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ABSTRACT

BLOCK TRANSFORM CODING OF PRESAMPLE FILTERED DATA

Thomas A. S h u ll 
Old Dominion U n iv e rs ity , 1984 

D ire c to r : Dr. John W. Stoughton

This d is s e r ta t io n  addresses th e  a p p l ic a t io n  of non-adap tive t r a n s ­

form coding fo r  b i t  r a te  red u c tio n  of presam pled f i l t e r e d  d a ta . T rans­

form coding i s  examined as an a l t e r n a t iv e  to  conven tional pu lse  code 

m odulation (PCM) fo r  m u lti-so u rce , f ix ed  r a te  data  a c q u is i t io n  system s. 

T yp ical b and lim iting  presample f i l t e r s  in tro d u ce  redundancy in to  th e  

sequence of d a ta  sam ples. L inear tra n sfo rm a tio n  of successive  N -length  

blocks of the d a ta  sequence and subsequent b inary  coding of the  

r e s u l t in g  components is  shown to  lead  to  reduced average b i t  r a te  fo r 

the same le s s  d is to r t io n  as PCM.

Four B utterw orth  f i l t e r s ,  two corresponding  to  e ig h t b i t  PCM 

system s, and two corresponding to  te n  b i t  PCM system s, are co n sid ered . 

The orthonorm al transform s (b ases) examined a re  a f i l t e r  derived  

Karhunen-Loueve, a d is c re te  co s in e , and a d is c r e te  Legendre tran sfo rm .

A re fe ren c e  fo r th e  p rev ious use of the d is c r e te  Legendre b a s is  fo r 

tran sfo rm  coding i s  not known.

T ransform ation  i s  modeled as a bank of b a s is  dependent FIR f i l t e r s  

fo r  a n a ly s is .  Thus, transform  coding i s  in te rp re te d  in  terms of 

s p e c tr a l  energy cap tu re . The magnitude squared t r a n s f e r  fu n c tio n  of 

the presample f i l t e r  i s  assumed to  d e fin e  the  w orst case s p e c tr a l
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envelope or power s p e c tr a l  d en s ity  of the sampled f i l t e r  o u tp u t. This 

i s  in co rp o ra ted  in to  th e  model to  e s ta b l is h  an upper bound on th e  

average component energy fo r  the v a rio u s  b ases . The bases a re  compared 

a n a ly t ic a l ly  using  a b i t  r a te  red u c tio n  bound, adapted from Z e lin sk i and 

N o ll, and energy packing c o n s id e ra tio n s . The a n a ly s is  in d ic a te s  th a t 

b i t  r a te  red u c tio n  i s  p o ss ib le  and th a t  la rg e  block le n g th s  a re  not 

req u ire d .

The transfo rm  coding s tra te g y  fo r  N = 16 i s  implemented on 

sim ulated  and r e a l  d a ta . B it r a te  red u c tio n  on the o rd er of 25 p e rcen t 

e s ta b l is h e s  m erit fo r  the transform  coding s tr a te g y .  A d d itio n a lly , 

transform  coding i s  observed to  r e s u l t  in  le s s  d i s to r t io n  than PCM fo r  

s ig n a ls  having in te rv a ls  of reduced s p e c tr a l  a c t iv i t y .
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CHAPTER ONE

INTRODUCTION

This d is s e r ta t io n , add resses the  a p p l ic a t io n  of non-adap tive , r e a l ­

tim e transfo rm  coding o f d a ta  th a t  has been band lim ited  by presample 

f i l t e r i n g .  This type o f d a ta  i s  common to  m u lti-so u rc e , fixed  r a te  

sampled d a ta  a c q u is i t io n  in s tru m e n ta tio n  system s. These systems h i s to r ­

ic a l ly  use conven tional p u lse  code m odulation (PCM) fo r  data  rep resen ­

ta t io n .  The presam ple f i l t e r  i s  inc luded  to  s a t i s f y  the sampling 

theorem [1 ] . The a s s e r t io n  i s  th a t  the  f i l t e r  imposes redundancy on the 

sequence of d a ta  sam ples. Hence a p p ro p ria te  trea tm en t of the redundancy 

i s  expected to  lead  to  b i t  r a te  red u c tio n  compared to  the independent 

sample coding of PCM. This re se a rc h  examines block transform  coding as 

a v ia b le  s tra te g y  to  e f f e c t  b i t  r a te  re d u c tio n . The focus is  on the 

com parative perform ance of a c la s s  of orthonorm al bases (tran sfo rm s) 

w ith  re sp e c t to  a  re p re s e n ta tiv e  fam ily  of f i l t e r s .  The bases con­

s id e re d  a re  a Karhunen-Loueve b a s is  derived  from th e  f i l t e r  c h a ra c te r ­

i s t i c ,  the d is c re te  cosine  b a s is ,  and a b a s is  of d is c r e te  Legendre 

polynom ials. The d is c r e te  Legendre b a s is  has rece ived  l i t t l e  o r no 

a t te n t io n  fo r  transfo rm  coding. B it r a te  red u c tio n  cond itioned  s o le ly  

on presam ple f i l t e r  imposed redundancy i s  a new a p p lic a tio n  fo r tr a n s ­

form coding. I t  i s  hoped th a t  th i s  work w il l  lead  to  the in c o rp o ra tio n  

of transform  coding in to  fu tu re  d a ta  a c q u is i t io n  system s.

There has been w idespread use of sampled d a ta  a c q u is i t io n  systems 

over th e  p a s t se v e ra l decades. One a rea  where i t  i s  q u ite  common is

1
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2

aerospace re sea rch  where d a ta  a re  sim ultaneously  ga thered  from many 

sources in  r e a l  tim e fo r  s to rag e  or tran sm issio n  over a f ix e d  r a te  

channel. One of the most commonly used systems i s  the c l a s s i c a l  PCM 

system d ep ic ted  in  F igure 1.1 in  which each analog source is  sam pled, 

q u an tized , then  b in a ry  coded. The encoded samples from each source a re  

then m u ltip lexed  w ith  those of o th e r  sources fo r  f i n a l  d is p o s i t io n .

The f ig u re  a lso  shows a presam ple low -pass f i l t e r ,  a system compo­

nen t th a t i s  alm ost always included  in  o rd er to  meet the band lim ited  

r e s t r i c t i o n  imposed by the  sampling theorem. These f i l t e r s  a re  non­

id e a l ,  i . e .  have f i n i t e  r o l l - o f f ,  and the sam pling frequency i s  

g e n e ra lly  many tim es the f i l t e r  c u to ff  (3 dB) frequency , ty p ic a l ly  tw ice 

th e  frequency a t  which the f i l t e r  response f a l l s  below some p re d e te r ­

mined r e la t iv e  d i s to r t io n  le v e l .  The r a t io n a le  behind th i s  i s  th a t  any 

s p e c tr a l  component p resen t beyond h a lf  th e  sampling frequency would be 

below the d is to r t io n  le v e l and in d isc e rn a b le  from q u a n tiz in g  n o ise .

As a r e s u l t  of presample f i l t e r i n g ,  the sampled source i s  known to  

have b u i l t - i n  redundancy in  th a t  th e  samples a re  no t independent. That 

i s ,  they a re  each r e la te d  in  some fash io n  to  p rev ious sam ples. This can 

be seen by r e c a l l in g  th a t the  ou tpu t of a r e a l  (c a u sa l)  l i n e a r ,  time 

in v a r ia n t f i l t e r  can be w r it te n  as 

00

x ( t )  = /  h ( t) s ( t  -  -t) d-c (1*1)
o

th e  convolu tion  of the  inpu t and the  im pulse response  of the f i l t e r .

The ex is te n c e  of redundancy suggests  the p o s s ib l i ty  of d a ta  com pression 

over the  independent sample encoding of PCM.
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4

F req u en tly , in  th e  d a ta  a c q u is i t io n  a p p lic a tio n s  being co n sid ered , 

the tran sm iss io n  channel b i t  r a te  or a v a i la b le  s to rag e  is  l im ite d . This 

le a d s ,  through system design  t r a d e - o f f s ,  to  l im ita t io n s  on the sample 

r a te  (so u rce  bandw idth), and number of sources th a t  can be accommodated 

by a system . I f  by p rep rocessing  ( tra n s fo rm a tio n ) of the samples from a 

f i l t e r e d  source the  sample sequence could be rep re sen ted  by fewer b i t s ,  

more sources could be accommodated w ith in  th e  same communication channel 

or a l t e r n a te ly  the  f i l t e r  c u to ff  frequency and sample r a te  of a given 

source  could be in c re ased .

Some techn iques th a t  are  c u r re n t ly  employed fo r source redundancy 

removal a re  l in e a r  p re d ic tiv e  coding or d i f f e r e n t i a l  PCM (DPCM), d e l ta  

m odulation, and transfo rm  coding. N e tra v a li and Limb [2] give a review  

of th e se  and s e v e ra l o th e r  techniques as ap p lied  to  image da ta  com­

p re s s io n . Transform  coding i s  addressed  in  th i s  work. This techn ique 

invo lves  t r e a t in g  successive  blocks of the  in p u t sequence as v e c to rs ,  

and then  perform ing a l in e a r  b a s is  tran sfo rm a tio n  to  produce a new 

vec to r w ith  le s s  redundancy between components. The components of th e  

new v ec to r  a re  then  quan tized  and encoded more e f f i c i e n t ly  than the 

in p u t sam ples. At th e  re c e iv e r  the re p re s e n ta tio n  of the o r ig in a l  

sequence of source samples is  re c o n s tru c te d  using  the  in v e rse  tra n s ­

fo rm ation . This has been termed block q u a n tiz a tio n  by Huang and 

S c h u lth e is s  [3] o r b a s is  r e s t r i c te d  tran sfo rm  coding by P e a rl [4 ] .

This system  i s  d ep ic ted  in  F igure 1 .2 .

Transform  coding as app lied  to  d a ta  com pression has been considered  

by many au th o rs  over th e  past s e v e ra l decades. The work i s  t r a d i t i o n ­

a l ly  r e la te d  to  th e  con tex t of the s ig n a l .  Huang and S c h u lth e iss  [3] , 

P e a r l [4 ] , Davisson [5 ] ,  S egall [6 ] , and Yip and Rao [7] have considered
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th e  gen era l problem of transfo rm  coding of s ta t io n a ry  G aussian vecto r 

so u rces . Campanella and Robinson [8 ] ,  Guner and Granger [9 ] , and 

many o th e rs  have considered  the  a p p lic a t io n  of transfo rm  coding to  

speech com pression. Transform  coding, both one-d im ensional and two- 

d im ensional, as ap p lied  to  images has been rep o rted  by N e tra v a li and 

Limb [2 ] , Tasto and Wintz [1 0 ], H abibi and Wintz [1 1 ], and Kekre and 

Solanki [12 ], and many o th e rs .  A p p lica tio n  to  video tran sm issio n  has 

a lso  been rep o rted  [13, 1 4 ], However, l i t t l e  or no re sea rch  on p re­

sample f i l t e r  c rea ted  redundancy has been found.

As w il l  be shown, the redundancy removal m an ifests  i t s e l f  in  the 

r e d is t r ib u t io n  of the  source energy among th e  transform ed components

re s u l t in g  in  the use of a d i f f e r e n t  number of b inary  b i t s  (word len g th )

fo r  each component. I f  enough of the in p u t energy is  con ta ined  in  a 

reduced number of components of the r e s u l t in g  v ec to r then some com­

ponents need not be re ta in e d  o r tra n sm itte d  a t  a l l .  Thus the  energy

re d is t r ib u t io n  may r e s u l t  in  fewer t o t a l  b ina ry  b i t s  per block or fewer 

average b inary  b i t s  per in p u t sample to  re p re se n t th e  sequence of tra n s ­

form components w ith the  same mean square d i s to r t io n  as req u ired  of the 

o r ig in a l  sequence re p re s e n ta tio n  (PCM).

In  most p r a c t ic a l  te lem e try  d a ta  system s the q u a n tiz e r  i s  a s in g le  

dev ice , c a lle d  an A-to-D co n v e rte r  (o f te n  shared by many so u rces) , which 

has as output a n a tu ra l b in a ry  re p re s e n ta tio n  of the uniform ly spaced 

q u a n tiz a tio n  le v e l to  be assigned  to  the  analog inpu t sam ple. Thus i t  

i s  a com bination of q u a n tiz e r  and b ina ry  coder. The transfo rm  coding 

system w il l  re q u ire  an in p u t q u a n tiz e r .  The tran sfo rm a tio n  is  assumed 

to  be a d ig i t a l  process w ith the ou tpu t components quan tized  by appro­

p r ia te  tru n c a tio n . D ig i ta l  p rocessing  hardware and A-to-D co n v erters
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have improved to  th e  p o in t where re a l- tim e  tran sfo rm a tio n  p r io r  to 

tran sm issio n  o r s to rag e  i s  r e a l i s t i c  as a p r a c t ic a l  s tra te g y  fo r  b i t  

r a te  red u c tio n .

The b inary  coded ou tpu t of e i th e r  system  could be fu r th e r  encoded 

u s in g , fo r  example, a  Huffman [15] code i f  the  p ro b a b il i ty  of occurrence 

of the  q u an tiz in g  le v e ls  a re  a v a i la b le  or a t  th e  expense of a d d i t io n a l  

b u ffe rin g  and p ro c e ss in g . H ara lick  and Shanmugam [16] co nsider l in e a r  

p re d ic t iv e  coding o f the transfo rm  components fo r  speech a p p lic a tio n s  

and Tasto and Wintz [10] co n sid er Huffman coding of image d a ta .  B inary 

re p re s e n ta tio n  of q u a n tiz e r  le v e ls  w ith  no fu r th e r  encoding i s  to  be 

considered  in  th is  d i s s e r ta t io n  work s in ce  th i s  i s  common to  te lem e try  

system s.

A daptive techn iques which a ttem p t to  tra c k  changes in  s ig n a l 

c h a r a c te r i s t ic s  have been considered  by Z e lin s k i and N oll [1 7 ],

N e tra v a li and Limb [2 ], T asto  and Wintz [1 0 ], and Ekambaram and Kwatra 

[13] to  name a few. These techn iques invo lve v a r ia b le  b i t  assignm ent, 

v a r ia b le  b a s is  s e le c t io n  or v a r ia b le  subspace (component) s e le c t io n .  

These techniques re q u ire  a d d i t io n a l  " s id e  in fo rm atio n ” to  be s to re d  or 

provided  to  the  re c e iv e r .  A daptive techn iques a re  not considered  in  

th i s  work.

Many transform s or bases have been considered  fo r  da ta  com pression 

purposes. These inc lude  the Karhunen-Loueve [18] b a s is  used by many 

a u th o rs , the  d is c r e te  cosine  [19, 20] and o th e r tr ig o n o m e tric  tra n s ­

forms [12], the Walsh-Hadamard transfo rm  [21, 22], the d is c r e te  F o u rie r 

transfo rm  [9 ], the s la n t  and Haar transfo rm  [23 ], g e n e ra liz e d  d is c r e te  

transform s [7, 2 4 ,] ,  and a d is c r e te  l in e a r  b a s is  having in te g e r  compo­

n en ts  [16]. These various bases have rece iv ed  a t te n t io n  due to  some
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s p e c ia l  p ro p e r tie s  which a re  u se fu l to  a p a r t i c u la r  s ig n a l c la s s  or 

a p p l ic a t io n .

The tran sfo rm  bases th a t  a re  to  be considered  in  th i s  work a re  the 

Karhunen-Loueve bases derived  from the  presam ple f i l t e r  t r a n s f e r  

fu n c tio n s , th e  d is c re te  cosine  b a s is ,  and a  b a s is  of d is c r e te  Legendre 

po lynom ials. The Karhunen-Loueve b a s is  i s  known to be optimum fo r  

s ta t io n a r y ,  zero  mean so u rces . Thus i t  i s  the  prime cand ida te  fo r  th is  

a p p l ic a t io n .  The d is c re te  cosine  b a s is  has been shown by many au tho rs 

to  match the Karhunen-Loueve perform ance fo r  c e r ta in  o th e r a p p lic a tio n s  

and is  thus a lso  in c lu d ed . T ransform ation  using  the d is c r e te  Legendre 

b a s is  i s  e q u iv a len t to  l e a s t  mean square curve f i t t i n g  to  polynom ials of 

the  form

P ( t)  = ag + a^ t + a2 t^  + . . . +  a ^ 11 • (1-2)

Polynom ials re c e iv e  w idespread use fo r  in te rp o la t io n  and curve f i t t i n g  

of sampled te lem e try  d a ta . Thus th i s  h a s is  i s  a lso  considered  to  be 

worthy of c o n s id e ra tio n  in  th i s  s tu d y . A re fe re n c e  fo r i t s  p rev ious use 

in  transfo rm  coding has not been found.

In  th i s  d i s s e r ta t io n  th e  a p p lic a t io n  of transform  coding to  sampled 

d a ta  sequences which a re  the  ou tpu t of a low -pass f i l t e r  w ith  known 

t r a n s f e r  fu n c tio n  i s  addressed . Only f ix e d  a - p r io r i  b a s is  s e le c t io n  and 

c o e f f ic ie n t  b i t  a l lo c a t io n  a re  co n sid ered . The a b i l i t y  to  achieve b i t  

r a t e  red u c tio n  over PCM w hile m a in ta in ing  the  same or le s s  d is to r t io n  i s  

dem onstrated . This i s  achieved w ithou t the  burden of ex cessiv e  computa­

t io n  load . E xpressions fo r  b a s is  comparison and b i t  a l lo c a t io n  using 

the presam ple f i l t e r  c h a r a c te r i s t i c  a re  p re se n te d . P rocessing  of s ig n a l 

p lu s  no ise  i s  addressed fo r  a n a ly s is  of in p u t d ig i t i z e r  e f f e c t s .  The
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p o te n t ia l  of transfo rm  coding to  provide le s s  d is to r t io n  than PCM fo r 

s ig n a ls  w ith  in te rv a ls  of low a c t iv i t y ,  p a r t i c u la r ly  fo r  the DL b a s is ,  

i s  a lso  dem onstrated.

