
Old Dominion University Old Dominion University 

ODU Digital Commons ODU Digital Commons 

Mechanical & Aerospace Engineering Theses & 
Dissertations Mechanical & Aerospace Engineering 

Fall 1987 

A Study of Flow Separation in Transonic Flow Using Inviscid and A Study of Flow Separation in Transonic Flow Using Inviscid and 

Viscous CFD Schemes Viscous CFD Schemes 

James Andrew Rhodes 
Old Dominion University 

Follow this and additional works at: https://digitalcommons.odu.edu/mae_etds 

 Part of the Fluid Dynamics Commons, and the Mechanical Engineering Commons 

Recommended Citation Recommended Citation 
Rhodes, James A.. "A Study of Flow Separation in Transonic Flow Using Inviscid and Viscous CFD 
Schemes" (1987). Doctor of Philosophy (PhD), Dissertation, Mechanical & Aerospace Engineering, Old 
Dominion University, DOI: 10.25777/yryx-3t88 
https://digitalcommons.odu.edu/mae_etds/274 

This Dissertation is brought to you for free and open access by the Mechanical & Aerospace Engineering at ODU 
Digital Commons. It has been accepted for inclusion in Mechanical & Aerospace Engineering Theses & 
Dissertations by an authorized administrator of ODU Digital Commons. For more information, please contact 
digitalcommons@odu.edu. 

https://digitalcommons.odu.edu/
https://digitalcommons.odu.edu/mae_etds
https://digitalcommons.odu.edu/mae_etds
https://digitalcommons.odu.edu/mae
https://digitalcommons.odu.edu/mae_etds?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F274&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/201?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F274&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/293?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F274&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.odu.edu/mae_etds/274?utm_source=digitalcommons.odu.edu%2Fmae_etds%2F274&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@odu.edu


A STUDY OF FLOW SEPARATION IN TRANSONIC FLOW 

USING IMVISCID AND VISCOUS CFD SCHEMES

by

James Andrew Rhodes

B . S . ,  A e ro sp a c e  E n g r g . ,  March 196 9,  P e n n s y l v a n i a  S t a t e  U n i v e r s i t y  
M. E n v i r o n .  P o l l u t i o n  C o n t r o l ,  May 1975,  P e n n s y l v a n i a  S t a t e  U n i v e r s i t y  

M. E n g r . ,  C i v i l  E n g r . ,  November 1982 ,  Old Dominion U n i v e r s i t y

A D i s s e r t a t i o n  S u b m i t t e d  t o  t h e  F a c u l t y  o f  
Old Dominion U n i v e r s i t y  in  P a r t i a l  F u l f i l l m e n t  o f  t h e  

R e q u i r e m e n t s  f o r  t h e  Degree  o f

D o c t o r  o f  P h i l o s o p h y

M e chan ic a l  E n g i n e e r i n g

Old Dominion U n i v e r s i t y  
December 1987

Approved by:

1anu«1 D. S a l a sS u re n d ra  N. T iw a r i  ( D i r e c t o r )

E r n s t  von L a v a n t s  ( C o - D i r e c t o r ) ■CfforlcG Coofcc - /
J. Mark. Derre^ft*I

Oktay Baysa l  *

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT

A STUDY OF FLOW SEPARATION IN TRANSONIC FLOW 
USING INVISCID AND VISCOUS CFD SCHEMES

J a n e s  Andrew Rhodes 
Old Don in i on  U n i v e r s i t y ,  1987 

D i r e c t o r :  Dr .  S u r e n d r a  N. T iw ar i
C o - D i r e c t o r :  D r .  E r n s t  von L a v a n te

A com par i son  of  f lo w  s e p a r a t i o n  i n  t r a n s o n i c  f lows  i s  made u s in g  

v a r i o u s  c o m p u t a t i o n a l  schemes which s o l v e  t h e  E u l e r  and t h e  N a v i e r -  

S t o k e s  e q u a t i o n s  o f  f l u i d  m e c h a n i c s .  The f lows  examined a r e  computed 

u s i n g  s e v e r a l  s i m p l e  t w o - d i m e n s i o n a l  c o n f i g u r a t i o n s  i n c l u d i n g  a backward 

f a c i n g  s t e p  and a bump in  a c h a n n e l .  Comparison o f  t h e  r e s u l t s  o b t a i n e d  

u s i n g  shock f i t t i n g  and f l u x  v e c t o r  s p l i t t i n g  methods a r e  p r e s e n t e d  and 

t h e  r e s u l t s  o b t a i n e d  u s i n g  t h e  E u l e r  codes  a r e  compared t o  r e s u T t s  on 

t h e  same c o n f i g u r a t i o n s  u s i n g  a code  which s o l v e s  t h e  N a v i e r - S t o k e s  

e q u a t i o n s .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGEMENTS

The w r i t e r  w ish es  t o  acknowledge t h e  en co u rag em en t ,  s u p p o r t  and 

g u i d a n c e  g iven  by each member o f  t h e  gu id a n c e  co m m it t ee .  In p a r t i c u l a r ,  

t h e  w r i t e r  would l i k e  t o  th an k  Dr .  Surendri .  N. T iwar i  f o r  h i s  f a i t h  in  

t h e  w r i t e r ' s  a b i l i t i e s  and w i l l i n g n e s s  t o  p ro v id e  f i n a n c i a l  s u p p o r t ,  Dr.  

E r n s t  von La va n te  f o r  t h e  many v a l u a b l e  d i s c u s s i o n s  which t h e  w r i t e r  had 

w i t h  him and f o r  t h e  use  of  s e v e r a l  o f  h i s  computer  c o d e s ,  and t o  Mr. 

Manual D. S a l a s ,  who was w i l l i n g  t o  p r o v id e  t h e  w r i t e r  w i th  t h e  i n i t i a l  

c o n c e p t  f o r  t h e  d i s s e r t a t i o n  t o p i c  and wi th  NASA f a c i l i t i e s  w i t h o u t  

which t h e  work would have been i m p o s s i b l e .

i i

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

Page

ACKNOWLEDGEMENTS ........................................................................................................................  i i

LIST OF TABLES ........................................    vi

LIST OF FIGURES ..........................................................................................................................  vi i

LIST OF SYMBOLS ..........................................................................................................................  x

C h a p te r

1 .  INTRODUCTION ..................................................................................................................  1

2 .  PHYSICAL MODELS AND GRID GENERATION ...........................................................  9

2 .1  I n v e s t i g a t i o n  P r o c e d u r e  ............................................................................  9

2 . 2  Gr id  G e n e r a t i o n  ...............................................................................................  12

2 . 2 . 1  Conformal  Mapping Te chn iq ue  ................................................. 13

2 . 2 . 2  A l g e b r a i c  Gr id  G e n e r a t i o n  .....................................................  17

2 . 2 . 3  E l l i p t i c  Smoothing ......................................................................  23

3 .  GOVERNING EQUATIONS OF FLUID DYNAMICS ....................................................... 27

3 .1  I n t r o d u c t i o n  ......................................................................................................  27

3 .2  Mass C o n s e r v a t i o n  E q u a t i o n  .....................................................................  28

3 . 3  Momentum E q u a t i o n .............................................................................................  21

3 .4  Energy C o n s e r v a t i o n  E qu a t i on  ................................................................  34

3 .5  Two-Dimens iona l  Form o f  E q u a t i o n s  ....................................................  37

4 .  SCHEME 1 -  SHOCK CAPTURING GABUTTI .............................................................  43

4 . 1  I n t r o d u c t i o n  ....................................................................................................... 43

4 . 2  T r a n s f o r m a t i o n  o f  E q u a t i o n s  ................................................................... 44

4 . 3  D i s c r e t i z a t i o n  o f  E q u a t i o n s  ................................................................... 49

i i i

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Page

4 . 4  S t a b i l i t y  A n a l y s i s  ......................................................................................  53

5 .  SCHEME 2 -  SHOCK FITTING GABUTTI......................................................................  58

5 .1  I n t r o d u c t i o n  .....................................................................................................  58

5 . 2  T r a n s f o r m a t i o n  t o  Shock F i t t e d  C o o r d i n a t e s  ............................. 60

5 . 3  C a l c u l a t i o n  o f  Shock A c c e l e r a t i o n  ..................................................  63

5 . 4  U p da t in g  t h e  Shock P o s i t i o n  ................................................................. 72

6 .  SCHEME 3 -  FLUX VECTOR SPLITTING EULER ......................................................  76

6 . 1  I n t r o d u c t i o n  .....................................................................................................  76

6 . 2  A l g o r i t h m  Development  ...............................................................................  77

6 . 3  F l u x - V e c t o r  S p l i t t i n g  ...............................................................................  81

6 . 4  S p a t i a l  D i s c r e t i z a t i o n  ............................................................................. 82

7 .  SCHEME 4 -  BEAM-WARMING NAVIER STOKES .......................................................  84

7 .1  I n t r o d u c t i o n  ............................................    84

7 . 2  G overn ing  E q u a t i o n s  .................................................................................... 84

7 . 3  Numerical  A l g o r i t h m  ....................................................................................  86

7 . 4  T u r b u l e n c e  Model ...........................................................................................  87

8 . INITIAL AND BOUNDARY CONDITIONS ...................................................................  89

8 . 1  I n t r o d u c t i o n  .....................................................................................................  89

8 . 2  I n i t i a l  C o n d i t i o n  .........................................................................................  90

8 . 2 . 1  Problem One ....................................................................................... 90

8 . 2 . 2  P roblem  Two ......................................................................................  93

8 . 2 . 3  Problem Thre e  .................................................................................. 94

8 . 2 . 4  Problem Four  ....................................................................................  94

8 . 3  Wall Boundary C o n d i t i o n s  ........................................................................ 95

8 . 3 . 1  Scheme One .........................................................................................  95

8 . 3 . 2  Scheme Two ......................................................................................... 96

iv

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Page

8 . 3 . 3  Scheme Three  ......................................................................................  96

8 . 3 . 4  Scheme Four .......................................................................................  97

8 . 4  S u b s o n ic  I n f lo w  Boundary ........................................................................  98

8 . 4 . 1  Schemes One and Two ....................................................................  99

8 . 4 . 2  Scheme Three  ......................................................................................  101

8 . 4 . 3  Scheme Four  .......................................................................................  102

8 . 5  Ou t f low Boundary C o n d i t i o n  ...................................................................  103

8 . 6  F a r  F i e l d  Boundary C o n d i t i o n  ............................................................... 104

9 .  RESULTS AMD DISCUSSION .......................................................................................... 110

9 . 1  Problem One .......................................................................................................  110

9 . 1 . 1  I n v i s c i d  R e s u l t s  .............................................................................  110

9 . 1 . 2  V iscous  R e s u l t s  .............................................................................. 146

9 . 2  Problem Two .......................................................................................................  161

9 . 2 . 1  I n v i s c i d  R e s u l t s  ...........................................................................  161

9 . 2 . 2  V isco us  R e s u l t s  .............................................................................. 173

9 . 3  Problem Th re e  ..................................................................................................  178

9 . 4  Problem Four  ....................................................................................................  187

10.  CONCLUSIONS .................................................................................................................... 193

REFERENCES .......................................................................................................................................  201

v

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF TABLES

T a b le  Page

4 . 1  R e s u l t s  from S t a b i l i t y  A na ly se s  ...................................................................  57

vi

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF FIGURES

F ig u re  Page

2. 1  C o n f i g u r a t i o n  Used f o r  S tudy ............................................................................  11

2 . 2  T r a n s f o r m a t i o n  f o r  Backward Fa c in g  S tep  .................................................. 15

2 . 3  T r a n s f o r m a t i o n  f o r  Bump in  Channel  .............................................................  15

2 . 4  C i r c u l a r  Arc Co m p u ta t i o n a l  Domain ................................................................  19

2 . 5  NACA 0012 C om pu ta t io na l  Domain .......................................................................  19

2 . 6  C o n s t r u c t i o n  o f  C o n n e c t i n g  L in es  ..................................................................  22

2 . 7  C o n t r o l  o f  <j> Along n = C o n s t a n t  Boundary ................................................  26

2 . 8  C o n t r o l  o f  <j> Along 5 = C o n s t a n t  Boundary ................................................  26

4 . 1  C h a r a c t e r i s t i c  Monge Cone ...................................................................................  51

5 .1 V e c t o r  R e l a t i o n s  a t  t h e  Shock .........................................................................  66

5 . 2  C o n s t r u c t i o n  o f  Line  I = IS ..............................................................................  75

8 .1  Mach Number a t  Ou t f low Boundary ..................................................................... 105

8 . 2  Far  F i e l d  Boundary C o n d i t i o n  ............................................................................  107

9 .1  Mach Number a t  Channel  E n t r a n c e  ....................................................................  I l l

9 . 2  Example 81x41 Gr id Used f o r  I n v i s c i d  C a l c u l a t i o n s  .......................... 113

9 . 3  Mach Number a t  Shock (n = 20) ........................................................................  115

9 . 4  Mach Number a t  Shock (n = 40) ........................................................................  116

9 . 5  Mach Number a t  Shock (nQ = 100) ...........................................................  117

9 . 6  Shock L o c a t i o n  vs n Q(ri |  = 20) .......................................................................... 119

9 . 7  Shock L o c a t i o n  vs n Q (n^ = 40) ........................................................................  120

9 . 8  Shock L o c a t i o n  vs n 0 (n^ = 100) ...........................................................  121

9 . 9  En t ro py  Downstream o f  Shock ..............................................................................  123
vi i

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



F i g u r e  Page

9 . 1 0  V o r t i c i t y  Downstream o f  Shock .......................................................................... 124

9 . 1 1  Minimum M vs n Q ( n j  = 20) .......................................................................................  125

9 . 1 2  R e a t t a c h m e n t  £ vs n fl (n^ = 20) ........................................................................  127

9 . 1 3  Minimum M vs n 0 ( n j  = 100)..... ..................................................................................  128

9 . 1 4  R e a t t a c h m e n t  £ vs n 0 ( n 1 = 100) ...................................................................... 129

9 . 1 5  Mach C o n to u r s  (n = 2 . 0 )  ...................................................................................... 130

9 . 1 6  Lower Wall M (n = 2 . 0 )  ..........................................................................................  131

9 . 1 7  Mach C o n to u rs  (n0 = 1 .2 )  ......................................................................................  132

9 . 1 8  Lower Wall M (n = 1 . 2 )  ..........................................................................................  133

9 . 1 9  Mach Co n to u r s  (n = 0 . 4 )  ......................................................................................  134

9 . 2 0  Lower Co n to u r s  ( n Q = 0 . 4 )  .................................................................................... 135

9 . 2 1  E n t r o p y  C o n to u rs  .........................................................................................................  136

9 . 2 2  R e s u l t s  -  Scheme 3 (n = 0 . 4 ,  n j  = 40) .....................................................  139

9 . 2 3  R e s u l t s  -  Scheme 3 (n = 0 . 2 ,  = 40) .....................................................  140

9 . 2 4  R e s u l t s  -  Scheme 3 (n = 0 . 1 ,  = 40) .....................................................  141

9 . 2 5  Gr id D e t a i l  a t  Corne r  .............................................................................................  143

9 . 2 6  R e s u l t s  -  Scheme 3 ( n 0 = 0 . 1 ,  n^  = 20) ....................................................  144

9 . 2 7  Lower Wall M -  Scheme 3 (n = 0 . 1 ,  n i  = 20) ........................................  145

9 .2 8  R e s u l t s  -  Scheme 4 (1500 i t e r a t i o n s )  .........................................................  147

9 . 2 9  R e s u l t s  -  Scheme 4 (2000 i t e r a t i o n s )  .........................................................  150

9 . 3 0  R e s u l t s  -  Scheme 4 (2500 i t e r a t i o n s )  .........................................................  153

9 .3 1  R e s u l t s  -  Scheme 4 (3000 i t e r a t i o n s )  .........................................................  155

9 . 3 2  R e s u l t s  -  Scheme 4 (Re = 1 00 ,0 00 ) .... ................................................................ 157

9 . 3 3  R e s u l t s  -  Scheme 4 (Re = 100 , 000) .... ...............................................................  159

9 . 3 4  Mach Number v s .  n 0 ..................................................................................................... 162

9 . 3 5  Shock L o c a t i o n  v s .  n .............................................................................................  164o

vi i i

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



F i g u r e  Page

9 .3 6  E n t r o p y  Downstream o f  Shock .............................................................................  165

9 . 3 7  V o r t i c i t y  Downstream o f  Shock ........................................................................  166

9 . 3 8  Minimum M v s .  ti0 .......................................................................................................  168

9 . 3 9  R e a t t a c h m e n t  e v s .  ...........................................................................................  169
* o

9 . 4 0  Mach C o n t o u r s  (n = 1 . 0 )  .............................................................................   170

9 .4 1  Mach C o n t o u r s  (nQ = 0 . 4 )  .....................................................................................  172

9 . 4 2  R e s u l t s  -  Scheme 2 (81x41 g r i d ,  n Q = 0 . 2 )  ............................................  174

9 . 4 3  R e s u l t s  -  Scheme 3 (81x41 g r i d ,  n Q = 0 . 2 )  ............................................  176

9 . 4 4  R e s u l t s  -  Scheme 4 (1500 i t e r a t i o n s ) ..........................................................  179

9 . 4 5  R e s u l t s  -  Scheme 4 (2000 i t e r a t i o n s ) ..........................................................  180

9 . 4 6  R e s u l t s  -  Proble m 3 ( a l g e b r a i c  g r i d ) .......................................................... 182

9 . 4 7  R e s u l t s  -  Problem 3 (81x41 con fo rm a l  g r i d )  ..........................................  184

9 . 4 8  R e s u l t s  -  Proble m 3 (161x81 conformal  g r i d )  .........................................  185

9 . 4 9  R e s u l t s  -  Problem 3 (81x41 con fo rm a l  g r i d )  ...........................................  186

9 . 5 0  R e s u l t s  -  Proble m 3 (161x81 conforma l  g r i d )  .........................................  188

9 .5 1  R e s u l t s  -  Problem 3 -  Scheme 3 .......................................................................  189

9 . 5 2  G r id  f o r  NACA 0012 A i r f o i l  ...............................................................................  190

9 . 5 3  Mach C o n t o u r s  ..............................................................................................................  192

ix

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF SYMBOLS

A J a c o b i a n  m a t r i x

a speed  o f  sound,  n o n d i m e n s i o n a l i z e d  by aQ

B J a c o b i a n  m a t r i x

E To ta l  en e rg y

e
2

t o t a l  e n e r g y ,  n o n d i m e n s i o n a l i z e d  by p Q a Q

F f l u x  v e c t o r  i n  x o r  5 d i r e c t i o n

G f l u x  v e c t o r  i n  y  o r  n d i r e c t i o n

h
2

e n t h a l p y ,  n o n d i m e n s i o n a l i z e d  by p Q aQ

I i d e n t i f y  m a t r i x

i
2

i n t e r n a l  e n e r g y ,  n o n d i m e n s i o n a l i z e d  by a Q

J J a c o b i a n  o f  t r a n s f o r m a t i o n

k c o e f f i c i e n t  o f  t h e r m a l  c o n d u c t i v i t y

M, N e i g e n v e c t o r  m a t r i c e s  c o r r e s p o n d i n g  t o  A and B m a t r i c e s

P l o g a r i t h m  o f  p

P
2

p r e s s u r e ,  n o n d i m e n s i o n a l i z e d  by p Q a Q

Q v e c t o r  o f  c o n s e r v e d  q u a n t i t i e s

q mass f l u x

R gas c o n s t a n t

s e n t r o p y

T t e m p e r a t u r e

t t im e

U, V c o n t r a v a r i e n t  v e l o c i t y  components  in  £ and n d i r e c t i o n s

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



u ,  v C a r t e s i a n  v e l o c i t y  components in  x and y  d i r e c t i o n s

x ,  y  C a r t e s i a n  c o o r d i n a t e s

z x + i y ,  complex p h y s i c a l  p l a n e

Greek symbols

y r a t i o  o f  s p e c i f i c  h e a t s

5 , n g e n e r a l  c o o r d i n a t e s

ic von Karman 's  c o n s t a n t

x , n  e i g e n v a l u e s

p d e n s i t y  n o n d i m e n s i o n a l i z e d  by p Q

p c o e f f i c i e n t  o f  m o l e c u l a r  v i s c o s i t y

a - -  s h e a r  s t r e s s  t e n s o r
'  \ i

t .. d e v i a t o r i c  s t r e s s  t e n s o r

u v o r t i c i t y

S u b s c r i p t s

x ,  y  i n d i c a t e s  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  C a r t e s i a n  c o o r d i n a t e s

n i n d i c a t e s  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  g e n e r a l  c o o r d i n a t e s

s i n d i c a t e s  s o u r c e  t e r m ,  a l s o  v a r i a b l e  a t  shock

0 i n d i c a t e s  s t a g n a t i o n  c o n d i t i o n s

» i n d i c a t e s  c o n d i t i o n s  a t  i n f i n i t y

S u p e r s c r i p t s  

n t i m e  l e v e l

t  i n d i c a t e s  d i r e c t i o n  o f  c h a r a c t e r i s t i c  e i g e n v a l u e s  o r
d i f f e r e n t i a t i o n

xi

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p t e r  1 

INTRODUCTION

Al though much p r o g r e s s  has  been  made in t h e  f i e l d  o f  c o m p u t a t i o n a l  

f l u i d  dynamics (CFD), t h e  c o m p u ta t io n  o f  t r a n s o n i c  f lows  c o n t a i n i n g  

shock  waves and o f  f lo ws  e x h i b i t i n g  s e p a r a t i o n  i s  s t i l l  a c h a l l e n g e .  

The mos t  commonly used  methods t o  compute such f lo ws  s o l v e  e i t h e r  t h e  

t i m e - d e p e n d e n t  E u l e r  o r  N a v i e r - S t o k e s  e q u a t i o n s  on a f i x e d  g r i d .  The 

E u l e r  e q u a t i o n s  a l l o w  f o r  r o t a t i o n a l  f lows b ut  n e g l e c t  v i s c o u s  e f f e c t s ,  

whe reas  t h e  N a v i e r - S t o k e s  e q u a t i o n s  t a k e  i n t o  a c c o u n t  v i s c o u s  e f f e c t s .  

Both s e t s  o f  e q u a t i o n s ,  when e x p r e s s e d  in  i n t e g r a l  fo rm,  a r e  c o r r e c t  

even when d i s c o n t i n u i t i e s  in  t h e  f low f i e l d  a r e  p r e s e n t .  The 

c o m p r e s s i b l e  p o t e n t i a l  e q u a t i o n ,  which has  been used  e x t e n s i v e l y  f o r  

aero dy nam ic  p r e d i c t i o n ,  does  not  a l l o w  f o r  r o t a t i o n a l  f lows  and v i s c o u s  

e f f e c t s  and i s  t h e r e f o r e  no t  c o n s i d e r e d  in  t h i s  s t u d y .  However,  when 

shock waves a r e  weak and f low s e p a r a t i o n  i s  no t  e x p e c t e d ,  t h e  p o t e n t i a l  

model may p r o v i d e  a good a p p r o x i m a t i o n .  F u r t h e r m o r e ,  when c o u p le d  wi th  

boundary  l a y e r  e q u a t i o n s ,  v i s c o u s - i n v i s c i d  methods  have been 

s u c c e s s f u l l y  used  t o  compute f lows  w i t h  s e p a r a t i o n .

The dev e lop me nt  o f  CFD and ,  more s p e c i f i c a l l y ,  methods  t o  s o l v e  

c o m p r e s s i b l e  f l ow prob lem s e x t e n d s  back i n t o  t h e  1 9 5 0 ' s  and a co m p le te  

h i s t o r y  i s  beyond t h e  scope  of  t h i s  i n t r o d u c t i o n .  The m a t h e m a t i c a l  

t h e o r y  o f  t h e s e  n um er ic a l  a p p r o x i m a t i o n s  has  been d e v e l o p i n g  r a p i d l y  as 

has  been  t h e  m a t h e m a t i c a l  t h e o r y  o f  h y p e r b o l i c  c o n s e r v a t i o n  laws and

1
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shock  wa ves .  The 1948 book by Co ura nt  and F r i e d r i c h s  [ 1 ] *  and t h e  1973 

SIAM p u b l i c a t i o n  by Lax [ 2 ]  were  i m p o r t a n t  c o n t r i b u t i o n s  t o  t h e  

l i t e r a t u r e  which p r o v i d e  much o f  t h e  b a s i c  t h e o r y .  The 1967 t e x t  by 

R i c h tm e y e r  and Mor ton [ 3 ]  i s  now c o n s i d e r e d  a c l a s s i c  t e x t  on t h e  

a p p l i c a t i o n  o f  d i f f e r e n c e  methods  t o  i n i t i a l  v a l u e  p r o b l e m s .  More 

r e c e n t l y ,  t h e  books by S m o l l e r  [ 4 ]  and Majda [ 5 ]  p r o v i d e  u p - t o - d a t e  

e x p o s i t i o n  o f  t h e  m a t h e m a t i c a l  t h e o r y .  While t h e r e  have been  many books 

on CFD p u b l i s h e d ,  t h e  r e c e n t  t e x t  by An der so n ,  P l e t c h e r  and T a n n e h i l l  

[ 6 ] i s  one o f  t h e  mos t  p o p u l a r .  F i n a l l y ,  t h e  1986 s u r v e y  a r t i c l e  by Roe 

c o n t a i n s  an e x c e l l e n t  d i s c u s s i o n  o f  t h e  deve lo pm ent  and f a i r l y  r e c e n t  

s t a t e  o f  a f f a i r s  i n  n u m e r i c a l  schemes f o r  t h e  E u l e r  e q u a t i o n s  [ 7 ] .

