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Abstract: For p € (1, o0)\ {2}, some properties of the space M, of multipliers on éﬁ are derived. In particular,
the failure of the weak parallelogram laws and the Pythagorean inequalities is demonstrated for M. It is also
shown that the extremal multipliers on the Zﬁ spaces are exactly the monomials, in stark contrast to the p = 2
case.
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1 Introduction

Sequence spaces play an important role in functional analysis, providing a rich source of examples, a fertile
ground for generating conjectures, and a supply of applicable tools. Indeed the theory of Banach spaces
arose from early studies of the sequence space ¢P. The case ¢! is connected to the Wiener Algebra, and its
additional structure has made deeper inroads possible. The case of ¢? is particularly well understood, having
been studied by Hilbert himself, and serving as alaunching point for the spaces that bear his name. Moreover,
% is isometrically isomorphic to the Hardy space H? on the open unit disk I. In this situation, the interplay
between the analytical properties of the functions and the behavior of the space has given rise to a deep and
extensive body of results, one of the great triumphs of the past century of mathematical analysis.

By contrast, when p # 1 and p # 2, relatively little is known about the space Zfl, the space of analytic
functions on D for which the corresponding Maclaurin coefficients are p-summable. For 1 < p < oo, thereis a
notion of a p-inner function, in terms of which the zero sets of éﬁ can be described [16]. Unlike HZ, however,
the analogous inner-outer factorization can fail when p # 2 [12]. Whereas the multiplier algebra of H? is the
familiar space H*, the multipliers on ¢ have not been completely characterized.

In this paper we obtain some geometric properties of the multiplier space of Eﬁ. These include the failure
of the weak parallelogram laws and the Pythagorean inequalities. Furthermore, it is known that the operator
norm of a multiplier ¢ on éﬁ is bounded below by its vector norm in Zﬁ. We show that when 1 < p < oo and
p # 2 amultiplier ¢ is extremal—that is, its operator and vector norms coincide—precisely if it is of the form

p(2) = y2*

for some v € C and nonnegative integer k. Again, this is quite distinct from the p = 2 case, in which the
extremal multipliers consist of the constant multiples of inner functions.
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2 The space /)

For 1 < p < oo, the space Eﬁ is defined to be the collection of analytic functions on the open unit disk D of
the complex plane for which the Maclaurin coefficients are p-summable. (The definition makes sense when
0 < p < 1, but our attention will be limited to the range 1 < p < o0.) This function space is endowed with the
norm that it inherits from the sequence space ¢°. Thus let us write

Ifllp = ”(ak)ZZOHZP

for -
f@=Y" a
k=0

belonging to ¢. We stress that || - ||, refers to the norm on ¢, and not to the norm on H”, or some other
function space.
. . . . . . . . . p
The following property is elementary, and will be essential for identifying the extremal multipliers of £,
(for a proof, see [18, Proposition 1.5.2]).

Proposition 2.1. If 1 < p; < p; < oo, then £ &2, and |[fllp, < |fllp, for all f € . Furthermore, |f|p, =
If|lp. holds if and only if
f2) =2

for some ~ € C and nonnegative integer k.

Throughout this paper, if 1 < p < oo, then p’ will be the Holder conjugate to p, thatis, 1/p + 1/p’ = 1 holds.
We recall that for 1 < p < oo, p # 2, the dual space of ¢} can be identified with ¢} , under the pairing

f,8) = kagk’ 2.2
k=0

where f(z) = >, fiz¥and g(2) = > ko 212", Let us retain this notation for the bilinear form (-, -) even when
p=2.
For further exploration of /7, we refer to the paper [14] or the book [18].

3 Orthogonality

There is a natural way to define “inner functions” in the context of éﬁ, that makes use of a notion of orthogo-
nality in general normed linear spaces.
Let x and y be vectors belonging to a normed linear space X. We say that x is orthogonal to y in the
Birkhoff-James sense [2, 26] if
1%+ Byllc = [1X]|x (3.1)

for all scalars f3, and in this case we write X 1y y.

Birkhoff-James orthogonality extends the concept of orthogonality from an inner product space to normed
spaces. There are other ways to generalize orthogonality, but this approach is particularly fruitful since it is
connected to an extremal condition via (3.1).

It is straightforward to check that if X is a Hilbert space, then the usual orthogonality relation x L yis
equivalent to X Ly y. More typically, however, the relation L« is neither symmetric nor linear. When X = /%,
let us write L p instead of L ;.