In  C hapter Two tran sfo rm  coding is  modeled fo r  the purpose of 

a n a ly s is ,  and bases mentioned above a re  defined  and q u a n tiz a tio n  and b i t  

a l lo c a t io n  a re  examined. In  Chapter Three r e s u l t s  of a n a ly s is  a re  pre­

sen ted  fo r  comparison between the bases under c o n s id e ra tio n . In  Chapter 

Four r e s u l t s  of sim ulated  transfo rm  coding on both sim ulated  and r e a l  

da ta  a re  p re sen te d . C onclusion and a  d iscu ss io n  of areas  of fu tu re  work 

a re  g iven  in  Chapter F iv e .
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CHAPTER TWO 

TRANSFORM CODING AND BASIS

2 .0  In tro d u c tio n

In  th i s  chap te r th e  technique of transfo rm  coding of sequences is  

p resen ted  and modeled in  a way th a t is  s u i ta b le  fo r  the  te lem e try  

a p p lic a t io n  a n a ly s is ,  and the  th re e  transfo rm s (b ases) under co nsidera­

tio n  a re  d e fin e d . In  transform  coding su ccess iv e  N -leng th  segments of 

th e  in p u t are  t r e a te d  as v ec to rs  in  N -dim ensional E uclidean  s ig n a l 

space . Each v ec to r i s  transform ed or p ro je c te d , onto a M -diraensional,

M < N, subspace spanned by a s e t  of orthonorm al b a s is .  The r e s u lt in g  

s e t  of components or b a s is  c o e f f ic ie n ts  i s  quan tized  and coded in  p lace 

of the  N o r ig in a l  components or in p u t sam ples. At the re c e iv e r  the 

o r ig in a l  sequence i s  re c o n s tru c te d  using  th e  in v e rse  tran sfo rm a tio n . 

D is to r t io n  is  tr e a te d  as the mean square e r ro r  between the  in p u t 

sequence and th e  re c o n s tru c te d  sequence.

For M < N the r e s u l t in g  v ec to r re p re se n ts  the in p u t w ith  le a s t  mean 

square e r ro r .  The l e a s t  mean square c r i t e r io n  has p r a c t ic a l  s i g n i f i ­

cance s in ce  i t  can be in te rp re te d  in  the  term s of average energy in  a 

f i n i t e  sequence. This energy in te r p r e ta t io n  is  used throughout th is  

work.

T ransform ation  r e s u l t s  in  r e d is t r ib u t io n  of the in p u t energy 

(dynamic range) among the components and can lead  to da ta  com pression in  

two forms. F i r s t ,  i t  can lead to  the use of fewer t o t a l  b inary  d ig i ts  

fo r  coding of th e  sequence of components than  is  req u ired  fo r the

10
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o r ig in a l  sequence of inpu t sam ples. Secondly, i f  the  r e s u l t in g  e r ro r  of 

subspace (M < N) re p re s e n ta tio n  can be to le r a te d ,  the  N samples can be 

rep laced  by M components, fu r th e r  reducing the average b i t  r a te  per 

inp u t sam ple. The com parative perform ance between bases is  then r e la te d  

to  the energy r e d is t r ib u t io n .

In  S ec tio n  2 .1 ,  transform  coding is  defined  in  terms of H ilb e r t 

s ig n a l space p ro je c tio n  and the  concept of energy cap tu re  i s  in tro d u ced . 

Some u se fu l H ilb e r t  space p ro p e r tie s  a re  g iven . The concept of compo­

nent sequences and energy d i s t r ib u t io n  or in p u t energy cap tu re  fo r 

tran sfo rm a tio n  of su ccessiv e  segments of the in p u t sequence are  in t r o ­

duced in  S ec tio n  2 .2 .  In  S ectio n  2.3 tran sfo rm a tio n  i s  modeled by a 

bank of f i n i t e  impulse response (FIR) f i l t e r s  fo r  the purpose of c o e f f i ­

c ie n t energy p re d ic t io n .  This a lso  prov ides a model fo r  development of 

in s ig h t  in to  the transfo rm  coding s tr a te g y .  The presam ple f i l t e r  is  

brought in to  the  a n a ly s is  in  th i s  s e c tio n  a f t e r  making a p p ro p ria te  

assum ptions r e la te d  to the a p p l ic a t io n  being ad d ressed . The th ree  bases 

under c o n s id e ra tio n  are  then d e fin e d . The w ell known Karhunen-Loueve 

transform  b a s is ,  which is  known to  prov ide the th e o re t ic a l  optimum 

subspace energy cap tu re  and b i t  r a te  fo r  s ta t io n a ry  p rocesses i s  p re­

sented  in  S ection  2 .4 .  The way in  which an a - p r io r i  approxim ation is  

generated  fo r  th is  study is  then p re sen te d . The d is c r e te  cosine  b a s is ,  

common to transfo rm  coding, and the d is c r e te  Legendre b a s is  fo r  which no 

re fe ren c e  p e r ta in in g  to  transfo rm  coding has been found a re  defined  in  

S ection  2 .5 .  F in a l ly ,  in  S ection  2.6 re c o n s tru c tio n  e r ro r  and known 

r e s u l t s  on b i t  a l lo c a t io n  are  examined. This r e s u l t s  in  a measure fo r 

the  a n a ly t ic a l  comparison of b a s is .  S ec tion  2.7 is  a ch ap te r summary.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



12

2 .1  Sequence R ep resen ta tio n  by O rthogonal T ransform ation

Let an ordered  segment or b lock  of N su ccess iv e  samples from 

a source sequence x * (p ), p s [0 , P -  1] be denoted x (n ) , 

n e [0 , N -  1 ] .  Now co n sid e r approxim ating x (n ) by a sequence 

denoted x (n ) , n e [0 , N -  1] which is  a l in e a r  com bination of a su bse t 

o f N l in e a r ly  independent re fe re n c e  sequences (um(n ) ,  m e [1 ,N ], n e 

[0 , N -  1 ]} . Then x (n ) can be w r it te n  as

M
x(n) = I a u (n ) ,  n e [0 , N -  1] . (2 .1 .1 )

.  mm m=l

The am a re  c a l le d  the c o e f f ic ie n ts  of the approx im ation . The 

c r i t e r io n  fo r  the approxim ation i s  the  m inim ization  of th e  squared 

e r ro r  defined  by

9 N  9 5  9
E = I e (n ) = I [x (n) -  x (n )] . (2 .1 .2 )

n=l X n=l

Once the am a re  determ ined they can be used to re p re se n t the in p u t in  

a l e a s t  mean square sense r e l a t iv e  to  the s e t  {um) .  I f  M = N the

{am> can be found such th a t  the  e r ro r  i s  equal to  ze ro . I f  M < N and

the  re s u l t in g  e r ro r  can be to le r a te d ,  th e  s e t  {am} can be used in  l i e u

of the inpu t segment x (n ) . The approxim ation x(n) i s  ob ta ined  using

eq u a tio n  ( 2 .1 .1 ) .

Approximation using  the minimum squared e r ro r  c r i t e r io n  i s  math- 

m a tic a lly  t r a c ta b le  and has a  p r a c t ic a l  s ig n if ic a n c e  s in c e  ex p ress io n s  

o f the form of equation  (2 .1 .2 )  can be in te rp re te d  as th e  energy in  a 

f i n i t e  sequence. Thus the s e t  of c o e f f ic ie n t s  {am) can be sa id  to
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re p re se n t x (n ) w ith  th e  minimum e r ro r  energy r e la t iv e  to the given s e t 

of re fe re n c e  sequences.

The above equations can be w r itte n  in  v ec to r m a trix  form by 

equating  th e  sequences to  v ec to rs  in  N -dim ensional E uclidean  s ig n a l  

sp ace . L e t tin g  in d ic a te  the transpose  of a  v e c to r ,  define

x =  [ x ( 0 ) ,x ( l ) , . . . ,x(N -  1 )]T , (2 .1 .3 a )

x = [£(0),x (1),...,S(N -  1 )]T , (2 .1 .3 b )

and

-m = tum( 0 ) ’ um(N "  1^ ]T> m = 1 * 2 , . . . ,N (2 .1 .3 c )

as  the  in p u t, approx im ating , and re fe ren c e  v e c to rs  re s p e c t iv e ly . S ince

the u a re  l i n e a r ly  independen t, they c o n s t i tu te  a b a s is  fo r  the —m
s ig n a l space of x . Equation (2 .1 .1 )  can now be w r it te n  as 

M
x =  I a Ujn = U a. (2 .1 .4 )— " m —111 —m=l

where U = [u ^ , U2 » . . . ,  u$i]T and is  an M x N m a trix
m ~

a_ = Cal» a2» •••»  aM̂  t *ie coef f i c i e n t  v e c to r .  The v ec to r x

i s  con tained  in  th e  M -dimensional subspace, denoted subspace W, spanned 

by {ujjj, m e [1,M ]}. E quation (2 .1 .2 )  can be r e w r it te n  in  v ec to r form as

E2 = <e , e > = eT e (2 .1 .5 )- x ’ -x  -x  -x

where e = x -  x  i s  the  e r ro r  v ec to r and <*> denotes the v ec to r inne r -x  -  -
p ro d u c t.
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The c o e f f ic ie n t  v ec to r  which minimizes equation  (2 .1 .5 )  i s  found by 

tak ing  the vec to r d e r iv a tiv e  of w ith re sp e c t to  a , s e t t in g  the

r e s u l t  to  zero and so lv in g  fo r a as

| § -  -  f a C *  -  5 )T (S -  § ) ]  = la G fe  -  uT§ ) (5  -  uT§ ) ]

= [xTx + 2(Ux)Ta + aTU UTa]

= 2Ux + 2UUTa = 0 . (2 .1 .6 )

This leads to the v e c to r  form of what i s  commonly c a lle d  the  "normal 

equations" given by

UU^a = Ux • (2 .1 .7 )

Since (u  } i s  a l in e a r ly  independent s e t ,  UÛ  i s  nonsin g u la r and 
-m

_ -1
a = (UUT) Ux = 6x . (2 .1 .8 )

The maxtix 6 is  sa id  to  perform  a l in e a r  tran sfo rm a tio n  from x to  a . 

I f  M = N th i s  same equation  g ives the a th a t  r e s u l t s  in  zero approx­

im ation  e r ro r ,  e .g .  x = x*

Sequence re p re s e n ta tio n  can be in te rp re te d  in  terms of H ilb e rt 

s ig n a l space [26, 27] by r e c a l l in g  th a t  the  in n e r product d e fin es  a norm 

denoted llxll, as

9 N-1
llxll = <x,x> = £ x (n) • (2 .1 .9 )

n=0

With th is  in te r p r e ta t io n ,  a l l  p e r t in e n t  H ilb e r t space a n a ly s is  can be 

u t i l i z e d .  The norm i s  an a b s tra c t io n  of the len g th  of a v e c to r . In  

the  s ig n a l space in te r p r e ta t io n ,  x i s  the  v ec to r  contained  in  the
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subspace, W, spanned by the b a s is  s e t {um} fo r  which the  e r ro r  v ec to r 

has minimum norm ( le n g th ) .  The c o e f f ic ie n t  v ec to r  can be found using 

the p ro je c tio n  theorem which s ta te s  th a t  the  norm of e^ is  minimum i f  

and only i f  e^  i s  o rthogonal to  x , where two v e c to rs  a re  orthogonal 

i f  and only i f

<e,x> = 0 . (2 .1 .1 0 )

This i s  denoted sym bo lica lly  as ^ se  th i s  theorem leads to

th e  same "normal equations"  given above in  equation  ( 2 .1 .6 ) .  In  H ilb e rt 

space te rm ino logy , x i s  the  p ro je c tio n  of x onto W.

As a p ro p erty  of o rthogonal p ro je c tio n ,

llxll2 = llxll2 + He II2 ( 2 . 1 . 1 1 )-  -x

which i s  the N -dim ensional eq u iv a len t to  the Pythagorean theorem . With 

the v ec to rs  re p re se n tin g  sequences, i t  i s  apparen t from the d e f in i t io n  

of llxll th a t  th i s  can be in te rp re te d  to mean th a t  the energy in  the 

approxim ating sequence x (n) equals the energy of the  inpu t sequence 

x (n ) minus the energy of the e r ro r  sequence ex (n ) .  Thus as an a l t e r ­

n a te  in te r p r e ta t io n ,  x (n) can be sa id  to  have cap tured  the maximum 

amount of in p u t energy fo r  the given re fe ren c e  (b a s is )  s e t  •

Thus f a r  th e  only r e s t r i c t i o n  th a t has been p laced  on the re fe ren c e  

s e t  {u } has been l in e a r  independence, i . e .  th a t  they form a b a s is  fo r
'•-T O .

the s ig n a l space of x . I t  i s  w ell known th a t  the  so lu tio n  to  the 

normal equations i s  g re a t ly  s im p lif ie d  i f  the b a s is  s e t  i s  orthonorm al; 

th a t  i s ,  i f  the b a s is  has the p roperty

< * . , * > -  6, , k, m = 1 ,2 ,  . . . , N  ( 2 .1 .1 2 )- k  -m km
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where d> has been used Co denote o rth o n o raa l b a s is  and 6, i s  thekm

K ronecker d e l ta .  An orthogonal b a s is  can always be genera ted  from any 

given b a s is  s e t by the Gram-Schmidt procedure [2 7 ]. For an orthonorm al 

b a s is  s e t ,  {»_, m e U ,  Ml) and corresponding  M -dimensional subspaee 

W, the approxim ation v ec to r  in d ic a te d  by eq u a tio n  (2 .1 .4 )  i s  given by

x = $Ta (2 .1 .1 3 )

w ith  § =  [<ji ^  ^m]T and a = [ a ^  a2 , . . . , a M]T the  c o e f f ic ie n t

v e c to r  fo r  the orthonorm al b a s is .  For an orthonorm al b a s is  ® = I ,

where I  denotes id e n t i ty  m a trix , and the normal equations (2 .1 .7 )

reduce to

a = $  x (2 .1 .1 4 )

and no m a trix  in v e rs io n  is  re q u ire d . $  i s  sa id  to perform  an 

orthogonal tran sfo rm a tio n  from x to  a . Furtherm ore, the c o e f f ic ie n ts

can be found s e p a ra te ly  from

a = <ij) , x> . (2 .1 .1 5 )-m -m -

An im portan t consequence of {d> } being an orthonorm al b a s is  i s  th a t

M
Hxll2 = T (a  )2 = Hall2 • (2 .1 .1 6 )_ i. m-' —

m=l

When M < N, the  s e t {<t> , m = M + 1 , . . . ,N }  i s  sa id  to  span the—m j

o rthogonal compliment subspace W and the e r ro r  v ec to r

N
e = I a *  (2 .1 .1 7 )-x  " .  m-m m=M+l
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i s  the p ro je c tio n  of x onto the subspace W . Again fo r  an o rth o ­

normal b a s is ,

7 N 9 0
fle II = I (a  ) = llall • (2 .1 .1 8 )-x  " , ,  mm=M+l

Combining equations ( 2 .1 .9 ) ,  (2 .1 .1 1 ) ,  (2 .1 .1 6 ) ,  and (2 .1 .1 8 ) ,

N ,  M
I x (n) = IlSir = I (a  ) , (2 .1 .1 9 )

n=l '  m=l m

N 9 9 N „
y e (n) = lie H2 = I  (a  ) 2 , (2 .1 .2 0 )L. x -x  mn=l m=M+l

and

N 9 9 5 9\  x (n) = llxll = I  (a  ) • (2 .1 .2 1 )
n=l "  m=l m

Or th e  sum of squares of the c o e f f ic ie n ts  fo r an orthonorm al b a s is  is  

equal to  the  energy in  th e  re sp e c tiv e  N -length sequences.

The above in te r p r e ta t io n  i s  eq u a lly  v a lid  fo r  complex sequences and 

v e c to rs  where o r th o g o n a lity  i s  d efined  by

= 0 (2 . 1 . 22)

where £+ denotes complex co n ju g a te . In  th is  case $ is  c a lle d  a

Xu n ita ry  tran sfo rm a tio n  and $ ( $ t ) = i .

F in a l ly ,  co n sid er the in p u t as the sum of two sequences

x*(p) = y*(p) + z*(p) . (2 .1 .2 3 )

L e ttin g  x = x (n ) , £ = y ( n ) 9 and z = z(n) re p re se n t corresponding 

segments of x * (p ) , y * (p ) , and z * (p ) , r e s p e c t iv e ly , leads to
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x = y + z . (2 .1 .2 4 )

P ro je c tio n  i s  a l in e a r  o p e ra to r; thus th e  p ro je c tio n  of x i s  the sum 

of the p ro je c tio n s  of y and z . Or

x = y + z (2 .1 .2 5 )

and

e = e + e (2 .1 .2 6 )- x  -y  -z

Note th a t  the  t r ia n g le  in e q u a lity  holds w ith in  a H ilb e r t subspace so 

th a t

llxlt2 < (llyll + Hzil)2 (2 .1 .2 7 )

and

lie r  < (lie II + lie I l f  • (2 .1 .2 8 )-x   ̂ -y  -z  1

E q u a lity  holds i f  £J_z and re s p e c t iv e ly .

However note th a t  every v ec to r con tained  in  W i s  o rthogonal to 

every v ec to r con ta ined  in  W and thus

e |y  and e [z . (2 .1 .2 9 )- z A -y-1-

2 .2  Energy D is tr ib u t io n  and Energy Capture

So f a r  only a s in g le  N -length  segment of the input sample 

sequence x*(p) has been co n sid ered . For te lem e try  a p p lic a tio n s  the 

c o e f f ic ie n ts  a re  to  be genera ted  fo r  successiv e  N -length  segments of an 

e n t i r e  P -len g th  in p u t sequence. L et Xjc ( n ) ,  k e [0,K -  1 ], K = P/N 

an in te g e r ,  re p re se n t the segment of x * (p ), so th a t
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xk(N) = x*(kN + n) . (2 .2 .1 )

For an inpu t sequence of le n g th  P the  average energy fo r  the e n t i r e  
-2

sequence, denoted x , is

_0 . p-1 0 , K-l N-l 9
*  “ p I  [x*(p)J “ p i  I * (2 .2 .2 )

* p-1 k=0 n=0

Now when the  inpu t is  su ccess iv e ly  transform ed using  a fix ed  s e t of N 

orthonorm al b a s is  v e c to rs  i t  can be thought of as g en e ra tin g  a s e t  of N

c o e f f ic ie n t  sequences a (k) where a (k) i s  the  mtk  c o e f f ic ie n t  fo rm m
,thth e  k segment. S u b s ti tu t in g  equation  (2 .1 .2 1 ) in to  equation  (2 .2 .2 )  

g ives

,  , K- l  N 9
I [< - 0 0  ]2 (2 .2 .3 )

* k=0 m=l

o r , rea rran g in g  the  summations,

-  N K-l  0
x “ I I  [ aJ k ) l  * (2 .2 .4 )

m=l k=0

D is tr ib u t in g  P between the summations, the average inp u t energy can be 

w r itte n  in  terms of the  average c o e f f ic ie n t  energy as

,  . N . K -l 9 . N -

* - F  I  f i t s , ™ ] 1 - *  ( 2 - 2 - 5 )m=l k=0 m=l

_2
where denotes the  average energy of the  ctin(k) sequence. Thus the

inpu t energy has been r e d is t r ib u te d  among the c o e f f ic ie n ts  or a p o rtio n  

of the in p u t energy has been cap tured  by each c o e f f ic ie n t  sequence.
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For a  subspace re p re s e n ta t io n  the  in p u t i s  approxim ated by x*(p) 

formed from the co n ca ten a tio n  of the  approxim ating N -leng th  sequences 

x^(n) ob ta ined  from th e  a ^ k ) .  The average energy fo r  the  sequence 

x*(p) re p re s e n ts  the t o t a l  p o r tio n  of inpu t energy cap tu red  by the 

su ccessiv e  approx im ations. For an orthonorm al tran sfo rm a tio n  th i s  

energy i s  given as in  equation  (2 .2 .4 )  by

-2  i ~ o i M K -l ~
5 = p I [x*(p) ]  “ p i  I [ am(k) ]  » ( 2 . 2 . 6 )

* p=0 m=l k=0

or in  terms of average c o e f f ic ie n t  energy as

f  = 1 y a2 • (2 .2 .7 )N m
m=l

M

Likew ise, the average e r ro r  energy is

n . P—1 *y . N
e = I  [ e * ( p ) l  = tt I  a • ( 2 . 2 . 8 )x P Ln 1 x. J N “ . mp=0 m=M+l

The r a t i o  of the energy in  the  x*(p) sequence to  the energy in

th e  x*(p) sequence p rov ides a measure of the t o t a l  energy cap tu re  fo r

th e  subspace r e p re s e n ta t io n . This r a t i o  is  c a lle d  the energy packing

e f f ic ie n c y  (EPE) a f t e r  K ita jim a [22] and l a t e r  Yip and Rao [7] who

considered  the  r a t i o  of c o e f f ic ie n t  v ariances fo r  s ta t io n a ry  p ro cesse s .