E a r l y  schemes were  r e l a t i v e l y  s i m p l e  e x p l i c i t  methods  such as t h e  

Lax-Wendrof f  scheme [ 8 ]  and i t s  d e r i v a t i v e ,  t h e  t w o - s t e p  MacCormack 

Scheme [ 9 ] .  These  schemes a r e  e s s e n t i a l l y  c e n t r a l - d i f f e r e n c e  schemes 

and have t h e  u n d e s i r a b l e  p r o p e r t y  o f  b e i n g  o s c i l l a t o r y  n e a r  s h o c k s .  In 

o r d e r  t o  s t a b i l i z e  them,  a r t i f i c i a l  d i s s i p a t i o n  t e r m s  must  be added 

which t e n d  t o  smear  o u t  t h e  d i s c o n t i n u i t i e s  o v e r  s e v e r a l  mesh 

i n t e r v a l s .  E a r l y  upwind schemes i n c l u d e  t h e  CIR ( C o u r a n t - I s a a c s o n - R e e s  

[ 1 0 ] )  and t h e  Godunov [1 1 ]  m e th o d s .  These  schemes a r e  b o t h  f i r s t  o r d e r  

a c c u r a t e  and a r e  no t  used  t o d a y  but  were  i m p o r t a n t  ad v a n c e s  and p r e p a r e d  

t h e  way f o r  more advanced  s ch em es .  Upwind schemes a r e  p u r p o r t e d  t o  be 

more p h y s i c a l l y  c o r r e c t  s i n c e  t h e y  a r e  ba sed  on t h e  way c h a r a c t e r i s t i c  

i n f o r m a t i o n  p r o p a g a t e s .  They a r e  a l s o  more s t a b l e  n e a r  sh ocks  and i t  

has  been shown t h a t  upwind d i f f e r e n c e  schemes a r e  t h e  e q u i v a l e n t  o f

★
Numbers i n  b r a c k e t s  i n d i c a t e  r e f e r e n c e s .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



3

c e n t r a l  d i f f e r e n c e  schemes p l u s  a r t i f i c i a l  d i s s i p a t i o n  [ 1 2 ] .  The f i n i t e  

volume schemes p o p u l a r i z e d  by Jameson [13 ]  a r e  a l s o  e x p l i c i t  c e n t r a l  

d i f f e r e n c e  schemes which must  i n c l u d e  d i s s i p a t i v e  t e r m s  in  o r d e r  t o  

s t a b i l i z e  t h e  scheme and a v o i d  odd -even  d e c o u p l i n g  o f  t h e  mesh p o i n t s .

All  o f  t h e  e x p l i c i t  schemes a r e  r e s t r i c t e d  t o  r a t h e r  low CFL 

( C o u r a n t - F r i e d r i c h s - L e w y )  numbers which r e s t r i c t s  t h e  maximum a l l o w a b l e  

t i m e  s t e p  t h e y  can t a k e .  Th is  means t h a t  t h e  number o f  i t e r a t i o n s  

r e q u i r e d  t o  a c h i e v e  a g iv e n  l e v e l  o f  c o n v e rg e n c e  i s  l a r g e r  t h a n  would be 

t h e  c a s e  i f  t h e  schemes c o u l d  run a t  a h i g h e r  CFL number .  To overcome 

t h i s  l i m i t a t i o n ,  i m p l i c i t  schemes were  d e v e l o p e d .  T he re  have  been many 

such  schemes d e v e l o p e d  o f  which one o f  t h e  most  s i g n i f i c a n t  i s  t h e  Beam- 

Warming a p p r o x i m a t e  f a c t o r i z a t i o n  a l g o r i t h m  [ 1 4 ] .  T h is  scheme was a 

m a jo r  advance  and many l a t e r  schemes w e r e ,  a t  l e a s t  i n  p a r t ,  ba sed  on 

i t .  S in c e  t h i s  scheme s o l v e s  t h e  g o v e r n i n g  e q u a t i o n s  in  c o n s e r v a t i o n  

fo rm ,  t h e  c o n v e rg e d  s o l u t i o n s  s a t i s f y  t h e  R a n k in e -H u g o n io t  jump 

r e l a t i o n s  i f  sh ocks  a r e  p r e s e n t .  However,  as i s  t h e  c a s e  w i t h  a l l  o f  

t h e  schemes d i s c u s s e d  up t o  now, a r t i f i c i a l  d i s s i p a t i o n  must  be p r e s e n t  

t o  s t a b i l i z e  t h e  scheme n e a r  d i s c o n t i n u i t i e s .

S in c e  t h e  n u m er ic a l  a l g o r i t h m s  t y p i c a l l y  b e g i n  w i t h  an i n i t i a l  

g u e s s  and t h e n  i t e r a t e  t o w a r d s  a con ve rged  s o l u t i o n  which  must  s a t i s f y  

t h e  s p e c i f i e d  bou nda ry  c o n d i t i o n s ,  t h e  proble ms t o  which t h e y  a r e  

a p p l i e d  a r e  m a t h e m a t i c a l l y  d e s c r i b e d  as  i n i t i a l - b o u n d a r y  v a l u e  

p r o b l e m s .  The d i s c o n t i n u i t i e s  t h a t  a r e  computed and r e s o l v e d  a r i s e  

d u r i n g  t h e  c o u r s e  o f  t h e  c o m p u t a t i o n s  and t h e  l o c a t i o n  o f  t h e s e  

d i s c o n t i n u i t i e s  i s  g e n e r a l l y  n o t  known b e f o r e h a n d .  Thus t h e  schemes a r e  

f r e q u e n t l y  d e s c r i b e d  as "shock  c a p t u r i n g . "  A n o th e r  a p p r o a c h  t h a t  has 

proven  s u c c e s s f u l  i s  r e f e r r e d  t o  a "shock f i t t i n g . "  In t h i s  a p p r o a c h ,
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t h e  l o c a t i o n  o f  t h e  d i s c o n t i n u i t y  i s  a t  l e a s t  a p p r o x i m a t e l y  known 

b e f o r e h a n d  and t h e  a p p r o p r i a t e  m a th e m a t i c a l  r e l a t i o n s  a r e  used  t o  r e l a t e  

t h e  f low c o n d i t i o n s  an each s i d e  of  t h e  d i s c o n t i n u i t y ,  t h u s  p r o v i d i n g  a 

much b e t t e r  r e s o l u t i o n  of  t h e  d i s c o n t i n u i t y .  In t h i s  s t u d y ,  b o t h  shock

c a p t u r i n g  and shock f i t t i n g  methods a r e  used and t h e  r e s u l t s  a r e

compared.

S e p a r a t e d  f low h a s ,  in  t h e  p a s t ,  a lm os t  a lways  been a s s o c i a t e d  w i th  

boundary  l a y e r  s e p a r a t i o n  and t h u s  i s  u s u a l l y  r e g a r d e d  as  a v i s c o u s

e f f e c t .  S e v e r a l  y e a r s  ago ,  however ,  S a l a s  [15 ]  and o t h e r s  n o t i c e d  t h a t  

i n v i s c i d  c o m p r e s s i b l e  f low  p a s t  a c i r c u l a r  c y l i n d e r  computed u s i n g  t h e  

E u l e r  e q u a t i o n s  can s e p a r a t e  when t h e  f r e e  s t r e a m  Mach number i s  g r e a t e r  

t h a n  0 . 4 .  S a l a s  p o i n t e d  ou t  t h a t  e a r l i e r  a n a l y t i c a l  i n v e s t i g a t i o n s  by 

F r a e n k e l  [1 6 ]  p ro v e d  t h a t  e x a c t  s o l u t i o n s  o f  t h e  i n c o m p r e s s i b l e  E u l e r  

e q u a t i o n s ,  f o r  f lo w  p a s t  a c i r c u l a r  c y l i n d e r ,  can show s e p a r a t i o n

b u b b l e s  in  f r o n t  o f  and behin d  t h e  c y l i n d e r ,  t h e  s i z e  o f  which a r e  

c o n t r o l l e d  by t h e  f r e e  s t r e a m  v o r t i c i t y .  S a l a s  a l s o  deduced  t h a t  f low 

t h r o u g h  a cur ved  shock could  produce  s u f f i c i e n t  v o r t i c i t y  t o  c a u s e  t h e  

f low t o  s e p a r a t e  i n  some c a s e s .  He r a i s e d  s e v e r a l  q u e s t i o n s  c o n c e r n i n g  

t h e  v a l i d i t y  o f  t h e  computed s o l u t i o n s .  F i r s t ,  a r e  t h e  converged  

s o l u t i o n s  u n iq u e ?  Second,  what  i s  t h e  r e l a t i o n  be tween  t h e  computed 

E u l e r  s o l u t i o n s  t o  t h e  s o l u t i o n  o f  t h e  N a v i e r - S t o k e s  e q u a t i o n s ,  

e s p e c i a l l y  i n  t h e  l i m i t  as t h e  Reynolds  number goes t o  i n f i n i t y ?

Kumar and S a l a s  l a t e r  compared E u l e r  and N a v i e r - S t o k e s  s o l u t i o n s  

f o r  s u p e r s o n i c  s h e a r  f low p a s t  a c i r c u l a r  c y l i n d e r  [ 1 7 ] .  The imp in g in g  

s u p e r s o n i c  f lo w  c o n t a i n e d  v o r t i c i t y  and t h e  s e p a r a t i o n  o c c u r r e d  a lo n g  a 

symmetry l i n e  ahead  o f  t h e  c y l i n d e r .  The i n v e s t i g a t o r s  found t h a t  w h i l e  

t h e  o v e r a l l  s i z e  o f  t h e  s e p a r a t i o n  zone computed u s i n g  both  s e t s  o f
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e q u a t i o n s  was s i m i l a r ,  t h e  i n t e r n a l  s t r u c t u r e  was q u i t e  d i f f e r e n t  which 

t h e y  a t t r i b u t e d  t o  v i s c o u s  e f f e c t s .  The i n v i s c i d  s o l u t i o n  showed only  

one v o r t e x ,  wh e re as  t h e  v i s c o u s  s o l u t i o n  showed an i n n e r  and an o u t e r  

v o r t e x .  As t h e  Reynolds  number was i n c r e a s e d ,  t h e  i n n e r  v o r t e x  

d e c r e a s e d  in  s i z e  and t h e  N a v i e r - S t o k e s  s o l u t i o n  became s i m i l a r  t o  t h e  

E u l e r  s o l u t i o n .

B a r to n  and P u l l i a m  a l s o  compared E u l e r  and N a v i e r - S t o k e s  s o l u t i o n s  

f o r  f low  p a s t  a NACA 0012 a i r f o i l  a t  h igh  a n g l e s  o f  a t t a c k  [ 1 8 ] .  They 

used  an i m p l i c i t  a p p r o x i m a t e  f a c t o r i z a t i o n  scheme which s o l v e d  e i t h e r  

t h e  E u l e r  e q u a t i o n s  o r  t h e  N a v i e r - S t o k e s  e q u a t i o n s  in t h i n  l a y e r  form 

w i t h  an a l g e b r a i c  Baldwin-Lomax t u r b u l e n c e  mod el .  The a u t h o r s  f i r s t

d e s c r i b e  t h e  i n v i s c i d  r e s u l t s  f o r  M = 0 .25  and 0 . 4  on a c o a r s e  249 xoo

41 g r i d  and a f i n e  249 x 67 g r i d  w i th  an a  = 1 5 ° .  At M = 0 . 2 5  on
00

t h e  c o a r s e  g r i d ,  t h e r e  was no l e a d i n g  edge shock bu t  t h e  f lo w  s e p a r a t e d  

and an u n s t e a d y  o s c i l l a t o r y  b e h a v i o r  was o b se rv ed  in  t h e  s o l u t i o n .  On 

t h e  f i n e  g r i d ,  t h e r e  was a shock bu t  no f low s e p a r a t i o n  and t h e  s o l u t i o n  

co n v e rg ed  t o  a s t e a d y  s t a t e .  At M = 0 . 4 ,  t h e r e  was a l e a d i n g  edgeoo

shock and t h e  s o l u t i o n  e x h i b i t e d  an o s c i l l a t o r y  s e p a r a t e d  f low which d id  

no t  depend on t h e  g r i d .  Vis cous  and i n v i s c i d  c a l c u l a t i o n s  were c a r r i e d  

ou t  f o r  fl = 0 .3 01  and a = 1 3 . 5 ° .  The Reynolds  number i n  t h e  v i s c o u s  

c a l c u l a t i o n  was 3 . 91  x 10®. Whi le bo th t h e  i n v i s c i d  and v i s c o u s

c a l c u l a t i o n s  y i e l d e d  a s e p a r a t e d  s o l u t i o n ,  i n  t h e  i n v i s c i d  c a s e ,  no 

s t e a d y  s t a t e  s o l u t i o n  was r each ed  and an o s c i l l a t o r y  b e h a v i o r  was n o t e d ,  

whereas  t h e  c o m p u t a t i o n s  u s i n g  t h e  v i s c o u s  e q u a t i o n s  conv e rge d  t o  a

s t e a d y  s t a t e .  The a u t h o r s  c o n c lu d e d  t h a t  in  t h i s  c a s e  t h e  E u l e r  

s o l u t i o n  was no t  a good a p p r o x i m a t i o n  t o  t h e  N a v i e r - S t o k e s  s o l u t i o n .  

They a l s o  c o n c lu d e d  t h a t  w h i l e  i n  some c a s e s  t h e  s e p a r a t e d  f low  computed
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was t h e  c o r r e c t  s o l u t i o n  t o  t h e  i n v i s c i d  e q u a t i o n s ,  i n  o t h e r  c a s e s  

num er ic a l  e r r o r s  due t o  t h e  u s e  o f  a ve ry  c o a r s e  mesh ca u s e d  t h e  f low t o  

s e p a r a t e  and t h e  s o l u t i o n  was n o t  v a l i d .

S e p a r a t e d  f l ow  on t h e  l e e s i d e  o f  c o n i c a l  d e l t a  wings  a t  h ig h  a n g l e s  

o f  a t t a c k  has been  t h e  s u b j e c t  o f  s e v e r a l  i n v e s t i g a t i o n s .  Marconi 

s t u d i e d  s u p e r s o n i c  c o n i c a l  s e p a r a t i o n  u s i n g  a t h e  lambda scheme w i t h  

shock f i t t i n g  t o  s o l v e  t h e  E u l e r  e q u a t i o n s  [ 1 9 ] .  I t  was assumed t h a t  

t h e  f low i s  i n v a r i a n t  in  t h e  a x i a l  d i r e c t i o n  and t h e r e f o r e  t h e  t h r e e -  

d imensonal  e q u a t i o n s  can be s o l v e d  u s i n g  a t w o - d i m e n s i o n a l  g r i d .  A 

shock  wave em an a t i n g  f rom t h e  l e e s i d e  o f  t h e  body pr oduc ed  a s i g n i f i c a n t  

v o r t i c i t y  g r a d i e n t  which r e s u l t e d  in  f low  s e p a r a t i o n .  The s e p a r a t e d  

f low s p i r a l s  up and does  n o t  form a c l o s e d  r e c i r c u l a t i o n  eddy as  in t h e  

c a s e  o f  f lo w  p a s t  a c y l i n d e r .  Gr id  r e f i n e m e n t  was done  w i t h o u t  any 

s i g n i f i c a n t  change  i n  t h e  r e s u l t s .

Newsome and Thomas computed  and compared E u l e r  and N a v i e r - S t o k e s  

s o l u t i o n s  f o r  a c o n i c a l  d e l t a  wing a t  a eq ua l  t o  2 . 0  and a  equa l  

t o  10° [ 2 0 ] .  The c o n i c a l  a s s u m p t i o n  was a l s o  used  a l l o w i n g  t h e

c a l c u l a t i o n s  t o  be done on t w o - d i m e n s i o n a l  g r i d s .  The v i s c o u s  s o l u t i o n s  

were o b t a i n e d  u s i n g  b o t h  a c e n t r a l  d i f f e r e n c e  scheme ba sed  on 

MacCormack's e x p l i c i t  u n s p l i t  a l g o r i t h m  and a l s o  a f l u x  v e c t o r  s p l i t t i n g  

scheme d e v e lo p e d  by Thomas.  The v i s c o u s  s o l u t i o n s  o b t a i n e d  w i t h  bo th  

schemes on a 151 x 65 g r i d  a g r e e d  c l o s e l y  and showed a s e p a r a t e d  

v o r t i c a l  f l ow  on t h e  l e e s i d e  o f  t h e  wing w i t h  a p r i m a r y  v o r t e x  due t o  

l e a d i n g  edge s e p a r a t i o n  and a se c o n d a r y  c r o s s f l o w  s e p a r a t i o n  v o r t e x .

The E u l e r  s o l u t i o n s  were  o b t a i n e d  u s i n g  t h e  same schemes a f t e r  

d r o p p i n g  t h e  v i s c o u s  t e r m s  and t h e  s u r f a c e  n o - s l i p  bo undary  c o n d i t i o n .
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Two g r i d s ,  a c o a r s e  75 x 55 g r i d  and t h e  same v i s c o u s  g r i d  as b e f o r e ,

were u s e d .  On t h e  c o a r s e  g r i d ,  t h e  MacCormack scheme s o l u t i o n  showed a

s e p a r a t i o n  v o r t e x  s i m i l a r  t o  t h e  v i s c o u s  r e s u l t s .  E nt ropy  was pr o d u ced  

a t  t h e  l e a d i n g  edge  a l t h o u g h  t h e r e  was on ly  a smal l  shock e v i d e n t .  The 

upwind f l u x  v e c t o r  s p l i t t i n g  scheme produced  s o l u t i o n s  w i t h  no such 

s e p a r a t i o n  on t h e  c o a r s e  g r i d .  The a u t h o r s  co n c lu d e d  t h a t  t h e  f low 

s e p a r a t i o n  o b t a i n e d  on t h e  c o a r s e  g r i d  was due t o  t h e  a r t i f i c i a l  damping 

added t o  t h e  c e n t r a l  d i f f e r e n c e  scheme so t h a t  t h e  r e s u l t s  were 

c o n s i d e r e d  i n c o r r e c t .  Us ing t h e  f i n e  g r i d ,  b o th  schemes p rodu ced  

s i m i l a r  r e s u l t s  and t h e  s o l u t i o n s  showed a sma l l  v o r t e x  downst ream of  

t h e  c r o s s f l o w  s h o c k .

C h a k r a v a r t h y  d i d  f u r t h e r  c a l c u l a t i o n s  on t h e  same problem u s i n g  a 

TVD scheme t o  s t u d y  t h e  i s s u e  o f  i n v i s c i d  s e p a r a t i o n  [ 2 1 ] .  He c o n c lu d e d  

t h a t  one p o s s i b l e  e x p l a n a t i o n  f o r  t h e  d i f f e r e n t  r e s u l t s  t h a t  Newsome and

Thomas had o b t a i n e d  was t h e  use  of  s p a t i a l l y  v a r y i n g  t i m e  s t e p s .  He

s t a t e d  t h a t  t h i s  p r a c t i c e  may r e s u l t  i n  u n p h y s i c a l  t r a n s i e n t s  which does  

n o t  o c c u r  when a g l o b a l  t im e  s t e p  i s  u s e d .

However,  Kandi l  and Chuang pe r forme d a c a r e f u l  i n v e s t i g a t i o n  o f  

s u p e r s o n i c  v o r t e x  d o m in a te d  f low s  a b o u t  s h a r p  and ro u n d - e d g e  c o n i c a l  

d e l t a  wings  and c o n c l u d e d  t h a t  f o r  t h e  ro u n d -e d g e  wings  t h e  damping 

c o e f f i c i e n t s  used  i n  t h e  f i n i t e - v o l u m e  code c o n t r o l s  w h e t h e r  a t t a c h e d  o r  

s e p a r a t e d  s o l u t i o n s  a r e  o b t a i n e d  [ 2 2 ] .  In a d d i t i o n ,  t h e i r  c o m p u t a t i o n s  

i n d i c a t e d  t h a t  t h e  s o l u t i o n s  o b t a i n e d  d id  n o t  depend on w h e t h e r  g l o b a l  

o r  l o c a l  t i m e  s t e p p i n g  was u s e d ,  in  c o n t r a s t  t o  t h e  h y p o t h e s i s  o f  

C h a k r a v a r t h y .
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In view o f  t h e  f i n d i n g s  o f  t h e  v a r i o u s  i n v e s t i g a t i o n s  j u s t  

d i s c u s s e d ,  i t  i s  c l e a r  t h a t  nu m e r i c a l  s o l u t i o n s  o f  t h e  E u l e r  e q u a t i o n s  

which e x h i b i t  s e p a r a t e d  f low must  be c a r e f u l l y  e v a l u a t e d  t o  d e t e r m i n e  

w h e t h e r  o r  no t  t h e  r e s u l t s  a r e  r e a l i s t i c .  Th is  i n v e s t i g a t i o n  t h e r e f o r e  

i s  an a t t e m p t  t o  p r o v i d e  f u r t h e r  i n s i g h t  i n t o  t h e  i n v i s c i d  s e p a r a t i o n  

phenomenon and s p e c i f i c a l l y  an a t t e m p t  i s  made t o  r e l a t e  t h e  i n v i s c i d  

s e p a r a t i o n  c a s e  t o  t h e  v i s c o u s  c a s e .  Va r io us  codes  were  used  in  t h e  

c o u r s e  o f  t h i s  s t u d y  and t h e  g e n e r a l  i n v e s t i g a t i o n  p r o c e d u r e  i s  

d e s c r i b e d  i n  t h e  n e x t  c h a p t e r .
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C h a p t e r  2

PHYSICAL MODELS AND GRID GENERATION

In t h i s  c h a p t e r ,  i n v e s t i g a t i o n  p r o c e d u r e s  f o r  d i f f e r e n t  p h y s i c a l

s y s t e m s  a r e  p r e s e n t e d  and v a r i o u s  t e c h n i q u e s  o f  g r i d  g e n e r a t i o n  a r e

d i s c u s s e d .

2 .1  I n v e s t i g a t i o n  P r o c e d u r e

Se v e r a l  s im p le  t w o - d i m e n s i o n a l  c o n f i g u r a t i o n s  were  chosen  which

c o u l d  be used t o  t e s t  t h e  v a r i o u s  schemes used t o  s o l v e  t h e  E u l e r  and 

N a v i e r - S t o k e s  e q u a t i o n s  f o r  t r a n s o n i c  f l o w .  The f i r s t  c o n f i g u r a t i o n  i s  

f l o w  p a s t  a re a r w a rd  f a c i n g  s t e p .  I t  i s  known from e x p e r i m e n t  t h a t

i n c o m p r e s s i b l e  f low p a s t  such a s t e p  s e p a r a t e s  a t  a Reynolds  number,  

b a s e d  on s t e p  h e i g h t ,  l e s s  t h a n  500 t o  form one o r  more r e c i r c u l a t i o n  

v o r t i c e s  downstream o f  t h e  s t e p  [ 2 3 ,  241.  The i n c o m p r e s s i b l e  f low c a s e  

has  been computed n u m e r i c a l l y  by s e v e r a l  i n v e s t i g a t o r s  and t h e  r e s u l t s

a r e  c o n t a i n e d  in  t h e  p r o c e e d i n g s  o f  a r e c e n t  GAMM workshop [ 2 5 ] .  The

c o m p r e s s i b l e  c a s e  f o r  M̂  = 0 . 5  has been  computed by Schmidt  and

Jameson u s i n g  t h e  E u l e r  e q u a t i o n s  and a f i n i t e  volume scheme [ 2 6 ] ,

The s t e p  used in  t h i s  i n v e s t i g a t i o n  d i f f e r s  f rom t h e s e  c a s e s  i n  

t h a t  a conformal  t r a n s f o r m a t i o n  was used  t o  g e n e r a t e  t h e  g r i d .  T h is  

r e s u l t e d  i n  t h e  r e q u i r e m e n t  t h a t  in  o r d e r  t o  av o id  s i n g u l a r i t i e s  in  t h e  

t r a n f o r m a t i o n  m e t r i c s ,  a sh a rp  c o r n e r  had t o  be a v o i d e d  and i n s t e a d ,  a 

rounded  e x p a n s io n  c o r n e r  was u s e d .  The con fo rma l  t r a n s f o r m a t i o n  was

9
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used  t o  c o n t r o l  t h e  l o c a t i o n  o f  t h e  p h y s i c a l  b o u n d a r i e s  and t h e  

r e s u l t i n g  su d d e n n e s s  o f  t h e  e x p a n s i o n .  I t  was found t h a t  f o r  very  

g r a d u a l  e x p a n s i o n s  t h e  f low in  most  c a s e s  d i d  n o t  s e p a r a t e .  Wherea s ,  

when t h e  e x p a n s i o n  c o r n e r  was b r o u g h t  c l o s e r  t o  a s h a rp  c o r n e r ,  s e p a r a ­

t i o n  o c c u r r e d .  An example  o f  t h i s  c o n f i g u r a t i o n  i s  shown in  F i g .  2 . 1 a .

