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ABSTRACT

STABILITY AND STRENGTH OF GLASS FRP BEAM-COLUMNS WITH BIAXIAL
BENDING AND TORSION INCLUDING SHEAR AND
WARPING DEFORMATIONS
Emad M. Amin

Old Dominion University, 2024
Director: Dr. Zia Razzaq

Presented herein is a study of the stability and strength of pultruded glass fiber reinforced
polymer (Glass FRP) beam-columns with an I-shaped cross section subjected to biaxial bending
and torsion including shear and warping deformations. Three coupled differential equations of
equilibrium including second-order effects and geometric imperfections are formulated and solved
using a finite-difference scheme. Laboratory experiments are also conducted on glass FRP
members with applied torsion; axial load; combined axial load with biaxial bending; and combined
axial load, biaxial bending and torsional moment, respectively, for comparison to the theoretical
predictions. The theoretical results agreed well with the experiments for the cases of the axial load
and applied torsion. The theory and experiments provided nearly the same stiffness characteristics
for the members under combined axial load, bending moments, and torsional loading; however,
the ultimate experimental loads were found to be controlled by excessive cracking and deformation
of the bottom end connection. The theory is used to quantify the warping and shear deformation
effects on the member strength. Finally, an interaction expression involving the axial load, biaxial

bending, biaxial shear, and torsional moment is formulated for possible practical use.
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FElement area
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CHAPTER 1
INTRODUCTION

1.1 Prelude

The use of pultruded Fiber Reinforced Polymer (FRP) structural products has gained considerable
momentum during the past few decades. The primary advantages of FRP materials include absence
of corrosion and magnetic effects and their light weight in comparison to traditional building
materials such as steel and concrete. Although a considerable body of literature related to the
structural performance of FRP beams, columns, beam-columns, and panels exists, several crucial
areas related to the study of the behavior and strength of such members is still quite deficient. In
2023, the American Society of Civil Engineers (ASCE) published a Load and Resistance Design
Factor (LRFD) Standard ASCE/SEI 74-23 for pultruded structural members. The ASCE/SEI 74-
23 Standard has no interaction relationship for biaxially loaded FRP beam-columns with applied

torsion for open sections.

This dissertation presents a comprehensive mathematical model to predict the behavior and
strength of glass FRP beam-columns subjected to biaxial bending and torsion and to investigate
the influence of both shear and warping deformations. To determine the validity of the theoretical
study, an experimental investigation is also conducted on FRP members with various load
combinations. A comparison of the theory is also made to some results available in the literature
for a few special types of loading. Lastly, the theory presented is used for the development of a

new interaction relationship between biaxial loading and torsion and flexural shear.



1.2 Literature Review

A sizeable body of literature exists on the subject matter of glass FRP with applications in civil
engineering and other fields. However, presented in this section is a summary of the publications

relevant to the problem considered in this dissertation.

Sirjani and Razzaq [1] presented an experimental and theoretical investigation of the load-carrying
capacity of Fiber Reinforced Polymer (FRP) I-section beams subjected to four-point loading. The
American Society of Civil Engineers’ Load and Resistance Factor Design (ASCE-LRFD) Pre-
Standard for FRP Structures was used to estimate the overall lateral-torsional buckling, web and
flange local buckling, and material rupture load. For each of the studied beams, the Lateral-
Torsional buckling failure mode was found to be the most critical failure mode. This study also
found that the height of applied loads relative to the shear center highly influenced the Lateral-
Torsional bucking load of the beams; therefore, the study concluded that the buckling load

calculated using ASCE-LRFD equations lead to over-conservative results in a variety of cases.

Lin, Polyzois and Shah [2] used the finite element method with seven degrees of freedom at each
node to study the stability problem of thin-walled fiber-reinforced plastic (FRP) structural
members. The influence of the in-plane shear strain on the stability of the members is considered.
The shape functions for the rotation and unit length rotation and unit length rotation induced by
warping are derived. The static and geometric stiffness matrices of a general beam element are
established based on the developed shape functions. The bifurcation buckling problem of thin-
walled pultruded open-sections subjected to various loading and boundary conditions is examined
through several examples. It is shown that the influence of the shear strain on the buckling capacity
of the FRP structural members is significant and must be considered in the design of such

members.



Cardoso, Harries and Batista [3] developed the strength equation for GFRP square tube pultruded
columns, and this study assumed the ultimate column strength under axial load with uniaxial
bending moment. Five GFRP square sections with different geometries on the stub and columns
were considered to establish in situ properties. The development of a comprehensive strength
equation was presented, and an experimental investigation for the behavior of the square GFRP
tube columns was conducted. A relative slenderness factor was introduced to differentiate between

tested sections; the factor was like that used in steel sections.

Ascione, Lamberti, and Razaqpur [4] presented a study of the axial-flexural-torsional response of
pultruded GFRP slender beams to propose standard cross-sections and shapes to ultimately
improve strength, stability, and deformational characteristics of the existing GFRP sections and
shapes that are generally taken from a standard steel section. As GFRP sections are thin walled but
are significantly less stiff than similar steel sections, the study focuses on enhancing the GFRP
section’s stiffness and buckling strength. A numerical model was used in this investigation that
can trace the pre-buckling geometrically nonlinear response for both steel and GFRP sections. The
buckling load is computed by the asymptotic value of the load-displacement curve. Different open
and closed GFRP sections were tested with different boundary conditions. The investigation
demonstrated that the existing GFRP sections do not have adequate stiffness and buckling strength;

recommendations for new section proportions and modified shapes were made.

Razzaq et al. [5] presented a load and resistance factor design (LRFD) approach for lateral-
torsional buckling based on experimental and theoretical study of the behavior of FRP channel
section beams under the influence of gradually increasing static loads. Some experimental results
for combined bending and torsion are also presented. Single span members with unrestrained end

warping are considered with concentrated vertical loads passing through the shear center, the



geometric centroid, and location which is neither at the shear center nor at the centroid. A pair of
concentrated loads are applied symmetrically about the beam midspan, through a system of loading
plates and tie rods to allow an unrestrained deformation of the beam. The magnitude and
significance of the warping stresses in comparison to the flexural stresses were identified. The

predicted buckling load using suggested formula agrees with the experimental results.

Konate and Razzaq [6] presented a study of the failure modes for I-section Glass Fiber Reinforced
Polymer (GFRP) beams with single mid-span web brace. The ASCE-LRFD Pre-Standard for FRP
structures was used to calculate the theoretical predictions. For the considered member length, it
was concluded that for small and medium I-sections lateral-torsional buckling is the governing

failure mode and material rupture governed the failure mode for the bigger sections.

Nunes et al. [ 7] introduced experimental and numerical investigations about the structural behavior
of GFRP pultruded columns subjected to small eccentric loadings about the strong axis. Long
GFRP I-section columns were tested in compression applied with various eccentricity/height of
the cross-section ratios. It was found that such small eccentricities very important for the behavior
of GFRP pultruded columns. The initial stiffness of eccentrically loaded columns was like the
concentrically loaded columns; however, for increasing loads the stiffness decreased due to the
second-order effect. Results also showed that the load capacity of columns subjected to loads

applied within the kern boundaries is reduced up to 40% at an approximately linear trend.

Barbero and DeVivo [8] presented theoretical design equations supported by data gathered during
experimental testing of wide-flange and I-beam pultruded structural shapes. The design procedure
accounts for axial load eccentricity and bending action induced by lateral loads and end-moments.

Load and Resistance Factored Design (LRFD) method is used considering both strength and



serviceability. This paper addresses the methodology to determine the resistance factors, which
should be used with load-factors accounting for the variability and uncertainty of the loads. The
design equations use section-properties, such as the bending stiffness, which must be measured
and supplied by the industry. It is found that the section-properties used in the design of beams

and columns are sufficient for the design of beam-columns.

Davalos, Q. et al. [9] presents a comparison between experimental and analytical approaches to
the flexural-torsional buckling behavior of pultruded fiber reinforced plastic I-beam. Two
pultruded FRP I-beams were tested under mid-span concentrated loads to measure their flexural-
torsional buckling responses. Non-linear elastic theory was used to derive total potential energy
equations for the instability of the FRP I-beams. The Rayleigh-Ritz method was used to solve the
equilibrium equation in terms of the total potential energy. Some engineering equations were
formulated to predict the critical flexural-torsional buckling loads. The conclusions suggested a

good agreement between the experimental results and finite-element analysis.

Using the Brooks and Turvey [10] method, several GRP pultruded I-section cantilever beams were
selected to conduct a series of lateral buckling tests. The results of the theoretical loads calculated
from approximate formulae and the numerical finite element eigenvalue method were compared.
The study suggests that linear buckling analysis gives an inaccurate estimation for the critical load,
and it is not recommended to be used in design. It is also suggested that initial out-of-straightness
and pre-buckling deformation might be of value that must be included in the design formulas to

get an accurate critical load for the pultruded GRP cantilever.

According to Yoon and Jang [11], FRP sections are suitable for the application in the construction

field because they can be produced with different cross-sections and lengths. Their high corrosion



resistance makes FRP much appreciated when used in high corrosive environments. However,
design criteria for this material are not fully developed. FRP tends to buckle easily because FRP
members are composed of a thin plate component. For this reason, in design, buckling is one of
the main governing limits. The analytical study results relate to the buckling behavior for the I-
shape FRP compression member. Some studies adopted a design procedure like that used in AISC

360-10 with performing some minor modification.

Brbero et al. [12] noted that buckling is the main criteria in the design in Fiber-reinforced plastic
(FRP) beams and columns which are being used for different structural applications. Their
processes developed models using local buckling modes under axial and shear loading, considering
the interaction between the flange and the web. For some available cross-sections, observed
behaviors are presented and predicted some experimental data. Barbero developed failure
envelopes for FRP I-shape and box shape beams and columns. This analysis method can be used
to predict the behavior of any new pultruded material. To analyze anisotropic flanges of I-beams
and box-shape, the Rayleigh-Ritz method was used in this paper. The conclusion suggests using

45-degree angle-ply layers to improve the buckling strength of the columns.

Tomasz, K. [13] presented a study of glass FRP beams with closed cross section subjected to pure
bending using numerical calculations. The FEA model was developed using four node multi
layered shell elements governed by first-order shear deformation theory. Linear buckling analysis
and nonlinear static analysis including large displacements have been performed. A Newton-
Rapson algorithm has been employed and ANSYS software was used in FEA. This study
considered multiple load cases and initial geometrical out-of-straightness. Comparing results of

tests and numerical calculations, it was observed that in some cases, the deflection of the beams



does not correspond to the bifurcation buckling mode but corresponds to the lowest buckling load;

geometrical imperfection for higher buckling mode must be considered.

Smith and Bank [14] in this study, a modified beam theory for open-section, thin walled, composite
beams were tested. Symmetric and antisymmetric glass/polyester I-beams were supported as
cantilevers and tested under transverse loading and end moments. Induced twist and out-of-plane
lateral deflection as well as in-plane transverse deflection (bending deflection) were measured.
Comparisons with finite element analysis using a commercial software was also used. Out-of-

plane deflections were found to be too small to be measured accurately.

Boscato et al. [15] introduced an experimental evaluation of the buckling behavior of built-up
columns of pultruded profiles subjected to axial compression. Several columns are characterized
with different configurations for the bolted connections joining the channel sections into built-up
strut. The test results are compared with the closed-form equation predictions for flexural buckling
resistance, with buckling resistance values established from both eigenvalue and geometric
nonlinear finite element analyses. Results show that there is a significant role played by the end
loading condition, the composite action, and imperfections. Simple closed form equations
overestimate the flexural buckling strength, whereas the resistance provided by nonlinear analysis

provides a reasonably reliable numerical approach to establishing the actual buckling behavior.

Zhan et al. [16] introduced a new closed-form equation using the Ayrton-Perry formula to
determine the reduction factor for global flexural buckling of Pultruded Fiber Reinforced Polymer
(PFRP) structural struts under axial compression. A second new empirical closed-form equation
is derived based upon the experimental data and compared with validated numerical simulations.

The accuracy of the two proposed equations is compared with those closed-forms solutions



available in the literature; both result in more accurate predictions than those from the extant

equations.

Sirjani and Razzaq [17] presented the results of an experimental and theoretical study of I-section
fiber reinforced plastic (FRP) beams subjected to a gradually increasing midspan load. The load is
applied about the beam major axis from the compression flange side through a point below the
shear center. The boundary conditions are flexurally and torsionally pinned. The flexural-torsional
response of FRP beams is studied experimentally up to the maximum load-carrying capacity. The
experimental loads are compared with those arrived at theoretically using an equilibrium approach
and found to be in good agreement. An elastic buckling moment expression from the load and
resistance factor design (LRFD) specification of the American Institute of Steel Construction is

modified to obtain a design expression for estimating the beam buckling load.

Bank et al. [18] presented a paper focused on three issues related to the prediction of the buckling
loads from experimental data and from analytical and numerical approaches: nonlinearity,
anisotropy, and inhomogeneity. Experimental data obtained from full-scale buckling tests are
reviewed, and a method is proposed for estimating the buckling stress in pultruded beams.
Analytical studies based on classical orthotropic plate buckling theory are used to determine the
edge restraint coefficient for pultruded beams and to show the influence of the in-plane material
properties on the buckling loads. Numerical studies using the finite element method in which
inhomogeneous material properties in the beam cross-section are considered are used to give

predictions of buckling loads of the beams.

Vanevenhoven et al. [19] presented a study to provide appropriate resistance factor @ factors for

wide-flange pultruded columns that are compatible with ASCE 7 load factors and to provide a



unified analytical equation for local and global buckling of concentrically loaded axial members
which may be appropriate for a future design code. The resistance factors are provided for different
target levels of structural reliability, 3, and for different nominal design properties of the pultruded
materials. The resistance factors were determined using Monte Carlo simulation based on the
results of 75 tests of full-scale pultruded columns that have been reported in the literature. In
addition, resistance factors and structural reliabilities were calculated for the design equations
provided by the manufacturers in their design codes. The paper demonstrated that a unified design
equation for pultruded columns can be developed for LRFD with reliability indices that are similar

to those used for conventional materials.

Barbero [20] presented a design equation for fiber reinforced plastic columns based on the
interaction between local (flange) and global (Euler) buckling observed during testing of the FRP
columns included in this investigation. An existing interaction equation is adapted to account for
the modes of failure observed in columns made of fiber reinforced composite materials.
Experimental data generated during this investigation is presented and used to validate the
interaction equation and to obtain the interaction constant. A slenderness ratio is proposed and

used to present a plot of buckling for all sections and column lengths.

To the best of the author’s knowledge, the influence of the effects of shear and warping
deformations on the strength of biaxially loaded GFRP beam-columns with or without applied

torsion have not been published in the past.
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1.3 Problem Definition

The problem addressed in this dissertation is to develop a theoretical behavior prediction model
with the goal of determining the influence of shear and warping deformations on the strength and
stability of glass FRP beam-columns under combined biaxial loading and torsion. Both biaxial
sway and non-sway boundary conditions involving partial lateral and rotational restraints are
considered. For the non-sway case, the governing stability equations of the beam-column were
derived for partially restrained, pinned, and fixed ends boundary conditions, while the governing
stability equations for the sway case are derived for partially restrained boundary conditions only.
The beam-column is loaded by axial compressive force, P. Axial force, P, is assumed to maintain
its original direction throughout the loading history. Applied bending moments at the ends of the
member about the x and y axes, M1y, Mgy, M7, and Mpg,,. Subscript B and T refer to the member
bottom and top ends, respectively. These moments are shown positive according to the right-hand
rule in Figure 1. Concentrated load is W and @ at any distance z in x and y axes directions,
respectively, and applied torsion, M,, at the bottom end of the member. Figure 1 shows a FRP
member with z as its longitudinal axis. u is the displacement in the xz plane due to the applied

bending moment M,, and concentrated load Q, vis the displacement in the yz plane due to bending

moment M, and concentrated load W. Figure 2 shows the angle of twist, @, at any location z along
the member’s length due to the applied torsion M.. Wide Flange Section IW-340 was considered
in this dissertation analysis. The strength and the deflection of the members were calculated using
a system of three simultaneous ordinary differential equations solved by the finite difference
method. The ultimate result of the problem involves the development of new strength interaction

expressions that can be used in future specifications.
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Figure 1. Biaxially Loaded Beam-Column with Torsion

Initial Crooked Column

Deflected Column
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Figure 2. Member Cross Section Before and After Deflection

1.4 Objectives and Scope

The objectives of this dissertation are as follows:

1- Study the influence of shear and warping deformations on the strength and stability of a non-
sway and sway single span beam-column involving partial lateral and rotational restraints.

2- Incorporate the influence of applied torsion into the governing nonlinear differential equations
including both biaxial bending moments and axial thrust.

3- Develop new interaction relations for the I-section members that can be incorporated in the

ASCE/SEI 74-23 standard.
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1.5 Assumptions and Conditions

The following assumptions are made in this dissertation:

1. All external loads are applied to the structural member in a quasi-static manner up to its
ultimate strength.

2. The axial load is applied to the centroid of the cross section and retains its position until the
member load-carrying capacity is reached.

3. Local buckling is not included in the theoretical analysis.

4. The members are linearly elastic.

5. The material compression and tension stress-strain relationships are identical.
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CHAPTER 2
THEORETICAL FORMULATION

Presented in this chapter is the theoretical nonlinear analysis of a biaxially loaded beam-column
with applied torsion; shear effects and initial out-of-straightness are also included. The
geometrically nonlinear ordinary differential equations of equilibrium are formulated for the
problem, and the finite difference method was used to obtain the solution for these differential

equations.

2.1 Governing Differential Equations Including Shear Effects and Warping

The adopted normal stress versus strain relationship for the GFRP is shown in Figure 3.