The EPE in  terms of the orthonorm al b a s is  c o e f f ic ie n ts  i s  given using

equations (2 .2 .5 )  and (2 .2 .6 )  as

M ,
1/N t  “m

EPE =»  HEi  . (2 .2 .9 )
N -?  

i / »  I «m
m=l
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-2
A p lo t  of versus M fo r  a source sequence can be viewed as a

d is c r e te  energy d i s t r i b u t io n .  The EPE as a  fu n c tio n  of M can be
-2

viewed as a d is c re te  cum ulative energy d i s t r i b u t io n .  The a can bem
used as a measure of the  energy of a c o e f f ic ie n t  sequence fo r  b i t  

a l lo c a t io n  and subspace d e te rm in a tio n .

2 .3  F in i te  Impulse Response (FIR) F i l t e r  Bank Model

In  S ec tion  2.2 the idea  of energy cap tu re  was in troduced  and equa­

tio n s  were developed inv o lv in g  the energy in  the c o e f f ic ie n t  sequence 

r e s u l t in g  from orthonorm al tran sfo rm a tio n  or p ro je c tio n  of su ccess iv e  

segments of an inpu t sequence. To be ab le  to  a s se s s  the m erit of tr a n s ­

form coding of presam ple f i l t e r e d  d a ta  and make an a - p r io r i  subspace 

s e le c t io n  and b i t  a l lo c a t io n ,  a means of e s tim a tin g  the c o e f f ic ie n t  

energy i s  needed. This has been done fo r  some a p p l ic a t io n s ,  p a r t i ­

c u la r ly  speech d a ta  com pression based on s t a t i s t i c s  and models derived  

from knowledge of the  source g en era tio n  mechanism. Some au tho rs  have 

used t e s t  cases of ty p ic a l  sources to g enera te  e s tim a te s  of the  c o e f f i ­

c ie n t energy or v a r ia n c e . In  a l l  cases some knowledge, assumed or 

g en e ra ted , of the s ig n a l  source fo r s p e c if ic  a p p lic a tio n s  i s  re q u ire d . 

The knowledge th a t  i s  a v a i la b le  fo r the  a p p l ic a t io n  considered  here  

i s  th a t the source has been ac ted  upon by a low -pass presam ple f i l t e r  

w ith  known tr a n s f e r  fu n c tio n . In  th is  se c tio n  the  presam ple f i l t e r  

t r a n s f e r  function  i s  assumed to  provide a w orst case s p e c tr a l  envelope 

(power s p e c tr a l  d e n s ity )  fo r the  s ig n a l to  be sampled and transfo rm ed . 

T ransform ation  using an orthonorm al b a s is  i s  modeled in  the form of an 

FIR f i l t e r  bank. E xpressions to determ ine the maximum c o e f f ic ie n t
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energy th a t  would r e s u l t  from tran sfo rm a tio n  of segments of sampled 

f i l t e r  outpu t are then  derived  from the  use of P a r s e v a l 's  theorem .

R eca ll the in n e r product equation  (2 .1 .1 5 ) fo r  the d e te rm in a tio n  of 

a b a s is  c o e f f ic ie n t  fo r  the in p u t segment

a (k) = <(J) , x > , (2 .3 .1 )m —m —k

or in  terms of the sequence segment and re fe re n c e  sequence

N-l
«<10 = I 4» <n> V n) • (2 .3 .2 )

n=0

This equation  has the  form of a d is c r e te  f i n i t e  conv o lu tio n . D efine a 

new sequence hm(n) as

hm(n) = <bm(N -  n ) ,  n = 0 , 1 , . . .  ,N -  1; (2 .3 .3 )

th a t  i s ,  th i s  new sequence i s  equal to  the re v e rse  o rder re fe re n c e  

(b a s is )  sequence. R eca llin g  th a t  xk (n) re p re s e n ts  the nth  p o in t in  

th e  k1-*1 segment of in p u t x * (p ) , or th a t

xk (n) = x*(kN + n) , (2 .3 .4 )

eq u a tio n  (2 .3 .2 )  can be r e w r i t te n  as

N-l
a. (k) =■ Y h (N -  1 -  n) x*(kN + n) (2 .3 .5 )m _ mn=0

or

N-l
a (k) = I h (n) x * [(k  + 1)N -  1 -  n] • (2 .3 .6 )m _. mn=0
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Then ®m(k) can be considered  as samples of an ou tpu t sequence a * (p ), 

th a t  r e s u l t s  from an FIR f i l t e r  w ith  impulse response h ^ n )  a c tin g  

upon the inpu t sequence x * (p ). The model i s  shown in  F igu re  2 .1 .  This 

FIR f i l t e r  bank model i s  eq u iv a le n t to a running g en era lized  s p e c tr a l  

waveform analyzer [27, 30, 31].

The average tran sfo rm a tio n  c o e f f ic ie n t  energy is  equal to  the 

average energy of the  sampled sequence c^Ck). However, i t  i s  assumed 

th a t  the average energy of the sequence a*(p) i s  equal to  th a t  of the 

sampled sequence. I f  a*(p) i s  assumed to be zero befo re  and a f t e r  the  

in te r v a l  of c o n s id e ra tio n , th a t  i s ,  fo r  p i  [0 , P ] , the energy in  the 

a*(p) sequence i s  given by P a r s e v a l 's  theorem as

r l  -  k  *  K ( e 3 " > | 2 d “  ( 2 - 3 - 7 )
P=0 “ 71

where A ^ e -^ )  i s  the d is c r e te  F o u rie r transfo rm  (z -tra n sfo rm  evaluated

on the u n it  c i r c le )  of the sequence a£(p)> The e r ro r  in troduced  by 

th i s  assum ption i s  sm all fo r  in te r v a ls  much la rg e r  than the  impulse 

d u ra tio n s  of the f i l t e r s  inv o lv ed . I t  i s  known from d is c r e te  l in e a r  

system theory  th a t

A (e j “ ) -  H (e jt°) X*(eju ) (2 .3 .8 )m m

where i s  the F o u rie r transfo rm  of the impulse sequence hm(n)

and X*(e^(°) i s  the F o u rie r transfo rm  of the sampled low -pass presample 

f i l t e r  output x * (p ) . So equation  (2 .3 .7 )  can be w r itte n  as

^  [ a * ( p ) ] 2 J* |Hm( e ja)) | 2 | X * ( e j “ ) | 2 da> . ( 2 . 3 . 9 )
p=0 —it
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The magnitude squared o ^ - f i l t e r  t r a n s f e r  fu n c tio n  iH ^ e* ^ )! can be 

viewed as a s p e c tra l  r e p re s e n ta tio n  of the  way in  which the energy in  

the  in p u t sequence i s  cap tu red  by c o e f f ic ie n t  am- This same s o r t  of 

energy cap tu re  or r e d is t r ib u t io n  i s  encountered when using th e  d is c re te  

F o u rie r  transform  (b a s is )  fo r  s p e c tr a l  e s tim a tio n . In  th a t  case i t  is  

g e n e ra lly  u n d es irab le  and i s  c a l le d  s p e c tr a l  energy leakage.

Assuming bandlim ited  sam pling of the presam ple f i l t e r  o u tp u t, which 

i s  the  fu n c tio n  of the f i l t e r ,  the  d is c r e te  F o u rie r  transfo rm  of the 

sequence x*(p) derived  from uniform  sample x ( t )  i s

X*(ejW) = XA( | )  (2 .3 .1 0 )

where T i s  the  sam pling in te r v a l  and X (q) i s  the F o u rie r transformA
o f the analog s ig n a l x ( t ) .  From l in e a r  system theory  we know

*A(0) = FA(&) Sa M  (2 .3 .1 1 )

where Fa (q ) i s  the presam ple f i l t e r  t r a n s f e r  fu n c tio n  and

th e  F o u rie r transform  of the f i l t e r  in p u t s ( t ) .  Thus the magnitude

squared transform  of the  c o e f f ic ie n t  sequence can be w r it te n  as

I V e j “ ) | 2 = |Hm(e ju ) | 2 |F * (e ja>) | 2 |S '( e j “ ) | 2 . (2 .3 .1 2 )

Here S^e^*0) i s  not the  F o u rie r  transfo rm  of a sequence deriv ed  from 

sam pling the  f i l t e r  in p u t s ( t ) ,  but re p re se n ts  the  e f f e c t  of S(q) on 

th e  presam ple f i l t e r  output [28 ].

I t  can be seen from equation  (2 .3 .1 2 )  th a t  the  energy in  the coef­

f i c i e n t  sequence a*(p) is  a fu n c tio n  of th e  o ^ - f i l t e r  (b a s is  

sequence), the presample f i l t e r  transfo rm  fu n c tio n , and the f i l t e r  input 

s ( t ) .  The inpu t is  in  g en era l not known, thus p re sen tin g  a dilemma.
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A p r a c t ic a l  PCM d a ta  system  i s  expected to  accommodate any r e a l ,  f i n i t e

s ig n a l  th a t  may be in p u t to  the presam ple f i l t e r  as long as the f i l t e r

in p u t dynamic range i s  not exceeded. The s p e c if ic a t io n  of the presample

f i l t e r  i s  ty p ic a l ly  based on the assum ption th a t  th e  f i l t e r  provides a

(b an d lim itin g ) s p e c tr a l  envelope fo r  a l l  s ig n a ls .  In  keeping w ith  th i s

id e a , i t  i s  assumed th a t  th e  w orst case (maximum energy) f i l t e r  ou tpu t

i s  genera ted  by a w hite n o ise  in p u t (wideband compared to  the  f i l t e r
. 2 . 2 

bandw idth). That i s  |X *(e^a)) |  = < |F ( e * ^ | where < i s  a s c a le

f a c to r  re p re se n ts  the  w orst case spectrum  or poser s p e c t r a l  d en s ity  of

the  f i l t e r  o u tp u t. Making th is  assum ption, the cascade of the presam ple

f i l t e r  and th e  o ^ - f i l t e r  p rov ide  a s p e c tr a l  envelope fo r  determ ining  the

maximum energy of a c o e f f ic ie n t  sequence. Then the  ex p ress io n

f  d "  (2 .3 .1 3 )
K “ It

re p re se n ts  a bound on the  maximum average energy fo r  the  sequence.

An exp ression  of th i s  same form r e s u l t s  from assuming the  in p u t x*(p)

k • 2i s  a s ta t io n a ry  random process w ith  —|F (e Jt0) |  taken  to  be the power

s p e c tr a l  d e n s ity . E quation (2 .3 .1 3 )  then  g ives th e  v a rian ce  of the FIR 

c o e f f ic ie n t  f i l t e r  ou tpu t p rocess [1 ] .

The FIR f i l t e r  bank model and equations in v o lv in g  s p e c tr a l  in t e r ­

p re ta t io n  p rov ide in s ig h t  in to  transfo rm  coding . A d d itio n a l knowledge 

about the d a ta  source s ( t )  i s  o fte n  in  the form of s p e c tr a l  con ten t or 

t r a n s f e r  fu n c tio n . A ppropria te  ad justm ent in  equation  (2 .3 .1 3 )  can be 

made to  provide b e t te r  e s tim a te s . Some judgment i s  s t i l l  a p p ro p r ia te .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



27

Since the am a re  being g enera ted  fo r an orthonorm al b a s is , 

equation  ( 2 .2 . r )  lead s  to

r U - t  \  n  / ” lHB( ^ “ , | 2 |F( e i “ , | 2 dU
m=l -it

= x2 = ^  |F (e jw) | 2 do, (2 .3 .1 4 )
—it

2
fo r  any magnitude squared fu n c tio n  |F(e-^u) |  . So, the ex p ressio n

2 2

h  I  l V ejU)l lF<eja)>l d“
NPm = — ^ ; ---------— 2------------ <2 -3 -15)

^  /  |F (e JC0) |  da,
—it

re p re se n ts  a norm alized bound on the maximum average energy of c o e f f i ­

c ie n t  ctm- This ex p ressio n  fo r  Npn is  assumed to be re p re s e n ta tiv e  of 

th e  energy d is t r ib u t io n  fo r  the  b a s is .  I t  can be seen by exam ination of 

equations (2 .3 .1 3 ) and (2 .3 .1 5 )  th a t  the expected maximum energy in  

c o e f f ic ie n t  affl would be

= Npmx^ (2 .3 .1 6 )

_o
when x » given by

x2 = ^  ^  |F (e ju)) | 2 da, , (2 .3 .1 7 )
—it

re p re se n ts  the- f i l t e r  ou tpu t s ig n a l energy. This i s  to be used to 

provide an a - p r io r i  method to  e s tim a te  the maximum c o e f f ic ie n t  energy 

r e la t iv e  to the inpu t energy fo r  the purpose of b i t  a l lo c a t io n  and b as is  

com parison.
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2
Note th a t fo r  w h ite , zero-mean no ise  w ith  variance  (energy) a as

1 2 2inp u t to  the a - f i l t e r  bank, |x (e ^ u) |  = a a c o n s ta n t. Since

n=u —n

fo r  orthonorm al b a s is ,  equation  (2 .3 .1 3 ) reduces to

(2 .3 .1 8 )

-2  2 
a = a

in d ic a tin g  w hite no ise  d is t r ib u te s  eq u a lly  among the c o e f f ic ie n ts .

2.4  Karhunen-Loueve (KL) B asis

I t  i s  w ell known th a t  fo r  a zero mean v ec to r source x w ith N x N 

covariance m atrix  R ^ ,  the  Karhunen-Loueve b a s is  is  optimum in  the 

sense th a t  when M < N transfo rm  c o e f f ic ie n ts  are  used to re p re se n t th e  

in p u t v e c to r , the  expected value of the  mean square e r ro r  is  minimum fo r  

a l l  cho ices of M. I t  i s  a lso  known th a t  the KL prov ides the minimum 

b i t  r a te  as is  to  be shown in  S ectio n  2 .6 . The KL bases a re  the 

norm alized e ig en v ec to rs  of the covariance m a trix  R ^*  That i s ,  they 

a re  so lu tio n s  to  the equation

where <|> re p re se n ts  the e ig en v ec to r a sso c ia te d  w ith the eigenvalue

\  . When a m a trix  $ i s  used to  perform  a l in e a r  tran sfo rm a tio n  from m
the source v ec to r x in to  the c o e f f ic ie n t  v ec to r a , the covariance 

m a trix  of a i s  given by [27]

(2 .4 .1 )

-m

(2 .4 .2 )
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I f  $ re p re s e n ts  the  N x N m a trix  of KL b a s is  v ec to rs

(2 .4 .3 )

then

R = d ia g [ \  ] ao L mJ
(2 .4 .4 )

so th a t  $  d ia g o n a liz e s  the covariance  m atrix  Ra a » Thus th e  KL b a s is

i s  sa id  to  com pletely d e c o rre la te  the  c o e f f ic ie n t s .  Note th a t  th e

v a ria n c e  (average energy) of the  c o e f f ic ie n t  is  equal to the  e ig en v a lu e .

I f  the  e ig en v ec to rs  a re  arranged in  o rder of decreasing  e ig en v a lu e s ,

\  > \  , , ,  the  choice fo r optimum M < N re p re s e n ta tio n  a re  the e ig en -
m mrrl

v e c to rs  a sso c ia te d  w ith  the  f i r s t  M e ig en v a lu es . In  s t a t i s t i c s ,  

r e p re s e n ta tio n  of a v ec to r source by the  e ig en v ec to rs  of the  covariance  

i s  c a l le d  expansion by p r in c ip a l  components [13].

I f  the  presam ple f i l t e r  ou tpu t were a zero-mean s ta t io n a ry  so u rce , 

th e  segments could be tre a te d  as a v ec to r source and the covariance 

m a trix  could be formed using the  a u to c o r re la t io n  sequence. The KL b a s is  

genera ted  from th i s  m atrix  would then be the optimum b a s is  fo r  sequence 

r e p re s e n ta t io n .  The EPE would be g iven by

In  p ra c t ic e  the KL b a s is  i s  commonly generated  from an e s tim a te  of 

the covariance  m a tr ix . T y p ica lly  th e  e n t r ie s  are  ob ta ined  from e s t i ­

mates of the source au tocovariance  sequence. I f  th i s  i s  done fo r each 

sequence to be transform ed (a d a p t iv e ly ) ,  i t  re q u ire s  co n s id e ra b le  compu­

ta t io n  p r io r  to  a c tu a l tran sfo rm a tio n  and coding. I f  i t  i s  done 

a - p r io r i ,  thus g en era tin g  a f ix ed  b a s is ,  the  a c tu a l performance of the

M
I

EPE = — (2 .4 .5 )
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KL b a s is  becomes a fu n c tio n  of the  e s tim a tio n  p rocess and changes as the

a c tu a l  source s t a t i s t i c s  change.

In  th i s  d i s s e r ta t io n  a covariance  m atrix  is  genera ted  from the

a u to c o r re la t io n  sequence th a t  r e s u l t s  from tak in g  the  in v e rse  FFT of the
2

magnitude squared presam ple f i l t e r  t r a n s f e r  fu n c tio n  |F * (e Jt0) |  . The

eig en v ec to rs  of th i s  m a trix  a re  used as the  KL b a s is  fo r  the sampled,
/

f i l t e r e d  so u rce . I f  the  presam ple f i l t e r e d  source is  the r e s u l t  of a 

zero mean, w hite f i l t e r  in p u t, th i s  KL transform  is  optimum and i s  

s u f f ic ie n t  to  dem onstrate th a t  d a ta  com pression is  ach ievab le  fo r f i l t e r  

induced redundancy. This f ix e d , f i l t e r  dependent KL b a s is  i s  then used 

fo r  comparison w ith two f ix e d , n o n f i l t e r  dependent polynom ial b ases .

