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ABSTRACT
CHEN-FLIESS SERIES FOR LINEAR DISTRIBUTED SYSTEMS

Natalie T. Pham
Old Dominion University, 2022
Director: Dr. W. Steven Gray

Distributed systems like fluid flow and heat transfer are modeled by partial differential
equations (PDEs). In control theory, distributed systems are generally reformulated in terms
of a linear state space realization, where the state space is an infinite dimensional Banach
space or Hilbert space. In the finite dimension case, the input-output map can always be
written in terms of a Chen-Fliess functional series, that is, a weighted sum of iterated integrals
of the components of the input function. The Chen-Fliess functional series has been used to
describe interconnected nonlinear systems, to solve system inversion and tracking problems,
and to design predictive and adaptive controllers. The main goal of this thesis is to show
that there is a generalized notion of a Chen-Fliess series for linear distributed systems where
the weights are now linear operators acting on the iterated integrals. Sufficient conditions
for convergence are developed. The method is compared against classical PDE theory using

a number of first-order and second-order examples.
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CHAPTER 1

INTRODUCTION

1.1 OVERVIEW ON SOLVING PDES

A partial differential equation (PDE) is a differential equation in terms of an unknown
function involving two or more independent variables, for example, a temporal variable and
a spatial variable. Such equations are used widely in physics and engineering to describe
physical phenomena such as fluid dynamics [35,38], heat transfer [5,35], transmission lines
[33,34], electromagnetic fields [33,35], and flexible structures [5,38]. In contrast, ordinary
differential equations (ODEs) constitute the class of differential equations in terms of a single
independent variable. They often provide a suitable lumped approximation for systems
that are truly distributed systems in nature. For example, the resistance, capacitance and
inductance in a transmission line are not concentrated at specific points in space but rather
are distributed continuously over the length of the line. In general, PDEs provide more
accurate representations of such systems than models involving only ODEs. However, solving
PDEs analytically is usually a much more difficult problem even for the linear case.

The first source of difficulty in solving a PDE is defining what exactly constitutes a
solution, that is, what set of functions is admissible as a solution? Many PDEs only have
solutions in certain weak senses, for example, the solution function may not be differentiable
everywhere in its domain. It can also happen that the solution is a generalized function,
for example, an impulse function. Finding conditions for the existence and uniqueness of
different classes of solutions is a nontrivial subject [27,28]. The second complicating factor
is that the boundary conditions for a PDE are in the form of boundary functions. Such

functions also belong to different classes. Not surprisingly, the nature of a solution is strongly



dependent on the function class of the boundary conditions. Finally, in most applications
there is a temporal variable. Thus, it is convenient to view a solution as a trajectory in an
infinite dimensional vector space such as a Banach space or a Hilbert space [1,5,37]. This
means that many of the mathematical tools used to solve PDEs rely on functional analysis
and operator theory [1,5,27,28,37]. Often in this framework, only a series solution in terms
of an orthonormal spanning set can be computed analytically.

There are a variety of numerical approaches to solving PDEs, for example, the finite
difference method (FDM), the finite element method (FEM), and the finite volume method
(FVM) [29,40]. The FDM approximates derivatives by numerically computing finite differ-
ences on a grid of nodes [40]. The FEM divides the solution domain into simply shaped
regions, approximates the solution for each element individually, and then combines the so-
lutions to form a single solution [4]. The FVM is a discretization method where the PDE
is formulated as a volume integral in order to develop finite volume schemes for arbitrary
meshes to approximate complex geometries [24]. Other methods include spatial discretiza-
tion to convert a PDE into an ODE [29] and the semi-analytical solution (SAS) approach [40].
Spatial discretization, more specifically the spectral method, approximates the solution of
the PDE so that the spatial and temporal variables can be treated separately. This is done
by expanding the solution as a finite summation of products of spatially dependent basis
functions and time dependent coefficients [29]. The SAS approach poses the solution in terms
of piecewise multivariate polynomials and then determines the coefficients to approximate
the solution of the PDE over a given domain [40]. Finally, there are methods for solving
PDEs that use symbolic manipulation in software packages such as Mathematica [31] and
Maple [30]. Many of the existing methods use Grébner bases to synthesize formal solutions,
i.e., series solutions that may or may not converge on a given domain [3]. For alternative

formal approaches, see [26].



1.2 PDES IN CONTROL THEORY

Control theory for distributed systems is generally formulated in a linear state space
setting where the state space is modeled as an infinite dimensional Banach space or a Hilbert
space [5,27]. In this context, it is possible to consider standard problems like controllability,
observability, and stability [5,37]. Areas like optimal control for hyperbolic and parabolic
linear systems have also been developed [27,28]. Considerable work has also been done in
the frequency domain using suitable notions of the Laplace transform, a transfer function,
and the Nyquist criterion [2]. A number of standard controller design techniques such as PI
control, LQ optimal control, and H., optimal control have also been extended for distributed
systems [27,28, 32].

Control theory for nonlinear distributed systems is considerably less developed. There are
results on the existence and uniqueness of solutions to semilinear state space systems, that is,
systems where the state equation has a linear part defining a strongly continuous semigroup
and a nonlinear part that satisfies a Lipschitz continuity condition [1,5]. In this setting, one
can develop Lyapunov stability theory and small gain type theorems for closed-loop systems.
Volterra series have been used to describe boundary control systems for nonlinear parabolic
PDEs [38]. It does not appear that methods for representing the input-output map of a
distributed system via a Chen-Fliess functional expansion have been developed even for the

linear case.

1.3 CHEN-FLIESS SERIES

A Chen-Fliess functional series is a weighted sum of iterated integrals using a set of input
functions indexed by letters of a finite alphabet [10,12,22]. The weights are normally real
numbers. A Chen-Fliess series can be viewed as a time domain representation of a causal

input-output system. The underlying mapping need not be linear or time-invariant. If the



series can be shown to be convergent over some interval of time and for a set of admissible
input, then the corresponding input-output map is called a Fliess operator. Sufficient con-
ditions for convergence are in terms of the growth rate of the weights or coefficients of the
series [10, 39].

Every smooth nonlinear finite dimensional state space system which is affine in the con-
trols has a Chen-Fliess series representation [10,11,22]. Convergence of the series, however,
is not automatic unless, for example, the realization is analytic. The converse claim is false.
That is, there exists input-output systems having a Chen-Fliess series representation and no
finite dimensional control-affine realization. For the linear time-invariant finite dimensional
case, the coefficients of the Chen-Fliess series are the Markov parameters computed from
the state space realization [23]. This is most easily seen by inductively integrating the state
equation with respect to time. A similar process can be imitated in the infinite dimensional
case [5], which suggests that a generalization of the Chen-Fliess series is at least possible in
this setting. But to date no explicit development of this idea exists in the literature. It is
this fact that motivates the work in this thesis.

Finally, Chen-Fliess series have several applications in control theory. They can be used
to describe interconnected nonlinear systems [13,16-19]. They have been employed for sys-
tem inversion problems [15], tracking problems [8,9], and predictive and adaptive control
applications [14,20]. The conjecture is that if a notion of a Chen-Fliess series can be devel-

oped for distributed systems, then similar applications can be pursued in this new setting.

1.4 PROBLEM STATEMENT

The main objectives of this thesis are to:

i. Provide a new class of Chen-Fliess series capable of describing the input-output map

of a linear distributed system.



ii. Demonstrate the method for the class of first-order two-dimensional linear distributed

systems and compare the results against classical methods for solving PDEs.

iii. Demonstrate the method for the class of second-order two-dimensional linear dis-

tributed systems and compare the results against classical methods for solving PDEs.

1.5 THESIS OUTLINE

The remainder of the thesis is organized as follows. In Chapter 2, the necessary mathe-
matical tools used throughout the work are presented. First, the classical approach to solving
a first-order linear PDE with two independent variables is described, more specifically, the
transport equation. Next, its Green’s function is derived. In the following section, different
types of constant coefficient second-order linear PDEs are presented. In the subsequent sec-
tion, elements of semigroup theory are introduced, including strongly continuous semigroups
and their infinitesimal generators. Using this framework, the classical and mild solutions of
the abstract Cauchy problem are treated, both the homogenous and nonhomogeneous cases.
The next section describes the classical Chen-Fliess series. This requires the introduction of
formal power series, iterated integrals, and the convergence properties of such series. The
final section of the chapter describes finite dimensional linear state space realizations. In
particular, the solution of the state equation in terms of the Peano-Baker series is presented.
This series is closely related to Chen-Fliess series.

Chapter 3 addresses the first objective of the thesis. It begins with a description of
the linear state equation in the infinite dimensional case. Using this as motivation, the
generalized Chen-Fliess series is then developed for general distributed systems. Finally,
sufficient conditions for convergence of such series are provided. More tractable conditions
for the special case of linear time-invariant systems are then developed.

Chapter 4 addresses the second and third objectives of the thesis. First, the generalized



Chen-Fliess series representation of the solution of the transport equation is computed and
compared against the classical solution. The next section presents the same type of analysis
for the solutions of second-order, constant coefficient linear PDEs. The initial focus is on

the general case and then numerical examples are provided for specific hyperbolic PDEs.



CHAPTER 2

MATHEMATICAL PRELIMINARIES

2.1 ELEMENTS OF LINEAR PARTIAL DIFFERENTIAL

EQUATION THEORY

2.1.1 First-Order Partial Differential Equations

The initial value problem or Cauchy problem for a first-order linear partial differential
equation (PDE) with two independent real variables, z and ¢, consists of finding a solution
to

ayy(z,t) + by(x, 1) + cy(z,t) = u(z,t), y(z,0) = 2(x), (1)
where a,b,c € R, z € R, t € R, vy, and y; denote the partial derivatives with respect to
x and t, respectively, and u(z,t) and zy(x) are given functions. One specific example is the

homogeneous transport equation,
(@, 1) + Vo (2, 1) = 0, y(x,0) = zo(x), (2)

which models the density of a fluid flowing with velocity V' > 0 through a straight thin tube
with a constant cross sectional area [7]. To find the solution, an auxiliary function, h(s), is

first introduced for fixed = and ¢ of the form
h(s) =y(x + Vs, t+s)=z(q,r), (3)

where g = x + Vs and r =t + s. In which case,

oy dq 0Oy Or

/ = — s — —_— —

M) =5 s T ar a5
—ay.v+@.1

Y or



= Ogy(q,7) -V 4+ 0wy(q,7)

= 0.