A second co nfo rm al  t r a n s f o r m a t i o n  was used t o  p rod uc e  a c o n f i g u r a ­

t i o n  which c o u l d  be t a k e n  t o  r e p r e s e n t  a bump i n  a cha nn e l  as  shown in  

F i g .  2 . 1 b .  In t h e  l i m i t ,  t h e  "bump" would become a s e m i - c i r c l e  as  w i l l  

be d i s c u s s e d  f u r t h e r  in  t h e  n e x t  s e c t i o n  on g r i d  g e n e r a t i o n .  The t h i r d  

c o n f i g u r a t i o n  chosen  f o r  s t u d y  i s  a c i r c u l a r  a r c  i n s i d e  a channel  as  

shown i n  F i g .  2 . 1 c .  This geomet ry  was ch os en  as o t h e r  i n v e s t i g a t o r s  

have  used  i t  and i t  was t h o u g h t  d e s i r a b l e  t o  be a b l e  t o  compare t h e  

r e s u l t s  o b t a i n e d  i n  t h i s  i n v e s t i g a t i o n  w i t h  t h e  r e s u l t s  o b t a i n e d  by 

o t h e r s .  F i n a l l y ,  a NACA 0012 a i r f o i l  w i t h  a = 0° as  shown i n  F i g .

2 . Id was ch osen  as  an e x t e r n a l  f low p r o b l e m .

Three  c o m p u t a t i o n a l  t e c h n i q u e s  were used  t o  s o l v e  t h e  E u l e r  

e q u a t i o n s .  The f i r s t  i s  a G a b u t t i  shock c a p t u r i n g  scheme which i s  a

v a r i a t i o n  o f  t h e  lamda scheme d e v e lo p e d  e a r l i e r  by M o r e t t i  [ 2 7 ,  2 8 ] .

Computer  co d e s  a p p l i e d  by t h e  w r i t e r  t o  a l l  f o u r  t e s t  p rob lem were

e x e c u t e d  on t h e  NASA Langley  computer  sy s te m ;  some of  t h e s e  codes  were 

v e c t o r i z e d  t o  speed  up t h e  e x e c u t i o n  t i m e .

The second method i s  a shock f i t t i n g  v e r s i o n  of  t h e  f i r s t  method .  

In t h i s  met hod ,  t h e  jump c o n d i t i o n s  t h r o u g h  t h e  shock a r e  e x p l i c i t l y  

e n f o r c e d  and t h e  g r i d  i s  f o r c e d  t o  a d a p t  t o  t h e  moving s h o c k .  A

v e c t o r i z e d  v e r s i o n  was d e v e lo p e d  f o r  t h e  r e a r w a r d  f a c i n g  s t e p  and

conf orm al  bump in  channel  p roblems and used  t o  pe r fo rm  g r i d  r e f i n e m e n t
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( a )  B a c k w a r d  F a c i n g  S t e p  ( b )  Bump i n  C h a n n e l

f ■' 1 >y)} ) >' y >) r9* / o  ) ) > y t ) > ) ) /

( c )  C i r c u l a r  A r c  ( d )  NACA 0 0 1 2  A i r f o i l

F i g .  2 . 1  C o n f i g u r a t i o n s  U s e d  f o r  S t u d y .
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s t u d i e s .  The t h i r d  E u l e r  s o l v e r  used was an i m p l i c i t  f l u x  v e c t o r  

s p l i t t i n g  scheme which was o r i g i n a l l y  d e v e lo p e d  by von L a v a n te  w i t h  

m o d i f i c a t i o n s  s u b s e q u e n t l y  made by t h e  w r i t e r  [ 4 7 ] .  These  schemes a r e  

d e s c r i b e d  i n  s u b s e q u e n t  c h a p t e r s .

The f u l l  N a v i e r - S t o k e s  e q u a t i o n s  were s o l v e d  u s i n g  an i m p l i c i t  

upwind a p p r o x i m a t e  f a c t o r i z a t i o n  scheme d e v e lo p e d  by Rumsey [ 2 9 ] .  The 

compu te r  code i s  f u l l y  v e c t o r i z e d  and has  been shown t o  g i v e  a c c u r a t e  

s o l u t i o n s  f o r  u n s t e a d y  f low  c a s e s .  The code  was a p p l i e d  t o  t e s t  

p r oblems one and two as  t h e s e  c a s e s  showed f low  s e p a r a t i o n  u s i n g  t h e  

i n v i s c i d  e q u a t i o n s .  T e s t  p r ob lems t h r e e  and f o u r  showed no such 

s e p a r a t i o n  and henc e  t h e  v i s c o u s  code was no t  u s e d .

2 . 2  Gr id  G e n e r a t i o n

Problems in f l u i d  dynamics  a r e  c l a s s i f i e d  as f i e l d  pr ob lems  s i n c e  

t h e  s o l u t i o n s  a r e  r e p r e s e n t e d  by v a r i a b l e s  such as d e n s i t y ,  p r e s s u r e ,  

v e l o c i t y ,  e t c .  which a r e  f u n c t i o n s  o f  one o r  more s p a t i a l  d i m e n s i o n s  as 

well  as  o f  t i m e .  S in c e  com pu te rs  have  f i n i t e  memor i es ,  t h e y  can o n ly  

s o l v e  t h e  g o v e r n i n g  e q u a t i o n s  a t  a f i n i t e  number o f  r e p r e s e n t a t i v e  

s p a t i a l  l o c a t i o n s .  The e q u a t i o n s  must  t h e r e f o r e  be d i s c r e t i z e d  and 

s o l v e d  n u m e r i c a l l y  a t  t h e s e  l o c a t i o n s .  The pu rp o se  o f  g r i d  g e n e r a t i o n  

i s  t h e r e f o r e  t o  d i s t r i b u t e  t h e  p o i n t s  a t  which t h e  s o l u t i o n  i s  d e s i r e d  

o v e r  t h e  s p a t i a l  domain in  some "optimum" s e n s e  t o  f a c i l i t a t e  t h e  

s o l u t i o n .

U s u a l l y  t h i s  i n v o l v e s  a t r a n s f o r m a t i o n  o f  c o o r d i n a t e s  from 

c a r t e s i a n  t o  a body f i t t e d  c o o r d i n a t e  s y s t e m .  Thus t h e  o r i g i n a l  ( x , y )  

c a r t e s i a n  c o o r d i n a t e s  a r e  r e p l a c e d  by c u r v i l i n e a r  ( s»n )  c o o r d i n a t e s  

which wrap a round t h e  c o n f i g u r a t i o n  t o  be s t u d i e d .  The main a d v a n t a g e
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in  do i n g  t h i s  i s  t h a t  i t  i s  u s u a l l y  p o s s i b l e  t o  t a k e  a d v a n t a g e  o f

compu te r  a r r a y  d a t a  s t r u c t u r e s  which i s  g e n e r a l l y  no t  t h e  c a s e  i f

c a r t e s i a n  c o o r d i n a t e s  a r e  u s e d .  However,  t h e  g o v e rn in g  e q u a t i o n s  must

a l s o  be t r a n s f o r m e d  and a d d i t i o n a l  computer  memory i s  o f t e n  r e q u i r e d  f o r  

t h e  s t o r a g e  o f  m e t r i c  te rm s  and J a c o b i a n s .  The t r a n s f o r m a t i o n  must be 

o n e - t o - o n e  and t h e  new c u r v i l i n e a r  c o o r d i n a t e s  a r e  f r e q u e n t l y  a s s i g n e d  

i n t e g e r  v a l u e s  such i, - 0 , 1 , 2 , . . . ,  Imax.

V a r i o u s  g r i d  g e n e r a t i o n  t e c h n i q u e s  have been d e v i s e d  and t h e  ones 

which were used  in  t h i s  i n v e s t i g a t i o n  i n c l u d e  con for ma l  mappin g ,

a l g e b r a i c ,  and e l l i p t i c  me thods .  These  w i l l  be d i s c u s s e d  i n  r e l a t i o n  t o  

t h e  s p e c i f i c  g r i d  g e n e r a t i o n  r e q u i r e m e n t s  of  each t e s t  p ro b le m .

2 . 2 . 1  Conformal  Mapping Technique

For  t h e  r e a rw a rd  f a c i n g  s t e p  t e s t  p roblem ,  t h e  t r a n s f o r m a t i o n  from 

t h e  c o m p u t a t i o n a l  p l a n e  t o  t h e  p h y s i c a l  p la n e  i s  shown i n  F i g .  2 . 2  and

t h e  t r a n s f o r m a t i o n  e q u a t i o n  i s  [30]

z = i [ ( c 2 -  1)1/2 + Jtn (c + k 2 -  1) 1 / 2 ) ]  ( 2 . 1)

where

c = % + in

z = x + iy  .

The m e t r i c s  x ^ ,  x ^ ,  y  , y^ a r e  e a s i l y  o b t a i n e d  from Eq. ( 2 . 1 )  as

f o l l o w s .  F i r s t  dz /d? i s  found a s

dz/ds = £ [ ( ? +  l ) / ( c  - 1 ) !1/2 (2.2)
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Then x and y  a r e  found from 
£ £

,  ^ , dZ dZ dr 1 r+1  to , x

(x  * l y ) 5 “ i ' F T  ( 2 -3)

F i n a l l y  f rom t h e  Cauchy-Riemann e q u a t i o n s ,  we have

x = y  and y  = -  x
5 n 5 n

The J a c o b i a n  o f  t h e  t r a n s f o r m a t i o n  i s  g iven  by

J  ~ 3 ( x , y )  "  5 x ny  n x c y  ^2 *4 ^

^x  =

h  - J \

n x 5 - J y E

n = J X
y c

For  t h e  con fo rma l  bump t e s t  p rob le m ,  t h e  t r a n s f o r m a t i o n  i s  shown in 

F i g .  2 . 3  and t h e  t r a n s f o r m a t i o n  e q u a t i o n  i s  [ 3 0 ]

? = 2 + 7 . ( 2 . 5 )

E q u a t i o n  ( 2 . 4 )  can be s o l v e d  f o r  z in  te rm s  o f  5 and t h e  r e s u l t  i s

z = \  [ C + k Z ~ 4 ) 1 / 2 ] ( 2 . 6 )

The m e t r i c  t e r m s  a r e  t h e n  found from

| f  = 4  Cl + c / ( 5 2 -  4)1/2]
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( - 1 . 0 ) ( 1 , 0 )

( 0 . 1 )

( 0 . 0 ) x

F i g .  2 . 2  T r a n s f o r m a t i o n  f o r  B a c k w a r d  F a c i n g  S t e p

A B x

F i g .  2 . 3  T r a n s f o r m a t i o n  f o r  Bump i n  C h a n n e l .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



16

For  t h e  c i r c u l a r  a r c  t e s t  p r o b le m ,  t h e  conformal  t r a n s f o r m a t i o n  i s  a 

d e g e n e r a t e  c a s e  o f  a K a r m a n - T r e f f t z  a i r f o i l  [ 3 1 ] .  The t r a n s f o r m a t i o n  i s  

shown in  F i g .  2 . 4  and i s

and t  i s  t h e  t h i c k n e s s  o f  t h e  a i r f o i l .  The b o u n d a r i e s  o f  t h e  

c o m p u t a t i o n a l  and p h y s i c a l  domains  a r e  s p e c i f i e d  a c c o r d i n g  t o  l i n e s  o f  

c o n s t a n t  5 and  n .  The d i s t r i b u t i o n  o f  p o i n t s  a l o n g  t h e  b o u n d a r i e s  was 

s p e c i f i e d  u s i n g  s i m p l e  po ly nom ia l  and e x p o n e n t i a l  s t r e t c h i n g  

f u n c t i o n s .  In t h e  5 d i r e c t i o n ,  a t h i r d  d e g r e e  po ly no m ia l  was found t o  

be s u f f i c i e n t :

where e,q and a r e  t h e  minimum and maximum v a l u e s  o f  5 r e s p e c t i v e l y ,  

and a j ,  a £ ,  and a j  a r e  c o e f f i c i e n t s  which a r e  chose n  t o  s a t i s f y

where  IM i s  t h e  number o f  p o i n t s  i n  t h e  5 d i r e c t i o n  and IS i s  chosen  

t o  be X a t  E, = ? s . The v a r i a b l e  X becomes t h e  new c o m p u t a t i o n a l

c o o r d i n a t e  i n  t h e  5 d i r e c t i o n .

Z -  1 _ r (c -  2) + ( c 2 -  4 ) 1 / 2 ] n 
z + 1 ■ J

( 2 . 7 )

where

(2 .8 )

a  = 2 t a n " ^  ( t )

c = c o + ( c l  '  5 o } ( a l  X + a 2 X2 + a 3 X3 ) ( 2 . 9 )

X = 0 a t
0

X = IM-1 a t  § = 5

X = IS a t

dc/dX = a j f e j  -  c Q) a t  X = 0
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In t h e  ti c o o r d i n a t e  d i r e c t i o n ,  e i t h e r  a second  o r d e r  po lynomia l  

s i m i l a r  t o  Eq. ( 2 . 9 )  o r  an e x p o n e n t i a l  s t r e t c h i n g  f u n c t i o n

n = n 0 + ( n j  -  n Q) e x p j k T '  ’> !  ( 2 ‘ 10)

was used  where  n Q and r i j  a r e  t h e  minimum and maximum v a l u e s  o f  n» 

k i s  a s t r e t c h i n g  c o e f f i c i e n t ,  and s i s  g iv en  by
t

S = Y/(JM -  1) . ( 2 . 1 1 )

Y i s  t h e  new c o m p u t a t i o n a l  c o o r d i n a t e  in  t h e  n d i r e c t i o n  and JM i s  t h e  

number o f  p o i n t s  i n  t h e  n d i r e c t i o n .  The polynomia l  s t r e t c h i n g  in  t h e  

n d i r e c t i o n  was used  t o  g e n e r a t e  g r i d s  used i n  t h e  i n v i s c i d  c a l c u l a ­

t i o n s  and t h e  e x p o n e n t i a l  s t r e t c h i n g  was used  t o  g e n e r a t e  g r i d s  f o r  t h e  

v i s c o u s  c a l c u l a t i o n s .  The c o e f f i c i e n t  k was c a l c u l a t e d  u s i n g  an 

i t e r a t i v e  Newton r o u t i n e  t o  s a t i s f y  a p r e s p e c i f i e d  dn/dY a t  n = 0 

g iv e n  by

^  ir\1 -  n 0 ) k e x p ( k s )

dY JM -  1 exp (k)  -  1 ( 2 . 1 2 )

2 . 2 . 2  A l g e b r a i c  Gr id  G e n e r a t i o n

B i l i n e a r  i n t e r p o l a t i o n  [3 2 ]  was used  t o  d e v e lo p  an a l t e r n a t e  non- 

con for ma l  g r i d  f o r  t h e  c i r c u l a r  a r c  t e s t  p roblem and t h e  two -b oundary  

t e c h n i q u e  o f  Smith [ 3 3 ]  was used t o  d e v e lo p  t h e  g r i d  f o r  t h e  NACA 0012 

t e s t  p r o b le m .  Both t e c h n i q u e s  r e q u i r e  t h a t  t h e  b o u n d a r i e s  be i n i t i a l l y  

s p e c i f i e d  by a d i s t r i b u t i o n  o f  p o i n t s .  E l l i p t i c  s m o o th in g ,  as d e s c r i b e d  

in  S e c .  2 . 2 . 3 ,  was used t o  p roduc e  t h e  f i n a l  g r i d s  in  bo th  c a s e s .

The g e n e r a l  c o o r d i n a t e s  5 and n a lo n g  t h e  b o u n d a r i e s  o f  t h e  

c i r c u l a r  a r c  was r e l a t e d  t o  t h e  a r c  l e n g t h  a lo n g  t h e  b o u n d a r i e s  by
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s i m p l e  po ly no m ia l  and e x p o n e n t i a l  s t r e t c h i n g  f u n c t i o n s  s i m i l a r  t o  t h o s e  

g iv en  i n  Se c .  2 . 2 . 1 .  The g r i d  was made symmetr ic  ab o u t  a l i n e  p a s s i n g  

normal t o  and t h r o u g h  t h e  t o p  o f  t h e  c i r c u l a r  a r c  and t h e  s t r e t c h i n g  

f u n c t i o n  was made t o  s a t i s f y  t h e  r e q u i r e m e n t  t h a t  one o f  t h e  l i n e s  o f

c o n s t a n t  5 b e g i n  a t  t h e  c o r n e r  o f  t h e  a r c  and t h e  s t r a i g h t  lower

b o u n d a r y .

Once t h e  ( x , y )  l o c a t i o n s  o f  t h e  boun da ry  p o i n t s  have been 

e s t a b l i s h e d ,  b i l i n e a r  i n t e r p o l a t i o n  can be used  t o  l o c a t e  t h e  i n t e r i o r

p o i n t s .  For  e x am pl e ,  t h e  x c o o r d i n a t e  o f  t h e  i n t e r i o r  p o i n t s  i s  g iven

by

x ( s , n )  = (1 -  r )  x ( 0 , n ) + r  x ( l , n )

+ (1 -  s )  x ( g , 0 ) + s x (s  , 1 )

-  (1 -  r )  [ ( 1  -  s )  x ( 0 , 0 ) + s x ( 0 , 1 ) ]

-  r  [ ( 1  -  s )  x ( l ,0)  + s x ( l , l ) ]  ( 2 . 1 3 )

where  £ ,  ? ,  r  and s a l l  va ry  between 0 and 1 , and r  and s a r e  n o r m a l i z e d  

a r c  l e n g t h s  w e i g h t e d  by t h e i r  r e l a t i v e  p r o x i m i t i e s  t o  t h e  t o p  and bot tom 

b o u n d a r i e s  ( i n  t h e  c a s e  o f  r )  and t o  t h e  l e f t  and r i g h t  s i d e  b o u n d a r i e s  

( i n  t h e  c a s e  o f  s ) .  A s i m i l a r  e q u a t i o n  i s  used  t o  g e t  t h e  y c o o r d i n a t e s  

o f  t h e  i n t e r i o r  p o i n t s .  Note t h a t  t h i s  method does  n o t  e n f o r c e

o r t h o g o n a l i t y  a l o n g  t h e  b o u n d a r i e s .  However,  t h i s  i s  l a t e r  a c h i e v e d

when t h e  e l l i p t i c  t e c h n i q u e  i s  employed in  t h e  sm oot h in g  o p e r a t i o n .

The c o m p u t a t i o n a l  r e g i o n  f o r  t h e  NACA 0012 a i r f o i l  was d e s i g n e d  f o r  

a "C" t y p e  g r i d  f o r  h a l f  t h e  a i r f o i l  on ly  as shown i n  F i g .  2 . 5 .  The 

a i r f o i l  s u r f a c e  i s  g iv e n  by t h e  f o l l o w i n g  e q u a t i o n  [ 3 4 ] .
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1 C 1 D2 . 4  C A t a t

( 0 , 0 ) ( 1 . 0 ) x

F i g .  2 . 5  NACA 0 0 1 2  C o m p u t a t i o n a l  D o m a i n .
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y = 0 . 6  [ . 2 9 6 9  x 1/ 2  -  .126 x -  .3516  x 2

+ .2843  x 3 -  .1015  x4 ] ( 2 . 1 4 )

T h is  e q u a t i o n  does  n o t  g i v e  y  = 0 a t  x = 1 and i t  was t h e r e f o r e

m o d i f i e d  s l i g h t l y  and p u t  i n t o  n e s t e d  form t o  g i v e  y  = 0 a t  x = 1 as  

f o l l o w s

y  = .1781 x1 / 2  -  x [ . 0 7 5 6  + x { . 2 1 1 0  -  x ( . 1 7 0 6

-  .0621 x ) } ]  ( 2 . 1 5 )

The p o i n t s  on t h e  bound ary  were  d i s t r i b u t e d  f i r s t  from A t o  B u s i n g  

a f i f t h  o r d e r  p o ly nom ia l

r  = a x c + a 2 ? 3 + a3 c 4 + a4 ? 5 ( 2 .1 6 )

where r  i s  t h e  a r c  l e n g t h  and ? t h e  c o m p u t a t i o n a l  c o o r d i n a t e  and a j ,

a £ ,  a j ,  and a^ a r e  found a f t e r  s p e c i f y i n g  t h e  f i r s t  d e r i v a t i v e  d r / d ?

2 2
a t  A and B, s e t t i n g  d r / d ?  = 0  a t  B, and r e q u i r i n g  r  t o  be equa l  t o  

t h e  t o t a l  a r c  l e n g t h  from A t o  B a t  a s p e c i f i e d  v a l u e  o f  ? .  T h is  

l e a d s  t o  a sy s t em  o f  f o u r  e q u a t i o n s  in  f o u r  unknowns which can be e a s i l y  

s o l v e d .  Note t h a t  s i n c e  t h e  te rm  in  ? i s  no t  p r e s e n t  in  Eq. ( 2 . 1 6 )  

t h a t  d 2 r / d ? 2 = 0 a t  r  = 0 as  w e l 1 .

An e x p o n e n t i a l  s t r e t c h i n g  f u n c t i o n  was used  t o  d i s t r i b u t e  t h e  

p o i n t s  f rom B t o  C such  t h a t  d r / d ?  was matched  a t  B. Along t h e  o u t e r  

b o u n d a r y ,  a t h i r d  o r d e r  po ly nom ia l  was used  t o  d i s t r i b u t e  t h e  p o i n t s .  

Once t h e  d i s t r i b u t i o n  o f  p o i n t s  a l o n g  t h e  o u t e r  bo und ary  f rom D t o  E and 

a l o n g  t h e  a i r f o i l  s u r f a c e  and t h e  symmetry l i n e  A t o  B t o  C was made, 

t h e  two b o u nd a ry  t e c h n i q u e  was used t o  l o c a t e  t h e  p o i n t s  in  b e tw e e n .
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R e f e r r i n g  t o  F i g .  2 . 6 ,  t h e  two p o i n t s  a and b a r e  f i r s t  c o n n e c t e d  

by a s t r a i g h t  l i n e  and t h e  p o i n t s  ( x ^ ,  y.,-) a l o n g  i t  a r e  found by l i n e a r  

i n t e r p o l a t i o n

x i 

* i

N ex t ,  t h e  s l o p e s  of  t h e  b o u n d a r i e s  a t  a and b a r e  computed as m̂

and mt  and t h e  s l o p e s  a t  t h e  i n t e r m e d i a t e  p o i n t s  x 7- a r e  found by l i n e a r

i n t e r p o l a t i o n  as  m̂  i n  t h e  same manner  as  a b o v e .  S t r a i g h t  l i n e s  p a s s i n g  

t h r o u g h  t h e  p o i n t s  x^ w i t h  s l o p e s  m7- a r e  t h e n  c o n s t r u c t e d  and t h e i r  

e q u a t i o n s  a r e

y = y- + mf (x -  x .j ) ( 2 .1 8 )

L in e s  p a s s i n g  t h r o u g h  a and b normal t o  t h e  b o u n d a r i e s  a r e  t h e n  

c o n s t r u c t e d  which  have as t h e i r  e q u a t i o n s

y " y b -  i r (x -  xb> • * = yt  - s : (x -  xt> ( 2 - 19)
b t

The p o i n t s  o f  i n t e r s e c t i o n  o f  t h e s e  l i n e s  w i t h  t h e  l i n e s  t h r o u g h  x^ 

a r e  t h e n  e a s i l y  computed as a n d y t  • F i n a l l y  t h e  g r i d

p o i n t s  f rom a t o  b a r e  found  as

x = x .  + a 3 ( * b + « 4 ( x t  -  X i )

( 2 . 2 0 )

y = y ,  + a 3 (yb y t ) + «4 f t t  -  y i }

D i f f e r e n t  f u n c t i o n s  and  a 4 have been e x p e r i m e n t e d .  One p o s s i b l e  

c h o i c e  i s

xa + t ( n ) (xb -  xa )

y a + t ( n ) ( y b -  y a )

(2 .1 7 )
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y

F i g .  2 . 6  C o n s t r u c t i o n  o f  C o n n e c t i n g  L i n e s .
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a 3 = Kb ( '  - " > 2
( 2 . 21 )

-  if 2
“ 4 ‘  Kt  n

where  Kb and Kt  a r e  c o n s t a n t s .