The le n g th  16 KL b a s is  r e s u l t in g  from a s ix -p o le  B u tterw orth  

magnitude squared spectrum  to  be p resen ted  in  Chapter Three is  shown in  

F igure  2 .2 .  Note th a t  the genera ted  b a s is  v ec to rs  have a smooth shape 

and can e a s i ly  be ordered by sequencing or zero c ro s s in g . Note a lso  

th a t  they are  sym m etric. The a s so c ia te d  e igenvalues (expected  c o e f f i ­

c ie n t  energy) a re  given in  Table 2 .1 .  Note th a t  they decrease  mono- 

to n ic a l ly  w ith the sequency of th e  b a s i s .  F igure  2 .2  a lso  shows the  

s p e c tr a l  t r a n s fe r  fu n c tio n s  fo r  the FIR a - f i l t e r s  of th i s  b a s is .  These 

curves were ob ta ined  by perform ing a  256-po in t FFT on th e  b a s is  gener­

ated  hm(n) im pulse response (w ith  zero  f i l l ) .  I t  is  not s u rp r is in g  

th a t  the main lobe of the  t r a n s f e r  fu n c tio n  in c re a se s  w ith  the  number of

zero c ro s s in g s . I t  can been seen from th ese  f ig u re s  th a t  the  optimum
2 2 

b a s is  and a sso c ia te d  ]Hm(e'3t0) | genera ted  by |F * (e ju) |  a re
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2
F igure 2 .2 (c ) .  KL4 B as is , ^ ( e ^ l  , m = 1 , . . . , 8 .
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F igure  2 .2 (d ) .  KL  ̂ B as is , jHj^Ce-100) | , m = 9 , . . . , 1 6 .
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TABLE 2 .1  EIGENVALUES OF KL4 , N = 16

m VALUE

1 .9 9 9 8
2 .9 9 6 2

3 .9 6 4 1

4 .8 1 6 1

5 .4 9 4 8

6 .1 9 1 1
7 . 527E -1

8 . 1 27E -1

9 . 3 0 4 E -2

10 . 7 6 4 E -3

11 . 2 0 4 E -3

12 . 5 8 1 E -4

13 . 1 7 3 E -4

14 . 5 3 2 E -5

15 . 1 6 1 E -5

16 . 4 6 0 E -6
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s p e c t r a l ly  s e le c t iv e .  C onsidering  the equation  fo r  the  expected c o e f f i ­

c ie n t v a ria n ce  of e igenvalue given  by

Xm = f e  r  |F * (e ja)) | 2 |Hm( e ja)) l 2 do, , (2 .4 .6 )
-it

th i s  p ro p erty  is  understandab le  and i s  a n tic ip a te d  to be c h a r a c te r i s t ic  

of m onoton ically  decreasing  f i l t e r  (power s p e c tra l  d e n s ity )  fu n c tio n s . 

Note th a t  the  KL does not have a  co n stan t b a s is .  Thus, i f  the process 

(sequence) under c o n s id e ra tio n  has a mean or average v a lu e , i t  con­

t r ib u te s  (p ro je c ts  onto) more than  one c o e f f ic ie n t ,  predom inately the
2

f i r s t  and th i rd  accord ing  to  the |Hm(e-)t0) 1 cu rv es . This should be 

kep t in  mind i f  using  the  KL b a s is  fo r nonzero mean so u rces .

2 .5  D e te rm in is tic  Polynom ial Bases 

2 .5 .1 , D isc re te  Cosine (DC) B asis

The d is c r e te  cosine  b a s is  rep o rte d  by Ahmed, N a ta ra jan , and Rao 

[19] i s  suboptim al in  th a t  i t  i s  a  fixed  b a s is ,  and a fu n c tio n  of N 

o n ly . The DC b a s is  has been shown to  approach the performance of the 

KL b a s is  fo r  low o rder Markov processes [19, 20] and to experim en ta lly  

approach th e  KL b a s is  perform ance fo r speech [17, 20] and imagery 

[2 , 29] a p p l ic a t io n s .  I t  i s  defined  as

d>0 (n ) = —  ; n = 0 , . . .  ,N -  1
^  (2 .5 .1 )

, . [% (2u + 1) mu m i
V n) = V n COS  2N  ; n = 0  N “ 1

m £ 0
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Ahmed and Rao show th a t  the c o e f f ic ie n ts  can be computed using a

2N -point FFT. This makes the DC transfo rm  com pu ta tionally  e f f i c i e n t ,

p a r t i c u la r ly  fo r la rg e  values of N. They a lso  show th a t  the DC b a s is

v e c to rs  are  a form of d is c r e te  Chebychev polynom ial. F igure  2.3 shows

the  N 3 16 cosine  b as is  and a sso c ia te d  FIR a - f i l t e r  fu n c tio n s  ordered

by sequency in  the same manner as the KL b a s is .  Note th a t  they a lso
2

have a smooth shape w ith  s p e c tr a l ly  s e le c t iv e  |Hm( e -3a>) j s im ila r  to 

th e  KL. Thus i t  i s  a n tic ip a te d  th a t  i t  w il l  have comparable per­

form ance. The DC b a s is  i s  used fre q u e n tly  in  p ra c t ic e  as an a l te r n a t iv e  

to  the KL b a s is .  I t  i s  included  in  th i s  work fo r  e v a lu a tio n  in  the 

a p p l ic a t io n  to  presam ple f i l t e r e d  d a ta .
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2 .5 .2  D isc re te  Legendre (DL) B asis

The a l te r n a te  d e te rm in is t ic  b a s is  th a t  i s  of in t e r e s t  fo r  th is  work

i s  th e  d is c r e te  Legendre b a s is .  I t  i s  formed from the o rthono rm aliza­

t io n  of the b a s is  of d is c re te  o rd in a ry  polynom ials um(n) = nm over 

th e  in te r v a l  n e [0,N -  1 ] . This b a s is  is  considered  because of the  

use of o rd inary  polynom ials fo r  the f i t t i n g  and in te rp o la t io n  of r e a l  

( te le m e try )  d a ta  w ith  "low -pass” c h a r a c te r i s t i c .  As rep o rted  by 

P e te rso n  [25 ], a s e t  of d is c re te  o rthogonal polynom ials pm(xn) can be 

re c u rs iv e ly  genera ted  from

P (x ) = 1 , l  n
(2 .5 .2 a )

and

(2 .5 .2 b )

where

N-l ,
A = I x P (x )/W ,m n m n m (2 .5 .2 c )

( 2 . 5 . 2d)

and

(2 .5 .2 e )
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By l e t t i n g  xn = n, n = 0 , . . . ,  N -  1 and sc a lin g  each polynom ial so 

genera ted  to  produce u n it  norm., the orthonorm al b a s is

K  = I>m( 0 ) .........  *m(N "  (2 ' 5 *3)

where

<J) (n> = P (n)/W (2 .5 .4 )
m m m

is  g en era ted . This same b a s is  can be genera ted  by the  Gram-Schmidt 

procedure [26] on the ordered polynom ial b a s is

um(n) -  nm, n = 0 .........  N -  1 . (2 .5 .5 )

Hence the name d is c re te  Legendre b a s is  [27].

F ig u re  2 .4  shows the  DL b a s is  fo r  N = 16 and a sso c ia te d  

2|H ( e 2U) |  ordered according  to  sequency. Again note the s im i la r i ty  

to  the  KL b a s is .

Since both the  DC and DL bases resem ble the  KL, i t  is  a n t ic ip a te d  

th a t  re p re s e n ta tio n  of a  f i l t e r e d  w hite sequence by e i th e r  the DC or DL 

would have reasonab le  perform ance compared to  th a t  of the optim al KL. 

Note however, th a t the DC and DL have a co n stan t (dc) b a s is  which would 

cap tu re  any o f f s e t  in  the f i l t e r  o u tp u t.
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2 .6  C o e ff ic ie n t Q uan tizing  and B it A llo c a tio n

The s e le c t io n  of b a s is  r e la t iv e  to  the energy cap tu re  fo r  subspace 

re p re s e n ta tio n  (sample re d u c tio n ) i s  only one d a ta  com pression asp ec t of 

transfo rm  coding. For te lem e try  a p p lic a tio n s  where d a ta  i s  to  be t r a n s ­

m itte d  over a  f ix e d  r a te  chan n e l, th e  c o e f f ic ie n t  used to  re p re se n t the 

in p u t must be q uan tized  and encoded befo re  tran sm iss io n  as do the  

samples in  PCM. The s tr a te g y  considered  here  i s  to q u an tize  and encode 

the  c o e f f ic ie n ts  in d iv id u a l ly .  This i s  c a l le d  b a s is  r e s t r i c t e d  t r a n s ­

form coding a f t e r  P e a r l  [4 ] ,  or b lock  q u a n tiz a tio n  a f t e r  Huang and 

S ch u lth e is s  [3] who were among th e  f i r s t  to consider the  use of b lock 

tran sfo rm a tio n  fo r  b i t  r a te  re d u c tio n . I t  i s  c a lle d  sim ply transfo rm  

coding in  th i s  d i s s e r t a t io n .  Even i f  a l l  the c o e f f ic ie n ts  a re  genera ted  

fo r  tran sm iss io n , energy r e d i s t r ib u t io n  r e s u l t in g  from tran sfo rm a tio n  

p r io r  to  q u a n tiz a tio n  and coding can lead  to  a red u c tio n  in  the t o t a l  

number of b i t s  req u ire d  to tra n sm it the source sequence w ith the same 

s p e c if ie d  mean square d i s to r t io n  as PCM. Since the focus of the a p p l i­

c a t io n  addressed here  i s  to  use tr a n s fo ra  coding in  l ie u  of conven tional 

PCM te lem e try , the  work p resen ted  in  th i s  d i s s e r ta t io n  i s  lim ite d  to  the 

c o n s id e ra tio n  of uniform  q u a n tiz e rs  common to  p r a c t ic a l  te lem e try  

system s. The c o e f f i c ie n t s ,  once q u an tized , a re  to  be n a tu ra l b in a ry  

coded using a fix ed  number of b i t s  (word len g th ) per c o e f f i c ie n t ,  but 

vary ing  leng ths  over the  s e t  of c o e f f i c ie n t s .  The purpose of th e  

a n a ly s is  to  fo llow  is  to  g en era te  g u id e lin e s  fo r the a - p r io r i  s e le c tio n  

of q u a n tiz a tio n  o r d i s to r t io n  le v e ls  to  be used fo r each c o e f f i c ie n t ,  

and d e te rm in a tio n  of c o e f f ic ie n t  b i t  a l lo c a t io n .
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C onsider the g en e ra tio n  and q u a n tiz a tio n  of a l l  N c o e f f ic ie n ts  

( f u l l  space re p re se n ta tio n )  fo r  each segment. The segment index k 

used in  S ections 2.2 and 2.3 i s  im plied but w il l  not be used in  the 

rem ainder of th is  d i s s e r ta t io n  u n le ss  needed fo r c l a r i f i c a t i o n .  

Q uantizing  a c o e f f ic ie n t  v ec to r a of the tran sfo rm a tio n  in p u t v e c to r  

x produces a new c o e f f ic ie n t  v ec to r

a = a + ofp • ( 2 . 6 . 1 )

This in tro d u ces  e r ro r  in  the  re c o n s tru c te d  inpu t a t  the re c e iv e r  in  the 

form of an a d d itiv e  e r ro r  v e c to r  e^ . The reco n s tru c ted  v e c to r  i s

x = = x + • (2 . 6 . 2 )

The squared e r ro r  ( d is to r t io n )  in  x due to  quan tiz in g  i s  then  given by

llx -  xllZ = • (2 .6 .3 )

For an orthonorm al b a s is ,  the q u an tiz in g  e r ro r  energy can be w r it te n  as

' V 2 * I  aQ,m '  1 , D.  ( 2 -6 -4 >x m=l m=l

2
where aq >m re p re se n ts  the components of <Xq and Dm = <Xq m i s  used

to  s im p lify  the n o ta tio n . As in  S ection  2 .2  when the e n t i r e  inpu t
_2

sequence x*(p) is  co n sid ered , the  average e r r o r ,  denoted e^ , due to

q u a n tiz in g  is

o i N ,  . N
eZ = I y a = i  V D (2 .6 .5 )Q N \  Q,m N L. mx m=l ’ m=l

where Dm re p re se n ts  the average d i s to r t io n  energy of component (%•

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



50

I t  has been shown in  S ection  2 .2  th a t  tran sfo rm a tio n  lead s  to  the

d is t r ib u t io n  of in p u t energy among the  c o e f f ic ie n t  sequences. In

g e n e ra l, th e  average en e rg ies  of the  c o e f f ic ie n ts  a re  not the same.m
Thus the optimum q u a n tiz a tio n  may invo lve d i f f e r e n t  q u a n tiz a tio n  le v e ls

( d i s to r t io n  D ) and a d i f f e r e n t  number of le v e ls  fo r each c o e f f ic ie n t ,  
m

In  order to  examine th i s ,  l e t  the  number of le v e ls  used fo r c o e f f ic ie n t  '

ccm be expressed as 2 m. Then Bm re p re se n ts  the  (n o n in teg er) number

of b i t s  req u ire d  to  re p re se n t the c o e f f ic ie n t .  As suggested by Z e lin sk i

and N oll [1 7 ], Bm can be w r it te n  as a fu n c tio n  of the average c o e f f i -  

—9c ie n t  energy a and the  average c o e f f ic ie n t  q u a n tiz a tio n  d i s to r t io n  
m

D as m

B = 6  + i  lo g _ (a2 /D ) (2 .6 .6 )m m 2 &2'- m m;

where 5 r e f l e c t s  the perform ance of p r a c t ic a l  q u a n tiz e rs  and, in  ta
g e n e ra l, i s  a  fu n c tio n  of the d i s t r ib u t io n  or c re s t  fa c to r  of the

c o e f f ic ie n t  sequence. Note th a t  6 = 0  g ives the Shannon r a tem
d is to r t io n  l im i t ,  in  term s of in fo rm ation  b i t s ,  fo r  a d is c r e te  Gaussian 

source w ith  G aussian d i s to r t io n .  I t  a lso  g ives the exp ression  used fo r 

s e le c t in g  th e  number of b i t s  fo r  uniform  q u an tiz in g  of uniform  sources 

[2 7 ]. Follow ing th e  lo g ic  of Z e lin sk i and N o ll, the  c o e f f ic ie n t  d i s t r i ­

b u tions o r c r e s t  f a c to rs  a re  assumed to  be equal fo r  each c o e f f ic ie n t  so 

th a t  6m is  rep laced  by a c o n s ta n t, denoted 6tc> ^or each c o e f f ic ie n t  

q u a n tiz e r  and the fa c t  th a t  Bm should be an in te g e r  fo r b in a ry  coding 

is  overlooked. The d is to r t io n  co n trib u ted  by c o e f f ic ie n t  i s  then

g iven , using  equation  ( 2 . 6 . 6 ) ,  by

  <5nnp — 2b
D = 2 2 m a • (2 .6 .7 )m m
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The problem then  Is to  s e le c t  Bm So as to  minimize the average

d is to r t io n  su b je c t to  the  c o n s tr a in t  of fix ed  to t a l  b i t  a l lo c a t io n .

The method of Lagrange m u l t ip l ie r s  can be used to  minimize the to t a l
N N

average d i s to r t io n  D = i  Y D . su b je c t to Y BN L, m ’ , mm=l m=l
c o n s ta n t ,  by s e t t in g

NB_„ a TC

a
3Bm m=l m=l

_ 1 A c  - 2  " 2B m
N m 2 In  2 + p = 0 (2 . 6 .8 )

fo r  m = 1 , . . . , N .  I t  fo llow s th a t

2 5 m p  - 2 B  _ o

2 T 2 m a  = Np/2 In  2 m
(2 .6 .9 )

a co n s tan t fo r  each m. So the optimum q u an tiz in g  le v e l and correspond­

ing b i t  assignm ent a re  those fo r  which D = D„p , a co n s tan t fo r  a l l  m.m lv
T his r e s u l t  was f i r s t  derived  by Huang and S c h u lth e iss  [3] fo r  Gaussian 

sources and has been used by many au thors s in c e . Note th a t  th is  r e s u l t  

a lso  holds fo r  any su b se t of M c o e f f ic ie n ts  as long as th e  c o n s tra in t  

and averages a re  imposed on the su b se t. When th is  c o n d itio n  i s  imposed 

i t  leads to an expression  fo r Bm in  terms of the geom etric mean of the 

c o e f f ic ie n t  e n e rg ie s ,

Bm = ®TC + 2 log2

1/N
(2 . 6 . 10)

where BTq = — £ B^ i s  the average b i t  r a te  per c o e f f ic ie n t .  I t  is  
m=l

in te r e s t in g  to  note th a t Z e lin sk i and N oll show th a t  the geom etric mean, 

and hence the b i t  r a te  fo r s ta t io n a ry  so u rces , i s  minimized by the KL
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tran sfo rm . This was a lso  derived  by Huang and S c h u lth e is s . Thus

n ea r-o p tim a l b i t  r a te  can be expected when employing a b a s is  s im i l ia r

to  th e  KL.

For PCM, which can be considered  the id e n t i ty  transfo rm , the

average d is to r t io n  can be ob ta ined  from eq u a tio n  ( 2 . 6 . 6 ) ,  w ith  am 
- 2

rep la ced  by x , as

5pcM -  26pCM 2' 2BpCM ; 2 (2.6.11)

where B p ^  i s  th e  PCM b i t  r a te  per sample. Again fo llow ing Z e lin sk i 

and N o ll, the  same q u a n tiz a tio n  mechanism is  assumed fo r  both the  coef­

f i c i e n t s  sequence and the in p u t sequence (PCM), th a t  i s , i t  i s  assumed 

th a t  the  c r e s t  f a c to r  i s  no t ap p rec iab ly  a l te r e d  by tran sfo rm a tio n .

Then 6_ _ . = 6__, and the ex p ress io n  fo r  the average transform  coding PCM TC
b i t  r a te  to  g ive  the  same d i s to r t io n  as PCM i s  ob ta ined  by s e t t in g

equation  (2 .6 .7 )  equal to  eq u a tio n  (2 .6 .1 1 ) and so lv in g  fo r  B^q .