Applying the fundamental theorem of integral calculus gives the solution:

0 0
/ h'(s) ds = / 0 ds
—t —t

h(0) — h(—t) =0
y(z,t) —y(x —Vt,0) =0
y(x,t) —zo(x —Vit) =0

y(a,t) = z(x = Vi). (4)

Example 2.1.1 Consider the transport equation with initial condition y(z,0) = zo(x) =

ae’ for some fixed a,b € R. From (4) the solution is

y(x,t) = 20(x — Vi) = ae?@ VY,

The transport equation with an applied input u(zx,t) is
Oy(z,t) + Vopy(z,t) = u(z,t),  y(z,0) = zo(z). (5)

To determine the general solution, again utilize the auxiliary function, h(s), in (3). In this

case,

Oy dq Oy Or
h(s)_ﬁq 08+0r 0s
dy dy
_ 29 7

9 " Tar

= O0gy(q,7) -V 4+ 0wy(q,7)

=u(q,r).



Applying the fundamental theorem of integral calculus in this case gives:

/_(:h’(s) ds:/ju(q,r) ds

h(0) — h(—t) = /_(:u(x + Vs, t+s)ds

y(x,t) —y(x —Vt,0) = / u(z+ Vs, t+s) ds
—t
0

y(x,t) — 20(x = Vi) = / u(z+ Vs, t+s) ds
—t
0

y(x,t) = 2o(x — V) + / u(z + Vs, t+s) ds.

—t

Let 7 = s+t so that the solution to (5) becomes
t
y(z,t) = zo(x — Vi) + / u(lx +V(r—t),r) dr. (6)
0
The first term is the zero-input response, and the second term is the zero-state response.
Example 2.1.2 Consider the transport equation where
20(z) =0, wu(z,t)=ax+0bt, a,beR.
From (6) it follows that
t
y(x,t) = / u(lx = Vt+Vrr)dr (7)
0
t
= / la(z = Vt+Vr)+br] dr
0

t2 2

= axt —aVt* +aV— + b—
ax a +a 5 + 5
2 t2
=qxt —aV — +b—.
ax a 5 + 5

Example 2.1.3 Consider the transport equation where

V=2 z(x)=0, u(x,t)=tsinzx.
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In this case, equation (6) gives the solution

t
y(z,t) = zo(x — 2t) + / u(x — 2t + 2r,7) dr
0

t
rsin(x — 2t + 2r) dr

l\DI»—to\

(—t cos(x) + cos(t — x)sin(t)).

2.1.2 Green’s Functions

Green’s functions are often utilized to find the solution of a linear nonhomogeneous
ordinary differential equation or partial differential equation in boundary value problems [34].
In the language of system theory, a Green’s function is simply the impulse response if the
given equation is viewed as an input-output equation. The following definition describes the

concept in the current context.

Definition 2.1.1 When the zero-state solution of a two-dimensional linear partial differen-

tial equation is written as the convolution integral

y(o,t) = /D G, t; o, B)u(v, B) devdp, (®)

where D is the domain of the equation, then the function G(x,t;«, 3) is called the Green’s

function of the equation. In particular, every such Green’s function satisfies
LG(z,t)=0(x—1t), y(z,0)=0, VY(x,t)e€ D,

where L is the corresponding linear partial differential operator, and 0 is the Dirac delta

function.
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Example 2.1.4 Consider the nonhomogeneous transport equation rewritten in terms of the

linear partial differential operator £ = 0, + V0, acting on y(z,t) so that
Ly(z,t) =u(z,t), y(x,0)=0.

Combining (6) and (8) with D = [0, 00) x (—o0, 00) gives

00 0o t
/ / G(z,t;a, B)u(a, B) dadf = / u(z 4+ V(r—t),r) dr. 9)
0 —00 0
If u(x,t) = w(x)d(t — ty), where w(z) is an arbitrary continuous function and ¢, > 0, then
t
/ / Gz, t;a, f)w(a )(ﬁ—to)dadﬁ:/w(x—V(t—r))é(r—to)dr
0
/ Gl t: o to)w(a) da = w(z — V(t —t)). (10)
Equation (10) holds only when

G(x,t;a,tg) = d(a— (x = V(t — tg)))
(11)
=(—(z —a)+ V(t —ty)).

Given that the zero-state response of the transport equation has a representation in terms
of the Green’s function suggests that there is also a representation for the general classical

solution.

Theorem 2.1.1 The general classical solution of the transport equation can be represented

in terms of the Green’s function (11) as follows

y(:z,t):/_ G(x,t;a,tg)z0(0 d9+// G(z,t; o, B)u(ev, B) dadfs

fort >0, where 0 :== a — V't.
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Proof: It was shown above that this claim is true for the zero-state response, so in light of

linearity, it is sufficient to verify only the zero-input response. Observe

/OO G(x,t;a,t9)20(0) dbf = /OO 0(0 — (x —Vt))z(0) do

[e.e] —00

= zo(x — V1)
as expected. ]

Example 2.1.5 Reconsider the transport equation in Example 2.1.2, where u(x,t) = az+0bt
and zo(x) = 0. The solution can be computed in terms of its Green’s function using (8) and

(11). Specifically,

o) = | bt V- ) aa+09) dads

:/ alr =V (t —p]+ b8 dp

0

:(a:c—th)t+(b+aV)/tﬁ g
0

t2 2
= axt — aVt® + b; +aV

2
t? t2
=art +b— —aV —,
¢ 2 1
which is consistent with the previous calculation. 0

2.1.3 Second-Order Partial Differential Equations

A general second-order linear PDE with two independent variables, x and ¢, is written
as

Yz (T, 1) + byt (0, 1) + cyu(,t) + dyo(2,t) + eye(z,t) + fy(z,t) = u(z,t),  (12)

where a,b,c,d,e, f € R and subject to some boundary conditions. Such PDEs can be

classified into three categories: hyperbolic, elliptic, and parabolic. This classification scheme
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is based on the value of the discriminant b* — 4ac, namely,

(

<0 : elliptic

b —dac{ —q parabolic

>0 : hyperbolic.

\

The main interest here will be in initial value problems where the coefficients d, e, and f are

equal to zero, i.e.,

@Yo (T, 1) + byar (2, 1) + cyu(z, 1) = u(z,t),  y(z,0) = 2o(x). (13)

Examples of second-order PDEs from physics and engineering include the wave equation,
the heat equation, and Poisson’s equation.
The wave equation

ytt(x7 t) = azyxx(x7 t)7

where a > 0 is a physical constant, is a hyperbolic PDE. It is used to describe the dis-
placement from equilibrium of vibrating objects like strings and membranes [34]. It can be
found in applications such as electromagnetics, fluid dynamics, and electric circuits. De-
rived using Hooke’s law in the one-dimensional case, it was first proposed by the French
scientist Jean-Baptiste le Rond d’Alembert [33]. Leonhard Euler generalized the concept to
three-dimensional [36].

The heat equation
yt(xu t) = ’iy:m(xv t>7

where k > 0 is the diffusivity coefficient, is a parabolic PDE. It is also known as the diffusion
equation. It describes the movement of thermal energy throughout a material like a metal
bar [34]. It also appears in quantum mechanics and the material sciences [33,34]. The heat

equation was first derived by Joseph Fourier [33].
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The Poisson equation
Yoo (T, 1) + Y2, 1) = u(z, 1)

is an elliptic PDE. It is used to describe steady-state temperature distributions and potential
fields in material containing matter, charge, or sources of heat or fluid [34]. It has many
applications in electrostatics and fluid dynamics. Developed by Siméon Denis Poisson, the
equation is derived using Gauss’s law.

Analogous to solving linear ODEs, the homogeneous form of (13) is solved by first making
an initial guess of the solution in order to establish its characteristic equation. Suppose a
solution of the form y(x,t) = f(t + mx) exists, where f is an unknown twice differentiable

function. Therefore,

am?f(t + mx) + b f"(t +max) +cf’ =0

(am? + bm + ¢) f"(t + mz) = 0.
Assuming f”(t + mx) # 0 yields the characteristic equation
am? +bm + ¢ = 0. (14)

The classification scheme described above follows directly from the nature of the roots of

this equation via the quadratic equation.

Hyperbolic equations: b? — 4ac > 0, two distinct real roots: If (14) has two distinct real roots,

my and ms, then the solution to (13) with u(z,t) = 0 has the form
y(@,t) = f(t +miz) + g(t + max), (15)

where g(z,t) is another arbitrary function that is twice differentiable. To verify this assertion,

first compute the necessary partial derivatives:

Yer = M1 f(t +mix) + ma2g” (t + mox)
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Yar = M f"(t +maz) +mag”(t + max)
v = [t +mix) + g"(t + mox).
When these functions are substituted into (13), it follows directly that
0 = almi®f"(t + miz) + mo?g" (t + max)] + b[my f(t + myz)
+ mag” (t +max)| + c[f"(t + muz) + ¢"(t + max)]
0 = (amy® + bmy + ¢) f"(t + myx) + (ama® + bmy + ¢)g" (t + max).

By assumption, am;2 4+ bm; +c¢ =0, i = 1,2, and thus, the claim is verified.

Parabolic equations: b? — 4ac = 0, one repeated real root: When (14) has one repeated real

root, it can be verified as in the previous case that (13) with u(x,t) = 0 has one of two
possible forms, either

y(z,t) = f(t +miz) +tg(t + mox)
or

y(x,t) = f(t +myx) + xg(t + max).

Elliptic equations: b? — 4ac < 0, two distinct complex roots: When (14) has two distinct com-

plex roots, the general solution y(z,t) to (13) with u(z, t) = 0 takes the same form as that in
the hyperbolic solution except that the solution is now a complex-valued function. Of course,
if the coefficients of (14) are real, the roots will be a complex conjugate pair. Therefore,
y(z,t) can also be written in terms of real-valued functions.

Solving the nonhomogeneous version of (14) is much less trivial. The following example

illustrates the process in one instance.