As long  as  Kb and Kt  a r e  f i n i t e ,  o r t h o g o n a l i t y  w i l l  be a c h i e v e d  a t  

l e a s t  on t h e  two o p p o s in g  b o u n d a r i e s  and t h i s  t e c h n i q u e  can be ex te n d e d  

t o  t h e  s i d e  b o u n d a r i e s  as  w e l l .

2 . 2 . 3  E l l i p t i c  Smoothing

T h is  t e c h n i q u e  i s  ba sed  on t h e  f o l l o w i n g  s e t  o f  P o i s s o n ' s  e q u a t i o n s

[6]
5 + 5 = P ( x , y )^xx syy v

( 2 . 2 2 )

^ x x  +T1yy = Q ( x ’y)

where  £ and n a r e  t h e  c o m p u t a t i o n a l  c o o r d i n a t e s  and P and Q a r e  t h e  

s o u r c e  te rm s  t h a t  c o n t r o l  t h e  r e s u l t i n g  g r i d .  S in c e  in  most  c a s e s  x and 

y as  f u n c t i o n s  o f  £ and n a r e  r e q u i r e d ,  t h e  above  e q u a t i o n s  a r e  

t r a n s f o r m e d  t o

a x -  2e x + y x = -  (P x + Q x ) / J 2
55 5n nn £ n

a  y  -  2b y  + y y = -  (p y  + Q y n ) / J 2
55 5n nn £ n

where t h e  J a c o b i  an J  = x y -  x y  and
5 n n 5

( 2 . 2 3 )

2 , 2  a = x + y 
n n

B = x x + y y 
5 n 5 n

2 2 
Y = + y ^
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Note t h a t  i f  t h e  g r i d  i s  o r t h o g o n a l  t h e n

7 g • 7 n = 0

which  i m p l i e s  t h a t  6 i s  z e r o .

A t r a n s f o r m a t i o n  i n t r o d u c e d  by M i d d l e c o f f  and Thomas r e p l a c e s  P and 

Q by two new f u n c t i o n  <j. and ^ as  f o l l o w s  [ 3 5 ] :

P , 1 , 2
a V

* =
0 , 1 x2
Y

( 2 . 2 4 )

w i t h  t h i s  t r a n s f o r m a t i o n ,  E qs .  ( 2 . 1 9 )  become

a  X -  26 X +  Y X = a  * X +  Y «  X
CC Cn nn g n

a y  - 2 e y  + v y  = a d > y + Y i I > y  £6 £n T -^nn u J g T * \

( 2 . 2 5 )

The te r m s  on t h e  r i g h t  a r e  commonly c a l l e d  " s o u r c e  t e r m s "  and t h e y  a r e  

r e l a t e d  t o  t h e  mesh o r t h o g o n a l i t y  and s p a c i n g .  E q u a t i o n s  ( 2 . 2 1 )  a r e  

s o l v e d  by a SLOR ( s i n g l e  l i n e  o v e r - r e l a x a t i o n )  t e c h n i q u e  which sweeps

a l t e r n a t i v e l y  i n  each  o f  t h e  g and n d i r e c t i o n s .  The s o u r c e  t e r m s  $

and ij> a r e  i n i t i a l l y  s e t  t o  z e r o  and a r e  th e n  s l o w l y  changed t o  a c h i e v e  

t h e  r e q u i r e d  a n g l e s  and s p a c i n g  o f  t h e  g r i d  a l o n g  t h e  b o u n d a r i e s .

The f u n c t i o n  $ a l o n g  t h e  b o u n d a r i e s  n = c o n s t a n t  i s  v a r i e d  

a c c o r d i n g  t o

$ n+1 = $ n + Cj tane  ( 2 . 2 6 )

where  Cj i s  some c o n s t a n t  and e i s  t h e  a n g l e  a t  which  t h e  l i n e s  o f

c o n s t a n t  g i n t e r s e c t  t h e  boundary  as shown in  F i g .  2 . 7 .  Along t h e  

b o u n d a r i e s  g = c o n s t a n t ,  t h e  c o n t r o l  f u n c t i o n  <}> i s  v a r i e d  a c c o r d i n g  

t o  t h e  s p a c i n g  ds as  shov/n i n  F i g .  2 . 8  as  g iv en  by Eq.  ( 2 . 2 7 ) .
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<|>n+1 = * n + c 2 (ds  -  d s ’ ) ( 2 . 2 7 )

where  d s 1 i s  t h e  d e s i r e d  s p a c i n g  and ds i s  t h e  a c t u a l  s p a c i n g .

The s o u r c e  t e r m  ij; i s  c o n t r o l l e d  a lo n g  t h e  b o u n d a r i e s  £ -  c o n s t a n t

u s i n g  a p r o c e d u r e  s i m i l a r  t o  4> a lo n g  t h e  n = c o n t a n t  b o u n d a r y .  Along

t h e  b o u n d a r i e s  n = c o n s t a n t ,  c o u l d  be v a r i e d  t o  o b t a i n  t h e  r e q u i r e d  

s p a c i n g  i n  a s i m i l a r  f a s h i o n  a s  $ a l o n g  £ = c o n s t a n t  b o u n d a r i e s .

In t h e  i n t e r i o r ,  <|> and ^ a r e  d e t e r m i n e d  by b i l i n e a r  i n t e r p o l a t i o n  

s i m i l a r  t o  Eq. ( 2 . 1 3 ) .  In t h i s  c a s e  t h e  v a r i a b l e s  r  and s a r e  r e l a t e d  

t o  £ and n by t h e  f o l l o w i n g  t h i r d  o r d e r  po ly no mi a l  b l e n d i n g  f u n c t i o n s .

r  = (3 -  % )  £ 2

(2 .2 8 )

s = (3 -  2n ) n ^

T h is  i n s u r e s  t h a t  <|> and ij* b l en d  smo ot h l y  from t h e  b o u n d a r i e s  i n t o  

t h e  i n t e r i o r .
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C hapter 3

GOVERNING EQUATIONS OF FLUID DYNAMICS

3. 1  I n t r o d u c t i o n

In t h i s  c h a p t e r ,  t h e  co m p le te  g o v e r n i n g  e q u a t i o n s  o f  f l u i d  dynamics 

in  v a r i o u s  forms as w i l l  be used l a t e r  a r e  d e r i v e d .  While such a 

d e r i v a t i o n  can be found  i n  v a r i o u s  books on t h e  s u b j e c t ,  t h e  

p r e s e n t a t i o n  which i s  g iv en  u s u a l l y  d e p e n d s ,  t o  some e x t e n t ,  on t h e  

a u t h o r ' s  backgro und  and o r i e n t a t i o n .  For  ex a m p le ,  t h e  c l a s s i c  book by 

B a t c h e l o r ,  which g i v e s  an e x c e l l e n t  d e r i v a t i o n  o f  t h e  N a v i e r - S t o k e s  

e q u a t i o n s ,  b a r e l y  d i s c u s s e s  c o m p r e s s i b l e  f lo ws  [ 3 6 ] .  F u r t h e r m o r e ,  

advanced t o p i c s  such as t u r b u l e n c e  o r  weak s o l u t i o n s  t o  t h e  E u l e r  

e q u a t i o n s  a r e  c o v e re d  in  o n ly  s k e t c h y  d e t a i l  in  mos t  o f  t h e  i n t r o d u c t o r y  

t e x t s  c u r r e n t l y  in  u s e .  Th is  u n d o u b t e d l y  r e f l e c t s  t h e  f a c t  t h a t  f l u i d  

dynamics i s  an e x t r e m e l y  broa d  and i n t e r d i s c i p l i n a r y  s u b j e c t  which i s  

b o t h  h i g h l y  m a t h e m a t i c a l  and a l s o  has a p p l i c a t i o n s  in  many d i f f e r e n t  

a r e a s .

The e q u a t i o n s  which a r e  used in  t h i s  s t u d y  a r e  t h e  c o m p r e s s i b l e  

EuTer and N a v i e r - S t o k e s  e q u a t i o n s  in  bo th  c o n s e r v a t i v e  and non­

c o n s e r v a t i v e  form.  The v i s c o u s  e q u a t i o n s  which a r e  used  a r e  f o r  l a m i n a r  

f low a n d ,  t h e r e f o r e ,  t h e  t o p i c  o f  t u r b u l e n c e  i s  n o t  d i s c u s s e d  h e r e i n .  

The a s s u m p t i o n s  which a r e  made a r e  d i s c u s s e d  in  t h e  a p p r o p r i a t e  

s e c t i o n s .  The a s s u m p t i o n  t h a t  t h e  f l u i d  behaves  as  a c o n t i n u e m  i s  made 

t h r o u g h o u t .
27
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3 . 2  Mass C o n s e r v a t i o n  E q u a t i o n

The p r i n c i p a l  o f  mass c o n s e r v a t i o n  s t a t e s  t h a t  mass i s  n e i t h e r  

c r e a t e d  o r  d e s t r o y e d .  T h e r e f o r e ,  a g iven  d i f f e r e n t i a l  " f l u i d  e l e m e n t "  

o f  d e n s i t y  p and volume <$V moving a lo n g  w i t h  t h e  f l u i d  can be d e s c r i b e d  

f rom t h e  L a g r a n g i a n  p o i n t  o f  view by t h e  e q u a t i o n

■jj£- (p 5 V) = 0 ( 3 . 1 )

s i n c e  t h e  mass o f  t h e  f l u i d  e le m e n t  rema ins  c o n s t a n t .  I t  i s  now more 

cu s t o m ary  t o  d e r i v e  t h e  g o v e r n i n g  e q u a t i o n s  from t h e  E u l e r i a n  p o i n t  o f  

view u s i n g  a c o n t r o l  volume f i x e d  i n  s p a c e .  C o n s i d e r  a c o n t r o l  volume 

6 V w i t h  a t o t a l  mass g iv e n  by

/  p dV = mass i n s i d e  sV 
v

The r a t e  o f  change  o f  t h e  mass i n s i d e  <sV i s  t h e n  r e l a t e d  t o  t h e  

i n t e g r a t e d  mass f l u x  t h r o u g h  t h e  b o u n d a r i e s  o f  6 V which  i s

/  1/ . n dA = net mass f lux
P

and t h e r e f o r e  t h e  mass c o n s e r v a t i o n  law in

f t  J ,  P dV = -  / ,  p *  • n dA ( 3 . 2 )

E q u a t io n  ( 3 . 2 )  i s  t h e  i n t e g r a l  form o f  t h e  mass c o n s e r v a t i o n  law and 

a p p l i e s  even when p and 11 a r e  no t  d i f f e r e n t i a b l e .

Us ing t h e  d i v e r g e n c e  theo rem and assuming  t h e  c o n t r o l  volume t o  be 

f i x e d ,  t h i s  can be w r i t t e n  as

/ ,  [ f f  + ■»* (» *>] dV = 0
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S i n c e  t h i s  e q u a t i o n  must h o ld  f o r  a l l  V, i t  can be w r i t t e n  i n

d i f f e r e n t i a l  form as

+ 7 • (p 1f) = 0 ( 3 . 3 )

I t  can be shown t h a t  Eq. ( 3 . 3 )  i s  e q u i v a l e n t  t o  Eq. ( 3 . 1 ) ,  f o r  example 

s e e  Karamch et i  [ 3 1 ] .  In t w o - d i m e n s i o n s ,  Eq.  ( 3 . 3 )  can a l s o  be w r i t t e n  

a s

p t  + (p u >x + p̂V^y = ^

3 .3  Momentum E q u a t i o n

The p r i n c i p a l  o f  c o n s e r v a t i o n  o f  momentum f o l l o w s  from Newton 's  

second  law which i s  v a l i d  f o r  n o n - r e l a t a v i s t i c  m asse s  and s t a t e s  t h a t

t  ^  (m K) (3 . 5 )

where  £  i s  t h e  a p p l i e d  f o r c e ,  m i s  t h e  mass and 11 i s  t h e  v e l o c i t y .  

For  a moving i n f i n i t e s i m a l  f l u i d  e le m e n t  t h i s  can be w r i t t e n  as

t  = i  (P h  V) ( 3 . 6 )

where  D/Dt i s  t h e  s u b s t a n t i a l  ( o r  m a t e r i a l )  d e r i v a t i v e  and 6 V i s  t h e  

e l e m e n t a l  volume

The f o r c e  i n  t h e  l e f t  s i d e  o f  Eq. ( 3 . 6 )  i s  u s u a l l y  c o n s i d e r e d  t o

c o n s i s t  o f  body f o r c e s  which a r e  t h e  r e s u l t  o f  g r a v i t a t i o n a l  o r  m a g n e t i c

f i e l d s  and s u r f a c e  f o r c e s  which only  a c t  on s u r f a c e s  and which a r e

p r e s s u r e  and v i s c o u s  s t r e s s e s .  Normal ly  in  ae ro dynam ic  a n a l y s e s  t h e  

body f o r c e s  a r e  n e g l e c t e d  s i n c e  t h e y  a r e  n e g l i g i b l e  due t o  t h e  f a c t  t h a t  

a moving body o f  a i r  has  a much l a r g e r  k i n e t i c  e n e rg y  t h a n  a p o t e n t i a l  

e n e r g y .
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I t  can be shown t h a t  t h e  s u r f a c e  f o r c e s  on a f l u i d  e l e m e n t  can be 

c o l l e c t i v e l y  and c o m p l e t e l y  d e s c r i b e d  by a second o r d e r  s t r e s s  t e n s o r  

a . .  (The d e r i v a t i o n  o f  t h i s  f a c t  i s  c o n t a i n e d  in  mos t  f l u i d  dynamic
* J

t e x t b o o k s  and w i l l  n o t  be  r e p e a t e d  h e r e i n ) .  The i n t e r p r e t a t i o n  o f  t h e  

i n d i v i d u a l  components  o f  t h i s  t e n s o r  i s  t h a t  a - -  i s  t h e  f o r c e  in  t h e
' J

i t h  d i r e c t i o n  on an e le m e n t  o f  a r e a  whose normal  i s  i n  t h e  j t h  

d i r e c t i o n .  I t  can a l s o  be shown t h a t  t h e  s t r e s s  t e n s o r  i s  symm etr ic  so 

t h a t  a - .  = a - .  Th is  i s  due t o  t h e  f a c t  t h a t  an i n f i n i t e s i m a l  f l u i d
I J  J  •

e l e m e n t  c a n n o t  s u p p o r t  moment f o r c e s  as t h e  volume goes  t o  z e r o  f a s t e r  

t h a n  t h e  r o t a t i o n a l  f o r c e s  which would o t h e r w i s e  l e a d  t o  i n f i n i t e  

r o t a t i o n a l  moment f o r c e s  p e r  u n i t  volume. When r e f e r r e d  t o  t h e  

p r i n c i p a l  a x e s ,  i t  i s  found t h a t  t h e  o f f - d i a g o n a l  components  o f  t h e  

s t r e s s  t e n s o r  a r e  z e r o  and t h a t  t h e  sum o f  t h e  d i a g o n a l  e l e m e n t s ,  

r e f e r r e d  t o  as t h e  p r i n c i p a l  s t r e s s e s ,  i s  an i n v a r i a n t  sum u nd e r  changes  

o f  d i r e c t i o n  o f  t h e  o r t h o g o n a l  a x i s  o f  r e f e r e n c e .

The s t r e s s  t e n s o r  in  r e f e r e n c e  t o  t h e  p r i n c i p a l  axes  can be s p l i t  

and e x p r e s s e d  as  t h e  sum o f  two t e n s o r s

n

n

'11
1
3 T i i  

° 2 2 11 

a 33
1
3 T i i

( 3 . 7 )

where  ^ 11 * ^ 22 and (J33 a r e  t h e  p r i n c i p a l  s t r e s s e s .  The f i r s t  p a r t  

o f  Eq. ( 3 . 7 )  i s  an i s o t r o p i c  t e n s o r  and t h e  second  p a r t  i s  r e f e r r e d  t o  

as  t h e  d e v i a t o r i c  s t r e s s  t e n s o r .  In a f l u i d  a t  r e s t ,  a l l  o f  t h e  

components  o f  t h e  d e v i a t o r i c  s t r e s s  a r e  z e r o  so t h e  i s o t r o p i c  s t r e s s  i s  

s im pl y  due t o  h y d r o s t a t i c  p r e s s u r e  and

i j
-p  6 • •
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where  p i s  t h e  u n i f o rm  h y d r o s t a t i c  p r e s s u r e .  In a moving f l u i d ,  t h e  

i s o t r o p i c  s t r e s s  t e n s o r  i s  s t i l l  c o n s i d e r e d  t o  be due t o  h y d r o s t a t i c  

p r e s s u r e  and t h e  components o f  t h e  d e v i a t o r i c  s r e s s  a r e  n o n z e r o .  Th us ,  

in  g e n e r a l ,  t h e  s t r e s s  t e n s o r  can be w r i t t e n  as

° i j  = - p 5 u * T i j  ( 3 - 8)

where t - . i s  t h e  d e v i a t o r i c  s t r e s s .  The d e v i a t o r i c  s t r e s s  i s  r e l a t e d  t o
* J

t h e  mot ion o f  t h e  f l u i d  and in p a r t i c u l a r  t o  t h e  l o c a l  v e l o c i t y  

g r a d i e n t s  3 u - / 3 x . .  I f  i t  i s  assumed t h a t  t - -  i s  a l i n e a r  f u n c t i o n  o f
1 J  I J

3 U . / 3 X . ,  t h e n
* J

Tu = ' W V 3x«. <3-9>

where i s  a f o u r t h  o r d e r  t e n s o r  c o e f f i c i e n t .  The t e n s o r  o f  t h e

l o c a l  v e l o c i t y  g r a d i e n t  can a l s o  be w r i t t e n  as t h e  sum o f  a sy m m e tr ic a l  

t e n s o r ,  c a l l e d  t h e  r a t e - o f - s t r a i n  t e n s o r  and an a n t i - s y m m e t r i c a l  t e n s o r  

which r e p r e s e n t s  p u re  r o t a t i o n .  Thus

3 X£ 2 '•3 X£ 3XkJ 2 3 X£ 3 Xk'1

e ki  +  ̂k£

e k i " 2 e k i m “ m ^3 , 1 °^

where oo i s  t h e  a n g u l a r  v o r t i c i t y .  Thus m J

= A,T i j  Hi j k i  ^ e k£ ‘  2 e k £ m “ m^* ( 3 . 1 1 )

I f  i s  a l s o  assumed t o  be an i s t r o p i c  t e n s o r ,  t h e n  t h e  f l u i d  i s

to  b

p r o d u c t  o f  d e l t a  t e n s o r s

s a i d  t o  be "Newtonian"  and A ^ . ^  can be e x p r e s s e d  as  t h e  sum o f  t h e
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Ai j k £  = 11 6 ik  6 J£ + W 1 6 U  6 j k  + W2 6 i j  6 k£ ( 3 ‘ 12)

where p ,  p j ,  and a r e  s c a l a r  c o e f f i c i e n t s .  I t  t u r n s  o u t  t h a t  p i s  

t h e  m o l e c u l a r  v i s c o s i t y  o f  t h e  f l u i d  which i s  f r e q u e n t l y  r e g a r d e d  s im p ly  

as  a c o n s t a n t  b u t  which i s  a f u n c t i o n  o f  t h e  s t a t e  o f  t h e  f l u i d .  S in c e  

t h e  s t r e s s  t e n s o r  i s  s y m m e t r i c ,  i t  must be t r u e  t h a t  1S a ^so

symmetr ic  in  i and j  and t h a t  p = p ^ .  Ai j k £  must  a ^so be

sy m m etr ic a l  i n  k and £ w i t h  t h e  r e s u l t  t h a t  t h e  v o r t i c i t y  t e r m  i n  Eq. 

(3 . 1 1 )  must  be z e r o  and t h e r e f o r e

Ti j  = 2u e i j  + "2 e kk 6 i j  ( 3 ‘ 13)

where e ^  = 7 • 1/ i s  the divergence of 11.

The c o e f f i c i e n t  p ^  i s  f r e q u e n t l y  c a l l e d  t h e  second  c o e f f i c i e n t  o f  

v i s c o s i t y  o r  Lame 's  c o n s t a n t  and g iv en  t h e  symbol x .  S i n c e  in  a f l u i d  

a t  r e s t ,  i t  must  be  t r u e  t h a t  t - .  i s  z e ro  so t h a t  t h e  mean normal  s t r e s s
* J

i s  j u s t  eq ua l  t o  -p  6 . . ,  S t o k e ' s  th eo rem  assumes
* J

X = - § p  ( 3 . 1 4 )

The s t r e s s  t e n s o r  i s  f i n a l l y  g iv en  by

a . .  = - p  6 . .  + 2p ( e . . -  ̂  v • Tl 6 . . )  ( 3 . 1 5 )
i j  i j  i j  3 i j

The r a t e  o f  change  o f  momentum i n s i d e  a c o n t r o l  volume 6 V i s  equa l

t o  t h e  sum o f  t h e  n e t  momentum f l u x  t h r o u g h  t h e  b o u n d a r i e s  o f  6 V p l u s

t h e  change  o f  momentum i n s i d e  6 V due t o  t h e  f o r c e s  a c t i n g  on 6 V. The

ne t  change  o f  momentum i n s i d e  6 V i s

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



33

The n e t  momentum f l u x  i n  t h r o u g h  t h e  b o u n d a r i e s  o f  6 V i s

/ 3 V „ n .  d*

where p 1/ 1/ i s  a d y a d i c  c a l l e d  t h e  momentum f l u x  t e n s o r .  The i n t e g r a t e d  

f o r c e  due t o  p r e s s u r e  and t h e  v i s c o u s  s t r e s s e s  i s

/ 3V ("P * " + ' a  * n > dA 

The momentum e q u a t i o n  i s  t h e n

4 - f p ^ d V  + J p ^  ^  • d^ = /  ( -  p + r  . . )  • ( 3 . 1 6 )
d t  ‘ v J 3 v 3 v i j

E q u a t i o n  ( 3 . 1 6 )  i s  t h e  momentum e q u a t i o n  i n  i n t e g r a l  form and a p p l i e s  

even when t h e r e  a r e  d i s c o n t i n u t i e s  i n  t h e  f l u i d .  By making use  o f  t h e  

g e n e r a l i z e d  d i v e r g e n c e  th e o r e m  and assumming t h a t  p ,  p ,  and 11 a r e  

s u f f i c i e n t l y  sm oo th ,  Eq.  ( 3 . 1 6 )  becomes

K  {i t  (p ^  + V * (p ^  ^  + P -  T i j ) )  dV = 0 (3 .1 7 )

E q u a t i o n  ( 3 . 1 7 )  must  a p p l y  t o  a l l  p a r t s  o f  t h e  c o n t r o l  volume and can 

a l s o  be w r i t t e n  s im p ly  as

(P D) + v • (P D K + p) = v • t . . ( 3 .1 8 )
31 "I J

E q u a t i o n  ( 3 . 1 8 )  i s  t h e  N a v i e r - S t o k e s  e q u a t i o n  i n  c o n s e r v a t i o n  fo rm .  I f  

t h e  v i s c o u s  s t r e s s e s  a r e  assumed t o  be z e r o ,  t h e n  Eq.  ( 3 . 1 8 )  becomes

^ ( p  1 )  + v .  ( p t t  + p)  = 0 ( 3 . 1 9 )

which i s  t h e  E u l e r  e q u a t i o n  g o v e r n i n g  i n v i s c i d  f l u i d s .  E q u a t i o n s  ( 3 . 1 8 )  

and ( 3 . 1 9 )  can be w r i t t e n  in  what  i s  c a l l e d  n o n - c o n s e r v a t i o n  form by 

s u b t r a c t i n g  o u t  t h e  mass c o n s e r v a t i o n  e q u a t i o n  which o c c u r s  in  them.  

The r e s u l t  i s
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which i s  a v e ry  compact  form o f  t h e  N a v i e r - S t o k e s  e q u a t i o n s  b u t  which i s  

s t i l l  v a l i d  i n  g e n e r a l .

3 . 4  Energy  C o n s e r v a t i o n  E q u a t i o n

The f u l l  t h r e e - d i m e n s i o n a l  mass and momentum c o n s e r v a t i o n  e q u a t i o n s  

c o n t a i n  t h e  f i v e  v a r i a b l e s  p ,  p , u ,  v ,  and w. S i n c e  t h e r e  a r e  on ly  

f o u r  e q u a t i o n s  t h u s  f a r ,  a n o t h e r  e q u a t i o n  i s  needed  t o  c l o s e  t h e  s e t  and 

t h i s  i s  t h e  e n e r g y  c o n s e r v a t i o n  e q u a t i o n .  In t h e  c h a p t e r s  which f o l l o w ,  

t h e  e n e rg y  e q u a t i o n  w i l l  be used i n  d i f f e r e n t  forms so a u n i f i e d  

d e r i v a t i o n  i s  p r e s e n t e d  h e r e .  The e n e r g y  e q u a t i o n  i s  o b t a i n e d  by

a p p l i c a t i o n  o f  t h e  f i r s t  law o f  thermodynamics  which r e l a t e s  t h e  r a t e  o f  

change  o f  t h e  e n e r g y  i n s i d e  a c o n t r o l  volume t o  t h e  e n e r g y  f l u x  t h r o u g h  

t h e  b o u n d a r i e s  o f  t h e  c o n t r o l  volume and t o  t h e  r a t e  a t  which work i s  

done on t h e  f l u i d .

