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ABSTRACT

INTERCONNECTIONS OF NONLINEAR SYSTEMS
DRIVEN BY L,-ITO STOCHASTIC PROCESSES

Luis A. Duffaut Espinosa

Old Dominion University, 2009

Director: Dr. W. Steven Gray
Fliess operators have been an object of study in connection with nonlinear systems
acting on deterministic inputs since the early 1970’s. They describe a broad class of
nonlinear input-output maps using a type of functional series expansion, but in most
applications, a system’s inputs have noise components. In such circumstances, new
mathematical machinery is needed to properly describe the input-output map via
the Chen-Fliess algebraic formalism. In this dissertation, a class of Ly-It0 stochastic
processes is introduced specifically for this purpose. Then, an extension of the Fliess
operator theory is presented and sufficient conditions are given under which these
operators are convergent in the mean-square sense. Next, three types of system
interconnections are considered in this context: the parallel, product and cascade
connections. This is done by first introducing the notion of a formal Fliess oper-
ator driven by a formal stochastic process. Then the generating series induced by
each interconnection is derived. Finally, sufficient conditions are given under which
the generating series of each composite system is convergent. This allows one to
determine when an interconnection of Fliess operators driven by a class of Lo-Itd

stochastic processes is well-defined.
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CHAPTER 1

INTRODUCTION

The main goal of this dissertation is to describe the interconnection of nonlinear
input-output systems that are driven by stochastic inputs. For this purpose, a math-
ematical representation of an input-output system is introduced using the theory of
formal power series. It is presented as a stochastic extension of the known theory
for Fliess operators [17,20]. At the same time, one must ensure that there exists
some compatibility between the inputs and outputs of these systems in order to per-
mit their interconnection. The main contributions of this dissertation are sufficient
conditions for the well definedness of nonlinear input-output systems accepting Lo-
It6 stochastic processes as inputs and a description of the generating series for the
parallel, product and cascade interconnections.

This chapter is organized as follows. Section 1.1 provides the background and
motivation for the dissertation. Section 1.2 states the primary research problems

addressed herein. Finally, Section 1.3 outlines the basic structure of this dissertation.

I.1 BACKGROUND AND MOTIVATION

Functional series expansions of nonlinear input-output operators have been uti-
lized since the early 1900’s in engineering, mathematics and physics. Among the

more representative approaches are those of M. Fliess [16-21], V. Volterra [52,60] and

This dissertation follows the style of the IEEE Transactions on Automatic Control for placement
of the figure titles and the format of the bibliography.



N. Wiener [52,64]. In the early 1970’s, the area of nonlinear control systems started
to use noncommutative algebra. The theory of formal languages and automata em-
ployed in computer science and linguistics found common ground with nonlinear real-
ization and control theory through the work of Marcel-Paul Schiitzenberger, who in-
troduced powerful new ideas like rationality into the context of noncommutative for-
mal power series [53]. In the 1980’s, M. Fliess introduced formal power series together
with the path integrals of K. T. Chen to provide an algebraic description of functional
expansions known as Chen-Fliess series [7,17]. From a deterministic point of view, op-
erators constructed utilizing this formalism describe a large class of nonlinear input-
output systems. For example, any Volterra operator with analytic kernel functions
can be described using a Chen-Fliess series. Specifically, let X = {zo,z1,...,2m}
be an alphabet and X* be the free monoid comprised of all words over X (including
the empty word ) under the catenation product. A formal power series in X is
any mapping of the form X* — R and the set of all such mappings will be de-
noted by Ré((X)). For each ¢ € R((X)), one can formally associate an m-input,
f-output operator F, in the following manner. Let p > 1 and a < b be given. For
a measurable function w : [a,b] — R™, define [ul|, = max{|lul, : 1 <7< m},
where |[ugl|; is the usual L,-norm for a measurable real-valued function, u;, de-
fined on [a,b]. Let L7*[a,b] denote the set of all measurable functions defined on
[a,b] having a finite ||-|| -norm and BJ*(R)[a,b] := {u € L'[a,b] : [ull,, < R}
With 5,7 € R fixed and T > 0, define recursively for each n € X™ the mapping

E,, : Lrln[to,tg +T] — C[to,to +T] by EQ) = 1, and

t

Eeylul(t) = / wi(r) By ] (7) dr, (L1.1)

to



where z; € X, n’ € X* and ugp = 1. Also, without loss of generality, it is assumed
that tg = 0. The input-output operator corresponding to c¢ is then

Flul(t) = ) (e,m) Bqlu](t), (1.1.2)

nex+
which is called a Fliess operator, and all (¢, 7n) is called a coefficient of ¢. Properties
of Fliess operators have been widely studied. For example, their continuity, local
convergence, global convergence, differentiability, analyticity and realizability have
been characterized [17,19, 20,29, 31,61-63]. In the classical literature where these
opcerators first appeared, it was normally assumed that there exist real numbers
K, M > 0 such that

(e, m)] < KMt

for all n € X*, where |z| = max{|z)|,|22], ..., |2|} when z € R, and |n| denotes the
number of symbols in 5 [17,19,20,57]. This growth condition on the coefficients of
¢ ensures that there exist positive real numbers R and T such that for all piecewise
continuous u with ||ul|z,, < R the series (1.1.2) converges uniformly and absolutely
on [tg,tg + T]. Such a power series c is said to be locally convergent. More recently,

Gray and Wang showed in [29] that

Uai‘('t) : (1.1.3)

B, < [[ £
=0 "
where for each z;, U;(t) = [tf) lui(s)| ds, and o; = |n|,. is the number of times the

letter z; appears in 77. This bound can be used to show that F,[u] converges absolutely

in [tg, 00) for u € L, .[ty, 00) when c satisfles the growth condition

l(c,n)] < KM,



Series satisfying this condition are said to be globally convergent. Moreover, if ¢ is
locally convergent then (I.1.3) can be used to show that F.[u] constitutes a well-
defined operator from By*(R)(to, to + T into BL(S){to, to + T for sufficiently small
R,S,T > 0, where the numbers p,q € [1,00] are conjugate exponents, i.e., 1/p +
1/q = 1 with (1,00) being a conjugate pair by convention. This also allows one to
characterize the well-posedness of interconnections of Fliess operators defined on L,
spaces [28].

A convenient property of any Fliess operator is that its input-output behavior
is completely determined by its generating series, independent of whether a state
space representation is available. When a state space repalization exists for the
system, a coordinate frame has been intrinsically assigned, and, therefore, the input-
output system may be localized to a coordinate neighborhood on the state manifold.
This is not a necessary setting for the analysis of Fliess operators. The behavior
(free of coordinate frames) of an input-output system restricted to a ball in an L,-
space can be studied extensively using purely combinatoric/algebraic tools. It is also
worth mentioning that these concepts are intimately related to differential geometric
methods commonly used in nonlinear control theory [35].

In most applications, a system’s inputs usually have noise components. In such
circumstances, additional mathematical machinery is needed to properly describe an
input-output map in the sense of Fliess. Several authors have formulated approaches
under which stochastic processes are admissible inputs. One example is the series
expansion of the solution of a stochastic differential equation, where iterated Ito
and Stratonovich integrals play a central role {23,39]. H. Sussmann gave a detailed

description of the situation using Lie series and showed that a particularly suitable



mathematical formulation involves the use of Stratonovich integrals because they
obey the rules of ordinary differential calculus [56,59]. This is also supported by the
transfer principle developed by P. Malliavin, where geometric constructions involving
manifold-valued curves can be extended to manifold-valued processes by replacing
ordinary calculus with Stratonovich stochastic calculus [12,44]. On the other hand,
It6 integrals are useful for computing estimates of process moments [1, 45, 50, 51].
Several approaches for systems driven by Wiener process inputs have been presented
in [1,16,18,21,23,42]. It is easily verified, however, that the corresponding output
process of a nonlinear input-output system is, in general, not a Wiener process.
Hence, these approaches are not well suited for modeling interconnected systems. In
this dissertation, a broader class of stochastic processes called L,-It6 processes are
considered as possible input processes [8,39]. It is argued that this input class is
more appropriate for practical applications. Then, stochastic versions of (I.1.1) and
(I.1.2) will be defined in Chapter IV using Lebesgue and Stratonovich integrals.

As a motivating example, consider an autonomous system modeled by the stochas-

tic differential equation
dz(t) = f(2(t)) dt + g(z(t)) dW (1), (I.1.4)

where W is a standard Wiener process. Equation (I.1.4) in integral form is written

as
t

z(t) = 2(0) + /f(z(s)) ds + /g(z(s)) dW(s), (L.1.5)

where f(z) and g(z) are suitably defined functions [39]. By Itd’s differentiation rule,



(I.1.5) can be written in Stratonovich form as

t t

2(t) = 2(0) + / (f(z(s))+g(22(s))—aa—zg(z(s))) ds + / g(2(5)) dW (s).  (L.1.6)
) o

For a C? function, F', the Stratonovich differential chain rule in integral form is

Pa() = FEO) + [ (FE6)5LF ) ) ds+f olels)) - (a(s) dW ).
i i (L1.7)

From these equations, one can identify the Lie differentiation operators Ly = f (z)%

and L, = g(z)Z so that (I.1.7) becomes

t t

F(2()=F(2(0)) + / L;F(2(s)) ds + ]{ LyF(2(s)) dW ().

0 0

Now, let F(z) in (1.1.7) be replaced by either f or g from (1.1.6) and substitute

f(z(t)) and g(2(t)) back into (I.1.6). This yields

{t) = 2(0) + [(:(0) / ds -+ g((0) f aw(s)

//Lff drds+/]$[1;f W(r) ds
f/Lfg ) dr dW (s ff L9(2(r)) AW (r) dW (s)

= 2(0) + f(2(0 ))/ds+g(z( ))de(s)JrRl(z(t)),

0

where R;(z(t)) contains all the integrals whose integrands do not depend on z(0).
Continuing in this way produces the usual Peano-Baker formula [52, p. 95]. Since the
integrals involved here have a similar nature as the iterated integral (1.1.1), define

alphabets X = {z0}, Y = {yw}, XY = X UY and the iterated Lie derivatives



L = Ly, Lg,, and L = Lg, L, , where gz, = f, gy, = g, and 7 € XY™. Then,

Gzgn Gygn

slightly abusing the notation in (I.1.5), one can write

z(t) = 2(0) + Ly, 1(2(0)) E5o[0]() + Ly,, 1(2(0)) Ey, [0)(2)
+ngozof(z(0))Ezozo 0](t) + Lgyozol(z(o))EyOIO [0](2)
FLgaguo L (2(0)) By [0 (8) + Loy, 1 (2(0)) Eyoyo [01(2) + Ra(2(2)),

where I denotes the identity map and once again Ry(2(t)) contains all the integrals
whose integrands do not depend on z(0). This produces the general series solution

of the stochastic differential equation (I.1.4)

()= Y Ly I(:(0)) B[0](0) (1138)

nexXy*

Here, (f,g,1,2(0)) realizes the operator F, driven by noise when (c,n) = L, I(2(0)),
Vn € XY*. This example is analogous to the one presented in [17,35] for deterministic
inputs. It also suggests an extension of the Fliess operator theory to the case where
the inputs are stochastic processes. Such a generalization also has an underlying
noncommutative algebraic structure. M. Fliess observed from the work of R. Ree {49]
that the multiplication of two deterministic iterated integrals can be described using
the shuffle product. Thus, the set of generating series for Fliess operators forms a
commutative R-algebra [17]. This shuffle algebra plays a key role in the theory of
systems interconnections [13,25,28]. In the stochastic setting, an analogous algebraic
structure needs to be proposed. Fortunately, Stratonovich iterated integrals induce
a shuffle algebra, which is identical to that in the deterministic case since they obey
the same rules of ordinary integral calculus [23].

Now, continuing with the previous example, suppose in equation (I.1.5) that

f(2) = 0and g(2) = z. A simple inductive procedure shows that the series coefficients



in (1.1.8) are
1 : YheYr

(c,m) = Lg,1(2(0)) = (1.1.9)
0 : otherwise.

Therefore, using integration by parts,

A=Y fﬁ ---])sde(tl)---dW(tk) - ZW—M@ _ V),

This shows that the series ¢ can be associated with the well-defined random variable

e ® for any fixed t > 0. On the other hand, if f(z) = 0 and g(z) = 22, it can be

shown that
nl! : VneY*
(e,m) = Ly, 1(2(0)) = (1.1.10)
0 : otherwise.
By the same argument
00 + to 00 . 1
t) = k! cood dW(t) - -dW (k) = Wi(t) = ———=
A= DM oof W) W) =3 W =

only if t < 7 = inf{t > 0 : |W(¢)| < 1}. Thus, 2(¢) is a well-defined random
variable only when ¢ < 7, where 7 is also a random variable. One of the objectives
of this dissertation is to find conditions under which the generating series of a Fliess
operator can be related to a well-defined random variable in the sense that it is the
mean square limit of an infinite summation of random variables. Observe that the

coefficients in (I.1.9) and (1.1.10) are upper bounded by
(e, < KM™, ¥ e Y™,

and

(e, m)| < KM |n)|!, ¥ e Y™,

respectively, when K =1 and M = 1. In the deterministic case, it is known that the

former bound leads to the global convergence of a Fliess operator, while the latter



bound leads to local convergence [29]. In the stochastic case, another type of series is
important in addition to the mentioned above. Consider the series ¢ € R({X)) such
that for every word in X™ the image under c is independent of the order of the letters

in the word, i.e., (¢, z;, s, , -~ z4y) = (¢, T, ), where o denotes any

(mTion-1) "7 Lio)
permutation of {1,...,n — 1,n}. This type of series is called ezchangeable. It was
introduced by Fliess in [17]. Exchangeability introduces a degree of commutativity
to a generating series. Fliess operators associated with exchangeable generating
series can be written more compactly and conveniently. Specifically, the properties
of globally convergent series will be exploited to obtain the global convergence of
Fliess operators driven by L,-It6 processes, while the properties of locally convergent
and exchangeable series will be used to obtain their local convergence.
Interconnections of dynamical systems are found everywhere in applications. In
Figure 1, the most elementary configurations: the parallel, product, cascade and
feedback connections are presented. Characterizing the nature of these intercon-
nections allows engineers to understand how to design system controllers so that a
collection of subsystems can work together to achieve a common task. For linear
systems, a complete treatment of their interconnection theory can be found in [36].
On the other hand, interconnections involving nonlinear systems are not well un-
derstood. For example, it is known that the set of linear systems is closed under
parallel (addition), cascade and feedback interconnections. That is, the composite

system is another linear system. However, when nonlinear systems of a given class

are interconnected, the composite system may fall into a different class of systems.
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. F _ F
SR "~.3“~‘;‘:',J&:‘h?:‘?’:« B A RN 4
u —t +—y u —t X — Y
- |- - s |-
(a) Parallel connection (b) Product connection
Uu—- +¢——> F, —>y

£, <«

R

(c¢) Cascade connection (d) Feedback connection

Fig. 1: Elementary system interconnections.

Consider as an example two bilinear state space systems

Zi(t) = Aizi(t)+2Nj,izi(t)uj,i(t), z(0) = 29

yi(t) = Ca(t),

where i = 1,2 and z(t) € R™; u;;(t) € R; y;(t) € R and A;, N;; and C; are matrices
of appropriate dimensions. It can be easily verified that if they are interconnected
in a cascade fashion, that is, if m = £ and one feeds the outputs of one system into

the inputs of the other, then one possible state space realization for the input-output
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mapping u; — ¥s is

21 (t) = A1z1 (t) + Z Njylzl ('If)’u,j’l('lf)7 z1 (0) = 21,0 (1111)
(1) = Agz(t) + Z N;22(t)(Cr21(1));, 22(0) = 2z (1.1.12)
ya(t) = Caza(t), (I.1.13)

which is an affine-input nonlinear system, i.e., a system of the form

z(t) = f(Z(t))+Zgj(Z(t))u]'(t), 2(0) = 2

y(t) = h(z(),

where f and g; are vector fields defined in terms of local coordinates on a state space
manifold, and & is the output function [35]. In this example, in particular, the g;’s
have quadratic polynomial components.

From a Fliess operator point of view, the four elementary interconnections shown
in Figure 1 were first studied by Ferfera in [13]. Ferfera’s work described the gener-
ating series of the four interconnections. Since his work only focused on interconnec-
tion of Fliess operators with rational generating series, the convergence analysis was
straightforward. On the other hand, Wang in [63] showed that the product connec-
tion of two Fliess operators having arbitrary locally convergent generating series is
another Fliess operator associated to a locally convergent generating series. Later,
Gray and Li in [28] analyzed the cascade and feedback connections of Fliess opera-
tors. They showed in particular that the set of local convergent Fliess operators is
closed under the cascade connection. In summary, let F, and Fy be two Fliess op-

erators with generating series series c,d € R{({X)), respectively. Then, the parallel,
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u — Ji(t) - Yy o ~ ~ N
- F [y,0]
v > JAU) - y, > —> W

Fig. 2: Cascade of input-output maps.

product and cascade connection of F,, and Fjy are described by

Folu] + Fylu] = Foraly] (L.1.14)
Feolu] - Fylu] = Foalu] (L.1.15)
Fe[Fylu]] = Feoalul, (1.1.16)

where u is a deterministic input, and +, w and o are addition, the shuffle product
and the composition product, respectively [28]. No similar treatment, however, is
available for Fliess operators driven by stochastic inputs. To illustrate the problems
encountered in the interconnection of systems driven by stochastic processes, consider
the cascade connection of an arbitrary input-output map F[§, %] and the input-

output map defined componentwise by
t s
) = A= [0 § ) aw() ds
0 0
t s
Glt) = falu)= f ua(s) / wr(r) dr dW(s),
0 0

where u; and wu, are suitable Ly-bounded stochastic processes (see Figure 2). When

dealing with stochastic processes, a desired property for system inputs is that they
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are independent processes. In this setting, consider u; and uy to be mutually inde-
pendent. However, the intermediate signals §; and ¢, may be dependent processes
since f; and f, depend at the same time upon u; and up. Thus, if the input-output
system F'is only defined for independent inputs then it cannot be driven by ¢; and
7o since they are dependent of each other. From this point of view, the cascade
connection presented in Figure 2 is not well-posed because the inputs and outputs
are not compatible with each other in the sense that the outputs must preserve the
properties, such as independence, established for the inputs. In order to provide
a characterization similar to (1.1.14), (1.1.15) and (I.1.16) for the stochastic case,
appropriate extensions of the series operations +, . and o need to be defined to
properly describe each interconnection. Then, the following questions can be formu-
lated: what conditions need to be imposed to obtain a well-defined stochastic process
at the output of the interconnected system? Can each interconnecion of Fliess oper-
ators be represented by a Fliess operator? If so, what is the nature of the generating
series of the composite Fliess operator given that the component generating series

are either globally convergent or locally convergent?

1.2 PROBLEM STATEMENT

The main objectives of this dissertation are to:

1. Define a class of L,-1td stochastic processes that are admissible as inputs to a

Fliess operator.

i1. Define a Fliess operator over this input class and provide sufficient conditions
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under which the operator converges to produce an output process that is well-

defined over a nonzero interval of time.

141. Characterize the corresponding set of outputs, giving their main properties and
describing in what sense there is compatibility between the input class and the

output class.

iv. Describe the generating series for parallel, product and cascade interconnections
of two Fliess operators for formal input processes and over the class of Lo-Ito

Input processes.

v. Provide sufficient conditions under which convergence in some sense is preserved

for such interconnected systems.

1.3 DISSERTATION OUTLINE

This dissertation is organized as follows. In Chapter II, the probabilistic frame-
work is presented. After the preliminaries, three basic topics are considered: stochas-
tic processes, the [t6 and Stratonovich integrals and stopping times.

In Chapter III, a basic introduction to formal power series is presented. The
classes of rational and recognizable series are described in detail, and the equivalence
between these two classes is set forth. Then a variety of formal power series products
are defined. It is shown under certain assumptions that some of these products
preserve rationality. Next, Ferfera’s condition for the rationality of the composition
product is presented as well as an extension of this condition in terms of the Hankel

rank.
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In Chapter IV, Fliess operators with stochastic input processes are considered.
First, the relevant space of stochastic inputs is described. Then a formula for trans-
forming Stratonovich iterated integrals into a sum of It6 integrals is developed, and
Ly-bounds for Stratonovich and It6 iterated integrals are determined. This yields
sufficient conditions for both local and global convergence of Fliess operators over
the class of stochastic inputs considered. Next, the shuffle algebra formed by the set
of generating series of Fliess operators with stochastic inputs is presented and various
examples of its utility are given. Finally, the relationship between Fliess operators
driven by stochastic inputs and Chen series is described.

In Chapter V, the interconnection of systems with stochastic inputs is addressed.
In the first part of the chapter, a short summary of the deterministic case is pre-
sented as a point of reference. In the next section, the notion of a formal Fliess
operator is introduced in order to study the interconnection problem independent
of convergence issues. This is followed by the characterization of the non-recursive
interconnections using the addition, shuffle product and composition product. Then,
the mean square convergence of the parallel and product connections is studied in
for the global case, the local case and for exchangeable series. Finally, conditions for
preserving rationality under the composition product are given. These latter condi-
tions then play a central role in ensuring that the cascade of two systems driven by
stochastic processes is convergent in the mean square sense.

In Chapter VI, the main conclusions are summarized, and future research topics

are given.



16

CHAPTER 11

PROBABILISTIC FRAMEWORK

This chapter introduces all the necessary stochastic machinery for the remainder
of this dissertation. First, the basic probabilistic setup is given, followed by the
definition of a stochastic process. The intent is not to give a complete development
of stochastic processes, but only the essential concepts, such as almost sure continuity,
Martingales, stopping times, etc. Then, two basic stochastic integrals are presented,
the Itd integral and the Stratonovich integral, together with their main properties.
Finally, a section on stopping times is presented in order to facilitate the study of
convergence over stochastic intervals of time undertaken in Chapter IV. It is worth
mentioning that this chapter will serve as one of two pillars on which the new Fliess
operator theory will rely. The majority of the concepts presented in this chapter

have been taken from [2,8,46-48, 54, 55].

II.1t PRELIMINARIES

Definition I1.1.1. Let €2 be a non empty set and F a o-algebra on €). A measurable

space is defined by the pair (€2, F).

The smallest o-algebra containing all the open sets in R is denoted by B(R) and

is called the Borel o-algebra. The elements of B(R) are called Borelians.

Definition I1.1.2. Let (2, F) be a measurable space. A probability measure over

(£, F) is a function P : F — R* U {00} such that
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i. P(A)>0forall Ae F.
i. P(Q2) =1 and P(@)=0.
iii. For any disjoint sequence Ay, A;... € F, —
P (0)0) =55m
n=1 n—1
The triple (§2, F, P) defines a probability space.

Definition I1.1.3. A random variable, X, defined on (€, F) is a real-valued func-

tion X : 2 — R such that
X1 A)={we: X(w)eAleF
for any A € B(R).

A random variable X defined on (€, F) is called G-measurable, where G is a

o-algebra, if
X1 A)={we: X(w)eA}eg

for any set A € B(R). Furthermore, a random variable X induces a o-algebra, Fy,

defined as
Fx =X B(R)) £ {X(B) : BeBR)},
provided that X satisfies the following properties:
1. X Y2) =0 e Fx,

i, (X-1(B))* = X"1((B)) € Fx, where (B)°=R\B € B(R),
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i, g X1(B) =X (g Bi> and E_'j B: € B(R).

i=1
It is also clear that Fx is the smallest o-algebra which contains all the sets
X~*(B), where B € B(R).
There are several different senses in which random variables can be considered to

be equivalent.

Definition I1.1.4. Let X and Y be two random variables on (2, F, P). Then
i. X and Y are equal if X(w) =Y (w), Vw € Q;
ii. X and Y are almost surely equal if P(w € , X(w) =Y (w)) = 1.

ili. X and Y are equal in distribution if P(X € F) = P(Y € F) for F € F.

II.2 STOCHASTIC PROCESSES

Definition II1.2.1. Let 7 be a set of indexes. A stochastic process is a
parametrized collection of random variables, X = {X;}:c7, defined on the proba-

bility space (€2, F, P), where each element of the collection takes values in R, i.e.,

X  TxQ-R"

(t,w) — X(t,w).

Generally, 7 can be any set, for instance, [0,00), [a,b] with a < b < oo or a
non negative set of integers. In this dissertation, 7 = [0, 00) or [0,T], T > 0. Note
that for a fixed t € 7, X; :  — R™ is an n-dimensional random variable. On the
other hand, for a fixed w € Q, X, : 7 — R" is a vector-valued function over 7.

This latter function of time is known as a path of the stochastic process X. For



simplicity of notation, the argument w will normally be suppressed, i.e., X;(w) = X;
and X, (t) = X(t).

Given the temporal nature of a stochastic process, one can consider in some sense
a past, a present and a future. Therefore, the concept of a filtration is used to
represent changes on the set of events that can be measured due to an increase or

decrease of information over time.

Definition II.2.2. A filtration, F, is a non-decreasing family of o-algebras on a
measurable space (2, F), i.e., a family {F;}ic. which satisfies F; C F, C F for

0<s<t.

A common way to construct a o-algebras F; is Fy = ¢ (U .7—}). Moreover, given
i<t

a process X = {Xiher defined on (Q,F, P), the filtration Fx formed with the

o-algebras generated by the random variables X;, t € T, is known as the natural

F={<Uf> ;m},

where Fx, is the o-algebra generated by the stochastic process at time s.

filtration of X, i.e.,

Definition I1.2.3. A stochastic process X = {X;}icr is called adapted to the

filtration F if for each t € T, X; is a F;-measurable random variable.

Naturally, every stochastic process is adapted to its natural filtration. Notions of

equivalence between two stochastic processes are given next.

Definition I1.2.4. Let X = {X;}ier and Y = {Y;}ic7 be two stochastic processes

on (2, F, P). Then
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i. X and Y are equivalent if X(t,w) =Y ({,w),Vt €T and Vw € §;
ii. X and Y are stochastically equivalent if P(X; =Y;) =1, Vt € T;

iii. X and Y are wide sense stochastically equivalent if for all k =1,2... and

for all {t1,ts,...,tx} C 7T the following is satisfied:
P(Xy,, e F, Xy, €Fy,..., Xy € Fy) =PV, € F1, Yy, € Fy,... Y, € F),
for F; e F,,t=1,2,...,k;

iv. X and Y are indistinguishable if almost all paths are equal, i.e.,

PweLX, =Y, VteT)=1.

For any of the equivalences defined above, if there exist a stochastic process Y equiv-

alent to X = {X,}ier, then Y is called a version of X.

Definition I1.2.5. A stochastic process X = {X,};c7 is said to be almost surely

continuous if X, : 7 — R is continuous for all w € Q\N, where N satisfies

P{N} =0.

An interesting fact about equivalency is that, from a stochastic point of view,
two processes can be equivalent while at the same time their paths can have different
properties. For example, a discontinuous process can have a version which is almost
sure continuous. Thus, one could utilize the continuous version rather than the

original version with no probabilistic consequences.