O (psi)

Er

Figure 3. Tensile Stress-Strain Relationship

Assuming arbitrary coordinates X, y, and z on the cross section, the normal strain, €, is related to
the generalized strains: average axial strain, €, biaxial curvatures ¢, and ¢,, about the coordinate
axes x and y, and warping curvature, ¢’ about z axis. At a point Q(x,y) of the cross section
subjected to an axial load, P, as well as bending moments, Mx and My, about x and y axes, the

normal strain due to restrained warping, €, is given by Chen et al. [21] as shown below.
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€ =€+ xy — Gyx — " (1)
where: w,¢" = €, (1.a)
Since the stress-strain relation of elastic material is given by the following equations:
oy = Ee€,, for0 < e, < €. 2)
oy =0 for e, > €. (3)
The longitudinal strain, €,,, can be defined as presented below.

d
€w =" )

E is the Young’s modulus and o,, is the longitudinal stress due to restrained warping. The

generalized stresses are related to the stress as presented below [21]:

P = [ 0, dA ®)
M, = fA owy dA (6)
My = [, 0, x dA (7)

The generalized stress and generalized strain relations are obtained by combining Equations 1

through 7 as shown below.
P = EAey + ESy b, — ES, b, — ES,, 0" (8)

M, = ES, €0 + ELydy — ELydby, — Elyd” ©)
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M, = —ESy€q — Ely, &y + EL, by, + El, " (10)
M,, = ESqeq + Elyydy — Ely, by — Eld" (11)
in which

A= fOE tds (12)
S, = [xdA (13)
S, = [ydA (14)
Sw = [ wpdA (15)
I, = [y?dA (16)
I, = [x*dA (17)
I, = [ w,2dA (18)
Iy = [xydA (19)
Iy = [ wxdA (20)
lyy = JwydA Q1)

where ® as shown in Figure 4 is the double sectorial area also known as the unit warping with

respect to the centroid, and it is defined by the equation below [22].
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Figure 4. Sectorial Area ®

w = fos pds (22)

in which p is the perpendicular distance from the centroid of the section to a tangent drawn at an
arbitrary point Q(x,y), and w,,, is the normalized unit warping defined as shown in Equation 23

below [22].
1 (E
Wy = 5 Jy wotds — w, (23)

where w, is the double sectorial area or the unit warping with respect to the shear center and

defined as:

E
Wo = fo po ds (24)

in which p, is the distance between the tangent of a general point Q and the torsion center, as

shown in Figure 5. The location of the shear center, S(X,, Y;), is computed by [23]:
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Leylox—Iyly
Xo = 2Ly (25)
Ixy_ Iny
Ll gye— Ixyl
Y= S (26)
Ixy_ ley

The unit warping term w, in Equation 24 can be found by examining the geometrical relationships

of the arbitrary point Q(x,y). This examination gives the following equation [23]
d d
Po= p+ Yod_:_Xod_JS] (27
Substituting Equation 27 into Equation 24 gives
s x y
wo = [, pds+ Yy [  dx— X, fyl dy (28)

where xi, y1 are the coordinate distance to the starting surface of the section, referenced to the

centroid. If the warping is not restrained, Equation 28 gives:

wy= w+ Yox — Yox; — Xoy + Xoy1 (29)
The warping with respect to the shear center S is given as [22]

w= wy,— ¢'w, (30)

Therefore, Equation 4 and 2 become:

€w = Wo— " wy (31)

O-W = EWIO - EwO(I)” (32)
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The horizontal shearing stress flow 7, t must be in equilibrium with the g,, stresses. Starting at the

free edge, which requires 7,,t = 0 and a 7,,td, at a distance s, gives
dow

Twt=— [t 2 ds (33)

The stresses a,, and 1,,t are induced by torsional conditions and not bending. M,, in Equation 11
is the warping moment, also known as the bimoment. The warping moment, M,,, is related to the

twisting moment, Ty, as shown in the following steps [22]

T, = fOE PoTwt ds (34)
The shear flow equation is [22]

T,t = —ES, 0" (35)
Substituting Equation 15 and 35 into Equation 34,

T, = —E®" [ po (f; wp tds)ds (36)

The twisting moment of the cross-section, Tw, can be written as presented below.

Ty = _Elwq)”, (37)
Therefore,
Tw=M,, (38)

The general warping stress g,, can also be written in another form.

g, = MWOn _ g, g 39
w n

Iy
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1

£ *S(x0.y0)
(0]

Figure 5. Coordinate Axes of an Open Section

The state of stress on a section induced by only a torsional moment applied at the center of twist
or shear center as seen in Figure 6 and negating any stresses due to bending can be described as
pure torsion or St. Venant contribution Ts,. The element in Figure 6 has undergone a rotation, @,
due to the applied torque, Tsv, and thus a vertical displacement, v, and horizontal displacement, u.
In addition to these in-plane distortions, the element will displace out-of-plane of the section in the
z direction an amount w. The in-plane distortions are related to the rotation and coordinates x and

y as presented in the following equations [25]
v =x0 (40)
u=-y0o (41)

Examining the element in the x-z plane indicates that the element changes position with respect to

the x and z axes. This change in position will create a shear strain y,, equal to [24]
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7] 7]
Var = 5o+ == (42)

Similarly, the change in position of the element with respect to the Y and Z axes creates a shear

strain y,,,, and it is equal to

0 0
Ve= 5.t 5 (43)

Differentiating Equations 40 and 41

g (44)
2=y (45)

Substituting Equations 44 and 45 into Equations 42 and 43,

ow

Vxz = —y0' + —— (46)
’ d
vy = 20'+ 5 (47)

Considering a linear elastic material, the strain y is related to the shear stress, 7, by the modulus of

rigidity, G, Equations 46 and 47 can be rewritten as follows:

w

L= g+ (48)
Tyz _ ®,+6_W 49
G_x dy ( )

Differentiating Equations 48 and 49 conveys the following equations:
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0Tyxz _ ’
a‘cyz _ ,
ax GO (51)

Subtracting Equation 51 from 50 results in the following equation:

Otz _ Oz _ g
- X = -260 (52)

Assuming that the stresses 7,, and 7,,, are related by a function y(x,y), known as the Airy’s Stress

Function [24]

oy oY
Tz = 5, and 71, = ™ (53)

The state of the stress on one face of an element subjected to shearing stresses is shown in Figure

7. Then the resulting torque about the shear center Tsy is [24]

A
Ty, = fo (szy - Tyzx)dA (54)

The entire state of stress for the element on all faces as shown in Figure 8 must be in equilibrium,

soxf,=0

Otxz  OTyz _
ox T oy 0 (55)

Deriving Equation 53 and substituting into 52 conveys

%y | %y '
T2 + W = —2G0 (56)

Equation 54 will convey:
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Aoy o
Tw= Iy (5 y-(-5%)x)da (57)
Therefore,
Tey = 2 [[ Ydxdy (58)

Equation 58 suggests that the applied torque is equal to twice the area under the W function. To
find a solution for Equation 58, Timoshenko [24] and Galambos [22] propose the use of a
membrane analogy, this technique permits visualizing the ¥ function inflated as a thin membrane
over the exact cross section. The relationship between the applied twisting moment Ty and the

resulting twisting angle per unit length,¢. is shown below [22].
Tev = GK10' (39)

in which Kr is the torsion constant and it is equal to the sum of the Kt values for each element

1 wij=
Kr = S X1 bijt) (60)

in which bjj and t;j are the length and the thickness of an element, respectively. The total twisting

moment M is the sum of the warping contribution Ty from Equation 37 and St. Venant

contribution Ty from Equation 59 [22]:

M- — E1,0"" + GK10' (61)
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Figure 6. Geometry of Shear Stress Element

Vx

Figure 7. Torsion of Solid Section
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Figure 8. Shear Stresses on Solid Element
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The member in Figures 1 and 9 are assumed to have initial out-of-straightness, dx and dy, in the x

and y axes respectively, and to be prismatic. The bending restraints of the member and connections

at the ends, B and T, are depicted by partial rotational springs with stiffnesses, kx, kx, kty, and

kgy. The forces consist of a compressive axial force P assumed to retain its original direction

throughout the loading history moments Mtx, Mgx, M1y, and Mgy are shown positive according to

the right-hand rule, concentrated loads W and Q in the x and y axes respectively, and a torque M,

at the midspan of the member. Mx and My are the internal resisting bending moments. \ Rx and Ry

are the reactions at the ends of the member computed from equilibrium.

R

RBX = RTX + KXAX - W

R

1
Tx L

1
Ty_L

(Mg, — mgy, + My, — My, — kA L+ WZ¥) (62)
(62 a)
(MBx — Mpy + MTx — Mry + KyAyL - QZ*) (63)
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Rp, = Rry, +Q — KA, (63 a)

Figure 9. Forces in the x-z and y-z Planes

Mgy, Mry, Mg, and myr, are the induced bending moments at the member ends due to partial

rotational end restraints and are calculated as shown:

mp, = kpxOpx (64)
mBy = kByHBy (65)
My = krxOry (66)

mTy = kTyQTy (67)
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Internal bending moments My and My are obtained from the flexural equilibrium equation for Z* <

z<L

M, = —Mg, + mp, + % (Mgy — Mgy + My, — My + kyAyL — QZ*) + QZ* — zk, A, + PV

(68)

M

y = —Mgy, +mg, + %(MBy — Mgy + My + My, — kA L+ WZ?) = WZ" + zk, Ay — PU

(69)

Internal bending moments M, and M,, for 0 < z < Z" can be written as follows:

Z *
M, = —Mpg, + mp, + Z(MB" — Mpy + My —mpye + kyAYL — QZ7) + Qz

—zk, A, + PV (70)
M, = —Mpg, + mp, +%(M3y — Mgy + Mpy —mp, — kA L+ WZ*) — Wz

+zk, A, — PU (71)
where:
V=v+v, (72)
U=u; +u, (73)
in which:
u. = u + 0Y, and v. =v—0X, (74)

U; = oy Sin (%) and v; = &gy sin (%) (75)
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Within the span of the member the cross section will no longer be in the original undeformed x-y-
z coordinate system after the deformations have taken place. Rotation and translation of the cross
section will occur as shown in Figure 10, and the principle set of new axes are ¢ and 7. The internal

bending moments My and My will transform to the new axes; the angle ¢ is small, therefore:

tangp =¢, sinp=¢,and cosp=1 (76)

The internal moment after deformations have taken place is obtained from the following equations:

Mgz = M, + OM, (77)
and
M, = M, — OM, (78)

Knowing that, the internal moments acting at any location along the z axis are obtained from [27]:

Mg = —ELv" — ELu" (79)

and

M, = ELu" + EL,v" (80)
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Figure 10. { — n Coordinate System

In addition to the components of Mx and My along the principal axes ¢ and i due to the rotation of
x and y axes, another component will occur along the axial principal axis ¢ within the span; it is

perpendicular to the cross section and inclined from the z axis as seen in Figures 11 and 12.

The resultant of both components will make the first contribution for the twisting moment [22]

du dv

Mgy = My—+ M, — (81)

d d
Mgy = P(Yo= —Xo ) (82)
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¢
2

=T du
M P =
R M. dz

du

6 Xz _E

X<

Figure 11. Twisting Due to Component of Mx

¢
VA
R dv A
L,
dv
Gyz :E
Y4

Figure 12. Twisting Due to Component of My

The second contribution to the torque component results from axial load P. P will retain its original
direction; therefore, it will have two components acting through the centroid of the cross section;
the first component is the contribution of P in the x-z plane, and the second contribution is from

the y-z plane as seen in Figures 13 and 14 [22].



X<

> Ny

Figure 13. Twisting Due to Component of P in X-Z Plane

>N

Y <

Figure 14. Twisting Due to Component of P in Y-Z Plane
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Figure 15 illustrates the third contribution to the torque component caused by the warping of two

adjacent cross sections to each other. The direction of the normal stress ¢ is inclined by the angle

dag
ag

¢

. . . d . .
a— to the ¢ axis. The component of this stress is adAa PTa and it causes a twist about the shear

center equal to

dM;s = —a [(0dA)(a %) (83)
Integrating Equation 83 over the cross-section results in

Mgz = — %f oa*dA (84)
The integration term of Equation 84 is known as the Wagner effect K which is defined by:
K = [oa?dA (85)

a is the distance from a point on the cross section to the shear center. Noting that d{= dz, Equation

&4 can be rewritten as shown below.

—d
Mg = ~K% (86)

Figure 15. Twisting Due to the Differential Warping of Two Adjacent Sections
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The last contribution to the torque is due to the end shears as can be seen in Figure 16.
M;, = —Ryu — Ryv (87)

Therefore, the total twisting moment is the sum of the four components in Equations 81, 82, 86,

and 87.

_ du v du _ v\ _ 5déd _
Mg—deZ+Mydz+P(Y0dZ Xodz) R — Ryu—R,v (88)

A

u
S(z) v

N\ Mg,

Figure 16. Twisting Due to the End Shears

An additional deflection will be produced by the shearing force, in the form of a mutual sliding of
adjacent cross sections along each other as presented in Figure 17. For a simply supported beam
with an in-span concentrated force case, Timoshenko [37] applies the conjugate beam method to
superimpose the bending moment produced from the uniformly distributed load over a short
portion, e, of the beam. Wang et al. [38] utilized the energy method to derive the bending solutions
for different beam theories. The relationship between deflection, rotation, bending moment, and
shear force of the Timoshenko beam theory (TBT) in terms of the corresponding quantities of

Euler-Bernoulli beam theory (EBT) was established for different boundary conditions. The results
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show that for statically determinate beams, the shear force, bending moment, and slope in the two
theories remain the same, while the deflection differs. For statically indeterminate beams, the
solutions for shear force, bending moment, slope, and deflection predicted by the two theories are
not the same. In this dissertation the effects of shear for the Timoshenko beam will be incorporated

in the stability equations for the applicable case as shown below.

Ps

-A- l aEl r

Yv i
i
!
L Shear Bending

Shear Deflection

A
A 4
A
\ 4

Figure 17. Shear Bending and Deformation

Equations 68 through 71 will be modified to incorporate the shear effect as shown below.

Mt_x = M, + Mgy (89)

M; , = M, + My, (90)

Similarly, Equations 72 and 73 will be modified as follows:



35

V,=V+vT (91)

U =U+ul (92)

where: M, and Mg, are moments due to shear effect about the x and y axis respectively, and
vTand uT are the deflections due to shear effect in the y and x axes, respectively. Timoshenko [37]
introduced numerical factors a, and a,, with which the average shearing stress must be multiplied
to obtain the shearing stress at the centroid of the cross sections. Numerical factors, a, and a,,, for

I-sections can be calculated from the following equations:

2
@ = g |bd? = (b = tu)(d - 2t)" | (93)
_ Abj
%=, (94)

Equations 77 and 78 will be adjusted to incorporate the shear effects as presented below.

Mg =M, + $pM, , (95)

Mn = Mt_y - ¢Mt_x (96)

Substitute Equations 89 and 90 into Equation 95. After rearranging and commensurate with the
small  deflection  assumption, terms involving the products of  quantities
ug, v, %, uv, v?,u?,v'p,u’ P, ...etc. are ignored. The first general stability governing equation

is presented below.
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ELV"+ ELu" + Pv + mg, (1 — %) — %me + p[—Mp,, + % (Mg, + Mry, — kyA, L +
WZ*) +W(z—-2")+ z(kyAy — W) — Mg, — PXy] = Mg, — %(MB,C + Mry + kyAy L —
QZ") +Q(z = Z") + 2(kyhy, — Q) — P(Soy sin (Z) +vT) =My, (97)
Furthermore, substituting Equations 89 and 90 into Equation 96 and following the small
deflections assumption will lead to the second general stability equation presented below.
ELu" + ElLyv" —mgy(1—5) = 2my, + Pu+ ¢ [—MBx +2( My + Mpy + kyAy L — Qz") -
Q(z—Z") +z(Q — kyA,) + Mg, + PYO] = —Mj, +§(M3y + Mry, — kD L+ WZ¥) +

W(z—2%) + z(kby = W) = P (8o, sin (52) +uT) — My, (98)
For0 <z < Z* theterm W(z — Z*) and Q(z — Z*) in Equations 97 and 98 must be set to zero.

Finally, equating Equation 61 to Equation 88 will construct the last general stability equation. The
third general stability equation is presented below.

El,0" — (GK; + K)@' +u' (—MBx + f( Mgy + Mry + kyAy)L —QZ*) = Q(z — Z*) + z(Q —
kyBy) + My + PYo) + 0" (—Mpy + 2 (Mgy + Mpy — kyyL + WZ*) + W(z = Z°) +

2(kyby — W) — My, — PXO) — 2 (Mpy + Mpy + kyAyL — QZ*) = 2 (Mg, + Mry — kAL +
WZ*) =M, (99)

Setting the external applied moments at the top and bottom of the member equals the values shown

below.