Example 2.1.6 Consider a vibrating string of length L > 0 with an applied sinusoid forcing

function described by the wave equation

Yer(,) = Yoo (2, 1) + ysin (%) L 0<z<L, t>0, (16)



where v > 0 is a fixed constant, and subject to the boundary conditions

y(0,t) =y(L,t) =0, t>0

y(z,0) =y (x,0) =0, 0 <z <L.
Suppose there exists a solution of the form
y(x,t) = v(x, t) + ¥(x),

where v and 1) are unknown functions. Substituting (17) into the given PDE yields

Ve (1) + Pua () = Vg (2, £) + Waa (@) + 7 sin (%) ,

where the first two boundary conditions are rewritten as
v(0,t) +¥(0) = v(L,t) + (L) = 0.
In light of superposition, there is an ODE boundary value problem in (z), namely,
Yuu(2) +7sin () =0

with the boundary conditions

Equation (18) can be solved directly by repeated integration:

Yealz) = —ysin ()
ala) = = (=2 ) eos () 1
W(z) = 4 <§)2 sin (25) + Cra + C

The constants C; and Cy are determined from (19) so that

o= (1) %)

16

(18)

(19)
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The solution to the PDE is then updated to give

y(z,t) = v(z,t) +7 (%)2 sin (W_E)

with boundary conditions

y(0,t) =v(0,t) =y(L,t) =0, t>0 (20)
y(z,0) =v(x,0) + (%) sin (%) =0, 0<z<L (21)
y(x,0) = v(z,0) =0, 0<z<L. (22)

Note that (21) is a nonhomogeneous ODE. The next problem is to solve the homogeneous

version of the wave equation to determine v(x,t), namely,
(2, 1) = vep(z,t), 0<ax <L, t>0. (23)
Assuming the solution is separable, i.e.,
v(z,t) = X(x)T'(t),

equation (23) becomes

X(x)T"(t) = X" ()T (1),

or equivalently,

T// X//
7-x ¢
for some constant ) € R. In which case,
X//
=0 (24
T//
==0Q (25)

with boundary conditions

X(0)=X(L)=0 (26)
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T'(0) = 0, (27)

respectively. Note that 7°(0) is a free variable. Rewriting (24) in the form

X"—-QX =0,
there are three possible cases: Q = o2, Q = 0, and Q = —a?, where o > 0 is a real constant.
The solution X (z) can only satisfy its boundary conditions if Q = —a?, and thus,

X(x) = C) cos(ax) + Cysin(ax).

The constants Cy and Cy are found using the boundary conditions (26) and yield a family

of solutions

nmx

X,(z) = sin <T) Cn=0,41,42, ...

The initial value problem (25) and (27) is similarly solved except now it is known that
Q = @, = nw/L. Specifically,

nmt

T, (t) = cos (T) , n=0,+1,+2 ...

Therefore, the corresponding family of solutions to (23) is

¢
valz, t) = sin (”—f) cos (%) Cn=0,41,42, ... (28)

From superposition it follows that any linear combination of these solutions is also a solution.

So in the most general case,

= nmwx nmt
)= 3 Qusin () eos (P4,
v(x,t) n:_ooQ sin { — cos( 7 )
where @),, € R for all integers n. Finally, applying the last remaining boundary condition

(21) implies

)= 3 Quain (P = 2 (5) s (F).

n=—oo
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so that

and @), = 0 otherwise. Therefore,

o(z.t) = —7 (%)Qm (%) cos (%t) |

Combining v(x,t) and ¢ (z) gives the complete solution to (16)

y(z, 1) = — (%)2 sin (%) cos <%t) P (%)2 sin (%‘7) .

2.2 STRONGLY CONTINUOUS SEMIGROUPS

A semigroup is a set S with an associative product S x S — S : (a,b) — ab. That is,
(ab)e = a(be) for all a,b,c € S. The set of n x n matrices, for example, forms a semigroup
under matrix multiplication. The most important semigroup appearing in finite dimensional

linear systems theory is that generated by the matrix exponential.

Example 2.2.1 Let A € R™" and define exp(At) = > . ,(At)"/n! for all t € R. The claim

is that S = {exp(At) : t € R} is a semigroup. First observe that from the binomial theorem

LA™t + s)™
exp(A(t+s)) =Y %
n=0 ’
_ - A —~ (n k. n—k
=Sy ()
n=0 k=0
_ — A" n! k n—k
=2 Zk!(n—k)'t °
n=0 k=0
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Next apply the change of variables n = k + i so that

0o 00 Ak+i L
exp(A(t+5) = 3> L ths

k=0 i=0
B SO e

prd kb=l
= exp(At) exp(As).

This verifies that under matrix multiplication S maps back to S. The associativity property
follows directly from the known fact that matrix multiplication is associative. It should also
be noted that since exp(At)|,—o = I, and I is the unit of matrix multiplication, that S also

constitutes a monoid. In addition, as (exp At)~! = exp(—At), S is also a group. 0

In infinite dimensional linear system theory, a generalization of the matrix exponential is
needed as described next. It utilizes the notion of a Banach space, that is, a vector space Z
with a norm || - || having the property that all Cauchy sequences in Z converge to an element
in Z [25]. Such spaces are said to be complete. In the event that Z also has an inner product
(-,-), then it constitutes a Hilbert space with ||z||?> = (z,z) for all z € Z. Let L(Z) denote

the set of all bounded linear operators taking Z back to itself.

Definition 2.2.1 [1,5] Let Z be a Banach space. A strongly continuous semigroup is

an operator-valued function T(t) from RT to L(Z) that satisfies the following properties:

a. T(t+s)=T(t)T(s), Vt,s > 0;

C. limt_>0+ ||T(t)ZQ — Zo|| = O, VZ(] € Z.

Henceforth, such a semigroup will be called a Cy-semigroup.
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Example 2.2.2 Continuing the previous example, the assertion is that the semigroup of
matrix exponentials defines a strongly continuous semigroup from Rt to L(Z), where Z = R"
is the n-dimensional R-vector space endowed with the usual norm. The semigroup property
has already been verified. As noted above, exp(At)|;—o = I. So only the third property needs

to be checked. Observe for any 2z, € R™

[lexp(At)zo — 2ol < [[(exp(At) — I)][[| 2]l

g
i IAII"t"

= lexp([|A[}£) = 1] [|zo]l-

'II Zol|

The continuity of the exponential function implies that the desired property holds.

Example 2.2.3 Let Z = L,(0,00) be the Hilbert space of square integrable functions on

[0, 00) with the usual inner product. Consider the left-shift semigroup
(T(t)h)(x) =h(t+x), heZ x>0.

The first two properties in Definition 2.2.1 clearly hold, so only the third property is checked.

For any continuous function A with compact support, observe

||T(t)h — hl||y = (/OOO \h(t +2) — h(x)|? d:c) 1/2.

Taking the limit as ¢ — 0" results in zero. The set of continuous functions with compact
support is a dense subset of Ly(0, 00). Thus, for any function f € Ly(0, 00) and any positive
g, there exists a continuous function h with compact support such that || f — k|2 < e. Now

observe that 7" is bounded, specifically, ||T(¢)|| < 1 for all £ > 0. Therefore,

T @) = flla = IT@)(f = h) + T@)h — h+h = [l
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< |If = blla + [IT(#)h = hll2 + ||h = fll2

< 3e

for sufficiently small ¢ > 0. So,

T [ T()f — £l =0,
and thus, T(¢) defines a Cy-semigroup on Ly (0, 00). 0

The next definition will be central to describing a state space realization in the infinite

dimensional sense.

Definition 2.2.2 [1,5] The infinitesimal generator A of a Cy-semigroup on a Hilbert
space Z is defined by
1
Az = lim —(T(¢t) — I)z, (29)

t—0+ t

where the domain of A, D(A), is the set of elements in Z for which the limit exists.

Example 2.2.4 The infinitesimal generator is computed for the left-shift semigroup defined
in Example 2.2.3. Consider any z € Ly(0,00) which is absolutely continuous on any finite

subinterval and whose derivative is also in L (0, 00). Then

Ax(w) = Jim ~(T(#) ~ 1)2()
~ lim T(t)z(x) — z(z)

t—0+ t
— lim 2(t+x) — z(x)

t—0+ t

The limit exists as z is differentiable, and thus

where D(A) C Ly(0, 00) is the subset of functions satisfying all the specified requirements.

O
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The following definition will be useful in the next section in understanding in what sense

a Cauchy problem has a well defined solution.

Definition 2.2.3 [1,5] An operator A on a Banach space Z is closed if its graph G(A) is
closed in Z X Z, where

G(A) :={(z,A2): 2 € D(A)}.
Thus, A is closed if and only if whenever z, € D(A) forn € N,
lzn =2l =0, [[Azn —y| =0,

it follows that z € D(A) and Az = y.

Example 2.2.5 Let Z be the Hilbert space Lo(0,1) and consider the operator A = d/dx

with domain
. . : dz
D(A) = {z € Z | z is absolutely continuous with z(0) = 0 and 1 € Ly (0, 1)} .
x

Let {z,} € D(A) be a sequence such that z, converges to z and dz,/dz converges to y, i.e.,

dz,

n ) S 0.
|z — 2|l = O and ' T yH —

Define a function
f(Q) = /C (z) dz
. ) .

It is clear that f € D(A) and df /dx = y. The claim is that z = f almost everywhere, and
thus, A is closed.

First observe that given functions h and g, the Cauchy-Schwartz inequality gives

T (/01h2(3:) d:c) (/0192(:5) dx).

/01 h(z)g(x) dz




If h(xz) =1 on the interval [0, (] and zero otherwise, then

2 1
< '/ Lio,q9(x)
0
1

2

/01 h(z)g(z) dx dx

24

< (/0 log d:):) (/0192(93) dx),

where 1(, denotes the indicator function. Thus,

/OC g(z) dx

2

<

/01g2(:17) dzx.

<([1s) ([0

Next, use this inequality to derive an upper bound on the distance between f and z:

If =2l =1If = 20 + 20 — 2|

< |Nf = zall + |20 — 2]
- 1/2

< |[ 110 - a0 dc] P
_ . 9 1/2

_ /0 /Oy(x) dv—z(C)| dc| +lzm— 2
_ Lo i 9 1/2

- _/0 /Oy(x)—%(x) dr| d¢ + |lzn — 2|
[ 1 el dz, 2 12

< /0/0 (y(x)_d—zx(x)) dr dC| + |z, — 2|
_ ) i 5 1/2

<[ [ o= | +e—a
| dzy,

SH?"% izl

As both terms on the right-hand side approach zero as n — oo, it follows that z = f almost

everywhere.
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2.3 ABSTRACT DIFFERENTIAL EQUATIONS

This section describes in what sense a linear differential equation on a Banach space
has a well defined solution. The focus is on the initial value or Cauchy problem. First the
homogenous case is considered. Then the nonhomogeneous case is addressed.