There is an analytical criterion for the relation 1, when p € (1, o).
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Theorem 3.2 (James [26]). Supposethat1 < p < oo. Thenforf(z) =Y i, fizkandg(z) = > ko 212" belonging
to ¢ we have

firg <= > Il *frgc =0, (3.3)
k=0

where any incidence of “|0|P~20” in the above sum is interpreted as zero.

In light of (3.3) we define, for a complex number a = reie, and any s > 0, the quantity
al® = (re'®)s) ;= 5710, (3.4)
It is readily seen that for any complex numbers a and 8, exponent s > 0, and integer n = 0, we have

((XB)<S> - a<5>ﬁ(5>
| = |af?
a®a = |t

@®)" = (@™

(@P )P -1 _ g,

Notice that a'’ = &. Thus, by comparing with the case p = 2, we can think of taking the (p - 1) power as
generalizing complex conjugation.
Further to the notation (3.4), for f(z) = "2, sz" , let us write

() = if,ﬁ”zk (35)

k=0
forany s > 0.
Iff € /5, itis easy to verify that f (P-1) ¢ ¢»", Thus from (3.3) we get
flpg < (g.fPY)=o0. (.6)

Consequently the relation 1, is linear in its second argument, when p € (1, o0), and it then makes sense to
speak of a vector being orthogonal to a subspace of éﬂ. In particular, iff 1, gforall g belonging to a subspace
X of ¢, then

If +8lp = lIfllp

for all g € X. That is, f solves an extremal problem in relation to the subspace X.
Direct calculation will also confirm that

(21 = |If|.

With this concept of orthogonality established, we may now define what it means for a function in éﬁ to
be inner in a related sense.

Definition 3.7. Let 1 < p < oo. A function f € Eﬁ is said to be p-inner if it is not identically zero and it satisfies
f@) Lp 2@

for all positive integers k.

That is, f is nontrivially orthogonal to all of its forward shifts. Apart from a harmless multiplicative constant,
this definition is equivalent to the traditional meaning of “inner” when p = 2. Furthermore, this approach to
defining an inner property is consistent with that taken in other function spaces [1, 4, 17, 19, 22-24, 33, 34].

Birkhoff-James Orthogonality also plays a role when we examine a version of the Pythagorean theorem
for normed spaces in Section 5.
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4 Multipliers on ¢

An analytic function ¢ on D is said to be a multiplier of ¢} if
fedt = of €.
The set of multipliers of ¢} will be denoted by M.
For ¢ € My, an application of the closed graph theorem shows that the linear mapping
My : 8 — 5, Myf = of
is continuous. Thus we can define the multiplier norm of ¢ by

@l == sup{llefllp : f € 4, [Ifllp < 1}-

In other words, the multiplier norm of ¢ coincides with the operator norm of My, on ¢ . Henceforth we identify
the multiplication operator My, with its symbol ¢.

Relatively little is known about the multipliers on Zﬁ, except when p = 1 or p = 2. In the former case,
we know that M; = Z},, and in the latter, M, = H*. We will accordingly concentrate our efforts on the range
1< p<oo,withp # 2.

The following basic results have been established in the literature.

Proposition 4.1. Let 1 < p < oo.If @ € My, thenp € H* N ¢4 N ¢4, and My = My, with || @]l = @l -

Proposition 4.2. Let 1 < p < oo. If 9(2) = Y520 9xz" € Mp, then [|9l|p < [l < [l@ll1 (With [|@]|; = oo
being possible), and
ol + [@1]+ -+ + |@n| < |@llng, (n + DP".

If all of the coefficients of ¢ are nonnegative, then ¢ < (4, and ||@||1 = el

Define the difference quotient mapping Qw by
f@)-fw)

zZ-w

Quf(2) =

for any w € D and analytic function f on D.
Difference quotients are (bounded) operators on M. In fact, for any multiplier ¢ on ¢, and w € D,

N

1-|w| (Hq’”Mp + p(w)).

1Qw®lla, <

For proofs of these multiplier properties, see [18, Chapter 12], which has references to original sources.
To extract some geometric information about M, we will rely on the following observation.

Corollary 4.3. For any complex numbers a and f3, the multiplier ¢(z) = a + Bz satisfies
lellac, = el = [al+|B].

Proof. The claim is trivial if a = 0 or 8 = 0. Otherwise, the mapping

i
f@@)—f (—'l_gz)
B
determines a linear isometry on ¢ (in fact it is unitary).
Consequently, the multiplier ¢ has the same norm as the multiplier

ap 1 _rap V| 1 )
QD(@Z) = a<|a|2+ﬁa(|aﬁz)> - 5(‘“|2+|/301|Z),

which is |a| + |B|, according to the last part of Proposition 4.2. O
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Already this delivers some information about the geometry of M. Recall that a normed space is strictly convex
if
[+l <[[x]]+yl (4.4)

whenever the vectors x and y are not parallel [7, p. 108].
Corollary 4.5. If1 < p < oo, then M, fails to be strictly convex.