The t o t a l  e n e r g y  o f  t h e  f low f i e l d  i s  t h e  sum o f  t h e  i n t e r n a l  

e n e r g y ,  k i n e t i c  e n e r g y ,  and p o t e n t i a l  e n e r g y .  The p o t e n t i a l  e n e rg y  i s  

n o r m a l l y  n e g l e c t e d  i n  ae rod yn am ic  f l o w s  s i n c e  t h e  d e n s i t y  o f  a i r  i s  very  

low.  Thus t h e  r a t e  o f  change  of  t h e  t o t a l  e n e r g y  i n s i d e  t h e  c o n t r o l  

volume 5V i s

W  '  ■ 5 t V < *  + ‘' 2 / 2 > "

where  Et  i s  t h e  t o t a l  e n e r g y ,  e i s  t h e  i n t e r n a l  e n e r g y  and q^ / 2  i s  t h e  

k i n e t i c  e n e r g y .

The e n e r g y  f l u x  in  t h r o u g h  t h e  b o u n d a r i e s ,  due t o  c o n v e c t i v e  f l u x  

o f  i n t e r n a l  and k i n e t i c  e n e r g y ,  i s  g iv en  by
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-  / aV P(e + q2/2 )  1/ • d* .

The c o n d u c t i v e  h e a t  f l u x  i s  g iv en  by

- / „  9 -  i t

The h e a t  f l u x  q i s  r e l a t e d  t o  t h e  g r a d i e n t  o f  t h e  t e m p e r a t u r e  by 

F o u r i e r ' s  law which i s

q = -  k v T

where  k i s  t h e  th e rm a l  c o n d u c t i v i t y .  In many d e r i v a t i o n s  o f  t h e  e n e r g y  

e q u a t i o n ,  a t e rm  i s  added t o  a c c o u n t  f o r  t h e  h e a t  added p e r  u n i t  mass 

such as would o c c u r  from an e x o t h e r m i c  c h e m i c a l l y  r e a c t i n g  f l o w .  This  

t e r m  i s  u s u a l l y  g iven  by t h e  f o l l o w i n g  volume i n t e g r a l

/  P q dV 
V

where  q i s  t h e  r a t e  o f  h e a t  a d d i t i o n  p e r  u n i t  mass .  In t h i s  

i n v e s t i g a t i o n ,  no such f l ows  a r e  c o n s i d e r e d  and ,  t h e r e f o r e ,  t h i s  t e rm  i s  

no t  i n c l u d e d .

The work done on t h e  f l u i d  i n s i d e  5 V i s  due t o  t h e  s t r e s s  t e n s o r  

and i s  g iv en  by

/ „ < • „ * > ■ < *  ■ / „ [ < - > ♦ * „ ) » ]  • i *

Combining t h e  above  e x p r e s s i o n s ,  t h e  i n t e g r a l  form o f  t h e  e n e rg y  

c o n s e r v a t i o n  e q u a t i o n  i s

% r f  p ( e  + q 2/ 2 )  dV = /  [ - p ( e  + q 2/ 2 )  + k v T + ( - p  + T . J ^ l . d ^
d t  v 3 v i J

( 3 . 2 1 )
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E q u a t io n  ( 3 . 2 1 )  i s  ve ry  g e n e r a l  and a p p l i e s  even when t h e r e  a r e

d i s c o n t i n u t i e s  in  t h e  f l o w .  By making use  o f  t h e  d i v e r g e n c e  t h e o r e m ,

Eq. ( 3 . 2 1 )  can a l s o  be w r i t t e n  in  d i f f e r e n t i a l  form a s

E + v • [E 1/ -  k v T + (p -  t . . )  t )  = 0 ( 3 . 2 2 )
3 1 C C 1 J

I f  t h e  f l u i d  i s  c o n s i d e r e d  t o  be i n v i s c i d  and n o n - c o n d u c t i v e ,  th e n  

Eq. ( 3 . 2 2 )  r e d u c e s  t o

E + v  • [ (E  + p)K]  = 0 ( 3 . 2 3 )
0 I I v

E qua t i on  ( 3 . 2 3 )  can  be expanded  t o

2 2 2 
3 (e  + q / 2 ) , , q , 3p , , q , _ , t n

P -------   + ( e  + y )  ( e  + J-)  v • (p M)

1 2
+ p'V • 7 ( e + - |- )  + 7  • ( P ^ )  = 0

t h e  second  and t h i r d  t e r m s  can  be dropped  s i n c e  t h e y  i n c l u d e  t h e  mass

c o n s e r v a t i o n  e q u a t i o n  t o  y i e l d

p P" (e DV- / '2' '  + 7 * (p ^  = 0 ( 3 *24)

E q u a t i o n  ( 3 . 2 4 )  can be s p l i t  i n t o  two e q u a t i o n s  as f o l l o w s .  F i r s t ,  Eq.

( 3 . 2 0 )  can be w r i t t e n  f o r  an i n v i c i d  f l u i d  as

dD

p Dt + V  P = °

T h is  e q u a t i o n  can be d o t t e d  w i t h  11 t o  form a s c a l e r  e q u a t i on

p v . —  + v • vp  = 0 ( 3 . 2 5 )

E q u a t io n  ( 3 . 2 5 )  can be s u b t r a c t e d  f rom Eq. ( 3 . 2 4 )  t o  y i e l d

P + p v • 1/ = 0 ( 3 . 2 6 )
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which e x p r e s s e s  t h e  r a t e  o f  change  o f  i n t e r n a l  e n e r g y  o f  a moving f l u i d  

e l e m e n t .  E q u a t i o n  ( 3 . 2 6 )  can be p u t  i n  t e r m s  o f  t h e  e n t h a l p y  u s i n g  t h e  

d e f i n i t i o n  o f  e n t h a l p y

h = e + pv = e  + p/p ( 3 . 2 7 )

S u b s t i t u t i n g  Eq. ( 3 . 2 7 )  i n  Eq. ( 3 . 2 6 )  and by making  use  o f  t h e  mass

c o n s e r v a t i o n  e q u a t i o n ,  i t  can be shown t h a t  t h e  f o l l o w i n g  e q u a t i o n

h o l d s .

P = 0 ( 3 . 2 8 )

F u r t h e r m o r e ,  by a d d in g  t o g e t h e r  E qs .  ( 3 . 2 8 )  and ( 3 . 2 4 ) ,  s u b t r a c t i n g  Eq.

( 3 . 2 6 ) ,  and by making use  o f  t h e  d e f i n t i o n  o f  t o t a l  e n t h a l p y ,  n a m e ly ,  

hQ = h + q 2/ 2 , we o b t a i n  t h e  f o l l o w i n g  e n e r g y  e q u a t i o n  i n  te rm s  o f  t h e

t o t a l  e n t h a l p y .

Dh
P £  = 0 ( 3 . 2 9 )Dt a t

I f  t h e  f lo w  i s  s t e a d y ,  Eq.  ( 3 . 2 9 )  r e d u c e s  t o

D h n
= o ( 3 . 3 0 )

E q u a t i o n  ( 3 . 3 0 )  e x p r e s s e s  t h e  f a c t  t h a t  t h e  t o t a l  e n t h a l p y  a l o n g  a f l u i d  

s t r e a m l i n e  i s  c o n s t a n t  f o r  i n v i c i d  f l o w s .

3 . 5  Two-Dimens iona l  Form o f  E q u a t i o n s

S i n c e  t h e  pr o b le m s s t u d i e d  in  t h i s  i n v e s t i g a t i o n  were two-  

d i m e n s i o n a l  i n  n a t u r e ,  t h i s  s e c t i o n  c o n t a i n s  a summary o f  t h e  g o v e r n i n g  

e q u a t i o n s  in  two d i m e n s i o n s  and in  v a r i o u s  f o r m s .  The most  compact  way 

o f  e x p r e s s i n g  t h e  N a v i e r  S to k e s  e q u a t i o n s  i s  i n  t h e  v e c t o r  c o n s e r v a t i o n  

form g iv e n  below
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where  Q i s  t h e  v e c t o r  o f  t h e  con se rv e d  v a r i a b l e s  g i v e n  a s

Q = Cp , p u ,  P v ,  e ]

and F and G a r e  t h e  c o n v e c t i v e  f l u x  v e c t o r s  g iv e n  as

F =

p u

2 A 
p u + p

pUV

(e + p) u -  kT

G =

p v
pUV

p v 2 + p

(e  + p) v -  kT
y

and R and S a r e  t h e  v i s c o u s  f l u x  te rm s  which a r e

xx

xy

Ut + Vt xx xy

S =

xy

yy
Ur + Vt xy yy

The v i s c o u s  s t r e s s  t e r m s  i n  Eq.  ( 3 . 3 1 )  a r e

xx
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V» ■ T» (2 f M $  (3-32>

riH + Dh Txy v '•ay axJ

The t o t a l  e n e r g y  p e r  u n i t  mass i s  t h e  sum o f  t h e  i n t e r n a l  e n e rg y  and t h e  

k i n e t i c  e n e r g y  as  f o l l o w s :

2 , 2
e = i + u * -v- (3 .3 3 )

E q u a t i o n s  ( 3 . 3 1 ) ,  ( 3 . 3 2 )  and ( 3 . 3 3 )  t o g e t h e r  c o n t a i n  f i v e  s c a l a r

e q u a t i o n s  in  t h e  n i n e  q u a n t i t i e s  p ,  u ,  v ,  p ,  e ,  i ,  t ,  k ,  and p .  In t h e

model b e i n g  u s e d ,  t h e  t h e r m a l  c o n d u c t i v i t y  k and t h e  m o l e c u l a r  v i s c o s i t y

p a r e  c o n s i d e r e d  c o n s t a n t  so two a d d i t i o n a l  e q u a t i o n s  a r e  needed t o

c l o s e  t h e  s y s t e m .  The f i r s t  i s  t h e  p e r f e c t  gas  e q u a t i o n  o f  s t a t e

p = p R T  ( 3 . 3 4 )

where  R i s  t h e  gas  c o n s t a n t .  I f  t h e  f l u i d  i s  assumed t o  be c a l o r i c a l l y  

p e r f e c t ,  t h e n

i = c yT (3 .3 5 )

and c o n s q u e n t l y  by Eq. ( 3 . 3 4 )  and t h e  r e l a t i o n

c v = “ T ( 3 . 36 )

i t  h o l d s  t h a t

i  = p / C ( y - 1 ) p ] .  ( 3 . 3 7 )

The g o v e r n i n g  e q u a t i o n s  can be n o n d i m e n s i o n a l i z e d  by r e f e r r i n g  them 

t o  s u i t a b l e  r e f e r e n c e  q u a n t i t i e s  as  f o l l o w s :

x 1 = x / £ q y' = y / £ 0 f  = t  a0 / £ 0
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u '  = u / a Q v '  = v / a Q p '

P' = P/(p0 »*) «' = e / ( p 0 a | )

1' = 1 / a |  T' -  T/T0

The r e s u l t i n g  e q u a t i o n s  a f t e r  n o n d i m e n s i o n a l i z i n g  a r e :

3 Q' + 3 F 1 + aG'  _ 1 f aR* + 9 S '
3 t 1 9x 1 9y' "Ee ^ x ' gy'J

where

Q' = &>\ PV ,  p V ,  e ' ] T

1 i> 1P U
• i. • 2 . _ ip u + p 

p ' u ' v '

( e ‘ + p ' ) u '  + q ;

• 1P v

p ' u ' v '

( e '  + p ' ) v '  + q^

R'
xx
I

Txy
ii 1 1 J- i« 1 1U T + V T

XX xy

0
i

Txy
I

Tyy

u ' t + v '  T '
xy yy

p / p 0 ( 3 . 3 8 )  

( 3 . 3 9 )
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The re fe re n c e  Reynolds number is  g iven  by

Re o

The e q u a t i o n  f o r  t h e  t o t a l  e n e r g y ,  Eq. ( 3 . 3 3 ) ,  becomes ,  a f t e r  nondimen-  

s i o n a l i z i n g ,

and t h e  e q u a t i o n  o f  s t a t e ,  Eq.  ( 3 . 3 7 ) ,  becomes

Thus t h e  o r i g i n a l  e q u a t i o n s  a r e  r e p l a c e d  by e q u a t i o n s  which have  t h e  

same form b u t  which now i n c l u d e  t h e  r e f e r e n c e  Reynolds  number in  t h e  

momentum e q u a t i o n s  and t h e  r e f e r e n c e  P e c l e t  number (Re0 P r 0 ) in  t h e  

e n e r g y  e q u a t i o n .

The E u l e r  e q u a t i o n s  f o r  i n v i s c i d  f l u i d s  a r e  o b t a i n e d  from Eqs .  

( 3 . 3 1 )  and ( 3 . 3 9 )  by d r o p p i n g  t h e  v i s c o u s  f l u x  t e r m s  R and S .  Thus we 

have
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E q u a t i o n  ( 3 . 4 2 )  i s  w r i t t e n  o u t  as

pt  + <p u >x + p̂V^y 

( p u ) t  + (pu2 + p ) x + (P uv)y

( p v ) t  + ( p u v ) x + (p v2 + p ) y 0

0

0

(3 .4 3 )

et  + [ ( e  + p)u  -  kT ]x + [ ( e  + p) v  -  kT]y  = 0

E q u a t i o n  ( 3 . 4 3 )  a r e  i n  c o n s e r v a t i o n  form and i n c l u d e  an e n e rg y  e q u a t i o n  

in  t e r m s  o f  t h e  i n t e r n a l  e n e r g y .  In t h e  t h r e e  schemes used  t o  s o l v e  t h e  

E u l e r  e q u a t i o n s ,  t h i s  form o f  t h e  ene rgy  e q u a t i o n  was n o t  u s e d .  

I n s t e a d ,  e n e r g y  e q u a t i o n s  i n  te rm s  o f  e i t h e r  t h e  e n t h a l p y  o r  e n t r o p y  

were  u s e d .

In t h e  f o l l o w i n g  d i s c u s s i o n  and d e r i v a t i o n ,  t h e  pr im es  a r e  dropped  

f o r  c o n v e n i e n c e  and i t  s h o u l d  be u n d e r s t o o d  t h a t  a l l  q u a n t i t i e s  a r e  non-  

d i m e n s i o n a l  .

The n e x t  s t e p  i s  t o  t r a n s f o r m  t h e  e q u a t i o n s  t o  g e n e r a l  c u r v i l i n e a r  

c o o r d i n a t e s  in  c o n s e r v a t i o n  law form.  E qua t i on  ( 3 . 3 9 )  i s  t r a n s f o r m e d  t o

where

Q + F + G  = R + S 
t 5 n § n

(3 .4 4 )

Q = Q/J

F = ( F Cx + G Cy ) / J

G -  (F n + G n ) / J  
x y

R = (Re + Se ) / J  
x y

”5 -  (Rnx + $r iy) / J
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C h a p t e r  4 

SCHEME 1 -  SHOCK CAPTURING GABUTTI

4 . 1  I n t r o d u c t i o n

The f i r s t  c o m p u t a t i o n a l  scheme used  in  t h i s  s t u d y  i s  t h e  G a b u t t i  

scheme which i s  a r e f i n e m e n t  o f  t h e  x- scheme d e v e lo p e d  e a r l i e r  by 

M o r e t t i  [ 2 8 ] .  The scheme s o l v e s  t h e  t i m e  d e p e n d e n t  c o m p r e s s i b l e  E u l e r  

e q u a t i o n s  in  non c o n s e r v a t i o n  form by an e x p l i c i t  p r e d i c t o r - c o r r e c t o r  

method .  G a b u t t i ' s  method improves upon t h e  x-scheme by e x t e n d i n g  t h e  

s t a b i l i t y  r a n g e  s u b s t a n t i a l l y  and a l s o  by e n a b l i n g  i t  t o  s a t i s f y  t h e  

s h i f t  c o n d i t i o n  f o r  a CFL o f  one which i s

n+1 n
ui = u i - l  *

The scheme ha s  good shock c a p t u r i n g  p r o p e r t i e s  in  t h a t  t h e  d i s c o n t i n u i t y  

i s  u s u a l l y  s p r e a d  o v e r  no more t h a n  two o r  t h r e e  mesh p o i n t s .  The jumps 

in  d e n s i t y ,  p r e s s u r e ,  and v e l o c i t y  t h r o u g h  t h e  shock a r e  no t  c o r r e c t  due 

t o  t h e  n o n c o n s e r v a t i v e  n a t u r e  o f  t h e  scheme,  however ,  and shock f i t t i n g

must  be used  t o  g e t  t h e  c o r r e c t  jump r e l a t i o n s .  The scheme s o l v e s  t h e

mass c o n s e r v a t i o n ,  and x and y  momentum e q u a t i o n s  in  n o n - c o n s e r v a t i v e  

form as

Pt  + upx + vPy  + p (ux + v ) = 0

„ t  ♦  u u x * *uy  * i Pj! 0 ( 4 . 1 )

43

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



44

»t + uvx + vvy .  I  py  .  0 .

I f  t h e  f low i s  assumed i s e n t r o p i c  a l o n g  s t r e a m l i n e s ,  and i f  we use  t h e  

change  o f  v a r i a b l e s  P = i n  p,  t h e n  t h e  above  e q u a t i o n s  can be w r i t t e n  as

Pt  + uPx + vPy + Y (ux + V  = 0

,2
ut  + uu x + vuy + T  Px = 0 {4*2)

vt  + uvx + vvy + T Py = 0 >

The ene rg y  e q u a t i o n  in  i t s  u s u a l  d i f f e r e n t i a l  form i s  no t  u s e d ,  bu t  

r a t h e r  t h e  a s s u m p t i o n  i s  made t h a t  t h e  f low  i s  i s e n t h a l p i c .  In t h i s  

c a s e ,  t h e  s q u a r e  o f  t h e  speed o f  sound a^ i s  r e l a t e d  t o  t h e  v e l o c i t i e s  

by t h e  s t e a d y  s t a t e  e n e r g y  e q u a t i o n

2 2 2
« + JL- +  v_  = h (4 . 3 )

Y -1 2 0

where h0 i s  t h e  t o t a l  e n t h a l p y .  I f  t h e  p r e s s u r e  p and t h e  d e n s i t y  p a r e  

n o n d i m e n s i o n a l i z e d  by d i v i d i n g  by t h e i r  s t a g n a t i o n  v a l u e s  p0 and p Q , 

th e n

a '

ho = 7 ^ 1  = ^  • { i A )

4 . 2  T r a n s f o r m a t i o n  o f  E q u a t i o n s

In o r d e r  t o  use  t h e  go v e rn in g  e q u a t i o n s ,  i t  i s  f i r s t  d e s i r a b l e  t o  

t r a n s f o r m  them t o  (5 , n ) c o o r d i n a t e s .  Us ing Eqs .  ( 2 . 4 )  and t h e  c h a i n  

r u l e ,  t h e  mass c o n s e r v a t i o n  e q u a t i o n  becomes

Pt  + UP5 + VPn + Y [U£ + Vn- = Ps ( 4 *6)

where  U and V a r e  t h e  c o n t r a v a r i a n t  v e l o c i t i e s

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



45

and

U = 5 x u + ? y v ( 4 . 7 a )

V = v + v  ( 4 ‘ 7b)

Ps = -Y j  [ g 4 U + g5V] . ( 4 . 7 c )

The t e r m s  g4 and gg a r e  two of  11 t r a n s f o r m a t i o n  te rm s  t h a t  a p p e a r  in 

t h e  g o v e r n i n g  e q u a t i o n s  a f t e r  t r a n s f o r m a t i o n  and t h e s e  a r e  g iv en  by

2 2 
9 i  = xc + y £

g2 = *2 + y 2c n n

g ,  = x x + y  y
s 3 a n n

g .  = x y - x  y - y  x + y  x
4 CC n £n £ ££ n 5

g 5 = x? n ^  ’  Xnn xn + *nn X£

g6 = ^  xcc '  Xn *££

g-, = y  x -  x y
7 n Tin n nn

9 o = 2 (y x -  x y  )
o n £n n £n

g .  :  x y  -  y  x

g i n  = x y  -  y  x
s 10 5 nn nn

g . ,  = 2 (x y  -  y  x ) ( 4 . 8 )
11 5 £n 5n v '

The t r a n s f o r m a t i o n  o f  t h e  two momentum e q u a t i o n s  i s  somewhat more 

c o m p l i c a t e d .  F i r s t ,  t h e y  a r e  w r i t t e n  in  v e c t o r  form as

Qt  + uQx + vQy + S = 0  ( 4 . 9 )
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Q = [ u ,  v ] 1 and S = —  [ P .  P ] '  .
T *  J

where

The v e c t o r  Q can a l s o  be w r i t t e n  a s

where

u X X 'U  ‘

IIO
' = 5 n

V y„ y V
J 5 71. m «

X X
T = ? n

y  y
C n

= T Q

Q =

( 4 . 1 0 )

M u l t i p l y i n g  Eq.  ( 4 . 1 0 )  by T 1 g i v e s

Q + T" 1 [ u (T Q) + v (T Q) ]  + T_1S = 0 .
u a y

Note i t  i s  assumed t h a t  T i s  i n d e p e n d e n t  o f  t i m e .  The p r e v i o u s  

e q u a t i o n  i s  e q u i v a l e n t  t o

Q. + T" 1 [U(T Q) + V(T Q) ]  + T- 1 S = 0 
t  i  n

which can  be m a n i p u l a t e d  t o  g e t

where

0 + U Q  + V Q  + S = 0
t  l  n

S = T’ 1 [U T 0 + V T 0] + T_1S . 
I n

E q u a t i o n  ( 4 . 1 1 )  w r i t t e n  o u t  i s

j t  .  UU? t  VUn * ( M -  [ g 2 P5 -  g 3 Pn ]

(4 .1 1 )

( 4 . 1 2 a )

2

h  * UV5 * VV„ + y [ 9 i  p„ -  s 3 PE 1 ■ V, ( 4 .1 2 b )
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where

Us = - J  ( g g U + g? r  + g8 UV)

Vs = - J  ( g g U2 + g10 V2 + gn  UV)

( 4 . 1 2 c )

(4 .1 2 d )

I f  t h e  t r a n s f o r m a t i o n  from ( x , y )  t o  ( s , n )  i s  c o n f o r m a l ,  t h e n  t h e  above 

two e q u a t i o n s  can be reduced  u s i n g  t h e  Cauchy-Riemann e q u a t i o n s  t o

J aU+ + UU + VU + —  P -  a '  J .  -  UV J 0 = 0 ( 4 .1 3 a )t  £ n y £ 2 1  2

2 2 2
V* + UV + VV + —  P -  UV J ,  -  J ,  = 0

t  £ n y n l  2 2
( 4 .1 3 b )

where

J j  = J? / J

J ,  = J  / J  . 
2 n

The x - scheme  i n t r o d u c e d  by M o r e t t i  i s  n e x t  used t o  p u t  Eqs.  ( 4 . 6 )  

and ( 4 . 1 2 )  i n t o  a q u a s i - c h a r a c t e r i s t i c  fo rm.  F i r s t ,  t h e  t im e  d e r i v a t i v e  

o f  P i s  s p l i t  i n t o  two p a r t s  p|  and P1̂  such t h a t

P^ + V P + y V  = i  Pc . t  n n 2 s

(4 . 1 4 )

(4 .1 5 )

E q u a t i o n s  ( 4 . 1 2 a )  and ( 4 . 1 4 )  can be w r i t t e n  as

where

Q;■ + A = S,

A =
a?/y u

[ ( J a ) 2 (x2 + y 2 )]
1/2

(4 .1 6 )
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and S j  i s  t h e  v e c t o r  o f  t h e  r em a in in g  te rm s  pu t  on t h e  r i g h t  s i d e  o f  Eq.

( 4 . 1 6 ) .  The e i g e n v a l u e s  o f  m a t r i x  A a r e

X* = U ± a j  .