Let A be an operator on a Banach space Z with domain D(A). The abstract homogeneous

Cauchy problem consists of finding a solution z to
Z(t) = Az(t), 2(0) =z (30)

for t > 0 when 2y € Z. The solution z is viewed as a trajectory in the function space Z. In
infinite dimensional problems,; there are a variety of different senses in which there can be a

solution. The following definition gives one such instance.

Definition 2.3.1 [1] The abstract homogeneous Cauchy problem has a classical solution
if there exists a function = € CY*(R,,Z) which satisfies (30) such that z(t) € D(A) for all

t>0.
Alternatively, there can be a solution in a weaker sense as given below.

Definition 2.3.2 [1] The abstract homogeneous Cauchy problem has a mild solution if

there exists a function z € C(Ry, Z) such that

/Ot 2(s) ds € D(A)

and
t
z(t) = 2o +A/ 2(s) ds
0

holds fort > 0.

The following theorem relates the two forms of the solution.



26

Theorem 2.3.1 [1] A mild solution z of the abstract homogeneous Cauchy problem (30) is

a classical solution if and only if z € CY(R,, Z).

The next theorem shows the importance of Cy-semigroups in ensuring the existence of a

solution.

Theorem 2.3.2 [1] Let T be a Cy-semigroup on Z and let A be its generator. Then the

following properties hold:
a. z(t) = T(t)zo is a classical solution of (30) if and only if zo € D(A).
b. z(t) = T(t)zo is a mild solution of (30) for every zy € Z.

Uniqueness of solutions is addressed in the next result. It uses the additional property

of closedness and the following definition.

Definition 2.3.3 Let Z be a Banach space over C and A : D(A) — Z a linear map. A

number A € C is in the resolvent set, p(A), if \I — A is invertible.

Theorem 2.3.3 [1] Let A be a closed operator. The following statements are equivalent:
a. The operator A generates a Cy-semigroup.
b. For all zy € D(A) there exists a unique classical solution of (30).
c. p(A) # 0 and for all zy € Z there exists a unique mild solution of (30).

When these assertions hold, the mild solution of (30) is given by z(t) = T(t)zo.

Example 2.3.1 Consider the closed operator A = d/dx on Z = Ls(0, 1) in Example 2.2.5.
As it defines Cp-semigroup, by Theorem 2.3.3, the corresponding Cauchy problem has a

unique classical solution for all z5 € D(A) and a unique mild solution for all zy € Z. 0
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Next the abstract nonhomogeneous Cauchy problem is considered. Let Z be a Banach
space and A : D(A) — Z a closed linear operator. Fix 7" > 0 and select a v € L([0, 7], Z).

The abstract nonhomogeneous Cauchy problem involves finding a solution to
Z(t) = Az(t) + v(t), 2(0) = 2 (31)

for t € [0,7] when 2y € Z. As in the homogeneous case, the solution can exist in different

senses.

Definition 2.3.4 [1] The abstract nonhomogeneous Cauchy problem has a classical so-
lution for a given v € C([0,T)], Z) if there exists a function z € C1([0,T], Z) which satisfies

(31) such that z(t) € D(A) for all t € [0,T].

Definition 2.3.5 [1] The abstract nonhomogeneous Cauchy problem has a mild solution

for a given v € Ly([0,T), Z) if there exists a function z € C([0.T],Z) such that

/Ot 2(s) ds € D(A)

and
z(t) = 2o —l—A/Otz(s) ds+/0tv(s) ds

holds fort € [0,T).
The relationship between the two solutions is given by the following theorem.

Theorem 2.3.4 [1] Fizv e C([0,T),Z2), and let z be a mild solution of (31). Then z is a

classical solution if and only if z € C'([0,T], Z).

The final theorem of this section will be the most useful in this thesis.
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Theorem 2.3.5 [1] Let A be the infinitesimal generator of a Cy-semigroup T on a Banach
space Z. If v € Ly([0,T],7), then the abstract nonhomogeneous Cauchy problem has a

unique mild solution of the form

2(t) = T(t)z + /0 T(t — s)v(s) ds (32)
for all t € 10,T).

Proof: The proof of uniqueness is given in [1, Proposition 3.1.16]. The existence part of the
proof, which is also presented in [1], will be explicitly addressed here.

From Theorem 2.3.2b, T(+)zo is a mild solution of the homogeneous Cauchy problem. By
setting the initial value zy = 0in (32), it only needs to be shown that w(t) := f(f T(t—s)v(s) ds

is the mild solution when zy = 0. Observe

A/ )ds=A // (s —r)u(r) drds
_A// s — r)o(r) dsdr
// ) ds dr

= [0 = ryetr) — vl ar

0

- /Ot’ﬂ‘(t—r)v(r) dr — /Otv(r) dr

t
=w(t) —/ v(r) dr,
0
which proves the claim. [ ]

Example 2.3.2 The goal of this example is to write the transport equation (5) as an ab-
stract Cauchy problem on Lg(—00,00). First observe that a Cy-semigroup on Ly(—00, 00)
can be identified for the transport equation in Example 2.1.4 by comparing Theorems 2.1.1

and 2.3.5. The claim is that



29

This assertion is verified by checking the three conditions in Definition 2.2.1. Regarding the

first condition, observe
T(t + s)z0(x) = 20(x — V(t+5)) = T(¢)[T(s)z0(x)],
so that T(t + s) = T(¢)T(s) as required. Concerning the second condition, it is immediate
that
T(0)z0(x) = 20(2),

and thus, T(0) = I. Finally, consider the third condition. Observe

lim [[T(t)z0(x) — 20(2)]| = Hm [[zo(z — V) — zo(2)]]

t—0t

= lim {/OO (20(z — V) — 2o(x))? da "

t—0t o

=0

provided that z(0) € Ly(—00,00), and zy is uniformly continuous.
Using Theorem 2.2.2; the infinitesimal generator A for the transport equation can be

computed directly from T(t), i.e.,

Az(x) = lim = (T(t) — I) zo(2)

t—0+ %

Therefore, the transport equation (5) can be rewritten as the abstract Cauchy problem
2(t) = Az(t) + v(t), 2(0) = zo, (33)

where y = 2. 0
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2.4 CHEN-FLIESS SERIES

In this section, the basic elements of classical Chen-Fliess series are presented. First,
the notion of a formal power series is presented. The concept of an iterated integral is then
introduced. Finally, the definition of a Chen-Fliess series is given along with various notions

of convergence that yield a Fliess operator. The treatment is largely based on [10,12,21].
2.4.1 Formal Power Series

An alphabet is a nonempty set of noncommuting symbols denoted by X = {xzg, 1, ..., Zn}.
Each element in X is called a letter. A finite sequence of these letters is called a word over
X and is denoted as n = z;, ...x;,. The length of the word, ||, is the number of letters in
7, in this case, |n| = k. The length of the empty word, (), is zero. The set of all words over
X is written as X™.

A formal power series, ¢, is any function of the form
c: X* =R

where ¢ > 1 is an integer. The superscript will be omitted when ¢ = 1. Formal power series
are often written in terms of a formal sum

c=> (e,

neX*
where (c,n) is the coefficient of ¢ at n € X*. A series ¢ is said to be proper when the
coefficient (¢, ), also known as the constant term, is zero. The support of ¢ is the set of all
words in X* whose coefficients are nonzero. It will be written as supp(c). The set of all such
formal power series is denoted as R*((X)). The subset of series having finite support, that

is, the set of all polynomials, is denoted as R*(X).
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2.4.2 Iterated Integrals

Let p > 1 and ¢y < t; be given. For a Lebesgue measurable function u : [tg, ;] — R™,
define ||u||, = max{||u|], : 1 < i < m}, where ||u;||, is the usual Ly,-norm for a measurable
real-valued function, u;, defined on [to,t1]. Let L]'[to,t:] denote the set of all measurable
functions u defined on [ty, t;] having a finite ||- ||, norm and B"(R.,)[to, t1] := {u € L}'[to, 1]
llull, < R,]. Assume Clty,t;] is the subset of continuous functions in Li*[ty,¢;]. Define
inductively for each n € X* the iterated integral E, : L7'[to,t1] — Clto,t1] by setting
Eylu] :==1 and letting

By olul (1, 10) = / i () Eglu] (7. o) d,

to

where z; € X, 7€ X*, and up = 1. The argument ¢y will often be suppressed when t, = 0.

Example 2.4.1 If n = z;, then

Exi[u](t>t0):/ w;(T) dT.

to
In particular,

t
Ewo[u](t,to):/ 1d7':t—t0,

to

so that

Exg[u](t,to):/ uo(7) B[] (T, t0) dT

to

= /t:(T —to) dr

(t —to)?
21 '

The following lemmas give some general results.
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Lemma 2.4.1 For every k > 0,

(t—to)®

Egglul(t.to) = 12

Proof: The proof is by induction on word length. The claim is trivial when k£ = 0. As
seen previously, E, [u](t,ty) = t —ty and E,2[u](t,to) = @_2#,0)2 when £ = 1 and k = 2,
respectively. Now assume the identity holds up to a fixed & > 0. Applying the induction

hypothesis gives

Exlg+1[U](t,t0):/ By [ul(7,t0) dT

to

t k
. (T — to)
= /to i dr

(t — to)k“
(k+1)! '

Therefore, the identity holds for all £ > 0. ]

Lemma 2.4.2 Forallk >0

Bl = [ S ar

Proof: For brevity, the subscript on u; is dropped and without lost of generality t; = 0. The

proof is by induction on k. When k£ = 0 observe by definition

When £k =1,

Applying integration by parts gives

/0 t /0 " () drydr — ( /0 " u(m) d@) -

t

¢
—/ nu(m) dn
0 0
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¢ ¢
= t/ u(r)dn —/ nu(m) dn
0 0

= /0 (t —m)u(m) dn
= Eroay [u] (t)

Now assume the identity holds up to some fixed k& > 0. In which case, from the induction

hypothesis,

By ey, Ju)(t) = / By [u](7) dr

Erm () — )k
:/ / 7( ! i 2) u(7y) dro dry.
0o Jo '

The unit step function U(¢) is used to change the order of integration, i.e.,

E, ki1, [u)(t) = /t /t MU(TQ)U(’H —Ty) drydmy

/ / 71_72 U(r — 7) driu(rs) dr
/0 [ / % dﬁ] u(rs) d,
= /Ot % ;U(TQ) dr

E(t — )kt
_ /0 S e

Therefore the identity holds for all &£ > 0. ]
2.4.3 Chen-Fliess Series

Given any ¢ € R*(({X)) one can often associate a causal m-input, f-output operator, F..

First consider the following definition.

