laser-generated heat span, (c) Show at least one simple test 

example of a SPICE-based method for irrefutable demonstration, (d) Eventually, based
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on the success of the results obtained in this research, more detailed analysis could be 

developed for a more comprehensive and quantitative analysis. Recommendations and 

suggestions on enhancing the applicability o f  this mathematical model could also be 

made.

1.5 THESIS OUTLINE

The contents of the following chapters o f this thesis are described next in a brief 

summarizing form. Chapter 2 comprises an overview o f thermal transport and the 

various heat flow processes. This chapter basically provides a literature review and 

forms the background for this thesis work. Details on the various conduction 

mechanisms are provided. In addition to the relevant mathematical models, alternate 

electrical equivalents are also discussed. Since the eventual goal o f this thesis is to gauge 

the suitability of thermal analysis through equivalent electrical circuit simulations, the 

electrical equivalents have been introduced where possible. The importance and role o f 

the conduction, convection and radiative processes is brought out and discussed in this 

chapter. However, for thermal analyses in solids, only the conduction process is 

important.

In chapter 3, the electrical circuit equivalent for thermal transport is discussed in 

detail. The equivalence between the various thermal parameters and the corresponding 

electrical elements such as resistors, capacitors, etc., is brought out, based on the 

mathematical form of the underlying equations. A basic procedure for setting up the 

electrical analogue, which is valid under both transient and steady-state conditions, is 

given. Next, a case is made for using commercially available circuit analysis software
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packages, such as SPICE, for numerical modeling. It is shown that due to the existence of 

an electrical analog for the thermal system, all the numerical techniques for circuit 

analysis can be brought to bear for quantifying multi-dimensional heat flow problems in 

general. The issue of temperature dependent thermal conductivity is also discussed. It is 

shown that such aspects can easily be incorporated through the use of voltage-dependent 

resistances/conductances in the equivalent electrical circuit. Next, a validation o f the 

SPICE-based electrical circuit based technique is carried out through careful comparisons 

o f temperature predictions from pure thermal solutions. Steady-state conditions, as well 

as heating and cooling transient, are analyzed. The predicted results match the thermal 

baseline values very well, thereby demonstrating validity and correct numerical 

implementation of the SPICE-based electrical circuit method. A number of examples for 

2-D and 3-D structures are presented, in addition to simple 1-D SPICE-based analysis.

Chapter 4 presents the main results o f this research work with accompanying 

discussions. Transient heating and cooling characteristics in response to scanned heating 

by a moving laser is chosen to be the external heat source. This choice has been based on 

the use of such laser heating for non-intrusive analysis and non-destructive testing of 

samples in actual experiments. The simulation results clearly demonstrate the relationship 

in the magnitude of the local temperature changes and the temporal variations due to the 

sequential nature of the heat flow from a “hot spot.” It is agued that such variations can 

be used to uncover spatial inhomogeneities, defects, and underlying cracks within 

samples to be tested. Consequently, laser based spanning can be used for non-destructive 

evaluations (NDE) of the sample integrity. Related literature on the subject o f  NDE is 

also, therefore, presented in this chapter. The results clearly demonstrate the potential for
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using transient temperature characterization o f samples, subjected to pulsed laser scans, 

for NDE and predictions o f internal cracks.

Chapter 5 presents the concluding summary for the entire thesis. This chapter 

summaries the salient accomplishment and contributions. The primary conclusion in 

favor of using a SPICE-based electrical simulator for any class o f general heat flow 

problem is presented. The benefits and applicability o f using this technique for defect 

detection and laser-scanning based crack diagnostic is also highlighted. Finally, the scope 

for future work that could be carried out to further utilize the advantages of this technique 

for non-destructive diagnostics and analysis is listed. This would serve as the key for 

extended follow-up work in this area.
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CHAPTER 2 

BACKGROUND REVIEW ON HEAT TRANSPORT

2.1 INTRODUCTION

In this chapter some o f the background material pertaining to heating in solids, 

details o f the various physical mechanisms, and associated thermal effects are discussed. 