Theorem I1.2.1. (Kolmogorov Continuity Theorem) Let X be a stochastic process.

If there exists positive real numbers «, B and ~y such that

E[|X(t)— X)X <vlt—s""", 0<s<t<T < oo,
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then there exists a continuous version of the process X.

Definition I1.2.6. A stochastic process X is said to be cadlag if (almost surely) it
has sample paths which are right continuous with left limits. Similarly, a stochastic
process X is said to be caglad if (almost surely) it has sample paths which are left

continuous with right limits.

Another property that is preserved through equivalence of stochastic processes is

adaptability.

Proposition I1.2.1. Let X and Y be two equivalent processes and F be a filtration

of (Q,F,P). If X is adapted to F, then'Y is adapted to F as well.

Definition I1.2.7. A process X defined on (2, F, P) is called a Martingale with

respect to the filtration F if
i. E[X] < oo;
ii. X is adapted to F;
iii. E[X;|Fs] = X, as., where s, t €7 and 0 < s <*t.

Condition (7) is a technical requirement. Condition (i7) means that one can
measure the actual value of X at each instant ¢t € 7. The last condition ensures that

the expected value remains constant throughout time.

I1.2.1 The Wiener process

In 1828 the Scottish botanist Robert Brown observed that when pollen particles

are suspended over a liquid they make irregular and erratic movements even though
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no external force is being applied [5]. This phenomenon was called Brownian mo-
tion. The fact that there was not a physical or mathematical explanation for this
phenomenon created some concern within the scientific comunity. The first accu-
rate explanation of Brownian motion was advanced by Desaulx in 1877: “In my way
of thinking the phenomenon is a result of thermal molecular motion in the liquid
environment (of the particles).” This is indeed the case. A suspended particle is
constantly and randomly bombarded from all sides by the molecules of the liquid. If
the particle is very small, the collisions it experiences on one side will sometimes be
stronger than those from the opposite side, causing it to jump. These small random
jumps are what make up Brownian motion. It was not until 1905, when Einstein
brought an accepted explanation of Brownian motion to the physics community, that
an indirect confirmation of the existence of molecules was presented [11]. This type
of movement was later described mathematically by Norbert Wiener. Therefore, it

is called a Wiener process.

Definition II1.2.8. Let (2, F, P) be a probability space and F = {F; };cr a filtration
of that space. An n-dimensional Wiener process is a stochastic process W =

{Wither, T = [0, 00) satisfying the following properties:

i. W is adapted to the filtration F, and for 0 < s < t, the increment W, — W, is

independent of F;.

it. For s < t, the increment W, — W, ~ N (0, (t — $)Iuxn), where I,x, is the n x n

identity matrix.

itt. The processe starts at 0 almost surely, i.e., P{Wp =0} = 1.
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iv. The sample paths of W = {W, };cs are continuous in the sense of Definition

I1.2.5.

Condition (i4i) is often relaxed by noting that if X = {X;}c7 satisfies (i), (%)
and (), then Y = X — X = {X(t) — X(0)}sc7 is taken to be a Wiener process.
In addition to the description of Brownian motion as a physical phenomenon and a
Wiener process as a mathematical abstraction, some authors (for example, Nielsen
[46]) refer to a Brownian process. The difference between a Brownian process and
the Wiener process is that the latter is related to a particular filtration while the
former is not. In other words, if the filtration is changed then the Brownian process
remains the same, but the Wiener process may vary.

Given that Wiener processes play a central role in subsequent sections, some of

their key properties are presented next.

Theorem I1.2.2. Let W be a Wiener process. Then W, ~ N(0,t), E[W;W;] =

min{t, s} and E [|W; — W] = |t — s|.

Theorem I1.2.3. Let W be a Wiener process with natural filtration F, then W is a

Martingale respect to F.

An important question about the Wiener process is whether or not most of the
paths of a Wiener process are differentiable. This will be important when one tries to
construct Stieltjes type integrals using a Wiener process as an integrator function. Ifa
Wiener process were differentiable then it would be easy to define dd—vf. Unfortunately,

the next theorem shows that the opposite is true.

Theorem I11.2.4. [2] Let W be a Wiener process defined in the probability space
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(QF,P). Then
P(w e Q:W,(t) is not differentiable at any t € T) = 1.

There is an easy heuristic argument behind this conclusion. First, recall that
in Theorem 11.2.2 it was stated that W(t) is a Gaussian random variable with zero
mean and with variance ¢. Taking the ratio

AW o W(t+h)—W(t)
At (t+h) -t

it is easily observed that the numerator has variance h, and the denominator is the

AW

A, has variance 1 /h, which tends to infinity as h goes to 0. In

constant h. Thus,
other words, a path of W (t) on smaller and smaller scales becomes more and more

erratic, and the slope ultimately diverges.

I1.3 ITO AND STRATONOVICH INTEGRALS

The main objective of this section is to describe integration of a stochastic process

with respect to a Wiener process, i.e., to define the integral

/tX(s) AW (s), t > 0.

This type of integration serves as a way to create a process with an increment whose
variance changes over time. Processes with this chararacteristic appear in many

engineering and finance applications {46, 47].

I1.3.1 Linear and quadratic variation

It is known that if a function has a bounded linear variation, then it can act as the

integrator of a Stieltjes integral. Informally speaking, the linear variation measures
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Fig. 3: Partition II = {0,¢,t9, T} of f(¢) on [0, T].

the total amount of up’s and down’s made by a function over an interval of time. For

example, the linear variation of a differentiable function f(t), as shown in Figure 3,

for the partition IT = {0,1,t,, T} is

LV(flor = [f(t) = FO] = [f(t2) = fF(E)] + [F(T) — f(t2)]

_ Otlf’(t)dtJr/t - dt+/f
= [wora

Definition I1.3.1. Let IT = {t, = 0,t1,...,t, = T’} be a partition of [0,T}, T < co.

Then the linear variation of a (not necessarily differentiable) function f is defined

as

LV (f oT]i lim Zif tee1) — f(te)],

fi1L]|—0

where ||II|| = _max (tk+1 — tx) is the measure of the partition II.
n—

.....
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Example I1.3.1. Suppose that f is differentiable. Using the mean value theorem,

there exists a time t§ € (tx,tx+1] such that

f(trqr) = f(te) = f1(t0) (o1 — ti)-

Thus,

3
!
—
3
|
—

|f(ten) = FOO) = D 1S (O] (Fra — ),

0

B
Il

0

B
Il

and therefore

LV(for = lim Zlf £ (Bost — 1) = /[’(t)idt.

IUH —0
a

There exist functions whose linear variation is unbounded (see Figure 4) [40]. In

this situation, the quadratic variation of the function can still be finite.

Definition II.3.2. The quadratic variation of a function f : [0, 7] — R is defined

as

(Nom = lim Zlf th) = F(t)I"

IHII —0

The quadratic covariation of two functions f and g over [0,7] is defined as

n—1

Do = Jim D (F(tesn) = F(1))(9(tr1) — g(t)) - (IL.3.1)

=0 £
Two important properties of the quadratic covariation as a function of time are that

it has bounded variation and satisfies

1
(f, 9om = 1 (<f+g>[o,T] -{f - 9>[0,T]) :

This is called the polarization identity.
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Fig. 4: Unbounded linear variation function f(z) = sin(1/z).

Example I1.3.2. Suppose that f has a continuous derivative. Then

[ury

—
3

n—

|f (i) — fta))

0 k=0

(F2(t0) (trer — ta)’?

b
1

IA

(F)2 () (ther — tk)) (I} -
Taking limits,

(Pom < Jlim Ki(f’)?(tzxtm - m)) i

= lim ||[II}| lim
11f—0 I11]|—0

—

() () (esr — tk)):l

=
It

0

1T} —0

~ lim || / PO dt

= 0.
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The last step above used the fact that f’(z) is continuous, which ensures that

fo |f'(t)]? dt is finite.

g
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In ordinary calculus, integrable functions are exactly equivalent to those functions
whose linear variation is bounded. A disadvantage of Wiener processes is that they
are nowhere differentiable; as a consequence, the mean valuc theorem does not apply.

However, if their linear variation is finite, then a Stieltjes integral can be constructed.

Theorem I1.3.1. Let W be a Wiener process. The quadratic variation of W over

[0,T] is
<W>[O,T] =T.

Example I1.3.3. Suppose that the Wiener process W is a function of bounded

variation on [0, 7. It then follows that

W (iri) —~ WP < | max W (k) — W] 3 1 k1) — W80

Since W' is a.s. continuous on [0, 7], it is necessarily a.s. uniformly continuous on

[0, T]. Therefore,

max W (tgr1) — W(te))| — Oas ||II]] = 0,

0<k<n-1

from which it follows that

n

~1
lim Wit ~ W) —0as.
i 2 W e = W ()

This contradicts Theorem II.3.1, and thus LV (W) 4 = oo. 0

This example shows that a Stieltjes type integral cannot be constructed if a
Wiener process acts as an integrator. However, using the fact that a Wiener process
has finite quadratic variation, an approximation procedure may be used to define a

stochastic integral in terms of a Wiener process. This procedure is a density argument
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similar to that used for defining Lebesgue integrals, except that all the limits involved
are taken in the mean-square sense.

Before constructing an integral for the Wiener process, the necessary setting is
introduced. Counsider the probability space (€2, F, P), the Wiener process W, the
natural filtration F of W and the process X adapted to F, which is F; x B([0, t])-

measurable for any fixed ¢ > 0.

Definition I1.3.3. The R-vector space formed by all square integrable random vari-
ables is denoted by L?(€2, F, P), or, in abbreviated form, L?(P), where square inte-

grability of X means
E [|X!] < oo.

Theorem I1.3.2. The space L*(P) with norm ||-|| 2py = /E [[]2] is a complete

normed space, i.e., a Banach space.

In a similar manner, consider the set of all square integrable stochastic processes
defined on the probability space (2 x 7,P, P ® ) under the measure P ® A. P is
known as the predictable o-algebra, i.e., the o-algebra generated by sets of the form

A x (s,t] and Ag x {0}, where {0 < s<t <T}, A; € Fs, and Aq € Fo.

Definition I1.3.4. The R-vector space formed by all square integrable stochastic
processes is denoted by Ly (€2 x [0, T], P, P ® A), or, in abbreviated form, Ly(P ® A),

where square integrability of the stochastic process X means

T
E [/ |Xt|2dt] < 0.
0

Theorem I1.3.3. The space Ly(P ® A) with the norm ||, pgn = 1/ E [_]‘OT 12 dt]

1§ a Banach space.
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The construction of the integral for a Wiener process, referred to as an Ité integral,

is outlined in three steps.

Step 1: The It integral for simple processes

Definition II.3.5. Let IT = {to,t1,...,tk—1,t} be a partition of [0,7], T < co. A

simple process is a stochastic process X that can be expressed as

k-1
X = Z Xj]l[tjvtjﬂ)v
=0

where X7 is a square integrable random variable, Fi;-measurable, and 1y, 4., is the

indicator function for the interval [t;,¢;41).

Note that a simple process is adapted, square integrable and has cadlag (right-
continuous with left limits everywhere) paths. It is not difficult to show that the set

of simple processes forms a real vector space, denoted here by H3.

Definition 11.3.6. The Ité integral 1: H2 — L?(P) is defined as

k—1
/X AW (s) 2 S™ X () (W(tsar) — W(E)).

7=0
Theorem 11.3.4. (Basic properties) Let X, Y € H3 and k be a real number. Then
i. (Linearity): / ) + kY (s / X (s)dW (s +k:/ Y (s)dW (s

it. (Zero Ezpectation): E [ /0 X(s) dW(s)} =0

iii. (Isometry):

o[ ([ ) ([ veron)] o] [ s
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Note that if X =Y a.s., then this identity reduces to

(/OT X(s) alW(s))2 =E UOT XQ(s)ds} (11.3.2)

In terms of the norms defined previously, identity (11.3.2) is equivalent to

”[(X)“H(P) = ”X“Lg(P@a/\)'

Step 2: Extension via approximations

Definition I1.3.7. Define H? as the subset of Ly(P® \) consisting of all measurable

and adapted stochastic processes that satisfy

E UOT |X(s){2ds} < o0

Clearly H C H? C Loy(P ® N).

Theorem I1.3.5. H2 is dense in H?, i.e., for any X € H? there ezists a family of

processes i H2, { X, }nso, such that lim || X, — X[|L2(P®/\) = 0.

Theorem I1.3.6. Let X € H? and {X,}n>0 be a sequence of processes in H2 that

converges to X, d.e., im || Xn — X[, pgyy — 0. Then, the sequence of integrals
T

I(X,) = / Xn(s)dW (s), n > 0, is a Cauchy sequence in the complete space L*(P),
0

and the limit is independent of the sequence of approximating simple processes.

Definition I1.3.8. Let W be a Wiener process and X € H2. The It6 integral of

X is defined as

/X ) dW (s) £ lim X()dW(s),

n—oo



32

where the limit is taken in the L?(P) sense, and {X,}.>¢ is a sequence in HZ such

that

n—oo

lim E [/OT(X(S) ~ X, (s))2ds| = 0.

It is important to mention that an additional extension of the Ito integral con-
cept is possible. This extension allows one to integrate processes that are adapted,

measurable, and satisfy
T
P<w€Q:/ X?%(s)ds < oo, ‘v’tzo) =1.
0

The set of these processes is denoted by £%,,(P). This generalization will not be

needed in this dissertation. Note that the It6 integral

I : H>— L*(P)

Xl—»I /X dW

has been defined as an isometric linear extension of the Ito integral on H2. Thus,
the properties of the It6 integral for simple processes are also valid for the integral

of processes in H2.

Theorem I1.3.7. The integral operator I . H? — L%(P) satisfies:
T
i. (Lincarity): / ) + kY (s)) AW (s / X(s) dW (s) + & / Y (s) dW (s)
0
T
. (Zero Ezpectation): E {/ X(s) dW(s)J =0
0

([ o) | e[ [ xrea]

Here XY € H? and k € R.

i. (Isometry): E
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It is clear that if X € H? and 1q.4 is the indicator function for the measurable
set 0 x A, where A € B(7), then the product X1qx4 € H2 This allows one to

define the Ito integral over subsets of 7.

Definition I1.3.9. Let A C B(T). The It integral of X € H? over A is
/ X(s) dW(s) & / X (8)LaxadW (s).
A T

Step 3: The It6 integral as a stochastic process

The possibility of integrating over any subset of B(7") allows one to introduce the
notion of a stochastic process generated by Ito integrals. Indeed, for each t € T,
the It integral I(X), £ fOtX(s) dW(s) = fOTX(S)]].QX[Oyt] dW(s) is Fy-measurable.
Naturally, I(X); is now parametrized by ¢ € 7. Thus, this family constitutes a
natural choice to define the process {I{X);}ier induced by X. However, the Itd
integral fot X(s)dW (s) is a random variable on L*(P), so I{X); can be specified
arbitrarily for a set A, € F with P(A;) = 0. In other words, I(X); is ambiguous
on a null set A,. If there are countable null sets A;, then there is no problem since
the measure of a countable union of measure zero sets is again zero. But [0,7] is
an uncountable set, and the union of all A; over ¢ € [0,T] might well be all of Q.

Then, the construction could be ambiguous for some w € 2. The next result solves

the problem.

Theorem I1.3.8. If X € H?, then there exists a continuous process X' : QxT — R

such that

P (w €0 X!(w) = /;X(s) dWS) ~1.
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Proof: Given that H3 is dense in H?, one can take a sequence {X,},s0 € H2
approximating X. For each t € 7, X,14 € Hj, and, therefore, the integral
Iy Xa(s) AW (s) = [ Xn(8)Ljoq dW (s) € L*(P) is well defined on §2. For each 7, the
process X, does not have the ambiguity described in the previous paragraph. Hence,

it is possible to define the sequence { X}, }n50 as
i
X, = / X, (s) AW (s).

0
More explicitly, for ¢; <t < t;,1,
-1

Xin = Xn(t:)(W(tin1) — W(t:)).

i=0

Now, from the Wiener process properties, each X, is a F;-adapted continuous Mar-

tingale. Applying the isometry property and Doob’s maximal inequality [8] forn > m

A

1
P (s Xt~ X0pl > ¢) < 501X~ X0

1
< ;‘2‘ ”Xn - XmHLz(P@;,\) :

Since {X,}n>0 is convergent in H?, it is a Cauchy sequence. Thus, one can consider

an increasing subsequence {n}y-o such that ’.Xn < 273% for a

k1 Xy ”Lz(P®,\)

sufficiently large ng. If € = 27% then

P (sgp ]

Note that 3 o, 27% < 00, and by the Borel-Cantelli Lemma, there exist a set {2 C (2

/ /
Xtﬂlk+1 - X

tng

22*) <27* k=12...

with P(w € ) = 1 and a random variable Y such that Y(w) < 00 V w € Q. If

w € o, then sup; ‘X’ (w)—X;

kg1 tng

(w)\ > 27 for a finite number of k’s. It then

follows that

SUp | X/, (@) = X[ (@) <275V K> V().
T
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This indicates that {X{, (w)}, for any w € €, is a Cauchy sequence under the
supremum norm in C(7). Since this space is complete, the sequence {X;,, (w)} is
convergent for each w € y to a continuous function, namely X;(w).

Concerning the stochastic equivalence claim, note that X, 1oy — X1y €
Ly(P ® \) as k — oo. By the isometry property, [, X, (s)ljggdW(s) —

[ X ()L dW (s) € L*(P). Finally, by the uniqueness of the limit,
t
P(ﬁ:/xumm>:L
0
which concludes the proof. ]

The process X' will be considered the integral process induced by the process X.

Some properties of this integral process are presented next.
Theorem I1.3.9. Let X € H?. The integral process
t
xm:/X@mwg
0
is adapted to ¥, which 1s the natural filtration of the Wiener process W.

Hereafter the filtration under consideration will always be the one generated by

the Wiener process W.
Theorem I1.3.10. The quadratic variation of X' = I(X) over [0,t] is
t
A0y = [ X)ds
0

Theorem 11.3.11. (Martingale property) Let X € H*. The integral process induced

by X is a Martingale process with respect to the filtration F, i.e.

E(I(X):|Fs) = I(X)s almost surely, where s,t € T and 0< s <{.
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It is also interesting to consider the converse claim, i.e., under what circumstances
can a Martingale be written as an It6 integral?. The next theorem presents one of
the most important results in Martingale theory and explains why Martingales play

a central role in It6 stochastic calculus.

Theorem 11.3.12. (The Martingale representation theorem) Suppose Y is a Mar-
tingale with respect to the filtration F and that Y; € L*(P) for allt > 0. Then there

erists a unique adapted stochastic process X € H? such that a.s.
t

Y (t) = E[Y(0)] +/ X(s)dW(s), for all t>0.
0

Corollary I1.3.1. Let Y be a Martingale with respect to the filtration F. If(Y), 4 =

0 for allt € {0,T), then a.s. Y = 0.

Proof: From Theorem I1.3.12, one can express the process Y as
t
Y (t) = E[Y;] +/ X(s)dW (s).
0

Calculating the quadratic variation of Y over [0, t], it then follows that
¢

<Y>[0,t] = <E[}/(]]>[0’t] + </ X(s) dW(3)>
e 0

0
- /Ot X2(s) ds.

Observe that this is a non-decreasing function. It is also known that for Lebesgue

(0,¢]

integrals, if fot |f(s)|ds =0, then a.s. f =0. By hypothesis,

(Vg = /0 X?(s)ds =0,

which implies that a.s. X = 0. Therefore, Y can only be the zero Martingale. ]
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I1.3.2 The Stratonovich integral

The Ito integral was first defined for simple processes as
n—1
I(X)e =) X&) (W) — W),
k=0
where there is an intrinsically defined partition of the interval {0,t], i.e., 0 = t; <
tg < -+ < tpq < t, =1, and t; = t; for each subinterval [t,tx1;). Then by a
density argument the definition was extended for processes in H?. Suppose now that
the simple processes are slightly modified, i.e., rather than considering ¢; = ¢; one

considers t; = Aty + (1 — A)tx41 with A € [0,1]. Then, applying the same density

argument, the resulting integral for A # 0 is not equivalent to the Ito integral.

Example II.3.4. Calculate [0 s)dW (s) for A =0 and 3.

i. A =0 (Ito integral)

First, calculate the partial sums

Se = S W(t) (Wlten) - Wits))
ln—l 177.*1 )
= 50 (WPten) = W2(t)) — 5 ) (W(ten) — W(t))
= %(WQ(T) %k:o (te+1) — W (te))*

Then, the mean-square limit of S, converges to

/O W (s) dW (s) = éwm) -2

[

. A=
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Similarly,

n—1

W () 00 t) - Wie).
k=0

By the continuity of the Wiener process, S, can be replaced by

&—-M(W“H+W“Ummmrmmm

(W (tes1) — W2 ()

w* (t)

N | [\’)l»—-l

Thus, the mean-square limit of S/, gives
i 1
/ W(s)dW (s) = §W2(t).
0

In general, for any A € [0, 1]

/Ot W(s) dW (s) = %WZ(t) + (A _ %) '

O

The advantage of using A = 0 is that the resulting integral is adapted, and the
induced integral process is a Martingale process. This is not true for any other value
of \. If A = %, the extra term obtained from It6 integration disappears; therefore,
it resembles Stieltjes integration. This is known as the Stratonovich integral. This

integral can also be defined in terms of the Ito integral.

Definition 11.3.10. The Stratonovich integral of X € H? is defined as
f X(s)dW (s /X YdW (s (X W)[ g (I1.3.3)

where (X, W), , is the quadratic covariation defined in (I1.3.1).
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Observe that from the Ito integral and quadratic covariation definitions, the def-

inition of the Stratonovich integral is equivalent to the following limit

S(X) = lim (W(tk+1) - W(tk)), (1134)
where the limit is taken in the Lo(P) sense. If in addition the regularity of the
integrand and the continuity of W are utilized, then (I1.3.4) is also equivalen to

n—1
S(X)=lim > X

k=0

te1 + tk
2

) (W () — Wi(t))

which is similar to the Ito integral definition with the difference that now the limit

k+1+HEk

is taken on the processes defined using the middle point, ! ==, of the time interval

[tk, tk+1] rather than its left extreme #.

Corollary 11.3.2. Consider Y € H? such that (Y, W>[O,t] < oo and a Lebesgue

integrable function X. If
t i
]5 Y (s) AW (s) = / X(s) ds,
0 0
then a.s. Y =X =0.

Proof:  Since fOtX(s) ds has bounded variation, then {fj X(s)ds),, = 0. Using

Definition 11.3.10

@f Y(s) dW(S)>[O,t] - < /0 Y(s) dW(s)>[O’t] + <% v, W>[°"]> oy

o

-~

0
Now, by Corollary I1.3.1, Y = 0 a.s. This implies that f) X(s)ds = 0 a.s. Thus,

Y = X =0 a.s. as claimed. ]

At first glance, the Ito integral seems enough to represent a variety of stochastic

processes. But, the extra terms appearing when the It6 integral is computed cannot
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be expressed as such. For example,
i 1, 1
W(s)dW (s) = =W*(t) — =t,
0 2 2

or equivalently,

W2(t) =t + /t 2W(s)dW (s) = /t lds+ /t 2W (s) dW (s), (11.3.5)

where t has no representation as an Itd integral, and W? is not a Martingale. Al-
though Theorem 1I1.3.12 cannot be applied to the process W2, it can be represented
by a sum of a Lebesgue and an It6 integral. In general, a large number of interesting
and important phenomena can be described by combining Lebesgue integrals and 1to6

integrals.

Definition I1.3.11. An It6 process is a stochastic process on (2, F, P) that can

be written as

X(t) £ X(0) + /Ota(s) ds—}—/o b(s) dW (s),

where a is Lebesgue integrable, b € H?, X(0) is a real number and ¢ € 7. These

processes can be represented in differential form as
dX (t) = a(t) dt + b(t) dW (2).

In addition, if a € H?, the process X will be called an Lo-Itd process, and the set

of all L,-1t6 processes will be denoted by .#.

Note that at ¢ = 0 there is no information accumulated for X, i.e., the trivial
o-algebra Fy = {0, 2} defines the past information of X. This is the reason why

X (0) is assumed to be a real number. Thus, all the paths of X start at the specified
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value X(0) (see {54]). Moreover, the Lebesgue integral component of an Itd process

satisfies the following theorem.

Theorem I1.3.13. [46] Ifa € L,(2 x [0,T],P, P ® \) then the process

s continuous and adapted.

Observe that from Theorems I11.3.8 and I1.3.13 one can conclude that every It process

has a.s. continuous paths and is adapted.

Example I1.3.5. Let X be an L-1td process with Lebesgue integrand a and [to

integrand b. The Stratonovich integral of X is

foX(s)dW(s) = /()X(S)dW(S)+%(X7W>[O,t]

= [x@aw+ [ ol

Thus, the Stratonovich integral of an L,-It0 process is always well-defined and is an

Lo-Ito process since b € H2. .

In stochastic calculus, Itd’s formula for functions of Itd processes is the analogue

of the chain rule in ordinary calculus.

Theorem I1.3.14. (Ité’s formula) Let X be the Ité process dX(t) = a(t)dt +
b(t) dW (t) and consider g(z,t) € C2([0,00) x R). Then, Y(t) = g(X(t),t) is an

It6 process and satisfies

dY () = %%(X(t), 1) dt + 22 (X (1), 1) dX (¢) + %%(X(t),t)(dX(t))Q.
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In general, since dtdt = dtdW (t) = dW (t)dt = 0 and (dW (t))? = dt, it follows that

av() = (FXO.0+ FXO0a0 + ;35X 080 a
+@(X(t),t)b(t) dW (t).

oz

II.4 STOPPING TIMES

In this section, the book by Protter [48] has been used as the main reference.

Definition II.4.1. Let F = {F;}ier be a filtration with 7 = [0,00). A random
variable 7 : R — [0, 00) is a stopping time with respect to F if the event {r <t} €

F; for every 0 <t < o0.

The left and right limits of a filtration can be defined for any time, ¢, as

Feo=[Fo, Fu=0 (Ufs) .

s>t s<t
For 7 = [0,T], if t = T, it is convenient to set Fyy = Fr or, if t = 0, F_ = F.
It is easy to verify that F; C Fsy C F_ C F; for all times s < ¢t. Furthermore,
{Fis }i>0 and {Fi_}i>0 are themselves filtrations. A filtration is said to be right-
continuous if F; = F for every ¢, so, in particular, {F;; }+>0 is always the smallest
right-continuous filtration larger than {F;};>q. Hereafter, all filtrations under consid-
eration will be right-continuous. One important consequence of the right continuity

of a filtration is given in the following theorem.

Theorem I1.4.1. The event {r < t} € F;, 0 < t < ¢, if and only if T is a stopping

time.
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Proof: Since {Tr <t} = () {7 < s}, foranye >0, onehas {r <t}e (F,=F.
t-+e>s>1L 5>t

So 7 is a stopping time. Conversely, assume that 7 is a stopping time. Then, it

satisfies {r <t} = | {r<t—¢€},and {r <t—€} € F_. Hence {r <t} € F. m

t>e>0

Definition II.4.2. Let X be a stochastic process and let D be a Borel set in R.