Mgx = -Moxi and Mrx = Mox2 (100)
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Mgy = Moy1 and Mty = - Moy2 (101)

Equations 97, 98, and 99 can be rewritten as follows:

ELv" + ELu" + Pv — mg, (1 - %) — My — @ [Moy1 —2( Moys — Moy; — kxByL +
WZ*) =W (z—2Z") — z(kyDy — W) + Mg, + PXO] = —Mop, + %(M(m — Moz — kyAyL +

QZ") +Q(z—2*) + z(kyAy — Q) — My, — P (80, sin () + ™)  (102)

ELu" + EL,v" + Pu—mpg, (1 - %) —mp 2+ 9 [Mox1 —2(Moxy — Moz — kylyL +
QZ") = Q(z = 2) + 2(Q = kyAy) + My + PYo| = Moy +2( Moys — Moy, — kAL +

WZ*) + W(z—Z*) + z(keby — W) — Mgy, — P (50x sin (%) + uT) (103)

El,0" — (GKr + K)o + v’ [MO,C1 — = (Mox1 = Moz —kyAyL+QZ") = Q(z—2Z") +2(Q —
kyBy) + My + PYo| = 0" [Moyy =2 (Moyy — Moy, — kL + WZT) =W (z = Z7) —
u % v
z(kyAy — W) + Mg, + PXO] +~(Mox1 = Moxa — kybyL +QZ*) — 7 (Moys — Moyz —
kD L+ WZ*) =M, (104)

Equations 102, 103, and 104 present the general stability governing equations that can be adjusted

to accommodate different boundary conditions presented in the following sections.
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2.2 Boundary Conditions

2.2.1 Non-sway Members with Biaxial Partial Rotational and Lateral Restraints

w(0) = u(L) = v(0) = v(L) = 0 (105)
Ay=Ay=0 (106)
u'(0) = Oy (107)
w'(L) = 6r, (108)
2(0) = 05, (109)
v'(L) = 67, (110)
(0 = MoyE_;ymBy (111)
WL = _M%,;m” (112)
v'(0) = Mot ma (113)
(L) = Mo (114)

For restrained warping, boundary and symmetry conditions are written as:

$(0) = ¢'()=¢p(L)=¢'(L) = 0 (115)

While for unrestrained warping boundary conditions, Equation 115 will be written as follows:

$(0) = ¢"(O=dpL)=¢"(L) = 0 (115 a)



2.2.2 Non-Sway Pinned Ends Members

In addition to Equations 105, 106, and 115 the following boundary conditions must be forced:

w"(0) = % (116)
w'(L) = %‘;ﬂ (117)
v'(0) = on (118)

v(L) = e (119)

2.2.3 Sway Pinned Member

The following boundary conditions must be forced for this case:

u(0) =v(0)=0 (119 a)

u(L) = Ay and v(L) = A, (119b)
1 _ MOyl 1 _ _M

u”(0) = 1, and v"'(0) = El (119 ¢)
III(L) Rx kxAx and vnl(L) Ry;ll{yAy (1 19 d)

2.2.4 Non-sway Fixed Ends Members

39

In addition to Equations 105, 106, 115 and 115a the following boundary conditions must be forced:

u0)=u'{l)=v'(0)=v'(L)=0 (120)

HBX = QTX = QBy = QTy =0 (121)



Moy1—
u"(0) = —"y;ymf"y
—Mgyo+
u"(L) = —O?Iym”
" -M
v"(0) = —O?I:me

n _ Moy —MrTy
v'(L) = L

2.2.5 Sway Members with Biaxial Partial Rotational and Lateral Restraints

In addition to Equations 111 through 116 the following boundary conditions must be forced:

u(0) =v(0)=0
u(l) = Ay
v(L) =4,

Ry—kyxA

ul’l L — X X=X

(1) = Bt

Ry—kyAy

leI(L) — Elx

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

40
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2.3 Finite-Difference Formulation
The central difference method, which involves pivotal points symmetrically located with respect
to i, this method is more accurate than backward or forward differences and is particularly useful

in the solution of boundary value problems. The differential equations using this method are shown

below [28].

Y = —yl'—;:l‘:)/Hl (131)
i = B (132
" = —yi_z+2yi_21h—32yi+1+yi+z (133)
y, V= yi—z‘43’i-1+6h3;i‘4yi+1+yi+2 (134)

in which / is the grid step along the total span.

The next step is using the above finite differential formulations to solve three-stability differential
Equations 102, 103, and 104 for I-sections numerically. These equations represent the governing
equations for a single span beam-column member under axial load, P, biaxial bending moments
applied at both ends of the member Mox and Moy, concentrated loads Q and W, and a torque at the
midspan, M,. Equation 88 assumed the only variables with respect to z are u, v, and @. The finite

differential formulation for Equations 102, 103, and 104 after rearranging are shown below.
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By By Bx By By By
= Vi1t (P — Zﬁ)v + % Vier — Mpy (1 — %) —%me U — 2 U+ Uiy —
B | Moys —2( Moys — Moys — kuByL + WZ*) = W(z = Z°) = 2(kely — W) + My + PXo| =

~Mox1 +7(Mox1 = Moxz = kyAyL +QZ") + Q(z — Z") + 2(kyAy, — Q) — M

(50y51n( )+v ) (135)

z

B B B z B
=Y . — 22XV + 2 g — —Z)y_=z Xy
2 Ui+ (P 2 hz)ul + -3 U1 — Mpy (1 L) - Mry +—

Bxy

Byy
Vi1 — ZFUL' + — h2

Vigr +
z * *
Bi [Moxs == (Mo — Moz — kyByL +QZ") = Q(z = Z°) + 2(Q = kyhy) + Mg, + PYo| =

~Moy1 + = ( Moys = Moy, = kDL + WZW) + W (z = Z°) + z(ky by — W) — Mgy, —

(60x sm( )+u ) (136)
(GK +1<) (GK +1<) M}y o
— o g+ (e T g — (2 ) ey o ran — SE g + Migu; +
M*x " * %k M*
ﬁ i+1 T zt;ly -1- Mtyvi _z_t;lyvi+1 =M, (137)
Where

M;, = Moy —%(M(m — Moy, —kyAyL+QZ*) — Q(z— Z*) + z(Q — kyA)) + Mg, + PY,

(138)

Mi, = Moy =7 (Moys = Moyz = kb L+ WZ) = W(z = Z°) — z(kyby = W) + My + PXg

(139)
* % 1 *
Miz =7 (Moxs — Moz — kyAyL + QZ") (140)

* % 1 *
Miy =+ (Moyy — Moyy — kyA L + WZ¥) (141)
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By applying equations 135, 136, and 137 at the number of nodes along the member, as shown in

Figure 18, and utilizing the matrix form, these equations can be written as:

{Fi=[K(P)]{A} (142)

where {F} is the nodal loading vector, [K(P)] is a stiffness matrix as a function of the applied axial

load P, and {A} is the nodal displacement vector.

1 -1 i i+1 n-1 n n+1

A
h 4
A
A4
A
4
A
v

A
\ 4

Figure 18. Finite-Difference Nodes Along the Member

2.4 Solution Procedure
The solution scheme of solving the nonlinear governing Equations 135 to 137 is developed and

presented below.

1. Define geometric and material properties for the member.

2. Specify external loads.

3. Apply Equations 135 to 137 at discrete points along the member.
4. Generate the global stiffness matrix [K].

5. Compute determinant D,, = |[Kp]| of matrix K.

6. Compute determinant D, = |[K,]| of matrix K.
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. . . — D
7. Compute dimensionless determinant D = D—p.

o

8. Determine the instability load P,,..

9. Compute deflections at each node using equation {F}=[K(P)]{A}.

10. Compute o (g) and 7(3) .
11. Compute the Interaction Ratio and compare to that from Reference [33].

12. Increase the external loads and go to Step 3.

13. Stop.

The above iteration algorithm is programmed to obtain numerical results. Regression analysis is
used to adjust the interaction ratio expression to include the second-order effects. The second-
order normal stresses and shear stresses are computed using the following equations. The

suggested Interaction Ratio expression will be discussed later in this dissertation:

P LyX-Ly
o=-+3——=
A 2L,

LeyY =X

(M., +oM,) + (Me, = OM,,) + T+ + Ewn@” (143)

12— Ixly

N S
_ W Joytds V[ xtds ES,¢'"
thy tl,

+ Gt (144)

Equations 143 and 144 will be used to determine initiation of cracking in members.

2.5 Equilibrium Equations for Simply Supported Sway Columns
If an axial compressive load is applied on a sway simply supported column, stability Equations

135-137 reduce to the following expressions:

Bx
h?

B B B B B
Vi1 + (P - Zh_JZC) Vi +h_§ Vit1 +%ui_1 - %ui +% Uiy1 — Q)iPXO =

—P (8o sin (%)) (145)



45

By
h2

Byy Byy
Uy T 75 Vier — 25 Vi + 5

By By
U 1+(P—2ﬁ)ui+—2 o

5 ¥ Vigr + 0PV =

hZ

—P (80 sin (%2)) (146)

(GK +K) (GK +K) PY
2h3 ¢l 2t ( + - )¢l 1 (h3 + - )¢l+1 +— 2h3 ¢l+2 _0 Uj—1 — kyAyui +

PXO

l+1+ Ull+kAvl— h

Viy1 =0 (147)

2.6 Equilibrium Equations for Torsionally Free-Fixed Member
If a torsion is applied at the bottom end of a member, stability Equations 135-137 reduce to the

following expression:

GKT+K

— S i (2 ) g - (B ) g+ 2y, = M, (148)

2.7 Equilibrium Equations for Simply Supported Sway Beam-Column for Combined Axial
Load and Biaxial Bending Moment

If an axial load and biaxial bending moment are applied concurrently, Equations 135-141 reduce

to the following:

By B
h2 Zvi1t (P 2 ) +h2 Vi1 + Uj—1 — %uz + h2 Uipr — O [MOyl (MOyl -

Moyz — kxbyL) + Mgy + PXo| = —Moyy + 2 (Moys = Moxz — kyAyL) — My, —

(50y sm( )+ v ) (149)

B B B
2w+ (P—22)u; + -2

5 Viyr + 0 [MOxl (MOxl -

Bxy Bxy
Uiy T 75 Vi1 — 24755V +22

h? hZ

Moxs — kyByL) + Mgy + PYo| = =Moyy +2( Moys — Moys — kybyL) — My, —

(60x sm( )+u ) (150)
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(152)

(153)

(GK +K) (GK +K) -

— S i (B D) g — (B D) g 2 iy — Sy + My +
M{ M; x M;
—p Uit +2_;lyvi—1 — Mgyv; _z_t;lyvi+1 =0 (151)
where

N z
M, = Moyxq _Z(MOxl - MOxZ) + Mgy + PYy

% zZ
Mty = Moyl - Z(Moyl - Moyz) + Msy + PXO

*% 1
Mgy = Z(MOxl — Moy, — kyAyL)

k% 1
Myy, = I (MOyl — Moy, — kxAxL)

(154)

(155)

Equations 149-155 are the governing differential equations for a simply supported beam-column

under axial load, biaxial bending moments, and torsion.

2.8 Equilibrium Equations for Simply Supported Sway Beam-Columns for Combined Axial

Load, Torsion and Biaxial Bending Moment

If an axial compressive load, biaxial bending moment, and torsional moment are applied

concurrently, Equations 149-155 are applicable except Equation 151 reduces to the following

expressions:

(GK +K) (GK +K) Mg, .
2h3 ¢L 2 + ( + L )¢L 1 (ﬁ + L )¢l+1 +— 2h3 ¢l+2 u'l 1 + Mtxul +
M t - M;
o Vit gy Vimy ~ MEv = v = M (159

Equations 145-156 are the governing differential equations for a simply supported beam-column

under axial load, biaxial bending moments, and torsion.
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2.9 Equilibrium Equations for Fixed-Pinned Sway Beam-Columns for Combined Axial

Load, Biaxial Bending Moments, and Torsion

If an axial compressive load, biaxial bending moment, and torsional moment are applied

concurrently, Equations 135-141 reduce to the following expressions:

Zpia+ (P = 222) vy + 22 vy + 22wy — 2220 + 22 g — B |2 Moy, + Mgy +
PXo| = =2Moy, — My — P (80, sm( %) +v7) (157)
:—ﬁui_1+(P—2%)ui+% Ujsq +%yvl-_1— %vl_}_b:;y Vi1 + @ [ Moy, + Mg, +
PYy| = =2 Moy, — My, — P (80, sin () +uT) (158)

2h3 ¢, t ( + (GKT+K)) i1 (h3 + (GKT+K)) i1 + 23 = Pi2 — Mtx Zn Yi-1 + Mizu; +
Bty + 22010 — Mo — 52y = M, (159)
Where
M;, =My + Mgy + PYy (160)
M, =~ Moy, + Mg, + PX, (161)
M = — 1 Moy (162)

M = = Moy, (169
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Equations 157-163 are the governing differential equations for a sway beam column fixed at the

bottom end and pinned at the top end under axial load, biaxial bending moments, and torsion.

2.10 Numerical Results

Numerical results based on the theoretical formulation are presented below.

2.10.1 Torsionally Loaded Member
Table 1 presents the theoretical results extracted from the MATLAB code developed in this

dissertation. The first column in this table shows the applied torsion, M,, while the second column
presents the angle of twist, ¢, at the bottom end of the member. Figure 19 presents the applied

torsion versus the angle of twist at the bottom end of the member.

Table 1. Theoretical Results for Torsionally Loaded Member

0] M,
deg. Ib.in.
0 0
2.5961 406.25
4.673 731.25
5:112 800
5.7514 900
6.39 1000
12.78043| 2000
159.7547| 25000
20.22499( 3165
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Figure 19. Torsional Moment, M, , vs. Angle of Twist, ¢

2.10.2 Axially Loaded Member
Table 2 presents the theoretical results from the MATLAB code. The first column in this table

shows the applied axial load, P. The deflections in the y axis; v, x axes; u, and the angle of twist,
¢, are shown in the second, third, and fourth column of this table, respectively. Figures 20, 21, and
22 show the axial Load, P, versus the midspan deflection in the y axis, v, in the x axis u, and the

angle of twist, ¢, respectively.



Axial Load, P (kip)

Table 2. Theoretical Results for Axially Loaded Member

[
S

[ay
N

[y
o

o0

[e)]

SN

N

o

P v u o
kip in. in. deg.
0 0 0 0
3 0.010098 | 0.007967 0
6 0.0273210.025788 0
9 0.07252 | 0.085174 0
10 0.116582 | 0.149061 0
11 0.25806 | 0.362044 0
11.5 |0.612366|0.903032 0
11.6 | 0.840661 | 1.252494 0
11.75 |1.899903|2.875197 0
11.8 |3.271223|4.976575 0
11.85 |11.73559|17.94823 0

Figure 20. Axial Load, P, vs. Midspan Deflection, u

Deflection, u (in.)
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Figure 21. Axial Load, P, vs. Midspan Deflection, v
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Figure 22. Axial Load, P, vs. Bottom End Angle of Twist, ¢

2.10.3 Combined Axial Load and Biaxial Bending Moment
Table 3 summarizes the theoretical results for this test. Figures 23 through 25 present the applied

axial load, P, versus the midspan deflection, v, u, and the bottom end angle of twist, ¢, respectively.

Figures 26 through 28 present the applied bending moment, M, versus the midspan deflections.



Axial Load, P (kip.-in.)

Table 3. Combined Axial Load and Biaxial Bending Moment

M, ,kip.in.| v,in. u,in. O, deg.
0 0 0 0
1 0.03708 | 0.098039 | 0.013471
2 0.07415| 0.196078 | 0.05379
2.5 0.09268 | 0.245098 | 0.083936
3 0.1112 | 0.294118|0.120675
35 0.12972 1 0.343137| 0.163943
4 0.14824 1 0.392157| 0.213664
4.5 0.16675 | 0.441176| 0.269755
5 0.18525|0.490196 | 0.332121
6 0.22223 | 0.588235| 0.475245
9 0.33294 | 0.882353 | 1.042506
10 0.36974 | 0.980392 | 1.273589
11 0.40649 | 1.078431| 1.523454
12 0.44318|1.176471| 1.790673
12.5 0.46151 | 1.22549 | 1.930333
0 0.1 0.2 03 0.4 0.5 0.6 0.7 08 0.9

Midspan Deflection, v (in.)

Figure 23. Axial Load, P, vs. Midspan Deflection, v
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Axial Load, P (kip.-in.)

Axial Load, P (kip.-in.)

0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9

Midspan Deflection, u (in.)

Figure 24. Axial Load, P, vs. Midspan Deflection, u

0 0.2 0.4 0.6 0.8

Angle of Twist. @, deg..

Figure 25. Axial Load, P, vs. Midspan Angle of Twist, ¢
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Figure 26. Bending Moment, M,, vs. Midspan Deflection, u
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Figure 27. Bending Moment, M,, vs. Midspan Deflection, u
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Figure 28. Bending Moment, M,, vs. Bottom End Angle of Twist, ¢

2.10.4 Combined Axial Load, Biaxial Bending Moment, and Torsion with Flexurally Pinned
Ends

Table 4 summarizes the theoretical results for this test. The first column of this table shows the
applied bending moment, M,,.. The second through the third columns represent the deflection v, u,
and the bottom end angle of twist, ¢ respectively. Figures 29 through 33 show the axial load, P,

torsion, M,, and bending moment, M, vs. deflection v, u, and ¢ respectively.



Table 4. Theoretical Results for Combined Axial Load, Biaxial Bending Moment, and

Torsion with Flexurally Pinned Ends

M, ,kip.in.

v, in.

u,in.

D, deg.