Definition 2.4.1 [10] Given a series c € RY((X)), its corresponding Chen-Fliess series
18

y(t) = Fulul(t) = D (c;m) Ey[ul(t,to). (34)
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The series ¢ is called the generating series of F,.. In general, the summation above is
only formal unless conditions are imposed on ¢ to ensure convergence. For example, if the

coefficients of ¢ satisfy the growth bound
[(e;m)| < KMVI(n]t)*, vy € X* (35)

for some real numbers K, M > 0 with s = 1, then there exists real numbers R, T > 0
such that F. is a mapping from B}*(R)[to,to + T] into Bf (S)[to, to + T, where the numbers
p,q € [1,+o0] are conjugate exponents, i.e., 1/p + 1/q = 1 [21]. The set of all such locally
convergent series is denoted by R, ((X)), and F, is referred to as a Fliess operator. If ¢
satisfies the more stringent growth condition where 0 < s < 1, then the series (34) defines

an operator from the extended space L}, (t) into Clto, 00), where
Lgfe(to) = {U . [t(], OO) — Rm . u[to,tﬂ - L;n[t(],tl], th - (to, OO)},

and wu, ) denotes the restriction of u to [to,#1] [39]. In this case, the operator is said to be
globally convergent, and the set of all such generating series is designated by R, ((X)). In

this case convergence is assured for any fixed T' > 0 and u € Ly[to, to + T.

2.5 FINITE DIMENSIONAL LINEAR STATE SPACE

REALIZATIONS

Consider a linear time-invariant state space system

2(t) = Az(t) + Bu(t), z(ty) = =20,
(36)

y = Cz(t),
where A € R, B € R™! and C € R™". The dimension of the system, n, is assumed

to be finite. It is first shown that the input-output map of any such system has a Fliess

operator representation whose generating series is globally convergent.
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Observe that the state equation can be rewritten in integral form as

2(t) = 2(to) + / t Az(7) dr + / t Bu(r) dr.

to to

Substituting for z(¢) on the right-hand side gives

S(t) = 2(t) + / A [z(t0)+ / " Ax(n) dm + / " Bu(n) dﬁ] dr

to to to

+ /t Bu(r) dr

to

t t T2
= Z(to) +AZ(tQ)/ 1dr +A2/ / 2(7'1) d7'1 d’TQ
to Jto

to

t T2 t
+ AB/ / u(r) dm dry + B/ u(T) dr.
to Jto to

Continuing in this way gives the solution to the state equation in the form of a Peano-Baker

series

oo t T T2
z(t):zo+ZAk20// / 1drdr---dm,
k—1 to Jto to
©© t rTE4 T2
+ZAkB/ / / u(m) dm dry -+ - drpq,
k—0 to Jto to

or equivalently,

2(t) =Y A By [u)(t,to) + > A*BE, i, [u](t 1), (37)

From the output equation it then follows that

y(t) = i C A 2B, [l (t, o) + i CABE, 1. [u](t, to). (38)

k=0 k=0

This proves in part the following theorem.

Theorem 2.5.1 A finite dimensional linear time-invariant system (36) has an input-output

giwen by the Chen-Fliess series
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where )

CAFzy - 77:1"5, k>0

(¢,n) =< CA*B con=akry, k>0

0 . otherwise.
\

Furthermore, this generating series is globally convergent.

Proof: Tt only remains to be shown that the generating series satisfies a global convergence
growth rate (35) with 0 < s < 1. In particular, the claim is that s = 0 is sufficient. Observe

that for n = xf
(e, 25)| = [CA 2| < CIIIAM | 20]l = [IC l120lI[1-AlI".

Thus, global growth bound is satisfied with constants K; = ||C||||z0||, M = ||A]|, and s = 0.

Similarly, if n = 2, and assuming A # 0, then
(e, z5a1)| = [CA*B] < [|CII|AMII1B]| = [CIIIBIN AN A",

So the corresponding global growth constants in this case are Ky, = ||C|||| BJ|||A||7*, M =
|Al|, and s = 0. Therefore, setting K = max(K7, K3) implies that ¢ is globally convergent.
u

The triple (A, B, C) is called a differential representation of the generating series ¢ [12].
The underlying semigroup is defined by the mapping T : RT — exp(At), where exp(At) is

the matrix exponential as presented in Examples 2.2.1-2.2.2.
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CHAPTER 3

GENERALIZED CHEN-FLIESS SERIES FOR LINEAR
DISTRIBUTED SYSTEMS

The goal of this chapter is to introduce a generalized notion of a Chen-Fliess series
suitable for representing the input-output map of a linear distributed system. In the first
section, the notion of an infinite dimensional linear state space realization is described. The
generalization of the Chen-Fliess series is introduced in the next section. The final section

describes sufficient conditions for the convergence of such series.

3.1 LINEAR DISTRIBUTED STATE SPACE SYSTEMS

Let A be an infinitesimal generator of a Cp-semigroup defined on a subset D(A) of a
Banach space Z. Here the state z(t) € Z at time ¢t € R™ will not be an element in R" as
in Section 2.5, but rather an element in some function space, for example, Z = Ls[to, t1].
In this sense, the state space is not finite dimensional. The notation z(x,t) will be used to
indicate the element z(t) in Z evaluated at x € [to, t;].

Let u € Ly([to, t1], U™) for some input space U™ corresponding to an m input system.
Consider a bounded linear operator B : U™ — Z. In light of Theorem 2.3.5, the infinite

dimensional state equation

2(t) = Az(t) + Bu(t), z(to) = 2o (39)

has at least a unique mild solution on [ty,t;]. In addition, assume that C'is a bounded linear
operator from Z to Y, where Y is some suitable output space. The corresponding output
equation is

y(t) = Cz(t). (40)
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As is customary in the finite dimensional case, this state space model will be written concisely

as the triple (A, B, C).

Example 3.1.1 Reconsider the transport equation (5) when written as the abstract differ-
ential equation (33). Here U = Z =Y = Ly(—00,00) so that u and v coincide as well as
z and y. Thus, the state space realization is (A, B,C) = (=V d/dx,1,1I), where I is the

identity map on Z. 0

3.2 GENERALIZED CHEN-FLIESS SERIES

In this section, a generalization of the classical Chen-Fliess series described in Section 2.4
is introduced that is capable of describing under certain conditions the input-output map of
a linear distributed system.

Let [to,t1] be a subinterval of R and U a normed linear function space of real-valued
functions defined on some interval [a,b] C R. U is also assumed to be a unital algebra
under componentwise multiplication. The unit is 1 : [a,b] — R :  — 1. Fix an alphabet
X = {zo,71,...,Tn}. Associate with each letter x; a mapping u; : [to,t1] — U which
has a well defined integral of the same form. In particular, let ug(t) = 1. Define u(t) =
[y (t) uag(t) - - -y ()T € U™. For any n € X*, one can define inductively an iterated integral
for a given u € Ly ([to, t1],U™) by

t
Eualul(t,t0) = /t w(r) Bylu](r, o) dr,
assuming Fjy = 1 and provided that each integral is well defined for every t € [y, t1] and an

element in U.

Example 3.2.1 If X = {zg, 21} and uy(z,t) = tsinz, then

tk
Byglul(w,1,0) = &
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B, [u](z,1,0) =

5Tl

forallz e Randt € RT. O

Now for any n € X*, let (¢,n) : U — Y(n) be a linear operator, where Y () is simply
the range of (¢,n) on U. Let L(U,Y) denote all the set of all such linear operators with
Y i=U,ex- Y (7). Let ¢ € L(U,Y)((X)) denote a formal power series whose coefficients are

operator-valued. In this context, consider the following definition.

Definition 3.2.1 Given a generating series ¢ € L(U,Y)((X)), its corresponding (general-
ized) Chen-Fliess series is

y(t) = F[ul(t) = Y (e,n) By[ul(t o), (41)

nex*

where each (c,n) is viewed an operator acting on the element E,[ul(t, ty) € U.

Of course, the summation above can only be viewed as a formal object without providing

conditions for convergence in some sense. This issue is addressed in the next subsection.

Example 3.2.2 Classical Chen-Fliess series can be viewed as a special case of the above
definition where the operator action is given by scalar multiplication. For example, (¢, ) :
Clto, t1] = Clto, t1] = Eplul(t, to) — ¢, Ey[u](t, to), where ¢, € R and Cftg, t1] denotes the set

of real-valued continuous functions on [ty, t1]. 0

Example 3.2.3 Reconsider Example 3.2.1. Suppose that the coefficients of ¢ are the purely

multiplicative operator

@it = (2) w

where z; is a smooth function in U, and the partial differential operator

8 k+1
@mmnz(aj |
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Assume zg(x) = cos(x) and as before ui(x,t) = tsinz. From Definition 3.2.1, the corre-

sponding Chen-Fliess series is

y(l’,t) = FC[U](Iat)

k=0
=) (c %)_, + ) (e :L’O:cl)i' sin

k=0 ! k=0 (k + 1)

S (L) it 5 (1) 2
= — | cos(z)— + — sin

ps ox k! — ox (k + 1)!

t2 t3 t4
= cos(z) — sin(x)t — cos(x)= + Sm(:c)g + cos(x)E +
t? t? o o
+ tcos(z) — sm(x); - COS(DS)Q + s1n(:£)ﬂ + Cos(a:)g +

= cos(z)(1 +1t) — sin(z) (t + g) — cos(z) <§ + g) + sin(z) (;—f + ;)

tt 1
+ cos(z) ($+§) + -

The next theorem is the main result of this thesis.

Theorem 3.2.1 The state space realization (39)-(40) defines an input-output map with a

Chen-Fliess series representation in the sense given in Definition 3.2.1.

Proof: Without loss of generality, assume m = 1 and let u = u;. Using the mild solution
described in Definition 2.3.5, one can repeat the inductive process described in Section 2.5

so that the solution to (39) can be written in terms of a Peano-Baker type series

0 t Tk T2
t):zo+ZAkz0// / 1drdr - dr
k—1 to Jto to

o0 t Thk41 T
+ZAkB/ / / U(7'1> dTl dTQ"'di+1,
k—0 to Jto to
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or equivalently,
Z Az E i ul(t) + Z A*BE,,, [u](t).

Applying (40) gives

Z CA 20, [u](t) + Z CA*BE,,,[u](t).

k=0

Therefore, the input-output map has the Chen-Fliess series representation

y(t) = D (e.n)Eyul(t,to),

neX*
where .
CAFzy - n:zlg, k>0
(e,n) =1 CA*B n:zlga:l, k>0
\ 0 : otherwise
and

CA¥z U — Y
CA*B:U — Y.
Note that the action of operator C' A*z, on U is interpreted as simply function multiplication.