Define 7(w) = inf{t > 0: X; € D}. Then 7 is called the hitting time of D for X.

Theorem I1.4.2. Let X be an adapted cadlig stochastic process, and let D be either

an open or closed set. Then the hitting time, 7, of D is a stopping time.

Proof: Let D be an open set. By Theorem II.4.1, it suffices to show that {r <t} €
Fi, 0 <t < o00. But

{r<t}y= J {X.eD},

s€QN(0,t)

because D is open and X has right continuous paths. Given {X, € D} = X;1(D) €
Fs, the result follows. Next, assume that D is a closed set. Define A, = {z :
d(z, D) < 1/n}, where d(z, D) denotes the distance from z to D. Then A, is an

open set, and the event

{Tst}:ﬁ U {X.ed}er.

n=1 seQn|0,t) F C]:t
s =

Thus, 7 is a stopping time. [ ]

Example II.4.1. Consider a continuous stochastic process X. A special case of a
hitting time is 7 = inf{t > 0: X; = R}, R € R. It is usually called the first passage

time for the barrier R. 0
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Example 11.4.2. The random variable
k =sup{t > 0: X, € D},

is the last time that X, hits D. In general, it is not a stopping time. The heuristic
reason is that the event {x < t} depends upon the entire future of the process and,

thus, would not in general be F;-measurable. 0

Definition I1.4.3. Let (€2, F) be a measurable space. A stopped o-algebra, F,,

is the set of events A € F for which
An{r<t}eF, teR

Theorem 11.4.3. Let F be a filtration. If 7 is a stopping time, then 7 is F,-

mesurable.

Proof: One needs to prove that {7 < s} € F, for all s. Let t be arbitrary. Since 7

is a stopping time then
{r<sin{r<t}={r<sAt}eFa € F¢.

Thus {7 < s} € F, from the definition of F,. Hence, 7 is F; measurable. ]
Lemma I1.4.1. Let 7 and o be stopping times. The random variable T Ao is also a
stopping time.

Proof: Observe that {7 Ao <1} = {7 <t}|J{o <t} € F. Then 7 Ao is a stopping

time. ]

Theorem 11.4.4. Let 7 and o be stopping times. If 7(w) < o(w) for allw € §2, then

Fr C F,.
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Proof: Observe that A({7 <t} = (AN{7 <t})N{o <t} € F. This implies that

F, CF,. [}

Definition I1.4.4. Let X be a stochastic process on 7, and let 7 be a stopping time.

A stopped or truncated process is any process of the form
X(t,w) &£ X(T() At,w) = X (8, w)Ljery + X (T(0), @) Ly,
where the random variable X, (w) £ X(7(w),w) is called a stopped random variable.
Observe that if the stopped process X7 (t,w) is restricted to the stochastic interval
[0,7] & {(t,w) € [0,00) xw: 0 <t < 7(w)},

then X7 (t,w) = X(t,w)1lj-()- Usually, a path of this process is denoted simply by

X{tAT).

Theorem I11.4.5. Let X € H? and 7 be a stopping time. Define the stopped random

variable Y; = [T X (s)dW (s) = [y X (s)1jo.(s) dW (s). Then

V) = Y(EAT) = / X(s) dW (s /X $) L. (s) W (s).

The proof of this theorem is not trivial. A nice treatment can be found in [50, 55].
A direct application of the previous theorem gives a similar result for Stratonovich

integrals.

t
Corollary I1.4.1. Let X(¢) =f v(s) dW (s), where v is an Lo-It6 process. Then,
0

AT
the stopped random process Y7 =]é X (s)dW (s) satisfies
0

Y70 = X(ar(s) V(o)
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Proof: Since X can be writen as

t t
b
X(t) = / o(s) AW (s) +/ 5s) 4
0 0o 2
it follows, by direct application of Theorem 11.4.5, that

X(EATR) = X ()10, (t)

_ / T o(s) dW(s) + / ) g,

= /0 U(S)ﬂ[o,m}(s) dW(S) +/ E)—(28_)11[0,7'1:'3](5) ds

0

0

+% </0 a(s) L1 7p)(s) ds + / Yo s) AV (s), W>[0,t]

This completes the proof. ]

The main result of this section is described in the following theorem. It will be
used later in Chapter IV for the convergence of Fliess operators over stochastic time

intervals.
t

Theorem I1.4.6. Let X (t) =f v(s) dW (s), where v is an Ly-1t6 process. Then:
0

i. There exists a strictly positive stopping time T = inf {t € T : |X(t)| = R} for

any finite real R > 0.

it. X™R(t,w) restricted to [0, 7g] is a well-defined Ly-bounded, a.s. continuous and

adapted Lo-1té process.
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Proof: For part (i), since v is an Lo-Itd process, it can be written as
t t
v(t) = / a(s)ds +/ b(s) dW (s).
0 0
Therefore, 75 is a well-defined stopping time since (by Theorems I1.3.8 and 11.3.13)
t b t
X(t) = / —(25—)(13 +/ o(s) AW (s),
0 0

and the absolute value function is continuous. Regarding part iz, it is well known
that since X is adapted and a.s. continuous, the stopped process is also adapted and

a.s. continuous [48]. Now evaluate fOTE [X?2(s)]ds. By 1td’s formula,

X2(t) = 2 /0 X(s)b(s) ds + 2 /0 X (s)u(s) dW () + /0 C02(s) ds,

where b(s) = b(s)/2. Since 2k1k, < k2+k2, for all k1, ks € R, it follows from Theorem

I1.3.7 that

E[X?(t)] <E Uot (X?(s) + b%(s)) ds+/0t1)2(s) ds} :

The L, bound for X restricted to [0, 7] can be calculated from the previous expres-

E[X%(tATg)] < E {/Ot (X*(s ATr) +b*(s ATR)) ds+ /Ot v?(s A 7g) ds} :

Given that b,v € Ly(Q2x [0,7],P, P® ), define a real number M > E [fot b (s) ds] +

E [fot v%(s) ds]. Then by Fubini’s theorem
t
E[X?(tATR)| < M +/ E [X*(s ATR)] ds. (I1.4.1)
0
If this inequality is used in the right-hand-side of (I1.4.1) then

E[X?(t ATR)] < M+Mt+/t/sE [X?(r A7g)] drds.
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Repeating this procedure infinitely many times and knowing that E [X2(r A 7)] <

R? it follows that

»
— = M¢

D
2 : § :tn 2

n=0
for a fixed ¢ € [0,7]. This implies that fOTE [X2(s)]ds < oo, and thus X™®(t,w) €

Ly(Q x [0,T],P, P ® ). This completes the proof. [
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CHAPTER III

FORMAL POWER SERIES

This chapter presents some elements from the fundamental theory of formal power
series. The treatment relies heavily on [4,24]. Formal power series appear naturally
in the context of language theory; therefore, the terminology of this subject will be
adopted. The definition of formal languages and formal power series are introduced
first. Then, various products of formal power series are defined along with their
basic properties. Some important classes of formal power series are also addressed,
in particular, rational and recognizable series. Then, the relationship between these
classes of series is presented in Schutzenberger’s Theorem. This naturally leads to
the question of which products of formal power series are closed over these classes.
Here, a new and simpler proof of Ferfera’s sufficient condition for the rationality
of the composition product of two formal power series is presented. Finally, the
main properties and algebraic tools that will be used in Chapter V to define the

interconnection of systems are described.

III.1 FORMAL LANGUAGES

An alphabet is a non-empty set of symbols, X = {zo,z1,...,2,}. Each element
of X is called a letter, and any string of symbols in X, n = z;,_- - -z, is called a word.
The length of 1, |nl, is the number of symbols in n, and 7|, is the number of times

the letter z; appears in 1. The set of all words of length k is denoted by X*. The
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set of all words, including the empty word, 0, is denoted by X*. A language is any

subset of X*. The set X* forms a monoid under the catenation product,
C @ X"'xX*— X"
(n,€) > ng.

Clearly, for any n,£,v € X*, € is associative: (n€)v = n(&v). The empty word § is
the identity element for €, On =nl =7, Vn € X*. The triple (X*,%,0) is in fact a
free monoid of X.

Definition III.1.1. Let (M,0,e) and (M’,0,¢') be two arbitrary monoids. A

mapping ¢ : M — M’ is called a morphism if

o(n0¢) = o(n)T'0(§), Vn,€ € M, (111.1.1)
where p(e) = €. If, in addition, g is bijective, then it is called an isomorphism.
Note that any morphism ¢ on X* is completely determined by its action on X.
In other words, for any word n = z;,_---z;, € X*,
oy ) = 0fai,) 0l

If p is injective, i.e., o(n) = o(§) implies n = &, Vn,& € X*, then g is called a code.

II1.1.1 Formal power series

Given the alphabet X = {zg,21,...,Zn} and finite £ € N, a formal power series
is any function ¢ : X* — R The value of ¢ for a specific word n € X* is denoted by
(¢,m). In particular, (c,®) is referred to as the constant term. Typically, ¢ is written

as the formal sum

c= Y (cmm.

nex*
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The collection of all series generated with the alphabet X is denoted by R¢((X)). If

c,d € RY(X)), their sum is given by

ctd= Y (ct+dmn=Y_ [(cn)+dn)]n,

nex* nex*

and their scalar product is defined by

re= Y _(remn=Y_ rlcn)n

nex nex*
for » € R. The set of formal power series with these two operations forms an R-vector

space. The Cauchy product is defined by

cd="7 (cdmn= > (c&d)n,

nex* neX* £(=n
where the interior summation is obviously finite. The R-vector space R{{X)) endowed

with the Cauchy product forms an R-algebra. For ¢ € R*({X)), the language

supp(c) = {n € X" : (¢,n) # 0}

is called the support of c. The subset of R*((X)) consisting of all series with finite
support is denoted by R¢(X). Its elements are called polynomials. c is said to be

properif @ & supp(c). R4((X)) forms a complete ultrametric space under the mapping

dist : R4((X)) x R&((X)) —» Rt U {0}

(c,d) — dist(c,d) = g°dlc=9),

where 0 < o < 1 and ord(c) £ inf{|n| : (c,n) # 0} if ¢ # 0, otherwise ord(c) = oo.

dist satisfies the inequality

dist(c, d) < max{dist(c, e),dist(e,d)}, Vc,d,e € R{{X)),
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which can be viewed as a stronger version of the usual triangle inequality.

Let {c;}ier be a family of series, where [ is a set of indexes in N. This family is
called summable if there exists a formal series ¢ such that for all ¢ > 0, there is a
finite subset I’ of I such that for all finite subsets J of I that contain I’

dist <Z cj,c> <e.
jeJ
The series ¢ is called the sum of the family {c;}:es, and it is unique.

A family {c;}ies is said to be locally finite if for every word n € X™ there exists
only a finite number of indexes i € I such that (¢;,n) # 0. It is easy to show that
every locally finite familly is surnmable, and

(c.m) =Y (ci,m), n€ X",
i€l
where this summation is finite. It is not true in general that a summable family is

always locally finite. It is useful to define the left-shift operator, €71, as follows:

et X S RX)

n o n=£&n

n =

0 : otherwise.

Note from the definition that n can be mapped to the polynomial 0, and that clearly
there exists a bijection between the non-empty words in X™ and the monic polyno-
mials in R(X). For any series ¢ € R{{X)), the definition can be extended as

0 = Y (enem

neXx*

= Y (cénm.

neXx*
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It is simple to verify that £7!(-) is a linear operator on the R-vector space R{(X)).
That is,

E e + Tac2) = 1€ (e1) + o€ 7 (c2)

for all 7; € R and ¢; € RY((X)).

Lemma III.1.1. For any z € X, £,v € X* and series ¢,d € R{(X)) the following

properties hold:
i. (€v)7He) =vTH(€7H(e))

ii. 7 (cd) = 27 (c)d + (¢, 0)z~1(d).

II1.1.2 Formal power series products

Definition III.1.2. Let ¢,d € R((X)). The Hadamard product of ¢ and d is

defined as

cod2 Y (¢v)d v

veX*

Here, supp(c ® d) = supp(c) N supp(d).
Example II1.1.1. Let X = {z¢,1,...,Z,} be an alphabet and define for a fixed
z; and k the language L = {n € X*,|n|,. = k}. The characteristic series generated

by L is defined as L=)___, 7. If ¢ € R({(X)) is arbitrary, the restriction of ¢ to the

nel

language L can be written using the Hadamard product as

c=c, =coL.



54

Definition II1.1.3. The shuffle of two words 7, £ € X~ is defined to be the language

Sne = {ve X" :v=m&mba- Mbn m,& € X,

M= N, § =& &, n>0}.

In particular, S, ¢ = {n} and Sp = {£}.

Definition III.1.4. Let n = z;7" and £ = zx¢’, where 7', ¢’ € X* and z;,zx € X.

The shuffle product of 7 and £ is recursively defined as

nuwé = [0 wé] + zenw ],
where (Z)l_u@ :Q and£m®:®m§:§

It is easily verified that 7w & yields a polynomial involving words of only length

In| + €| and supp{nw&} = Sy

Example ITI.1.2. Suppose X = {zg, 21,22, z3}. Then

ToZ1 w23 = I [1'1 LLI 1'21'3] + ) [(1301'1 Luﬂ?g]
= 1'0(1'1[(2) L 1'21'3] + Zs [1'1 L (133]) + 1'2(2}0{(131 Luﬂ?g] + 1'3[2}02}1 L (Z)D

= ZoZ1Z9Z3 + TgXoX1Z3 + LoLoZ3X1 + LoZoZ1ZL3 + ToLoTyZ1 + LToL3TLoZ1,

ol w1 Xy = Io[l'l Lul'll'g] + I [1'01'1 Lu(I?g]
= 1‘0(1‘1[9 ua] 1'11‘3] + I [1‘1 Lu(l?g]) + 1‘1(1‘0[(131 Luﬂ?g] + 1‘3[(1301‘1 LLJ@])

= 2(1301‘11‘11‘3 + TpT1T32q + T1XpT1T3 + T1TogT3T1 + T1T3ToT,
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and

S:ro:rl,:cz:rg = {11?0117111?2333,1"011721"11"3,117011721173331,117211701171333,$2$0$3$1,12$3$0$1},

Szozl,zl:rg = {117011711"1333, ToToZ3T1, T2ZoT1X3, L2ZoT3Ty, 332117311701171}-

Observe that each element of the shuffle language involves a combination of the letters
in each given word which preserves their relative order, i.e., zg is always to the left

of z1 and x5 is always to the left of zs. 0

Consider the next example where the behavior of the product of deterministic

iterated integrals is presented.

Example II1.1.3. Let u be an m-dimensional piecewise continuous, real-valued func-
tion defined over the finite interval [to, ¢;]. Recall that for n € X* the iterated integral

E, was defined recursively as

Balilt) = Eur ) = [ ) B lirin

to
with Ey[u](t) = 1 for all t € [to, 1], and ¢, was assumed to be 0. This iterated integral
can be extended for any polynomial p € R(X) in the following manner,

Eult)= > (p.n)Eul(2).

nEsupp (p)

Let £(R(X)) be the set of all such iterated integrals. Now observe for each 7,£ € X*

that from the integration by parts formula

E,[ul(0) Eelul(t) = Eayplul(t) Enelul(?)
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[ ) B Bl
= B, [Eyll(m)Eful(m)] ()
By, (7) [Byful(r) Be (7)) ()

= Bojir woyrmtnw ) [uf(2)-

As a consequence, any product of two integrals is again an iterated integral in

E(R(X)), and it can be expresed in terms of the shuffle product. 0

The shuffle product definition is linearly extended directly to series ¢,d € R{{X))

as

cwd= Y [(en)d Onuwt. (IT1.1.2)

nEEX™

For a specific word v € X*, the coefficient

(nw& v)=0if |n|+ | # |v].

Therefore, the summation in (IT11.1.2) is well-defined since the family of polynomials

{nw&:Vn & e X*} is locally finite. An equivalent expression for this product is

cwd= Z(cLud,z/)z/,

veX*

where

(CU—'dv V) = Z (Caﬂ)(daé)(ﬂuJ& V)'

n,eX*

In the case where c,d € RY((X)), the shuffle product is defined componentwise, i.e.,
the i-th component of cwid is (cwd, v); = (¢; wd;, V), where v € X* and 1 < i < 4.
Moreover, it is easy to show that the shuffle product is commutative, associative and
distributive with respect to the addition. As a consequence, R{X) and R((X)) are

R-algebras with multiplicative element 1.
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Theorem III.1.1. Let n, £ € X* such that |n| = ny and |{] = ny. Then supp{nw ¢}

n1+n2)

has at most ( n ) uNIQUE words.

Proof: The proof is by induction over n = n; +ny. For n =0 and n = 1 the result is

trivial. If ny = 0 and ny € N, then Sp¢ = {¢}, and therefore, #(Sp¢) = (OJB"Z) =1,

where # denotes the cardinality of Spe. Now assume the hypothesis holds up to
some fixed n > 0, Le., #(S,¢) < (:1) Let n = z;, ,,-- 25 and € = z; - T;,.

Then by the shuffle product definition

Nwé =Tj, 1 (T, = Tjy w&) +Ti,, M iy, Ta) -
N — ~~ - Ny ~ -

5(:1) words S(n;f'_l) words

Since () + (,,) = (), it follows that #(S,¢) < (™%}), and the theorem is

proved. [

Example 1I1.1.4. From Example I111.1.2,

4
#(Szoz1,z213) =6 = (2) and #(Szozl,zwa) =5< (;) = 6.

Theorem IT1.1.2. [24] Let be X an alphabet. For any z € X :

. A
oz E Rz - wr =kl 2"

v

k times

jii, () wk = R e sy

[e ] ik [e ]
1. <Zm]> :ijmj, kE>1.
. s
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Theorem II1.1.3. The left-shift operator acts as a derivation with respect to the

shuffle product. That is, Ve, d € R((X)) and z, € X

T, ewd) = 2. (¢) wd + cwz Hd).

Proof: Without loss of generality, consider the nonempty words n = z;7',§ = ;£ €

X*. From Definition I11.1.4

zp (mwé) = 2 (200 wE) + m(nwl)))

= z'z(n wé) + 3 Ti(nw )

4

0 D jAkiAk
nwé D J=k#1
nw i=k#]

| Mwltnwl s i=g =k

= o () wé+nwz(8).

Next, let ¢,d € R((X)). By the linearity of the left-shift operator and the previous

identity

-1
Ly

(cwd)

z;! ( > (e n)(d,s)nws)

Z;*Zfr;(di)wkl(nwé)
mg;}anX¢€)hﬁOﬂwé+nwxﬁ&J

W’E;}Q m(d: )z (m) w & + 2;_&:, )(d, Onw ()
m;:}ﬁf@%mnwﬁtaé+m;:fqnmuwa?uxgﬁ
Z;zgmd+c¢m;%®. i
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Definition 111.1.5. [13,14] Given n = zp*z;, 7" 'zs,_, ... 20T, 70° € X* and the

series d € R™((X)), the composition of n with d is defined recursively as

4

n : |7711:0;V27é0

nod=9 gft'diw(n od)] : n=zkzn, keN,

i#£0, 7€ X",

\

where d; : £ — (d,€);, and (d,§); is the i-th component of (d, £). Furthermore, the

composition of a series ¢ € R*((X)) with d is

cod= Z(c,n)nod,

nex*
Theorem IIT.1.4. [24,28] Let d € R™((X)) then the family of series {nod : n €

X*} is locally finite and therefore summable.

Proof: Given that any word in X™ can be written as
T Tk—1,.. n1,. 10
N =2To*"Ty Ty  Tip_, .- T Tis To0,

it follows that

K Ini—Inls
ord(nod) =ng+ k+ Z n; + ord(dy;) = |n| + Z ord(d;,).
j=1 7=1

Thus, for any £ € X*,

1>

I4(€) {neX* : (nod)#0}

C {neX” : ord(nod) <}
71 =1mlz,

= SneX" :|nl+ > ord(d;) < [¢]

i=1


file:///n/xi
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Omne can see that the latter set is finite, ensuring I;(€) is finite, which in turn implies

summability. ]

It is easy to verify that the composition product is linear with respect to its first

argument. That is, for all ¢,d,e € R™((X)), and «, § € R,
(ac+ fd)oe=a(coe)+ B(doe).

However, in general, co (ad + fe) # a(cod) + f(coe). An exception is the case

when a series is linear. A series ¢ € R¥(X)) is called linear if
supp(c) C {n € X* : n=z{tzxg®, i € {1,2,...,n}, ng,n; > 0}.

Given a word n = zg'z;z;° and using the bilinearity of the shuffle product, observe

that
no(ad+ fe) = z3* ' (ad + Be); w zf°
= aap () + B e ma?)
= a(nod)+B(noe).
Hence,

co(ad+ fBe) = Z a(e,n)n o (ad + Be)

neXx*

- Z (a(c, 77)77 od+ ﬁ(c, 77)7] o e)

nex-

= afcod)+ F(coe).

One can verify that the composition product is associative and distributive from
the right with respect to the shuffle product. Unfortunately, it lacks an identity
element and is not commutative. Consequently, (R¢((X)),o) and (RY(X),o) are

only semigroups. Some additional properties are given next.
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Lemma II1.1.2. [28] The following properties hold for the composition product

(Here 1 is a column vector of m ones):
i. 00d =0, Vd € R{(X)).

i co0=cy= Z(c, zg)zg. (Thereby, co0 =0 if and only if cg =0).

n>0

i4i. cgod = ¢y, Vd € R™{((X)). (In particular, lod =1.)

w. col=cg = Z(c,n)xé’”. (Thus, co 1 = c if and only if cg = ¢.)

nex*

II1.2 RATIONAL AND RECOGNIZABLE SERIES

In this section, the notion of rationality is introduced in terms of four rational
operations on R((X)): addition, scalar multiplication, catenation and inversion.
Then, conditions for the existence of a linear representation of a series are presented.
This defines the concept of recognizable series. Finally, it is determined whether or
not certain products of formal power series preserve rationality. When rationality is

not preserved in general, sufficient conditions for preserving rationality are provided.

I11.2.1 Rational series

A series ¢ € R{(X)) is called invertible if there exists a series ¢ ! € R{(X)) such

that cc™! = ¢ 'c = 1. If ¢ is not proper, one can always write
c= (0, 0)(1-¢),

where ¢ € R{(X)) is proper. In which case,
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where

o0

(CI)* Y Z(C/)i )
i=0
It can be easily shown that c is invertible if and only if ¢ is not proper. Now, let
S be any subalgebra of the catenation R-algebra on R((X)). S is called rationally
closed when every invertible series ¢ € S has ¢c™! € S. The rational closure of any

subset £ C R((X)) is the smallest rationally closed subalgebra of R{{X)) such that

it contains F.

Definition II1.2.1. A series ¢ € R({(X)) is rational if it belongs to the rational

closure of R{X).

Consequently, all rational series can be computed by a finite number of sums,
scalar multiplication, catenations and inversions. Any operation preserving rational-

ity is referred to as a rational operation.

I11.2.2 Recognizable series

Definition II1.2.2. A linear representation of ¢ € R((X)) is any triple (, 7, A),

such that
(¢,n) = Au(n)y, Vne€ X7,
where v and AT € R"*! and yx: X — R™ " is a monoid morphism. The integer n

is called the dimension of the linear representation.

Definition ITI1.2.3. [4] A series is called recognizable if it has a linear represen-

tation.

The next concept will be used to provide a necessary and sufficient condition for

recognizability.
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Definition I11.2.4. [4,24] A subset V C R{(X)) is called stable if £}(c) € V for

allce V and all £ € X™.

Theorem II1.2.1. [4,24] A series ¢ € R{((X)) is recognizable if and only if there

exists a stable vector subspace of R{({X)) that contains c.

Example III.2.1. Let p € R(X), where X = {zo,...,2n}. Let V, be the vector
subspace of R(X) such that p € V, ifdeg(p) < deg(p) forall p € R(X). Clearlyp € V,
and dim(V,) = Y°%9?)(m + 1)!. Furthermore, V, is stable since £ () < deg(p) for

any £ € X* and any p € V,. Hence, all polynomials are recognizable. 0

The following theorem establishes the connection between rational series and

recognizability.

Theorem II1.2.2. (Schiitzenberger, 1961) [4,24,53] A series is rational if and only

if it is recognizable.

From Theorem II1.2.2 a bound for the growth of the coeflicients of a rational

series can be obtained.
Corollary II1.2.1. If c € R{(X)) is rational, then there exist K, M > 0 such that
l{e,m)] < KMV, ¥ne X

Proof: In light of the previous theorem, it is known that if ¢ is rational, then there

exists a linear representation (), u,y) for the cocfficients of ¢ such that

(c,n) = Au(n)y, Vne X~

where v,AT € R and x4 : X* — R™" is a monoid homomorphism. Define

#X = m+ 1, K = ||M|]||7]]| and M = Orgl%x{llu(mi)ll}, where ||-|| denotes the
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matrix norm. From the morphism property, u(n) = p(z;, )u(zi,_,) - - p(zi,) when
N = Ty Tip_, - Ty, Ty, € X, 1 < 7 < k. Therefore, the Cauchy-Schwartz inequality
gives

(e, m)l = Ixu(myll < A el < KM, v e X

Corollary I11.2.1 implies that all rational series are globally convergent series.

111.2.3 Products of formal power series as rational operations

. Rationality is important because it implies the existence of a bilinear state space
realization for the corresponding Fliess operator [17,35]. It is therefore desirable to

know when the product of two rational series is again rational.

Theorem I11.2.3. [17] If ¢ and d are rational series in R{(X)), then ¢ ® d s also

a rational series in R{(X)).

Proof: From Theorem II1.2.1, let V, and V; be stable finite dimensional real vector
subspaces of R((X)) such that they contain c and d, respectively. Let {¢;}1¢; and

{d;}7¢, be the corresponding bases for V. and V. Define Viga C R((X)) as
Veod =span{¢, ©d; : i=1,...,n. and j=1,...,n4}.
Clearly, Vooq C R{(X}) is finite dimensional. If one writes
Ne nd ~
Cc= Z aiéi, d= Zﬁjdj,
i=1 j=1

then it follows that

Te,Nd
C@d: Z O{iﬁj(ji@(zj € ‘/C@d'

1,5=1
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It only remains to be shown that V.5, is stable. Observe, by the definition of the

Hadamard product, that for any z € X
27 E O d;) =27H(E) o z7Hd)).

Since V, and V; are stable it follows that z71(¢; ® d;) € Vieq, and therefore, Vo4 is
stable. In light of Theorems II1.2.1 and II1.2.2, the series ¢ ® d is recognizable, and,

consequently, rational. n
Theorem II1.2.4. {17,24] If ¢ and d are rational series in R{{X)), then cwd is
also a rational series in R({(X)).