This g ives

With a p p ro p ria te  r e d e f in i t io n  of terms the eq u a tio n s  here can be seen to  

be th e  same as those of Campanella and Robinson [8 ] .  Since the 

equations above a re  deriv ed  w ithou t re q u ir in g  in te g e r  values fo r  Bm, 

f u r th e r  coding, such as Huffman coding, would have to  be employed to 

a t t a i n  the  re d u c tio n  of ( 2 .6 .1 2 ) .  A ctual in te g e r  b i t  a l lo c a t io n  

invo lves  some t r i a l  and e r ro r  and c o n s id e ra tio n  of the  assum ption

5m =5TC = 6PCM*

i / n

= + AB. (2 .6 .1 2 )
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E quation (2 .6 .1 2 )  p rov ides  a  u se fu l a n a ly t ic a l  measure in  th e  form 

of a r a te  improvement bound given by

AB 7  l o % ? ! n ~2n «
m=l

1/N

m (2 .6 .1 3 )

fo r  the  comparison of b ases . This i s  eq u iv a len t to  the r a t io  of t o t a l

in fo rm ation  (minimum b i t  r a te )  in  N independent id e n t ic a l ly  d i s t r i -  .

N 1 -2
buted sources given by I y ^°S2 a ŵ e re  t r ea ted  as N

n=l
-2

sou rces w ith  average energy x . Equation (2 .3 .1 6 )  can be used to  w rite

th i s  in  terms of the  norm alized e s tim a te  of average c o e f f ic ie n t  energy

No as 
m

AB = -  j  log 2
/  N

n n p. 
V m=l

1/N

m (2 .6 .1 4 )

This equation  i s  used in  C hapter Three fo r  b a s is  com parison.

As a guide in  a c tu a l  b i t  assignm ent, the  value of B^q from equa­

t io n  (2 . 6 . 12) can be s u b s t i tu te d  in to  eq u a tio n  (2 .6 . 10 ) to  give

Bm ” BPCM "  7 l0H  •
(2 .6 .1 5 )

E quation (2 .6 .1 5 ) can a lso  be w r it te n  in  term s of pm as

Bm -  BPCM + 7  • ( 2 -6 ' 16)

Note th a t th i s  equation  sim ply provides the  ap p ro p ria te  ad justm ent in  

b i t  a l lo c a t io n  fo r  two sources of d i f f e r e n t  energ ies  in  o rder to  main­

ta in  equal q u a n tiz a tio n  d i s to r t io n .  This i s  e s s e n t ia l ly  a dynamic range 

adjustm ent to  accommodate the same q u a n tiz a tio n  le v e l .  This eq u a tio n  is  

used in  Chapter Four fo r  g e n e ra tio n  of a c tu a l  in te g e r  b i t  a l lo c a t io n .
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B it a l lo c a t io n  i t s e l f  can lead  to  th e  d isc a rd in g  of c o e f f ic ie n ts .  

E quation  (2 .6 .1 6 ) can produce n eg a tiv e  Bm in d ic a tin g  zero b i t s  should 

be used, o r th e  c o e f f ic ie n t  should be d isca rd e d . When c o e f f ic ie n ts

a re  a - p r io r i  d iscarded  fo r  any reaso n , the average q u an tiz in g  d i s to r t io n  

p re se n t in  the rec o n s tru c te d  in p u t i s

°TC
1 M 1 N - 9

ff \  Di c  + ff U  <2-6 ' 17)m=l m=W-l

where c^, m e [M + 1, N], re p re se n ts  the  s e t  of d iscard ed  c o e f f i ­

c ie n ts .  This i s  le s s  than  D__ i f  the  energy of a c o e f f ic ie n t  is  le s s
- 2than  the d es ired  d i s to r t io n ,  i . e .  a < D__.m 10

T his e f f e c t  can be w r itte n  in  v ec to r n o ta tio n  by w ritin g  the 

re c o n s tru c te d  v ec to r as

where

and

x = x + 9 + ex (2 .6 .1 8 )

a ^ m = 0, d isca rd ed  (2 .6 .1 9 )

Te = $ a, a = 0 , ot_ re ta in e d  (2 . 6 . 20)-x  -  m ai

x = $  a, a = 0 , ô j d isc a rd e d . (2 . 6 . 21 )

The t i l d e  i s  used to  in d ic a te  th a t  Q and x a re  con tained  in  the  same 

subspace W spanned by the b a s is  corresponding  to  the re ta in e d  c o e f f i ­

c ie n ts .  The e r ro r  v e c to r  ex i s  eq u iv a len t to  the  approxim ation e r ro r  

p re sen te d  in  S ec tio n  2.1 w ith re sp e c t to  d isca rd ed  components.
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The e r ro r  2 due t0  q u a n tiz a t io n  of the  re ta in e d  ( fo r  w hatever reason) 

c o e f f ic ie n t s  is  in  a d d itio n  to  the  e r ro r  due to  subspace re p re s e n ta tio n . 

The combined e rro r  i s

x - x  = e _ = 2 + e .  ( 2 . 6 . 22 )— — -q  —x

Since g ]e x ,

HeQi|2 = ligil2 + Hex ll2 (2 .6 .2 3 )

which lead s  to  an ex p ress io n  fo r  the average re c o n s tru c tio n  e r ro r  energy 

as

-2
e2 = Q + e2 (2 .6 .2 4 )Q x

-2
where Q re p re se n ts  the  average e r ro r  due to  q u an tiz in g  the re ta in e d  

_2
c o e f f ic ie n t s  and ex re p re s e n ts  the average e r ro r  due to  d iscarded

c o e f f i c ie n t s .  E quation (2 .6 .2 4 )  can be seen to  be e q u iv a len t to  equa­

tio n  (2 .6 .1 7 ) and can be used to make e r ro r  tr a d e o f f s  regard ing  the  

combined e f f e c ts  of subspace re p re s e n ta tio n  and q u a n tiz in g .

2 .7  Summary

The technique of transfo rm  coding is  d escribed  and the way in  which 

th e  method can produce b i t  r a te  red u c tio n  is  p re se n te d . Transform  

coding is  defined  in  term s of o rthogonal tran sfo rm a tio n  or p ro je c tio n  

in  a H ilb e r t  s ig n a l space . U sefu l p ro p e r tie s  of o rthogonal transform a­

t io n  a re  p resen ted  fo r  l a t e r  u se . The concept of energy d is t r ib u t io n  

or energy cap tu re  by a transfo rm  c o e f f ic ie n t  sequence r e s u l t in g  from 

su ccess iv e  block tran sfo rm a tio n  is  in tro d u ced . Energy packing 

e f f ic ie n c y  is  d e fin e d . In  o rd e r to  p rovide in s ig h t  in to  transform

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



56

coding, i t  i s  modeled in  terms of a bank of f i n i t e  im pulse response 

f i l t e r s  eq u iv a le n t to  a g en e ra lized  running waveform a n a ly z e r . The 

concept of s p e c tr a l  energy cap tu re  i s  thus in tro d u ced . The presample 

f i l t e r  is  in co rp o ra ted  in to  th e  a n a ly s is  by assuming i t  d e fin es  the 

w orst case s p e c tr a l  envelope (power s p e c tr a l  d e n s ity )  o f the f i l t e r  

output and thus coding of a w hite f i l t e r  in p u t i s  taken to  be the ta sk  

o f the tran sfo rm  coder. P a rse v a l’ s r e la t io n  i s  used to  provide an 

exp ression  fo r  th e  e s tim a te  of the w orst case c o e f f ic ie n t  energy. The 

th re e  bases fo r  c o n s id e ra tio n  a re  p re sen te d . They are  a f i l t e r  derived  

Karhunen-Loueve (KL) b a s is ,  which i s  assumed to  be optimum fo r the 

f i l t e r e d  so u rce , th e  d is c re te  cosine  b a s is  and the d is c r e te  Legendre 

b a s is .  Both the d is c re te  cosine and Legendre bases a re  seen to  have 

p ro p e r tie s  s im ila r  to  the KL and are  a n t ic ip a te d  to have comparable 

perform ance. Optimum c o e f f ic ie n t  q u a n tiz in g  and b i t  a l lo c a t io n  a re  

examined fo llow ing  the lo g ic  of Z e lin sk i and N o ll [17] w ith  the  r e s u l t  

th a t  each c o e f f ic ie n t  is  to  be quan tized  using  the  same q u a n tiz a tio n  

le v e l  th a t  would be used fo r  PCM. The b i t  a l lo c a t io n  then  becomes an 

adjustm ent of dynamic range. A th e o re t ic a l  bound fo r  b i t  r a te  

improvement i s  p resen ted . This i s  only a t ta in a b le  by the  use of 

something o th e r than  n a tu ra l b in a ry  coding . R eco n stru c tio n  e r ro r  i s  

shown to  be the  sum of c o e f f ic ie n t  q u an tiz in g  e r ro r  and e r ro r  due to  

subspace re p re s e n ta t io n .
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CHAPTER THREE

ANALYTICAL COMPARISON

3 .0  In tro d u c tio n

In  th i s  ch ap te r the a n a ly t ic a l  comparison of the th re e  bases 

d efin ed  in  C hapter Two i s  examined fo r  the a p p l ic a t io n  to  presam ple 

f i l t e r e d  random d a ta . The r a t io n a le  commonly used fo r  f i l t e r  s p e c i f i ­

c a t io n  fo r  sampled d a ta  system s i s  d iscu ssed  and the fou r f i l t e r  

m agnitude squared t r a n s f e r  fu n c tio n s  (MSF) used in  the  a n a ly s is  are  

given in  S ec tio n  3 .1 .  The MSF's a re  used in  the equations developed in  

C hapter Two and th e  r e s u l t in g  expected c o e f f ic ie n t  energy d i s t r ib u t io n  

and a n a ly t ic a l  b i t  r a te  improvement a re  p resen ted  in  S ec tio n s  3 .2  and 

3 .3 ,  r e s p e c t iv e ly .  S ec tio n  3 .4  in tro d u ces  ano ther view of the  s p e c tra l  

energy cap tu re  of transfo rm  coding w ith  a comparison fo r  the bases 

under c o n s id e ra tio n  in  th i s  d i s s e r ta t io n .  The chap te r i s  summarized 

in  S ec tio n  3 .5 .

3 .1  Presam ple F i l t e r

For sampled d a ta  (PCM) a p p l ic a t io n s ,  analog f i l t e r s  a re  o f te n  used 

to  ban d lim it continuous s ig n a ls  p r io r  to  sam pling. The f i l t e r  output i s  

then  sampled unifo rm ly  a t  a r a te  of 1/T samples per second where T 

i s  the  sample in t e r v a l .  F i l t e r s  whose magnitude squared frequency 

response |F (Q ) |^ , denoted MSF, i s  m onoton ically  d ecreasin g  beyond the 

c u to ff  frequency and rem ains below some sp e c if ie d  r e la t iv e  a t te n u a tio n
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le v e l  q , beyond Qs /2  = u /T , th e  N yquist or fo ld in g  frequency , a re  

c o n s is ta n t w ith p r a c t ic e .  The le v e l  commonly used i s  i] = 2 

where B i s  the number of b i t s  to  be used fo r  the  n a tu ra l b in a ry  (PCM) 

sample re p re s e n ta tio n . The r a t io n a le  fo r  doing th i s  i s  th a t  s p e c tr a l  

components of the  f i l t e r  ou tpu t beyond the fo ld in g  frequency r e s u l t in g  

from f u l l - s c a le  f i l t e r  in p u ts  would be below the  q u an tiz in g  le v e l  and 

in d isc e rn a b le  from q u an tiz in g  n o is e . This in  e f f e c t  norm alizes the 

f i l t e r  to the  q u an tiz in g  le v e l and g ives the h ig h e s t c u to ff  to  sample 

r a te  r a t io  p o ss ib le  fo r  the  f i l t e r  o rd e r . This i s  o ften  what i s  meant 

in  p r a c t ic a l  systems by "band lim ited” s ig n a l .  Note th a t  i f  th e  f i l t e r  

MSF as described  here i s  the  sampled s ig n a l PSD and i f  n i s  the 

q u an tiz in g  le v e l  fo r  a uniform  q u a n tiz e r , then  q^/12  is  the  q u an tiz in g  

d is to r t io n  and the transfo rm  c o e f f ic ie n t  expected energy (v a ria n c e )  is  

always g re a te r  than  the  q u a n tiz a tio n  d i s to r t io n .  This can be seen from

-it

> ^  q2 |H (eju ) | 2 dm = q2 > q2/12 . (3 .1 .1 )
-it

Thus no c o e f f ic ie n t  should be d iscard ed  as having le s s  expected energy 

than  the  q u a n tiz a tio n  d i s to r t io n ,  and f u l l  space re p re s e n ta tio n  is  

needed fo r  d i r e c t  PCM rep lacem ent.

There a re  se v e ra l well-known c la s s e s  of analog f i l t e r s  th a t  a re  

used fo r  te lem e try  a p p l ic a t io n s .  The commonly used B utterw orth  f i l t e r  

has been se le c te d  fo r  use in  th i s  s tu d y . This f i l t e r  c la s s  has maxi­

m ally f l a t  am plitude response in  the  pass band and m onoton ically
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d ecreasin g  response beyond the c u to ff  frequency . The MSF as a fu n c tio n  

of ra d ia n  frequency Q = 2nf is  given by

| F(Q)| 2 ----------- 1----- (3 .1 .2 )
1 +  (Q/Qc ) V

where v i s  the  number of poles or f i l t e r  o rder and Q re p re se n ts  the 

ra d ia n  c u to ff  frequency . The f i l t e r  design  t r a d e -o f f s  fo r  sampled d a ta  

a p p lic a tio n s  invo lve th e  f i l t e r  com plexity , re p re se n te d  by the number of 

p o le s , the c u to ff  frequency  (sometimes considered  the  h ig h e s t frequency 

of i n t e r e s t ) ,  the sample r a te ,  and the d i s to r t io n  le v e l  T|. These 

q u a n t i t ie s  can be r e la te d  by

2 (  Qs \ 2V
l F ( Q s / 2 ) l  "  ( l ! j  ( 3 *1 *3 )

«

which i s  used to  sp e c ify  th e  f i l t e r s  fo r  th is  s tu d y . P lo ts  of log (MSF)

fo r  the fou r f i l t e r s  used , designated  f i l t e r s  FI through F4, a re  shown

in  F igure 3.1 norm alized to  the sampling frequency . F i l t e r s  FI and F2

are  based on a c tu a l  f i l t e r s  used in  two d i f f e r e n t  aerospace te lem etry

system s. The o th e r two a re  re la te d  to these  through equation  (3 .1 .3 )  by

changing the number of po les and re q u ir in g  the same value of q (same

PCM word le n g th ) . S ince the  coding is  being done on the samples of the

f i l t e r  o u tp u t, the t r a n s f e r  fu n c tio n s  shown a re  a c tu a l ly  p lo ts  of 
. 2 

|F*(e'^t0) | where

|F * (e j “ ) | 2 = | I F ( | j + ^ £ j ) | 2 (3 .1 .4 )
r=-®

i s  the MSF of a sequence derived  from sampling a continuous waveform 

w ith F o u rie r transfo rm  F(Q) [1 ].
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3 .2  Energy D is tr ib u t io n  and Energy Capture

One prim ary a sp e c t of th i s  resea rch  i s  the  in v e s t ig a t io n  of the way 

in  which th e  presam ple f i l t e r  MSF e f f e c t s  the energy d i s t r ib u t io n  or 

subspace energy ca p tu re  performance of the  DL and DC bases compared to  

th e  KL b a s is  fo r  the  f i l t e r .  The s p e c tr a l  s e l e c t iv i ty  p ro p e r tie s  of the 

b a s is  under c o n s id e ra tio n  have a lread y  been i l l u s t r a t e d  in  Chapter Two. 

The way in  which th e se  p ro p e r tie s  combine w ith the f i l t e r  MSF to r e s u l t  

in  energy r e d is t r i b u t io n  can be examined by c o n s id e ra tio n  of the normal­

ized  e s tim a te  of the  maximum c o e f f ic ie n t  energy defined  in  Section  2.3 
- 2

as Np x . R eca ll from the  d e f in i t io n  th a t  th is  re p re se n ts  the expectedHI
c o e f f ic ie n t  energy or v a rian ce  when the presample f i l t e r  i s  assumed to

-2
have a zero  mean, w hite  (wideband) in p u t .  The values Npmx have

been c a lc u la te d  u sing  equations (2 .3 .1 5 )  and (2 .3 .1 7 )  w ith  < = 1.
_2

Log(Npmx ) i s  p lo t te d  a g a in s t M fo r  each f i l t e r  and two d if f e r e n t

v a lues of N in  F ig u res  3 .2  and 3 .3 . Also included on the  p lo ts  a re
-2the r e la t iv e  inp u t (PCM sample) energy x . This i s  to  i l l u s t r a t e  the

_2
r e d is t r ib u t io n  of energy . Note th a t Np x i s  m onotonically  decreasing

in  a l l  c a se s . As s ta te d  in  Chapter Two, th is  i s  a n t ic ip a te d  because of

the  monotonic n a tu re  of the  f i l t e r  MSF and the s p e c tr a l  s e le c t iv i ty  of 
, 2

lH (e^u) | . In  f a c t ,  i t  has been rep o rted  [5, 8] th a t  fo r  a s ta t io n a ry* m 1

process the ' KL and DC b a s is  c o e f f ic ie n t  en erg ies  approach the power

sp e c tra l  d e n s ity  as N goes to  i n f i n i t y .  This does not appear to  be
-2

the case fo r  the  DL b a s is  as the values of Np x appear to be d iv e rg -rm
ing  from the KL b a s is  as N in c re a ses  fo r  both low- and h ig h -o rd er 

c o e f f ic ie n t s .  The DC and KL bases tra c k  c lo se ly  fo r  low -order, h ig h - 

energy c o e f f ic ie n ts .  However, the DC tends to  d iv e rg e  from the KL as m 

approaches N, p a r t i c u la r ly  fo r  the two f i l t e r s ,  F3 and F4, th a t have
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th e  g re a te r  a t te n u a t io n . The DC h ig h -o rd e r c o e f f ic ie n t  en e rg ies  exceed

even those  of the  DL fo r  these  f i l t e r s .  This means th a t  fo r th e se

f i l t e r s ,  d isca rd in g  of c o e f f ic ie n ts  fo r  m c lo se  to  N e lim in a te s  more

energy fo r the  DC than  the  DL b a s is .  Note th a t the en erg ies  in  these

c o e f f ic ie n t s  fo r  e i th e r  b as is  a re  se v e ra l o rd e rs  of magnitude below the

f i r s t  few c o e f f ic ie n ts  so the choice of b a s is  and subspace dim ension

depend on the  r e la t iv e  energy cap tu re  th a t  i s  a c c e p ta b le , th a t  i s ,  on

w hether the  goal i s  say 90 percen t cap tu re  or 99.9 percen t c a p tu re .

T his i s  a su b je c tiv e  c r i t e r io n  and w il l  only be addressed  fo r  compar-
-2

iso n . F igure 3 .4 , included  fo r  i l l u s t r a t i o n ,  i s  the  Np x d i s t r i b u -m
t io n  of the fou r N = 32 KL bases ap p lied  to  F3. This i l l u s t r a t e s  th a t  

what i s  b e s t fo r  one f i l t e r  may not be the b e s t fo r  an o th e r .