Specific examples applying this theorem are given in the next chapter.

3.3 CONVERGENCE CONDITIONS

First a general convergence condition for the Chen-Fliess series (41) is given. This is

followed by a convergence condition specific to the linear time-invariant case.

Theorem 3.3.1 Fiz an input space U™ defined on [a,b] and let Y be the corresponding

output space. Let ¢ € L(U,Y)((X)) be a formal power series with the property that there
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exist real numbers K, M > 0 such that for any u € Li([to, t1],U™)

1
|(C> n)En[u](x>tat0)| S KMI”‘W> VU € X
n:

for all © € [a,b] and t € [ty,t1]. Then the Chen-Fliess series (41) converges absolutely and

uniformly to an element in 'Y .

Proof: For a fixed x € [a,b] and t € [tg, 1], observe

ly(e, Ol = | Y (e;n) Bylul(z, 1, to)

neX*

< Z |(C, n)En[u] (SL’, tv t0>|

neX*

- Z Z (¢, n) Eylu)(,t,t0)]

k=0 neXx*

S>3 mu

k=0 neXx*

—KS ((m+ 1)M)k%

= Kexp((m+1)M)

< Q.

Therefore, y(z,t) is well defined, and the series defining F.[u] converges absolutely and
uniformly. m

The condition above in general is quite strong and many practical systems may fail to
meet it. But for linear systems this condition can be satisfied as described in the next

theorem.

Theorem 3.3.2 Fiz u € Ly([0,T],U™), where T is finite. Let ¢ € L(U,Y){((X)) be a
generating series with corresponding linear realization (A, B, C, z) such that |CA*zy(x)| <
KM, k>0 for every x € [a,b] and |CA*Bu(z,t)] < KM*1, k>0 for all x € [a,b], t €

[0,T]. Then the corresponding Chen-Fliess series (41) converges absolutely and uniformly.
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Proof: The claim is that Theorem 3.3.1 can be applied under the stated conditions. There
are two cases to consider. First suppose that n = z& k > 0. Clearly,

k

(e, ) B ] (o, )] = )CA’W%

Tk

k
< KM =
—KMT’“l
= K( )H'

Next, suppose that n = 2§z, k > 0. Then

(e, 0§21) By, (2, 1) = |CA*BE g, [u] (2, )]

‘ i [CA* B (x, t)‘

< B, [|CA*Bu||(z, )

T5T1

< KM’“HEI;SH [u](z, )
Tk—l—l
(k+1)!
1
(k+ 1)

< KMk—i—l

— K(MT)k-‘rl

Example 3.3.1 Continuing Example 3.2.3, the identified Chen-Fliess series can be shown

to converge by applying Theorem 3.3.2. Observe for all z € [a,b], t € [0,T], and k£ > 0 that

|C A* 2y (z)| = '(a%)kcos(a;)

<1

Y

and

3 a k+1 '
|C A" Bu(x,t)] = o sin(x)| < 1.

Thus, the growth constants K = M = 1 are applicable and ensure convergence. 0
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CHAPTER 4

EXAMPLES: FIRST AND SECOND-ORDER LINEAR
DISTRIBUTED SYSTEMS

The goal of this chapter is to explicitly compute the generalized Chen-Fliess series repre-
sentation of the solution of an input-output PDE for a sample of linear distributed systems.
The results are then compared against what the classical methods for solving PDEs give.
In the first section, the analysis for the transport equation is presented. The next section

addresses systems whose input-output equations are second-order, constant coefficient linear

PDEs.
4.1 FIRST-ORDER PDES: TRANSPORT EQUATION

Reconsider the transport equation (5) when written as the abstract differential equation
(33). The following theorem is really just a special case of Theorem 3.2.1, but the claim will

be verified from first principles.

Theorem 4.1.1 The solution to the transport equation (5) when zy and u are smooth func-

tions of x has the Chen-Fliess series representation

ZCA 2B ZCA’“BEM% ul(t),

k=0

where (A, B,C) = (=V 0/0z,1,1) and provided the series converges.

Proof: From linearity, the zero-state and zero-input responses can be checked separately.

For the zero-input response, observe

Z CA 2 () Bz, 1)
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k=0
= o ot

= kz:% %20(9«“)(—‘/) A
= d th

= —(20(x — V1)) —
kz:% dtk o K!

= zo(x — V1),

which is the classical solution (4).
For the zero-state response observe
y(z,t) =Y  CA*BE,,, [u](x,1)
k=0

-y (—va%)k/ot (t;!T)ku(:E,T) dr

which is the classical solution (6) when zy(z) = 0. n

Example 4.1.1 Revisit Example 2.1.1, where y(z,0) = zy(x) = ae® for some fixed a,b € R.

From Theorem 4.1.1, observe

k=0

> o\t

k=0

it oF tk
_ k —bx
=3V ()

k=0
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y-1
eoi
f —— Classical
50 F CF: k=1
— CF: k=2
— CF: k=3
— CF: k=4
20f — CF:k=5

40}

30f

10F

Fig. 1: Example 2.1.1 and 4.1.1 Output Comparison at x = —1

oxl ¢

1 1
k=1:a(=V)! ( 0 _bx) L aVbe "t

2 2 2
k=2:a(-V)? ( 0 _b””) . a(Vb)2ae_m%.

2" )2l
Therefore,
t? tk
y(x,t) = ae™™ + aVbe "t + a(Vb)ze_bza +- 4 a(Vb)ke_bwy + e
d t d? t2

_ —b(z—Vt) - —b(x—Vt) e - —b(x—Vt) v .
= ae o + o (ae ) L + o (ae ) 3 +

d* ) th

Rl —b(x—Vt) v .

G ™"
—b(z—V't)

=ae ,

which agrees with the classical solution. In the context of the convergence criterion given
in Theorem 3.3.2, the growth constants are clearly K = |a| and M = |Vb|. A plot of
the classical solution using Mathematica’s DSolve command along with Chen-Fliess series
approximations involving k terms is shown in Figs. 1 and 2 when the spatial parameter x
is fixed at x = —1 and when the temporal parameter t is fixed at ¢t = 25, respectively. The
constants are set as V' = 0.05, @ = 2 and b = —1 for this computation. Note that the

Chen-Fliess series approximations uniformly approach the classical solution as k increases.



—— Classical
— CF:k=1
— CF: k=2
— CF: k=3
— CF: k=4
— CF: k=5

n 1 n n 1 n n n n n n 1 n n n
~0.04 ~0.02 3 0.02 0.04

Fig. 2: Example 2.1.1 and 4.1.1 Output Comparison at t = 25

Example 4.1.2 Reconsider Example 2.1.2, where
20(z) =0, u(z,t)=ax+0bt, a,beR.
Applying Theorem 4.1.1 gives

A*BE, &, [u](t)

zox1

y(z,1)

I
WE

b
I
<)

—Vﬁ)kExokml ], 1)

Oz
(~vir) o]

=
i
o

I I
e I[]
& A/ Q

2 ok a1
Observe
9\°
k=0: <_V(9—x w(z,t) = I(ar + bt) = ax + bt
k=1 (—V%)lu(a:,t) = —V%(az +bt)=—Va
k=2: (—V%)2u(x,t) =0,



48

y(x,1)
10}

S S / X —— Classical; CF: k = 1
[ CF: k=0
-5

~10F

Fig. 3: Example 2.1.2 and 4.1.2 Output Comparison at ¢t = 1

so that
y(x,t) = By, [u](x,t) + By, K—V%) u] (x,t)

t t T1
= / ax + br dt + / / —Va drydn
0 0 Jo

t2 t2
=art+b— —Va—
ax 5 a2,

which is the classical solution. As the series is finite, there is no convergence issue in this ex-
ample. As shown in Figs. 3 and 4, the Chen-Fliess solution agrees with the output computed

by Mathematica when k& = 1. 0

Example 4.1.3 Reconsider Example 2.1.3, where
V=2, z(x)=0, u(z,t)=tsinz.
From Theorem 4.1.1, the Chen-Fliess series yields

1 1 1 1 1
y(t) = §t2 sin(x) — §t3 cos(x) — 6t4 sin(z) + 1—5t5 cos(x) + Etﬁ sin(z) + - -

Note that when the Chen-Fliess series is written in its closed-form, it is equivalent to the

classical solution. For any fixed 7" > 0, the convergence parameters are K =T and M = 1.
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y(-1.9

. 20 ———380— __ 40 50
-2000 [
-4000
—— Classical; CF: k=1
— CF:k=0

-6000 »
-8000 w
~10000 w
~12000 »

-14000 |

Fig. 4: Example 2.1.2 and 4.1.2 Output Comparison at x = —1

Therefore, the series converges uniformly for any ¢ € [0,7] and = € R. Fig. 5 compares the
Chen-Fliess series approximation of the output against the output computed by Mathematica
when ¢t = 1. Note the uniform convergence of the series for all z € R. In contrast, Fig. 6
compares the two outputs when x = 1. In this case, there is only uniform convergence over

finite intervals of time as expected.

—— Classical
— CF: k=1
x — CF:k=2
— CF:k=3

Fig. 5: Example 2.1.3 and 4.1.3 Output Comparison at ¢t = 1
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y(1.1)

—— Classical
Y A S S S SR U T CF: k=20
—— CF: k=30
— CF: k=40

2L

4

Fig. 6: Example 2.1.3 and 4.1.3 Output Comparison at x = 1

4.2 SECOND-ORDER PDES

In this section, Chen-Fliess series representations of the solutions of the second-order

partial differential equation
Y (7, 1) + by (2, ) + Cyu (2, t) = u(z,t),  y(r,0) = 2(@). (42)

are considered. (Note the slight notation change. Here ¢ is used instead of ¢ as in Chapter 2
to avoid the conflict with the symbol for generating series.) The first step is to find a state
space realization (A, B,(C') for this input-output equation. The problem is split into two
cases: ¢ # 0 and ¢ = 0.

Suppose ¢ # 0 and write (42) in the form

a b 1
ytt(x>t) = _nyx(zat) - Ey:ct(x>t) + EU(ZE,t), y(IaO) = Z()(Ilf) (43)

Define the state variables z;(t) = y(t) and z5(t) = y,(t) so that

5(t) = —%%zl(t) _ gﬁ@(t) + %u(t), y(2,0) = 20(z),
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or equivalently,

0 1 0

i(t) = 2(t) + | | u(®),
_a® _bo 1
¢ Ox2 ¢ 0z ¢

0 I 0
A= , B:= ,  C:= {[ 0] . (44)
_a® b O 1r
¢ Ox? ¢ Ox é

The following theorem then applies.