0

0

0

0.101463

0.76875

0.017384

0.048652

0.10349

0.873214

0.019746

0.055263

0.10456

1.048929

0.02372

0.066384

0.116

1.222500

0.027645

0.077369

0.1194

1.315179

0.02974

0.083234

0.121

1.366071

0.030891

0.086455

0.123

1.429821

0.032333

0.090489

0.1253

1.714821

0.038778

0.108526

0.1279

1.994464

0.045101

0.126224

0.130928

2.378036

0.053775

0.150499

0.13345

2.645893

0.059832

0.167451

0.1361

2.751964

0.062231

0.174164

0.1405

2.883214

0.065199

0.18247

0.1447

3.036964

0.068675

0.192201

0.1478

3.188036

0.072092

0.201762

0.1579

3.357857

0.075932

0.212509

0.163928

3.493929

0.079009

0.221121

0.167

3.631607

0.082122

0.229834

0.1831

3.846429

0.08698

0.243429

0.191

4.043571

0.091438

0.255906

0.2068

4.177500

0.094467

0.264382

0.2155

4.595893

0.103928

0.290861

0.225

4.824107

0.109088

0.305304

0.239

4.956429

0.112081

0.313678

0.247

5.490536

0.124158

0.34748

0.257

5.740179

0.129804

0.363279

0.2789

6.211607

0.140464

0.393115

0.33

6.454821

0.145964

0.408507

0.2655

6.722679

0.152021

0.425459

0.275

7.069821

0.159871

0.447429

0.289

7.258393

0.164135

0.459363

0.297

7.499464

0.169587

0.47462

0.307

8.0

0.180905

0.506297

0.3289

9.0

0.203519

0.569584

0.38

10.0

0.226132

0.632871

0.432

10.5

0.237438

0.664515

0.4618
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Figure 29. Axial Load, P, vs. Midspan Deflection, u, v
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Figure 30. Torsion, M,, vs. Midspan Deflection, v and «
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Figure 31. Bending Moment, M,., vs. Midspan Deflection, v
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Figure 32. Bending Moment, M, vs. Midspan Deflection, u
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Angle of Twi'st, (1)) (deg.')‘
Figure 33. Bending Moment, M,, vs. Bottom End Angle of Twist, ¢

2.10.5 Combined Axial Load, Biaxial Bending Moment, and Torsion with Flexurally Fixed-
Pinned

Table 5 summarizes the theoretical results for this test. The first column of this table shows the
applied bending moment. The second through the third column represent the deflection v, u, and
the bottom end angle of twist, ¢ respectively. Figures 34 through 37 show the axial load, P, and

bending moment, M, vs. deflection v, u, and ¢ respectively.



Table 5. Theoretical Results for Combined Axial Load, Biaxial Bending Moment, and

Torsion with Flexurally Fixed-Pinned

M, , kip.in.| v,in. u,in. | ®,deg.
0 0 0| -0.0122
2.4567857| 0.084021( 0.116094| -0.01578
3.0953571| 0.10586| 0.14627( -0.01398
3.58875( 0.122734| 0.169585| -0.00793
4.1191071| 0.140872| 0.194646| 0.002896
4.6548214| 0.159194| 0.219961| 0.015623
5.175| 0.176984| 0.244542( 0.028604
5.7123214| 0.19536| 0.269933( 0.04566
6.2496429| 0.213736| 0.295324( 0.065867
6.7992857| 0.232534| 0.321297( 0.087378
7.2691071| 0.248601| 0.343498( 0.109573
7.4458929| 0.254647| 0.351852( 0.119795
7.5369643| 0.257762| 0.356156( 0.124754
7.6548214| 0.261793| 0.361725( 0.129534
7.7458929| 0.264907| 0.366028( 0.13653
7.8744643| 0.269305| 0.372104( 0.147349
8.2173214| 0.28103| 0.388306( 0.168516

Axial Load, P (kip)

O A A A A J
0 0.2 0.4 0.6 0.8 1

Midspan Deflection, u and v, in.

Figure 34. Axial Load, P, vs. Midspan Deflections, v, and u
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Figure 35. Bending Moment, M,., vs. Midspan Deflection, v
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Figure 36. Bending Moment, M, vs. Midspan Deflection, u
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Bending Moment, M, (kip.in.)
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Figure 37. Bending Moment, M, vs. Bottom End Angle of Twist, ¢
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CHAPTER 3

EXPERIMENTAL INVESTIGATION
3.1 Experimental Study
A total of five experiments are conducted in the laboratory with a 30-degree orientation of the
cross section relative to the principal axes. That is, each experiment is conducted about the non-
principal axes as depicted in Figure 19. Each member is torsionally end restrained. That is, both
the angle of twist and its first derivative are zero at the upper boundaries and the first derivative of
the angle of twist is zero at the bottom end of the member. The following test designations and

type of loading and boundary conditions are used.

Test T-1: Torsionally end-restrained and flexurally pinned member subjected to a gradually
increasing torsional moment, M, applied at the bottom end of the member about its z axis, until

large torsional deflection is developed.

Test P-2: Flexurally pinned-end member subjected to a gradually increasing axial load, P, until

the maximum load-carrying capacity is reached.

Test PB-3: Flexurally pinned-end member at both ends subjected to a gradually increasing axial
load, P, first and then held constant, followed by a gradually increasing bending moment at the
member top end about the non-principal x axis which resulted in biaxial bending about the cross-
sectional principal axes. This member experienced cracking around the bolt holes in its end

connections.

Test PTB-p-4: With the member flexurally pinned at both ends, an axial load P is applied first

and then held constant, followed by a torsional moment applied at the bottom end of the member
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about the z axis, then also held constant, and finally subjected to a gradually increasing bending
moment at the member top end about the non-principal x axis which resulted in biaxial bending
about the cross-sectional principal axes. This member experienced cracking around the holes in its

bottom end connection.

Test PTB-pf-5: With the member flexurally pinned at the top end and fixed at its bottom end, it

is subjected to the same loading sequence as that used for PTB-p-4.

In the above designations, P, T, and B refer to the axial load, torsion, and bending, respectively.
Also, p refers to a flexurally pinned boundary condition whereas f indicates a flexurally fixed

boundary condition.

Unavoidable eccentricities and imperfections of the support were encountered during testing due
to the upper end gimble significant out-of-plane displacements in addition to minor in-plane
displacements. The displacements of the support frame are captured by adding a lateral spring in

the corresponding direction at the upper end of the member.

3.1.1 Apparatus

IW340 FRP beam-columns were tested using a specially designed and developed apparatus
capable of applying biaxial bending moments, axial load, and torsion. This apparatus has been
utilized previously in numerous research lab investigations at Old Dominion University. The setup
incudes lower and upper end gimbals at the ends of the test specimen along with a steel casing

with Hydraulic Jack A and Load Cell A.

The lower end gimbal consists of a four-sided steel gimbal outer box. The gimbal inner box is
supported by a pair of inner bearings and a shaft along the x-axis. These inner bearings are housed

in two opposite walls of the gimbal outer box. The opposing walls of the gimbal outer box contain
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a pair of shafts and outer bearings along the y-axis. The lower end gimbal is attached to a steel
plate, beneath which is a gliding steel chamber. The gliding steel chamber rides on the outer surface
of a steel casing that houses a compression load cell mounted on a hydraulic jack. The steel casing

is welded to a floor steel plate, which in turn is anchored to the laboratory test bed.

The upper end gimbal is identical to the lower end gimbal; however, it is mounted in an upside-
down position. The upper end gimbal is attached to a steel crossbeam, which is bolted at its ends
to steel columns. These end columns are anchored to the laboratory test bed, forming a large
reaction frame, while the crossbeam supports the upper end gimbal. The axial load is applied using
a Hydraulic Jack A and measured with a Load Cell A. The load cell pushes a steel plate which in
turn transmits the axial load to the lower gimbal outer box through a pair of outer bearings and
shafts. The load is finally transferred to the test specimen through the gimbal inner box. The
bending moment is applied at the top end of the member by means of a moment arm bolted to the
upper gimbal inner box as shown in Figure 20. The moment arm is a 1.0x2.0x24.0 in. solid
rectangular steel section. Load W is applied through two 0.75 in. diameter tie rods. These rods are
75 inches long each and separated by 12 inch long 0.5 in. thick steel plates forming a closed ring
at the top and bottom. By means of ball and socket arrangement, the top plate B sits on the
machined arm. Using a similar arrangement, the Bottom Plate A is attached to a compression Load
Cell B. Load Cell B is mounted on Hydraulic Jack B, which is bolted to a small reaction frame in
an upside-down position. The small steel reaction frame is mounted to the laboratory test bed.
Load W can finally be produced by manually controlling Hydraulic Jack B. The biaxial bending

moments M,- and M, are generated by applying a resultant bending moment M, about x axis
with an angle 8 = 30° as shown in Figure 20. The biaxial bending moments My, and My, are

equal to M, (cos30°?) and M, (sin30°) respectively. The torsional moment is applied at the bottom
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end by means of an eccentric force F applied with Hydraulic Jack C and transmitted to the member
by means of chain. The bottom end gimbal rests on a steel plate and rides on solid steel spheres

arranged in a circle as schematically shown in Figure 38 below.

IW430 glass FRP members are used for this experimental study. Each test member has a clear
length of 32 inches. The distance between the centerlines of the end gimbals, including both the
actual member length and the solid portions of the end fixture, is 37.0 inches, which is the length
that will be used in the analysis. The axial load and both bending and torsional moments are applied
slowly and incrementally with regular stops to manually record the output data in the elastic range.
The member load-carrying capacity is observed when the applied load starts dropping while at the

same time the deformations keep increasing.

Figure 38. Experimental Applied Bending Moment
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Figure 40. Hydraulic Jack and Load Cell C

3.1.2 Material properties

Based on the ASTM 3-Point Bending Test, two specimens were tested about the x and y axes to

verify the experimental values of Young’s modulus, E, and E,. These are within the
manufacturer’s recommended range. The cracking stress 0., and 0, for the GFRP specimens

were also calculated. The values of Young’s modulus and the cracking stresses are listed below.
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E, = 1.4624 x 10° psi
E, = 2.66 x 10° psi
Ocrx = 19977.214 psi

Oery = 36336.983 psi

The shear modulus, G, for the GFRP was found using a torsion test conducted on an IW430

member. The value was found to be as follows:
G = 0.429 X 10%psi
In this dissertation, the above material properties mentioned are used in the analysis.

3.2 Experimental Results

Cracking Limit Test Results

The cracking limit loading is defined as the set of external loads that cause initiation of cracking
at any point in a member. For cracking limit tests, the relation between the applied load, W, vs.

displacements at the midspan of the member is graphically presented in Figures 41 and 42.



Load. Q (Ib.)

6000 F

g
o

Load, W (Ib.)
S
S
o

3000 F

2000 F

1000 P

0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

Displacement, v (in.)

Figure 41. Load, W, vs. Vertical Displacement, v, for Major Axis Test
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3.2.1 Torsionally Loaded Member Test T-1
This test was conducted by installing the glass FRP specimen in the apparatus. The top and the
bottom ends of the specimen were restrained against warping as shown in Figure 43 below. The
torsional moment was applied and gradually increased at the bottom end of the specimen via a
chain connected to the hydraulic jack from one end and engaged with a gear on the other end. The
force developed in the chain applied the torsional moment by an arm of 8.125 in. The angle of
twist was measured at the bottom end of the member for each load increment. Table 6 summarizes
the test results; the first column shows the measured angle of twist at the bottom end of the
specimen in degree unit while the second column shows the applied torsional moment in 1b.-in.
units. The piston of the hydraulic jack reached the maximum available length without initiating a
crack in the member. Four cycles of loading/unloading of the member were repeated. No cracks
were initiated in the member from all four cycles; however, the member underwent significant
angle of twist indicating that the member failed in serviceability as shown in Figure 44. For each
reloading step, the member had the capacity to withstand a higher value of the applied torsional
moment than the loading step before; hence, the member maintained its strength throughout the
test and did not fail. Table 7 summarizes the applied load for each loading step. The relationship
between loading step numbers vs. the applied torsional moment is shown in Figure 45. The
torsional moment, M, vs. angle of twist at the bottom end of the member, ¢, is presented in Figure
46. The glass FRP member elastically recovered its original shape and did not show any permanent

deformation after it was taken off the testing apparatus as shown in Figure 47.



Table 6. Torsion Test T-1 Results

0] M,
deg. lb.in.
0 0

2.682452 | 406.25
7.754286| 731.25
17.33811| 1137.5
28.97393 [ 1625
40.00875| 1950

Table 7. Loading Steps vs. Maximum Applied Torsional Moment for Test T-1

M,
Ib.in.
1 1950
2| 3168.75
3| 4387.5
4 4631.25

Loading Cycles

Figure 43. Bottom End Connection of the Specimen



Figure 44. Specimen under Torsional Moment for Test T-1
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Figure 47. Specimen Shape One Week after Torsion Test T-1

3.2.2 Axially Loaded GFRP Column Test P-2

The experimental results presented in this section are for the glass FRP column under axial loading.
The top and the bottom of the member were pinned in the x and y axes directions. The axial load
was applied using Hydraulic Jack A and increased gradually. The bottom base plate of the
apparatus was restrained against rotation by applying four clamps. Three dial gauges were installed
at the midspan of the member to measure the lateral deflections, and a fourth dial gauge was

installed at the bottom plate of the apparatus to measure the angle of the twist at the bottom end of
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the member. Figure 48 presents the location and the numbering of the installed dial gauges for this
test. Table 8 summarizes the processed data for these test results. In this table the first column
represents the applied axial load, P; the second column represents the displacement in the y axis
direction, v; the third column represents the displacement in the x axis direction, u; the fourth
column represents the angle of twist, ¢, at the bottom end of the member. Figures 49 to 51 present
the relationship between the applied axial load, P, and the member deformations, v, u, and ¢,
respectively. In these figures, the change to the slope of the curves between axial load 4 kip to 10
kip is observable indicating a fictitious increase of the stiffness of the tested member. This increase

1s attributed to the unavoidable eccentricities and deformations discussed in Section 3.1.

Table 8. Experimental Data for Axially Loaded Member Test P-2 Results

Load v u O
kip in. in. deg.

0 0 0 0

1.95 0.074 0.075 0.0008
3.97 0.105 0.175| 0.005867
5.92 0.188 0.208 0.0064
8.13 0.193 0.246| 0.006667
10.12 0.198 0.3 0.0072
11.86 0.03 0.48 0.008
12.07 0.675 0.675 0.079
11.92 0.71 0.71 0.065




Axial Load, P (kip)

14 p

12

=
o

o]

| Dial Gauge #3

(DG3)
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3.2.3 Combined Axial Load and Biaxial Bending Moment Test PB-3
This test was conducted by installing the glass FRP specimen into the apparatus using the same
boundary conditions and dial gauge locations previously mentioned. The axial load is first applied
using the hydraulic jack and increased gradually then held constant followed by a gradually
increasing biaxial bending moment up to the maximum load. Table 9 summarizes the processed
data results of this test. The first column presents the applied axial load, P, and the bending moment
M, the second, third, fourth, and fifth columns present the deformations, v, u, and ¢, respectively.
Figure 52 shows the midspan deflections u and v versus applied axial load, P. Figure 54 shows
the bottom end angle of twist, ¢, versus applied axial load, P. Figure 54 shows the midspan
deflections u and v versus bending moment, M,.. Finally, Figure 55 shows the angle of twist at

the bottom end of the member, ¢, versus applied bending moment M,, for this test.



Table 9. Experimental Results for Test PB-3

P, kip u,in. v,in. | @,deg.

0 0 0 0

1.1 0.002 0.006 | 0.00038
2.19 0.005 | 0.0065 | 0.00057
3.2 0.009 | 0.0095 | 0.0019
4.24 0.0085 | 0.0145 | 0.00286
5.3 0.0035 | 0.021 | 0.00343
6.08 -0.004 | 0.028 | 0.00343
7.23 -0.0025 | 0.038 | 0.00381

M, , kip.in.| wu,in. v,in. | @, deg.

0 -0.0025 | 0.038 | 0.00381

1.3291 -0.0235 | 0.079 | 0.00838
1.5798 -0.0095 | 0.087 | 0.01333
1.8236 0.0065 [ 0.093 | 0.01905
2.1048 0.023 | 0.0995 | 0.02514
3.0595 0.081 0.124 | 0.03389
4.0854 0.243 0.149 | 0.04606
5.2013 0.35 0.189 | 0.06258
6.2191 0.432 0.216 0.0838
7.2959 0.511 0.248 | 0.11022
1.3655 0.611 0.339 | 0.13648

== Midspan Deflection, u

—&— Midspan Deflection, v

Axial Load, P (kip.)

001 -0005 O 0005 001 0015 002 0025 003 0035 004 0045
Midspan Deflection, (in.)

Figure 52. Axial Load, P, vs. Midspan Deflections, v, and u, for Test PB3
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Figure 53. Axial Load, P, vs. Bottom End Angle of Twist, ¢, for Test PB-3
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Figure 54. Bending Moment, M,, vs. Midspan Deflections, v, and u, for Test PB-3
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Bending Moment, Mx (kip.-in.)
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Figure 55. Bending Moment, M,, vs. Bottom End Angle of Twist, ¢, for Test PB-3

3.2.4 Combined Axial Load, Biaxial Bending Moment, and Torsional Moment Test PBT-p-
4

This test is performed by gradually applying the axial load up to approximately 7 kip then holding
constant followed by applying a gradually increasing torsion up to approximately 2.5 kip-in.
Finally, the bending moment, M,., was applied and gradually increased until the maximum load
was reached. The member is flexurally pinned and constrained against warping at both the top and
the bottom ends. Table 10 summarizes the results for this case. The first column represents the
applied load while the second through the fifth columns represent the deformations, u, v, and ¢,

respectively. Figures 56 through 61 present the applied load versus the deflections.