E quat io n  ( 4 . 1 6 )  can be d i a g o n a l i z e d  as

Q*L + [S]  [ x ]  [S] ’ 1 Q5 = S ( 4 . 1 7 )
c £ I

where  [S]  i s  t h e  m a t r i x  o f  t h e  e i g e n v e c t o r s .  I f  [ x ! i s  s p l i t  i n t o  i t s  

p o s i t i v e  and n e g a t i v e  e i g e n v a l u e s ,  Eq. ( 4 .1 7 )  becomes

+ [S ]  [ x + ] [ S ] ' 1 qF + [S ]  [ x " ]  [S ] " 1 QC = S . ( 4 .1 8 )
t  S  ̂ 1

S i m i l a r y ,  Eqs .  ( 4 . 1 2 b )  and ( 4 . 1 5 )  can be w r i t t e n  as

Qn + B Q n = S ( 4 . 1 9 )
t  n z

where

V y
B =

a 2/y V

a 2 = [ ( J a )2
2 2 1 /2  

+ y\)]

The e i g e n v a l u e s  of  Eq.  ( 4 . 1 9 )  a r e

CT = V ± a 2 .

Equa t io n  ( 4 . 1 9 )  can be d i a g o n a l i z e d  and s p l i t  i n t o  p o s i t i v e  and n e g a t i v e  

componen ts .  The r e s u l t  i s

Q? + [R] [ n + ] [R] " 1 Pn + [R] O f ]  [R] ' 1 ?  = S„ . ( 4 . 2 0 )
t  n n 2

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



49

E q u a t i o n s  ( 4 . 1 8 )  and ( 4 . 2 0 )  can be added t o g e t h e r  t o  g e t  t h e  f i n a l  s e t  

o f  e q u a t i o n s  which a r e  g i v e n  below

P* + i  C x V  + x 'P '  + n+P+ + n"P" + -X -  ( x V  -  x 'U ' ) ]  
c c § § n n a ^2 ? £

+ “ n ’ 0  =a O j  T1 X] S

Ut  + \  + x ' Ul  + “ T  (X+P? '  X" Pc ) ]

+ VU -  g ,  P = Uc
n y 3 n s

V. + i  [nV + q"V" + —  (oV -  n"P")]
t  Z n n Y n n

+ UV -  g ,  Pr = V (4 .2 1 )n y 3 c s v '

where Ps , Us and Vs a r e  unchanged  bu t

J 2 = - V + y 2 •
n n

4 . 3  D i s c r e t i z a t i o n  o f  E q u a t i o n s

E q u a t i o n  ( 4 . 2 2 )  i s  now in a form t h a t  a l l o w s  a p r o p e r  d i s c r e t i z a ­

t i o n  o f  t h e  s p a t i a l  d e r i v a t i v e s  a c c o r d i n g  t o  t h e  s i g n s  o f  t h e  e i g e n ­

v a l u e s  m u l t i p l y i n g  them by t a k i n g  i n t o  a c c o u n t  t h e  domain o f  d e p end enc e .  

In t w o - d i m e n s i o n a l  u n s t e a d y  f l o w ,  t h e  g o v e r n i n g  E u l e r  e q u a t i o n s  a r e  

h y p e r b o l i c  in  t i m e  and t h e  s o l u t i o n  a t  any p o i n t  a t  t im e  t  + At  

depends  on t h e  s o l u t i o n  a t  t i m e  t  w i t h i n  t h e  a r e a  dA as  shown i n  F i g .  

4 . 1 .  The c o n o id  from t h e  s o l u t i o n  s u r f a c e  a t  t i m e  t  t o  p o i n t  X a t
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t  + At i s  c a l l e d  a Monge cone  and i t  d e p i c t s  t h e  way t h e  s o l u t i o n  

p r o p a g a t e s  in  t i m e  [ 3 7 ] .  The num e r ic a l  a l g o r i t h m  s h o u l d  model t h e  way 

i n f o r m a t i o n  p r o p a g a t e s  which means i t  must  t a k e  i n t o  a c c o u n t  t h e  p r o p e r  

domain o f  d e p e n d e n c e .  T h e r e f o r e ,  t h e  i n f o r m a t i o n  used  t o  u p d a t e  each 

mesh p o i n t  s h o u l d  be t a k e n  f rom a d j a c e n t  mesh p o i n t s  i n  a manner t h a t  

r e f l e c t s  t h e  p h y s i c a l  p r o p a g a t i o n  o f  i n f o r m a t i o n .  In s u p e r s o n i c  f l o w ,  

f o r  exam pl e ,  p r e s s u r e  waves do no t  p r o p a g a t e  u p s t r e a m  and no i n f o r m a t i o n  

from downst ream p o i n t s  s h o u ld  be used t o  u p d a t e  t h e  s o l u t i o n  a t  a g iven  

mesh p o i n t .

The C o u r a n t - F r e d e r i c k - L e w y ,  o r  CFL, s t a b i l i t y  c o n d i t i o n  r e f l e c t s  

t h e  r e q u i r e m e n t  t h a t  t h e  r e g i o n  o f  d epend ence  must  be a t  l e a s t  a s  l a r g e  

as  t h e  a n a l y t i c a l  domain o f  depend enc e  [ 6] .  In a d d i t i o n ,  M o r e t t i  a l s o  

r e f e r s  t o  t h e  "law o f  f o r b i d d e n  s i g n a l s "  and s t a t e s  t h a t  in  a d d i t i o n  t o  

s a t i s f y i n g  t h e  CFL s t a b i l i t y  c o n d i t i o n ,  a n u m e r i c a l  scheme s h o u l d  a l s o  

s a t i s f y  t h i s  law [ 2 8 ] .  l /ha t  t h i s  means in  p r a c t i c e  i s  t h a t  in 

s u p e r s o n i c  f l o w ,  t h e  i n f o r m a t i o n  t h a t  i s  used  t o  g e n e r a t e  t h e  up d a te d  

s o l u t i o n  a t  a p a r t i c u l a r  mesh p o i n t  s h o u l d  n o t  come f rom p o i n t s  

downst ream o f  i t .  Th is  i s  no t  a lways  p o s s i b l e  bu t  t h e  p r e s e n t  scheme 

does a t t e m p t  t o  f o l l o w  t h i s  p r i n c i p a l  as c l o s e l y  as  p o s s i b l e .

E q u a t i o n s  ( 4 . 2 1 )  a r e  s o l v e d  u s i n g  t h e  t h r e e - s t e p  p r e d i c t o r -  

c o r r e c t o r  scheme [ 2 7 ] .  The scheme w i l l  be d e s c r i b e d  u s i n g  t h e  on e ­

d i m e n s i o n a l  l i n e a r  wave e q u a t i o n  as a model p roblem

ut  + a ux = 0 . ( 4 . 2 2 )

In s t e p  1 o f  t h e  scheme,  t h e  s p a t i a l  d e r i v a t i v e  ux i s  e v a l u a t e d  by 

e i t h e r  a two p o i n t  backward o r  fo rw ard  d i f f e r e n c e ,  d e p e n d i n g  on t h e  s i g n  

o f  t h e  c h a r a c t e r i s t i c s  as
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B i c h a r a c t e r i s t i c s

F i g .  4 . 1  C h a r a c t e r i s t i c  M ong e  C o n e .
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u.  -  u- ,

ux = 7 u i  = - " " aT 1-  i f  a < 0

u i + i  '  u i
Uv = = -  ■ ■■* >— - i f  3 > 0 • ( 4 *2 3 )A 1 AX

A p r e d i c t e d  v a l u e  u.  i s  t h e n  c a l c u l a t e d  u s i n g  t h e  u^ t h a t  r e s u l t s  from 

Eq. ( 4 . 2 2 ) .  For  example ,  i f  t h e  wave speed a i s  p o s i t i v e  t h e n

~Ui = u" + ut  At  ( 4 . 2 4 )

where ut  = " a ux

In s t e p  two o f  t h e  scheme, t h e  v a l u e s  o f  u^ a t  t im e  l e v e l  n a r e  

used  a g a i n  t o  compute  ut . Depending on t h e  wave sp eed  a ,  ux i s  computed 

as

2u" -  3uJ + u"

Ux = - J  AX  ‘ a >  ° -  ^4 *2 5 )

2 u i -  3ui +l  + u i +2 
u x =  ------- — ^ ----------—  , a < 0 .  ( 4 . 2 6 )

Then,  compute ut  as

ut  = -  a ux

In s t e p  t h r e e  o f  t h e  scheme, t h e  p r e d i c t e d  v a l u e s  u.  a r e  used  t o  

compute a p r e d i c t e d  u^ w i t h  tv/o s t e p  backward o r  fo rw ard  d i f f e r e n c e s ,  

d e p e n d i n g  as  in  Eq. ( 4 . 2 3 )  a g a i n  on t h e  s i g n  o f  t h e  c h a r a c t e r i s t i c  speed 

a .  The f i n a l  u p d a t e  i s  t h e n  made u s i n g  both  t h e  u t  computed i n  s t e p  two

and u^ as f o l l o w s

U; +1 = uj + Y (ut  + ut ) At . (4 .27)
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In t h i s  e xa m ple ,  t h e  s i g n  o f  t h e  wave speed a d e t e r m i n e s  t h e  d i r e c t i o n  

in  which t h e  s p a t i a l  d e r i v a t i v e s  a r e  t a k e n .  In Eqs.  ( 4 . 2 1 ) ,  t h e  

c h a r a c t e r i s t i c s  x + and x ~ ,  and n + and n "  pe r for m  t h i s  f u n c t i o n .  The

scheme s a t i s f i e s  t h e  s o - c a l l e d  " s h i f t "  c o n d i t i o n  f o r  v = 1 which i s

“T1 -  " M  •

Th u s ,  f o r  v = 1 ,  t h e  scheme p r o p e r l y  c o n v e c t s  waves a l o n g  t h e  

c h a r a c t e r i s t i c  d x / d t  = a .

4 . 4  S t a b i l i t y  A nal ys e s

The s t a b i l i t y  o f  t h e  scheme was a n a l y z e d  u s i n g  t h e  c l a s s i c a l  von 

Neumann method [ 3 8 ] .  In t h i s  method ,  t h e  e r r o r  i s  e x p r e s s e d  as  a 

F o u r i e r  s e r i e s  and t h e  growth o f  t h e  e r r o r  in  t i m e  i s  ex am in ed .  The 

t o t a l  e r r o r  in  a nu me r i ca l  c a l c u l a t i o n  c o n s i s t s  o f  bo th  d i s c r e t i z a t i o n  

e r r o r  and r o u n d - o f f  e r r o r .  The d i s c r e t i z a t i o n  e r r o r  a r i s e s  f rom t h e  

f a c t  t h a t  what  one i s  a c t u a l l y  s o l v i n g  i n  a num e r i c a l  c a l c u l a t i o n  i s  no t  

a d i f f e r e n t i a l  e q u a t i o n  bu t  a d i f f e r e n c e  e q u a t i o n .  I f  U ( x , t )  i s  t a k e n  

t o  be t h e  e x a c t  s o l u t i o n  t o  t h e  g o v e r n in g  PDE and i f  u ( i'a x , riAt) i s

t h e  s o l u t i o n  t o  t h e  a p p r o x i m a t i n g  d i f f e r e n c e  e q u a t i o n  c a r r i e d  ou t  t o

i n f i n i t e  p r e c i s i o n ,  t h e n  (U -  u) i s  t h e  d i s c r e t i z a t i o n  e r r o r .  I f  t h i s  

d i f f e r e n c e  goes  t o  z e r o  as ax goes t o  z e r o ,  t h e n  t h e  d i f f e r e n c e

e q u a t i o n  i s  s a i d  t o  be c o n s i s t e n t  w i t h  t h e  PDE.

Ro und off  e r r o r  a r i s e s  from t h e  f a c t  t h a t  t h e  c a l c u l a t i o n s  c a n n o t ,  

i n  p r a c t i c e ,  be c a r r i e d  ou t  w i th  i n f i n i t e  p r e c i s i o n  and t h e  c a l c u l a t i o n s  

must  be r o u n d e d - o f f  t o  some f i n i t e  number o f  dec imal  p l a c e s .  I f  N i s  

c a l l e d  t h e  a c t u a l  f i n i t e  p r e c i s i o n  n um er ica l  s o l u t i o n ,  th e n  (u -  N) i s  

t h e  r o u n d o f f  e r r o r  and U -  N i s  t h e  sum o f  t h e  d i s c r e t i z a t i o n  e r r o r  and
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t h e  r o u n d - o f f  e r r o r .  The n um er ica l  c a l c u l a t i o n s  w i l l  be s t a b l e  i f  t h e  

i n e v i t a b l e  e r r o r s  which a r e  i n t r o d u c e d  a r e  damped o u t  ( i . e .  decay  w i t h  

t i m e ) .

Al tho ugh t h e  von Neumann s t a b i l i t y  a n a l y s e s  i s  n o t  t h e  most  

r i g o r o u s  m e th o d ,  s i n c e  i t  i g n o r e s  t h e  boun da ry  c o n d i t i o n s ,  i t  i s  used 

f r e q u e n t l y  b e c a u s e  one i s  u s u a l l y  i n t e r e s t e d  in  t h e  s t a b i l i t y  o f  t h e  

b a s i c  scheme as  boundary  c o n d i t i o n s  may c h a n g e .  To examine  t h e  e f f e c t  

o f  t h e  boundary  c o n d i t i o n s ,  t h e  m a t r i x  method may be used  [ 3 9 ] .  In t h i s  

me thod ,  i t  i s  n e c e s s a r y  t o  d e f i n e  an a m p l i f i c a t i o n  m a t r i x  A as

u n+1 = f l u "

where  un+* and un a r e  t h e  v e c t o r s  o f  t h e  s o l u t i o n .  Then t h e  

e i g e n v a l u e s  o f  A a r e  ex am in ed ,  and f o r  s t a b i l i t y ,  i t  i s  n e c e s s a r y  t h a t  

t h e  modulus o f  a l l  t h e  e i g e n v a l u e s  be l e s s  t h a n  o n e .

S t a b i l i t y  a n a l y s e s  o f  t h e  scheme were  done  in  bo th  o n e -  and two-  

d i m e n s i o n s .  For  t h e  o n e - d i m e n s i o n a l  a n a l y s e s ,  t h e  model Eq.  ( 4 . 2 2 )  was 

u s e d .  For  t h e  tw o - d i m e n s i o n a l  s t a b i l i t y  a n a l y s e s ,  t h e  f o l l o w i n g  model 

e q u a t i o n  was u s e d .

u. + a u + b u = 0 ( 4 . 2 8 )
V A J

I t  t u r n s  o u t  t h a t  t h e  maximum CFL number f o r  which t h e  scheme i s  s t a b l e  

i s  two f o r  t h e  o n e - d i m e n s i o n a l  e q u a t i o n  and one f o r  t h e  tw o - d i m e n s i o n a l  

model e q u a t i o n .  The s t e p s  in  t h e  a n a l y s e s  w i l l  o n l y  be shown f o r  t h e  

t w o - d i m e n s i o n a l  a n a l y s e s .
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The f i r s t  s t e p  i n  t h e  a n a l y s e s  i s  t c  combine  t h e  t h r e e  s t e p s  o f  t h e  

G a b u t t i  scheme i n t o  a s i n g l e  s t e p  so t h a t  u!?+  ̂ i s  e x p r e s s e d  i n  te rm s  

o f  t h e  u.j j  a t  t i m e  s t e p  n .  When t h i s  i s  d o n e ,  t h e  r e s u l t  i s

< ]  ■ » ? . i - 1 W 3 4

♦ 6 (3  -  4 Û , ,  ♦

* 6 H j  '  2 “ U - l  +

2« - V l . j  - ui,j-l * ui-l,j-l)] (4'29>

where

a  = a A x / A t  

8 = b Ay/At

I f  e?  i s  assumed t o  be an i n i t i a l  e r r o r  d i s t r i b u t i o n  and N? i s  t h e  

s o l u t i o n  t o  t h e  d i f f e r e n c e  e q u a t i o n  which s a t i s f i e s  Eq.  ( 4 . 2 9 )  e x a c t l y ,  

t h e n  t h e  e r r o r  a t  t im e  l e v e l  n+1 must  a l s o  s a t i s f y  Eq. ( 2 . 2 9 ) .  Thus ,  

t h e  e r r o r  wi l l  n o t  grow p r o v i d e d  t h e  s o l u t i o n  t o  t h e  d i f f e r e n c e  e q u a t i o n  

i s  s t a b l e  and bounded .

N e x t ,  assume t h a t

u j  = r 11 exp [ I  ( k x i a x  + ky j  A y ) ]  ( 4 . 3 0 )

I =

i s  a p e r i o d i c  r e p r e s e n t a t i o n  o f  t h e  s o l u t i o n  w i t h  r n as  t h e  a m p l i t u d e ,  

kx and ky as t h e  wavenumbers ,  and e = k a and e = k Ay as t h e
j  a  a  a  y  y

p h ase  a n g l e s .  S u b s t i t u t i n g  Eq. ( 4 . 3 0 )  i n t o  Eq. ( 4 . 2 9 ) ,  i s  found t h a t
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r  = I1 -  \  [ a (3 -  3 e x p ( - I e x ) + e x p ( - 2 I e x ))

+ 6 ( 3 - 3  exp(-Ie  ) + exp(-2Ie  ))

+ a 2 ( l  -  2 e x p ( - I e x ) + exp(2 Iex ))

+ b 2 (1 -  2 ex p ( - Iey ) + exp(2Iey ))

+ a 6 (2  -  2 e x p ( - l 0 x ) -  2 exp(- Ie  )

+ e x p ( - I ( e x + 0 y ) ) ) ] |  . (4 .31)

D ef in e  t h e  a m p l i f i c a t i o n  f a c t o r  a s

u j +1 = G u j  ( 4 . 3 2 )

from which i t  i s  a p p a r e n t  t h a t  G i s  t h e  same as r .  The maximum

a m p l i f i c a t i o n  f a c t o r  G f o r  v a l u e s  o f  a  and 6 r a n g i n g  from .5 t o  1 .5

was found by s o l v i n g  Eq.  ( 4 . 3 1 )  on a compu te r  f o r  v a l u e s  o f  a  and 6

r a n g i n g  f rom 0 t o  360 d e g r e e s .  The r e s u l t s  a r e  shown in  T a b l e  4 . 1 .

From t h i s ,  i t  i s  s e e n  t h a t  t h e  scheme has a maximum CFL number f o r

s t a b i l i t y  o f  one in  t w o - d i m e n s i o n s .
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T a b l e  4 .1  R e s u l t s  f rom S t a b i l i t y  A n a ly se s

a 3 G

.5 .5 1 .0

.5 1 .0 1 .0

.5 1 .5 1 .0

1 . 0 1 .0 1 .0

1 .0 1 .5 3 .5

1 . 5 1 . 5 7 . 0
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C hapter 5

SCHEME 2 -  SHOCK FITTING GABUTTI

5 .1  I n t r o d u c t i o n

Shock f i t t i n g ,  in  c o n t r a s t  t o  shock c a p t u r i n g ,  do es  n o t  a t t e m p t  t o  

a p p l y  f i n i t e  d i f f e r e n c i n g  a c r o s s  shock waves and i n s t e a d  imposes t h e  

c o r r e c t  R a nk in e -H ug on io t  jump r e l a t i o n s  a t  t h e  d i s c o n t i n u i t i e s ,  t h e  

l o c a t i o n  o f  which i s  assumed known. Shock f i t t i n g  methods  seem t o  have 

e v o l v e d  a l o n g s i d e  and i n  c o n j u n c t i o n  w i t h  shock c a p t u r i n g  m e th ods .  

Shock f i t t i n g  i s  s t i l l  f r e q u e n t l y  used in  s u p e r s o n i c  problems where a 

bow shock  wave d e v e l o p s  ahead  o f  t h e  body.  The f low ahead o f  t h e  shock 

i s  u s u a l l y  t a k e n  t o  be f r e e s t r e a m  un i fo rm  f lo w and so t h e r e  i s  no need 

t o  a p p l y  t h e  t i m e - d e p e n d e n t  method t o  t h i s  r e g i o n .  The jump r e l a t i o n s  

a r e  a p p l i e d  a t  t h e  s h o c k ,  which i s  f i t t e d  a s  a c o m p u t a t i o n a l  b ou nd a ry .  

I f  a l l  o f  t h e  shocks  in  t h e  f low f i e l d  a r e  f i t t e d ,  t h e n  i t  can be a rg u e d  

t h a t  t h e  g o v e r n i n g  e q u a t i o n s  can be s o l v e d  n u m e r i c a l l y  i n  e i t h e r  

c o n s e r v a t i o n  o r  n o n c o n s e r v a t i o n  form in t h e  smooth r e g i o n s  o f  t h e  f low 

f i e l d .

Th us ,  t h e  use  of  shock  f i t t i n g  can l e a d  t o  a r e d u c t i o n  in  computer

t i m e  from ( 1 ) t h e  e l i m i n a t i o n  o f  t h e  need t o  a p p ly  f i n i t e  d i f f e r e n c i n g

t o  t h e  f r e e s t r e a m  u n i f o r m  f low ahead  o f  t h e  bow shock in  s u p e r s o n i c

prob lem s and ( 2 ) t h e  use  o f  t h e  p r i m i t i v e  v a r i a b l e  form o f  t h e  g o v e r n i n g

e q u a t i o n s  which may be somewhat l e s s  e x p e n s i v e  t o  s o l v e  n u m e r i c a l l y .

However,  t h e  s u b s e q u e n t  deve lo pm ent  of  i m p l i c i t  methods  h a s ,  t o  some
58
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d e g r e e ,  removed t h e  a d v a n t a g e  o f  s o l v i n g  t h e  n o n - c o n s e r v a t i v e  e q u a t i o n s  

b e c a u s e  u l t i m a t e l y  one i s  a f t e r  t h e  s o l u t i o n  t o  t h e  problem i n  t h e  l e a s t  

amount o f  com p u te r  t i m e  and co n v e r g e n c e  r a t e s  a r e  p e r h a p s  more r e l e v a n t  

t o  t h i s  q u e s t  t h a n  t h e  c o s t  t o  do a s i n g l e  i t e r a t i o n .

In t h i s  s t u d y ,  t h e  shock which d e v e l o p s ,  i s  embedded i n  t h e  f l ow  

f i e l d  and shock f i t t i n g  i s  used on a g r i d  which has  t h e  shock a l i g n e d  

w i t h  one o f  t h e  l i n e s  o f  c o n s t a n t  X ( i n  t h e  c o m p u t a t i o n a l  d o m a i n ) .  The 

shock  i s  a l l o w e d  t o  move and a d j u s t  i t s  p o s i t i o n  and c h a r a c t e r i s t i c s  t o  

t h e  e v o l v i n g  f l ow  f i e l d .  R e c e n t l y ,  M o r e t t i  has shown t h a t  i t  i s  

p o s s i b l e  t o  do shock f i t t i n g  on a g r i d  which  i s  s t a t i o n a r y  such t h a t  t h e  

shock  i s  no t  a l i g n e d  w i t h  any o f  t h e  mesh l i n e s  [ 4 0 ] .  Th is  method has 

a l s o  been  r e f e r r e d  t o  as " f r o n t  t r a c k i n g "  and i s  used  t o  d e s c r i b e  

methods  f o r  h a n d l i n g  d i s c o n t i n u i t i e s  such as w e a t h e r  f r o n t s  and o i l  f low 

in  po rous  media [ 4 1 ] .

The shock  f i t t i n g  scheme d e v e lo p e d  f o r  use  in  t h i s  i n v e s t i g a t i o n  

t r e a t s  t h e  embedded shock  which d e v e l o p s  as  a d i s c o n t i n u i t y  a l i g n e d  w i t h  

a l i n e  o f  c o n s t a n t  X and t h e  R a n k in e -H u g o n io t  r e l a t i o n s  a r e  used  t o  

r e l a t e  t h e  u p s t r e a m  and downstream f lo w s  t h r o u g h  t h e  s h o c k .

T h is  scheme i s  i d e n t i c a l  t o  t h e  scheme d e s c r i b e d  in  Chap.  4 w i t h  

f i v e  e x c e p t i o n s .  F i r s t ,  t h e  i n i t i a l  c o n d i t i o n s  a r e  t h e  conv e rg ed  

r e s u l t s  o f  a p r e v i o u s  run o f  scheme 1 .  Second,  t h e  g r i d  i s  a l i g n e d  w i t h  

t h e  embedded shock t h a t  forms in  t h e  i n i t i a l  r u n .  T h i r d ,  t h e  g o v e r n i n g  

e q u a t i o n s  a l o n g  w i t h  t h e  R an k in e - H u g o n io t  r e l a t i o n s  a r e  used  t o  

c a l c u l a t e  t h e  shock v e l o c i t y  and a c c e l e r a t i o n  a t  each  p o i n t  on t h e  shock 

f r o n t  and t h e  g r i d  i s  d y n a m i c a l l y  a d a p t e d  as  t h e  shock changes  i t s  

p o s i t i o n .  F o u r t h ,  t h e  R ank in -H ugon io t  r e l a t i o n s  a r e  used  t o  c a l c u l a t e

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



60

t h e  jumps i n  p r e s s u r e ,  d e n s i t y ,  v e l o c i t y  and e n t r o p y  th r o u g h  t h e  s h o c k ,  

and f i f t h ,  t h e  e q u a t i o n  d e s c r i b i n g  t h e  c o n v e c t i o n  o f  e n t r o p y  i s  i n c l u d e d  

w i t h  t h e  s e t  o f  e q u a t i o n s  t o  be s o l v e d

I  = st , " s, * ,s, = 0 • (5-1)
When Eq. ( 5 . 1 )  i s  t r a n s f o r m e d  t o  ( s , n )  c o o r d i n a t e s ,  i t  becomes

S+ + US + VS = 0  ( 5 . 2 )
t e n

where U and V a r e  t h e  c o n t r a v a r i e n t  v e l o c i t y  c o m po nent s .  The e n t r o p y  i s  

r e l a t e d  t o  t h e  nond im en s io n a l  p r e s s u r e  and d e n s i t y  by Eq. ( 5 . 3 )

S = m  p -  y i m p  . ( 5 . 3 )

The unknowns i n  t h e  f i n a l  s e t  o f  e q u a t i o n s  a r e  t h e  lo g  o f  t h e  p r e s s u r e  

P,  t h e  v e l o c i t y  components  U and V, and t h e  e n t r o p y  S.  S in c e  t h e r e  a r e  

f o u r  e q u a t i o n s ,  t h e  sy s te m  i s  c l o s e d .