Theorem 4.2.1 The solution to the input-output equation (43) when zy and u smooth func-

tions of x has the Chen-Fliess series representation

y(t) = CA*%Ec[ul(t) + Y CA*BE, i, [u](t),

k=0
where
0 I 0
(4.B.0) = St {1 0]
_ad® b9 17
¢ Ox2 ¢ Oz

and provided the series converges.

Proof: Again, this result is a special case of Theorem 3.2.1, but the claim will be verified
from first principles. From linearity the proof can be divided into two parts, the zero-input
case and the zero-state case.

For the zero-input response, the partial derivatives vy (z,t) and y.(z,t) are first com-

puted:
- -k
2.7 0 1 e
va) = (ol | | Al
k=0 b _a9 _bO :
L ¢ Ox? ¢ Oz |
- 2k
oo r 0 [ ktk—l
e =3 |1 ol | | ety
k=1 —%o: “éor




- ~ k+1

T 0 1 tk
IZ I 0 Zo(x)g
k=0 - _ad _ b :
| ¢ 0a? ¢ Oz |
_ = k+1
oo r 0 I ktk—l
Y .flf,t = I 0 Zo\T
0 (2, 1) ; s e (@)=
| ¢ 0a? ¢ Oz |
_ q k+2
> T 0 I e
:Z I 0 , Zo(i’«“)g~

0 I
wle) = |1 o o1,
_ad® _ b
é Ox2 é 0z

Similarly, y,.(z,t) can also be expressed in terms of z(x,t). Observe

k+1
0 | 0 I th
T 7t = a_ T
wntl =g | |o] |, 0
= e eos
I 0 0 1
= — t
U 2(x, )
T ¢ox? T oz
~ - 0 g
oz
=110 z(, 1)
L _a® b9
¢ Ox3 ¢ Oz
Substituting the above expressions into (42) gives
0 9
~ ox
el ) by )+ Sl ) = a4 1 o] |
- 2
0 1
+é{1 0] z(,1)
_ad® b9
| ¢ 0a? ¢ Oz
I 0 b
= You (2, 1) + | T 0]
L ab &3 _ b2

é Ox3 ¢ 0z2
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02 0
a9 _po
3 2 2
Tow (ot Fom
—aaa—; 0
= Yz (2, ) + [[ 0} z(x,t)
2
0 a%
82
= aYpr (T, t) — 053 [[ 0] z(x,t).
Noting that y(x,t) = Cz(z,t) gives
82
Yy (T, 1) + bype (2, 1) + Cyp(z,t) = aype(x,t) — amCz(z t)
o2
= aYp(x,t) — awy(z, t)
= O’
as expected.
For the zero-state response, the output y(z,t) is represented by
Z CA*BE, ky, [u](t)
k
> 0 1 0 t(t— )k
— [I O] / ( k'T) u(x, 7) dr,
2 .

which is now used to find the partial derivatives y;(x,t) and y,(x, t) as follows. First observe

that

yt(:):,t):% [] 0} TO /Otu([l?,T) dr

L]
k
& 0 I 0 t t—Tk
+Z{f 0} ) / ( i ) w(z, ) dr
k
S 0 1 0 CE(t — 1)kt
:Z{] 0] . / ( k') u(z,7) dr
k=1 _%% _ga% 1ir(Jo
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k41
>° 0 I 0 t oy Nk
:Z [I O] / ( k'T) w(x,T) dr
a 92 )
k=0 ~%57 “ibs 2l
and
) 0 I 0 t
ytt($7t) = 1 [[ O] / U(xﬂ') dr
t a2 v (17| Jo
¢ Ox? ¢ o0z é
- - k+1
& 0 I 0 t t k
+Z{I o} / ( k‘T> u(x, ) dr
- S k4l -
T ] 0 I 0 t _\k—1
= u(x, )+ > |1 0 MU= a7 dr
52 b o 1 0 k!
k=1 L I |ad” b0 17
i ¢ Ox2 ¢ oz | | ¢ ]
- S k42 - -
> T 1 0 I 0 t t k
:_U($>t)+z I 0 -7 u(x,7) dr
52 b o 1 k!
k=0 L - a0 _ 0O ir 0
| ¢ 0x? ¢ O | [ ¢ ]

0 I
ytt('rvt) = TU(LIZ‘,T,) + C Z(l’,t)
_ad  _bd
¢ Ox2 ¢ oz
Computing y,.(z,t) by a similar process yields
k41
& 0 I 0 t t— T k
Yot (2, 1) = p Z {] 0] / ( X ) u(x, ) dr
=0 _ad  _bd 17| /o
¢ Ox2 ¢ ox
k
0 0 1 © 0 I 0 t t— k
= 8_0 / ( k'T) u(z,T) dr
B = e = T I 2 e
0 9
=C % a(a,t)
a & b 0
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Again, substituting these expressions into (42) gives

0 9
AYrr (2, 1) + byt (2, 1) + Cyn(x,t) = ayp(z,t) +0 | C o 2(x,t)
3 2
—45m —tor
2
0 I
+¢| =u(z,t)+C z(x,t)
_ad> _bd
¢ 0x2 ¢ Oz
0 b
= QYo (2,t) + C 2(x,t) + u(x, 1)
_ab9® bbb 9%
é 0x3 ¢ Ox?
o 3
—a22 _po
+C o o z(x,t)
a 3 2 2
o (Cot+ %o
92 92 I 0
=a—y(z,t) —a=——C 2(x,t) +u(x,t)
Ox? Ox?
0 I
0? 0?
= a@y(x, t) — CL@CZ(QU, t) -+ U(ZI}', t)
= u(z,t).
Thus, the Chen-Fliess series for the zero-state response is established. [ ]

For the second case where ¢ = 0, equation (42) simplifies to

where z = y,. Thus, the corresponding linear state space realization with y, as the output
is
a 0 1

B:=-1

A="Far b

C:=1.

Clearly, y can be computed via direct integration of the solution of the state equation. Hence,
this case is very similar to the first-order case treated in the previous section, where now
V' = a/b in the definition operator A, and B is just scaled by 1/b. Thus, there is nothing

significantly different to consider in this situation.
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The following examples apply the above theorem to hyperbolic PDE initial value problems

and compare the solutions to the classical solutions.

Example 4.2.1 Reconsider the vibrating string in Example 2.1.6 described by the wave
equation

Y (2, 1) = Ypo(x, t) + v sin (%T) , 0<z<L, t>0, (45)

where now v =1, L =1, and

y(z,0)
20(z) = =0, Vzel0,1].
Yt (Ia O)
This input-output equation corresponds to having the constants a = —1, b =0, and ¢ = 1

in Theorem 4.2.1. Thus, the corresponding Chen-Fliess series for the solution is

y(x.t) =Y CA*BE, 1, [u](z,1)
k=0
k
s 0 I 0 t(t— )k
— Z {] O] / ( 'T> sin(mx) dr
=0 8_2 O ] 0 k
Ox2
, 2 ¢ £ 8
= sin(7mz) [5 — sz + 7T4§ - 7T6§ +-- } : (46)

Note that the closed-form of the Chen-Fliess series is equivalent to its classical solution.
Figs. 7 and 8 compare the output computed from Mathematica and various Chen-Fliess
approximations with ¢ and then = fixed, respectively. There is clearly uniform convergence
spatially but not temporally. This is evident from the separability of the solution (46) in
terms of x and t.

Two forms of convergence analysis are presented for this example. First a brute force

analysis of the series in (46) using the ratio test. Define

oo

o0 B t2k
Zak = Z(—l)k+l7r2(k 1)—(%)'.
k=1 ’

k=1



y(x,1)

—— Classical
— CF:k=0
— CF: k=1
— CF:k=3
— CF: k=5
— CF: k=7

Fig. 7: Example 2.1.6 and 4.2.1 Output Comparison at ¢t = 1

¥(0.5.4)

—— Classical
— CF:k=0
— CF:k
— CF:k
— CF: k

k

k

1
© N O W -

— CF:
_0_2; — CF:

Fig. 8: Example 2.1.6 and 4.2.1 Output Comparison at x = 0.5

The ratio test says that the series will converge absolutely if

a
lim [—* | < 1.
k— oo ak:
Observe for any finite ¢t > 0
2k (1 )22k (2k)! 242

= lim

lim ko0 ‘ (2k +2)(2k + 1)

koo | (2k+2)l  m2hR)(_1)krigk

=0<1

o7



o8

Thus, the convergence claim is established where (46) converges absolutely for all x € [0, 1]
and t > 0.
The second convergence test is based on Theorem 3.3.2. A straightforward calculation

gives

D k=241

CAFB =
0 : otherwise.
Therefore,

J .
|CA* Bu(x, t)| = ‘% sin(rx)| < mf = 7k=D/2 < (/m)k,

So the growth conditions K = 1/y/m and M = /7 apply so that convergence is assured for

all z € [0,1] and any ¢ € [0, 7] with T finite. 0

Example 4.2.2 Consider the previous example with an input u(z,t) = exp(—t)sin(mwz)

that depends now on both x and ¢. The classical solution to
Yir (2, 1) = Ypo(x, 1) + e sin(mz),

where 0 < x < 1 and t > 0 and with zero boundary conditions is computed by Mathematica

to be

—tr — t in(7t
e tm — 7 eos(mt) + sin(7t) sin(mz).
T+ 3

y(z,t) =
Applying Theorem 4.2.1 with the same state space realization as in the previous example

gives the Chen-Fliess series representation

y(w,t) =Y CA*BE, , [u](t)
k=0
k
> 0 1 0 t k
— Z [1 O] / t le> e 'sin(rz) dr
k=0 2 o [1]7°
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Again, when the Chen-Fliess series is written in its closed-form, it is equivalent to its classical
solution. Figs. 9 and 10 compare the output computed from Mathematica and various Chen-
Fliess approximations. Note that the convergence for the fixed x case is better behaved

compared to the previous example because lim; ., u(z,t) = 0 for all = € [0, 1].

y(x1)

—— Classical
— CF: k=1
— CF:k=3
— CF:k=5
— CF: k=7

Fig. 9: Example 4.2.2 Output Comparison at ¢t = 1

(051

03r — Classical
—— CF:k=1

02l — CF:k=3
' — CF:k=5
— CF:k=7

Fig. 10: Example 4.2.2 Output Comparison at x = 0.5

Convergence is again verified by two different methods. The first method begins by
applying the comparison test for convergence. It states that if for a given series Y .- ax,
there exists a second series >/~ by, such that 0 < |ax| < |by| for all £ and >, by, converges,

then the series Y, a; must also converge. The series )., a; appearing in the solution
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has the form

ap =
The dominating series by, is selected to be

k
L+ k> 2.

by = ————
Pk T

Clearly,

|ak| S |bk|, Vk‘ 2 2.