Proof: A proof similar to the one above will work, but here define the following

vector subspace of R{{(X))
Vewa=span{Gwd; : i=1,...,n, and j=1,...,ng}.
It is easy to see that V., 4 is finite dimensional. If
Ne ng _
c= Z oG, d= Zﬁjdj,
i=1 =1

then

Me,Ng

cwd= Z Oéiﬂj EZ'LLJd_j € "/cu_Jd-
ij=1
To see that V., 4 is stable, observe from Theorem III.1.3 that for every letter z € X
117_1(51' L (ZJ) = 11771(51‘) L d~_7' + G w 117_1((2_7')7 VZ,]
Therefore, since V, and Vj are stable, 271(¢; wd;) € V..., 4, and V, , 4 is stable. Again

by Theorems II1.2.1 and II1.2.2, cu. d is recognizable, and, consequently, rational. m

In contrast, the composition product does not behave as nicely as the previous
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products. The following example, given by Ferfera [13], shows that the composition

product is not a rational operation.

Example IT1.2.2. [26,27] Suppose X = {zo,z:} and consider the rational series
c=(1-xz)"! = z}. The claim is that ¢ composed with itself is not rational. The

main goal is to show that
(CO C, xlgo‘rl{l) = (kO)kla kO Z 07 kl Z 07

or equivalently,

(z7Fzg*(co ), ) = (ko)*. (I11.2.1)

The claim is trivial when kg = k1 = O provided that 0° := 1. If kg = 1 and k; = 0,

observe that

zy3(coc) = x5 (c) oc+ cw (z7(c) oc) = cw (coc).
N~ S——
0 c

The intermediate claim then is that
—ko _ . wkg
Ty (coc) =c™™uw(coc), ko> 1,

where the shuffle power of ¢ is defined as

e =cucw - we, k>1
N

k times

and ¢ ? = 1. If the identity above holds up to some fixed ky > 1 then

2" Necoc) = zg' (PP w(coc))
= xo‘l(c“ko)m(coc)-I—c“JkOLumal(coc)

= |koc®®o D g1 (e) | w(coc) + ¢ ™ u(cw(coc))
0

= @kt (coc).
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Hence, the intermediate identity in question holds for ky > 0. Observe that

The next proposition is that
7"z *(coc) = (ko) o (coc).
If this is the case up to some fixed k; > 1 then
T R (cod) = ari((ko)e P w(co )

= (ko) [z (c™ ) w(coc) +c* w zT(coc)
N —
0

= (ko) [koc" ™ w (coc)]
= (ko) e (coc).

Hence, the proposition holds for all k1, kg > 0. To validate (I11.2.1), simply compare

the constant coefficients in the above identity:
(725" (c00),0) = ((ko)*c " w(co0),0)
(cocatosh) = (k)"
Setting kg = k1 reduces the expression to
(coc,zbz®)y =k*, k>o0.
The key observation is that these coefficients are growing faster than any sequence

of coefficients from a rational series can possibly grow, namely, at a rate KM for

some K, M > 0 (Corollary II1.2.1). Hence, the series c o ¢ cannot be rational. O
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Although the composition product does not preserve rationality in general, there
exist a special condition under which rationality is preserved. Below, such condition

1s given.

Definition ITI.2.5. [13,14] A series ¢ € R({(X)) is limited relative to z; if there

exists an integer A; > 0 such that

sup |0l =N; < co.

nesupp(c)
If ¢ is limited relative to z; for every 1 = 1, ..., m then c is said to be input-limited.
In such cases, let N, := max; N;. A series ¢ € RY((X)) is input-limited if each

component series, ¢;, is input-limited for j = 1,...,£. In this case, N, := max; N, .

Theorem III.2.5. [13,14] Let c € RY(X)) and d € R™{((X)) be two rational series.

If ¢ is input-limited then the series cod is rational.
The proof presented here relies on the following lemma.

Lemma II1.2.1. [26,27] Let ¢ € RY(X)) be a rational series with a linear represen-
tation (p,y,A). Let N; = pu(z;) € R™*™, i =0,1,...,m. Then for any d € R™{{X))

1t follows that

cod= Z ADU((NOIO)*)%

neX

where X 2 {z1,29,...,2m}, and the set of operators {D, : n € X*} is the monoid

under composition uniquely specified by
Da:i . Rnxn((X)) — Rnxn((X)) B l'o(Nol'())*Ni(di \_uE)

with Dy equivalent to the identity map.
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Proof: Without lost of generality, assume ¢ = 1. Directly from the definition of the
composition product observe that

cod = Z i Z ANGEN; Ng* ' N;, -+ - N§*N; Njovy

k>0 'il 'i)c 1 ng,..., n;cZO

Ng—1 g
o T, Ty Ty, g T2y o d

=2 Z D ANGENGNGH N - N3 Nu NG

k>0 11 lk 1 T y-- -y Ty 2 >0

o oo [ o ]

From the bilinearity and continuity of the shuffle product (in the ultrametric sense),

it follows that

w0l Z Z o (Z (NOIO)nk> Nik dik i Z (‘]\'romo)nki1 *Nzk 1

k>0 i1,...,0=1 nE>0 ne_1>0
[dik—l -t I (Z (NOIO)TM) Nil ':dil o (Z (NO:EO)nO)} .. }:H v
n1>0 ng>0

- Z /\xO(NOxO)*Nik [dik t [IO(NOIO)*Nik—l [dik—l L

zo(NoZo) " Ni, [diy w (Nozo)™] - - -] -

Finally, applying the definition of D,

cod = Z Z ADzik Dzikv1 T Dzil ((N[)CE[))*)’Y

k=20 Ty~ Tiy Xk

- Z AD,((Nozo)™ ),

neX=*

and the lemma is proved. ]

Proof of Theorem I11.2.5: Since c is input-limited, it follows from Lemma II11.2.1 that

Ne
cod= Z Z AD,((Nozo)™ )y

k=0 pec Xk
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Clearly, each operator D, is mapping a rational series to another rational series as it

involves only a finite number of rational operations (including the shuffle product).

Therefore, for any integer &£ > 0 the formal power series

> ADy((Nozo))y

neXk

is again rational since the summation is finite. Thus, ¢ o d must be rational.

Example II1.2.3. [26] Reconsider the series coc, where ¢ = z} as in Example 111.2.2.

The nested inductive argument used there can be directly extended to establish the

identity

(coc,xgox’fl---zgl‘lwlf’) _ (ko)kl(k0+k2)k3,..

(ko + Ko+ -+ Ky q)"

forall /> 0and k;, >0,2=0,1,...,[. In which case,

Tj—1

n
(coc,zilzrxy ey - - xy’ ' T12y)

= ng(ng+mn1)---(no+n1+---+nj_1)

(C oc, ITDszTl .. $0$Tk) = (M0 1™9m2 .. | ™k

(111.2.2)

(111.2.3)

(111.2.4)

forall j > 0andn; >0,:=0,1,...,j; and allk >0and m; > 0,2 =0,1,...,k.

Using identity (II1.2.4), observe that

coc = E (coc,z’{“’)z’l”ong E (coc,zzox™ - - - Zoz]™) -

mp>0 k>1 mg,....mi>0

mo mi1 Mk
‘Tl .’L‘0.’L‘1 et .’L‘0.’L‘1

= 14 E E 1™2m2 . ™ g™ ox™? - Tox ]

k>1my,..,mp20
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Y (Z mTl) z (Z (21;1)’“2) %o (Z (m)’”")

kzl 777.120 771.120 mk20
= 1+ Z Toz]zo(221)" - - - zo(kz1)™ (I11.2.5)
k>1

Alternatively, observe that z3 has a linear representation with Ny = 0, Ny =1

and A =« = 1. Thus, D,, : e — zo(z] we), and from Lemma II1.2.1

coc = Y AD,((Nozo)*)y

nex-
= Y Di(1)
k>0
= 1+ Y (e w (ol w (e w 1) )
k>1
= 1+ Zmom’{xo(2m1)* - -zo(kz1)”,
k>1

which is consistent with (II1.2.5). Clearly, if the first argument in co ¢ is truncated,

then the resulting series composition produces a rational series as expected from

Theorem 111.2.5. O

Example II1.2.4. Let ¢ = z} = (1 — z1)"}, which is rational but obviously not
input-limited, and d = 1. Trivially, cod = (1 — zy)~*. Thus, having ¢ input-limited
is a sufficient but not necessary condition for the composition product to preserve
rationality. On the other hand, if one sets d = z; then it can be verified that
(cod,zkz*) = k!, k > 1 [13]. In which case, requiring d to be input-limited instead

of ¢ is not a sufficient condition for preserving rationality. 0

Another sufficient condition for the rationality of the composition product can be

described in terms of the Hankel rank of a formal power series.

Definition II1.2.6. [15] For any ¢ € R*((X)), the R-linear mapping H, : R(X) —
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R*({X)) on the vector space R(X) uniquely specified by

(He(n), &) = (¢, &n), V€, ne X*
is called the Hankel mapping of c.

H. has a matrix representation whose (£,7) component is given by (H.)e, = (c, &n)
for all £,7 € X*. Its range space, H.(R(X)), is an R-vector subspace of R*((X)),
which is not necessarily finite dimensional. Consider the following definition and

theorem.

Definition II1.2.7. [15] The Hankel rank of ¢ € RY(X)) is pu(c) =

dim(H(R(X))).

Theorem II1.2.6. [15] A series c € RY(X)) is rational if and only if its Hankel

rank s finite.

Note that for an arbitrary input-limited rational series ¢ € Rf({(X)), there exists

a natural number N, such that its support is

supp(c) = {77 € X": Z Inl,, < Nc} :

It is easy to verify that the composition of any input-limited rational series ¢ €

RE¢((X)) with a rational series d € R™((X)) can be written as

Ne
cod= Z ¢, od,
k=0
where ¢, = ¢ ® Lg, and Ly is the characteristic series of the language Ly =

{ne Xx*:37 |nl, = k}. From the definition of the Hadamard product supp(ci) =

z;

supp(c) N Lx. Moreover, since Ly = zj(z;,xp) - (z,z5) for ¢; € {1,...,m},
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j =1,2,...,m, then L; is a rational language, and its characteristic series is ra-
tional. By Theorem II1.2.3, the series ¢k is also a rational series. Clearly, the partial
sum &, =y ,_o Ck 18 also input-limited. Thus, it follows from Theorem III.2.5 that for
any rational ¢ € R*((X)) and d € R™((X)), each series in the sequence {é. o d},»o is
rational, or equivalently, in light of Theorem II1.2.6, {py (&, o d)},>0 is a well-defined

sequence of nonnegative integers. In this context, consider the following theorem.

Theorem II1.2.7. [9] Let c € RY((X)) and d € R™((X)) be two rational series. If

the sequence {pp(¢. o d)}r>0 has a limit then c o d is rational.

Proof: The claim follows directly from Theorem II1.2.6 and the following (eas-
ily verified) property concerning infinite matrices. Let {M,},>0 be a sequence
of doubly infinite matrices with real coefficients. Assume that lim, . M, = M
(componentwise in the usual topology). If each M, has finite rank (meaning that
pr (M) = dim(M,(R(X))) is finite), it is not necessarily the case that M has finite
rank (such examples abound). But if the sequence {py{(M,)},>¢ has a limit, then it

does follow that pgy (M) < lim, o pg (M, ), that is, M must have finite rank. u

Example II1.2.5. Suppose X = {zp, 21,22}, and let c=1+4(1 —z1)™! — (1 — z9)7?
and d = [1 1]. Clearly in this case c is not input-limited since ¢ = 1 and ¢; = 2 — z}
for all 7 > 1. Now observe that cpod = 1 and ¢jod = 0 for all 7 > 1. Thus,
¢ od =1 for all r > 0, which in turn implies that pg(é od) =1 for all r > 0. From
Theorem II1.2.7 it then follows that c o d must be rational. It is trivial to check that

indeed cod = 1. 0

If ¢ is input-limited, then obviously lim, .« pr(é,0d) = py(¢.-0d)|,—n. = pr(cod).

Conversely, if lim, ., py (¢, o d) exists, then there must exist an integer r* > 0 such



74

that pg (8- o d) = pu(cod) for all » > r* (which, of course, does not imply that
¢, od = cod). In general, however, it is possible for Hz oqg — Heog a8 7 — 00, while at
the same time the integer sequence pg(é,od) diverges. In which case, Theorem I11.2.7

would not apply.

Example II1.2.6. Reconsider Example 111.2.4, where ¢ = (1 — z;) ', d = 1, and
cod = (1—zo)"". As noted earlier, ¢ is not input-limited, but rationality is still
preserved, specifically pg(cod) = 1. Now observe that ¢; = 2], ¢; o d = z)) for
j >0, and thus, ¢, od = E;ZO:L%. In which case, pg (¢ o d) = r for all r > 0. This
example clearly falls outside the realm of Theorem II1.2.5 and its generalization,

Theorem I11.2.7, even though rationality is in fact preserved. 0

It is worth noting in the previous example that if each Hankel matrix Hzo4
is truncated to an r x (r + 1) matrix, then the resulting matrix always has rank
equivalent to that of H..g for every r > 0. This is reminiscent of classical Hankel
matrix analysis done for the partial (linear) realization problem [37]. In fact, when
c o d is not rational, ¢, o d can be viewed as a rational approximation of cod, i.e., a
type of partial bilinear realization problem or a noncommutative Padé approximation
(e.g., see [32,33]). Therefore, it seems unlikely that any finite test for rationality can

be devised by considering only the ranks of truncated Hankel matrices.



75

CHAPTER 1V

FLIESS OPERATORS

In this chapter, Fliess operators are introduced in such a way that dissertation
problems (i), (i%) and (i77) are solved. As noted in Chapter I, a series ¢ € R¥{(X))
can be formally associated with the m-input, £-output Fliess operator

Flu)(8) = Y (e.m) Bylul(2),

nex*

when the inputs are measurable functions. In order to develop a stochastic version of
a Fliess operator, a class of suitable stochastic input processes needs to be introduced.
Then, stochastic integrals will be used to provide an extension of the definition of
Fliess operators. To develop the corresponding convergence results, it is necessary to
write a Stratonovich iterated integral as a sum of 1t6 integrals, so that the convenient
properties of the It6 integral can be used. The calculus of upper bounds for stochastic
iterated integrals in Lo will be used to prove that a Fliess operator with stochastic
inputs converges in the mean square sense when its corresponding series is globally
convergent. In addition, it will be shown that the notion of a stopping time can
be used to significantly expand the set of input-output systems that can be studied
by this formalism. The chapter is concluded by characterizing the nature of the
output process and some of the underlying algebraic structure concerning the new
class of Fliess operators. Specifically, it is shown that the given stochastic formalism
for Fliess operators can be directly related to Chen series, which have a well known

relationship to Fliess operators driven by deterministic inputs.
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IV.1 FLIESS OPERATORS WITH STOCHASTIC INPUTS

IV.1.1 The UV™[0,T] space

Consider a one-dimensional Wiener process, W, defined over a probability
space (2, F,P). For a predictable function v : Q x [tg,tg + T] — R™, let
lull, = max{||ull, : 1<i<m}, where |||, is the usual norm on L,(€ x [to, o +
T],P, P ® A), the set of all predictable functions defined on [tg, to + T having finite

[[-1] r,~norm with P the predictable algebra and A the Lebesgue measure.

Definition IV.1.1. Let 0 < ty < T. Consider the set of all m-dimensional stochastic

processes over [to, tg + T, denoted by uv" [to, to + T'), which can be written as

t t

w(t) = / u(s) ds + ]{ o(s) dW (s) (IV.1.1)

to to

for some u,v € #. The latter are called the drift and diffusion inputs, respectively.

Moreover, the subset UV™ [tg, to+T| C uy” [to, to+T] will refer to all processes where:

a) Each integrand consists of m components such that E[u;(t)] < oo, E[y;(t)] < oo,

t € [to, to + T).
b) The integrands u and v are such that

el s ol s Ivllz, < R ERT.

c) The random variables u;(¢1), u;(t2), v;(¢t1) and v;(¢2) are mutually independent

for 1 <i<mandt, #ts.

Observe that since u,v € #, by Definition 11.3.10 any w € uv™ [to,to + T is also

an L,-1td process because the Stratonovich integral of v can be expressed as the Ito
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process
t t i

fv(s) dW(s) = /v(s) dw (s) + %/b(s) ds.

To describe an iterated integral over UV™ [to, to+T1], consider the following alphabets:
X ={z0,z1,-- -, Zm}, Y = {¥0,¥1,.--,Ym} and XY = X UY. An arbitrary element
of X UY will be denoted by q. For each n € XY™, define recursively the mapping
E,: L7(Q x [to,to + T, P, P ® X) = Cq.[to, to + T by first setting Ey = 1 and then
letting .

o f](t) = / wi(8) Ey [w](s) ds, z: € X (IV.1.2)

to

t—

Burwl(t) = § w(9) By lul(s) dW(s), 3i € Y, (1V.1.3)

to

where ' € XY™, ug = vg = 1, and the notation ¢— indicates that the integration is
over [to,t). The notation ¢— will be suppressed in subsequent sections. Also, without
loss of generality, it is assumed hereafter that ¢, = 0.

The following terminology will be used throughout the upcoming sections. Let
N™+1 be the set of all vectors with components in N = {0, 1,...}. Define the language
Xkyn £ {n e XY™, |nlx =k, nly =n} formed by words having k letters in X and n
letters in Y. For a fixed word n € X*Y™, define the vectors & = (am, - - - , @p) € N™*1

and B8 = (Bm, -+ ,00) € N™ where o; = |n

z;? /BZ = |77

s B = 2iipo and
n =Y., 0. The summations over all possible o;’s that sum to k and all possible
0G;’s that sum to n are denoted, respectively, by Z”a“:k and Z” Bll=n" Since one is
interested in working with arbitrary letters in the alphabet XY, hereafter ¢ will
denote an element of XY, where ¢! = z; if | = 1 and ¢} = y; if [ = 2. The symbol Wet

will denote either a drift or a diffussion input, and dqf will denote either Lebesgue or
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Stratonovich integration according to the value of [.

IV.1.2 An It6-Stratonovich identity

Now given that E,[w](t) uses Stratonovich integrals in its definition, a special
approach has to be employed to calculate || E,[w](t)],. It is known that Stratonovich
integrals lack certain important properties such as isometry [39], but if a Stratonovich
integral is written in terms of It6 integrals, then all the properties associated with It6
integrals are available. There exist several formulas for writing iterated Stratonovich
integrals as sums of iterated Ito integrals [34,41]. If n € X*Y™, an analogous formula
for E,Jw] can be obtained by a sucessive application of Definition I1.3.10. To develop
this identity, first define J(n) = (jn,.-.,71) € N" to be those places in n where

all the letters belonging to Y are located. For example, if n = x; y;,Zi, Ui, ¥i, then
J(TI) = (j37j27j1) - (4) 2) 1)
Theorem IV.1.1. Let n € X*Y™ and w € UV™|0, T) be arbitrary. Then

m| 3]

1

Bl = D gmm 20 WU, (IV.1.4)
r1=0,r0=0 S-,-IEA::?
§r2€A_’n’r2
where
A_nr2 = {51.2 = (57-2, .. .,51) < N2 . 512 + 1 < §l2+1, l§l2+1 = 2, 1 S lg S Tg — 1,
5, € J() }
fOT' 1 S T2 S [%J: Anﬂ - @;
Airrf = {srl = (Sryy.--,81) ENT 18y < sy, 1< <rp—1, sy # 8, or 5§, + 1,

§l2 S '§1‘27 Si € J(n)}
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for1<r <n, A:BZ =0, and |-| is the floor function. In addition, if n = qzk‘L"n' €

XkY™ then

Ll®) 2 [ w6y [0)(tern) dgi 1z (o) (IV.1.5)

Spq

1,72 [w](t) £ L[w)(2) (IV.1.6)

fvi512 1 fvi% dW(t’)dW(t)'—) fviizz +1Ui512 dt
fviszl dW(t)'_> fbistl dt

with bisl (S LQ(QX[O,T],P,P@)\), 1 S ll S T1, 1 S 12 S T, andisll,i% € {0, . .,m}

are the indices of the s;,-th and 5;,-th elements of J(n).

Proof: Before starting the proof, it is important to observe that A,,, and Affrf only
affect the stochastic integrals in E,[w], i.e., they are related exclusively to letters in
Y. The proof is by induction on the length of the word n € X*Y™. The k+n =0

case is trivial. For k+n =1, if n = z;, € X then it is clear that

t
Buy 0l() = [ ui(s) s
since 11 = r, = 0. On the other hand, if n = y;, € Y then from (II.3.3) it follows
that

B, [wl(t) = /0 v () dW(s)+% /0 b, (s) ds (IV.1.7)

(1)
= Iyzl[ ]( )+ 2Iy11 [ ]( )’

since s1 = 1 (A1; = {(1)}) and r, = 0. The k+n = 2 case is helpful for understanding
the general case. Here n € {Z:,%i,, TiyYin, YinTirs Yin¥iy - LThe n = 2,2, case is trivial
since there are no letters in Y involved. If n = z;,y;, or y;,z;,, then from formula

(I1.3.3)

1 (1)
By [W](8) = Lz, [w](E) + zzzyll[ w](t),
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and
1 (%)
EyiQIil [w] (t) = Iyizzil [w](t) + §Iyi21i1 [w] (t)7
respectively. When 7 = y,,v;,, the following identity needs to be proved

1 (2) 0 1 @

B, [u)(t) = L)) + 51,0 [w]() + 51,° ]+ STV l() 4 7T © [ul(e). (1V-18)

Suppose

L) = () / vs (5) AW (s)

f(t) = vp(t) [ by(s) ds.
From the Itd derivation rule
d(ViVa)(s) = Vi(s) dVa(s) + Va(s) dVi(s) + Bi(s)Ba(s) ds, (IV.1.9)

where dV;(s) = A;(s)ds + B;(s)dW (s), one can determine which terms in df; and

df, generate a quadratic covariation different from zero. For example,

ft) = ( /0 Ca(s)ds + /0 tbiQ(s)dW(s)> ( /0 e (9) dW(s)) (IV.1.10)

_ /0 b, (5) /0 T (1) AW (r)dW (s) + /0 vis (8, (5) AW (s) + B(dt).

Here ®(dt) denotes a generic term that together with the Wiener process W generates
quadratic covariations equal to zero. For f,, given that the right factor of f; is a
Lebesgue integral, only v;, contributes to a quadratic covariation different from zero.

Hence,

folt) = /0 b (5) /0 b, (r) drdW (s) + B(dt). (IV.1.11)
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Continuing with the proof of (IV.1.8), substitute (IV.1.7) into E,, ,, [w](t) and em-

ploy (IV.1.10) and (IV.1.11). Then

= /Ot Viq (tg) Atl Vi, (tl) dW(tl)dW(tg) + Vi, (tg) /O.t2 bi1 (tl) dtldW(tg)

/0 vi, (b1)s, (1) dty

S—

o+

N — pO| =

1 t 12
—+-§/ biz (tg) / ’Uil (tl) dW(tl)dtQ —+-
0 0

1 t to
—+— / bi2 (tg) / bil (tl) dtldtg
4 4} 0

(1) (2) 0 (2,1)
= L)) + 510 )+ L i) + SOl + 1, w)()

Now assume (IV.1.4) holds up to n+k and let n = ql::"iin' € XY+ Iflin =1

then

E,[w](t)

¢ "’I_%J 8ry
= /uik+n+1(tk+n+l) Z 5o Z Isr J(tktnt1) | dignia
0

r1=0,r2=0

8rq EAn'rl

n|3] s
= Yy 2T112T2 Z I, "2 [w](t). (IV.1.12)

r1=0,r2=0

8rq

ar
8rq GAnr?
51‘2 EAnrz

If lgynyr = 2 then

Eul(®) = § ths(teens):
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Z oriom Z L2 [w](tksns1) | AW (tegntr).  (IV.113)
r1=0,r2=0

8y
8pq EAnr2
Br,€Anr,

Since any s;, # 515, 81, + 1 for 0 < I < [ 2], using (I1.3.3) and (IV.1.9),

<Uik+n+1 () (Ij:; [w] ()) ’ W>
[0,

( ,5;‘1 8rq

L2 (w]() + L2 [w](t) ¢ sy <k4mn, 5, <k+n—1

and q§:+: €Y,

_ .. + (IV.1.14)
L2 [w](t) : S, =k+nor 5,=k+n-1
\ or q:::: € X,

where s/ = (k+n+1,5,,...,5) and 5, = (k+mn,5,,...,81). Substituting

(IV.1.14) into (IV.1.13) and regrouping gives

Eylw](t
n, L%J 1 : Erl
_ i Z f’Uz’k+n+1 (tk+n+1) (In'm [w] (tk+n+1)) dW(tk‘f’"‘H)
r1=0,r2= 8ry EA:wl 0
8ry E/i'n.‘l‘z
n, I_%J 1 5r1 1 5y
8y o
= X g 2 |\WCRO+3 <“ (I"’ z[w](')> ’W>
1'1:(],7‘2:0 8rq EA;:? [O)t]
8rg EA"'Q
For n even,
n+1,|_%J 1 57‘1
En[w] (t) = Z 9r19r2 Z Inﬂr2 [w] (t)? (IV'1'15)
r1=0,r2=0 8ry E/}l(s:il)rl
Bry€A(nt1yry
and for n =n’ + 1 odd,
n'+1,| 2 ]+1 o

Bl = S 2“12” S L), (IV.1.16)
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Together (IV.1.15) and (IV.1.16) become

n+1, L"T'HJ

1 o
Eywl(t) = Y S Yoo L) (IV.1.17)
r1=0,r2=0 Sry e/}?‘:il)rl
§1‘2€A(n+1)7‘2
Finally, from equations (IV.1.13) and (IV.1.17) the induction is completed. [

IV.1.3 Upper bounds for stochastic iterated It6 integrals

The next two theorems present L, upper bounds for the iterated Ito integrals

(IV.1.5) and (IV.1.6).

Theorem IV.1.2. Let n € X*Y™ and w € UV™[0,T) be arbitrary. An Ly upper

bound for the iterated It6 integral (IV.1.5) at a fized t € [0,T) is

U9 (1) V(1) (IV.1.18)

Il < 1T =07 =51
where Uy(t) = [ B [u?(s)]|ds and Vi(t) = [ E[v?(s)]ds.

0 1

Proof: The inequality is proved by induction over the total number of £+n integrals.
For k +n = 0, the claim follows trivially. If £ +n = 1, then there are two cases.

First, if n = z;, then by Holder’s inequality

[ [w](t)“z < t/o E [« (t1)] dt1 = t U, (¢).