5 . 2  T r a n s f o r m a t i o n  t o  Shock F i t t e d  C o o r d i n a t e s

The s o l u t i o n  t o  be used  as t h e  i n i t i a l  c o n d i t i o n  t o  t h e  shock 

f i t t i n g  c a l c u l a t i o n s  i s  a s s o c i a t e d  w i t h  some c u r v i l i n e a r  c o o r d i n a t e s  e, 

and n wh ic h ,  in  g e n e r a l ,  a r e  n o t  a l i g n e d  w i t h  t h e  s h o c k .  The s o l u t i o n  

m u s t ,  t h e r e f o r e ,  be i n t e r p o l a t e d  o n t o  a new c o o r d i n a t e  sys t em which i s  

a l i g n e d  w i t h  t h e  s h o c k .  These c o o r d i n a t e s  w i l l  be c a l l e d  X an Y h e r e i n  

and t h e  t r a n s f o r m a t i o n  f rom t h e  p r e v i o u s  t o  t h e  new c o o r d i n a t e  sys te m i s  

g iv en  as

( t ,  c ,  n )  ♦ (T ,  X, Y) .
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The t r a n s f o r m a t i o n  r e l a t i o n s  t o  be used w i l l  have  X = X ( t ,  5 , n )  and 

Y = Y ( t , n )  a n d ,  t h e r e f o r e ,  by t h e  c h a i n  r u l e .

St = STt S x V S v vt

k  ‘  h \  <5-4>

9 — —  Y 4- ^   V
3n "  jX n 3 Y •

The sy s t em  o f  g o v e r n i n g  e q u a t i o n s  which r e s u l t s  i s

P_ + UPY + VP + y [UYXr + VYX + Y Y ]  = Pc 
1 a  Y A 5 x  n  y n  s

UT + UU + VU + i i i L  [g P X -  g (P X + P Y ) ]  = Uc ( 5 . 5 )
1 X Y y  ^  *  5  3 x  n  Y n  s

(J )2
VT + UVy + VVy + - L i L  [g (PyX + P Y ) -  g P X ]  = V

T X Y y  1 x  n  Y n  0 X 5  s

S + US + VS = 0
T x y

where

U = X + UX + VX
t e n

V = Y + VY
t  n

and Ps , Us and Vs a r e  as p r e v i o u s l y  d e f i n e d  in Eqs.  ( 4 . 7 c )  and ( 4 .1 2 c  

and d ) .

The d e s i r e d  c o o r d i n a t e  t r a n s f o r m a t i o n  i n  t h e  5 d i r e c t i o n  i s

X = X (5 s )

where  e $ i s  t h e  l o c a t i o n  o f  t h e  shock which i s  f u n c t i o n  of  n and t .  

A second d e g r e e  po lynomia l  g iv en  as
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? = ? o + (?1 " 5 o) (al  X + a 2 X ] (5‘6)

was used where  z Q and £ ,  r e p r e s e n t  t h e  minimum and maximum v a l u e s  o f  

5 and a^ and a2 a r e  c o e f f i c i e n t s  d e t e r m i n e d  such t h a t

E = p when X = X ^ s s

S = when X = X̂  

I t  i s  e a s i l y  found t h a t

al = bl + b2 f

a2 = b3 + b4 f
( 5 . 7 )

where

bj  = -  Xs / ( X 1D) 

b2 = X j / ( X SD)

b3 = - b l / Xs

b4 = - b 2 / Xj

D = xi  -  xs

f  ^  - g o

«1 - 5 0 ’

Using t h e  above  e x p r e s s i o n s ,  t h e  t r a n s f o r m a t i o n  Eqs .  ( 5 . 8 )  a r e  

d e t e r m i n e d  as

xc = ! / [ ( ? !  -  5 0 ) + 2 a 2 X)]

X̂  = -  (b2 X + b4 X2 ) X? f^ ( 5 . 8 )
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Xt  = -  ( b 2 X + b4 X2 ) X5 f t  .

A t r a n s f o r m a t i o n  f rom n t o  Y was done f o r  p ro b lems  1 ,  2 ,  and 3 .  

S in c e  5 and n a r e  co nf or ma l  c o o r d i n a t e s  and a r e  i n d e p e n d e n t  o f  t h e  

s t r e t c h i n g s  used t o  pr o d u ce  t h e  o r i g i n a l  g r i d ,  t h e n  i t  i s  n e c e s s a r y  t o  

use  some s o r t  o f  t r a n s f o r m a t i o n  f rom n t o  Y i f  i t  i s  d e s i r e d  t o  have  

aY = 1 .  A second o r d e r  s t r e t c h i n g  was used  as f o l l o w s

where n 0 and t i j  a r e  t h e  minimum and maximum v a l u e s  o f  n and a 4 and 

a 5 a r e  c o e f f i c i e n t s  chos en  t o  a c h i e v e  t h e  d e s i r e d  s t r e t c h i n g .  In 

problem 1 , n 0 , *4 and ag were  made t o  be f u n c t i o n s  o f  t i m e  so t h a t  t h e

p o s i t i o n  o f  t h e  lo wer  boundary  as we l l  as t h e  d e g r e e  o f  c l u s t e r i n g  n e a r  

t h e  lower  bound ary  co u ld  be changed  d y n a m i c a l l y .

To c a l c u l a t e  t h e  shock a c c e l e r a t i o n ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e  

used a l o n g  w i t h  t h e  R a n k in e -H u g o n io t  r e l a t i o n s  in a f a i r l y  s t r a i g h t  

fo rw ard  ma nn e r .  F i r s t ,  t h e  g o v e r n i n g  e q u a t i o n s  a r e  w r i t t e n  i n  v e c t o r  

form as

n = n 0 + ( nj  -  n 0) ( a4 Y + a5 Y2 ) ( 5 . 9 )

5 . 3  C a l c u l a t i o n  o f  Shock A c c e l e r a t i o n *

R ( 5 . 1 0 )

0 = [ P ,  U, V]T

*The w r i t e r  i s  i n d e b t e d  t o  Mr. M. D. S a l a s  f o r  showing how t o  c a l c u l a t e  
t h e  shock a c c e l e r a t i o n .
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where

A =

U

—  ( 9 ,  X -  g X ,
Y 2 £ 3 ti

(g ,  x -  g x )
y 1 n 3 5 '

y X y X 
? n

0 U

R = [Rl f  R2 , R3 ] 1

R = P V p v -  y u v

, (Jar
u s - v V " f g 3 p y

V -  V V -  a P
vs V VY Y 9 1

The m a t r i x  A has t h e  e i g e n v a l u e s

\ 1 = U -  a

x 2 = U + a

X_ = U

= J a  [ g j  X2 -  2 g 3 X? Xn + g 2 x| ] ! / 2  

= J a  [SQ] 1 /2

and can be d i a g o n a l i z e d  as

A = S a S-1

where

S =

—  SO J a  ■

g 3 Xn -  g 2 X?

9-5 xr -

—  soJ a

g 2 XC " g 3 X,

3 \  " 91 n 91 n

0

X
n

-X
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and SQ i s  t h e  q u a n t i t y  i n  s q u a r e  r o o t s .  E qua t i on  ( 5 . 1 0 )  can be pu t  i n t o  

c h a r a c t e r i s t i c  form as

S' 1 0t  + A S" 1 Qx = S-1 R .  ( 5 . 1 1 )

The e q u a t i o n  c o r r e s p o n d i n g  t o  Ay i s  t h e n

Pt  + Px +  62 (Uy + x Ux ) + Bg (Vy + x V x )

= Ry + $2  R2 + e 3 = R4 ( 5 . 1 2 )

where

8 2 ~ " Y X^/a

= -  y X / a
o n

and Px , U '  and Vx a r e  fo rw a rd  d i f f e r e n c e s .

F i g u r e  5 . 1  shows t h e  shock i n  t h e  ( ? , ti) c o o r d i n a t e  sy s t e m  w i th  

u n i t  normal and t a n g e n t  v e c t o r s .  The c o v a r i a n t  b a s e  v e c t o r s  a r e

e = X i  + Y j  . 
n o n

(5 . 1 3 )

The c o n t r a v a r i a n t  b a se  v e c t o r s  a r e

+£ -  -
6 * V  + «y J

V 1 - n x i + ny  3 .

The u n i t  normal  a t  t h e  shock i s  g iv en  by

( 5 . 1 4 )
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N = - * !
v f

f  1 + f  j  
x y

/  2 2
f  + f  

x y

f  + f  ^  
_£________ 3___

/ 7 f  • Vf

and t h e  l e n g t h  o f  g r ad  f  i s

( 5 . 1 5 )

where  f  = % -  Cs ( n , t ) = 0 ( 5 . 1 6 )

I v f  I = [ f 2 e5 . e? + 2 f  f  e5 . e11 + f 2 en . e71] 
1 ' 6 £ n n

1/2

= hn *

The u n i t  t a n g e n t  v e c t o r  i s  d e f i n e d  by

N • T = 0

and t h e r e f o r e  i t  i s  found t h a t

T =
-  f  e

£
+ f  e

r  r Z  *  *  o  .p  r  *  *  T 1 / 2
| f e - e - 2 f f e * e + f e » e l  

n £  £ C n £  n c n  n

+ e

( 5 . 1 6 )

where £ s i s  t h e  shock s l o p e  and ĥ . i s  t h e  s q u a r e  r o o t  t e rm  above ,  
n
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The v e l o c i t y  r e l a t i o n s  a t  t h e  shock a r e  o b t a i n e d  u s i n g  t h e s e

e q u a t i o n s .  The f l o w f i e l d  v e l o c i t y  i s

1/ = u i  + v j

= U e + V e . ( 5 . 1 7 )
£ n

L e t t i n g  t h e  c o n t r a v a r i a n t  v e l o c i t y  o f  t h e  shock be  Us , t h e  v e l o c i t y

r e l a t i v e  t o  t h e  shock i s

D = (U -  U ) e + K e . ( 5 . 1 8 )
s s s n

Note t h a t  U and V a r e  d i f f e r e n t  on each  s i d e  o f  t h e  s h o c k .  The v e l o c i t y  

component  normal t o  t h e  sh ock  i s

( U - U s ) - Es V

f  .  5 = -------------------- , -------2—  .
S h

n

= Vn ( 5 . 1 9 )

The component  t a n g e n t  t o  t h e  shock i s

£ s (U -  Us ) + V

V . j  = _J2------------------------

ht

= Vt  . ( 5 . 2 0 )

S i n c e  t h e  t a n g e n t i a l  components  of  v e l o c i t y  mus t  be eq u a l  on b o th  s i d e s  

o f  t h e  s h o c k ,  we have

ui 5 C + V1 = 5 C + h  ( 5 . 2 1 )1  s “1 u2 s “2 
n n
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where  t h e  s u b s c r i p t s  1 and 2 d e n o t e  t h e  u p s t r e a m  and downst ream s i d e s  o f  

t h e  shock r e s p e c t i v e l y .  E q u a t i o n s  ( 5 . 1 9 )  and ( 5 . 2 0 )  can  be s o l v e d  f o r  U 

and V t o  g e t

V„ + 5 C V, h t  n n s t  t
U = U + ------------------ 1-----------  ( 5 . 2 2 )

S 1 + C s
n

V* h+ -  r  Vn ht  t  s  s n n
V = ------------------£ ----------- . ( 5 . 2 3 )

1 + * r
n

The jump in  p r e s s u r e  t h r o u g h  t h e  shock i s  g iven  by

? 7  = 1 + r ^ T < n ? - 11 = p r  <5 - 2 4 >

where  i s  t h e  Mach number r e l a t i v e  t o  t h e  shock and i s  g iv e n  by

V . N  (Ui '  Us } " 5 s V!
s n

M = — -------- =- — ---------------  . ( 5 . 2 5 )
l a  a h

1 I n

E q u a t i o n  ( 5 . 2 4 )  can be e x p r e s s e d  i n  t e r m s  o f  t h e  lo g  o f  p as

P2 = p! + * n (Pr ) •

The d e r i v a t i v e  o f  P2 w i t h  r e s p e c t  t o  t i m e  i s  t h e n

%  = \  + T t  " l  %  '  <5’ 26)

The t e r n  M, i s  equa l  t o  
Lt

H, = c ,  + c 7 U ( 5 . 2 7 )
Lt  t
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where U i s  t h e  shock a c c e l e r a t i o n  and Ci and c? a r e  c o e f f i c i e n t s  
s t

found t o  be

\  -  5 S V1 “ ? s  VL  \  hn.
c = _ t -1!—   D 1 -  H. — l-  +

1 a l  hn 1 a l  n

c
2 a l hn *

S u b s t i t u t i n g  Eq. ( 5 . 2 7 )  i n t o  Eq.  (5 .2 6 )  and r e a r r a n g i n g  g i v e s

P? = b ,  + b9 ( 5 .2 8 )
c t  c s t

where

b i  = %  + i  " i  c i

b

The jump in t h e  normal component of  v e l o c i t y  r e l a t i v e  t o  t h e  shock i s  

g iv en  by

V *  V 0, ' * ,  V2

i    ■ Ur  ■ n -  U -  c "  V, • <5 - 291
V • M 1 S S 1

S2

Using Eqs .  ( 5 . 2 1 )  and ( 5 . 2 9 ) ,  t h e  c o n t r a v a r i a n t  component  U£ i s  found t o  

be

Us * V1 5 s  + U1 4  + “ r  <U1 -  “ s -  V1 « s  )
\Jy = ------------------   2--------o-------------------------------  (5 .3 0 )

1 + 4

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



71

where t h e  jump i n  v e l o c i t y  t h r o u g h  t h e  shock u r  i s  g iven  by

(y -  1) M? + 2
u = -----------------S —  . ( 5 . 3 1 )

(y + 1) MJ

The t i m e  d e r i v a t i v e  o f  Eq. ( 5 . 3 0 )  i s  t h e n  found t o  be

U2 = b3 + b4 Us ( 5 *32)
where  t  *

b 3 '  t vl  * V s  t U l  « s  + zV s  « s
t  n  n^ .  t  n  ^  n t

* c 3 (U1 * Us  * V1 > + u r < \  -  \  ‘ V s  >
n t  t  n t

-  2U2 5 s 5 s ] / ( l  )
n n t  n

b4 '  [1 + c 4 (U1 -  Us -  v j C5 ) -  ur] / ( l  )
n n

c 3 = -  4 Ci / ( y + 1) n 3 )

C4 = c 3 C2/ C l  *

In a s i m i l a r  manner ,  t a k i n g  t h e  t i m e  d e r i v a t i v e  o f  Eq. ( 5 . 2 1 )  l e a d s  t o

t h e  f o l l o w i n g  e x p r e s s i o n  f o r  V? .
t

%  = b 5 + b 6 Ust  <5 ‘ 3 3 )

where

b 5 = V *  ( U j  -  U2 ) ? s  *  ( I I  -  b 3 )  E s
x  n^.  x  n

b6 = '  V s  '
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F i n a l l y ,  s u b s t i t u t i n g  a l l  o f  t h e s e  e x p r e s s i o n s  i n t o  Eq.  ( 5 . 1 2 )  and

s o l v i n g  f o r  U g i v e s  
s t

R. -  b .  -  x ‘ P" -  e ? (b -  + x"U‘ ) -  6 , (b^ + x 'V " )
uc = — i k A  h +- »■ h— — ---------- ---  • ( 5 - 3 4 )

s t  2 e 2 b 4 S 3 6

Thus an e x p r e s s i o n  has  been o b t a i n e d  f o r  t h e  shock  a c c e l e r a t i o n .  The 

shock  p o s i t i o n  i s  t h e n  u p d a te d  u s i n g  t h e  shock a c c e l e r a t i o n  t o  u p d a t e  

t h e  shock v e l o c i t y  a s  d e s c r i b e d  n e x t .

5 . 4  U p d a t i n g  t h e  Shock P o s i t i o n

The method used  t o  u p d a t e  t h e  shock p o s i t i o n  was a r r i v e d  a t  a f t e r  

e x t e n s i v e  e x p e r i m e n t a t i o n .  I t  was d i s c o v e r e d  e a r l y  t h a t  t h e  c a l c u l a t i o n  

o f  shock a c c e l e r a t i o n  and t h e  jumps in  f l u i d  d e n s i t y ,  v e l o c i t y ,  

p r e s s u r e ,  and e n e rg y  t h r o u g h  t h e  shock a r e  a l l  v e ry  s e n s i t i v e  t o  t h e  

shock v e l o c i t y  and t h e  s l o p e  o f  t h e  shock w i t h  r e s p e c t  t o  t h e  oncoming 

f l o w .  I f  each p o i n t  a l o n g  t h e  shock i s  computed i n d e p e n d e n t l y  o f  t h e  

o t h e r s ,  w i g g l e s  and o s c i l l a t i o n s  te n d e d  t o  d e v e l o p  in  t h e  sh ap e  o f  t h e  

shock which q u i c k l y  d e s t r o y e d  t h e  c a l c u l a t i o n s .  In o r d e r  t o  p r e v e n t  

t h i s  from o c c u r r i n g ,  po lynomia l  l e a s t  s q u a r e s  sm oo th in g  was i n t r o d u c e d .

A r e l a t e d  problem which had t o  be a d d r e s s e d  was how t o  u p d a t e  t h e  

g r i d  above  t h e  s h o c k .  S in c e  no a c c e l e r a t i o n  i s  computed f o r  t h e  p o i n t s  

above  t h e  shock a l o n g  t h e  l i n e  o f  c o n s t a n t  5 which  a l i g n s  w i t h  t h e  

s h o c k ,  some a r t i f i c i a l  means had t o  be i n t r o d u c e d  t o  move t h e s e  p o i n t s  

so t h e  g r i d  would n o t  have a d i s c o n t i n u i t y  in  i t .

The f i r s t  s t e p  in  u p d a t i n g  t h e  shock p o s i t i o n  i s  t o  smooth t h e  

computed shock a c c e l e r a t i o n s  computed from J  = 1 t o  J  = J S ,  t h e  l a s t
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shock p o i n t .  T h i s  was done by a w e ig h te d  l e a s t  s q u a r e s  a p p r o x i m a t i o n  t o  

t h e  f u n c t i o n  v a l u e s  a t  t h e  JS p o i n t s  u s i n g  o r t h o g o n a l  p o l y n o m i a l s  [ 4 2 ] .  

Then,  u s i n g  t h e  smoothed v a l u e s  o f  t h e  shock  a c c e l e r a t i o n ,  t h e  u p d a te d  

shock v e l o c i t i e s  and p o s i t i o n s  were  computed in  a t h r e e - s t e p  p r e d i c t o r -  

c o r r e c t o r  manner  a n a l o g o u s  t o  t h e  G a b u t t i  scheme.

In t h e  f i r s t  s t e p ,  t h e  f o l l o w i n g  lo op  i s  e x e c u t e d

Do from J  = 1 t o  J  = JS

XSTN(J) = XST(J) + XSTT(J) * At

( 5 . 3 5 )

XSN(J) = XS(J) + XSTN(J) * At

where  XS, XST, and XSTT a r e  t h e  shock p o s i t i o n ,  v e l o c i t y ,  and t h e  

a c c e l e r a t i o n  a t  t h e  b e g i n n i n g  o f  t h e  t i m e  s t e p  and XSN and XSTN a r e  t h e  

p r e d i c t e d  v a l u e s  o f  t h e  shock p o s i t i o n  and a c c e l e r a t i o n .  The p r e d i c t e d  

v a l u e s  o f  XSN a r e  t h e n  smoothed u s i n g  o r t h o g o n a l  p o l y n o m i a l s  up t o  

d e g r e e  t h r e e  as  shown in  F i g .  5 . 2 a .

The p o i n t s  above  t h e  shock a l o n g  t h e  c o n n e c t i n g  l i n e  from J = JS + 

1 t o  J = JMAX must  now be computed and t h i s  was done as f o l l o w s .  F i r s t ,  

XSN a t  t h e  to p  boundary  ( J  = JM) was d e t e r m i n e  as

XSM(JM) = .9 * XSO(JM) + .1 * XSN(JS) . ( 5 . 3 6 )

This  i n s u r e s  t h a t  e v e n t u a l l y  XS(JM) w i l l  equa l  XS(JS) and t h a t  t h e  to p  

end o f  t h e  c o n n e c t i n g  l i n e  w i l l  n o t  move t o o  r a p i d l y .  N e x t ,  t h e  p o i n t s  

i n  be twe en  XSN(JS) and XSN(JM) a r e  c a l c u l a t e d  as

XSN(J) = (1 -  3H2 -H3 ) * XSN(JS)

+ (3H? -  2H3 ) + XSN(Jtl) ( 5 . 3 7 )
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where

H ^J " nJ S ^ nJM " nJŜ  •

This  i n s u r e s  t h a t  t h e  s l o p e  o f  t h e  c o n n e c t i n g  c u r v e  ? s i s  z e r o  a t  J  =
T1

JS and J  = JM as  shown i n  F i g .  5 . 2 b .  F i n a l l y ,  t h e  p o i n t s  XSN f rom J = 1 

t o  J = JS a r e  smoothed t o  b l en d  t h e  c o n n e c t i n g  c u r v e  w i t h  t h e  shock as 

shown in  F i g .  5 . 2 c .  The smoothing  t h i s  t i m e  i s  done by o r t h o g o n a l

p o l y n o m i a l s  up t o  d e g r e e  f o u r .

In t h e  s econd  s t e p  o f  t h e  G a b u t t i  scheme, t h e  shock a c c e l e r a t i o n s

a r e  a g a i n  c a l c u l a t e d  a t  ea ch  p o i n t  t h e n  smoothed by second d e g re e

o r t h o g o n a l  p o l y n o m i a l s  and s t o r e d  as XSTTS. The p r e d i c t e d  v a l u e s  o f  t h e

shock p o s i t i o n  and t h e  p o i n t s  a lo n g  t h e  c o n n e c t i n g  cu rv e  a r e  now 

s u b s t i t u t e d  f o r  t h e  o r i g i n a l  v a l u e s  o f  XS.

In t h e  t h i r d  s t e p ,  t h e  same p r o c e d u r e  i s  f o l l o w e d  as  i n  t h e  f i r s t

s t e p  e x c e p t  t h e  c a l c u l a t e d  v a l u e s  o f  t h e  shock a c c e l e r a t i o n  a r e  f i r s t

smoothed and t h e n  combined w i th  t h e  p r e d i c t e d  v a l u e s  from s t e p  two as 

f o l l o w s

XSTT(J) = i  (XSTT(J) + XSTTS(J)) .

Th is  f o l l o w s  t h e  same p r e d i c t o r - c o r r e c t o r  s eq uen ce  as t h e  G a b u t t i  scheme 

used  in  t h e  u p d a t i n g  r o u t i n e  and i s  t h u s  c o n s i s t e n t  w i t h  t h e  r e s t  o f  t h e

scheme. At t h e  end o f  t h e  t h i r d  s t e p ,  t h e  newly c o r r e c t e d  v a l u e s  o f  th e

shock (and c o n n e c t i n g  l i n e )  p o s i t i o n  and v e l o c i t y ,  XS and XST, a r e  

s u b s t i t u t e d  f o r  t h e  o l d  v a l u e s .
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S m o o th e d  V a l u e s  XSN

( a )  C a l c u l a t i o n  o f  XSN t o  J  = J S

JMAXr

j

( b )  C a l c u l a t i o n  o f  XSN f r o m  J = JS+ 1 t o  OMAX

OMAX

- 1

( c )  B l e n d i n g  o f  XSN f r o m  JWALL t o  JMAX 

F i g .  5 . 2  C o n s t r u c t i o n  o f  L i n e  I = I S .
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C hapter 6

SCHEME 3 -  FLUX VECTOR SPLITTING EULER

6 . 1  I n t r o d u c t i o n

The schemes d e s c r i b e d  in  Chaps .  4 and 5 ,  when used t o g e t h e r ,  w i l l  

p rodu ce  an a c c u r a t e  r e s o l u t i o n  o f  t h e  f low f i e l d  and w i l l  g i v e  t h e  

c o r r e c t  jump r e l a t i o n s  t h r o u g h  shock waves .  However,  t h e  schemes have 

s e v e r a l  d i s a d v a n t a g e s  which  l i m i t  t h e i r  u t i l i t y .  F i r s t ,  shock f i t t i n g  

i s  no t  a t e c h n i q u e  which i s  e a s i l y  implemented and t h e  need  f o r  a d a p t i v e  

g r i d d i n g  adds t o  t h e  compu ter  run t i m e s  and c o m p l i c a t e s  t h e  c o d i n g .  