Table 10. Axial Load, Biaxial Bending Moment, and Torsion Test PBT-p-4

P, kip u, in. v, in. o, deg.
0 0 0 0

1.05 0.001 -0.003 |0.013217
2.17 0.004 -0.005 |0.047443
3.18 0.008 -0.0055 | 0.047443
4.15 0.015 -0.005 0.04831
5.18 0.028 0.001 |0.049004
7.07 0.068 0.0155 |0.050184
M, , kip.in.| u,in. v, in. O, deg.
0 0.068 0.0155 |0.050184
0.975 0.069 0.0165 |0.050878
1.4625 0.07 0.0175 |0.051398
2.35625 0.0735 0.0205 |0.054693
2.51875 0.075 0.0205 |0.104625
M,, kip.in.| wu,in. v, in. ®, deg.
0 0.075 0.0205 |0.104625
0.76875 0.087 0.025 0.15896
0.873214286 0.092 0.0275 | 0.15913
1.048928571 0.102 0.0325 |0.159639
1.2225 0.111 0.0375 |0.159978
1.315178571 0.116 0.0405 |0.160317
1.366071429 | 0.1185 0.0415 |0.160486
1.429821429 0.124 0.0455 |0.160994
1.714821429 | 0.1385 0.0505 |0.161672
1.994464286 | 0.1545 0.0555 | 0.16472
2.378035714 | 0.175 0.0655 |0.165904
2.645892857 0.19 0.0715 | 0.16675
2.751964286 | 0.1965 0.0745 |0.166919
2.883214286 0.205 0.078 |0.167427
3.036964286 0.214 0.082 |0.168103
3.188035714 | 0.224 0.0855 |0.168441
3.357857143 0.235 0.0905 |0.169117
3.493928571 | 0.2435 0.0935 |0.171819
3.631607143 | 0.2535 0.0975 |0.172495
3.846428571 0.266 0.1035 | 0.17317
4.043571429 0.279 0.109 |0.173845
4.1775 0.289 0.1125 |0.174351
4,595892857 0.319 0.1255 |0.176037
4.824107143 0.337 0.1315 | 0.17688
4,956428571 0.357 0.1385 |0.179575
5.490535714 | 0.392 0.2675 |0.254173
5.740178571 0.409 0.2725 |0.254824
6.211607143 0.466 0.2795 |0.254661
6.454821429 0.49 0.2895 |0.254661
6.722678571 0.512 0.2945 |0.254661
7.069821429 0.547 0.3105 |0.254661
7.258392857 0.565 0.3115 |0.254694
7.499464286 0.59 0.3185 |0.254661
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Figure 56. Axial Load, P, vs. Midspan Deflections, v, and u, for Test PBT-p-4
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Figure 57. Axial Load, P, vs. Bottom End Angle of Twist, ¢, for Test PBT-p-4
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Figure 58.Torsion, M,, vs. Midspan Deflections, v, and u, for Test PTB-p-4
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Figure 59. Torsion, M,, vs. Bottom End Angle of Twist, ¢, for Test PTB-p-4
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Figure 60. Bending Moment, M,, vs. Midspan Deflection, ¢, for Test PTB-p-4
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Figure 61. Bending Moment, M,, vs. Bottom Angle of Twist, ¢, for Test PTB-p-4
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3.2.5 Combined Axial Load, Biaxial Bending Moment, and Torsional Moment Test PBT-fp-
5

With the member flexurally pinned at the top end and fixed at its bottom end, it is subjected to the
same loading sequence as that used for PTB-p-4. Table 11 summarizes the processed results for
this case. The first column represents the applied loads while the second through the fifth columns
represent the deflections. Figures 62 through 67 present the applied load versus the deflection

relationship.



Table 11. Axial Load, Biaxial Bending Moment, and Torsion for Test PTB-fp-5

P, kip u, in. v, in. @D, deg.
0 0 0 0

0.8 0.01775 0.078 -0.0044

1.91 0.0165 0.043 -0.0064
2.95 0.02775 0.026 -0.0066
3.88 0.04725 0.12 -0.0098
4.96 0.064 0.201 -0.0202
5.96 0.0925 0.248 -0.0202
6.95 0.115 0.306 -0.0214
M, kip.in.| u,in. v,in. | O, deg.

0 0.115 0.306 -0.0214

0.05 0.115 0.306 -0.0206

0.1 0.1165 0.306 -0.019
0.17 0.123 0.307 -0.0158
0.21 0.1275 0.3085 -0.0134
0.24 0.1305 0.309 -0.0122
M, kip.in.| u,in. v, in. D, deg.

0 0.1305 0.309 -0.0122
2.456785714 | 0.148 0.3245 -0.0102

3.095357143 | 0.1765 0.348 -0.007
3.58875 0.203 0.368 -0.0022
4.119107143| 0.234 0.39 0.007001
4.654821429 | 0.268 0.412 |0.019792
5.175 0.306 0.433 |0.036165
5.712321429 | 0.3345 0.453 |0.061668
6.249642857 | 0.404 0.469 |0.077561
6.799285714 | 0.446 0.494 |0.079941
7.269107143 | 0.481 0.519 |0.080338
7.403035714 | 0.5445 0.514 |0.081924
7.445892857 | 0.5445 0.514 |0.081924
7.536964286 | 0.5505 0.517 |0.081924
7.654821429 | 0.5595 0.5225 [0.082324
7.745892857 | 0.5685 0.527 |0.082324
7.874464286 | 0.583 0.534 |0.082324
8.217321429 | 0.5775 0.548 |0.081924
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Figure 62. Axial Load, P, vs. Midspan Deflections, v, and u, for Test PTB-fp-5
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Figure 63. Axial Load, P, vs. Bottom End Angle of Twist, ¢, for Test PTB-fp-5
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Figure 64. Torsion, M,, vs. Midspan Deflection, v, and u, for Test PTB-fp-5
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Figure 65. Torsion, M,, vs. Bottom End Angle of Twist, ¢, for Test PTB-fp-5
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Figure 66. Bending Moment, M,, vs. Midspan Deflections, v, and u, for Test PTB-fp-5
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Figure 67. Bending Moment, M,, vs. Bottom End Angle of Twist, ¢, for Test PTB-fp-5
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In Tests PB-3, PTB-p-4, and PTB-fp-5 the tested members developed excessive cracking in and
around the flange connection-holes at the member bottom end as can be seen in the following

figure.

Figure 68. Cracks Due to Stress Concentration
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CHAPTER 4

THEORY VERSUS EXPERIMENTS

This chapter presents numerical results based on the theoretical formulation presented in Chapter

2, as well as a comparison of experimental load-deflection from Chapter 3.

4.1 For Test T-1

Figure 69 illustrates the predicted relationship between the applied torsional moment, M,, and the
angle of twist, ¢ at the bottom end of the member. This prediction is compared with the
experimental results. Both the predicted and experimental curves align well up to about 2.6
degrees. Beyond this point, the member exhibits substantial angle of twists, indicating that the

condition exceeds the assumption of the small deflection theory.

3500 g
3000 F
2500 F
2000 F

—— -1
1500 § Experimental

-Theoretical

Torsional Moment, Mz, ( |b.-in.)

500 p

0 5 10 15 20 25 30 35 40 45
Angle of Twist, @ (deg.)

Figure 69. Applied Torsion, M,, vs. Bottom End Angle of Twist, ¢, for Test T-1
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4.2 For Test P-2

For this test, Figures 70 to 72 illustrate the predicted relationship between the applied axial load,
P, and deflections u, v, and ¢. The theoretical axial load-carrying capacity agrees well with that

observed experimentally and is found to be only 1.8 percent less than that found experimentally.
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Figure 70. Axial Load, P, vs. Midspan Deflection, u, for Test P-2
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Figure 71. Axial Load, P, vs. Midspan Deflection, v, for Test P-2
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. Axial Load, P, vs. Bottom End Angle of Twist, ¢, for Test P-2
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4.3 For Test PB-3

Figure 73 through 75 present the applied bending moment, M,., versus the midspan deflection, v,
u, and the bottom end angle of twist, ¢, respectively. It should be noted that the specimen
developed cracks at the top and bottom connections as can be seen in Figure 56. No other cracks

developed in the member.
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Figure 73. Bending Moment, M,, vs. Midspan Deflection, u, for Test PB-3
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Figure 74. Bending Moment, M,, vs. Midspan Deflection, v, for Test PB-3
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Figure 75. Bending Moment, M, vs. Bottom End Angle of Twist, ¢, for Test PB-3
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4.4 For Test PBT-p-4
Figures 76 through 82 show the relationship of the axial load, P, torsion, M,, and bending moment,

M, vs. deflection v, u, and ¢, respectively for this test.
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Figure 76. Axial Load, P, vs. Midspan Deflection, u, for Test PTB-p-4
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Figure 77. Axial Load, P, vs. Midspan Deflection, v, for Test PTB-p-4
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Figure 78. Torsion, M,, vs. Midspan Deflection, u, for Test PTB-p-4
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Figure 79. Torsion, M,, vs. Midspan Deflection, v, for Test PTB-p-4
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Figure 80. Bending Moment, M,, vs. Midspan Deflection, u, for Test PTB-p-4
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Figure 81. Bending Moment, M,., vs. Midspan Deflection, v, for Test PTB-p-4
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Figure 82. Bending Moment, M, vs. Bottom End Angle of Twist, ¢, for Test PTB-p-4
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4.5 For Test PBT-fp-5

For this test, Figures 83 through 67 show the axial load, P, and bending moment, M, vs. deflection

v, u, and ¢ respectively.
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Figure 83. Axial Load, P, vs. Midspan Deflections, v, and u, for Test PTB-fp-5
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Figure 84. Bending Moment, M, vs. Midspan Deflection, u, for Test PTB-fp-5
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Figure 85. Bending Moment, M,, vs. Midspan Deflection, v, for Test PTB-fp-5
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Figure 86. Bending Moment, M, vs. Bottom End Angle of Twist, ¢, for Test PTB-fp-5

The following sections present the comparison between the available experimental results with the
prediction using the MATLAB code. Each section contains a table that identifies the corresponding
applied load and the calculated deflections. The table is then followed by figures showing the

graphical relationship between the applied load and the related deflections.

4.6 Available Experimental Results

As an additional validation and verification of the theoretical formulation solutions presented in
Chapter 2, the output of the used MATLAB code developed in this dissertation proposal is

compared to the laboratory experimental studies summarized below.
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4.6.1 Stability of I-Beams
Three-Point Loading through Shear Center [40]

Sirjani [40] conducted three-point loading tests using the load application setup shown
schematically in Figure 68. In this experimental study, a simply supported FRP 4 X 2 X % in. cross

section was adopted for the I-beam. A pair of steel tie rods were used to apply upward vertical
loads (Q) placed symmetrically about the shear center, S, which coincides with the centroid, C.
The resultant, P=2Q, shown in Figure 87 acts at a distance y, = —3.5 in. above the x axis but

passes through the S and C.

Q Q

A A

L Aluminum Plate

[—— FRP Beam section

[4— Steel Tie Rod
I}’o

< Steel Shaft
N «—steel Plate

!

P=20Q

Figure 87. Cross-Sectional Schematic View at Load Application Points for I-Section

Beam

Table 12 summarizes the experimental results for a 108-inch span I-beam for test No. IFT3-1. The
first column of this table shows the observation number. The second column through the fifth
column present the applied load, P; the midspan vertical deflection, v.; the midspan horizontal
deflection, u.; and the midspan angle of twist, ¢ respectively. Figure 88 shows the experimental

load, P, versus midspan vertical, v.. Figure 89 shows the experimental load, P, versus midspan
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deflection, u., and Figure 90 shows the experimental load, P, versus midspan angle of twist, ¢.
Tables 14 and 16 present the experimental results for I-beam test No., IFT3-2, and IFT3-3 with a
clear span L = 96 and 84 in., respectively. Figures 91 through 96 show the midspan load, P, versus
deflection curves from the corresponding tables. Tables 13, 15, and 17 present the theoretical

results from the MATLAB code for each case.

Table 12. Experimental Results for Test No. IFT3-1 [40]

Obesrvation| Load, P [Midspan Vertical Deflection| Midspan Lateral Deflection|Midspan Angle of Twist
No. Ibs. Ve,in. Uc,in. &, rad.
0 0 0 0 0
1 35 0.09156 -0.01464 0.009472
2 62 0.15541 -0.03947 0.014323
3 78 0.21328 -0.08306 0.012616
4 99 0.312 0.65102 -0.014029

Table 13. MATLAB Results for Test No. IFT3-1

Obesrvation | Load, P | Midspan Vertical Deflection | Midspan Lateral Deflection | Midspan Angle of Twist

No. Ibs Vejin. Ue,in. &, rad.

0 0 0 0 0

1 35 0.082089076 -0.02363887 0.006978913

2 62 0.145414934 -0.03397233 0.010183054

3 78 0.182941369 -0.037881176 0.011406436

4 99 0.232194814 -0.041584072 0.012551841

5 124 0.290829868 -0.044609061 0.01346171
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Figure 88. Load, P, vs. Midspan Deflection, v, for Test No. IFT3-1
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Figure 89. Load, P, versus Midspan Deflection, u., for Test No. IFT3-1
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Figure 90. Load, P, versus Angle of Twist, ¢, for Test No. IFT3-1

Table 14. Experimental Results for Test No. IFT3-2 [40]

Obesrvation|Load, P| Midspan Vertical Deflection| Midspan Lateral Deflection [ Midspan Angle of Twist
No. lbs Vejin. Uc,in. &, rad.
0 0 0 0 0
1 29 0.04309 -0.0043 0.005318
2 62 0.09491 -0.01136 0.011125
3 88 0.13554 -0.03534 0.015454
4 110 0.17556 -0.06694 0.013825
5 142 0.29745 0.32178 -0.037071
6 147 0.33352 0.21938 -0.06072
Table 15. MATLAB Results for Test No. IFT3-2
Obesrvation |Load, P| Midspan Vertical Deflection| Midspan Lateral Deflection | Midspan Angle of Twist
No. Ibs Vein. Ucin. o, rad.
0 0 0 0 0
1 29 0.04754212 -0.01187515 0.003809489
2 62 0.101641773 -0.023658081 0.008712837
3 88 0.144265742 -0.033411715 0.013676933
4 110 0.180332178 -0.043943438 0.019530552
5 142 0.232792448 -0.070785133 0.034869785
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Figure 91. Load, P, versus Midspan Deflection, v, for Test No. IFT3-2
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Figure 92. Load, P, versus Midspan Deflection, u., for Test No. IFT3-2
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Figure 93. Load, P, versus Angle of Twist, ¢, for Test No. IFT3-2

Table 16. Experimental Results Test No. IFT3-3 [40]

Obesrvation| Load, P| Midspan Vertical Deflection | Midspan Lateral Deflection | Midspan Angle of Twist
No. Ibs Ve,in. Uc,in. &, rad.
0 0 0 0 0
1 13 0.013123 -5.5E-05 0.00202
2 43 0.051392 0.003076 0.005665
3 83 0.10405 -0.02061 0.010482
4 110 0.142537 -0.040332 0.011079
5 136 0.181047 -0.059414 0.009088
6 158 0.235874 0.844613 -0.002814
7 174 0.249995 0.865044 -0.025282
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Table 17. MATLAB Test No. IFT3-3

110

Obesrvation | Load, P Midspan Vertical Deflection | Midspan Lateral Deflection | Midspan Angle of Twist
No. Ibs Vc,in. Uc,in. &, rad.
0 0 0 0 0
1 13 0.014275224 -0.004071877 0.001212095
2 43 0.047218047 -0.012304135 0.004048399
3 83 0.091141812 -0.021272964 0.008071215
4 110 0.120790353 -0.02650723 0.011105764
5 136 0.1493408 -0.03136444 0.014456413
6 158 0.173498871 -0.035649346 0.017790975
7 174 0.191068376 -0.039058041 0.020627939
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Figure 94. Load, P, versus Midspan Deflection, v, for Test No. IFT3-3
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Figure 95. Load, P, versus Midspan Deflection, u., for Test No. IFT3-3
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4.6.2 I-Beam Lateral Torsional Buckling
Hampton [41] conducted laboratory experiments on single, two and three span glass FRP beams
subjected to in-plane gradually increasing quasi-static loading eventually resulting in lateral-
torsional instability. The following sections describe part of the experimental testing included in

this study.

Investigation 1

These experiments investigated the translational and rotational deflections of a single span beam
with a point load at midspan using a 4x4x0.25” cross section. A GFRP beam of length L = 75”
was placed in a beam testing apparatus then in-plane vertical load, Q, was applied to the beam
until it reached lateral-torsional buckling failure. The objective of this investigation is to identify
the shear effect on the in-plane and out of plane deflections. These typically unaddressed
deflections often lead to premature buckling failure of the beam. Table 18 summarizes the
experimental vertical deflections for investigation 1. Figures 97 through 99 show the relation
between the applied load, Q, versus the vertical deflections with and without the shear effect for
number of points along the span of the beam. Because there is no load in the x axis direction, W =
0, and for zero applied torsion, M, = 0, the theoretical values of the horizontal deflection, u, and
the angle of twist,¢ within the elastic range will be zero for Finite Difference Method calculations;
however, the tested specimens will undergo lateral and rotational distortions. Table 19 presents the

output of the MATLAB code for this case.



Table 18. Experimental Vertical Deflections, v (in.) for Investigation 1 [41]

Vertical Load Distance from Support

Q, lbs 8in. 18in. 29in.
0 0 0 0

14.078 -0.001 0.003 0.004
129.25 -0.019 0.042 0.053
314.89 -0.043 0.093 0.121
491.298 -0.066 0.142 0.178
685.838 -0.091 0.189 0.258
878.73 -0.117 0.243 0.329
1027.1 -0.137 0.284 0.386
1361.8 -0.181 0.376 0.509
1612.4 -0.217 0.449 0.607

1831.6 -0.238 0.489 2.1

1880 -0.248 0.514 2.7

Table 19. MATLAB Results for Investigation 1

With Shear Effect Without Shear Effect

Vertical Load Distance from Support Vertical Load Distancefrom Support
Q, Ibs 8in. 18in. 29in. Q, Ibs 8in. 18in. 29in.