T o ta l subspace energy cap tu re  i s  r e f le c te d  in  the EPE defined  in  

S ec tio n  2 .2 .  I t  can be seen by exam ination of the d e f in i t io n  of EPE

by equation  (2 .2 .9 )  and of pm in  equation  (2 .3 .1 6 )  th a t

M
EPE = I  p . ( 3 . 2 . 1 )

i mm=l

T ables 3 .1  and 3.2 give the EPE and 1-EPE va lu es  versus m
-2

corresponding  to  th e  Npmx curves a lread y  g iven . These ta b le s  

i l l u s t r a t e  the  com parative energy packing perform ance fo r  the bases .

They p a r t ic u la r ly  accen t the low -order, h igh -energy  c o e f f ic ie n ts .  Note 

th a t  the  KL packing e ff ic ie n c y  i s  the b e s t ,  as expected . However, note 

th a t  the  o th e r  bases g e n e ra lly  e x h ib it  the same packing perform ance.
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R ec a ll th a t  t h i s  cap tu re  i s  r e la t iv e  to  in p u t energy le v e l and is  

not a f ix ed  d i s to r t io n  as i s  q u a n tiz a tio n . Thus, fo r  low-energy in p u ts  

(o r in te rv a ls  of in p u t ) ,  the d i s to r t io n  due to  subspace re p re se n ta tio n  

is  going to  be reduced r e la t iv e  to ,  and p o ss ib ly  le s s  than , th a t due to  

q u a n tiz a tio n . Also r e c a l l  th a t  the  energy d i s t r i b u t io n  and cap tu re  

r e f le c te d  in  the  p lo ts  and ta b le s  a re  in d ic a tiv e  of the expected maximum 

fo r  wideband (w h ite) f i l t e r  in p u ts . I f  the a c tu a l  s ig n a l is  not wide­

band the  d i s t r i b u t io n  of c o e f f ic ie n t  en erg ies  is  a l te r e d  according to  

the  s p e c tr a l  c o n te n t. Thus, a c tu a l subspace cap tu re  as a percen t of 

t o t a l  energy i s  g re a t ly  e f fe c te d  by the  tru e  s p e c tr a l  con ten t of the 

s ig n a l so u rce .

3 .3  F u ll  Space R ate Reduction

The goal of transfo rm  coding fo r te lem etry  a p p lic a tio n s  is  b i t  r a te  

re d u c tio n . As shown in  S ec tio n  2 .6 , b i t  r a te  red u c tio n  i s  p o ss ib le  even 

when a l l  the  c o e f f ic ie n ts  a re  r e ta in e d . The th e o r e t ic a l  bound as a 

measure of the  b i t  r a te  improvement, denoted AB, has been presen ted  in  

S ec tio n  2 .6 .  Curves of AB versus N fo r the bases and f i l t e r s  under 

c o n s id e ra tio n  a re  shown in  F igure  3.5 fo r com parison. Note the improve­

ment w ith  in c re a s in g  N, a m a n ife s ta tio n  of the spread  in  a . Thism
improvement i s  not l in e a r  and a sy m p to tic a lly  approaches a l im i t .  The 

equation  fo r  the v a lu e  AB__„, a lso  included  in  the  f ig u re ,  to  which the
Q la X

KL and DC approach in  the  l im it  i s  taken  from D avisson [5 ] . The equa­

t io n  i s  based on th e  knowledge th a t  the  KL and DC energy d is t r ib u t io n  

approach the power s p e c tr a l  d e n s ity  as N ■* ® . I t  a lso  assumes th a t 

th e  coding d i s to r t io n  i s  le s s  than the  s ig n a l energy . This is  con­

s i s t e n t  w ith  the assum ption used in  the presam ple f i l t e r  s p e c if ic a t io n .
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The eq u a tio n  fo r  ABmav is

-  j  log  f % |F * (e j(0) | 2 du • (3 .3 .1 )
- i t

The f i r s t  term re p re se n ts  the  r a te  l im it  fo r  i n f i n i t e  leng th  block 

coding (N ■») or the l im i t  fo r  to t a l l y  u t i l i z i n g  the  redundancy as 

d esc rib e d  by the power s p e c tr a l  d e n s ity . The second term is  the r a te  

l im i t  fo r  s in g le  sample encoding (PCM). Equal d is to r t io n  fo r  both 

techn iques i s  im plied . Note th a t  the l im i t  r e la te s  to  the s p e c tr a l  

shape, th a t  i s ,  the  amount of redundancy in  the  s ig n a l .

I t  appears th a t  the  DL does not approach th i s  l im i t .  This is  

c o n s is te n t  w ith the o b se rv a tio n  in  S ec tion  3 .3  th a t  the DL does not 

approach the power s p e c tr a l  d e n s ity . For f i l t e r s  F3 and F4 and low 

va lu es  of N, the  DL more c lo se ly  re p re se n ts  th e  KL. In  a l l  cases th e  

DL f l a t t e n s  out and th e  DC con tinues to im prove. Thus, values of N 

g re a te r  than  about 32 would no t be expected to  produce any improvement 

fo r  the  DL. For the  DC and KL th e  in c re a se  in  improvement must be 

trad e d  o ff  a g a in s t in c reased  com putational lo a d .
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3 .4  Composite S p e c tra l Energy Capture

As shown in  S ec tio n  2 .3 , th e  magnitude squared FIR t r a n s f e r  
. 2

fu n c tio n  |h (e  ) | re p re se n ts  th e  way in  which s p e c tr a l  energy is  

cap tured  by a  transfo rm  c o e f f i c ie n t .  When M c o e f f ic ie n ts  are  to be 

used to  re p re se n t an inpu t sequence x * (p ), equation  (2 .2 .7 )  re p re se n ts  

th e  t o t a l  energy cap tu re  fo r the  subspace re p re s e n ta tio n  and can be 

r e w r it te n  using  equation  (2 .3 .1 4 )  to  give

. P - l  ,  . M
p I  (x* (p )) = jj- I a

p=0 m=l

" f f  I J* |Hm( e j u ) | 2 |X*(ejw) | 2dw
m=l -it

= h ” |Hm( e jw) M x * ( e ja}) | 2dcu . (3 .4 .1 )
-it m=l

The com posite magnitude squared fu n c tio n  given by

N . 2
C(e3w) = I |H ( e Ja)) |  (3 .4 .2 )

m=>Mfl m

i s  then used to  in d ic a te  the way in  which s p e c tr a l  energy is  captured by 

th e  subspace re p re s e n ta t io n . L ikew ise, the  complimentary composite 

magnitude squared fu n c tio n

N . 2
C '(e J “ ) = I |H ( e JU)) |  (3 .4 .3 )

m=M+l m

re p re se n ts  the  ex te n t to which in p u t s p e c tr a l  energy c o n tr ib u te s  to the 

e r ro r  fo r  a  subspace re p re s e n ta tio n . Note th a t fo r  orthonorm al b a s is

C '(e 3 w) = 1 -  C(e2w) , (3 .4 .4 )
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P lo ts  of C (ejw) and Log C 'C e ^ )  f o r  N = 16 and s e v e ra l v a lu es  of 

M a re  g iven in  F igures 3 .5  and 3 .6 ,  re s p e c tiv e ly  fo r  the DC, DL and 

two KL b ases . The KL b a s is  desig n a ted  KL  ̂ i s  derived  from the 4 -po le  

B utterw orth  f i l t e r  FI spectrum  and KL  ̂ i s  the  same as th a t  of S ec tion

2.4  d erived  from th e  6 -po le  B u tterw orth  f i l t e r  F4 spectrum . The s e le c ­

tio n  of the  b a s is ,  and th e  subspace dim ensions M fo r a p a r t i c u la r  

a p p l ic a t io n  depends on the  way in  which the  com posite spectrum  combines 

w ith  th e  in p u t (presam ple f i l t e r )  spectrum  as in d ic a te d  in  equa­

t io n  ( 3 .1 .1 ) .  I f  the  KL spectrum  i s  taken to  be optimum, then  th e  poly­

nomial b a s is ,  whose com posite spectrum  more c lo se ly  resem bles th a t  of 

th e  KL fo r  the presam ple f i l t e r ,  would be expected to  provide the b e t te r  

t o t a l  energy cap tu re  of the two. I t  may be more in fo rm ativ e  to  examine 

th e  complimentary com posite spectrum  C '(e J u) .  R eca ll th a t  th i s  i s  

in d ic a tiv e  of the energy th a t  i s  d iscard ed  by subspace re d u c tio n . Note 

the  t a i l s  of C ^ e ^ ) .  Those of th e  DL b a s is  a re  sm a lle r than  those  of 

the  DC b a s is  and a re  more l ik e  those  of the  KL b a s is .  This sugg ests  

th a t  fo r  m onoton ically  decreasin g  in p u t s p e c tra ,  e lim in a tio n  of c o e f f i ­

c ie n ts  of high sequency b a s is  v ec to rs  tends to  remove le s s  "pass band" 

energy fo r  the KL and DL b a s is .  Thus the  s p e c tr a l  com position of the 

energy , as w ell as the  t o t a l  energy lo s s ,  p rovides u se fu l in s ig h t  in  

comparing the energy cap tu re  p ro p e r tie s  of cand ida te  tran sfo rm s. With 

th i s  in  mind th e  u se r  of the d a ta  may be w ill in g  to  accep t the  t o t a l  

energy lo ss  to achieve fu r th e r  b i t  r a te  red u c tio n  knowing th a t  energy in  

th e  "pass band” i s  being cap tu red .
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F igure  3 .6 (a ) .  Composite Magnitude Squared F unction , N = 16, 
M = 1, 4 , 8 , 10, 12, 14, DL B asis .
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F igure  3 .6 (c ) .  Composite Magnitude Squared Function , N = 16, 
M = 1, 4 , 8, 10, 12, 14, KLtl B asis .
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F igu re  3 .7 (a ) .  Log Complimentary Magnitude Squared F unction , 
N = 16, M = 1, 4 , 8 , 10, 12, 14, DL B asis .
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F igure  3 .7 (b ) .  Log Complimentary Magnitude Squared Function, 
N = 16, M = 1, 4 , 8, 10, 12, 14, DC B asis .
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F ig u re  3 .7 ( c ) .  Log Complimentary Magnitude Squared F unction , 
N = 16, M = 1, 4 , 8, 10, 12, 14, KL1 B asis .
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3 .5  S ignal P lus Noise (Inpu t D ig i t iz e r )

Consider th e  case of presam ple f i l t e r e d  s ig n a l y*(p) p lu s
2

a d d itiv e  zero mean, w hite no ise  z*(p) w ith  variance  a • Then thez

in p u t to  the tran sfo rm a tio n  is

x*(p) s  y*(p) + z*(p) , (3 .5 .1 )

or in  v e c to r  n o ta tio n , the in p u t fo r  a segment of inpu t i s

x = £ + z . (3 .5 .2 )

As s ta te d  in  S ec tion  2 .1 , tran sfo rm a tio n  is  a l in e a r  p rocess so the 

r e s u l t in g  c o e f f ic ie n t  v ec to r fo r  x i s

a = a + a (3 .5 .3 )
-x  -y  -z

where a and a a re  the c o e f f ic ie n t  v ec to rs  fo r y and z ,-y  - z

re s p e c t iv e ly .  Now i f  i s  q u an tized , the re s u lt in g  c o e f f ic ie n t

v e c to r  is

a = a + a + a . (3 .5 .4 )-x  -y  -z  -Q

where re p re s e n ts  the q u an tiz in g  e r r o r .  The r e s u l t in g  reco n s tru c ­

t io n  e r ro r  is

a  J V  a  T  T  /  o  c  c  \y - x  = y -  <$ a = $ a +3? v.j . o .5 )-  -  -  -x  -z  -Q

and the  e r ro r  energy in  the segment is

lly -  xll2 = IIa + an ll2 . (3 .5 .6 )-  -z  -Q

Thus, a d d itiv e  n o ise  a t  the ou tpu t of the presample f i l t e r  i s  p resen t in

the re c o n s tru c tio n . The same is  tru e ,  of course , fo r  PCM.
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R e c a ll th a t  as s ta te d  in  S ectio n  2 .3 , w hite n o ise  i s  expected to

c o n tr ib u te  equ a lly  to  the  c o e f f ic ie n ts  of an orthonorm al tra n s fo rm a tio n .

Thus, when a c o e f f ic ie n t  i s  d isc a rd e d , the in p u t no ise  energy captured

by th e  d iscard ed  c o e f f ic ie n t  i s  e lim in a ted  a ls o .  This in  tu rn  reduces

the  expected inpu t no ise  c o n tr ib u tio n  to  the  r e c o n s tru c tio n . This means
2

th a t  i f  a d d i t iv e  no ise  i s  known to be p re se n t and a i s  g re a te r  thanz

a , a should be d isc a rd e d . This i s  a form of s c a la r  Weiner f l i t e r ­al m
in g . The use of orthonorm al transfo rm s s p e c i f i c a l ly  fo r  th is  purpose i s

f u l ly  d isc u sse d , and a d d it io n a l  re fe ren c es  a re  given in  the  te x t  by

Ahmed and Rao [23].

The source of a d d itiv e  in p u t no ise  of in t e r e s t  here  i s  the inpu t 

d ig i t i z e r  (ADC) th a t i s  p a r t  of a d is c re te  transform  coding system .

This g e n e ra lly  is  considered  to  be a w h ite , uniform  a d d it iv e  no ise  

source w ith  v a ria n ce  Q^/12 [2 7 ], where Q re p re se n ts  the step  s iz e  or

q u a n tiz a tio n  le v e l .  The in p u t d ig i t i z e r  can then be expected to con­

t r ib u te  e r ro r  equ a lly  to  the c o e f f ic ie n ts  and be p re se n t in  the recon­

s t r u c t io n .  In  o rder to  p reven t th e  in p u t d ig i t i z e r  from c o n trib u tin g  

s ig n i f ic a n t ly  to  th e  a c tu a l re c o n s tru c tio n  e r ro r  and in v a lid a t in g  the 

a n a ly t ic a l  a n a ly s is ,  the  q u a n tiz a tio n  le v e l ( d is to r t io n )  must be made 

ap p rec iab ly  sm alle r than th a t  of the c o e f f ic ie n t  q u a n tiz a t io n  le v e l .

3 .6  Summary

In  th i s  chap ter the th re e  bases a re  compared a n a ly t ic a l ly  using 

equations from Chapter Two. F i r s t ,  presam ple f i l t e r s  a re  d iscussed  

and four f i l t e r s  a re  se le c te d  fo r  use in  the  a n a ly s is .  Two are  taken 

from a c tu a l te lem etry  systems and the rem aining two a re  derived  from 

the  f i r s t  two based on equal a t te n u a tio n  a t  the fo ld in g  frequency.
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Curves of the  c a lc u la te d  c o e f f ic ie n t  energy are  p resen ted  and d iscu ssed . 

I t  i s  shown th a t  the expected c o e f f ic ie n t  energy fo r  a random process 

approaches the  power s p e c tr a l  d e n s ity  fo r  the DC and KL b a s is .  This 

does not appear to  be tru e  fo r  the DL. The EPE fo r  the bases i s  a lso  

g iven fo r  N = 16 and N = 32 which shows the com parative energy 

packing perform ance. The concept of s p e c tr a l  c ap tu re  i s  d iscussed  once 

more w ith  the  in tro d u c tio n  of the com posite magnitude squared fu n c tio n . 

This i s  shown fo r  the  b a s is  fo r  N = 16 fo r  com parison and to provide 

in s ig h t  in to  s p e c tr a l  energy c a p tu re . The "low p a s s” n a tu re  of the DL 

i s  po in ted  o u t. F in a l ly ,  the  coding of s ig n a l p lu s n o ise  i s  d iscussed  

and the need to  have in p u t d ig i t i z e r  q u an tiz in g  le v e l  le s s  than the  

c o e f f ic ie n t  q u a n tiz e r  le v e l  i s  e s ta b l is h e d .

As po in ted  out in  S ec tio n  3.1 c o e f f ic ie n ts  a re  not a n t ic ip a te d  to 

be d iscard ed  from q u a n tiz a t io n  d i s to r t io n  ( b i t  a l lo c a t io n )  co n sid e ra ­

tio n s  given the  f i l t e r  s p e c if ic a t io n .  Thus, subspace re p re s e n ta t io n  fo r 

a l l  th re e  bases depends on th e  r e la t iv e  energy and p o ss ib ly  on the

s p e c tr a l  energy cap tu re  th a t  i s  a c c e p ta b le , and becomes a su b je c tiv e  

type of c o n s id e ra tio n  th a t  i s  to  be l e f t  up to the  d a ta  u s e r . The 

in fo rm atio n  and a n a ly s is  g iven in  th i s  d i s s e r t a t io n  a re  included  fo r 

comparison and e s ta b l is h  s p e c tr a l  cap tu re  as an a rea  of fu tu re  work.
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CHAPTER FOUR

EMPIRICAL RESULTS

4 .0  In tro d u c tio n

In  th is  chap te r the r e s u l t s  of sim ulated  transfo rm  coding of both 

sim ulated  and r e a l ,  la b o ra to ry  gathered  d a ta  sequences a re  p resen ted .

The b a s is  leng th  of N = 16 has been s e le c te d  as a p r a c t ic a l  compromise 

between com putational e f f ic ie n c y  (speed) and b i t  r a te  red u c tio n  p e rfo r­

mance fo r  re a l- tim e  te lem e try  a p p l ic a t io n s .  As in d ic a te d  by the curves 

in  S ec tio n  3 .3 , the  p o te n t ia l  fo r  b i t  r a te  red u c tio n  in c re a se s  non- 

l in e a r ly  w ith N fo r  the transform s being co n s id e re d . The DL transform  

is  seen to  reach i t s  apparen t l im it  much sooner than  e i th e r  the DC or KL 

tran sfo rm s. Thus la rg e  N would be a d isadvan tage fo r  the DL. Trans­

m ission  channel e r ro rs  a re  not being addressed  in  th i s  re sea rch ; 

however, i t  i s  apparen t th a t  tran sm iss io n  b i t  e r ro r s  a f f e c t  the e n t i r e  

block (bu t only the b lock) co n ta in in g  the c o e f f ic ie n t  in  e r r o r .  So th i s  

becomes a c o n s id e ra tio n  fo r  keeping the block len g th  sm a ll. Tasto and 

Wintz [10] rep o rted  on channel e r ro r  e f f e c ts  fo r  image transform  coding.