These discussions provide a good starting basis for understanding the phenomena of 

heating and to identify the processes germane to any subsequent analysis. The chapter 

also helps lay down groundwork for constructing mathematical models for quantitative 

analysis of heating in solids. After this basic review, details o f the simulation scheme 

used in this thesis research and results obtained are presented in subsequent chapters.

2.2 HEAT TRANSFER MECHANISMS

Heat transfer occurs through the mechanisms of conduction, convection, and 

radiation. Each o f these mechanisms is presented individually, and it is shown that an 

electrical equivalent model can be constructed to describe the thermal transport physics 

for each process. First, the underlying theory and physical models for each heat transport 

process are presented. Next, the electrical equivalent model is derived using 

modifications of the analytical equations. This process may be automated with the aid of 

a suitable computer code to obtain thermal results and electrical equivalent components 

based upon user-defined heat transfer parameters.
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23 THERMAL CONDUCTION

The random motion o f  molecules causes heat energy. Heat occurs due to the 

presence of internal frictional forces, which continually dissipate the kinetic energies o f 

the vibrating atoms. This dissipated energy can most easily and simply be visualized in 

terms o f a kinetic picture that invokes energy packets called phonons [21-22]. The 

vibrating atoms give off (or produce) phonons when they release their energy. 

Conversely, the atoms can also absorb energy from the phonons through the reverse 

mechanism. For equilibrium to be attained, the atoms on an average give off and accept 

equal numbers o f phonons, thus maintaining a time invariant “phonon bath.” However, 

during periods of external heating (say by a laser, or heater), energy is supplied to the 

atoms o f the constituent material. The atoms begin to oscillate more strongly, and give 

off the excess energy by producing additional phonons. This net emission o f phonons 

increases the population of the local phonon bath. The excess phonon population, then in 

turn, begins to diffuse to other lower-population areas, thus giving rise to “heat-flow” or 

“net thermal conduction.” Alternatively, without invoking the “phonon” concept, one 

can simply view heat flow in terms o f the following picture: The faster moving, high 

kinetic-energy atoms come in contact with the slower moving (and hence, less energetic) 

atoms within a material. Energy is exchanged causing the slower atoms to vibrate more 

rapidly (and hence, posses a higher energy), while the faster atoms slow down. The net 

result is that the warmer/energetic molecules lose energy and decline in temperature, 

while the cooler objects gain energy and increase their characteristic temperature. Thus, 

heat always travels from warmer objects to cooler objects. This method of heat transfer 

is called thermal conduction.
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Metals are good conductors because they transfer heat quickly, and air is a poor

conductor because it transfers heat slowly. Materials that conduct heat poorly are called

insulators. The coefficient k o f heat conduction indicates a materials' relative rate of

conduction as compared to silver. Silver is taken to have a heat conduction coefficient

value o f 100. The composition o f a material affects its conduction rate. If a copper rod

and an iron rod are joined together end to end and heated, the heat will conduct through

the copper end more quickly than the iron end because copper has a  thermal conductivity

o f 92, whereas, the value for irons is only 11. Due to this bottleneck effect at the

junction, the temperature is expected to be non-uniform within such a bar.

Fourier (1768-1830) summarized these properties and presented them in Fourier's

law o f heat conduction. This law is expressed mathematically as

6 =  -k AT , (2 .1 )
AL

where AT is the differential temperature across a length segment AL.

2.3.1 THE MODEL

The physical model in this analysis for heat conduction is chosen to be a bar with 

constant cross sectional area (A). This bar exists in one-dimensional space for x = 0 to x 

= L. The left end of the bar is subjected to a constant heat source and the right end of the 

bar is held constant at ambient temperature.

2.3.2 SECTIONAL ANALYSIS

This problem is analyzed by dividing the length o f the bar into equal sections to 

discretize the physical sample. Dividing a 2-meter bar into ten equal sections, yields a
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length of 0.2 meters for each section. Assuming that the left end o f the bar is heated 

while the right end is maintained at 300 degrees Kelvin, the heat will travel to the right. 