0 0 0 0 0 0 0 0
14.078 0.001585 | 0.003639 | 0.005282 14.078 0.001459257| 0.003334 | 0.00478
129.25 0.014549| 0.03341 | 0.048493 129.25 0.013397426| 0.030613 | 0.043886
314.89 0.035446 | 0.081397| 0.118144 314.89 0.032639964| 0.074582 | 0.106918
491.298 0.055304 | 0.126998 | 0.184331 491.298 |0.050925558| 0.116364 | 0.166816
685.838 0.077203 | 0.177285 | 0.257321 685.838 | 0.071090627| 0.16244 | 0.23287
878.73 0.098917 | 0.227147 | 0.329692 878.73 0.091084873| 0.208127 | 0.298365
1027.1 0.115618 | 0.265499 | 0.385359 1027.1 0.106464184| 0.243268 | 0.348743
1361.8 0.153295 | 0.352017 | 0.510936 1361.8 0.141157557| 0.322542 | 0.462388
1612.4 0.181504 | 0.416796 | 0.604959 1612.4 0.167133532| 0.381896 | 0.547477
1831.6 0.206179 | 0.473458 | 0.687201 1831.6 0.189854737| 0.433813 | 0.621904
1880 0.211627 | 0.485969 | 0.70536 1880 0.194871645| 0.445277 | 0.638338
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Figure 97. Load, Q, versus Vertical Deflection, v, for 8 in. Distance from the Support
for Investigation 1
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Figure 98. Load, Q, versus Vertical Deflection, v, for 18 in. Distance from the Support
for Investigation 1
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Figure 99. Load, Q, versus Vertical Deflection, v, for 29 in. Distance from the Support
for Investigation 1

Investigation 2

These experiments were conducted to predict the vertical deflections of a single span using
3x3x0.25” GFRP I-beam of length L = 79.5” with an off-center point load. In this case, the vertical
load, Q, is applied at distance 27in as shown in Figure 100 from the support. Table 20 summarizes
the experimental vertical deflections for Investigation 2. The relation between the applied load, Q,
versus the vertical deflections, v, for several points on the beam is presented in Figures 101 through
103. The MATLAB output of the theoretical vertical deflections, v, for different values of applied

load, Q, is summarized in Table 21.

o7 52.5”

v

Figure 100. Applied Load, Q at 27 in. from the Support



Table 20. Experimental Results for Investigation 2 [41]

Vertical Load Distance from Support
Q, lbs 6in. 21in. 36in.

0 0 0 0
182.6 0.074 0.23 0.181
424.4 0.132 0.309 0.399
651.4 0.206 0.476 0.593
865.3 0.338 0.64 0.792
910 0.41 0.794 0.966

Table 21. MATLAB Results for Investigation 2

With Shear Effect Without Shear Effect
Vertical Load Distance from Support Vertical Load Distance from Support
Q, lbs 6in. 21in. 36in. Q, lbs 6in. 21in. 36in.
0 0 0 0 0 0 0 0
182.6 0.047759 | 0.149109 | 0.186985 182.6 0.04528 | 0.140429 | 0.17772
424.4 0.111003 | 0.346559 | 0.434591 424.4 0.105239 | 0.326386 | 0.413058
651.4 0.170375 | 0.531924 | 0.667042 651.4 0.161529 | 0.500961 | 0.633992
865.3 0.226321 | 0.706592 | 0.886078 865.3 0.21457 | 0.665462 | 0.842176
910 0.238013 | 0.743094 | 0.931851 910 0.225654 | 0.699838 | 0.885681
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800
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§ 600 —@— Experimental Hampton
¢ s »
g Gy
300 theoretical without Shear
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100
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Figure 101. Load, Q, versus Vertical Deflection, v, for 6 in. Distance from the Support

for Investigation 2
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Figure 102. Load, Q, versus Vertical Deflection, v, for 21 in. Distance from the Support

for Investigation 2
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Figure 103. Load, Q, versus Vertical Deflection, v, for 36 in. Distance from the Support

for Investigation 2
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4.6.3 I-Beam Under Biaxial Bending
Case 1: Minor Axis Bending Due to Single Point at Midspan of the Member

Knorowski [42] conducted an experimental minor axis bending of FRP 4x4x1/4” I-beam by
applying a single point load at the midspan through its shear center using a pully system.
Incremental load was applied to the I-beam by adding weights to the fabricated steel container.
Unsupported beam lengths of 64 inches, 82 inches, and 100 inches were tested. Tables 22, 24, and
26 summarize the experimental horizontal deflections, U, for Case 1. The relation between the
applied load, H, versus the horizontal deflections, U, for the midspan of the member is presented

in Figures 104 through 106. Tables 23, 25, and 27 present the MATLAB output for this experiment.

Table 22. Experimental Results for Case 1, L. = 64 inches [42]

Lateral Load | Experimental Deflection
H (Ibs.) U (in.)
0 0
50 0.0397
100 0.0783
150 0.112
200 0.1557
250 0.1931
300 0.2281
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Table 23. MATLAB Results for Case 1, L. = 64 inches

Lateral Load | Experimental Deflection
H (lbs.) U (in.)
0 0
50 0.038231074
100 0.074091779
150 0.109952483
200 0.145813187
250 0.181673891
300 0.217534595
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Figure 104. Load, H, vs. Horizontal Lateral Deflection, U, for Case 1, L. = 64 inches

Table 24. Experimental Results for Case 1, L. = 82 inches [42]

Lateral Load | Experimental Deflection
H (lbs.) U (in.)
0 0
50 0.0817
100 0.1603
150 0.2327
200 0.319
250 0.3987
300 0.4744




Table 25. MATLAB Results for Case 1, L = 82 inches

Lateral Load | Experimental Deflection
H (lbs.) U (in.)
0 0
50 0.076103898
100 0.149170758
150 0.222237619
200 0.295304479
250 0.36837134
300 0.4414382

350 r
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Figure 105. Load, H, vs. Horizontal Deflection, U for Case 1, L. = 82 inches

Table 26. Experimental Results for Case 1, L = 100 inches [42]

Lateral Load | Experimental Deflection
H (lbs.) U (in.)
0 0
50 0.1153
100 0.209
150 0.3214
200 0.4224
250 0.5301
300 0.6291
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Table 27 Results for FRP I-beam 4x4x0.25” Case 1, L = 100 inches

Lateral Load | Experimental Deflection
H (lbs.) U (in.)
0 0
50 0.133560967
100 0.263418231
150 0.393275495
200 0.523132758
250 0.652990022
300 0.782847286
350 ¢
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'__g 250
T
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o
©
o]
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- ;
® 100
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O L Il s A ! ]
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Figure 106. Load, H, versus Horizontal Deflection, U, for Case 1, L = 100 inches

4.6.4 Uniaxial Loaded Beam-Column
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Al-Huazi [43] conducted an experimental investigation for the FRP beam-column channel section

under uniaxial bending moment about the major and the minor axes for pinned-fixed boundary

conditions among other FRP sections including initial geometric imperfection.
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I-Beam with Major Axis Loading [43]

This investigation is for the I-Beam under uniaxial bending moment about the major axis for
pinned-fixed boundary conditions. Table 28 summarizes the experimental results for this test. The
first column represents the applied load, P, while the second through the third columns represent
the midspan deflections; the deflection in the y axis, v; the deflection in the x axis, u; and the angle
of rotation, ¢, respectively. Figures 107 through 109 represent the applied load, P, versus the
midspan deflection, v; the midspan deflection, u; and the angle of twist, ¢ respectively. The

MATLAB output for this experiment can be found in Table 29.

Table 28. Experimental Results for Major Axis Loading

Loads, P (lbs)| v (in.) u (in.) ® (Rad.)
0 0 0 0
165.238 0.0013 0.0029 0.0005
317.928 0.0026 0.0044 0.0008
562.232 0.0029 0.006 0.0011
699.653 0.0038 0.0081 0.0014
775.998 0.0039 0.0107 0.0019
989.764 0.004 0.0119 0.0021
1020.302 0.0045 0.0133 0.0024
1081.378 0.0051 0.0159 0.0028
1142.454 0.0059 0.0174 0.0031
1203.53 0.0065 0.0193 0.0034
1264.606 0.0077 0.0204 0.0036
1295.144 0.008 0.0219 0.0039
1356.22 0.0084 0.023 0.0041
1386.758 0.0088 0.0237 0.0042
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Table 29. MATLAB Results for Major Axis Loading

Loads, P (lbs)| v (in.) u (in.) ® (Rad.)
0 0 0 0
165.238 0.00218 | 0.0014500 0.00120967
317.928 0.00295 | 0.0014585 0.00120966
562.232 0.00419 | 0.0014710 0.00120963
699.653 0.0049 | 0.0014780 | 0.00120961
775.998 0.00528 | 0.0014820 0.00120959
989.764 0.00636 | 0.0014938 | 0.00120953
1020.302 0.0065 | 0.0014954 0.00120953
1081.378 0.0068 | 0.0014990 | 0.00120951
1142.454 0.0071 | 0.0015020 0.00120949
1203.53 0.00745 | 0.0015050 | 0.00120947
1264.606 | 0.00777 | 0.0015080 | 0.00120944
1295.144 0.0079 | 0.0015100 0.00120943
1356.22 0.00824 | 0.0015134 | 0.00120941
1386.758 0.0084 | 0.0015150 0.00120940
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Figure 107. Load, P, versus Horizontal Deflection, v, for Major Axis Loading
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Figure 108. Load, P, versus Horizontal Deflection, #, for Major Axis Loading
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Figure 109. Load, P, versus Angle of Twist,¢p for Major Axis Loading
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I-Beam Minor Axis Loading [43]

This investigation is for the I-Beam under uniaxial bending moment about the minor axis for
pinned-fixed boundary conditions. Table 30 summarizes the experimental results for this test. The
first column represents the applied load, P, while the second through the third column represents
the midspan deflections; the deflection in the y axis, v; the deflection in the x axis, u; and the angle
of rotation, ¢, respectively. Figures 110 through 112 represent the applied load, P, versus the
midspan deflection, v, the midspan deflection, u, and the angle of twist, ¢ respectively. MATLAB

output for this experiment is summarized in Table 31.

Table 30. Experimental Results for Minor Axis Loading

Loads, P (lbs) v (in.) u (in.) | ® (Rad.)
0 0 0 0
1111.916 0.0563 0.0148 0.0109
1447.837 0.0609 0.0176 0.0118
1686.53 0.0628 0.0185 0.0122
1814 0.0648 0.0207 0.0126
1944.664 0.0678 0.0259 0.0132

Table 31. MATLAB Results for Minor Axis Loading

Loads, P (lbs) [ v (in.) u (in.) |®(Rad.)
0 0 0 0
1111.916 0.0028| 0.051467 0.0024
1447.837 0.0028| 0.067556 0.0024
1686.53 0.0028| 0.079283 0.0024
1814 0.0028 0.0856 0.0024
1944.664 0.0028| 0.09225 0.0024
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Figure 110. Load, P, vs. Horizontal Deflection, v, for Minor Axis Loading
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CHAPTER 5

THRUST-MOMENT-TORSION INTERACTION RELATIONS

Presented in this chapter is a new ultimate strength interaction relation for biaxially loaded beam-
column with applied torsion. The ASCE 74-23 Standard for Load and Resistance Factor Design
(LRFD) of Pultruded Fiber Reinforced Polymer (FRP) Structures, Reference 33, has an interaction
expression without the shear effects and is for only round and hollow rectangular sections although
the title of the section includes the doubly symmetric members subjected to torsion and combined

torsion, flexure, and axial load. ASCE 74-23 uses the following dimensionless normal stress

expression:

2
Tty 2w () <10 (164)
P My Mcy Tc

Terms P., M., and T, in Equation 164 are defined in Reference 33 as the available axial
compressive strength, available flexural strength about x and y axes, available design torsional
strength, respectively. P,. M,, and T, are the applied axial load, bending moment about x and y

axes, and torsional moment, respectively.

The design compression strength from Reference 33 is the minimum of the four buckling formulas

165 to 168 and a cracking/crushing term calculated from Equation 169.

2

F. = (jjxiL) > and ¢, = 0.7 (165)
2

Fopy = ——L7 and ¢, = 0.7 (166)

Ky Lo\ 2
( Yy y)
Ty



Fery = 5 and ¢, = 0.8 (167)
(%)
”2[,/15 E ETw+2GL7]
= W +v wt
o = 2 L T’Wh T T and ¢. =0.8 (168)
&)
0.7AFf (169)
where:

F...= the elastic flexural buckling stress about the x-axis

F,,= the elastic flexural buckling stress about the y-axis

F¢rs=local flange buckling

F..-,~= local web buckling

k, = the effective length factor corresponding to the x-axis

k,, = the effective length factor corresponding to the y-axis

L = laterally unbraced length of member

r = governing radius of gyration about the axis of buckling

E; = characteristic value of longitudinal compression elastic modulus of the flange or web,

whichever is smaller

E7 , = characteristic value of the compression elastic modulus of the web in the direction

perpendicular to the pultrusion direction
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v,r = Poisson’s ratio of the web plate element associated with transverse deformation when

compression is applied in the longitudinal direction
A = time effect factor

F;=minimum longitudinal compression material strength of all elements comprising the cross

section

The minimum member compression strength from equations 165 through 169 is then compared

to the compression strength for the member serviceability from equation 170

B < 0.3Ff (170)

(59)

P = ¢y

Where:

kL . . .
Te = the governing effective slenderness ratio

¢ = reduction factor to account for the initial out-of-straightness of the member. This is defined

as follows:
$o=1-500= (171)

. o . 80 . 1. . -
In the above equation the initial out-of-straightness, TO, is limited to a maximum acceptable limit

1 . .
of o0 otherwise, the member is rejected.
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To calculate the design flexural strength of a doubly symmetrical member when the longitudinal

elastic moduli in the flanges and webs are within 15% of each other, Reference 33 suggests the

use of the minimum of the following equations:

a.

b.

Nominal Strength of Members due to Material Rupture
Frl
M, = > and ¢ = 0.65 (172)

where:

F; = characteristic longitudinal strength (in tension or compression) of the member
I = moment of inertia of the member about the axis of bending

y= distance from the neutral axis to the extreme fiber of the member

Nominal Strength of Members due to Local Instability

M, = ffyr’ and ¢ = 0.8 (173)

where:

fer= characteristic buckling stress taken as the minimum of compression flange local buckling
and web local buckling. For doubly symmetric I-shaped bent about their strong axis, local
buckling for the flange and the web can be calculated from Equations 174 and 177,

respectively. For members bent about their weak axis, f, is calculated from Equation 178.

4t? Ej ¢E
_ 5|7 |ELfETS
Jer = b? [12 \/ 1+4.1€ + GLT] (174)
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where:
ET,ft)%
§ = 5rne )
kr " 6h <1 |:<11.177:2t‘%/b}2“EL,f 1.25\/ELwETw+ETwVLT+2GLT (176)
11.17%tZ,
fcr = 12h2 (1'25\/ EL,WET,W + ET,WULT + ZGLT) a7
4t}
£ b—%GLT (178)

c. Nominal Strength of Members due to Lateral-Torsional Buckling

Members are bent about their strong axis:

2 4E2 .1,Cy,

M, = cb\/” ELyPy 4 TPLIYTY and ¢ = 0.7 (179)
Ly Ly

where:

D;= Torsional rigidity for open section=Gr ), %bit?

trh?b?

C,,=warping constant =

Cp,= Moment modification factor for unsupported span with both ends braced. It is permitted

to conservatively assume a value of unity.

The shear design strength of a member shall be taken as the smaller strength obtained from the
limit states of material rupture in shear and local web buckling from Equations 180 and 181,

respectively.

V, = F,pA, and ¢ = 0.65 (180)
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V, = forAsand ¢ = 0.8 (181)
where:
F;r=characteristic in-plane shear strength

A= shear area

fer = critical shear buckling stress depending on 2G,r + Er v, and \/E} \, E7 .

Case 1: ZGLT + ET,WULT < WIEL,WET,W

_ t&szT14,/EL,w(ET,W)3 (182)

cr 3h2

where:
S(ZGLT-I'ETWULT)

k =814+ —r—r—2 183

LT1 + \/m ( )
Case 2: ZGLT + ET,WULT > N EL,WET,W

kir2ET wtd 2G
for = —LT23hT2' Vpr + FL‘: (184)
where:
2
Ky = 11.7 + 1.4 (—VELwETW) (185)
2GLT+ETWVLT

Finally, the torsional strength for a wide flange beam can be taken as the minimum of the limit

states of torsional rupture and torsional buckling from Equations 186 and 187.
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T, =E,] (186)
Th = FyC (187)
where:

F, =vGir (188)

y = nominal coupon specimen shear strain per unit length as defined in ASTM D5379-05.
Reference 33 gives minimal details for calculating or estimating this limit. The commentary of
Reference 33 suggests that the products of shear strain times the gage length of a specimen

subjected to torque divided by the wall thickness in a wide flange beam may be taken as 4.0.

2bpti+dyty

J =St. Venant torsion constant = .

C= torsional constant = ti
f

For wide flange beams

F, = %: (2bst} +dyt3) + % (E)2 (t;bid2) (189)

lp
where:
I,=sum of moments of inertia about the strong axis of bending and the weak axis of bending
[,=lengths between points that are braced against twist

It is worth emphasizing that all of the experimental attempts to fail the tested member in torsion

were unsuccessful. A large angle of rotations of the member was observed.
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The following notes were concluded from the MATLAB code which was prepared for this

dissertation:

1. Lateral-Torsional Buckling is the controlling failure mode in bending about the strong
axis for long members. For noticeably short members (around 1 foot long), Local-
Buckling failure mode governs in bending about the strong axis.

2. Flexural capacity of members about the weak axis is governed by the Local-Buckling
failure mode limit which is significantly greater than that for strong axis in long members
(longer than 10 ft).

3. Biaxially loaded long members tend to develop an angle of twist greater than 6 degrees
when subjected to torques less than the calculated capacity from Equations 186 and 187.
This contradicts the small deformations assumption used in deriving stability Equations

102 through 104.