S ection  4.1 p re se n ts  a d e s c r ip t io n  of the  tran sfo rm a tio n  sim ula­

t io n .  S ection  4.2 d e sc rib e s  the g en e ra tio n  of sim ulated  and la b o ra to ry

d a ta  sequences. S ec tio n  4 .3  p re se n ts  the energy d i s t r ib u t io n  fo r

sim ulated  and la b o ra to ry  genera ted  d a ta  th a t  a re  ob ta ined  by in p u tin g

w hite  no ise in to  two presam ple f i l t e r s .  The b i t  a l lo c a t io n  ( c o e f f ic ie n t

word len g th ) fo r the  f i l t e r s  used in  th is  re se a rc h  a re  p resen ted  in

S ectio n  4 .4 . Also the em p irica l r e s u l t s  and o b se rv a tio n s  fo r  transform
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coding of d a ta  sequences ob ta ined  by sampling f i l t e r e d  random n o ise , 

acce le ro m eter, and se le c te d  sinuso id  s ig n a ls .  S ec tio n  4.5 summarizes 

th e  ch ap te r.

4 .1  Transform Coding S im ulation

Transform  coding i s  sim ulated  on a CDC-6600, 60 b i t  computer using 

s in g le  p re c is io n  f lo a t in g  p o in t a r ith m e tic .  The e f f e c t  of f i n i t e  word 

len g th  a r ith m e tic  has been l e f t  fo r fu tu re  s tu d ie s .  Subroutines 

genera te  the tran sfo rm a tio n  m a trix  $ fo r  each of the  th ree  b ases .

Once $  i s  g en e ra ted , transform  coding i s  implemented as o u tlin ed  in 

F igure 4 .1 .  Inpu t d a ta  x*(p) i s  read one p o in t a t  a time to  form

2th e  N -length  in p u t v e c to rs  x^. Running sums of x*(p) and (x * (p )) 

a re  k ep t. Each in p u t v ec to r i s  transform ed using  the ap p lic a b le  <3? to  

o b ta in

Running sums of am(k > and (Om(k ) ) 2 a re  Each component of

i s  then uniform ly quan tized  by rounding to  the n e a re s t m u ltip le  of Q, 

where Q is  the  q u an tiz in g  le v e l th a t would be used fo r PCM encoding. 

This is  done as

where |*"| denotes la rg e s t  in te g e r  le s s  than * . The q u a n tiz a tio n  e r ro r  

in  ocm is  ob ta ined  as

2k = (4 .1 .1 )

(4 .1 .2 )

aQ,m = “m “ ®m (4 .1 .3 )
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and running sums of aQ>m(k) and (ctq m( k ) ) 2 a re  k ep t. The recon­

s tru c te d  s ig n a l v e c to r  i s  then formed as

5k = • (4 .1 .4 )

The re c o n s tru c tio n  e r ro r  i s  ob ta ined  as

= x -  x (4 .1 .5 )

and running sums of the p o in t by p o in t e r ro r  e*(p) and e r ro r  squared

averages a re  found by d iv id in g  a l l  running to t a l s  by the number of inpu t 

p o in ts ,  P . A ll p e r t in e n t  d a ta  a re  then p r in te d .

4 .2  Inp u t Sequence G eneration

4 .2 .1  Sim ulated Data G eneration

Sim ulated d a ta  a re  genera ted  on the same CDC-6600 computer. The 

presam ple f i l t e r  i s  sim ulated  by a d i g i t a l  f i l t e r  implemented as a par­

a l l e l  com bination of second o rd er (even number of p o les) s e c tio n s .  The 

d i g i t a l  t r a n s f e r  fu n c tio n  i s  ob ta ined  by perform ing an impulse in v a r ia n t

d esign  [1] derived  from the analog f i l t e r  s p e c if ic a t io n  using  tw ice the 

sample r a t e .  A norm ally d is t r ib u te d  sequence i s  generated using a 

random number g en era to r su b ro u tin e  th a t  has been thoroughly te s te d .  The 

sequence i s  ap p lied  to  the  f i l t e r  and the d a ta  sequence fo r  in p u t to the 

tran sfo rm  o rder a re  formed by tak in g  every  o th e r  f i l t e r  o u tp u t. This 

method i s  used because the d i g i t a l  f i l t e r  t r a n s f e r  fu n c tio n  r e s u l t in g  

from im pulse in v a r ia n t design  is  given by

Q
( e j ( p ) ) 2 a re  k e p t. When the  l a s t  inpu t va lue  is  p rocessed , sim ple

F(e3“ ) (4 .2 .1 )
£=—CO
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With th e  s im u la tio n  (design ) based on tw ice the  f in a l  sampling r a t e ,  the 

sim ulated  f i l t e r  t r a n s f e r  fu n c tio n  p rov ides c lo se  approxim ation to  the  

analog f i l t e r  w ith the  r e s u l t in g  d a ta  sequence having the d e s ire d  power 

s p e c tr a l  d e n s ity .

4 .2 .2  Laboratory  Data

In  o rder to  ev a lu a te  the  tran sfo rm  coding s tra te g y  on re a l  d a ta ,  a 

system was b u i l t  u sing  presam ple f i l t e r s  and sample r a te s  which have 

been used in  a c tu a l te lem e try  d a ta  system s. L abora to ry  generated  d a ta  

a re  used sin ce  a c tu a l te lem e try  f l i g h t  d a ta  have been PCM encoded and 

thus a lread y  co n ta in s  q u a n tiz in g  n o ise  w ith  the  same d is to r t io n  le v e l  

(v a ria n ce ) as the d e s ire d  tran sfo rm  coder o u tp u t. F igure 4.2 is  a block 

diagram  of the la b o ra to ry  system . S ig n a ls  are  in p u t to  both f i l t e r s  

sim ultaneously  from one of th re e  so u rces , e i th e r  a H ew lett Packard 

HP-3722A noise  g e n e ra to r , a  T ek tro n ix  FG501 fu n c tio n  g e n e ra to r , o r a 

q u a rtz  acce le ro m eter. The n o ise  g en e ra to r  i s  based on a f i l t e r e d  pseudo 

random sequence of i n f i n i t e  le n g th . The f i l t e r  bandwidth is  s e t  to

1 .5  k i lo h e r tz .  The fu n c tio n  g e n e ra to r  is  used to  produce s in u so id s .

The accelerom eter i s  mounted on a th in  m etal co n ta in e r  which i s  e x c ited  

by hand. The f i l t e r s ,  la b e le d  accord ing  to  th e  t r a n s f e r  fu n c tio n  d es ig ­

n a tio n  used in  th i s  d i s s e r t a t io n ,  a re  four pole (F I) and s ix  pole (F4) 

B u tterw orth  f i l t e r  w ith  c u to ff  freq u en c ies  as shown. The f i l t e r  d .c .  

ga in s  a re  equal. Data from each f i l t e r e d  source a re  gathered  a t  a r a te  

of 500 samples per second. A 12 b i t  analog to  d i g i t a l  con v erte r i s  

u sed . The coding i s  to  be compared to  e ig h t and ten  b i t  PCM so a 12 b i t  

d ig i t i z e r  is  considered  s u f f ic ie n t  and in d ic a tiv e  of a r e a l  a p p lic a t io n .
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The ADC f u l l - s c a l e  range i s  ± 5 v o l t s .  The tw o's-com plem ent b inary  ADC 

output i s  p laced  d i r e c t ly  on m agnetic ta p e . The random n o ise  and 

acce le ro m eter sequences from f i l t e r  FI th a t  a re  used fo r  the da ta  

p resen ted  in  th i s  ch ap te r a re  shown in  F ig u res  4 .3  and 4 .4 , respec­

t iv e ly .  T able 4 .1  prov ides a summary of the  sequence mean and maximum 

mean square va lues fo r  the  s ig n a ls  p rocessed .

4 .3  Energy D is tr ib u t io n  fo r  Random Data

Table 4 .2  g ives the  c o e f f ic ie n t  average energy norm alized to  the  

in p u t average energy (mean square value) fo r  th e  sim ulated  and la b o ra ­

to ry  g enera ted  no ise  sequences. Also inc luded  a re  the c a lc u la te d  

norm alized en e rg ie s  given by These d a ta  a re  fo r  128, len g th  16

transform ed  b locks fo r  a to t a l  of 2048 in p u t d a ta  p o in ts . The energy 

d is t r ib u t io n  in d ic a te s  th a t  energy i s  d is t r ib u te d  among the transfo rm  

c o e f f ic ie n ts  as p re d ic te d  by the a n a ly s is  models and s im u la tio n . There

is  some d is t r ib u t io n  v a r ia t io n  due in  p a r t  to  the  s l ig h t  d .c .  o f f s e t  in
2

th e  d a ta  which i s  cap tured  by or p ro je c ts  onto the  term of the DL

2 2and DC bases and onto the  and cî  terms of th e  KL b a s is  as

expected from th e  iH^e'***5) curves in  Chapter Two. This causes a

p ro p o r tio n a te  s h i f t  in  the  o th e r c o e f f ic ie n t  e n e rg ie s . O ther causes a re  

random v a r ia t io n  and the q u a lity  of the w hite n o ise  f i l t e r  in p u t . 

However, th e  m onotonically  decreasing  tren d  i s  c o n s is te n t w ith  the 

th e o re t ic a l  models and thus e m p irica lly  suppo rts  the block transform  

s tr a te g y .
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4 .4  B it A llo c a tio n  and Coding R esu lts

E quation (2 .6 .1 7 )  is  used to  aid  in  th e  e v a lu a tio n  of c o e f f ic ie n t  

word len g th  a l lo c a t io n .  The a c tu a l in te g e r  a l lo c a t io n  i s  made as

B» BPCM + I  + ° - 5 + 1, m = 1

and (4 .4 .1 )

+ 1, m > 1 •®m BpCH+ T l0S2 (N»m) + 0 -25

This serves to  provide some margin of e r ro r  fo r  c o e f f ic ie n t  excur­

s io n s .  The f i r s t  c o e f f ic ie n t  (m = 1) has been given an e x tra  margin to  

accommodate d .c .  o f f s e t  and low frequency d r i f t .  This co n se rv a tiv e  

a l lo c a t io n  reduces the  b i t  r a te  improvement but guards a g a in s t c o e f f i ­

c ie n t  q u a n tiz a tio n  s a tu r a t io n .  The r e s u l t in g  assignm ents a re  g iven  in  

Table 4 .3 .  F i l t e r s  F2 and F3 a re  included  fo r  i l l u s t r a t i o n .  The 

r e s u l t in g  r a te  red u c tio n  over PCM is  shown in  Table 4 .4 .  This r e la t iv e  

perform ance i s  c o n s is te n t w ith  the curves of th e o re t ic a l  improvement 

shown in  Chapter T hree. The KL a ffo rd s  the g r e a te s t  improvement in  a l l  

cases as expected . The DL prov ides more improvement than the DC fo r  

f i l t e r s  F3 and F4 \rtiich have more a t te n u a tio n  (g re a te r  v a r ia t io n  in  

en e rg ies) than FI and F2.

Transform coding has been performed on 2048 p o in t sequences of the 

s ig n a ls  described  in  S ec tio n  4 .2 .  The c o e f f ic ie n ts  have been checked 

fo r  s a tu ra t io n  and none has been found. The r e s u l t in g  re c o n s tru c tio n  

average d is to r t io n  (mean square e r ro r )  a re  given in  Table 4 .5 .  Note 

th a t  in  a l l  cases except one, the d is to r t io n  fo r  transform  coding was 

b e t te r  than the  th e o re t ic a l  PCM d is to r t io n  given by Q^/12 [2 7 ].
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TABLE 4 .4  BIT RATE IMPROVEMENT 

BITS PER SAMPLE(BPS) AND PERCENT

FILTER FI FILTER F2

BPS % BPS %

DL 1 .1 9 15 . 56 7

DC 1 .3 8 17 1 .0 6 13

KL 1 .7 5 22 1 .3 1 16

( a )  EIGHT I5IT PCM

FILTER F3 FILTER F4

BPS % BPS %

DL 2 .8 8 29 1 .7 5 17

DC 2 .3 1 23 1 .4 4 14

KL 3 .3 1 33 2 .4 4 24

(b )  TEN BIT PCM
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This is  a  r e s u l t  of se lf-im posed  dim ension red u c tio n  due to  the cap tu re  

of most of the  energy in  the  low -order c o e f f i c ie n t s .  As a r e s u l t ,  the 

h ig h -o rd e r c o e f f ic ie n ts  o ften  have zero  va lues assigned  by the q u an ti­

z a t io n . For th e  purpose of re c o n s tru c tio n , th i s  i s  eq u iv a len t to  b lock 

by block d isc a rd in g  the  c o e f f i c ie n t .  Thus, as expressed by equation  

(2 .6 .1 7 )  the  re c o n s tru c tio n  e r ro r  c o n tr ib u tio n  of th ese  c o e f f ic ie n ts  

tends to  be more l ik e  the c o e f f ic ie n t  energy than the  expected q u an tiz ­

ing d i s to r t io n .  This i s  p a r t ic u la r ly  ev iden t in  th e  10 Hz s in u so id .

Note th a t  th e  DL b a s is  r e s u l t s  in  le s s  average d is to r t io n  than e i th e r  

the DC or KL bases fo r  the  reduced bandwidth (10 Hz) s ig n a l .  This i s  a 

m a n ife s ta tio n  of the  com posite s p e c tr a l  cap tu re  p ro p erty  d iscussed  in  

S ectio n  3 .4 .  The e f f e c t  i s  i l l u s t r a t e d  in  d e t a i l  in  Table 4 .6  which 

g ives the  average c o e f f ic ie n t  en e rg ie s  and a sso c ia te d  q u a n tiz a tio n  

d i s to r t io n  fo r  th e  DL transfo rm  of th e  10 Hz s in u so id  compared to  the 

random n o ise  s ig n a l fo r  f i l t e r  F I . Note th a t  fo r  the 10 Hz s in u so id  the 

q u a n tiz a tio n  d is to r t io n  i s  equal to  the  c o e f f ic ie n t  energy fo r  m > 5. 

These c o e f f ic ie n ts  a l l  were assigned  the  value zero by the q u a n tiz e r .

For th e  s ig n a ls  examined here  a  p r io r i  subspace red u c tio n  by d is ­

card ing  the l a s t  two c o e f f ic ie n ts  would no t have been a severe pen a lty  

even from a t o t a l  energy lo ss  s ta n d p o in t. This i s  i l l u s t r a t e d  by 

Table 4 .7  which g ives the r e s u l t in g  d i s to r t io n  fo r  e lim in a tin g  the  l a s t  

two c o e f f ic ie n ts  p r io r  to  re c o n s tru c tio n . From the  b i t  a l lo c a t io n  given 

in  Table 4 .3  th e  a d d i t io n a l  b i t  sav ings can be o b ta in ed . Note th a t  fo r  

f i l t e r  F4, th e  DL and KL both r e s u l t  in  le s s  d is to r t io n  than the DC.
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T his is  c o n s is te n t w ith the  c o e f f ic ie n t  energy d is t r ib u t io n  curves of 

Chapter Three and again  a m a n ife s ta tio n  of s p e c tr a l  c a p tu re . For the 

l a s t  th ree  s ig n a ls  l i s t e d ,  the DL and KL con tinue  to r e s u l t  in  le s s  

d is to r t io n  than expected from PCM. Again th i s  i s  because the energy in
r \

the d iscarded  c o e f f ic ie n ts  i s  le s s  than  the q u an tiz in g  e r ro r  C r/12 .

This is  c o n s is te n t w ith the  com posite s p e c tr a l  cap tu re  expected fo r  the 

b a s is  fo r reduced bandwidth s ig n a ls .

TSince $ i s  o rthogonal, so i s  $ . Then e^ , the  e r ro r  v ec to r in

th e  re c o n s tru c tio n  (see Chapter Two), i s  an orthonorm al tran sfo rm a tio n

of CEq, the c o e f f ic ie n t  q u an tiz in g  e r ro r  v e c to r .  The v ec to r can be

thought of as a segment from a zero mean, w hile  uniform  source w ith  

-  -  2varian ce  = D.,,,,  ̂ = Q /12 the  mean square q u an tiz in g  d i s to r t io n .10 r U t t

Then e r ro r  e Q n a t  a p o in t of the  re c o n s tru c te d  v ec to r x i s  given by

eQ,n = (4 .4 .2 )

Twhere <b i s  an orthonorm al v ec to r equal to  the  n th  row of $ . zn
Follow ing the a n a ly s is  a t  the  end of S ec tion  2 .3  the expected e r ro r  

(v a rian ce ) of en „ i s  0^ /12 . This ag rees w ith  the r e s u l t s  ofy U

S ectio n  2 .6 . Since the e r ro r  i s  formed by a  w eighted sum ( in n e r 

product) the d is t r ib u t io n  i s  going to  become more normal by v ir tu e  of 

th e  c e n tra l  l im it  theorem [32].

To i l l u s t r a t e  the form of the re c o n s tru c tio n  e r r o r ,  F igures 4.5 

and 4 .6  are  inc luded . F igure  4 .5 (a )  shows th e  PCM ( id e n t i ty  transform ) 

re c o n s tru c tio n  e r ro r  fo r  the f i r s t  32 b locks (512 p o in ts )  of f i l t e r  

FI ou tput fo r  w hite no ise inpu t (F ig . 4 .3 ) .  F igure  4 .5 (b ) shows the 

DL transform  coding re c o n s tru c tio n  e r ro r  fo r  the  same sequence.
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.04 ( a )  PCM.
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F ig u re  4 .5 .  R eco n stru c tio n  E rro r fo r F i r s t  512 P o in ts  of FI 
Noise Sequence.
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F ig u re  4 .6 .  R eco n stru c tio n  E rro r  For F i r s t  512 P o in ts  of FI 
A ccelerom eter Sequence.
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Note th a t  the PCM e r ro r  appears to  he uniform  and bounded by Q/2 

(0 .0 2 ) as expected . The e r ro r  from DL transfo rm  coding exceeds 0.02 and 

appears to  be more normal as a n t ic ip a te d .  This i s  r e p re s e n ta t iv e  of a l l  

th re e  tran sfo rm s . F igu res 4 .6 (a )  and 4 .6 (b )  show the PCM and DL tra n s ­

form coding e r ro rs  fo r  the  f i r s t  32 b locks of the f i l t e r  FI ou tpu t fo r 

the acce lerom eter in p u t (F ig . 4 .4 ) .  Note the  e f f e c t  of subspace cap tu re  

due to  s e lf- in d u c e d  c o e f f ic ie n t  e lim in a tio n  ( i . e . ,  reduced d is to r t io n )  

fo r  in te rv a ls  of lo w -sp e c tra l co n te n t, p a r t i c u la r ly  the  in te r v a l  between 

p o in ts  385 and 480.