By the ratio test, Y .-, by converges absolutely for any fixed ¢ > 0. Therefore, the series
appearing in the solution converges absolutely for all z € [0, 1] and any fixed ¢ > 0.
Alternatively, one can also apply the convergence criterion in Theorem 3.3.2. In fact,
since u(z,t) = e 'sin(mz) < sin(mz) for all € [0,1] and ¢ > 0, the same growth constants
apply as in the previous example. Thus, convergence is assured for all € [0,1] and any

fixed ¢t € [0,7T] with 7" > 0 fixed. 0
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CHAPTER 5

CONCLUSIONS

This thesis had three main objectives. The first objective was to provide a new class of
Chen-Fliess series capable of describing the input-output map of a linear distributed system.
This theory was developed in Chapter 3, where the main innovation was to replace the
real coefficients with operator-valued coefficients. Two sufficient conditions for convergence
were given, one for the general case, and one for linear systems. The second objective was to
demonstrate the method for the class of first-order two-dimensional linear distributed systems
and compare the results against classical methods for solving PDEs. This was accomplished
in the first section of Chapter 4, where the transport equation was characterized in this
setting. There was good agreement between the classical theory and the Chen-Fliess theory.
Thus, the method was validated in this context. The final objective was to demonstrate the
method for the class of second-order two-dimensional linear distributed systems and compare
the results against classical methods for solving PDEs. This analysis was presented in the
second section of Chapter 4. Again, there was good agreement between the classical methods
and the Chen-Fliess series approach. Thus, in the linear setting, the new Chen-Fliess theory

provides a way to explicitly describe the input-output behavior of a distributed system.



1]

62

BIBLIOGRAPHY

W. Arendt, C. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace Transforms

and Cauchy Problems, 2nd Ed., Springer, Basel, 2011.

J. A. Ball, G. Groenewald, and T. Malakorn, Structured noncommutative multidimen-

sional linear systems, SIAM J. Control Optim., 44 (2005) 1474-1528.

T. Becker and V. Weispfenning, Grobner Bases: A Computational Approach to Com-

mutative Algebra, Springer, New York, 1993.

S. C. Chapra and R. P. Canale, Numerical Methods for Engineers, 7th Ed., McGraw-Hill

Education, New York, 2015.

R. Curtain and H. Zwart, Introduction to Infinite-dimensional Systems Theory: A State-

space Approach, Springer, New York, 2020.

R. Dahmen, W. S. Gray and A. Schmeding, Sequences of Chen-Fliess series in iden-
tification and machine learning, Proc. 24th International Symposium on Mathematical
Theory of Networks and Systems, Cambridge, UK, IFAC Papers OnLine, 54 (2021)

231-238.

P. DuChateau, The Transport Equation, https://www.math.colostate.edu/~pauld/M545

/1Transport.pdf.

L. A. Duffaut Espinosa and W. S. Gray, Integration of output tracking and trajectory
generation via analytic left inversion, Proc. 21st International Conference on System

Theory, Control and Computing, Sinaia, Romania, 2017, pp. 802-807.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

63

L. A. Duffaut Espinosa, W. S. Gray, and G. S. Venkatesh, Learning control for voltage
and frequency regulation of an infinite bus system, Proc. 24st International Conference

on System Theory, Control and Computing, Sinaia, Romania, 2020, pp. 800-806.

M. Fliess, Fonctionnelles causales non linéaires et indéterminées non commutatives,

Bull. Soc. Math. France, 109 (1981) 3-40.

M. Fliess, Réalisation locale des systemes non linéaires, algebres de Lie filtrées transitives

et séries génératrices non commutatives, Invent. Math., 71 (1983) 521-537.

W. S. Gray, Formal Power Series Methods in Nonlinear Control Theory, Ed 1.2, 2022,

http://www.ece.odu.edu/~sgray /fps-book.

W. S. Gray, L. A. Duffaut Espinosa, and K. Ebrahimi-Fard, Faa di Bruno Hopf algebra
of the output feedback group for multivariable Fliess operators, Systems Control Lett.,

74 (2014) 64-73.

W. S. Gray, L. A. Duffaut Espinosa, and L. T. Kell, Data-driven SISO predictive control
using adaptive discrete-time Fliess operator approximations, Proc. 21st International
Conference on System Theory, Control and Computing, Sinaia, Romania, 2017, pp.

383-388.

W. S. Gray, L. A. Duffaut Espinosa, and M. Thitsa, Left inversion of analytic nonlinear

SISO systems via formal power series methods, Automatica, 50 (2014) 2381-2388.

W. S. Gray and K. Ebrahimi-Fard, SISO output affine feedback transformation group

and its Faa di Bruno Hopf algebra, SIAM J. Control Optim., 55 (2017) 885-912.

W. S. Gray and K. Ebrahimi-Fard, Generating series for networks of Chen-Fliess series,

Systems Control Lett., 147 (2021) article 104827.



[18]

[19]

[20]

[21]

[25]

2]

[27]

64

W. S. Gray and Y. Li, Generating series for interconnected analytic nonlinear systems,

SIAM J. Control Optim., 44 (2005) 646-672.

W. S. Gray and M. Thitsa, A unified approach to generating series for mixed cascades

of analytic nonlinear input-output systems, Internat. J. Control, 85 (2012) 1737-1754.

W. S. Gray, G. S. Venkatesh, and L. A. Duffaut Espinosa, Nonlinear system identifi-
cation for multivariable control via discrete-time Chen-Fliess series, Automatica, 119

(2020) article 109085.

W. S. Gray and Y. Wang, Fliess operators on L, spaces: Convergence and continuity,

Systems Control Lett., 46 (2002) 67-74.
A. Isidori, Nonlinear Control Systems, 3rd Ed., Springer, London, 1995.
T. Kailath, Linear Systems, Prentice-Hills, Inc., Englewood Cliffs, NJ, 1980.

O. Kolditz, Computational Methods in Environmental Fluid Mechanics, Springer,

Berlin, 2002.

E. Kreyszig, Introductory Functional Analysis with Applications, John Wiley and Sons,

Inc., New York, 1978.

A. Lastra and S. Malek, On parametric multisummable formal solutions to some non-

linear initial value Cauchy problems, Adv. Differ. Equ., (2015) 2015 article 200.

I. Lasiecka and R. Triggiani, Control Theory for Partial Differential FEquations: Volume
1, Abstract Parabolic Systems (Continuous and Approximation Theories), Cambridge

University Press, New York, 2000.



[28]

[29]

[33]

[35]

[36]

65

I. Lasiecka and R. Triggiani, Control Theory for Partial Differential Equations: Vol-
ume 2, Abstract Hyperbolic-like Systems over a Finite Time Horizon (Continuous and

Approzimation Theories), Cambridge University Press, New York, 2000.

T. Ma, Modeling and Control of Partial Differential FEquations (PDE) Described
Systems, Doctoral Dissertation, 2002, https://opencommons.uconn.edu/dissertations

/2002.
Maplesoft, Waterloo Maple Inc., Maple, Waterloo, Ontario, 2019.
Wolfram Research, Inc., Mathematica, Version 12.2, Champaign, IL, 2020.

K. Morris, Control of systems governed by partial differential equations, Chapter 67 in

IEEE Control Handbook, W. S. Levine, Ed., CRC Press, Boca Raton, FL, 2011.

T. Myint-U and L. Debnath, Linear Partial Differential Equations for Scientists and

Engineers, 4th Ed., Birkhauser Boston, New York, 2007.

K. F. Riley, M. P. Hobson, and S. J. Bence, Mathematical Methods for Physics and

Engineering, 3rd Ed., Cambridge University Press, New York, 2006.

G. Ruocco, Introduction to Transport Phenomena Modeling: A Multiphysics, General

Equation-Based Approach, Springer International Publishing, 2018.

D. Speiser, Discovering the Principles of Mechanics 1600-1800: FEssays by David Speiser,

Birkhauser, Basel, 2008.
O. Staffans, Well-Posed Linear Systems, Cambridge University Press, New York, 2005.

R. Vazquez and M. Kristic, Volterra boundary control laws for a class of nonlinear
parabolic partial differential equations, 6th IFAC Symposium on Nonlinear Control Sys-

tems, Stuttgart, Germany, IFAC Papers OnLine, 37 (2004) 1253-1258.



66

[39] I. M. Winter Arboleda, W. S. Gray, and L. A. Duffaut Espinosa, Fractional Fliess
operators: Two approaches, Proc. 4/9th Conf. on Information Sciences and Systems,

Baltimore, MD, 2015.

[40] X. Xu, R. Yao, K. Sun, and F. Qiu, A Semi-analytical solution approach for solving
constant-coefficient first-order partial differential equations, Proc. 60th IEEE Conf. on

Decision and Control, Austin, TX, 2021.



67

VITA

Natalie T. Pham
Department of Electrical and Computer Engineering

Old Dominion University
Norfolk, VA 23529

Education

B.S. Electrical Engineering, Old Dominion University, May 2020

M.S. Thesis
Chen-Fliess Series for Linear Distributed Systems, Old Dominion University, May 2022,
Advisor: W. S. Gray

Publications

1. N. Pham and W. S. Gray, “Chen-Fliess Series for Linear Distributed Systems,” in

preparation.

Academic Positions

Old Dominion University, Department of Electrical and Computer Engineering, Norfolk, VA

e Teaching Assistant — ECE 302: Linear System Analysis, ECE 381: Introduction to
Discrete-Time Signal Processing, 2021

e Teaching Assistant — ECE 461-561 and ECE 695: Automatic Control Systems, 2020
Awards and Honors

e Old Dominion University Batten College of Engineering and Technology Diversity
Graduate Fellowship, 2021-2022

e Old Dominion University Dean’s List, 2016-2020

e Old Dominion University Presidential Scholars Scholarship, 2016-2020

Typeset using KTEX.



	Chen-Fliess Series for Linear Distributed Systems
	Recommended Citation

	Pham_thesis.dvi