Conservation o f energy in the steady state, ensures that the heat flowing out of one 

section is the same as that flowing into the next section. This fundamental theorem may 

be expressed as

where <|> is the heat flux.

An analysis o f  the above equation states that the net change o f energy due to heat 

transfer across the boundary between sections is zero in steady-state. By substituting 

Fourier's Law into the conservation o f  energy equation, we have

Replacing ATIeft = Tc - Tw and ATnght = Ts - Tc and dividing the expression by its area, 

equation (2.3) becomes

Here, Tw = temperature at the entrance o f the section, Ts — temperature at the end of the 

next section, and Tc = temperature that exists between the sections. Solving this equation 

for Tc yields

bright A. A , (2.2)

■L|ea ATleft A  +  knght ATnghl_ A  0.
ALfcft ALngh,

(2.3)

- k k(l T c -  T w +  knght T s  -  Tc_ 0 .

AL|cft ALfjght
(2.4)

(2.5)

ALieft ALngh,
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If kfcft = krigh, = k„, then the thermal conductivity (ko) may be factored out o f equation [2.5] 

to yield

Tc = _Tw _+  I i
ALî _____ ALngh,, (2.6)

1 + 1
ALjeft ALngh,

If ALngh,= ALirfi = AL, we obtain

Tc =k„ft Tw + kngh,X . (2.7)
k ie ft k n-ghx

This equation may be applied to a bar composed o f two or more materials, such as 

in the previous example o f iron and copper. To assure correct calculations it is important 

that the junction between the different materials occurs between section boundaries.

If k ^  = knght, and ALleft = ALrigh,, a further simplification results:

T- = T„ + T. . (2.8)
2

These equations may be used repeatedly to calculate the junction temperature (Tc) 

between every section by shifting the temperature references as illustrated in figure 2-1.
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Figure 2-1: Shifting temperature references to calculate junction temperatures.

The electrical model represents each section of the bar as an electrical resistance 

and the temperatures as voltage sources. This model is presented schematically as figure 

2 - 2 .

1 R1 2 R2 3 R3 ( R4 5 R5 5 R8 7 R7 3 no o ra io mu ii
r-WWVu— W /W v— Wfb— W W t t r - W M — — WWVv— W M — W f o — WW U,1

yltai Vaniiert j

Figure 2-2: Electrical model for conduction heat transfer.
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Resistance values are computed according to the length and material properties of 

the corresponding section. The magnitudes o f these resistance values assure the proper 

distribution of the potential difference between Vheat and Valient at the voltage nodes 

(representing the section junctions). Details on this electrical analogue will be presented 

and discussed in the next chapter.

2.4 HEAT CONVECTION

Convection heat transfer through gases and liquids from a solid boundary results 

from the fluid motion along the surface. Newton's Equation may quantify the rate of 

energy transfer from the system to the fluid as

<|> = h (T .-T r), (2.9)

where, Tf = fluid temperature, Ts = surface temperature, and h = the convection 

coefficient.

In order to elaborate on this mechanism, an analysis is presented that examines heat 

transfer between a gas and a coolant through a cylinder wall. This problem consists of 

three heat transfer functions, a conduction transfer through the cylinder wall, and two 

convection heat transfers between the wall surface and the moving mediums. In order to 

derive the total heat flux, one needs to calculate the total convection heat transfer 

coefficient and temperature change across all three mediums. The total heat flux (<j>) may 

be calculated as

^ = Qtoul (Tg*. -  T̂ oUm) = (Tp,. - TcqqLmm)__  , (2.10)
1 +  1 +  1 

hga hw.il hcoolant
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with = k/L being the conduction heat transfer through the cylinder wall, h ^  = 

convection heat transfer coefficient for the gas, = gas temperature, =

convection heat transfer coefficient for the coolant, = coolant temperature, and 

= the total heat transfer occurring through all three mediums.