4 .5  S u mmar y

In  th i s  ch ap te r the r e s u l t s  of transfo rm  coding sim ulated  on a 

CDC-6600 computer a re  re p o r te d . The coding has been ap p lied  to  

sim ulated  and la b o ra to ry  generated  d a ta  sequences. The a c tu a l  in te g e r  

c o e f f ic ie n t  b i t  a l lo c a t io n  equations a re  given w ith the r e s u l t in g  

assignm ents fo r  the  fou r f i l t e r s  being co n sid ered . The r e s u l t s  of 

app ly ing  the  transfo rm  coding s tra te g y  to  2048 po in t d a ta  sequences a re  

p re se n te d . T abulated  r e s u l t s  show th a t  inpu t energy i s  d is t r ib u te d  

among the c o e f f ic ie n ts  as expected and th a t  the  re c o n s tru c tio n  e r ro r  fo r  

the  transfo rm  coding i s  equal to  or le s s  than  th a t  expected fo r PCM.

The e f f e c t  of se lf-im posed  subspace r e s t r i c t i o n  as a r e s u l t  of s p e c tr a l  

energy cap tu re  is  d iscu ssed  and i l l u s t r a t e d .  Example sequences i l l u s ­

t r a t in g  th e  form of the re c o n s tru c tio n  e r ro r  a re  g iven . A ll the r e s u l t s  

a re  c o n s is te n t w ith  the  a n a ly s is  of Chapter Three.
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CHAPTER FIVE

CONCLUSION

This d i s s e r ta t io n  addressed  the a p p lic a t io n  of nonadaptive tra n s ­

form coding to  presam ple f i l t e r e d  te lem e try  da ta  fo r  the purpose of b i t  

r a te  red u c tio n  over conven tio n a l PCM. Three bases were considered : 

a f i l t e r  derived  Karhunen-Loueve (KL) b a s is ,  a b a s is  of d is c r e te  cosines 

(DC) which a re  a lso  d i s c r e te  Chebychev polynom ials, and a b a s is  of 

d is c re te  Legendre (DL) polynom ials which have rece ived  l i t t l e  or no 

a t te n t io n  fo r  transfo rm  coding . The transfo rm  coding s tra te g y  re su lte d  

in  b i t  r a te  red u c tio n  on th e  o rd er of 25 percen t fo r  block len g th s  of 

N = 16. A d d itio n a lly , tran sfo rm  coding was shown to  reduce the q u an ti­

z a tio n  d is to r t io n  in  the re c o n s tru c te d  s ig n a l when the s ig n a l has 

in te rv a ls  of low a c t iv i t y  (reduced s p e c tr a l  c o n te n t) . The p o te n t ia l  fo r 

fu r th e r  r a te  red u c tio n  by a - p r io r i  e lim in a tio n  of c o e f f ic ie n ts  was a lso  

exp lo red . I t  was found th a t the a d d i t io n a l  b i t  r a te  improvement is  

conditioned  on the s ig n a l  ( s p e c tr a l )  energy cap tu re  w ith in  some accep t­

ab le  l im i t s .  Thus th e  improvement is  a su b je c tiv e  c o n s id e ra tio n  th a t 

should be t re a te d  in  fu tu re  s tu d y .

A fam ily of B u tterw orth  f i l t e r s  was used in  th i s  s tu d y . Two of the 

f i l t e r s  were taken from a c tu a l  te lem e try  system s. The two a d d it io n a l  

f i l t e r s  included  fo r  com parison were derived  from the f i r s t  two by 

changing the  f i l t e r  o rd e r and re q u ir in g  the  same a tte n u a tio n  a t  the 

fo ld in g  frequency . A n a ly tic a l b a s is  comparisons were p resen ted  fo r  a l l
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fo u r  f i l t e r s .  Real d a ta  output from th e  f i r s t  two f i l t e r s  was used fo r 

e m p irica l s tudy .

Transform  coding leads to  b i t  r a te  red u c tio n  because the  inpu t 

energy i s  r e d is t r ib u te d  among the  c o e f f ic ie n ts  of the tra n s fo rm a tio n , 

th u s  enab ling  fewer b i t s  to  be used to  code the  c o e f f ic ie n t  sequences 

in  l i e u .o f  th e  in p u t sequence. In  o rd er to  a n a ly t ic a l ly  determ ine the 

bound on energy r e d is t r ib u t io n ,  su ccess iv e  tran sfo rm a tio n  was modeled 

as the ou tpu t sampling of a  bank of f i n i t e  im pulse response f i l t e r s  

whose im pulse response i s  equal to  the  re v e rs e -o rd e r  b a s is  sequence. 

P a r s e v a l 's  r e la t io n  could then be used to  p rov ide an ex p ressio n  fo r  the 

c o e f f ic ie n t  sequence energy. The r e s u l t in g  exp ression  involved the  

p roduct of th e  b a s is  f i l t e r  magnitude squared t r a n s f e r  fu n c tio n  (MSP) 

and the presam ple f i l t e r  output sequence magnitude squared t r a n s f e r  

fu n c tio n  o r power s p e c tr a l  d e n s ity . In  th is  way the concept of s p e c tr a l  

energy cap tu re  of a c o e f f ic ie n t  was in tro d u ced . This p rov ides in s ig h t 

in to  the  mechanism fo r  energy r e d i s t r ib u t io n .

I t  i s  known th a t  the  KL b a s is  i s  optimum in  the sense of energy 

packing ( r e d is t r ib u t io n )  and, hence, b i t  r a te  red u c tio n  fo r s ta t io n a ry  

so u rc e s . I t  was assumed th a t  th e  presam ple f i l t e r  magnitude squared 

t r a n s f e r  fu n c tio n  p rovides the s p e c tr a l  envelope or power s p e c tr a l  

d e n s ity  of th e  w orst case (most ro b u s t)  f i l t e r  o u tp u t. The KL b a s is  

derived  from th e  f i l t e r  fu n c tio n  was then assumed to  be optimum fo r  th is  

a p p l ic a t io n  and s u f f ic ie n t  to  dem onstrate b i t  r a te  re d u c tio n .

The suboptim al d e te rm in is t ic  DC, F igure  2 .3 , and DL, F igure 2 .4 , 

bases were d e fin e d . They were observed to  have s im ila r  b a s is  shapes 

and frequency s e le c t iv e  c o e f f ic ie n t  f i l t e r  MSF's to th a t  of the f i l t e r  

dependent KL, F igure 2 .2 .  The use of a d e te rm in is t ic  (no t a fu n c tio n  of
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th e  f i l t e r )  b a s is  has p r a c t ic a l  s ig n if ic a n c e  fo r p rocess s to rag e  

re d u c tio n . For in s ta n c e , s e v e ra l f i l t e r s  can be managed using  a s in g le  

p ro cesso r.

A n a ly tic a l comparison of energy d is t r i b u t io n ,  F igu res 3 .2  and 3 .3 , 

and energy pack ing , Tables 3 .1  and 3 .2 , fo r  N = 16 and N = 32 were 

made between th e  th re e  b ases . The KL was observed to  have the most 

e f f i c i e n t  packing as expec ted . The energy d i s t r ib u t io n  was seen to 

approxim ate the shape of the  f i l t e r  magnitude squared fu n c tio n  fo r  a l l  

th re e  b a se s . Thus a l l  th re e  bases were observed to  have a la rg e  per­

centage of th e  energy packed in to  the  low -order c o e f f i c ie n t s .  The 

DL, however, appeared to  be d iv e rg in g  s l ig h t ly  from th e  KL w ith  in c re a s ­

ing N. The KL and DL a re  known to  approach the power s p e c tr a l  d en s ity  

as N «>. This i s  a m a n ife s ta tio n  of the s p e c tr a l  s e l e c t i v i t y  

p ro p e r tie s  of th e  b a s is  and suggests  th a t  s p e c tr a l  s e l e c t i v i t y  i s  a 

necessary  p ro p e rty  fo r  transfo rm  coding .

C o e ff ic ie n t q u an tiz in g  and b i t  a l lo c a t io n ,  w ith  the requirem ent 

to  have th e  same d is to r t io n  as PCM, were examined u sing  procedures 

s im ila r  to  those  of Z e lin sk i and N oll [1 7 ]. This led  to  the r e s u l t  

th a t each c o e f f ic ie n t  should be quan tized  using  the same q u a n tiz a tio n  

le v e l  th a t  would have been used fo r PCM. B it  a l lo c a t io n  then  becomes 

an ad justm ent in  dynamic range in  each c o e f f i c ie n t .  This led  to  a 

th e o re t ic a l  bound fo r  f u l l  space b i t  r a te  red u c tio n  in  terras of the 

geom etric mean of c o e f f ic ie n t  e n e rg ie s . Comparative p lo ts  of the bound 

fo r  N = 8 through 32 were given in  F igure  3 .5 . The KL was again 

observed to  be the  b e s t of th e  th re e  b a se s . The DL and DC were seen to 

approxim ate the  KL. The f a c t  th a t  the KL and DC approach the  PSD as 

N ® leads to  an ex p ress io n  fo r the asym ptote fo r f u l l  space transform
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cod ing . The KL and DC were observed to  approach th i s  l im i t  a t  a non­

l in e a r  r a te  th a t  qu ick ly  led  to  d im in ish ing  re tu rn s  fo r  in c re a s in g  N. 

This in d ic a te s  th a t the  in c reased  com putational load fo r  la rg e  N may 

not be j u s t i f i e d  fo r  the f i l t e r  fu n c tio n s  co n sid e red . This i s  encourag­

ing fo r  r e a l  time te lem e try  a p p l ic a t io n s .  The DL was observed to  

approach a le s s e r  asym ptote and ap p a re n tly  reach  i t s  l im i t  much sooner 

than  e i th e r  the  KL or DC b a s is .  This i s  c o n s is te n t w ith the  observ a tio n  

th a t  th e  energy d i s t r ib u t io n  does not approach the PSD as N -*■ ® fo r 

the  DL b a s is .  However, fo r  th e  two f i l t e r s  w ith  g re a te r  a t te n u a t io n  

(v a r ia t io n  in  dynamic range) the  curves in d ic a te  th e  DL to be su p e rio r  

to  the  DC fo r  low values of N. Thus, fo r  a p p l ic a t io n s  u sin g  f i l t e r s  

corresponding  to low d i s to r t io n ,  say 10 to  12 b i t s ,  the DL is  suggested .

F u rth e r  comparison based on th e  concept of s p e c tr a l  cap tu re  was 

addressed  by the in tro d u c tio n  of a com posite magnitude squared fu n c tio n . 

This re p re se n ts  th e  combined s p e c tr a l  cap tu re  fo r a su b se t of c o e f f i ­

c ie n ts  ( th e  s p e c tr a l  eq u iv a le n t to  energy p ack in g ). I t  was noted th a t 

th e  low -frequency cap tu re  p ro p e r t ie s  of the DL b a s is  exceeded both the 

KL and DC b ases . I t  i s  suggested th a t  subspace re p re s e n ta tio n  i s  an 

a re a  th a t  may be viewed from s p e c tr a l  cap tu re  fo r fu tu re  re sea rch  and 

th a t  th e  DL b a s is  may have d e s ira b le  p ro p e r t ie s .

Transform  coding of f i l t e r  ou tpu t p lus n o ise  was addressed  fo r the 

purpose of a sse ss in g  in p u t d ig i t i z e r  e f f e c t s .  I t  was shown th a t  w hite 

in p u t n o ise  d is t r ib u te s  eq u a lly  among the c o e f f ic ie n ts  and shows up as 

an a d d i t iv e  e r ro r  in  the re c o n s tru c tio n  d i s to r t io n .  Thus the inp u t 

d i g i t i z e r  (q u a n tiz a tio n )  le v e l should be kep t sm aller than  th e  c o e f f i ­

c ie n t q u a n tiz a tio n  le v e l .  F u ture  a n a ly s is  i s  to  address the t r a d e o f f s .  

The d ia g n o s tic  p ro p e r tie s  of the  DL and o th e r transfo rm s fo r  the
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d e te c tio n  of Input n o ise  I s  a lso  an a rea  fo r  fu tu re  c o n s id e ra tio n . I t  

was a lso  shown th a t  the  d isc a rd in g  of c o e f f ic ie n ts  p o te n t ia l ly  reduces 

th e  in p u t no ise  c o n tr ib u tio n  to  re c o n s tru c tio n  e r r o r .  This i s  a  form of 

s c a la r  Weiner f i l t e r i n g  as d iscu ssed  in  Ahmed and Rao [2 3 ]. This i s  

ano ther a re a  where the. DL p ro p e r tie s  may prove b e n e f ic ia l .

Transform  coding fo r  block le n g th  N = 16 w ith co n se rv a tiv e  

in te g e r  b i t  a l lo c a t io n  as g iven in  Table 4 .3  was app lied  to  sim ulated  

and la b o ra to ry  genera ted  d a ta  sequences. For a l l  in p u ts  p rocessed  the 

c o e f f ic ie n ts  were checked fo r  s a tu ra t io n  and none was found. The KL 

provided 22 p ercen t r a te  red u c tio n  fo r  the 8 b i t  PCM f i l t e r  FI and 

24 percen t r a te  red u c tio n  fo r  the  10 b i t  PCM f i l t e r  F4. The DC and DL 

were s l ig h t ly  le s s  fo r  both f i l t e r s  (see  Table 4 .4 ) .  For f i l t e r  F4 the 

DL affo rd ed  more re d u c tio n  (17 p e rcen t compared to 14 p e rce n t)  than  the 

DC as the  a n a ly t ic a l  curves su g gested . The r e s u l t s  fo r  both sim ulated  

and genera ted  w hite no ise  in p u t as given in  Table 4 .2  supported the 

a n a ly s is  in  terms of p re d ic te d  energy d is t r ib u t io n .

The use of transfo rm  coding was shown to  e f f e c t  the form of the 

re c o n s tru c tio n  e r ro r  in  two ways. F i r s t ,  the e r ro r  d i s t r ib u t io n  func­

t io n  tends to  a  normal d i s t r ib u t io n  in s te a d  of uniform  as in  th e  PCM 

c ase . This is  i l l u s t r a t e d  in  F igure  4 .5 .  Secondly, fo r  s ig n a ls  w ith  

in te r v a ls  of low a c t iv i t y  (low s p e c tr a l  energy co n ten t) the  reco n s tru c ­

t io n  e r ro r  can be le s s  than  th a t  fo r  PCM. This can be seen fo r  the  

acce lerom eter d a ta  re c o n s tru c tio n  e r ro r  in  F igure 4 .6  and from the  mean 

square d is to r t io n  given in  Table 4 .5  fo r the  accelerom eter and s in u so id  

s ig n a ls .  This l a t t e r  p ro p erty  i s  by v ir tu e  of se lf-im posed  subspace 

r e s t r i c t i o n  r e s u l t in g  from th e  assignm ent of the  value zero to  h igh 

o rder c o e f f ic ie n ts  which a re  le s s  than  o n e-h a lf  the q u a n tiz a tio n  le v e l .
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The experim en tal evidence in  Table 4 .5  supports  the suggestion  th a t  the 

DL b a s is  has su p e rio r  perform ance from th i s  r e s p e c t .

The f i l t e r s  considered  here were sp e c if ie d  w ith  maximum bandwidth 

r e l a t iv e  to  th e  f i l t e r  o rd e r , quan tiz in g  d i s to r t io n ,  and sample 

frequency . This i s  ty p ic a l  fo r  te lem etry  a p p l ic a t io n s .  For o th e r  types 

of f i l t e r s ,  p o ss ib ly  very over-sam pled a p p l ic a t io n s ,  transform  coding 

and p a r t i c u la r ly  the  use of the DL b a s is  may provide even more sav in g s .

O ther a rea s  of re sea rch  d i r e c t ly  r e la te d  to  the  a p p l ic a t io n  of 

te le m e try  a re  th e  e f f e c t  of f i n i t e  a r ith m e tic  on the  tran sfo rm a tio n  and 

the development o f a " f a s t"  DL transfo rm , a lthough  la rg e  values of N 

a re  not seen to  be demanded fo r  the f i l t e r s  h e re .

I t  was observed fo r  transform  coding of r e a l  d a ta  th a t  a lo t  of 

lead in g  zero b i t s  a re  tra n s m itte d . Thus the in v e s t ig a t io n  in to  adap tive  

coding fo r  a p p lic a tio n s  which a re  not lim ite d  to  fix ed  tran sm issio n  b i t  

r a te  i s  su g gested .

Another a re a  of a p p l ic a t io n  fo r fu tu re  re se a rc h  i s  the co nsidera­

tio n  of "pass band” s p e c tr a l  cap tu re  and "p e rcep tu a l"  coding, th a t  i s ,  

the  a l lo c a t io n  of more b i t s  ( le s s  d is to r t io n )  to  the  c o e f f ic ie n ts  th a t 

cap tu re  energy in  the s p e c tr a l  band of i n t e r e s t .  This i s  an a p p lic a t io n  

where th e  DL b a s is  p ro p e r tie s  appear to  have prom ise.
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APPENDIX

A .l E v alua tion  of In te g ra ls

Some of the equations p resen ted  in  Chapter Two and Chapter Three 

re q u ire  the e v a lu a tio n  of in te g ra ls  of the fo ra

1__
2* I

- i t
G(ej “ ) do) ( A .l .1 )

where the  in teg ran d  invo lves e i th e r  FCe*^) o r Hm(e'*u) .  These 

in te g r a ls  a re  evalua ted  by the  common technique of approxim ating the 

continuous f i n i t e  in te g r a l  by a f i n i t e  sum of the form

i L_1
i  Ik=0

Gle
j

L = 256. (A .1 .2 )

I t  i s  found th a t in c re a s in g  L makes no ap p rec iab le  d if fe re n c e  fo r the 

smooth fu n c tio n s  in  th i s  work.

The a - f i l t e r  im pulse responses hm(n) defined  in  Chapter Two are

f i n i t e  le n g th  sequences. Thus the  terras H ^ e are  ob ta ined  by

perform ing a 256 p o in t FFT on hm(n) w ith  t r a i l i n g  zeroes added. This

2
curves shown inis  the  same method used to  g en era te  the  |H (e**w)1 m

C hapter Two fo r  N = 16.
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The terms F a re  ob ta ined  by f i r s t  o b ta in in g  a d ig i t a l

f i l t e r  t r a n s f e r  fu n c tio n , F (z ) ,  based on the  analog f i l t e r  s p e c if ic a ­

t io n ,  u sing  th e  impulse in v a r ia n t  design  technique [1 ] .  Then th e

This i s  th e  same as the F o u rie r  transfo rm  of a sequence derived  by 

uniform  sampling of an analog waveform w ith  F o u rie r transfo rm  F^(Q). 

This metho< i s  se le c te d  s in ce  the coding i s  performed on the  sequence of 

f i l t e r  ou tpu t samples.

With th i s  approxim ation, the norm alized maximum c o e f f ic ie n t  energy 

i s  given by

r e s u l t in g  t r a n s f e r  fu n c tio n  i s  eva lu a ted  a t  z = e • The r e s u l t in g

response i s  given by

(A .1 .3 )

Npfm (A .1 .4 )

k=0

O ther in te g r a ls  are  evalua ted  in  an eq u iv a le n t fa sh io n .
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