Keeping the linear dimensionless normal stress of expressions 164, a new dimensionless shear and
torsion expressions will be introduced in the following more comprehensive interaction
expression. The expression proposed herein is relating dimensionless axial load, bending moments

about the x and y axes, shear force, and torsional moment. The graphical relationship between the

critical axial load and critical moment about the x axis, M,,, vs. the slenderness ratio, r—b, 18
y

presented in the following figures and based on the experimental findings in section 3.1.2. Values
from these figures will be used hereafter in determining the axial capacity and the flexural capacity

of the member about the x axis.
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From Section 3.1.2, the available flexural strength about the y axis can be estimated as M, =

27.3 kip. in.
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To account for the presence of the shear stress, a new shear strength term, V., is introduced in the

proposed interaction expression based on the material rupture limit state V. = 13 kip.

Lastly, the available torsional strength of the member, T, is calculated from Equation 187,
Reference [33] when the stiffness of the member governs. The proposed interaction expression is
presented as follows:

a
<Q+M+@>+(V_M+T_u) <1.0 (191)
P My Mcy Ve Tc

where:

I, is the flexural shear and constants a will be evaluated using the curve fitting technique for the

following load combinations.

5.1 Interaction Relation for Biaxially Loaded Beam-Column with Torsion
Interaction relation for this case is presented below for different member lengths using the

following expression:

Pu, Mux | My (Tu)®
(PC Rt Mcy) n (T) <10 (192)

Table 32 represents the data for a 1 ft long biaxially loaded beam column with a torsion at the
midspan. The member was subjected to equal applied bending moment at the top and bottom end
about both the x and y axes. The first column in Table 32 shows the normalized torsional ratio, T,
of 10%. The second column is the normalized axial load, P, which varies from 0 to 80%. The third
and the fourth columns are the second order bending moment about the x and the y axes, M,, and

M,, respectively, and the fifth column represents the angle of twist. ¢, in degrees. The rest of the
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columns, hereafter, represent a repetition of the previous columns calculated based on Reference

33. Using the curve fitting technique, the term a in Equation 192 was found to be 1.9.

Table 32. Normalized Applied Loads for L=1ft.and T = 0.1

T P M, M, ¢,rad. |9, deg. T|p M, M, IRsscs
0.1 0| 0.889854| 0.010147| 0.001871| 0.107228| | 0.1] © 0.9 0 0.91
0.403329| 0.496704| 0.002216| 0.126988 0.403137| 0.491244| 0.904381
0.221889| 0.678162| 0.002125| 0.121771 0.221654| 0.675242| 0.906895
0.170735| 0.729275| 0.002078| 0.119063 0.170487| 0.727116| 0.907603
0.00027| 0.899726| 0.001852| 0.10613 0 0.9 0.91

T | P M, M, ¢, rad. |p,deg. T|p | M, M, IRys5cE
0.1] 0.2| 0.692049| 0.007951| 0.001886| 0.108044| | 0.1| 0.2 0.7 0 0.91
0.313796| 0.386205| 0.002087| 0.119557 0.313665| 0.382218| 0.905883
0.1726| 0.527401( 0.002026( 0.116062 0.172425| 0.525273| 0.907698
0.1328| 0.567207| 0.001995| 0.114312 0.132615| 0.565595| 0.90821
0.000213| 0.69979| 0.001852| 0.10613 0 0.9 0.91

T P M, M, o,rad. |p,deg. TP | M, M, IR;scn
0.1| 0.4| 0.494309| 0.005691| 0.00189| 0.108275| | 0.1 0.4 0.5 0 0.91
0.224204| 0.275804| 0.001983| 0.113624 0.224115| 0.273096| 0.907211
0.12332| 0.376776| 0.001947| 0.111553 0.1232| 0.375314 0.908514
0.094861| 0.405144| 0.00193| 0.110567 0.094733| 0.40403| 0.908763
0.000152| 0.4999| 0.00185| 0.106023 0 0.5 0.91

T P M, M, ¢,rad. |p,deg. T |P M, M, IRssce
0.1 0.6] 0.2966| 0.003403| 0.001883| 0.107897| | 0.1 0.6 0.3 0 0.91
0.13455| 0.165457| 0.001898| 0.108754 0.134499| 0.163894| 0.908393
0.07399| 0.22604| 0.001891| 0.108327 0.07392| 0.225189| 0.909109
0.056925| 0.243114| 0.001883| 0.107905 0.05685| 0.242462| 0.909312
9.11E-05| 0.29991| 0.001851| 0.10603 0 0.3 0.91

T | P M, M, ¢, rad. |p,deg. T|P | M, M, IRssce
0.1 0.8 0.09888| 0.001124| 0.001865| 0.10688| | 0.1 0.8 0.1 0 0.91
0.044857| 0.055149| 0.001863| 0.106719 0.04484| 0.05464| 0.90948
0.024662| 0.075339| 0.001859| 0.106487 0.024639| 0.07506| 0.909699
0.018975| 0.081035| 0.001857| 0.106405 0.01895| 0.080821| 0.909771
3.04E-05| 0.09999| 0.001851| 0.106079 0 0.1 0.91

The following tables and figures repeat what was described above but for different lengths as

indicated below.



Table 33. Normalized Applied Loads for L=5 ft. and T = 0.1

T | P M, | M, ¢.rad. |¢, deg. T |P| M, | M, IR cr
0.1 0| 0.818| 0.08237| 0.04374| 2.506 01 O 0.9 0 091
0.557| 0.34306| 0.07127| 4.083 0.549| 0.2529| 0.81209
0.396| 0.50366| 0.07152| 4.098 0.383| 0.4406| 0.83329
0.335] 0.5653| 0.06852| 3.926 0.319| 0.5149| 0.84429
0.01| 0.8899| 0.02616| 1.499 0 0.9 0.91
T|pP M, | M, ¢.rad. |9, deg. Pl M, | M, [IR..r
0.1 0.2| 0.637| 0.06271| 0.04272| 2.448 0.1 0.2 0.7 0 091
0.439| 0.26101| 0.06133| 3.514 0.434| 0.1998| 0.84342
0.311| 0.38942| 0.06107| 3.499 0.301| 0.347| 0.85841
0.261| 0.43864| 0.05854| 3.354 0.251| 0.4048| 0.86588
0.008| 0.69244| 0.02514 144 0 0.7 091
T 17 [ ] [orad Jp.des. 2
0.1 0.4 0.457| 0.042S85| 0.0408| 2.338 0.1/ 04 0.5 0 091
0.318| 0.18205| 0.05117| 2.932 0.315| 0.145| 0.86969
0.224| 0.2764| 0.05023| 2.878 0.218| 0.2512| 0.87929
0.187| 0.31253| 0.04821| 2.762 0.181| 0.2924| 0.88376
0.005| 0.4948| 0.02455| 1.406 0 0.5 091
T | P My | My | ¢.rad. |¢ deg. Pl My | My IRicrr
0.1 0.6 0.276| 0.0238| 0.03742| 2.144 0.1 0.6 0.3 0 091
0.194| 0.10646| 0.04077| 2.336 0.192| 0.0884| 0.895042
0.135| 0.16475| 0.03928| 2.251 0.133| 0.1527| 0.8954
0.113| 0.18703| 0.03788 217 0.11| 0.1774| 0.89748
0.003| 0.2969| 0.02443 14 0 0.3 091
T | P My | My ¢.rad. |¢ deg. Pl M | My IRy
0.1 0.8| 0.093| 0.00667| 0.03103| 1.778 0.1/ 0.8 0.1 0 091
0.065| 0.03453| 0.03032| 1.737 0.065 0.03| 0.90507
0.045| 0.0546| 0.0292| 1.673 0.045| 0.0516| 0.90639
0.038| 0.06221| 0.02863| 1.641 0.037| 0.0598| 0.90683
0.001 0.099| 0.02487| 1.425 0 0.1 091




Table 34. Normalized Applied Loads for L=9 ft. and T = 0.1

T My My ¢.rad. |, deg. My M, IRysce
0.1 0.2| 0.838295| 0.0617058| 0.0719374| 4.1217086 0.1 0 09 0 091
0.6810652| 0.2189354| 0.1218154| 6.9795065 0.664867| 0.1360627| 0.8109297
0.5585806| 0.3414198| 0.1388076| 7.9530919 0.522329| 0.2672321| 0.7995611
0.5047344| 0.3952744| 0.1407689| 8.0654624 0.45946| 0.3290941( 0.7985541
0.0399523 0.86005| 0.0475327| 2.7234222 0 09 091

T M, M, ¢, rad. ¢.deg. M, M, IRssce
0.1 0.2| 0.6548685| 0.0451316| 0.0673523| 3.8590006 0.1 0.2 0.7 0 0.91
0.5373833| 0.1626169| 0.1017567| 5.830227 0.526665| 0.1077802| 0.8444452
0.4388549| 0.2611452| 0.1149839| 6.5880923 0.414996| 0.2123187| 0.8373147
0.3949252| 0.305075| 0.1165307| 6.6767174 0.3651402| 0.2615364| 0.8366766
0.02798 0.67202| 0.042603| 2.4409712 0 0.7 091

T My M, ¢, rad. ¢.deg. My M, IR sce
0.1 0.4| 0.4698661| 0.030134| 0.062677| 3.5911255 0.1 0.4 0.5 0 091
0.3892013| 0.1107991| 0.0828283| 4.7457142 0.382859| 0.0783508| 0.8712098
0.3167481| 0.183252| 0.0911838| 5.2244566 0.3029366( 0.1549873| 0.8679239
0.283869( 0.2161312| 0.0920187| 5.2722809 0.2666906| 0.1910206| 0.8677112
0.0186371| 0.481363| 0.0396169 2.26988 0 0.5 091

T My M, ¢, rad. ¢.deg. My M, IR;5ce
0.1 0.6] 0.283503| 0.0164972| 0.0568693| 3.2583698 0.1 0.6 0.3 0 091
0.2366696| 0.0633308| 0.064911| 3.7191286 0.2336365| 0.0478129| 0.8914494
0.192046| 0.1079541| 0.068057| 3.899376 0.185726| 0.0950205| 0.8907465
0.1714133| 0.1285868| 0.1636201| 0.117195 0.1636201| 0.117195| 0.8908151
0.0108726| 0.289128| 0.0384784| 2.2046499 0 0.3 091

T M, M, ¢, rad. ¢.deg. My M, IRssce
0.1 0.8] 0.095333| 0.0046672| 0.0478452| 2.7413275 0.1 08 0.1 0 091
0.0799059| 0.0200947| 0.0481351 2.75794 0.079144| 0.0161965| 0.9053405
0.0646252| 0.0353748| 0.0477199| 2.7341514 0.0631192| 0.0322928| 0.905412
0.0574673| 0.0425343| 0.0472866| 2.7093246 0.055626| 0.0398428| 0.9054688
0.0036951 0.09631 0.09631| 0.0392577 0 0.1 091




Table 35. Normalized Applied Loads for L=13ft. and T = 0.1

My

M,

@, rad.

@, deg.

M

M,

IRASCE

0.8516

0.0484

0.08605792

4.930756

0.1

0.9

0

0.91

0.735

0.165

0.15012295

8.601412

0.63738

0.2626

0.1801084

10.31945

0.59288

0.3071

0.18714363

10.72254

0.08612

0.8139

0.06987948

4.003799

My

M,

¢, rad.

@, deg.

0.71

0.09

0.8178

0.58

0.19

0.7878

0.52

0.24

0.7765

0.9

0.91

5

g IRASCE

0.1

0.2

0.66521

0.0348

0.07919047

4.53728

0.57939

0.1206

0.12297182

7.045766

0.1

0.7

o=

0.91

0.50075

0.1993

0.14672878

8.40694

0.46396

0.236

0.15265983

8.746764

0.05497

0.645

0.05627807

3.224496

0.57

0.07

0.8502

0.47

0.15

0.8306

0.42

0.24

0.8229

0.7

0.91

My

M

Ly

@, rad.

@, deg.

IRASCE

0.1

0.47702

0.023

0.07293952

4.179127

0.1

0.5

=] bzl

0.91

0.41899

0.081

0.09853909

5.645874

0.36135

0.1386

0.11413605

6.539514

0.33354

0.1665

0.11820831

6.772837

0.0342

0.4658

0.04849252

2.778417

0.41

0.05

0.8752

0.34

0.11

0.8647

0.31

0.14

0.8605

0.5

0.91

My

M,

@, rad.

@, deg.

| IRasce

0.1

0.6

0.28749

0.0125

0.06589576

3.775549

0.25428

0.0457

0.07641962

4.378522

0.1

0.3

(=) Vgl

0.91

0.21901

0.081

0.08321799

4.76804

0.20144

0.0986

0.08493425

4.866374

0.01921

0.2808

0.04517418

2.58829

0.25

0.03

0.8935

0.21

0.07

0.8897

0.19

0.09

0.888

0.3

0.91

My

M,

¢, rad.

@, deg.

=

IRASCE

0.1

0.8

0.09645

0.0035

0.05569918

3.191328

0.1

0.1

0.91

0.08565

0.0143

0.05650873

3.237712

0.07366

0.0263

0.05675215

3.251659

0.06754

0.0325

0.05661183

3.243619

0.00648

0.0935

0.04578292

2.623168

0.08

0.01

0.9059

0.07

0.02

0.9053

0.06

0.03

0.905

0.1

0.91
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Table 36. Normalized Applied Loads L=17 ft. and T = 0.1

T| P M, M, ¢, rad. |, deg. T|p| M, | M, |IRssce
0.1 0| 0.86035| 0.03965324 0.09401( 5.3862 0.1 0 0.9 0 0.91
0.76623( 0.13377153 0.16806| 9.6289 0.7413| 0.073 0.824
0.68479( 0.21521262 0.20752 11.89 0.6204| 0.152| 0.7825
0.64722( 0.25278279 0.2184| 12.514 0.5614| 0.193| 0.76406
0.15331 0.746693 0.74669( 5.7676 0 0.9 0.91
[T P M, M, ¢, rad. |, deg. T|Pp M, | My | IRgocr
0.1 0.2| 0.67178| 0.02821968 0.08568( 4.9091 0.1 0.2 0.7 0 0.91
0.60332( 0.0966844 0.13573 7.777 0.5874| 0.058| 0.85497
0.53769( 0.16231356 0.16718( 9.5785 0.4962| 0.122| 0.82785
0.50633| 0.19366772 0.17656( 10.116 0.4506| 0.155| 0.8153
0.0893 0.610697 0.0717| 4.1079 0 0.7 0.91
T|P M, | M, ¢, rad. |$, deg. T|p| M, | My |IRsecr
0.1 0.4| 0.48147( 0.01852906 0.07849( 4.4974 0.1) 0.4 0.5 0 0.91
0.43568( 0.06431679 0.10757| 6.1635 0.4265| 0.042| 0.87833
0.38774( 0.11225512 0.1284| 7.3566 0.3644| 0.089| 0.86367
0.36389( 0.13611425 0.13508( 7.73%94 0.3325| 0.114| 0.85655
0.05118( 0.44882121 0.05591( 3.2032 0| 0.449| 0.85882
T|P M, M, ¢, rad. |, deg. T|Pp M, | My | IRgocr
0.1 0.6/ 0.28994| 0.01005969 0.07077| 4.0546 0.1 0.6 0.3 0 0.91
0.26399( 0.03600886 0.08282| 4.7451 0.2597| 0.025| 0.89515
0.23482( 0.06517706 0.09222( 5.2837 0.2245| 0.055| 0.8895
0.2197| 0.08031151 0.09537| 5.4641 0.206| 0.071| 0.88663
0.02736( 0.2726385 0.04921( 2.8192 0 0.3 0.91
T|P M, M, ¢, rad. |$, deg. T|Pp M, | My [ IRz
0.1 0.8| 0.09714( 0.00285629 0.05997( 3.4361 0.1] 0.8 0.1 0 0.91
0.08877( 0.01122674 0.06109( 3.5004 0.0877| 0.009| 0.9063
0.07891| 0.02108546 0.06182( 3.5418 0.0765| 0.019| 0.90531
0.07364( 0.02636486 0.06194| 3.5488 0.0706| 0.024| 0.95048
0.00912 0.09089 0.04919( 2.8186 0 0.1 0.91
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Table 37. Normalized Applied Loads for L=17 ft. and T = 0.5

T | P M, M, ¢,rad. ¢, deg. T p M.| M, | IRssce
0.5 0 0.43765| 0.062388| 0.2907513( 16.65882 0.5 0| 0.44 0| 0.68765
0.40617| 0.093884( 0.2997098| 17.17211 0.38| 0.04| 0.670775
0.372448| 0.127631| 0.3058209( 17.52225 0.32| 0.08| 0.652243
0.355535]| 0.144519| 0.3075681| 17.62235 0.29| 0.1] 0.642953
0.182803 0.318( 0.2818417| 16.14834 0| 0.32 0.568
T| P M, M, ¢, rad. ¢, deg. T p M,| M,|IRasce
0.5 0.2| 0.26455| 0.035483| 0.2735652| 15.67413 0.5 0.2] 0.26 0 0.71455
0.245608| 0.054462| 0.2773628| 15.89172 0.23| 0.02| 0.705518
0.225156| 0.075534| 0.3058209| 17.52225 0.2| 0.05| 0.695916
0.214012| 0.086002| 0.2806659| 16.08097 0.18| 0.06| 0.690258
0.105357| 0.19465| 0.2653732| 15.20476 0| 0.19| 0.64465
T| P M, M, ¢, rad. ¢, deg. T p M,| M, | IRssce
0.5 0.4| 0.08865| 0.01137| 0.2615981| 14.98847 0.5 0.2| 0.09 0 0.73865
0.085275| 0.014739| 0.2617668| 14.99813 0.08 0| 0.737174
0.079707| 0.02036| 0.2619327| 15.00764 0.07| 0.01| 0.73477
0.075777]| 0.025031| 0.2620078| 15.01194 0.07| 0.02| 0.733425
0.034718 0.066( 0.2579061| 14.77693 0| 0.07 0.716

5.2 Interaction Relation for Biaxially Loaded Beam-Column with

Torsion

143

Flexural Shear and

Presented below is the more comprehensive interaction relation for the biaxially loaded beam-

column including the normalized flexural shear and torsion.

a
(i_{.@{_@)_{.(@{_vﬂ’{_ﬂ) <1.0 (193)

P My Mcy Vex Vey Tc

Table 43 represents the data for a 1 ft long biaxially loaded beam column with applied torsion at
the midspan. The member was subjected to an applied bending moment at the top end about both
the x and y axes. The first column in Table 43 shows the normalized torsion, T, of 10%. The second

column is the normalized axial load, P.The third and the fourth columns are the normalized
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bending moment including the second order effects about the x and the y axes, M, and M,,
respectively. The fifth and sixth columns represent the normalized flexural shear in the x and y
axis directions, V, and 173,, respectively. The seventh column is the angle of twist, ¢, in degrees at

the midspan. The rest of the columns, hereafter, represent a repetition of the previous columns
calculated based on Reference 33. Using the curve fitting technique, the term « in Equation 193

was found to be 2.0.