Proof. Consider the multipliers ¢(z) = t+(1-t)zfor 0 < t < 1. By Corollary 4.3, we have ||¢ v, = t+ 1-0=1
for all t. But ¢ and ¢, are not parallel, and hence condition (4.4) fails when O < ¢ < 1. O

It is known that certain Blaschke products are multipliers of éﬁ (e.g., if the zeros converge to the boundary
rapidly enough), and that certain other classes of functions are multipliers. However, there does not yet exist
a complete characterization of M, in terms of the coefficients, or of the boundary function. Our sources on
the subject include [21, 25, 27-32, 35-37], along with the survey paper [14].

5 The geometry of M,

It is well known that when 1 < p < oo, the spaces ¢ (and hence also Zﬁ) are uniformly convex and uniformly
smooth (see, for example, [3, 7]). In fact, more can be said. A normed space X is said to satisfy the Lower Weak
Parallelogram property (LWP) with constant C > 0 and exponent r > 1, if

I+ yll% + Cllx = yli% < 2" (x)x + Iy IiE)

for all x and y in X; it satisfies the Upper Weak Parallelogram property (UWP) if for some (possibly different)
constant and exponent the reverse inequality holds for all x and y in X. If X is a Hilbert space, then the par-
allelogram law holds, corresponding to r = 2 and C = 1. Otherwise, these inequalities generalize Clarkson’s
inequalities [20], and the parameters r and C give a sense of how far the space X departs from behaving like
a Hilbert space.

It was shown in [11] that the LP spaces satisfy LWP and UWP when 1 < p < oo, and the full ranges
of parameters C and r were identified (see also [5, 6, 9, 10, 15]). More generally, a space satisfying LWP is
uniformly convex, and a space satisfying UWP is uniformly smooth [11, Proposition 3.1]. From this it could
be further surmised that the dual of a LWP space is an UWP space, and vice-versa; this is made precise in [9,
Theorem 3.1].

Another useful consequence of the weak parallelogram laws is a version of the Pythagorean Theorem for
normed spaces, where orthogonality is in the Birkhoff-James sense. It takes the form of a family of inequalities
relating the lengths of orthogonal vectors with that of their sum [11, Theorem 3.3].

Theorem 5.1 ([11]). If a smooth Banach space X satisfies LWP with constant C > 0 and exponent r > 1, then
there exists K > 0 such that
Il + Kllyllx < lIx +ylix (5.2)

whenever x L+ y; if X satisfies UWP with constant C > O and exponent r > 1, then there exists a positive
constant K such that
XI5 + Kyl = l1x + yllx (5.3)

whenever x L y. In either case, the constant K can be chosen to be C/(2"! - 1).

When X is any Hilbert space, the parameters are K = 1 and r = 2, and the Pythagorean inequalities reduce
to the familiar Pythagorean theorem. More generally, these Pythagorean inequalities enable the application
of some Hilbert space methods and techniques to smooth Banach spaces satisfying LWP or UWP; see, for
example, [18, Proposition 4.8.1 and Proposition 4.8.3; Theorem 8.8.1].
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The weak parallelogram laws and the Pythagorean inequalities fail on L and L*°. We previously saw in
Corollary 4.3 that M), contains a subspace, consisting of the linear functions, that behaves geometrically like
Z}l. Consequently we would expect the weak parallelogram laws and the Pythagorean inequalities to fail on
Mp, and indeed that is the case.

Theorem 5.4. Let 1 < p < oo. The space My, fails to satisfy LWP or UWP for any constant C > O or exponent
r>1.

Proof. 1f
11+ 2[5, + ClI1 =2l < 27 (113, + [1215,)
holds, then an application of Corollary 4.3 yields
(1+0)2" <271(2),

which forces C < 0. Thus LWP fails.
Similarly, for C > O we have

1115, + €712/ Cllye, = 2" (11 + 2/Cll5, + 11 - 2/C5,)
implies
2:2"t.2.(1+1/C),
which is absurd when 1 < r < oo, Therefore UWP also fails. O

Theorem 5.5. Let 1 < p < oo. The space My, fails to satisfy either of the Pythagorean inequalities for any
parametersr > 1 and K > 0.

Proof. Fix c # 0.Let ¢(z) = 1 + cz, and consider f(z) € ¢ of the form f(2) = fo + f2* + f4z* + -+ -. Then

le@f @b = 1+ c2)(fo + fr2° + faz" + )|}
= |(fo + foaz” + faz* + -+ ) + cz(fo + fo2° + faz* + -+ )|
= fol? +[cPlfol” + [fr[ + [clP|f1 P + 2P +[c/PIfafP +...
= |If1Ip + lelPlIfIIp

> |If|.