The second case is when n = y,,. By the isometry property

I w0l = [ B 6)] dn = Vi)

Now calculate the bound for n + k + 1 integrals assuming that (IV.1.18) holds up to

some fixed n +k > 0. Set n = qi"*““ "with n € X*Y™. If ly1nt1 = 1, then the

k+n+1 77
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independence property assumed in Definition IV.1.1 gives

1T, [w) (815
2
= /u1k+n+1 tk+n+1)I [ ](tk+n+1) dtkynt1
0
< E 1k+n+l(tk+n+1)(1 (w ](tk+n+1))2] Atk int1
t
= t/E [u?k+n+1(tk+n+l)] E [(Ty[w] (tk+n+1))2} Al kynt1
0
1 U2 (tensr) V5 (trsn
= t/E Uiy ( tk+n+1)} thinin || aT * (ﬁT 1) Atk 4nt
0 i=0 v v
m Ual Vﬁz Ufik:ﬂ+1 (tk+n+1)
< H H / [ z2k+n+1(tk+n+1)] = c’tl , Alktnt1
i=0 tktn+1”
£kt nt1 9 -— _
O
(&ik+n+l + 1)'
M rrd; B;
< tk+1H i_ (t)Vz (t)7
=0 ai! (,61)'

where > " &; = k. Letting o; = a; +¢;

(ihtnt1)

(here 6;; denotes the Kronecker delta

function), then
0% (8) VP 1)
a'L' IB'L ’

L, [w](B)])3 < 54! H

=0

where Z;’;O a; =k + 1. Now, when lx,,,1 = 2, the isometry property gives

T, [w) ()1l

" 2

= E / Vi y s (1) Ly (W] (Brint1) AW (Bgnsn)

0
t

= / E,:U?k+n+1(tk+n+1) (In'[w](tk+n+1))2] Atktnt
0
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- / B [,y (thsme)]| B [Ty ) Bnsn))?] dtnss

k “ tk+n+1 “ VI tk+n+1
Ukpnt1 H H diint1

i=0 i=0 1

= /E 1k+n+1 tk+n+1):|
0

ry m 3; ’Hi n
U2 (t) V(@) /E [ . Vieras (tan+1)

m
k ) %
<t H ! H B" Uik+n+1(tk+n+1):| ﬁ d k+n+1,
=0 Yoo i=0 Yo Thpntl”
iF iy nt1 < P

-i ™~ 1
_uy

B (/Bik+n+1 + 1)'
where > 7" Bl = n. Similarly, let §; = G; + Oi(igsnsr), then

U"' Vﬁ’
Tl < t* H

where > 0; = n+ 1. Hence, the proposition is proved for all k£ +n > 0. [ ]
i=0

Theorem IV.1.3. Let n € X*Y™ and w € UV™[0,T) be arbitrary. An L, upper

bound for the iterated Ité integral (IV.1.6) at a fized t € [0, T is

2 ~ = _
U VW T ) B
L,72 [w](t)|| < 2m2tFtritr : IR AR A (IV.1.19)
n , g ai! ﬁz' \/’)/i! ’)/1'

r2 T1

where ¥; = l2=1(5ii§l2 + 5i(i512 +1)s 81, € Srpy; i = D 51-1-”1 , 81, € Spy; Bi =
B =% — ; Ui(t) = [JE[u}(s)]ds, Vi(t) = [yER}(s)]ds, V2(t) = [y B[v}(s)]ds
and B;(t) = [y E[b3(s)] ds.

Proof: This inequality is proved by induction over r =7, +79. If r; =0 and 7, =0
then inequality (IV.1.19) reduces directly to inequality (IV.1.18). Now assume that
(IV.1.19) holds up to r—1 > 0. To illustrate the inductive step, consider the following

calculations. By Holder’s inequality

t 2 t
/ bi, (t1)dt, < ¢ / E [ (t1)] dt1
0 2 0
< tBy(t).
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To calculate the norm squared of fot Vi, (81)v;, ($1)dt1, there are two cases.

If 4y # iy then

t 2 t
/’Ui2 (tl)vil (tl)dtl S t / E [’U,L-Z2 (tl)’(}izl (tl)} dtl
2 0]

0

IN
-
—
=
=

N
=
)
Q.
S

—

=
a.
ou

If il = ig then

2 t

/ufl(tl)dt1 < t/E [v} (1)) dt, < 2t Q%;))—

Keeping in mind the inequalities above, one can proceed with the induction. Without
loss of generality, set 7 = qf::: . qz:”:yhrn € XY, o € Xk Ry 1 with s, = s,,
or 5,, + 1, and k; < k. For s,, > 5,,, applying the isometry property n — s,, times

and Holder’s inequality k; times gives

o1 2
L, [w](?)
2
t tarl +2 ts'r1+1 31-1 1
= E /wq‘lik‘f‘" (tk+n) .. / w 18r1+1 5r1+1 / blsrl t-ﬂrl I ,37‘2 [’U}] (tsrl)dtsrl .
0 k+n 0 z.9-,- +1
2
l
dqz:i:i (t5r1+1) dqzk " (tesn)
t tsrl +2 ts'rl +1
S tkl /E [wjl.k-f-n (tk+n):| ot '/ E w2l5r1 +1 (tsrl +1) E / bisrl (tsrl)
0 Yk+n 0 i 1 +1 0
2

I ,31'2 [w](tsn) dtsrl dtsr1+1 R dtk+n-
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Using Holder’s inequality once more and applying the inductive step with r — 1 =

TL+ T — 1’
o 2
L, [w](t)
2
t tsr +2 tary +1
S tkl /E |:w21_k+" (tk_,r_n)j! . -/ E U)215r1+1 (tsrl_*_l):l tsrl‘*‘l/ E lib?-grl (ts'r‘l )] .
0 q1k+n 0 qi*"'f‘l‘f‘l 0
81-_1_1 2
L2 [w](ts,)|| dts, dts, 41+ dbesn
2
t ts-,-l +2 tsrl +1
S tkl /E {wzlk-f—n (tk+n):l oo ./ E w2l&r1+1 (tsTl'Jf'l)} tsT1+1/ E [b?srl (ts'r‘l )] :
A qik-}-n . qi-ﬂrl +1 ,

™ st YV, Y V(s ) BY (¢
2r2tgr—k1+r1+'r2—l H _( : rl) 7 (_ '7-1) 7 (_Srl) 3 ( |Sr1) dts,.l dtsrl-;-l o dtk.},.n
—0 gi! V! Vit

t tﬂrl +2
S 2r2tk+'r1+r2/E l:w2lk+n (tk—i-n)} .. / E w2l3 o (tsr +1) .
qik+n q; i !
0 0 srptl
ﬁ Ues (tsq) ‘/7.5( sr1+1) 5r1+1 H Sr1+1
i=0 al' ;61' V ’Yl _
l:,éls.,,l
o ()
/ E (82, ()] =2 dts, dte, 41 dbs
o ’yls-,-l
t t“irl +2
ro k+ri+r
< ztrnin (Bl o] [ B[, )]
0 - 0
ﬁ Uai (tsrl) ‘/iﬂ(tsrlJr'l) ‘/i’ﬁ (tsr1+1) B;Yl (tsr1+1) dt . dt
.l B" /7.' ')’{! srq+1 k+n;s
7‘:0 7 (' (' 1

where v, = ; + 0, . Observe that Yo ovi = 1. The remaining (n + k1 — s,,)
integrals are evaluated exactly as in the proof of Theorem IV.1.2. Thus, the &;’s and

B;’s increase rather than the 7;’s, and

8ry 2

I, [w)(t)

< 2T‘2tk+1‘1 +72 H Ual ( ) Vﬁ (t) ’Lii (t) B?‘L (t)
- . ai! ﬁ ’—)’i. al
2 1=0 L s
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.
Bi+ |G- q

i5T+1
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= Y lsTl'*‘1
== k, o, = Qi‘i‘ qik+n"' isptl

I.y ZZZO (51+f71+7:) = n, /Bi =

lSrl +1

, and G; = 51‘ + % + ;. Similarly for 5,, > s,,, one instead

1

applies the isometry property n — (8,, — 1) times and Hdélder’s inequality k; times.

There are two situations. The first is when §,, +1 # 5,,. It then follows by Holder’s

inequality that

Srq

1,7 [w)(t)

2

2

t t5rg+3 t5rg+1

ik—}-'n, qii’rz +2

= E / wak+n (tk+n) t / w l§r2+2 (t§r2+1)/ ,Uiiy-z +1 (tg'l‘z )’Uig'rz (tg"'Z) :
0

0 0

8rq

Spy— l5r lkan
L wl(ts,,) dts,, dg;7 (s, 41) -+~ iy T (tesn)

¢ t5ry+3
S tkl /E I:w2lk+n (tk-f-n):l o / E w215r2+2 (t‘§r2+1)jl t§T2+1 )
qik—}-n qiir +2
0 0 :
tsrg+1 s 2
1
Bpo_
/ E [virz alta, (t%)] 172 [w](t,) || dts,,dbs, 41 dtesn
. 2
‘ t5,5+3
S tkl /E [w2%k+n (tk'f'n)} o '/ E w215‘r2+2 (t§T2+1)jl tg’"2+1 ’
A q"k—}-n 0 7:3'1-2 +2
targ+1
/ E |:vi2§'r2 +1(t§7'2 )vi2§1‘2 (tgrz )] zrzhltlg;kl—krl—krzhl )
0
o U (ts,,) Vi (ts,) Vi (8,,) BY (t5,,)
H 7.1 3.1 /) I dtgrzthrﬁl ~ dtggn
‘ tar,+3
S 27‘2—1tk+7'1+7‘2 / E {u}zlk+n (tk-f‘n)} o / E w2l§r2+2 (t§7‘2+1):| )
0 qik+n 0 i572+2

1=0

ﬁ ﬁidi (t§rz+1) V;ﬁi (t§r2+1) Bzi (t§T2+1) ﬁ nyl (t§,2+1) '
! a;!

' ! 1=0 \/—’VT

I#is,, iarg+1
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13, Sr
/ E |:’Ui2§1_2 (tgrz)} 2—[—'_th7'2 dt5r2+1 . dtk—}-n
0

tsry+3

t
2r2—1tk+r1+r2 /E [w2lk+n (tk+n)} o / E

iktn

(A

w215r2 +2 (t§r2 +1 ):t :

qii'rz +2

ﬁ 0idi(t5rz+1) Vz‘ai (t§r2+1) B (t§r2+1) .
=0 a! G i

e — Vig +1
Yl T2 - g
‘/l (t§r2+1) ‘/157'24’1 (t‘g"'2+1) V

tar,+3

orz— ltk+r1+r2 /E l:w len tk+n)j| .. / E |:wzl§r 2 (t§T2+1)j| .
"k+'n.
0

*Erg +2

H Uiai( ST2+1) ‘/16 (tsr2+1) ‘/1’71 (tg"‘2+1) B;YI (tg"‘2+1)
o &i! ﬂl' V ’—)'1' ’)/z'

where ¥; = 7] + dis,, T di(s,,+1) and Yo% = 2ry. Thus, the remaining (n + ky —

IA

dts,, 41+~ dty,

(sr, + 1)) integrals are calculated as in the case when s,,55,,, and again the &;’s and

B;’s increase instead of the %.’s. Therefore,

2 M rra g (7% i
<9 2r2—1tk+r1+r2H U 1(t) ‘/zi(t) Vi‘y (t) Bl‘y (t) ,
- i=0 ai! ﬂz' V ’_71' '71'!

874

I 'ngrz [w](2)

2

lk+-n . lar2+2

where Y " o, = k, o = @; +

o > iso (Ei“"—)’i-i-%) =n, G =

qzk-{»n z"';-,-2 +2 -
i

= lsr = _ . . . .
G; + b ‘g, 221 and B = G; + ¥ + 7. In the second situation, 5, +1 =15,,.

qzk+n tsry+2 y
3

Since (3] + 2) > /7, + 11/7, + 2 it follows that

g 2
1,7 uw](1)
2
t t§r2.+3
ro—1,k+r1472 2 2
< 2 /E [w letn (tk+n)} / E w7, +2(t§r2+1):| :
4 qik-}-n o qi§r2+2
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ﬁ U (ts,,+1) Viﬁi (tsr,+1) BY (ts,,41) ﬁ v (ts,,+1) .
0 a! B! ¥3! 0 !
l?éi§r2 77:57‘2 +1
tery+1 = ’—%grz +1
o (ts,,)
g, 8
/ E [U?Er +1 (t§r2 )j\ s dtg'rzdtg'r2+1 T dtk+n

2 (=1 ]
0 %§T2+1'
t§r2+3

< 27'2 1tk+T1+7‘2/E [/LU lk+ (tk+n):| / E

w ls +2 (t§r2+1)} )

qtsr +2

0
F 5 o) W) B o) 7 A
=0

ﬁ

415, gy +1

. ts
E |[v* (¢ l—)d dt s . dt
’Uz;g,_2 ( 57'2) e ' Sr2 Sr +1° k+n

t tary+3
rogk+ri+r 2 2
< Qraghtritra /E [w i (tk+"):l .. / Eijw lar, +2(t§T2+1) .
4 iy i, : qst2+2
’_Y +2

ke ﬁi&i(tsr2+1) Viﬁi(tgmqtl) B (ts,,+1) ﬁ ‘—/l’_yl(tgrz+1) V (ts,,)
H ¥i!

;! 3,! /7N /—/ =
i=0 Q. /81 . 1=0 ’Yl . ’)/,L-ET . ’)/7_-
l7éi§r2 vi§r2 +1 2

dt§T2+1 < dbggn

t t5ry+3

< 2r2tk+rl+r2 /E [w21k+n (tk+n)} o / E {:w iy +2 (t§r2+1)} :
qik-{»n i
0 0 ”2“’
™m Q 7
U (tsy41) Vi (ts,y41) Vi (tsy 1) B (t5,,41)
H 5.1 3.1 =1 1 dt§r2+1"'dtn7
=0 Qg gi! it Vit

where 3; = 7. + 26ii5,, and Yoo = 2ry. The remaining n + k; — (3, — 1) integrals

are evaluated as in the previous steps. Thus,

2 ~ = _ -
5 T U () V() V() By (¢
1.5 [u)(2) Szrf_,tHanU &) Vi (®) 1_() U(t)
) o @ gl VAl
lk-}-n.’. l37-2+2

where > " o = k, a; = @& +

qlk-}-n i.97-2 +2

m = _ =
K Zi:(] (/61+71+77.) = n, /87.' =
T
lk+n “ e ls1-2+2
qlk+n Loy +2

,and 3; = Ei + 4; + ;. Since all the possible situations are

i

G +
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covered, the proof is complete. n

A consequence of the previous two theorems is the Ly upper bound for the random

variable E,[w](t) when n € XFY™.

Theorem IV.1.4. Let n € X*Y™ and w € UV™ be arbitrary. Then for a fized

€[0,T]
(RVD)*(V2R(VE +2))™"
(a)3(8)3

where ol £ agl -+ am!, B1= Bol -+ B! and max{[ull, , [Vl L, lvollr, . vl } < R.

“En[w](t)“2 <

, (IV.1.20)

Proof: A Stratonovich integral can be written in terms of It6 integrals using (IV.1.4).

Note that #(A,,) < ("77?) < (7) and #(An2) = (*,2?) < (7). Using the triangle

T2 T2 T1

inequality, Theorem IV.1.3 and the binomial theorem, observe

n3)
IE,[w]@®)ll, < D 2?11?2 >

r1=0,r2=0

8ry

Ingrz [w](t)

8r
8ry EAnrf 2

51-2 eAnr2

";L%J k+r1470

5 m ﬁ V;Bi(t) “/;"n (t) Bi%- (t)
< X or12F 2 H ol B VA

IA
TN
—~
R |
| 4+
wi-| 3
~—
3
M=
n[3
| S
o] T
SN
[\] =
o3l
I
— 3
]

D=
Ve
2|
o

NI

1
r1=0,r0=0 ey EA:'W? i==0 (/61') (’77,')2
37-26117”-2
( R+t ) ‘5 S
T 7 ,
(a')2(ﬂ')4 120 72=0 2m19D 3 STIEA::% 0 /61"\/1 /)/_L
s,-zefinm
e )5 ()58 (0
(al)a(ﬂl)i T1:02r1 T 2% \ 7y
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- (RVE)*(V2R(Vt + 2))

IV.1.4 Fliess operators and their global convergence

In this section Fliess operators are suitably extended in order to accept stochastic
processes from UV™[0,T] as inputs. Now recall that for any w € UV™[0,T], R is
an upperbound for ||ull, , ||v|,, and [lv||;,. Thus, the concrete objective of this
section is to show the mean square convergence of the stochastic extension of Fliess
operator for all ¢t € [0,7], where T, R > 0 are arbitrarily large but finite. This type

of convergence will be known as global convergence.

Definition IV.1.2. A causal m-input, f-output Fliess operator F;, ¢ € RE((XY)),

driven by a stochastic process in UV™[0, T is formally defined as

Elul@)= Y (en) Ejful(t), (1v.1.21)

nexXy*
where each E, is given in (IV.1.2)-(IV.1.3).

The operator F_ lacks real meaning unless its convergence is described in some
manner. Since (IV.1.21) involves stochastic integrals, a mean square notion of con-
vergence is assumed, i.e., the infinite series ) _xy. [(c,n)| [|Ey[w]|l, is finite. The
procedure used here is motivated by Riccomagno in [50,51]. In this regard, consider

the following definition.

Definition IV.1.3. For a fixed ¢ € [0, 7], the series F.[w](t) in (IV.1.21) is said to

be a Cauchy series if for any ¢ > 0 there exist an N > 0 such that

S Y @B <

= = kyi—k
=N k=0 geX*Y? )
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when Ny > Ny > N.

It is well known that Ly (€2, F, P) with its usual norm is a Hilbert space modulo the
almost sure equivalence relation in Definition I1.1.4. The following theorem ensures
that a Fliess operator converges absolutely in the mean square sense to produce a

well-defined output process when its corresponding series is globally convergent.

Theorem IV.1.5. Suppose for a series ¢ € RY((XY)) there exists real numbers
K, M > 0 such that

(e,m)| < KM, ¥ne XY™,

Then for any stochastic process w € UV™[0,T], T > 0, the series (IV.1.21) converges

absolutely in the mean square sense to a well-defined random vector y(t) = F.[w](t),

te[0,T].

Proof: Without loss of generality it is assumed that £ = 1. Pick a ¢ € [0, 7] and any
w € UV™(0,T]. Let R = max{]|ull,, ,|lvll,,,llvoll, lvll,,}- For a word n € X*Y™,
recall k = )" «; is the number of Lebesgue integrals in 7, while n = >~ §; is the
number of stochastic integrals in n. Define
aen(t) 2D (e, m)Eylw](t).
neEXkY™

Note that the language Lo g = {n € X*Y" : nl,, = i, n

v ﬁi,’i = O,...,m}

consists of (k + n)!/(a!B!) words. Applying Theorem IV.1.4,

lara®ll; < D lem 1B, @),

neXkyn
o (RVDMVER(VE + 2 (k4 )
D ) 17 B

lall=k.[|Bll=n
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Without loss of generality, it is assumed that R > 1. If R’ £ 4R(R + 4), then by the

multinomial theorem,

(k+n)!
T
Jal=knai=n ()2 (A1)
k! n!

———5
o=k sl=n (@))2 (0%

lakn(t)]l, < K(MR) "

S K(ZMRld)k+n

K(2MR/)k+n (/cv)§ (n))i
< 3 Z AN
(R)E(m)T G2, (@)F 5, (83
2 2
2MR’ k+n n!
la || £ I8ll=n
< KEMRT ;m } S (IV.1.22)
(kD)2 (n)%

To show that (IV.1.21) is mean square convergent, it is sufficient to show that it is a
Cauchy series. Since |n| = |n|y + |nly = k +n = 7, it follows immediately from the

triangle inequality that

Y D enE@)| < YD lak-«®l, (IV.1.23)

j=Nj k=0 ne XkYyi-k 9 j=N1 k=0

for any Ny > N; € N. Now for any ¢ > 0 there exist an N > 0 such that by (IV.1.22)

3N k@)l

j=Ni k=0

< S enlE RO,

j=N1 k=0 TIEXij_k

oo

QMR (m+ 1Y)HMR (m + 1)
K
: ZZ TR

i": 2MR' (m +1)?) io 2MR'm+1))
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for all N, > Ny > N, where M” £ (2M R'(m + 1)?). Note that <(k")g’° and &0 are

(nt)1

the k-th and n-th term of an absolutely convergent series, respectively. By the ratio

test,
M
lim 2 = lim - =
k—oo Sk k—oo0 (k + ]_)5
and
M
lim 2 — lim —2_ — 0.
n—oo S, n—00 (’I'L + ]_)Z

Thus the series (IV.1.21) is Cauchy. This implies that }_ . [(c, )| | Ey[w]ll, is

finite. ]

Example IV.1.1. Consider the following system driven by a Wiener process

dz(t) = Mz(t)dW(t), 2(0) =1 (V1.2
y(t) = Kz(t).
The generating series for (IV.1.24) is (c,y¢) = KM* for k > 0 and 0 otherwise.
Therefore, ¢ satisfies the growth condition in Theorem IV.1.5. The output when
w=201s

y(t) = EL@0) =Y KM"fO . ]é LW () - dW(t).

Since Stratonovich integrals follow the rules of standard integral calculus,

]’f) Wk!(S) dW(s) = ‘(/Z: 1(;? k> 0. (IV.1.25)
Hence,
y(t) = F[0](t) = iKM’“—M% — KeMYO 4 e [0,00).

k=0

O

One application of Fliess operators is that it provides a series solution of the state

equation of a nonlinear system [17,21,42,50]. This fact is related to the Borel-Laplace
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transform of analytic signals, which was applied by Fliess in [17]. A similar approach
was used by Riccomagno in [50] to solve a specific class of nonlinear stochastic differ-
ential equations. The following examples illustrate the basic ideas in the stochastic

setting utilized here.

Example I'V.1.2. Consider the following stochastic linear system
dz(t) = —az(t)dt + bu(t), 2(0) =1, (IV.1.26)
where w is the formal derivative of w € UV[0,T}, i.e., if

w = /Otu(s) ds + fitv(s) AW (s),

then

. d _
W= = u(s) + v(s)w, (IV.1.27)

where w stands for white Gaussian noise. Technically speaking, equation (IV.1.26)

is only valid in its integral form

#(t) - 2(0) = —a/otz(s) ds—i-b(/otu(s) ds—l—/ﬂtv(s) dW(s)), 2(0) = 1.

Assume there exists a series ¢ € R{(XY)) such that the solution 2(t) = F.[w](t).
Then the solution z(t) can be replaced by the series ¢, Lebesgue integration by the
letter zg to the left, Stratonovich integration by the letter y, to the left, Lebesgue
integration with integrand the i-th component of u by z; to the left and Stratonovich
integration with integrand the i-th component of v by y; to the left, where ¢ # 0.

Applying these rules, one can write the algebraic equation

c—1=—azgc+b(z1+w), (IV.1.28)
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Solving for ¢ gives
C = (1 + CLCL'())AI (1 + b(CEl + yl)) .

Given that c¢ is written as the ratio of two polynomials, it resembles the Laplace
transform of a linear system. Since ¢ is rational, it follows from Theorem IV.1.5
that the solution to the system has to be globally convergent. The Fliess operator

associated with c is

Fw]t) = Futazo)-1(1+b(er+3)) [w](t)
= F(1+aavo)‘1 [w] (t) + Fb(1+azo)‘1z1 [w] (t) + Fb(1+azo)A1y1 [w](t)
t
= F’(l—{—a.a:o)_1 [w](t) + / bF’(l—{—a.a:o)*1 [w](s)u(s) ds
0

+f6 bF (1 +az0)-1 [w](s)v(s) dW (s).

A simple calculation shows that

Fsarm 2 10) = 3 Flaugelud®) =30 C 0 fule)
D e

t

Fuwl(t) — e +b /0 F(1+azo)_1[w](s)u(s)ds+bf0 Fiyyasyy3 [w](s)0(s) dW(s)

t t
= e %+ b/ e~y (s) ds + bf e =)y(s) dW (s).
0 0
This solution is a Volterra series with the following kernels:

ho(t) = e™® and hy(t,s) = be 9,
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In stochastic calculus a so-called lincar stochastic differential equation has the
form of a bilinear system fed with a Wiener process input [39,47]. Besides, it is
known that bilinearity is equivalent to having a rational generating series [4]. For
example, consider the stochastic differential equation (I1.1.6), where f(z) = N}z and

g(z) = N2z, with N3, N2 € R™" and z(t) € R™. It follows that

2(t) = /Ot Nyz(s) ds +f0t NZz(s) dW (s). (IV.1.29)

If w denotes the formal derivative of the Wiener process W, i.e., W(t) = fot wdt,
then (IV.1.29) can be written as a bilinear system driven by the white Gaussian noise

#(t) = Nz(t) + Njz(t)w(t), z(0) =+

y(t) = r(t).

The iterative procedure developed for (I1.1.6) gives

2(t) = ) Au(n)y E,[0](),

neEXY*
where p is defined recursively as p(zon) = Ngu(n) and u(yon) = NEu(n) for all
n € XY*. In Corollary I11.2.1, It was shown that there always exists K, M > 0
such that |(c,n)] = |Au(n)y] < KM, Therefore, the series associated with z(t) is
rational, and thus, globally convergent. The next example shows how to analyze a

bilinear system algebraically as in Example IV.1.2.

Example IV.1.3. Consider the following bilinear system

dz(t) = —az(t)dt + bz(t)w(t), z(0) =1,
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where w € UV[0,T]. In integral form this becomes

z(t) — 2(0) = —a/o z(s)ds+b (/0 z(t)u(s) ds +/O v(s) dW(s)) , z(0) =1.
(IV.1.30)
Assuming there exist a series ¢ € R((XY)) such that z(t) = F,.[w](t) and using the

substitution rules described in the previous example, one obtains
c—1=—azgc+b(z1+y)ec

Solving for ¢ gives
c=(1+azo—blx; +131)) "

Observe that c is a rational series, and therefore, c is also a globally convergent series.
From Theorem IV.1.5, it is known that z(t) = F.[w](¢) converges to a well-defined
random variable for all ¢ € [0, T]. On the other hand, the operator F,[w] can now be

written as

Fc[w] (t) = F’(l-{-a:ro—b(:zu-{-yl))_l [w](t)

= Z F(*a$0+b(zl+y1))k [’LU] (t) .

k=0

Riccomagno in [50] developed an extension of identity 4. in Theorem II1.1.2, i.e.,
(azo + byo) “* = kl(azg + byo). (IV.1.31)
For i # 0, a simple extension shows that

(azg + bz; + cys) “F = kl(azo + bx; + cys)F.
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Then

21
FC[’LU] (t) = Z HF(—azo+b(Il+y1)) LL & [w] (t)

_ i (—at + bw(t))* _ pattbu(t)

Fliess in {17] also suggested the following iterative scheme.

(1 +azg) Y,

I

Co

C, = b(l + a:ng)‘lylck_l,
with ¢ £ >°%°  ¢,. For simplicity, assume u(t) = 0. Then
e = b(1+aze) tyi(1+ azo)”t,

c = b*(1+ax) ty(1+ azo) ty1(1 + azg) 7!,

s = b(1+axg) ty(1+ azo) tyi(1+ azo) Ty (1 + azg)”?,

C = bk(l + a:no)_lyl(l + amo)_lyl ey (14 a:ng)_lyl(l + a:no)_1

Therefore,

t e
Fck [w](t) — bkf e_a(t—tk)’l}(tk)f e—a(tk—tk—1v(tk_1) -
0 0

t2
iy f{ emoltz e alty (e ) AW (b)) - - - AW (tr1 )W (tx)
0

= ) o) f ol AW (a) W )W (e

k

(v ]{U@ ()

k!