It is now possible to calculate the temperatures on the cylindrical wall. The heat 

travels from the heat source (gas), through the cylinder wall, to the heat sink (coolant), 

and moves from left to right. This temperature profile forces the left side of the cylinder 

wall to be at a lower temperature than the gas, and the temperature on the right side o f the 

wall to be greater than that o f the coolants. In order to calculate the temperature on the 

left side of the cylinder wall, we first determine the surface temperature from the gas 

temperature and heat flux.

If

(|) = h (T gK- T l.wl,), (2.11)

then,

T,.w,„ =  T ^  -  <{> /  hg*,. ( 2 . 1 2 )

The cylinder’s right wall heats the coolant. This temperature may be derived by the 

coolants’ temperature through the application of Newton's Equation by

T[--wall Tcoo(am + <|> / hcooian, (2.13)

One can also calculate the same result by using Fourier’s' equation to obtain AT 

across the cylinders’ wall from the heat flux. Once this value is derived, it must be 

subtracted from the left-side wall temperature (since temperature is decreasing from left 

to right) to obtain the temperature, which exists on the right side.
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Then

<J) = k (AT/L).
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(2.14)

Therefore,

AT = (L <|>) / k

Tp-wall ~  T uwuj - AT

(2.15)

(2.16)

The temperature profile may now be displayed as in figure 2-3.

Gas Cylinder Coolant

T1 gas

T r-w all

Figure 2-3: Analytical temperature profile.

- coolant

The heat transfer through the cylinder wall occurs via the conduction process. We 

can translate the conduction heat transfer equation to the convection form through the 

following procedures. Since,

<t> = h AT = AT.
1/h

(2.17)
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and

I =  <J> A =  AV G. (2 .1 8 )

The thermal expression for convection heat transfer can be transformed into the electrical 

equivalent expression

<j) A = AV G, (2.19)

where, G = h = Ĝ nd - By replacing G ^  with its' equivalent derivation equation, one 

obtains

<j> A  =  AV ([A  k] /  L). (2 .2 0 )

Upon dividing both sides o f the equation by its area, the heat flux of the thermal model is 

obtained, which represents the current for the electrical model. This flux is given by

(j) = AV Gcond =  A V  ( k / L). (2 .2 1 )

Since,

G , ^  =  1 /R c o n d  , (2 .22)

the resistance may now be computed as

R w a ll  =  1 /G conduction  =  L  /  k  . ( 2 . 2 j )

The second type o f heat transfer action occurs through the gas layer, which lies 

between the surface of the wall and the moving medium. This heat transfer process is 

illustrated as figure 2-4.
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Figure 2-4: Convection heat transfer.

The heat transfer coefficient (h) depends on the type of fluid and the fluid 

velocity. If we relate Fourier’s Law o f heat conduction to Newton's equation, we obtain

kAT = hAT. (2.24)
L

The value of h may now be derived by dividing both sides of the equation by AT, to 

obtain

h = k/L . (2.25)

Comparing this function to the previously derived equation for conduction resistance 

(equation [2.23]), leads to

R = 1/h. (2.26)

Consequently, resistances on both sides o f the cylinder wall can now be computed as

Rg«=l/hgM , and (2.27)

Rcoolam = 1/hxwiju,, . (2.28)

In order to model the heat transfer through the cylinder wall electrically, a series 

resistance circuit is created. The temperatures of the gas and coolant are modeled by DC 

voltage sources. Series connected resistors model the thermal resistance o f the gas layer,
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cylinder wall, and coolant Using this relationship, the electrical model presented as 

figure 2-5 may be used to model the convection heat transfer system.

Tcoolantcylinder wallgas

hcoolant'gas
right-sideleft-side

Figure 2-5: Electrical model for convection heat transfer.

These components are then connected as per figure 2-6 and can be simulated with 

a circuit simulation tool such as SPICE.

Rgas „ Ewall „ Rcool 4
i—A M / W v —■------ W W W - *  W W V w

-  -JV cool

Figure 2-6: SPICE equivalent model for heat convection.

In the equivalent electrical circuit of figure 1-6, the various node voltages denote 

temperatures at various locations. Specifically, NODE (1) = TgaS, NODE (2) = Tieft-a.de of

Vgas
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