This shows that ||1 + cz|[5, 2 [[1]|a, for all constants ¢, or 1 Ly, z. By considering the limit

11+ czlihe, =, @+ fely 1"
I - r
c—0 ”CZ”Mp c—0 |C‘

1)

we see that M, fails to satisfy (5.3), as K = oo would be forced.
Next, note that for ¢ # 0, we have
1A +2) +c(1 -2, = (T +)+ (1 -0zl
=[1+c|+|1-|
>2
=[1+2z]1

=11+ 2|l -

This shows that 1 + z Lo, 1-2. Next, consider

(A +2)+c(1-2, — 11 +2l5,  (1+c[+]1-c)-2"

lc@ -2y, 2|cl" ’

where 1 < r < oo,
This tends toward zero as ¢ — 0%, which would require K = 0. Thus, (5.2) fails to hold. O
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6 Functionals on M,

Let 1 < p < oo. Suppose that A = (A9, A1, Ay, .. .) is a sequence of complex numbers such that for some C > 0
we have

Ao@o + A1p1 + A2 +---| < Cll@lln,

forall ¢(2) = >3, @1z" € M. Then A determines a bounded linear functional on M, with norm at most C.
Let us give the name 8 = S, to the collection of functionals arising in this manner. It is a nonempty collection,
since it contains all of Zfl/. Thus 8§ is a linear manifold within M;, the continuous dual space of M.

IfA = (Ao, A1, Az, ...) €8, then Ay = A(z¥) and the pairing

A@) =Y Aopr

k=0

applies for all ¢ € M,.
Trivially, we can bound the norm of A as follows:

A A A
Al = sup AXOL 5 g ADL s qup @Iy (61)

00 [|Pllp  pz0 @l p20 llol1
possibly with oo on the left side.
Since My = M, with equal norms (Proposition 4.1), we also have

Ay = sup 2O, gup RO _ ) 10

020 19l gz0 (@1, gz0 [Pl

= [Allag;-

Consequently,
[Allp 2 1Al »

again, with the left side possibly being infinite.
Taking the (p — 1) power does something natural in this context.

Proposition 6.2. Let 1 < p < oo If o € My, then pP~1) ¢ 8.

Proof. In this situation, P~ ¢ éﬁ/, and hence P~ € 8, by (6.1). O

Members of 8§ might not have radial boundary limits, but they do satisfy the following growth condition,
which can also be interpreted as boundedness of point evaluation.

Proposition 6.3. Let 1 < p < oo, IfA € 8, then

Proof. Forw € D, let us write ky(z) = Z,ZO wkzK for the point evaluation functional at w. We then have

AW = | > Aewk]

k=0
< (Al [Hewll v,
< (1Al llewlla

g
= Twl
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It turns out that difference quotients are bounded on 8. Let us denote by S the mapping

f(2) — zf(2),

where f is analytic in the open unit disk. It is straightforward to verify that S determines a bounded linear
operator on My, with ||S"<p|\Mp = |l@llw, forall k € Nand ¢ € Mp.

Proposition 6.4. Let 1 < p <oco.IfA € 8§, and w € D, then QuwA € 8, and

Al
T=Tw|’

1QuAlag; <

Proof. Suppose that A € 8, and w € . We now calculate

k _ k
(QuA)(p) = <Z"’<Z 2w )(¢)

zZ-Ww

= (Z)lk(zk_l + 22wt wk‘1)> (p)
=1
oo k-1
- (X Adw T )@
=1 j=0
=3 AW
k=1 j=0
= A1(po)
+ 2 (@ow + 1)
+A3(@ow” + @1w + @3)
[FRRR

=A@o+Ap1 +A3p + -+
+W(/12(p0 +A3(p1 +/14(p2 + )
+ W (300 + A4+ Asy +-+-)
EE

= A(Sp) + WA(S2 @) + WA A(SP @) + -+ - .
From this we obtain

(QuAY(@)] < [Al|ac: 1S@la, + WAl 1S @llac, + WA 17 @, + -

_ [Allag; I 9llav,
1-|wl

>

which proves the claim. O

Let us add that the weak parallelogram laws and the Pythagorean inequalities must fail on M; as well. This
is because it contains a subspace that is isomorphic to ¢3°({0, 1}). Furthermore we see that M, fails to be
smooth. For example, the multiplier 1 is normed by both 1 and 1 + z in M;.