Table 38. Normalized Applied Loads for L=1 ft.and T = 0.1

T P M, | M, Ve v, ¢, deg. T P M, M, IRyscE
0.1 0 0.336 | 0.0038 0 0.288 0.106226 0.1 0 0.33637 0 0.34637
0.1 0 0.315 | 0.3873 | 0.0269 | 0.269449 0.114956 0.1 0 0.31465 | 0.383419 | 0.708069
0.1 0 0.287 | 0.8776 | 0.0614 | 0.245634 0.124363 0.1 0 0.28684 | 0.873827|1.170667
T p M, | M, V. v, ¢.deg. T P M, M, IRysce
0.1 0.2 0.31 | 0.0982 | 0.0066 | 0.26581 0.10913 0.1 0.2 0.3104 | 0.09456 | 0.61496
0.1 0.2 | 0.305 | 0.1896 | 0.0131 | 0.261383 0.111175 0.1 0.2 | 0.30523 | 0.18597 | 0.7012
0.1 0.2 0.3 0.278 | 0.0193 | 0.257092 0.113084 0.1 0.2 | 0.30022 |0.274376|0.784596
T P M, | M, Vi v, ¢, deg. T P M, M, IR4scE
0.1 0.3 | 0.305| 0.0035 0 0.261571 0.107271 0.1 0.3 | 0.30545 0 0.61545
0.1 0.3 |0.295|0.1834 | 0.0126 | 0.252849 0.111293 0.1 0.3 [0.295265(0.179899| 0.785164
0.1 0.3 |[0.291|0.2689 | 0.0187 | 0.2487 0.113106 0.1 0.3 | 0.29042 | 0.26542 | 0.86584

Table 39. Normalized Applied Loads for L=5 ft.and T = 0.1

T P M, M, Ve 78 ¢, deg. T P M, M, IRy5c
0.1 0 0.72631| 0.999784| 0.010989| 0.043958 7.983589 0.1 0 0.679| 0.781888| 1.470888
0.1 0 0.86175 | 0.345753 | 0.002769 | 0.055371 4.327484 0.1 0 0.85529 | 0.196978 | 1.062268
0.1 0 0.83826 | 0.455001 | 0.004017 | 0.053555 5.089176 0.1 0 0.82724 |0.285777|1.123017
T p M, M, 4 v ¢, deg. T P M, M, IRpscE
0.1 0.2 | 0.85717|0.248973| 0.001382 | 0.055281 4.388968 0.1 0.2 0.8539 |0.098329|1.162229
0.1 0.2 | 0.8301 | 0.36723 | 0.002662 | 0.05324 5.379644 0.1 0.2 | 0.82238 | 0.189399|1.221779
0.1 0.2 | 0.80684 | 0.471502 | 0.003855| 0.051403 6.179041 0.1 0.2 0.794 |[0.274294|1.278294
T p M, M, V. | ¢.deg. T P M, M, IRysc
0.1 0.3 | 0.8724 |0.129552 0 0.056479 3.694428 0.1 0.3 0.8724 0 1.1824
0.1 0.3 | 0.83965 | 0.264686 | 0.001353 | 0.054121 5.011964 0.1 0.3 | 0.83599 | 0.096267 | 1.242257
0.1 0.3 | 0.81257 | 0.380206 | 0.002603 | 0.052057 6.03366 0.1 0.3 0.8041 |0.185189]1.299289




Table 40. Normalized Applied Load for L=9 ft. and T = 0.1

T P M, M, V. v,

0.1 0 1| 0.06971051 0| 0.015981
0.4 0 0.9998743| 0.15066615| 0.000398( 0.015901
0.1 0 0.9921595 | 0.22471061 | 0.000783 | 0.015661
T P M, M, 4 v,

0.1 0.1 0.99999 | 0.08313304 0 0.01598
0.1 0.1 |[0.9997217 | 0.16795787 | 0.000397 | 0.015885
0.1 0.1 |0.9996344 | 0.32437968 | 0.001167 | 0.015565
T P M, , V., 4

0.1 0.2 1 0.10063301 0 0.015981
0.1 0.2 |[0.9998211 | 0.19040709 | 0.000397 | 0.015869
0.1 0.2 |[0.9968266 | 0.2724681 |0.000783|0.015661

5.3 Interaction Relation Comparisons
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¢, deg. T P M, M, IRysce
3.958635 0.1 0 0.99 0 1
5.613632 0.1 0 0.995| 0.050909 | 1.055909
7.109087 0.1 0 0.98 0.100283 | 1.090283
¢, deg. T P M, M, IRysce
4.654793 0.1 0.1 | 0.99999 0 1.10999
6.596196 0.1 0.1 0.994 |0.050858|1.154858
10.05298 0.1 0.1 0.974 |0.149503 | 1.233503
¢, deg. T P M, M, IRysce
5.634597 0.1 0.2 1 0 1.21
7.871551 0.1 0.2 0.993 |0.050807 | 1.253807
9.837675 0.1 0.2 0.98 0.100283 | 1.290283

Presented herein is a comparison between the results from the proposed interaction relations of

Equations 192 and 193 and the one from ASCE/Sei 74-23 Standard, Reference [33] for different

loadings and lengths of 1 ft, 3 ft, 5 ft which correspond to slenderness ratios, ri, 17, 51, and 85,
y

respectively.
Table 41. Interaction Relation for ri =17
y
M, M, “ | P Tasce | Tno_shear| Twith_Shear
0.4 0.4 0.056 | 0.171 0 0.447214 | 0.428668 | 0.2195213
0.4 0.4 0.056 | 0.171 | 0.05 |0.387298|0.3684375| 0.159606
0.4 0.4 0.056 | 0.171 0.1 [0.316228|0.2976351 | 0.0885355
0.4 0.4 0.056 | 0.171 | 0.15 |0.223607|0.2066557 | -0.0040855
0.4 0.4 0.056 | 0.171 0.2 3.16E-05 | 1.833E-05
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Figure 115. Interaction Relation for ri =17
y
Table 42. Interaction Relation for ri =17

M_x ﬁy- Vx ‘7); 13 TASCE 7_“No_Sheax' 7—-‘with_Shear
0.3 0.4 0.056 | 0.128 0 0.547723]0.5306408 | 0.3628508
0.3 0.4 0.056 | 0.128 | 0.05 0.5 0.482088 | 0.3151282
0.3 0.4 0.056 | 0.128 0.1 |(0.447214| 0.428668 | 0.2623418
0.3 0.4 0.056 | 0.128 | 0.15 ([0.387298 | 0.3684375 | 0.2024265
0.3 0.4 0.056 | 0.128 0.2 |10.316228|0.2976351| 0.131356
0.3 0.4 0.056 | 0.128 | 0.25 [0.223607 | 0.2066557 | 0.038735
0.3 0.4 0.056 | 0.128 | 0.2755 | 0.156525| 0.1419687 | -0.028347
0.3 0.4 0.056 | 0.128 0.3 1E-05 | 5.456E-06
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Table 43. Interaction Relation for ri =17
y

M_x M_y V; 17), 13 TASCE TNo_Shear Twith_Shear

0.2 0.4 0.056 | 0.086 0 0.632456 | 0.6173876 | 0.5078865
0.2 0.4 0.056 | 0.086 | 0.05 |0.591608|0.5754874 | 0.4560139
0.2 0.4 0.056 | 0.086 | 0.1 |0.547723|0.5306408 | 0.3974276
0.2 0.4 0.056 | 0.086 | 0.15 0.5 0.482088 | 0.3285555
0.2 0.4 0.056 | 0.086 | 0.2 |0.447214| 0.428668 | 0.2407254
0.2 0.4 0.056 | 0.086 | 0.2579 | 0.376898 | 0.3580303 | 0.0009044
0.2 0.4 0.056 | 0.086 | 04 0 0
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Table 44. Interaction Relation for ri =17
y

M—x M_y l7x ‘7); 13 TASCE TNo_Shear Twith_Shear

0.2 0.2 0.028 | 0.086 0 0.774597 | 0.7642536 | 0.6608454
0.2 0.2 0.028 | 0.086 | 0.1 |[0.707107|0.6943256 | 0.5933555
0.2 0.2 0.028 | 0.086 | 0.2 |[0.632456|0.6173876| 0.5187042
0.2 0.2 0.028 | 0.086 | 0.3 |[0.547723|0.5306408 | 0.4339713
0.2 0.2 0.028 | 0.086 | 0.4 |(0.447214| 0.428668 | 0.3334623
0.2 0.2 0.028 | 0.086 | 0.5 |[0.316228|0.2976351| 0.2024765
0.2 0.2 0.028 | 0.086 | 0.587 |0.114018|0.1017041| 0.0002663
0.2 0.2 0.028 | 0.086 | 0.6 [0.000316 |0.0002069
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Table 45. Interaction Relation for = 51
y
M, M, | % |[§ P | Tasce | Tnoshear | Twith_shear
0.2 0.2 0.009 | 0.022 0 0.774597 | 0.7642536 | 0.74335165
0.2 0.2 0.009 | 0.022 0.1 0.707107 | 0.6943256 | 0.67586177
0.2 0.2 0.009 | 0.022 0.2 0.632456 | 0.6173876 | 0.60121052
0.2 0.2 0.009 | 0.022 0.3 0.547723 | 0.5306408 | 0.51647754
0.2 0.2 0.009 | 0.022 0.4 0.447214 | 0.428668 | 0.41596858
0.2 0.2 0.009 | 0.022 0.5 0.316228 | 0.2976351 | 0.28498275
0.2 0.2 0.009 | 0.022 | 0.599 |0.031623| 0.0263665 | 0.00037776
0.2 0.2 0.009 | 0.022 0.6 1.05E-08 | 4.007E-09
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Table 46. Interaction Relation for o= 51
y
M, M, 74 A P Tasce | TNo.shear | Twith Shear
0.2 0.4 0.019 | 0.022 0 0.632456 | 0.6173876 | 0.59180881
0.2 0.4 0.019 | 0.022 0.1 0.547723 | 0.5306408 | 0.50707583
0.2 0.4 0.019 | 0.022 0.2 0.447214 | 0.428668 | 0.40656687
0.2 0.4 0.019 | 0.022 0.3 0.316228 | 0.2976351 | 0.27558104
0.2 0.4 0.019 | 0.022 | 0.399 |0.031623| 0.0263665 | -0.0090239
0.2 0.4 0.019 | 0.022 0.4 0 0
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Table 47. Interaction Relation for o= 51
y
M, M, V. v, P Tasce | TNo.shear | Twith Shear
0.4 0.4 0.019 | 0.044 0 0.447214 | 0.428668 | 0.38472357
0.4 0.4 0.019 | 0.044 | 0.025 | 0.41833 | 0.3995756 | 0.35583998
0.4 0.4 0.019 | 0.044 0.05 0.387298 | 0.3684375 | 0.32480831
0.4 0.4 0.019 | 0.044 | 0.075 |0.353553| 0.334726 | 0.29106336
0.4 0.4 0.019 | 0.044 0.1 0.316228 | 0.2976351 | 0.25373774
0.4 0.4 0.019 | 0.044 | 0.125 |0.273861| 0.2558156 | 0.21137125
0.4 0.4 0.019 | 0.044 0.15 0.223607 | 0.2066557 | 0.16111677
0.4 0.4 0.019 | 0.044 | 0.197 |0.054772| 0.0470077 | -0.0077178
0.4 0.4 0.019 | 0.044 0.2 1E-05 5.456E-06
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Figure 121. Interaction Relation for % =51
Table 48. Interaction Relation for % =85
M, M| 7 | % P | Tasce | Tno.shear | TwithShear
03 0.4 0.011 | 0.01 0 0.547723| 0.5306408 | 0.5268251
0.3 0.4 0.011 | 0.01 0.05 0.5 0.482088 | 0.4791026
0.3 0.4 0.011 | 0.01 0.1 0.447214| 0.428668 | 0.4263162
0.3 0.4 0.011 | 0.01 0.15 |0.387298| 0.3684375 | 0.3664009
0.3 0.4 0.011 | 0.01 0.2 0.316228 | 0.2976351 | 0.2953303
0.3 0.4 0.011 | 0.01 | 0.2996 0.02 0.0162784 | -0.0008974

0.3

0.4 0.011 | 0.01 0.3 1E-05 5.456E-06
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Table 49. Interaction Relation for o= 85
y

M__,. M_y ‘7;( I7y 13 TASCE TNo_Shear Twith_Shear
0.4 0.4 0.011 | 0.013 0 0.447214| 0.428668 0.423111
0.4 0.4 0.011 | 0.013 0.05 0.387298 | 0.3684375 | 0.3631958
0.4 0.4 0.011 | 0.013 | 0.075 |0.353553| 0.334726 | 0.3294508
0.4 0.4 0.011 | 0.013 0.1 0.316228| 0.2976351 | 0.2921252
0.4 0.4 0.011 | 0.013 | 0.125 |0.273861| 0.2558156 | 0.2497587
0.4 0.4 0.011 | 0.013 0.15 0.223607 | 0.2066557 | 0.1995042
0.4 0.4 0.011 | 0.013 | 0.175 |0.158114| 0.1434863 | 0.1340113
0.4 0.4 0.011 | 0.013 | 0.19941| 0.02429 | 0.0199732 | 0.0001874
0.4 0.4 0.011 | 0.013 0.2 1E-04 6.158E-05
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Table 50. Interaction Relation for o= 85
y
E M_y ‘7,5 Vy P Tasce TNo_Shear 7_.'with_She:u‘
0.2 0.4 0.011 | 0.006 0 0.632456 | 0.6173876 | 0.6147632
0.2 0.4 0.011 | 0.006 0.1 0.547723 | 0.5306408 | 0.5300302
0.2 0.4 0.011 | 0.006 0.2 0.447214 | 0.428668 | 0.4295213
0.2 0.4 0.011 | 0.006 0.3 0.316228| 0.2976351 | 0.2985355
0.2 0.4 0.011 | 0.006 | 0.39966| 0.01852 | 0.0150131 | 0.000828
0.2 0.4 0.011 | 0.006 0.4 0 0
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As anticipated, shorter members tend to experience greater shear forces. When incorporating this
force into the interaction relation, it leads to increased deviation from the ASCE-LRFD Pre-

Standard Equation 164, in addition to the impact of the neglected warping effect.
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CHAPTER 6
CONCLUSIONS AND FUTURE RESEARCH

6.1 Conclusions

Within the range of the geometric and material variables considered, and the results from the

experimental and theoretical study of the behavior of the biaxially loaded glass fiber reinforced

polymer (glass FRP) beam-columns with applied torque presented in this dissertation, the

following conclusions are drawn.

1.

The theoretically predicted applied torsional moment versus the maximum angle of twist
relationship is found to be practically identical to that based on the experimental results up
to 2.6 degrees whereafter the test member eventually develops an angle of twist larger than
45 degrees and exhibits a geometrically nonlinear response without developing any
cracking.

The theoretical axial load-carrying capacity agrees well with that observed experimentally
and 1s found to be only 1.8 percent less than that found experimentally.

The experimental load-deflection response of the members under combined axial load,
bending moments, and torsional loading schemes resulted in nearly the same stiffness
characteristics in the elastic range as predicted theoretically; however, the ultimate loads
could not be achieved experimentally due to excessive cracking in and around the flange
connection-holes at the member bottom end.

The interaction expression formulated in this dissertation including both warping and shear
deformations effects is found to be more conservative than that given in the ASCE-LRFD

Pre-Standard.
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5. In the presence of biaxial bending moments and an absence of the axial load, the ASCE-
LRFD interaction expression results in up to a 204 percent unconservative estimate for the
member torsional moment capacity.

6. Whereas the torsional moment capacity is found to be zero in the presence of biaxial
bending moments including warping and shear deformation effects in the theory presented,
the ASCE-LRFD expression un-conservatively predicts a torsional moment capacity of up
to 23.2 percent.

7. The influence of the shear deformation effects on the member load-carrying capacity

gradually decreases as its slenderness ratio increases.

In summary, the study reveals the combined influence of both warping and shear deformations
on the strength of FRP beam-columns with applied torsion and culminates in the formulation of
an interaction expression of possible use by analysts and designers. The results also show that the
current ASCE-LRFD Pre-Standard is providing unconservative ultimate strength estimates for the

type of combined loading considered herein.

6.2 Future Research
Future studies can include the development of load-moment-shear-torsion interaction relations for
members with singly-symmetric and unsymmetric cross sections. A number of corresponding

experimental investigations also need to be conducted to validate the theoretical predictions.
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