= €

Thus, Fofw](t) = S35 o fw](£) = e 0. -
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Example IV.1.4. A switched linear system is usually modeled as
2= Az,
where u : Rt — {0,1} is a switching signal and Ay, A; are square matrices. This
system can be represented as a bilinear system in the following manner:
z = Ajzu+ Apz(l —u)
= Aoz + (A1 — Ao)zu
= Npz + Njzu,
where Ny = Ap and N; = A, — Ag. If u is stochastic, then an appropriate type of
stochastic process modeling the integral process induced by u is a Poisson process.
This type of process falls into the class of jump processes or Lévy processes which
are outside the class of processes being considered in this dissertation [48]. It may,

however, be possible to extend the notion of Fliess operators for this type of input

processes in future work. 0

IV.2 THE SHUFFLE ALGEBRA

Given that Stratonovich integration satisfies the integration by parts formula, the
R-vector space R¢((XY)) together with the shuffle product forms an R-algebra. This
algebra is called the shuffle algebra of R*({XY)), and it can be seen as a generalization
of the shuffle algebra defined on R¢((X)). In Chapter V, this algebra will play a

central role in the definition of the composition product over XY™,

Definition IV.2.1. The addition of ¢,d € R*((XY)) is defined as

c+d= Z ((C, 77) + (d777))77

nexXy-
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Definition IV.2.2. The scalar product of r € R and ¢ € RE(XY')) is defined as

re= Y (re,mn= Y r(c.n)n.

neXy* neXy-

These operations are direct extensions of the operations defined on R{(X)).

Definition 1V.2.3. The shuffle product on XY™ is recursively defined for n =

gin' € = g2, 7, € XY* and ¢}, ¢2 € XY as

1

nwé =qiln wé+q2nwd],
where 0 Ll =0 and ELD =0 =€

The definition is extended to any c¢,d € RY{(XY)) by

cuwd = Z [(Cvn)(d7£)]nu-'£

n,EEXY™

It is clear that this extension of the shuffle product to R({XY")) behaves exactly as
the one for R({X)). The iterated integral defined in (IV.1.2) and (IV.1.3) can be

extended linearly to polynomials as

E)t)= Y (p,mEyw]®),

nesupp(p)

where p € R(XY). The set of all such integrals forms a vector space denoted as

E(R(XY)).
Lemma IV.2.1. Let w € UV™[0,T]. Then
By [w](t) Be[w](t) = Ep i lw](?) (IV.2.1)

forn, € € XY™*. In addition, the set E(R(XY)) forms an R-algebra with product w

on XY™ and identity element Ey = 1.
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Proof: Consider the iterated integrals E,[w](t), E¢[w](t) € E(R(XY)) for n = g}l 7,
£ = qj-zﬁ', 7,& € XY* and ¢* 1,q]2 € XY. From the Stratonovich integration by parts

rule, their product can be computed as

E,[w](t)Ee[w](t) = /0 W on (1) [En/[w](T)qug,[IU](T)} dq;i(’i')

J1

+]€w 2 (7) [qui J[w ](T)Es'[w](T)} dgi2(r)

J2

— By | Bluln)B ul0)| 0
+B,y (1) | By ) Belultr )] 0

- Ell(n wq12£)+q (lin’w&')[w](t)

= By a0

= By ewl(t).

Now, since nwé € R(XY), the product of two iterated integrals is an element of
E(R(XY)). Hence, E(R(XY)) forms an R-algebra with product w on XY™* and

identity element Fg = 1. |

The next lemma show how to utilize the shuffie product to decompose the char-

acteristic series of an arbitrary alphabet.

Lemma IV.2.2. Let Z = {z),...,2n} be an arbitrary alphabet. The characteristic
series of the language Z* can be written in terms of the shuffle product as

z2Yy° ”—Z DR T LT EPR P L) (IV.2.2)

nez* k=0 |a|=k

Proof: Recall that Z“a”:k denotes the summation over all vectors a such that
ag+ o1 + - -+ + o, = k. For simplicity, consider the case when Z = {zg,21}. It is

sufficient to prove (IV.2.2) for the characteristic series of the language Z* = {n €
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Z* :|n| = k}. The proof is done by induction over k. Consider k£ = 1. Clearly,

Z=z+q =qud+0wz = Z 25" w2t

For k = 2,

2 2 2 2 2
Z :ZO+2021+2120+21 =ZOLLJ®+ZOLL|21+®LL121 =

afl=1

E Qg al
ZO [NE] Zl .

lle|=2

Assume identity (IV.2.2) holds up to k. For k + 1 then

Zk+1

neZk-}-l

Y om=2Y n+z: Y 1

neZk

nezk

= 2 E 2% Wt + 2 E 25" w2t

lall=k
k
= E zo(2f w28
i=0
k-1

=k
k

)+ Zzl(ZSLqu*i)

=0
k
)+ Z 21 (25w 21 7) + 202§ w ) + 21 (0w 21)

4 Y (e w ) (T w0) + (D)

= 3 (el ) 4 (T w A ) + (@) + (w2t

= Y @wn T+ T L0+ @uwaA)

i=1
k+1

=0

Therefore, (IV.2.2) is proved.

For any a,3 € N™! define the polynomials p, =

Bm

Yoo L - wyPm | respectively.

Z§k+1)—i) _

E : agp al

llofl=h-+1

g% w - wzem and pg =
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Corollary IV.2.1. The characteristic series, X*¥Y™, of the language X*Y™ can be

written in terms of the shuffle product as

XkYn L Z n

neXkyn

= Z PawDg.

llall=F,||B]l=n

Proof: In Lemma IV.2.2) let Z = XY = {z0,21,.--,Zm,Y0,Y1,---,Ym}. Then by

(IV.2.2)

XY= > n =

neXyr 7=0 ||| +{|B8ll=7

e o]
= Z Z Pawps

3=0 ||adi+]|8ll=7

3=0 k=0 [|af|=k,||B8]=1—k

Wk

g 2 Wz WL Wz Ly Wy W wyle

Since X*Y7* = {n € XY* : Inlxy = knly = j — k} and XY =

P ST, Y nexkyi-» 7, it follows directly that

Xij_k:i Z Da wPg.

k=0 |la||=k,{i8ll=7—k

The next example shows how Lemma IV.2.1 leads to an improvement of the
proof for the local convergence of Fliess operators driven by deterministic inputs.
This is illustrated using a new grouping of the series (I.1.2) in terms of the shuffie
product. This grouping will ultimately provide an improved estimate for the radius

of convergence over what appears in the literature [29].

Example IV.2.1. [10] In the deterministic case, i.e., when the alphabet Y is empty,

the drift inputs are deterministic and max{||u||, ,7} < R on [0, T]. One can show,
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then, that

Bl (®)] < T v ('t) < (IV.2.3)

Specifically, it is clear that

Fralul()] = |Fago st - wm 0] = T

By induction, it is next shown that

(IV.2.4)

When a; = 0 or o; = 1, the claim is trivially true. If (IV.2.4) holds up to some fixed

integer a; > (0 then
\Fz;ja[u](t)j < / s ()] | Fye [ul(7)] dr

< [l ar

|
a;e
0

Ust(t)

J

(C!j + 1)’

Furthermore, it is also easy to verify by induction that
|E,[u)(t)] < Eylal(t), 0<t<T, (IV.2.5)

where @ € LT[0, T] has components 4; = |u;|, § = 0,1...,m. Suppose (IV.2.5) holds

for words up to length k. Then for any z; € X,

By ol (1)) < / s ()| | By lu](7)] dr

< / a;(r) E, [4](r) dr
= Ey;,[a)(t).
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Thus, the claim holds for all n € X*. Now fix T'> 0. Pick any u € L7*[0,T] and let

R = max{]jul|, ,T}. From Lemma IV.2.1, observe that

Yo lemEm®)l < Yo Y len)l Bl

nex* k—OneX’c
< ZKM’“k' Z F,,
ol =k

Rk

< ZKM’“k' Z —

lal=t
< ZK (MR)* Z =
ok &

= ZK(MR(m + 1))k,

Therefore, the series defining F, converges absolutely and uniformly on an open ball
in L,[0,7) of radius R < 1/M(m + 1). In [29], the more conservative radius of

convergence 1/M(m + 1)? was proved. 0

For fixed a, 8 € N1 w € UV™[0,T] and ¢t > 0, define the following sum of

iterated integrals

Sap[Ww](t) £ Fpo wp[W](t) = Fpg W] (8) Fy [w] (). (Iv.2.6)

The importance of (IV.2.6) comes from the fact that, using the commutativity of
the shuffle product and equation (IV.2.1), the Lebesgue integrals and Stratonovich
integrals can be completely separated. Thus, an L, upper bound for S, g[w](t) can be
obtained by calculating individual L, upper bounds for the random vectors F,, [w](t)

and F;[w](t). Then from the independence assumptions in Definition IV.1.1,

ISaalw] ()12 = || Fpe )N || Epy [w] (1)) - (Iv.2.7)

The following lemma is needed for calculating a bound for || F,_ [w](t)]/3.
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Lemma IV.2.3. Let u be the drift input of w € UV™[0,T). Then for a =

(g, ..., am) € N and any real numbers t > s >0
E|[] @) - Ui(s))"’} <[, (IV.2.8)
i=0 i=0

where Uy(t) 2 [3 E [Jui(s)|] ds.

Proof: Let k = a;. The identity is satisfied trivially if £ = 0. If £ = 1 then
i=0

EU(0) - V(o)) < [ Bllulldr <0,

Now suppose (IV.2.8) holds for kK — 1 > 0. Clearly u has independent increments.

Using Fubini’s theorem, it follows that

E|[] @ —Uz<s>>°'}
< B||[ P ow) G0 - G T O) - i) ar

Thus, the inequality in question is proved. [ ]

Using the above lemma, (IV.2.3), and Definition IV.1.1, the Ly-norm of £, [w|(¢)

is
m U R2k
| Fy [w] ()2 < H( . (IV.2.9)

=0

| /\
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In Theorem IV.1.5, it was shown that 3, vy |(c,n)| | E5[w](t)]], is finite when c is
globally convergent. Then, as in the deterministic case, the next example shows how
the shuffle product on XY™ can be used to group iterated integrals, and thus, obtain

conditional global convergence of a Fliess operator driven by an Ly-Itd process.

Example IV.2.2. [10] Pick a t € [0,T] and any w € UV™[0,T]. Let R =

max{|lull, , vll.,  lvoll, » vl }- Define

Gn(t) = KM™ 3" S, glw](t).
lall=k,||Bl|=n

Applying the multinomial theorem, identities (IV.2.7) and (IV.2.9), and Theorem

V.14

\/Z—R(\/Z +2))*" R*n!
lakn ()], < KM ( : |
k 2 “a”:;”ﬁﬂ-——n (/6')Z Ol'ﬁ'

If it is assumed that R > 1 and R’ = 4R(R + 4), then

wlon

lakn (8], < K(MR')HnM 3 (n})

Kz 2= (813
Nk+n (m + l)k 2
K(MR A —
( ) kl(nh)a ”%n
_ INk+n (m + 1) 2n
=K(MR) k'(n')l (m+1)
K(MR' (m+ 1)%)ktn
kl(n!)3 '

Immediately from Lemma IV.2.1, for Ny > N; € N, equation (IV.1.23) can be re-

derived as

2232 S emE®)] < Y lla®)l,

J=N1 k=0 neXxkyi—k ) §=N1 k=0

KSR+ 1 QIR 17y

=0 k=0 kN7 —k))a
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I
=

Z (MR (m+ 1) S (MR (m+ 1)?)"
Z( (k!+))§( En!;%'))
(MR (m+1)*)"

(n!)

k

i
=)

/

I
N

NE

3

I

o
P

(M")
n=0 (n')% ’

where M” £ (MR'(m + 1)) and K’ £ KeME )" Note that 0 is the n-th

(nh)4

I
X
NE

term of an absolutely convergent series. Hence, one reaches the same conclusion as

in Theorem IV.1.5. 0

Even though in the example above convergence is achieved, it is only conditional
convergence, i.e., the ordered sum )77, S, “Zneka_k(c,n)En[w] (t)“2 is finite.
Thus, this grouping works perfectly in the deterministic case, but in the stochastic
situation it is not enough to assured global convergence. However, this grouping will
be very useful in the next section when local convergence of Fliess operators is taken

in account.

IV.3 LOCAL CONVERGENCE

Although global convergence is a desirable property for the generating series of
a Fliess operator, many systems of interest are not of this type. So in this section a
stochastic notion of local convergence is introduced using the concept of a stopping
time. Then a corresponding sufficient coudition for local convergence is developed.

But first an example is given to motivate the approach taken.

Example IV.3.1. Consider the system

dz(t) = MZ(t)dW(t), 2(0) =1, (IV.3.1)

y(t) = Kz(i).
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The generating series for system (IV.3.1) is (¢, y§) = KM*k!, k > 0, and 0 otherwise.

The corresponding output is

y(t) = FL0)(t) = i K M*K! fﬁt . ]{2 AW (41) - - AW (t).

By formula (IV.1.25),
y(t) = F0](t) = > KMFWH(2).
k=0
At first glance, y appears not to be convergent since Theorem IV.1.5 does not apply.
However, if

Tr = inf{t : [MW(t)|= R} (Iv.3.2)

and R < 1, then y(t) will be an absolutely convergent series with limit Kz(t) =
m}{w—(t) for any t < 7p. Now, let K = M = 1. In [38], the theoretical probability

distribution function of 75 is given by

f(mr) = \/—:WT,; Ze 7R, (IV.3.3)

which is the distribution function known as the inverse gamma distribution with

parameters « = % and G = %2. In Figure 5, a Monte Carlo simulation of the
probability density function of 75 is presented for R =~ 1~ (approximation to 1 from

the left.) -

Two important observations concerning Example IV.3.1 are that the condition
given in Theorem IV.1.5 is only a sufficient condition, and the convergence time

interval has a random nature, i.e.,

0,7]={0 <t < 7(w) : (1,w) € [0,00) x §2}.
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P(t) 0.181
0.16
- Simulated
0.14~ " Theoretical

Fig. 5: Estimated probability density function 75.

Moreover, the direct solution of (IV.3.1) confirms this since it can be solved by

separation of variables, i.e.,

/Ot fffﬁi = fstM dW (s) = MW (¢).

Then,

Vt) = K+(0) = s

for any ¢ such that MoW(t) < 1, or for any ¢t < 7 = inf{t € [0,00) : MW (t) < 1}.

In addition, observe that the stopping time

TR 2  min inf{tET :
i€{0,1, - ,m}

]{ vi(s) dW (s)| = RL} (IV.3.4)

will play an important role in the derivation of a the local convergence condition

for the case when the generating series of F,[w] is locally convergent. The next
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definition describe the set of admissible inputs for Fliess operators corresponding to

locally convergent formal power series.

t

Definition IV.3.1. Let X(t) :]g v(s) dW(s), where v is an m-dimensional Ly-Ito
0

process. The set UV™[0, 7x] is defined as the set of processes w € UV™(0, T stopped

at 7g defined in (IV.3.4).
The next theorem presents the main result in this section.

Theorem IV.3.1. Suppose that for a series c € RE(XY)), there exist real numbers

K >0 and M > 0 such that
[(e;m)] < KM [nl, ¥ne XY™,

Then for any random process w € UV™(0, 7r] with Tr defined as in (IV.3.4), the
series
J

Rl =33 3 (B ulw) (V.35

7=0 k=0 neX*yi-*
converges in the mean square sense to the random vector y(t) = F.lw](t), t € [0, Tg].
Proof: Without loss of generality it is assumed that £ = 1. Pick any w € UV™|0, 7]
and a t € [0, 7g]. Observe that 75 is the first time the process X (t) = ft vi(s) dW(s)

0

hits the barrier (—R, R). Since X (t) is a well-defined It process, Theorem 11.3.8 and
the fact that the absolute value function is a continuous function ensures that one
can always choose, without loss of generality, a continuous version of the process X.
Then, by Theorem I1.4.6, the random variable 74 is a strictly positive stopping time.

Thus, the stopped process X ™k is a well-defined Lo-bounded, a.s. continuous and
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adapted Lo-It6 process. Now, using integration by parts and property (IV.2.1)

Fopll(®) = Figo e l®) = Folul(t) - e w0

 y{fsomo)

1=0

The Ly-norm for F,,[w](t) truncated at the stopping time 75 is

|Fy (A a)|[> = (Fll)gE{lj ( ]{Am vi(s) dW(s)D%

R2n
< .
-8

— 1

Define

ak,n( ) I(Mlﬂ_n k + TL Z Sag
lali=Fk,{8ll=n

Let R' = max{||ull;,, [lucll,, , R}. Using equations (IV.2.7) and (IV.2.9), and the

multinomial theorem, the following bound is obtained

N R/k R"
laknt ATR)l, < KMM™(k+n)t > T
llali= kHﬁII-n
m+1)F (m + 1)"
k! n!

_ K(MR(m+ 1) (k M ”) |

= K(MR)**™(k+n)! (

To show that (IV.3.5) is mean square convergent, it is sufficient to show that it

is a Cauchy series. From the triangle inequality,

i Y. > (emEul < Z Zﬂak] (@)1,

i j=Ni1 k=0 neXkYyi-k j=N1 k=0
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for Ny > N; € N. Now for any ¢ > 0 there exists an N > 0 such that

SO ot Al € 3 S KMR(m+ )y L

! !
j=N1 k=0 j=N1 k=0 k! (] k)
Nz J

= Y K@MR(m+1)y <e (IV.3.6)

Jj=M
for 2MR'(m+1) < 1 and Ny > N; > N. Note that since 2M R'(m+1) < 1 then the
series on the right hand side of (IV.3.6) is absolutely convergent. Hence, the series

?ZNI 7o > nexryi-x (M) Eqlw](t A Tg) is Cauchy, and the theorem is proved. m

Note in (IV.3.5) that there is an implied order of the summation over XY*. Thus,
the current proof for the convergence of F. is strictly speaking addressing conditional

convergence.

Definition IV.3.2. [17] Let a,8 € N™'! and define the language Log =
{n € XY™, |nl,, = o, Inl, = Bi,i=0,1,... ,m}. A series ¢ € RE(XY)) is called

exchangeable if all the words in L, g have the same coefficient for all , 3 € N™*1,

Corollary IV.3.1. Let ¢ € RY(XY)) be an exchangeable and locally convergent
series. Then for an arbitrary w € UV™[0,T), there exists a stopping time Tg for
R > 0 such that the Fliess operator associated with ¢ converges to a well-defined

random vector independently of the order in (IV.3.5).

Proof: Since ¢ is exchangeable, one can group all the iterated integrals associated

with words having the same « and g3, i.e.,

Frlt) = > % Y. (@nER)

7=0 k=0 nexkyi—*k
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.

= > Y capSaplwl(t),

3=0 k=0 lla||=k,[8]|=j—Fk

where for fixed o, 3 € N™"! ¢, 5 denotes the coefficient for all n € L, g. Note, then,

that formula (IV.2.4) allows to write

oo ] m+1
(t) Ep:lwl(®)
=YY Y [[ PR avan)
=0 k=0 |laf| =k, | Bl| =5~k i=0 "

which is independent of the order indicated in (IV.3.5). Therefore, from Theorem

IV.3.1, the infinite series (IV.3.7) is Cauchy, and thus, the series

m-1 .
Bl w] (t) By lwl(t)
3=0 k=0 |la||=k,|5|=j—k v 2
is finite. This completes the proof. [

Example I'V.3.2. Consider the following nonlinear system

dz(t

where w is understood as in (IV.1.27) when w € UV™[0,7T]. In integral form

ot) = /0 u(s)2(s) ds +]€ o(£)22(s) AW (s). (1V.3.8)

Given that the shuffle product represents the product of iterated integrals (see Lemma

IV.2.1), the n-th power of z(t) can be substituted with the series c¢*“" =¢cw --- w¢
N———_———

n times

such that (IV.3.8) can be written algebraically as

c=(x1+y)cuwe. (IV.3.9)

Thus, ¢ can be calculated as

oo
c= E Ck,

k=0
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c =1
k-1

a = (o1 +y1)ZCiU—JCkA1—i-
i=0

Specifically, the solution of equation (IV.3.9) is obtained calculating all ¢;’s,

C1

C2

C3

Cq

(z1 4+ 1) cowco = (21 + Y1)

(z1+ 1) (cower + ¢ wey)

(z1+y1) ((z1 + 1) + (21 + 1))

2z + 1)

(1 + 1) (cowcg + crwer + cauwicy)

(z1+y1) 2@ +y)? + (T +y1) 22+ 2@+ w1)?) = 3(z1 +w)?
(21 +y1) (2(z1 + y1)® + 2(z1 + 11)* + 2(z1 + 1)) = 3 (z1 + 11)?
(z1+ 1) (cowes +crwey + cauier + c3wep)

(1 + 1) (3!(371 +y1) + 21z + 1) w (T +1)?

+2!(z1 + 1) w (21 + 1) + 3!(z1 + 11)°)

(z1 +y1) BNz 4+ ) + 2(z1 + 1) 3 + 3!(z1 +11)?)

(1‘1 + yl) (3!(371 + yl)3 + 2(3!)(1’1 + y1)3 + 3!(371 + 91)3)

4!(z, +y1)4

Inductively, one can show that

Cr = k'(l‘l + yl)k.
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Thus,
c=Y ki z+p) =) (z1+y) =" (1V.3.10)
k=0 k=0

In this example, the order defined in (IV.3.5) is irrelevant since ¢ is obviously ex-

changeable. Therfore, F,|w] is

o0

Folw](t) = Z (Es, [w](t) + By, [w] (t))k

k=0

_ 1
T 1-w()

where t € [0, 1] with 77 = inf{t € [0, 00), |w(t)| = 1}. This algebraic approach gives

the same solution as that obtained by solving using variable separation. 0

The next example is taken from [20]. It will be used to show how the corre-
sponding generating series of a system can be approximated by globally convergent

series.

Example IV.3.3. Consider the circuit in Figure 6. This is formed by four parallel
components: a noise current source, an ideal resistor, an ideal capacitor and a non-
linear resistance, where the current is a function of the square of the voltage across it.
Applying Kirchoff’s current law and assuming R = C = 1, the nonlinear differential

equation relating the current  and the voltage, z(t), across the capacitor is

dz(t
%-i—z—i—zQ:w,

where 1 is the formal derivative of the input w € UV™[0,T]. In integral form
t t t t
z(t) +/ z(s) ds +/ 2*(s)ds = / u(s) ds +]‘: v(t) dW (s).
0 0 0 0

The series that corresponds to this system is definitely not globally convergent, but it

is known that at most has a locally convergent growth bound. Using the substitution
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Fig. 6: A nonlinear circuit driven by a noise current source.

technique described in the example above, this nonlinear differential equation can be

written algebraically as
cC+rpCc+TgCwc =2+ Y1.
A factorization gives
c=(1+z0) " (~zoc™? + (z1 + 11)) -

Similarly, ¢ can be obtained by an iterative procedure. First, a ¢ that satisfies

Co + ToCo + Tocgwcg = 0 is ¢g = 0. Next,

ca=(z1+w%)

and
k-1
Cr = —'(1 + JJQ)_IIQ Z C;wCl—yj.
i=1

Calculating the next few c;’s:

Cy = (1+$0)_1I0 (Clu_lcl)

= (1+) ‘7o ((z1 +y1) w (21 + 1))
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= 2(14 o) zo(z1 + 11)?,
cs = (1+z0) 'zo(ciwey +cawer)
= 2(1+x0) 'z ((z1 4+ 1) w (1 4+ z0) 'zo(z1 +11)%)
cs = (14+z0) 'z (crwes+cawey +¢pucy)
= 2(14xz¢) 'z (4($1 + 1) w ((1 + 1) 1z ((Il + 1) w (14 zq) tzo(z, + y1)2))

+ 4(1 4 z0) "tzo(z1 + 1) w (1 + o) xo(21 +31)°)

Observe that cg, ¢y, ... are all rational series, and thus, they are globally convergent,
i.e., each ¢; is a series associated with a globally convergent Fliess operator. In the
deterministic case, it is well known that rational systems have been used as approx-
imants of more general types of nonlinear systems [32,33]. Thus, an advantage of
this iterative procedure is that it gives an approximating method for Fliess operators
associated with locally convergent series through globally convergent (rational) Fliess

operators.

IVv.4 THE OUTPUT PROCESS

From Theorem IV.1.5, y(t) = F.[w](¢) is a well-defined random variable V¢ € [0, T
when c is globally convergent. The goal of this section is to show that {y(t)}icio,r) is
a well-defined stochastic process. The next corollary shows the relationship between

the set of output processes and the set V™[0, T.
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Corollary IV.4.1. In the context of Theorem 1IV.1.5, the operator
F, :UV™0,T] —» UV" [0, T),
for any T > 0.

Proof: By Theorem IV.1.1, the iterated integrals (IV.1.2) and (IV.1.3) can each be
written as a sum of a Lebesgue integral and an It6 integral. The sequence of partial
sums used in (IV.1.23) can then be written as a sequence of the sum of Lebesgue and
It6 integrals. Since it is well known that L3*(€2, F, P) with its usual norm is a Hilbert
space (modulo the equivalence relations in Definition 1I1.1.4), then Theorem IV.1.5
shows that the limit of this sequence has to be a random vector that can be expressed
componentwise as the summation of a Lebesgue integral and an It6 integral. Finally,
by Theorems 11.3.8 and I11.3.13, the limiting random variable as a function of time

generates a well-defined It process. [

Now that the output process y has been identified as an Ly-Itd process, using
Theorem I1.3.8, there exists an almost surely continuous It6 process 3’ induced by y.
Not surprisingly, this fact implies that there exists some compatibility between the
input set and output set in the sense that UV™[0,T] C Z/Tl/)m[O, T]. In other words,
any process y = Fi[w] is a well-defined L,-It6 process. However, the independence
of the inputs is not necessarily preserved at the output. In Chapter V, this result
will be used to establish the convergence of the interconnection of Fliess operators
driven by processes in UV™[0, T].

Although it is not easy to write the output process y in its specific It6 form, the

next lemma shows how this goal can be done in some situations.
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Lemma IV.4.1. Consider a locally convergent series ¢ € R{{XY)) with growth

constants K, M > 0. Let £ € XY* be fized, if d € R{(XY)) is defined as

d= % (")

nexXy*
then there exists an N > 0 such that |(d,n)] = |(£7(c),n)] < KM¢ (MN'Q)M| In|!,

for alln, & € XY™.