7 The extremal multipliers on ¢}

Recall that if ¢ € Mp, then [|@||5e, 2 ||¢||p. We say that the multiplier ¢ is extremal if equality holds, that is,

lelln, = l@llp-
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For ¢4 = H?, the multipliers are the bounded analytic functions on I, and the extremal multipliers are
exactly the constant multiples of inner functions. Indeed, if
o o dON1/2
suplp(@)| - (sup [ lg0re2 52)",
zeD 0<r<1 us
T
then |@(e%)| = ||@|| g~ a.e. is forced. The reverse implication is similarly trivial.

For éfl, p # 2, it would therefore be plausible to guess that the extremal multipliers are the p-inner func-
tions. However, this is incorrect, as the following example illustrates.

Example7.1. If 1 < p < oo and 0 < |w| < 1, then the function

1-z/w
B(z) := oW1y’
turns out to be p-inner [13, Lemma 3.2], and
p_ . (- |wpP )yt
HBHP =1+ |W‘p

Note, in particular, that when p = 2 the function B is the Blaschke factor, possibly apart from a multiplicative
constant, with its root at w.

Since B is analytic in a neighborhood of the closed disk D, it is a multiplier. Let us show directly that for
p = 4 it fails to be extremal.
We will take as a test function
f2):=1-w? Vg,
so that f € /) and
IFI = 1+ w0,
Now fix p = 4, so that p’ = 4/3. For 0 < a < 1 we have the elementary inequalities
a-a*>0
3(a*-a)<a’-a

A +1-3a+3a’-a<a*-a+1

3

3 3 a +1
1- <

a+(1-a) T a
3 3

1+(1 a) <1+1/a'
a3 1+a

Substitute a = |w|*/? to obtain

— hl4/3y4-1 4
LAWY 11w

1 .
lwl* 1+ |w|4/3
This yields the bound
4/3\p-1
p_q. @—|w™)
IBllp =1+ T
L 1+1/jw)
1+ |w|4/3
_IBfIB
If115
< IBIE.

This verifies that B fails to be an extremal multiplier.
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Furthermore, it was shown in [16] that for 2 < p < oo, there are p-inner functions whose zero sets fail to be
Blaschke sequences. Such a p-inner function cannot be a multiplier of £}, since it would also have to belong

to Kﬁl. In the paper [8] p-inner functions are constructed whose zero sets accumulate at every point of the
boundary circle T. However, by [18, Corollary 12.6.3], a multiplier on Eﬁ for p € [1, 2) has unrestricted limits
almost everywhere on T. A p-inner function thus described cannot therefore be a multiplier on ¢;.

More can be said when p # 2. First, the extremality of a multiplier is inherited by its conjugate in the
following sense.

Proposition 7.2. Let ¢ € Mp. If [|¢||n, = [|@]lp, then [Allve; = [[Allp> where A = PP,

Proof. Putg = ¢P~1), By hypothesis,

l{p1, 8)|

lella, = llellp = m-
Since g € # ', we also have g € 8 by Proposition 6.2. Relabeling g as the functional A, we have

(e, 8)| _ (@, A)]
Igllpr 1Al

Equality is forced throughout, and we conclude that

Al = 1Al

lellp = < (1@l -

This comes into play in the main result, to which we presently turn.
Theorem 7.3. Letp € (1, o)\ {2}. A multiplier ¢ € Mp satisfies || @||a, = |¢lp if and only if ¢ is a monomial.

Proof. First, the claim is trivial if ¢ is identically zero, so let us suppose otherwise. Also, since M = M, as
point sets and with equal norms, it follows M; = M;,, with equal norms as well.
Now suppose that 2 < p < co. Then 1 < p’ < 2, and we have

ol 2 l9llp = [1@lln, = Pl = lI@lp-

Equality is forced throughout. In particular, |||y = ||¢||,, which implies that ¢ is a monomial, according to
Proposition 2.1. (This step failsif p = p’ = 2).
Finally, let 1 < p < 2, and suppose that ¢ € My, is extremal; that is, [[¢|[xt, = [|¢]lp- Then
el = lellp
2 [|@llp
2 [l
p
@™, 9)]
@=Ll
__lelp
-1
9@ e,
el
=2 ]
= llollp-

This forces ¢ to be a monomial.
From the line (*) to the next, we used [P~ ||5;, = [l@P~" |+, which we derive as follows:

ol - <¢<P-1|>, o)
llellp
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(P, )|
lleln,

< 0%Vl

= 19"V,
p

< ll@® M,

-1
= lloll

and equality must hold throughout.

Conversely, any monomial is a multiplier, and it can be checked by inspection that it is extremal. O
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