Proof: Let |¢| = k. For N > 0 large enough, it is not difficult to see that

(n+1)---(n+k)
(Nk)n

<1
Thus, (n+1)---(n+ k) < (N*¥)". As a consequence,

(d:m)| =(e.éml < KMMMinji(n+1) - (n + k)
< K'm' In|!
with K’ = KM* and M’ = M N*. ]
Note that if ¢ € R((XY)) is globally convergent, then |(£72(c),n)| < K'M" where

K' = KM,

Example IV.4.1. Let ¢ € R{({XY)) be a globally convergent series such that if

any F,[0] can be expressed as

# 0 for 7 # 0 then (¢,n) = 0. It easy to show, since the inputs are trivial, that

I,y

E,[0](2) N =zon
t
/ Ey[0](s) dW(s) : n=yon and 7 = zon”
0

/ 2 [0](s) dW(s) : n=yn' and 7' =y,

/E"




123

where 7/, 7" € XY™*. Now the output y = F.[0] associated with generating the series

¢ can be written as

y(t)

0.4

@m+AEQMM@“+AFﬁ@M@ﬂWQ

L/[ 1
+3 < /0 Fyia5 (o [w)(s) AW (s) + 5 <Fy61(y51(c))[w](.), W>M ,W>[O t]
t

(c,@)-f—/o Fo1 0 [wl(s) ds+/0 Fy-1[wl(s) dW (s)

1/t 1
+5 /0 Fy61(y61(c)){w](s) ds + Zl- <<Fy51(y51(c))[w](')’ W>[0,t] , W>[0 .

. 7

i
@0+ [ (Pl + 3Rl é

+/0 Fy1wl(s) dW (s), (IV.4.1)

where ' (+), yo ' (+) are left-shift operators. From Theorem IV.1.5 and Lemma IV 4.1,

the random variables Fi-1)[0], F-1(,[0] and F -1 -1()[0] are well-defined. Hence,

the output process y is a well-defined It6 process. O

Observe that, at each instant of time, the Ito process defined by the output

process of a Fliess operator is associated with the same generating series. In other

words, the generating series can be seen as its series expansion when the words are

replaced with their corresponding iterated integral. In this sense, this fact resembles

the concept of analyticity.
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L 4
Definition IV.4.1. The It0 process associated with a generating series ¢ €

R{(XY)) will be called analytic.

Even though it has been established that the output process of a Fliess operator
is well-defined when the associated series is ecither globally convergent or locally
convergent and exchangeable, there exists the possibility that two formal power series
in R({XY)) might represent the same output process. The next theorem shows that

the output process y has a unique generating series.

Theorem IV.4.1. Let ¢,d € RY{(XY)) be two globally convergent series. Then

F,=F; onUV™[0,T] if and only if c = d.

Proof: If ¢ = d, the result follows trivially. The converse result is proved first for
words, i.e., one has to establish that if £ [w]|(t) = E¢[w](¢) then n =&, n,{ € XY™
This fact is proven by induction over the length of a word, n. When n = 0, the result

follows immediately. For n = 1, suppose Fy,[w](t) = E, [w](¢), then by definition

J

or

Thus, u; = u; a.s., which implies that z; = z;. Now suppose instead that E, [w](t) =

E, [w](t). Then

Fu@awe = [

By Corollary 11.3.2, this can only occur if u; = v; = 0. Therefore, E, [w](t) #

E, [w](t) for a nonzero w € UV™[0, T]. If E,,[w](t) = E,,[w](t), then by the linearity
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Fig. 7: The i-th component of input @, i # 0.

of the Stratonovich integral and Corollary II.3.2 it follows that v; = v;. Next, assume

that the claim holds up to n. If E;,[w](t) = Egn[w](t) for n € XY™, then

/0 (ui(s) — u;(s)) Enlw](s)ds = 0.

Given that E,[w] # 0 for every t > 0, then u;(s) = u;(s) and z; = z;. For
Epmw](t) = Eyn[w](t), it follows that u;(s)E,[w](s) = v;(s)E,[w](s) = 0. Since
E,[w] # 0, then u;(s) = v;(s) = 0. Thus, E,,[w](s) # Ey,,[w](s) unless w = 0.
Analogously, using linearity, if E,,,[w](t) = E, ,[w](t), then v;(s) = v;(s) and y; = y;.

Next, consider two series ¢, d € RE((XY)). Since F.[w] = Fy[w] implies F, 4[w] =
0, it is sufficient to prove that if F.[w] = 0 for all w then ¢ = 0. In [24,63] a uniqueness

. T F;) .
proof was given for deterministic inputs, where the operator 566t, 01, VoS applied
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to F,, c € R{({X)) for a piecewise constant input in BT (R)[ts,to + T defined by
ﬂ(t) =y S R, t e [Ej—17t—j] s

with o = [agj - amj] ER™, oy =1, ¢; = Z:Otg and t, > 0,7,£=1,2,...,k; and
tr < T (see Fig. 7). The following identity was then employed
oF _
S A— e _ £) =0. V.42
o P8 3 ogs(e.6) (1v.42)

tj=0+ Xk
=0, k+1 €

Unfortunately, stochastic calculus lacks of a notion of a derivative in the usual sense.
However, Corollary I1.3.2 can be used to overcome this obstacle. Specifically, recall
that for a function F' € C?, the Stratonovich chain rule (I.1.7) established that

dF(X(t)) = F(X(0)) + %F(X(t))u(t) dt + %F(X(t))v(t) dW (t),
where X (s) = X(0) + /t u(s)ds —i—ft v(s) dW (s). If F is the identity function then
dX(t) = u(t) dt + v(t) dW(t).

Moreover, from Corollary 11.3.2, if X(¢) = 0 then a.s. v(s) = u(s) = 0. Hence

u(t) + v(t) = 0. One can then define the operator
Dy X (t) = u(t) + v(t)
such that X (t) = 0 implies D; X (t) = 0 for all ¢. D, is linear since

Dy(X1(t) + Xo(t)) = ui(t) +ua(t) + v1(t) + va(t)

D, X1 (t) + Dy X5(t),

and

Di(rX,\(t)) = Dt< Otru(s)ds+]€m(s)dW(s)>

= r(u(t) +v(t)) = rD,X(t),
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Fig. 8: Piecewise process W k-
ik

for every r € R. Employing this operator and an identity similar to (IV.4.2) are the
key to the uniqueness proof.

It is first necessary to show that

Dy, - - - Dy Fejwl(ty) = Z a(c, E) =0, (IV.4.3)
.—0t
g e ey
where o, = « (‘122)19 e @y and «a (qf'; y denotes the piecewise part of

Uiy (t), if lj =1
Vs, (t), if lj =2
between times ¢;_; and ¢; (see Fig. 8). An inductive argument over k will prove the

identity. In particular, a piecewise constant input is an Ls-Itd process. Consider an
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input w € UV™{0,T] with integrands u,v which are piecewise constant. Trivially,

F_[w] can be written as

m

Fwl(t) = (e @)+/0 Zuz(s) (¢, zin) En[w](s) ds

=0 nesupp(z; ! (c))
N

o

-~

F, 1, [wl(s)

+f5 Zvi(s) Z (c,yim) Eplw](s) dW(s). (IV.4.4)

=0 nesupp(y; *(c))
N

-

\”

Fy;l(c) [w](s)

By Corollary I1.3.2, equation (IV.4.4) implies

m,2

Z wat(8) Figh-1(0[w](s) = 0.

i=0,l=1
The same result is obtained by calculating D; F,[w](¢). Therefore,

m,2

Dy, F[w] (%) = Z We! (fl)F(qg)—l(c) [w](#1)

t1 =0+ 1=0,I=1 t1=0"+

= ) wet)(c, gin) Eqfw](to)
glexXy
neXy”

= Z aqél(cﬂ qg)a

qﬁGXY

where E,[w](ty) = 1ifn =0 or 0if n # (. Since by assumption F,[w] = 0 then

Dz, F [w](t;) = 0. Hence, > ag (c,¢}) =0. For F,[w](f2), one can follow a similar

neXy
procedure
_ iz m,2 m ~ _
Ds, Fufu](B) _ / S D g E)a, () Figy e o) () s
ty=0+ 0 j=0,l=1 j=0 ta=0+
t m,2 m ~ _
DY @), 5) gy s [l W)
0 i=0,=1j=0 to=0+
totty ™2 ™
= [T Y gttt o) g o ) s
0

i=0,l=1 j=0
m,2 m
D D wglto + E)us(8) gy ey [l () AW (s).

i=0,l=1 j=0

t0+t]
f
0
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Observe that ;(tg+t]) = az,2. One can then apply Dy, to Dg, F.[w](f,) , which

to=0%
to==0"t )

= > > Qg (o +10)Fny s iz oy [0l (B0 + 1)

=0 l1—1 7=0,l2=1

= Z Z Z Aga%glz (e, qflq;277)En[w](tO)

1=0,l1=1 j=0,i2=1n7eXY™

= Z aqﬁl2aq§-21 G qth;zn)E”[w](tO)
gl .a2eX
nexy=

= Z aUQ(C’ 7)),

nexy?

amounts to

Dt_1 (DﬁFc[w] (ZQ)

t1=0"%

t1=01

where 37 xy2 an(c,n) = 0 since Dy, F[w](t;) = 0. Now assume the identity in

question is valid up to £ > 0. Then

Dfl U ka ka+1FC[w](t_k+1)

t.=0t
tpp1=0% j:JO 0 k
m,2
= Dg--- Dy > W s (Ber1) Fy gy [w](Ee)
L 0 (a271) (@ -
ie41=0,lk+1=1 thy1=0% jiO X

= Z a(ql’“*’l)k-{-lD{l T kaF(qlk+1)_1(c) [w](t—k) ’

k41 k1 t;=0"%
le+1 b
q"k+1 eXy 7=0,...,k

where the fact that w i, (tx+1)

ikl

z,cﬂ)kﬂ has been used. By the induc-

ey =07 Tkt

tion hypothesis,

Dt_l T ka+1FC[w](zk+1) 1 = Z a( k+1)k+1 Z ank((Qf::i) B (C), 77)

g;
ty=0" o1 s .
3=0,...k+1 qlk+leXY nexXy

= Z g (€, 7). (IV.4.5)

neXyk+1

Again, since Fi[w] =0, then }_ yyr+1 appta(c,n) = 0.
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Observe that equation (IV.4.5) is a polynomial in ;. Define the following oper-

ator

P S
PN RN AP
Qg k™ g1

1 : by=i,,l,=79,,s=1,...,k
0 : otherwise.

Applying this operator to (IV.4.3) gives

i AT .
S| 2 e am(edtd) | = (el al) =0
aekk U aell Jed1 k
g*-gllexy
. . i ] k .
Repeating this procedure for any n = ¢*---¢) € XY", k > 0, it follows that

(c,m) = 0. Thus ¢ = 0 as desired. n

IV.5 CHEN SERIES AND FLIESS OPERATORS

An important class of formal power series are the Chen series. Basically, a Chen
series is used to represent all possible paths, say C, .}, from the interval [to, ;] to
R™! made by a set of m+1 input signals [7,22]. Chen series are also closely related
to Fliess operators driven by deterministic inputs. That is, a Fliess operator can be
written as the inner product of its generating series and the Chen series, expressed
as an exponential, generated by its input. In the stochastic setting, Chen series have
been used, for example, to study discretization schemes for stochastic differential

equations of the form

dz(t) = fo(z(t)) + Z filz(t)) dWi(t),


http://dW.it
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where each f; € C;°, as well as the local structure of the general solution of stochastic
differential equations [3,6,59]. In other words, the interpretation of Chen series as
input paths can actually be extended to Brownian paths {1,3,6,22] and even to rough
paths [43]. This last fact makes viable the construction of a Chen series using inputs
in UV™[0,T]. The purpose of this section is to show that Fliess operators with such
stochastic inputs are also related to a class of Chen series. The treatment here is
based on the deterministic case as presented in [24]. Some preliminaries are needed

first.

Definition IV.5.1. Let £ be an R-vector space with and R-bilinear mapping

LxL—L:(x,y)v— [z,

satisfying the identities:

i. [z,z] =0,

i [[z,y], 2] + [ly, 2], 2] + [[z, 2], 4] = 0.

for z,y,z € L. The operation [-, -] is called the Lie Bracket on L, and the space L

and this product is called a Lie algebra.

Given any associative R-algebra, A, with multiplicative identity element 1, there is

an associated Lie algebra whose bracket operation is

[z,y] = zy — yz.

For the alphabet XY, the smallest subset of R(XY) containing XY which is closed

under the Lie bracket operation forms a Lie algebra denoted L(XY).
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Definition IV.5.2. Any polynomial in £(XY') is called a Lie polynomial.

Definition IV.5.3. A series d € R{(XY')) is called a Lie series if it can be decom-
posed as d = 2@1 Pn, Where each p, is a Lie polynomial whose support resides in
XY™

For any series d € R{(XY')) such that (d,#) = 0, the exponential exp(d) is defined

by the series

e o]

dn
exp(d) = Z E—")
n=0
and log(d) is defined by
- n—ldn
log(l +d) = Z(—l) —.
n=0

Here log(exp(d)) = d and exp(log(1+d)) =1 + d.

Definition IV.5.4. A series is called an exponential Lie series when ¢ = exp(d),

where d is a Lie series.
A characterization of exponential Lie series is given in the next theorem.

Theorem IV.5.1. [49] (Ree’s Criterion) c is an ezponential Lie series if and only

if (¢,€wv) = (c,€)(c,v) forall €, v € XY™,

Example IV.5.1. Suppose XY = {y}, ¢ € R{(XY)) with (¢,0) = 1 and

(e, Ewv) = (c,€)(c,v) for all €, v € XY™ Using the identity
Yo ¥ = (ijj)yé“,
it follows that
(c.y6wyp) = (Z t j) (e %)
= (c.v0)(c.%0).
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Setting i = n > 0 and 7 = 1 yields the recursion

™) = |42 (30,

n+1

so that

(C, yg) =

Thus, as predicted by Theorem IV.5.1, it follows that c is the exponential Lie series

¢ = Z (C’S!O)n = exp((c, Yo)¥o)

n>0

= exp(p),
where p = (¢, yo)yo € L(XY). 0

Definition IV.5.5. For any T > 0, w € YV™[0,T] and t € [0,7], the Chen series

associated with a formal power series in R((XY)) is defined as

Plwl(t) = ) nE,w)().

nexy*

One can see from Theorem IV.5.1 that for any ¢t € [0,7] and £, v € XY™

(Pl)(t),Ewv) = D Eyful(®)(mEwv)

= Ec[u](t)E,[u](t)

= | X émuw.e (Z DE—[u](t),u>

= (P](®), &) (P[ul(t), v).

Therefore, Plu|(t) is an exponential Lie series. This type of series is directly related

to Fliess operators with inputs on 4/V™[0, T in the sense that for any Fliess operator
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F., c € R*((XY)), one can write

y(t) = Fc[w]()

where U = log(Plu]).

t t
Example I'V.5.2. The Fliess operator driven by w; = / u1(s) ds—}—f v(s)dW(s) €
0 0
UV™(0, T associated with the series ¢ = (z1+y1)* = (1—2z1—11) ' = Y iso(1+11)*
is

Y1) = Fayry W]t) =Y By py [w](2):

k>0

By identity (IV.1.31),

TOREED P72 BN 0

k>0

1
= Y 5B 00

k>0

~ exp ( /0 Cun(s) ds + ]{vl(s) dW(s))

= exp (w(t)).
Hence, tihs Fliess operator can be written as an exponential. 0

Another characteristic of Chen series for deterministic inputs is that they satisfy

a differential equation [58]. To conclude this section, the next theorem shows that
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the Chen series generated by stochastic inputs in YV™[0, T also satisfy a stochastic

differential equation.

Theorem IV.5.2. For anyT > 0, let w € UV™[0,T]. Then the corresponding Chen

series Plw](t) satisfies the stochastic differential equation

dP[u)(t) = (Z z;u(t) dt + yu;(t) dW(t)) Pul(t). (IV.5.1)

=0

Proof: Observe that,

dP[](t) = Y ndE,ul(t)

nexXy*
nEXY“
= (Z z;u;(t) dt + y;v;(t) dW (¢ > Z nE,u
0 nexy*

= (Z z;u; (1) dt + y;v:(t) dW(ﬂ) Plu](t).

=0

It is important to point out that equation (IV.5.1) is strictly valid only in its integral

form, i.e.,

Plu(t) (le/ u;(s)Plw](s ds+2yz]£ vi(s dW(s)).



136

CHAPTER V

INTERCONNECTIONS OF FLIESS OPERATORS

In this chapter, the theory describing the interconnection of Fliess operators is
presented, and, in the process, dissertation problems (iv) and (v) are addressed. In
the first section, the existing formalism for the parallel, product and cascade intercon-
nection of systems driven by deterministic inputs is summarized. Since an extension
of the shuffle algebra has been developed in Chapter IV for the language XY™, an
extension of the composition product can be also developed for XY™*. Using this
concept, an analogue of the formal Fliess operator described in [24,30] is developed
for formal stochastic input processes. Next, the parallel, product and cascade con-
nections are defined algebraically for formal Fliess operators and for Fliess operators
with inputs in V™[0, T]. The chapter is concluded giving sufficient conditions for
the global and local convergence of the parallel, product and cascade connection of

Fliess operators.

V.1 PRELIMINARIES

The four elementary interconnections used in system theory are the parallel, prod-
uct, cascade and feedback connections. The focus of this dissertation is on the non-
recursive connections, which are the parallel, product and cascade connections. In
the deterministic case, the parallel connection is trivial. The product connection

was analyzed by Fliess [17] and Wang [63]. The cascade connection was analyzed
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by Ferfera [13], and Gray and Li [28]. Gray and Wang showed in [29] that Fliess

operators always have the form
F. : BI'(R)[to, to + T] — BL(S)[to, to + 77,

provided that ¢ € R¢(({X)) is locally convergent and R, S, T > 0 are sufficiently small.
This fact makes the interconnections of analytic nonlinear input-output systems well-
defined in the deterministic setting. The next theorem describes the generating series

of the three interconnections under study.

Theorem V.1.1. [13,24,28] Let ¢,d € R™((X)). The generating series for the
parallel, product and cascade interconnections are given by
Fc + Fd - Fc+d
Fo-Fy = Feua
Fc o Fd = FcOd-

The next theorem states that the series operations +, w and o preserve local

convergence.

Theorem V.1.2. [28] Suppose ¢,d € R™{((X)) are locally convergent. Then ¢+ d,

cwd and cod are also locally convergent.

The stochastic counterpart of these results is presented next.

V.2 THE STOCHASTIC CASE

In Chapter IV, it was shown that Fliess operators driven by inputs from U V™[0, T
have the form

F,:Uv™0,T] - uv" [0, T), (V.2.1)
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when c¢ is a globally convergent series, and
F,:UV™0,T] — UV"[0, 5], (V.2.2)

when c is locally convergent. Unlike the deterministic situation, this is not enough
to establish the well-posedness of the corresponding interconnections. For example,
the output process of a Fliess operator with stochastic inputs does not have the in-
dependence properties that inputs in V™[0, T] have. Therefore, the outputs cannot
drive a second Fliess operator. In this situation, it is first convenient to consider the

interconnection of Fliess operators when there are no convergence assumptions.

V.2.1 Formal Fliess operators

The main objective of this section is to define a class Fliess operators where the
associated generating series is independent of any assumptions concerning global or
local convergence. The main idea here is to obtain clues about the generating series
of the interconnection of Fliess operators free of any convergence requirement, and
then find a correspondence to the case where Fliess operators are convergent. This

latter point of view motivates the definition of a formal stochastic process.

Definition V.2.1. Let ¢, € R™((XyYp)). A formal stochastic process w is

defined by

w(t) = Y (cum)E0](2). (V.2.3)

n€XoYo"

The set formed by all formal stochastic processes is denoted by #'.

There is no input in UV™[0, T] playing a role in (V.2.3) since the iterated integrals

only utilize letters from XyY,. It is understood that for any w € # there exist a
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corresponding generating series ¢, € R{(X,Y})), and since ¢, is arbitrary, w is simply

a formal summation of iterated integrals. Note also that ¢, can be written as

cw=(cw,®) +70 Y (75" (cu) O)E+w0 Y, (U5 (cw) O,

EDYO‘ £eXoYo™"
cl c
where (cl,, &) = (cw, zo€) and (c2,€) = (cyu, yof) for all £ € XYy, Trivially, cL,c? €

R™({X,Ys)), and they are called the drift component and the diffusion component of
cw, respectively. This also implies that ¢} and c¢? define the formal processes w! and
w?, which are the formal drift and diffusion integrands of w, respectively. A formal
input here can be understood as an exogenous input process being generated from a
exosystem where w = 0, 1.e.,, u =v =0.

In Example [V.4.1, it was observed that the output of a Fliess operator associated

with ¢ € R{{XyY},)) can be formally written in It6 form as

y(t) = Felwl(®)
' 1
= @0+ [ (Farolulo) + 3 Frgroul) ds
t
+ /0 F,o o lwl(s) AW (s), (V.2.4)
and when c is globally convergent y is an Lo-It06 process. According to this represen-

tation, there exists a relationship between formal processes and the set uy" [0,T] as

described below.

Theorem V.2.1. Let w € #'. If ¢, is globally convergent then w € Z;{T}m[O,T]. On

the other hand, if w is ordered in the sense that

wt) =) D (cwnE0)), (V.2.5)

7=0 k=0 pe xky i~k
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and ¢, s locally convergent then w € L?T/”[o, Tg], where Tp = inf{t € [0,T] : [W(t)| =
R}. In particular, if ¢, is exchangeable and locally convergent, then w € m}m[(), 7R|

regardless of the ordering implied in (V.2.5).

Proof: Since w is a formal process, it is associated to a series ¢, € R™((XoY))).
Next, similar to (V.2.4), w can be formally written in It6 form. The same can
be done for the formal drift and diffusion integrands of w associated with ¢}, and

2

c2, respectively. Now, if the formal inputs w'

and w? correspond to cl and

CZ

w?

respectively, and max{|(c},n)|,|(2,n)|} < KM!" for all n € X,Yy*, then,
by Theorem IV.1.5 and Lemma IV.4.1, the formal process w € m/m[O,T]. On
the other hand, if max{|(cL,n)|,|(c2,n)|} < KM |n|! for all n € X, Y;* then
by Theorem IV.3.1 and Lemma IV.4.1 there exist © € R and a stopping time
tp = inf{t € [0,7] : |W(t)] = R} such that w € z,ﬁ/m[o,rR] when w is taken as
in (V.2.5). If ¢, is an exchangeable series, the order in (V.2.5) is irrelevant. Thus

w e UV [0, 7g). n

In order to define a formal Fliess operator, an extension of the composition
product definition has to be formulated over XY™. Without loss of generality, any

n € XY™ can be written as

o
n= nkqf-tnk—lqiﬁj e 771q2770, (V.2.6)

where n; € X Yo", q,f; = z;, when [; = 1, qf; = y;, when {; = 2, and in both cases i; €
{1,...,m}. In addition, the set of words {#,...,, 7o} such that 7;,1 = nj+1qij:iﬁj
and %;.1 # 0 are called the right factors of . The composition product of a series

with a word is defined below.
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Definition V.2.2. The composition product is

n © Meis =0, Vi£DO

nod=
ngld w(ned)] : n=nqn i#0, je{1,2}, 7" € XY,
where 7 € XY* is a right factor, &} : € — (d,€)], (d,g)g’ is the ith component of

(d,€)?, 7 = 1 represents drift coefficients and j = 2 represents diffusion coeflicients.

Furthermore, the composition of a series ¢ € R¢((XY)) with d is

cod= Z (e,mmnod.

neXY*

It is important to observe that if Y = (J, then this composition product reduces
to the usual composition product on R™((X)). The theorem below says that the

composition product on XY™ is summable.

Theorem V.2.2. Let d € R™((XY')); then the family of series {nod : n€ XY*}

is locally finite and therefore summable.

Proof: Given that any word in XY™ can be written as in (V.2.6), it follows that

k =172, y0
ord(nod) =ng+k+ Y n;+ord(d)) =|n/+ S ord(d))

Thus, for any £ € XY™,

L) = {ne XY™ : (nod)#0}

C {ne XY : ord(nod) <}

1l=17l 2 ug

—_ * . l ]
= (neXY*: |n+ E ord(d;) < [¢]
j=1
One can see that the latter set is finite, ensuring 74(€) is finite, which in turn implies

summability. [ ]

Now that all the necessary concepts are available, the definition of a formal Fliess

operator can be stated.
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— s F, }_ s F, !_
w— =Y W Xy

Fig. 9: Parallel and product connections of Fliess operators.

Definition V.2.3. The class of formal Fliess operators on R™((X,Yp)) is the

collection of mappings
F 2 {co: R™{(XoYy)) — RE((XoYo)) : cw = ¢, = cocy,c € REUXY))}.

The operator co is a formal operator in that it acts on a formal input, i.e., one

that has a series representation.

V.2.2 The parallel, product and cascade interconnections of formal Fliess

operators

The parallel and product connections are studied first. It is helpful to recall the
meaning of these interconnections. Consider two input-output maps F, and Fy (see
Figure 9) both driven by the input w and having outputs y., y4, respectively. The

parallel connection is simply the addition of the two outputs, i.e.,

y:yc+yd:Fc[w]+Fd[w]
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The product connection is the multiplication of the two outputs, i.e.,

Y=Y ya = Felw] - Fyw).

Using Definitions IV.2.1 and IV.2.3, one can characterize the parallel and product

connections assuming inputs from #'.
Theorem V.2.3. Let ¢,d € RE((XY)). Then
cocy+docy = (c+d)ocy, Ve, € R((XoYo)).

Proof: The parallel connection is the addition of two formal Fliess operators. There-

fore, from the left linearity of the composition product,

cocy,+doc, = (c+d)ocy,.

Given that the formal Fliess operators co and do both act on the series ¢, the
product connection of formal Fliess operators is represented by the shuffle product

of the output series, i.e., (co ¢,) w(do cy).
Theorem V.2.4. Let ¢,d € RE(XY)). Then
(cocy)w(docy,) =(cwd)ocy,, Ve, € R((XYo))- (V.2.7)

Proof: Tt is known that the product of two iterated integrals is represented by the

shuffle product of words in XY™*. Note that

cwdioe= 3 (cm)dE)mutoe (v.28)

nEEXY™
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and

(coe)w(doe)= D (en)(dE)((noe)w(Eoe)). (V.2.9)

mEEXY*

Therefore, it is sufficient to show that

(Mwé)oe=(noe)w(foe) (V.2.10)

for all 7, € XY*. This is proven by induction over |n| + |£| = n. If |n| + |£] = 0
then the identity is satisfied trivially. Consider n = qﬁn’ €= qé";g’ ,and /', & € XY™
such that |n| +|¢'| =n —1 and || + || = n — 1. Now assume that (V.2.10) holds

up to n — 1, and calculate the identity for |n| + || = n. Then

(nwé)oe=(gi(nwe))oet (gZnwe)) oe.

By the inductive step and Definitions IV.2.3, V.2.2, if j; = j5 = 0 then

(nw&oe = qi (wé)oe)+qg (nwe)oe)
= g (" oe)w(€oe)) +a7 ((noe)w(f oe))
= i (" oe)war (€ oe)) +q (05 (0 o€) w (€ o))
= (2 (n'0€) w (a'(€ 0e))

= (oQuw(€oo).

If 71 = 0 and j2 # 0 then, by the commutativity of the shuffle product,

(Mwéoe = git (Nwoe)+gf (d2w (nw&')oe))
= g ((Moe)w(foe))+qf (d2w ((noe)w(f oe)))
= g (" oe)war (d2 w (€ oe)))

+a¢t (gf(n o €) wd? w (¢ o))
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2m Inputs 2m Intermediate

. £ Outputs
signals P
(o, > - JLo Sy
1
u - - j -
v, —> - ~l2 - c
>
LV - 7o

Fig. 10: Cascade connection of Fliess operators.

- q[l)l (n'oe)w q(l)2 (dg‘; w(f o e))

— (moe)u(Eoe).

If j; = 72 # 0 then, by again the commutativity of the shuffle product,

(nw€ee = g (diw ((Mwé)oe)) +qf (42w (nwl)oe))
= g3 (djw (10 w(€0e)) + a5 (d w (o e)w(€ o e)
= g5 (&} w(n' ce)wag (d2 w(E o))
+agt (gb' (4} w (7' 0€)) wdf w (€ oe))
= (g0 (5w (0 o)) w (g5 (&} (€ 0e)))

— (oe)w(Eoe).
This result, along with (V.2.8) and (V.2.9), completes the proof. |

The cascade connection needs a special treatment. It is represented by the com-

posite system, F, o Fy, with input u4 and output y. (see Figure 10). In other words,
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the output of the system Fj is connected directly to the input of the system Fi, i.e.,
Yo = (Fe 0 Fy) [ug] = Fe[Fylua]]-

Since these input-output maps have been described as functional expansions, the
cascade connection will follow the rules of the usual functional composition.
Observe in Figure 10 that when two Fliess operators are connected in cascade
fashion, an intermediate signal, ¢, is generated. In order to properly establish this
interconnection, it will be desirable that the intermediate signal behaves as an input
of the next system. Moreover, §¥ needs to have 2m components since it is assumed
that the second system has 2m inputs. That is, one is expecting two sets of outputs:
one set to serve as drift inputs and the other to serve as diffusion inputs for F,. In
other words, the associated series d must be in d € R*™((XY)). For example, if j
has ¢ components then ¢ is divided, depending on how noisy are its components, into
two groups: m; drift inputs and mq diffusion inputs labeled with superscripts 1 and
2, respectively. Since one desires £ = 2m, then m = max{m;, my} and the group
with fewer components is completed with zeros. For the cascade of formal Fliess
operators, the compatibility between inputs and outputs is not a problem given that
by Definition V.2.3, ¢,, € R™((XoYs)) and ¢; € R*™((X,Y,)) when £ = 2m is chosen.
Therefore, c; can be the input of a second formal Fliess operator. Using Definition

V.2.2, one can characterize the cascade connection assuming inputs from # .

Theorem V.2.5. Let c € RE(XYs)) and d € R*™((XY)). Then

co(docy,) = (cod)ocy,, Ve, € R¥(({X Yp)).
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Proof: First, observe that

o(docy) = Z (c;mmno (docy).

neXy*

Therefore, it is sufficient to show
(nod)ocy =no(docy) (V.2.11)
for all n € XY*. Now consider that any word in XY* can be written as in
(V.2.6). The proof is done by induction over the numbers of right factors in 7,
sald {7k, Tk—1-.., 7o} If K =0 then n =7 € X Yp". By Definition V.2.2,
(ood)ocy =Toocy =To="oodocy.
Now suppose identity (V.2.11) holds up to the k-th right factor of n. Using (V.2.7),
for Me+1 = le+1qzl~:iiﬁk,
(Mer10d)ocy = (le+1q1::17hc d) 0 Cy
= (nk+1qf{‘+1 [dzili (7 Od)D °
[di2h s (Ao d)] o)
= menaar™ ((dir o cw) w (o d)ocy)

— le+1qé’°“ ((dlk+1 o cw)i’c+1 i (ﬁk o (d o cw)))

= TIk+1Q0 (

lost =
= 415,k © (d o cy)
= Mky10(docy).

Hence,

o(doc,) = Y (emnol(doc,)

nexXy

= Y (enmod)oc,
neXy*

= (CO d) © C1U7
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which completes the proof. [

Generally speaking, Theorems V.2.4 and V.2.5 show that the composition product
over R({XY')) is distributive from the right with respect to the shuffle product and
associative. These two properties were originally proven by Ferfera in [13] for the
composition product over R¢((X)). In conclusion, the parallel, product and cascade
connections of formal Fliess operators are characterized by the operations +, w., and
o on R((XY)). In the next section, these three operations are going to be related to

the interconnections of Fliess operators with inputs from UV™[0, T).

V.2.3 Convergence of the interconnections of Fliess Operators

In light of (V.2.1) and (V.2.2), one needs more than an algebraic notion of well-
posed of an interconnection when inputs from V™[0, T| are considered. For example,
the cascade connection requires the convergence of w,y and y in addition to § be-
longing to UV™[0,T]. Unfortunately, from Corollary IV.4.1, it has been shown that
g resides in uy™ [0, T'], which is a set including UV™[0, T|. However, one can utilize
the concepts of rationality and local convergence of formal power series to develop
situations where the interconnections of Fliess operators produce a well-defined out-
put process. This section begins with the description of the interconnections of Fliess

operators with inputs from V™[0, T).

Theorem V.2.6. Let c,d € RY(XY)) be locally convergent series and w €

UY™[0,T]. Then

Felw] + Fy[w] = Feiqfuw],

Fw]- Falw] = F,. q4w]
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Proof: The parallel connection is the addition of two Fliess operators. Therefore,

Flwl(t) + Falwl(t) = ) (emEwl®) + Y (dn)E;w](t)

= z (¢ +d,m) Eq[w](2)
= Foaw](t).

The product connection is the product of two Fliess operators. Therefore

Fw)#) - Falwl(t) = ) (emEywlt)- Y (d,6)Eclw](?)

neXy~ £EXY™
= D @n)dOE L)
1, eEXY™*
= F. qw](?).

Here, the minimum requirements from Theorem IV.3.1 for the convergence of
F.[w] and F,[w] have been assumed. Hence, F. 4/w] and F.,, 4{w] are infinite sum-
mations of well-defined iterated integrals, since E,  ¢[w] is well-defined for any
w € UV™[0,T]. Note that the generating series of the parallel and product con-
nections of Fliess operators on UV™[0,T| and formal Fliess operators coincide. To
study the convergence of F.;4[w] and F, , 4[w], it is necessary to study the proper-
ties of c+d and cw d on R4((XY)). The next theorem is a direct consequence of its

counterpart for series in R{(X)) [24,63].

Theorem V.2.7. Ifc,d € RE((XY)) are globally convergent then c+d and c . d are
globally convergent. Moreover, if ¢,d € RY(XY)) are locally convergent then ¢ + d

and cwd are locally convergent.

It then follows in the next corollary that the parallel and product connections are
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well-defined and produce a well-defined Ly-Itd process over [0,T], T > 0, when the

generating series involved are globally convergent.

Corollary V.2.1. Let ¢ € RY{(XY)) and d € REY((XY)) be globally convergent
series. For any w € UV™(0,T], the operators Fo 4 and F,_ 4 produce well-defined

Ly-Ité processes over [0, T).

Proof: Since ¢ and d are globally convergent, by Theorem V.2.7, ¢+ d and ¢ d are
globally convergent. Thus, by Theorem IV.1.5 and Corollary IV.4.1, the operators
F.iqand F,,, 4 converge and produce well-defined Ly-It6 output processes over [0, T,

T>0. =

For ¢ and d locally convergent series, F..4{w] and F. , 4[w] also converge condi-

tionally over a nonzero stochastic time interval.

Corollary V.2.2. Let ¢,d € RY{{XY)) be locally convergent series. For any w €
UV™0,T), there exist an B > 0 and a stopping time Tr such that Foyq and F, 4,

respectively, produce Lqo-Ité processes over [0, Tg] assuming the order of summation

defined in (IV.3.5).

Proof: Since ¢ and d are locally convergent, by Theorem V.2.7, ¢+ d and cwd are
locally convergent. Then, by Theorem IV.3.1, the operators F, 4 and F__, 4 define
Lo-Tt6 processes over the stochastic interval of time [0, 7g], where 75 is defined in
(IV.3.4) and when the series defining F,, 4 and F, 4 are added in the order described

in (IV.3.5). n

Observe that if ¢+ d and cw d were exchangeable series then Corollary V.2.2 is

valid unconditionally. In particular, the local convergence of the parallel connection
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of Fliess operators is well-posed for ¢ and d exchangeable series.

Corollary V.2.3. Let ¢,d € R¥((XY)) be locally convergent and ezchangeable. For
any w € UV™[0,T), the Fliess operator F.,4lw] converges over a stochastic interval

of time regardless of the order introduced in (IV.3.5).

Proof: From Corollaries IV.3.1 and V.2.2, it is only sufficient to show that ¢ + d
is exchangeable. Fix «, 8 € N™*1; then, from Definition IV.3.2, ¢, g represent the
image under ¢ for words in L, g and d, g represent the image under d for words in
Lo It is easy to see that (¢ + d)a,g = Ca,g + dag for all a, 3 € N1, Thus, c+d

is exchangeable. n

The cascade connection is again treated again separately. Below, the relationship
between the cascade connection of Fliess operators on /Y™ (0, T'] and the composition

product on R{{(XY)) is obtained.

Theorem V.2.8. Let ¢ € RY((XY)) and d € R*™((XY)) be locally convergent, and

w € UV™(0,T]. Then
(F, 0 Fy) [w] = Feogw].

Proof: Since Fy|w] is a convergent operator, the iterated integrals in F; defined using
the components of Fy[w] as integrands are well-defined. It is shown first that F o Fy =
Floq for any n € XY™ using induction over k = ||, + |n|,,, i € {1,...,m}. Let n €
XY* be written as in (V.2.6) and consider the set of right factors {7, ik—1,---, 70}

of n. Clearly,

(Fo 0 Faw]) (t) = Egp[w](t) = Fi,[w](t) = Fryoalw](2).
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Now assume that (Fy, o Fg[u])(t) = Fj,oa[u](t) holds up to some fixed k > 0. Then

by Definition V.2.2

(Fy,

Finally,

o Fa[w])(?)

E Lit1g, [Fa[wl](t)

7]]+1q,J+1

.. A ’ FIJ_H[ ](tl)Eﬁj [Fd['w”(t )dq11+1( ) -dql'nji+1+1(tnj+1+1)

tn 1+1
J+1 I+

{o

77._7+1+1 times
In, 141
/0 / dfii 7] d)[ ]( )dqzﬁl( ) ”dqin;’:1+1(tn1‘+l+1)
3

'n.3+1+1 times
F . w|(t
Mj+1 [dijﬁ w (ﬁde)][ 1)

Fy; roaw] (B).

(Feo Filuwl)(®) = D (emBE[Fafwllt) = Y (en)Fpoalwl(?)

= Y (en)] Y @od V)Eu[w](t)}
-y [Z (¢,n)(nod,v)| E,[w)(t)
= Z (cod,v)E,[w](t)

= Fq[w](?).

Note that the generating series of the cascade connection of Fliess operators in

UV™[0,T] and formal Fliess operators coincide. ]

Even though F.[w] and Fy[w] are convergent, the composite operator F,.g{w] is

just an infinite summation of iterated integrals. In addition to globally and locally

convergent formal power series, the concept of rationality plays an important role
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in the convergence analysis of the cascade of Fliess operators on UV™[0,T]. For
global convergence, an analogue to Ferfera’s condition presented in Theorem III.2.5
is needed for series in R((XY)). Fortunately, the rationality of the composition
product on R({XY)) can be treated in a manner completely analogous to the case
for R((X)). From Definitions III.2.5 and V.2.2, the definition of input limited can

be directly extended to series in R({XY)).

Definition V.2.4. A series ¢ € R({XY)) is limited relative to x; and y; if there

exists an integer A; > 0 such that

SUp  |N|zsy = Ni < 0.
nésupp(c)
If ¢ is limited relative to z; and y; for every ¢ = 1,...,m then c is said to be

input-limited. In such cases, let N, := max; ;. A series ¢ € RY((XY)) is input-
limited if each component series, c;, is input-limited for 7 = 1,...,£. In this case,

N := max; N;.

Theorem V.2.9. Let c € RY(XY)) and d € R*™((XY)). If c and d are rational

series then co d is rational if ¢ ts input-limited.
A slight extension of Lemma II1.2.1 is presented next.

Lemma V.2.1. Let c € RY(XY)) be a rational series with a linear representation
(1,7,2). Let N} & p(z;) € R™™ and N? 2 u(y;) € R™™, i =0,1,...,m. Then for
any d € R ((XY)) it follows that

cod= ) AD((Nyzo+ Ngyo)"),

neXy’
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where XY 2 {z1,-. ., Zm,Y1,---,Ym}, and the set of operators {D, : n € )/(T’*} 18

the monoid under composition uniquely specified by
D : R™™M(XY)) = R™™(XY)) : E = (Ngzo + Nyyo) @ N} (d] w E)

with Dy equivalent to the identity map. (The shuffle product above is defined compo-

nentwise.)

Proof: Without loss of generality, assume £ = 1. Define N, = N(l)’°-~N(l)1 for
n = qé’? - -qél € XY*. Directly from the definition of the composition product

observe that

m,2
. lk lk—l l1 no
cod = E E E ANy N Ny (N2 - Ny N NG O -
k>0 élr--yik=1 M0, MkEXoYo™
1!"'1 k:

! I
TR Me-10, " - ~Mdiimp o d

m,2
=YD M S SV SR R

k>0 i1,...,2x=1ng,....nx €EXo Yo ™
l1,.. k=1

Leor [ e
e [l [meaal ™ [di 2w gl [d wm]) -]
From the bilinearity and continuity of the shuffle product (in the ultrametric sense),
it follows that

m,2
cod = Z Z A Z N, Tk QékNil: {diiw

k>0 i1,..,1x=1 n€XoYo™
U1, 00k=1

} : k1 arle-1 | glk—1
N'rllc—l’r]k_1 qO Nik_l d'ik_l e

M —1€XoYo"™
I athh 1y
E Nmnl 0 Nil di1 u—' E Nnon0 T Y
meXoYo® no€XoYo"

m,2
* 1 « Lli_ Ly
= Z Z /\(N&x0+Ngy0) ész‘l: [di:l-u [(N&a:0+Ngy0) ok lNi:_ll )
k>0 11,00 =1
Lenlie=1
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k-1

[d”“l we e w [(Ngzo + Ngyo) g N [d w (Njzo + Niyo)'] ] m 7.

Finally, applying the definition of D,,

cod = > >, ADuDuc-eDa((Nozo+ Niwo) )y
k20 gl exv*
= ) AD,((Ngzo + Njyo)*),
neXy"
and the lemma is proved. n

Proof of Theorem V.2.9: Since c¢ is input-limited, it follows from Lemma III.2.1 that

Ne

cod= Z Z AD,((Ngmo + N2yo)™)y.

k=0 e xv*
Clearly, each operator D, is mapping a rational series to another rational series as it
involves only a finite number of rational operations. Therefore, for any integer k£ > 0
the formal power series

> ADy((Ngzo + Niwo))y

neXv”
is again rational since the summation is finite. Thus, ¢ o d must be rational. ]
By a direct application of Theorem V.2.9, a sufficient condition for the conver-

gence of the cascade of two rational Fliess operators is described next.

Corollary V.2.4. Let ¢ € RE(XY)) and d € R*™((XY)) be rational series. If c
is input-limited, then for any w € UV™[0,T], T > 0, the output of a cascade of two
Fliess operators, Fo.4[w], converges in the mean square sense to a well-defined Lo-Ité

output process.
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Proof: Since c is input-limited, the series ¢ o d is rational by Theorem V.2.9. Then,
by Theorem IV.1.5 and Corollary IV.4.1, the operator F;[Fy[w]] = Feoqlw] defines a

well-defined L,-Ito output process. [

One can use Theorem V.2.9 to establish a condition for the analyticity of F|w]

in the rational case.

Theorem V.2.10. Consider an operator F, with c € RE(XY)) rational and input-
limited. Select an input w € UV™[0,T] which is an analytic Ité6 process described
by the rational series ¢,, € R™((XoYy)). Then the output process y = F.[w] is also

analytic and has the generating series ¢, = co ¢, € R{{XoYp)).

Proof: Because c is input-limited, the series c o ¢, is rational. Then, by Corollaries
IV.4.1, V.2.4 and Theorem IV.1.5, the process y(t) = Feoc, [w](t) is a well-defined Ito

output process for all ¢ € [0, 7] and has the series representation c o c,,. |

Example V.2.1. Consider the input-limited series ¢ = (1 — z¢)"*(z1 + v1)? and

d = (1—y;)" . From the last theorem, the composition product cod must be rational

since c is input-limited, i.e., max{ max {

max, Nlg, }, max {]n|yl}} < 2. To confirm that

neXxXy*

c o d is rational, using standard formal power series tools, the composition of ¢ and
d can be computed as
cod = (1—x) a1 +uy1)0(l—p)7 !
= (1-z) ' (B +mp+mz+y)o(L—y)™?
= 1-2z0) 2o (1 —w)  w(@me(l—y)™)
+(1—z0) 'z (L —y1) Twpio(l—w) ™)

+(1—z0) Ty (1 —y1) P w(@mo (1 —p1) ™))
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+(1—20) My (L= 9) T wyo (L -y1)™h)
= (1—20) "zo (1 —y1) " w (2ol = 1) ' (Do (L 3)7"))
+(1—z0) 2o (1 —91) T w (w1l —9) " w (Do (1—31)7"))
+(1 = 20) g0 (1 —9) " w(zmol —31) Tw (Bo(1-1)"))
+(1 = 20) o (1= 1) M w (ol — 1) e (B0 (1—31) 7))
= (1—=0) "o (1 —y1) " wao(l—31)™")
+(1—20) 'z (1 — 1) wyo(l —31)7")
+(1 = 20) Mo (1 = 31) " wao(1 — 1))
+(1 = 2z0) My (1= y) w1 —y1) 7).

The latter summands can be determined directly as

gl —y)tw(l—y)!
= @l—y) " wl+ul—u)™)
= @(l—y) " + @1 -y) Twnl—y)
= @l-y) "'+ @ ((1—y) Twpn@-y) ™) +u (G -y)  w(l—y)7)
= @((-y) 7w (-9 +1)) +u (BT -y) T wl-y)7)
= @ (1-y) w@-y) )ty (@1L-m) T wl-n))

= @l—2y) "+ (@l-y)Tw@-y)).

Factoring g}(1 — 1)~ ' w (1 — %1)~! from the left-hand and right-hand sides gives

1-g) (@A-—y) T Tw@l—y)™") = gl—2p)7"

In which case,

Gl—y) w(l—y) =1 —y) "Gl —2p) " (V.2.12)
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Using identity (V.2.12), the composition c o d is computed as

cod = (1-— 350)_1550 ((1 - yl)VIwo(l - 2?!1)_1)
+(1 = z0) " o (1 — 31) " 'yo(1 = 231) ™)
+(1 —z0) Mo ((1 — 1) 'zo(1 — 2y1)7Y)

+(1 = z0) "'yo (1 — 1) "'yo(1 — 231) 7).

Observe that cod is a rational series. Thus, the corresponding Fliess operator Fioq|w]

is the input-output map of a bilinear system. 0

Now it is only left to establish under what condition the cascade of Fliess op-
erators on UV™[0,T] having locally convergent generating series produce an Lg-1t6
process. In this setting, consider the next theorem, which is a direct consequence of

its counterpart for series in R((X)) [24, 28].

Theorem V.2.11. Let ¢ € RY(XY)) and d € R*™((XY)). If c and d are locally

convergent then c o d is also locally convergent.

Corollary V.2.5. Let ¢ € RE(XY)) and d € R*™((XY)) be locally convergent. For
any w € UV™[0,T], there exist an R > 0 and a stopping time Tr such that Foq[w)

converges to an Lo-1té output processes over [0, Tr| assuming the order of summation

defined in (IV.3.5).

Proof: First observe that F, and Fj, independently, are each only well-defined on
UV™[0,T] when the summations are ordered as in (IV.3.5). By Theorem V.2.11,
regardless of any order for ¢ and d, the series ¢ o d have locally convergent coefhi-

cients. Hence, the operator F,.4[w] is again defined in the same sense. Therefore,
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the ordered summation of F,.4[w] converges to an L,-I1td output process over the

stochastic interval of time [0, 7z, where 7g is defined in (IV.3.4). u

From the last theorem, once again a conditional convergence result is obtained
when locally convergent series are involved. Earlier, the property of exchangeability
was added to remove this conditionality (see Theorem IV.3.1). However, in this
particular theorem, exchangeability cannot be used since it is not known at present

whether the composition product of exchangeable series is exchangeable.
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CHAPTER VI

CONCLUSIONS AND FUTURE RESEARCH

In this final chapter, the main contributions and conclusions of this dissertation

are summarized. Then some future research topics are described.

VI.1 MAIN CONCLUSIONS

This dissertation was focused on the solution of five problems.

The first problem involved defining a class of Ly-It6 processes that formed a set of
admissible inputs to a Fliess operator. The proposed classes of inputs were given in
Definitions IV.1.1 and IV.3.1. In these definitions three sets were defined: UV™{0, T,
uv” [0, T] and UV™([0, 7). The first is a subset of the second, and it formed the set
of inputs to be used for driving a Fliess operator. The latter set is the restriction of
UV™[0,T] to the nonzero stochastic time interval [0, 7g]. In particular, any element
of these sets is an Ly-It0 process and can be written as the sum of a Lebesgue and a
Stratonovich integral whose integrands are themselves L,-It6 processes.

The second problem was to define a Fliess operator over UYV™[0,7T] and
UV™[0,7g), and provide the necessary conditions under which the operator con-
verges to produce a well-defined stochastic output process over a nonzero interval of
time. The proposed definition of a Fliess operator driven by inputs from V™[0, T
was given in Definition IV.1.2. For this definition, an iterated integral comprised

by Lebesgue and Stratonovich integrals was introduced in (IV.1.2) and (IV.1.3). To

establish the convergence of this Fliess operator, it was natural to take limits in
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the mean square sense. The fact that Stratonovich integrals now played a role in
the Fliess operator definition added a level of complication in the calculation of an
L, upper bound for these Lebesgue-Stratonovich iterated integrals in that they do
not satisfy the isometry property. Then, identity (IV.1.4) was used to transform
Stratonovich integrals into It6 integrals so that Theorems IV.1.2, IV.1.19 and IV.1.4
gave the Ly upper bounds needed. The main idea for the global convergence of Fliess
operators, Theorem IV.1.5, was to use the concept of globally convergent series in
combination with the notion of a Cauchy series to prove the mean square convergence
of a Fliess operator. This also meant that the limit is a well-defined L, bounded ran-
dom variable. In addition, using properties of the shuffle product, a conditional local
convergence result for these operators was given in Theorem 1V.3.1. However, if the
generating series of the Fliess operator was an exchangeable series then Theorem
IV.3.1 produced a well-defined stochastic process defined over a nonzero stochastic
interval of time independent of the order defined in Theorem IV.3.1.

The third problem was to characterize the set of output processes giving their
main properties and describing in what sense there is compatibility between the
input class and the output class. A characterization of the output process was given
in Corollary IV.4.1. Specifically, this corollary showed that an input in UV™[0, T}
maps to an output in Z:{T/m[O, T]. This meant that the output set U} [0, T satisfies
all the properties of UV™[0,T] with the exception of the independence properties
presented in Definition IV.1.2. One critical problem related to this fact is that the
output process generated by a Fliess operator might not, in general, be suitable
for driving another Fliess operator. It was also shown in Theorem IV.4.1 that two

different generating series cannot represent the same output process. Finally, an
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1t6 process generated by a Fliess operator was called analytic since it resembles the
notion of analyticity in the usual sense.

The fourth problem was to characterize the generating series for the parallel,
product and cascade interconnections of Fliess operators for formal input processes
and for inputs from UV™[0,7]. The proposed solution to this problem was to first
define the set of formal inputs in Definition V.2.1 and the class of formal Fliess
operators in Definition V.2.3. Then the characterization of the nonrecursive inter-
connections (parallel, product and cascade) were presented in Theorems V.2.3, V.2.4
and V.2.5. In these theorems, it was shown that the operations +, w and o on
R({(XY)) characterize the parallel, product and cascade connections, respectively.
Theorems V.2.6 and V.2.8 showed that the same operations also characterize their
respective connections for inputs in UV™|0, T].

Finally, the fifth problem was to provide conditions under which these intercon-
nections are well-defined in the sense that they produce a well-defined output process.
It was discovered that the algebraic operations +, w and o on R((XY')) behaves
similarly as on R((X)). Then, Theorem V.2.7 showed that the + and w operations
preserve global convergence, and Theorems V.2.7 and V.2.11 showed that +, w and
o operations preserve local convergence. In Corollaries V.2.1, V.2.2 and V.2.3, the
convergence of the parallel and product connections was presented. For the com-
position product, Ferfera’s sufficient condition for the rationality was extended to
R({XY)) in Theorem V.2.9. Using the previous theorem, it was shown in Corollary
V.2.4 that under Ferfera’s condition the cascade of two Fliess operators on UV™(0, T
produces a well-defined L,-It6 output process. Finally, Corollary V.2.5 showed that

the composition of two locally convergent Fliess operators generates a convergent
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output when ordered in the form presented in Theorem IV.3.1. One problem with
this theorem is that if the summation of the composite system is taken in a different

order, the system might not yield a well-defined output process.

V1.2 FUTURE RESEARCH
Some interesting future problems related to this dissertation are listed below.

1. It was observed in Corollary IV.4.1 that the output process of a Fliess operator
belongs to UV [0, T]. If the input set were V" [0, T] then there would exist full
compatibility between inputs and outputs. Thus, the signal § (see Figure 10)
can be used to drive a second Fliess operator. One could then ask: Is uy" [0,T]
a more natural input space for the interconnection of Fliess operators driven

by stochastic inputs?

2. Another open problem concerns the absolute convergence of Fliess operators
when the generating series is locally convergent. The structure of an affine state
space system is independent of the type of inputs (deterministic or stochastic)
used to drive it. Therefore, there are plenty of systems described by locally
convergent series that can be driven by stochastic processes. Then, the follow-
ing questions can be formulated: Under what conditions does a Fliess operator
with stochastic inputs converge absolutely to a well-defined output process?

Are the conditions associated with V™[0, T| enough to achieve convergence?

3. It was noted in Chapter V that if the composition product of two exchangeable

series is exchangeable then the cascade of two Fliess operators with inputs from
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Uuv™[0,T] will produce a well-defined output process. But, under what condi-
tions is exchangeability preserved under the composition product? What other

properties of exchangeable series can be exploited in the stochastic setting?

. It was shown in Example IV.1.4 that inputs from UV™[0, T] are not adequate
to model switched systems. It was conjectured that stochastic processes such
as Poisson processes (Lévy processes) would be more suitable for this purpose.
Thus, how can the theory developed in this dissertation be adapted to consider

inputs such as Poisson processes?
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