Second,  s i n c e  t h e  g o v e r n i n g  e q u a t i o n s  a r e  no t  s o l v e d  i n  c o n s e r v a t i o n  

fo rm ,  t h e r e  i s  no g u a r a n t e e  t h a t  mass o r  momentum i s  c o n s e r v e d  t h r o u g h ­

out  t h e  f l o w f i e l d .  T h i r d ,  s i n c e  t h e  e q u a t i o n s  a r e  s o l v e d  e x p l i c i t l y ,  

t h e r e  i s  a r e s t r i c t i o n  t o  low maximum a l l o w a b l e  CFL numbers and as a 

r e s u l t  c o v e r g e n c e  t o  a s t e a d y  s t a t e  i s  s lo w.  I t  was t h i s  r e s t r i c t i o n  

which a p p l i e s  t o  a l l  e x p l i c i t  schemes which l e d  t o  t h e  deve lo pm en t  of  

i m p l i c i t  schemes i n  t h e  l a t e  1 9 7 0 ' s . The CFL r e s t r i c t i o n  on t h e  Lambda 

a l g o r i t h m  was removed s e v e r a l  y e a r s  ago w i t h  t h e  i n t r o d u c t i o n  of  

i m p l i c i t  Lambda schemes by Dadone and N a p o l i t a n o  [4 3 ]  and Dadone and 

Magi have d e v e lo p e d  a " q u a s i - c o n s e r v a t i v e "  Lambda f o r m u l a t i o n  [ 4 4 ] .

The scheme d e s c r i b e d  i n  t h i s  c h a p t e r  i s  an a p p r o x i m a t e  f a c t o r i ­

z a t i o n  scheme which was d e v e lo p e d  by von L a v a n t e .  The scheme i s  

i m p l i c i t  and s o l v e s  t h e  g o v e r n i n g  e q u a t i o n s  in  c o n s e r v a t i o n  fo rm .  The

7 6
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scheme i s  d e s c r i b e d  in  R e f .  [ 45 ]  as t h e  " t r u e  J a c o b i a n  scheme" which 

r e f e r s  t o  t h e  i m p l i c i t  o p e r a t o r  which i s  u s e d .

6 . 2  A l g o r i t h m  Development

The t w o - d i m e n s i o n a l ,  u n s t e a d y ,  c o m p r e s s i b l e  E u l e r  e q u a t i o n s  in 

c o n s e r v a t i o n  form a r e

° t  + Fx + Gy = 0 {6A)

where
,TQ = Cp » pu , pv]

2 T
F = [ p u ,  pu + p ,  p u v ]

G = [p v ,  p u v ,  p v2 + p ] T

As was t h e  c a s e  in  Scheme 1 ,  t h e  p r e s s u r e  i s  r e l a t e d  t o  t h e  d e n s i t y  and 

t h e  v e l o c i t i e s  by t h e  s t e a d y  s t a t e  e n e r g y  e q u a t i o n

2 2 2
- i -  +  u + v -  h rfi
Y - l  2 t  ( 6 *2 )

a 2 = 2 2  
p

These  e q u a t i o n s  a r e  n o n d i m e n s i o n a l i z e d  as f o l l o w s

x '  = x / L ,  y '  = u/!_, u '  = u / a Q, v 1 = v / a Q

p '  = p / p 0 , P '  = P / y a 2 , h^ = h t / a 2

( 6 . 3 )
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E q u a t i o n s  ( 6 . 2 )  and ( 6 . 3 )  t h e n  become

a ' 2 , u ' 2 + v ' 2 1
Y - l

( 6 . 4 )

I £ r
P

The a l g o r i t h m  t o  s o l v e  Eq.  ( 6 . 1 )  f i r s t  does  a t i m e  d i s c r e t i z a t i o n  

o f  t h e  v e c t o r  Q by a t r u n c a t e d  T a y l o r  s e r i e s  as  f o l l o w s

,n + l
,n+l

= Q" + i 5 r r - A t  + 0 ( A t 2 )
3 t

( 6 . 5 )

Let  a Q = Qn+* -  Qn and e x p r e s s  t h e  t i m e  d e r i v a t i v e  o f  Qn+* by a n o t h e r  

T a y l o r  a p p r o x i m a t i o n  and Eq. ( 5 . 5 )  becomes

iQ - i t  ( f £  + i t  ^  ( | f )) * 0 ( i t2)

Using  Eq. ( 6 . 1 ) ,  t h i s  becomes

AQ = -At  [ ( F j  + Gj) + At  ^  (F" + Gj)] ( 6 . 6 )

The c o n s e r v a t i o n  form of t h e  E u l e r  e q u a t i o n s  has t h e  p r o p e r t y  t h a t  t h e  

f l u x  v e c t o r s  F and G a r e  homogeneous f u n c t i o n s  o f  d e g r e e  one o f  t h e  

v e c t o r  Q. T h i s  means t h a t

F = AO and G = BQ ( 6 . 7 )

where  A and B a r e  t h e  J a c o b i a n  m a t r i c e s  aF/aQ and aG/aQ r e s p e c t i v e l y .  

These  m a t r i c e s  a r e  o iv en  below

0

(Bv2 - (y+l)u2)

-uv

1

Y+l
y
v

o

i l l
Y

U

(6.8a)
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B = 1__
2p

0 0

-UV V

( B u 2  -  (y + 1 ) v 2 )

1

u

t i l
y

(6 . 8 b)

E q u a t io n  ( 6 . 6 ) ,  a f t e r  some m a n i p u l a t i o n ,  can be e x p r e s s e d  i n  o p e r a t o r  

form as

f I + At  (—  + i £ ) l  a Q = -At  ( ^  +L “ ' a x  a y ' J  w '•ax a y '

Th is  e q u a t i o n  can be a p p r o x i m a t e l y  f a c t o r e d  as

- s t  ( i f  * — ]' a x  ay-1

= R'

( 6 . 9 )

(6 . 1 0 )

E q u a t i o n  ( 6 . 1 0 )  i s  s o l v e d  in  t h r e e  s t e p s  as f o l l o w s .  F i r s t ,  t h e  r i g h t  

hand s i d e  o f  ( 6 . 10) i s  found u s in g  t h e  f l u x - v e c t o r  s p l i t t i n g  as 

d e s c r i b e d  in  t h e  n e x t  s e c t i o n .  Then,  aQ i s  found in two s t e p s  as

f o l l o w s

F i n a l l y ,  Q i s  u p d a t e d .

t 1 + At  | 4 ]  Q = Rn 

[ I  + A t  f y ]  AQ = TJ

0n+1 = Qn + aQ

(6 . 1 1 )

G e n e r a l l y ,  b lock  t r i d i a g o n a l  m a t r i x  i n v e r s i o n s  must  be used t o  s o l v e  Eq. 

( 6 . 1 1 ) .  E q u a t i o n  ( 6 . 1 0 )  can a l s o  be t r a n s f o r m e d  from c a r t e s i a n  t o  

g e n e r a l  c o o r d i n a t e s
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jj A O R

[ I  + At  — ] [ I  + A t  H  a Q = - A t ( F  + G ) ( 6 . 1 2 )
3£ 3n C n

where

Q = Q/J

F = 5 F + 5 G
x y

G = n F + n G
x y

-7 = K y -  x y„
J  5 n n

S i n c e  t h e  E u l e r  e q u a t i o n s  a r e  h y p e r b o l i c ,  t h e  J a c o b i a n  m a t r i c e s  A

and B can be d i a g o n a l i z e d  by t h e  f o l l o w i n g  s i m i l a r i t y  t r a n s f o r m a t i o n s

-1

( 6 . 1 3 )

A = MAa M

B = N A„ N-1

where M and and  N a r e  t h e  r i g h t  e i g e n v e c t o r  m a t r i c e s  and and Ag a r e

t h e  d i a g o n a l  m a t r i c e s  o f  t h e  e i g e n v a l u e s .  I t  can be shown by examining

t h e  e q u a t i o n s  in  p r i m i t i v e  v a r i a b l e  form t h a t  t h e  e i g e n v a l u e s  o f  A a r e

X1 = u

Ag = u(y + l ) / 2 y  + SQ ( 6 .1 4 )

A3 = u(t +1) /2 y  -  SQ

where

SQ = C(u(y - 1 ) / 2y ) 2 + a 2 / Y] 1/2

In R e f s .  46 and 4 7 ,  von L a v a n te  d e s c r i b e s  how t h e  J a c o b i a n  m a t r i c e s  

can be d i a g o n a l i z e d  t o  p e r m i t  even g r e a t e r  c o m p u t a t i o n a l  s i m p l i f i c a t i o n .
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6 . 3  F l u x - V e c t o r  S p l i t t i n g

The f l u x  v e c t o r s  F and G a r e  each  s p l i t  i n t o  f o rw a rd  (+) and 

backward ( - )  f l u x e s  by a method i n t r o d u c e d  by van Leer  [ 4 8 ] .  To u s e  t h e  

f l u x  v e c t o r  F as an example  ( t h e  r e q u i r e m e n t s  f o r  G a r e  t h e  s a m e ) ,  t h e  

f l u x  F i s  s p l i t  as

F (Q) = F+ (0)  + F " ( 0 )  ( 6 . 1 5 )

The second r e q u i r e m e n t  i s  t h a t

A+ = 3 F+/ 3 Q have a l l  e i g e n v a l u e s  > 0

A" = 9 F~ / 3 Q have a l l  e i g e n v a l u e s  < 0

The f l u x - s p l i t  components  F+ and F" must  be c o n t i n u o u s  and s a t i s f y

F+ = F f o r  Mach No. M > 1

F~ = F f o r  M < - 1 .

The components  a r e  f u r t h e r  r e q u i r e d  t o  c o r r e c t l y  model t h e  symmetry o f  F 

w i t h  r e s p e c t  t o  t h e  Mach No. M such t h a t

F+ (M) = + F"(-M) i f  F(M) = + F(-M)

The s p l i t  J a c o b i a n  m a t r i c e s  A+ and A" must be c o n t i n u o u s  a t  s o n i c  and

s t a g n a t i o n  p o i n t s .  T h is  r e q u i r e m e n t  i s  i m p o r t a n t  as o t h e r  t y p e s  of

s p l i t t i n g s  do n o t  a c c o m p l i s h  t h i s  and t h e s e  s p l i t t i n g s  p r o d u c e  

o s c i l l a t i o n s  when t h e  e i g e n v a l u v e  change  s i g n s .  Nex t ,  i t  i s  r e q u i r e d  

t h a t  f o r  s u b s o n i c  f l o w ,  A+ and A-  must  each  have one e i g e n v a l u e

v a n i s h .  Th is  r e q u i r e m e n t  makes i t  p o s s i b l e  t o  c a p t u r e  sh ocks  w i t h  no 

more t h a n  two i n t e r i o r  c e l l s .  Van L e e r  s a t i s f i e s  t h e s e  r e q u i r e m e n t s  by 

a p p r o p r i a t e  c h o i c e s  of  p o l y n o m i a l s  t o  r e p r e s e n t  F(M) and G(M).
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6 . 4  S p a t i a l  D i s c r e t i z a t i o n

The r i g h t  hand s i d e  o f  Eq. ( 6 . 1 2 )  can be i n t e g r a t e d  o v e r  a f i n i t e  

volume which c o n s i s t s  o f  t h e  i n t e r i o r  o f  t h e  q u a d r i l a t e r a l  c e l l  w i t h  t h e  

g r i d  p o i n t s  a t  ( i ,  j ) ,  ( i - 1 ,  j ) ,  ( i ,  j - 1 ) ,  and ( i - 1 ,  j - 1 ) .  Th us ,  u s i n g  

G r e e n ' s  Theorem,  we have

AQe * -At  J A (Fe + \ )  dA

-At  /  F dn -  G d? ( 6 . 1 6 )

The l i n e  i n t e g r a l  above  can be a p p r o x im a te d  as

a Q = -At  { F.  . , , -  F. , . ,
e 1 i , j - l / 2  i - l  , j - 1 /2

* V l / 2 , 0  '  <6-17)

w h e r e ,  f o r  e xa m ple ,  F. . . i s  t h e  f l u x  o f  F t h r o u g h  t h e  c e l l  f a c e
i , j - i / 2

w i th  m i d p o i n t  ( i , j - 1 / 2 ) . S in c e  t h e  f l u x  F i s  s p l i t  i n t o  F+ and F" ,

each  component  must  be e v a l u a t e d  a t  t h e  a p p r o p r i a t e  c e l l  f a c e .  The

method used t o  e v a l u a t e  t h e  f l u x e s  i s  t h e  MUSCL t y p e  d i f f e r e n c i n g  o f  van 

L e e r  [ 4 9 ] .  In t h i s  a p p r o a c h ,  t h e  f l u x e s  a r e  e x t r a p o l a t e d  t o  t h e  c e l l

f a c e s  a c c o r d i n g  t o  t h e  s i g n s  of  t h e  e i g e n v a l u e s .  Thus

( 6 . 1 8 )

FW 2 = <3 FH 1 -  Fi + 2 ) / 2

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



83

The v a l u e s  o f  0 ,  F and G in  c e l l  ( i , j )  a r e  c o n s i d e r e d  as  r e p r e s e n t a t i v e  

c e l l  a v e r a g e s .

In t h e  i m p l i c i t  o p e r a t o r  ( i . e  t h e  l e f t  hand s i d e )  o f  Eq. ( 6 . 1 2 ) ,  

t h e  J a c o b i a n  m a t r i c e s  A and B a r e  a l s o  s p l i t  such t h a t

~  ~  +
A = 3 F /a  Q

A" = 3 F~/aQ

E q u a t i o n  ( 6 . 1 2 )  t h u s  becomes

[ I  + At(a A+ + 3 A")] [ I  + At(a B+ + 3 B")l  aQ = RHS (6 .1 9 )  
5 5 n n

The d e r i v a t i v e s  in  Eq. ( 6 . 1 9 )  a r e  t a k e n  as o n e - s i d e d  fo rw ard  o r  backward 

d i f f e r e n c e s  d e p e n d in g  upon t h e  s i g n .  Thus f o r  example

[ I  + A t (3 B+ + 3 B )] aQ = aQ.  + A t ( A . +AQ. -  A.+. aO.  , )
n o  i i - l  i - l

+ At(A.  aO. -  A. aQ.)  ( 6 . 2 0 )
i + l  i + l  1 1

The form of  Eq.  ( 6 . 2 0 )  r e s u l t s  i n  b lock  t r i d i a g o n a l  m a t r i x  i n v e r s i o n s  t o  

s o l v e .  As t h e  s t e a d y  s t a t e  i s  a p p r o a c h e d ,  bo th  s i d e s  app roach  z e r o ,  t h e  

f i r s t  o r d e r  a c c u r a c y  on t h e  l e f t  hand s i d e  o f  ( 6 . 1 8 )  does no t  a f f e c t  t h e  

a c c u r a c y  o f  t h e  r i g h t  hand s i d e  which i s  second o r d e r .
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C hapte r 7

SCHEME 4 -  UPWIND MAVIER-STOKES

7 .1  I n t r o d u c t i o n

The f u l l  c o m p r e s s i b l e  N a v i e r - S t o k e s  e q u a t i o n s  were s o l v e d  u s i n g  an 

upwind a p p r o x i m a t e  f a c t o r i z a t i o n  scheme f o r  t e s t  p roblems 1 and 2 .  The 

code  d e v e lo p e d  by Rumsey o f  NASA L a n g l e y ,  i s  f u l l y  v e c t o r i z e d  t o  run on 

t h e  CDC VPS 32 s u p e r c o m p u t e r ,  and i s  a c c u r a t e  f o r  u n s t e a d y  f l o w s  [ 5 0 ] .  

Both t h e  l a m i n a r  and Reynolds  a v e r a g e d  t u r b u l e n t  N a v i e r - S t o k e s  e q u a t i o n s  

were  s o l v e d .  A Baldwin-Lomax t u r b u l e n c e  model was used and t h e  Reynolds  

number was v a r i e d  f rom 1 0 ,0 0 0  t o  1 0 0 , 0 0 0 .

7 . 2  Govern ing  E q u a t i o n s

The f u l l  s e t  o f  c o n s e r v a t i o n  e q u a t i o n s  in tv /o -d im en s io ns  i n c l u d e s  

c o n s e r v a t i o n  o f  m ass ,  c o n s e r v a t i o n  o f  momentum and c o n s e r v a t i o n  o f  

e n e r g y .  The momentum e q u a t i o n s  a r e  t h e  c o m p r e s s i b l e  N a v i e r - S t o k e s  

e q u a t i o n s  as d e r i v e d  in  Chap.  3 .  In v e c t o r  fo rm ,  t h e  e q u a t i o n s  a r e

\  + ~Fr + ^  = TT + ^  } ( 7 - X)t  5 n Rg c n

where  Q, F,  G, R and S a r e

Q = Q/J

84

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



85

and 0

R and

where

G = (n F + n  G) /J  
x y

R = (£ R + £ S ) / J  
x y

S = (n R + n  S ) / J  
x y

, F and G a r e  g iv en  by

Q = [p , p u ,  p v ,  e ]

F =

p u
2

p u  + p 
pUV
(e  + p) u -  kT

G =

S a r e  g iven  be low as 

R =

pv
pliv

2
pv  + p

(e + p) v -  kT

C0’ Tx x ’ Tx y ’ R4 ]

S = [ 0 ,  T » T  , S Jxy yy 4

t h e  c o n po ne nt s  o f  R and S a r e

xx U + 2u) (5X + n x un ) * > t ( y  *E + „ y  v j

ry y  = ! l  t 2 "> < 5 y v5

= u(£ u + n  u + e  v + n  v )  
xy ^ y  £ 'y  n ^ x  £ 'x n

R4 = u t xx + V T xy * » (^ x  TE

u t  + v t  + U ( e  T + n T ) / [ P r ( v - l ) ]  
xy yy  MV̂ y  £ 'y  n '  u
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2
The S t o k e s  h y p o t h e s i s  t h a t  x = -  v i s  assumed and t h e  P r a n d t l  

numbers i s  t a k e n  as  a c o n s t a n t .

7 . 3  Numerica l  A l g o r i t h m

E q u a t i o n  ( 7 . 1 )  i s  s o l v e d  u s i n g  upwind a p p r o x i m a t e  f a c t o r i z a t i o n  a s  

d e s c r i b e d  i n  r e f e r e n c e s  29 and 5 0 .  The a l g o r i t h m  i s  g i v e n  as

( 7 . 2 )

[ I  + A t (3  ” A+ + 3 + A") -  R"1 A t  3 (M/J) l  
L S £ e i

X [ I + A t (3  ” B+ + 3 + B- ) -  R _1 A t(3  ( N / J ) l  aQ" 
n n e n

= -  At  Rn

p — ~  —
R = 3 F + 3  F + 3  G + 3  G

5 £ n n

-  R"1 (3 R + 3 1 )  ( 7 . 3 )
e £ n

and where  a s  b e f o r e

A* = i f *
3Q

R± _ 3G*
6 '  f q

A and B a r e  t h e  J a c o b i a n  m a t r i c e s  g iv en  as E q s .  ( 6 . 8 a )  and ( 6 . 8 b )  and

A = f A + e B 
x y

B = n A + n B 
x y

The (+) and ( - )  s u p e r s c r i p t s  on t h e  F and 6 t e r m s  i n d i c a t e s  t h e  f l u x  

s p l i t t i n g  which i s  done a c c o r d i n g  t o  van L e e r  [ 4 8 ] .  The (+) and ( - )  

s u p e s c r i p t s  on t h e  p a r t i a l  d e r i v a t i v e s  t e r m s  d e n o t e s  t h e  d i r e c t i o n  of  

d i f f e r e n t i a t i o n .  Th us ,  f o r  e x am ple ,  3 ~ i s  a backward d i f f e r e n c e ,
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w h i l e  3*  i s  a fo rw ard  d i f f e r e n c e .  All  v i s c o u s  t e r m s  a r e  c e n t r a l l y  

d i f f e r e n c e d .  The M and N m a t r i c e s  a r e  l i n e a r i z e d  v i s c o u s  te rm s  and 

a r e  g i v e n  by S t e g e r  i n  r e f e r e n c e  [ 5 1 ] .  The scheme i s  f i r s t  o r d e r

a c c u r a t e  i n  t i m e  and second o r d e r  a c c u r a t e  i n  s p a c e .

7 . 4  T u r b u l e n c e  Model

The t u r b u l e n c e  model t h a t  i s  used in t h i s  scheme i s  a two l a y e r

a l g e b r a i c  eddy v i s c o s i t y  model d e v e lo p e d  by Baldwin and Lomax [ 5 2 ] .  The 

model computes an eddy v i s c o s i t y  y t  which  i s  t h e n  added t o  t h e

m o l e c u l a r  v i s c o s i t y  y t o  g e t  t h e  t o t a l  v i s c o s i t y .  The model f o l l o w s  

from a p r e v i o u s  model d e v e lo p e d  by Cebeci  [ 5 3 ]  b u t  a v o i d s  t h e  n e c e s s i t y  

f o r  f i n d i n g  t h e  edge  o f  t h e  boundary  l a y e r .  I t  has  been  shown t o  g i v e  

good r e s u l t s  in  s e p a r a t e d  f l ows  and in  wake r e g i o n s .

In t h e  i n n e r  l a y e r  y ^  i s  computed as

y •(. = p |(u | ( 7 . 4 )

The l e n g t h  z i s  o b t a i n e d  u s i n g  t h e  van D r i e s t  f o r m u l a t i o n  as f o l l o w s

Z = [1 -  e x p ( -  y +/A+ ) ]  ( 7 . 5 )

k i s  t h e  von Karman c o n s t a n t  equa l  t o  . 4 ,  y + i s  t h e  n o n - d i m e n s i o n a l

w a l l  u n i t

y + = y ( v ) * 5/y ( 7 . 6 )

and A+ i s  equa l  t o  26 .

In  t h e  o u t e r  r e g i o n ,  t h e  t u r b u l e n t  v i s c o s i t y  i s  g iv e n  by

y t  ” K ^cp Fwake * FKleb ^  ( 7 . 7 )
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where

K = C l a u s e r  c o n s t a n t  = 0 . 0168

Ccp = 1 . 6

^wake ~ Min ^Ynax ^max’ ^wk Ymax ^max^max^

FK1eb(y)  -  El * 5 . 5  ( c Kleb/ v max) 6 ] - '

and Ynax and Fmax a r e  t h e  l o c a t i o n  and maximum f u n c t i o n a l  v a l u e  g iven  by

F(y)  = y  (u) [1 -  e x p ( - y +/A+ ) ]

and

C . = 0 .2 5  wk

CKleb " 0 ,3
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C hapter 8

INITIAL AND BOUNDARY CONDITIONS

8 . 1  I n t r o d u c t i o n

As s t a t e d  e a r l i e r ,  t h e  e q u a t i o n s  of  f l u i d  dynamics pose  an i n i t i a l  -  

boundary  v a l u e  problem which  a r e  th e n  s o l v e d  n u m e r i c a l l y .  I n i t i a l  

c o n d i t i o n s  ( i . e .  t h e  i n i t i a l  s t a t e  o f  t h e  f l u i d )  must  be s u p p l i e d  f o r  

t h e  s o l u t i o n  t o  p r o c e e d .  I t  i s  u s u a l l y  assumed t h a t  t h e  f i n a l  s t e a d y

s t a t e  s o l u t i o n  i s  i n d e p e n d e n t  o f  t h e  i n i t i a l  c o n d i t i o n s ,  a l t h o u g h  t h i s  

i s  no t  n e c e s s a r i l y  t h e  c a s e  and t h e  a u t h o r  i s  unaware o f  any

m a t h e m a t i c a l  t h e o re m s  t h a t  s t a t e  t h i s  i s  t r u e .

On t h e  o t h e r  hand ,  t h e  boundary  c o n d i t i o n s  a r e  c r u c i a l  t o  a c h i e v i n g  

a c o r r e c t  s o l u t i o n  o f  t h e  problem and must  be c o n s i s t e n t  w i t h  t h e  

p h y s i c s  o f  t h e  p ro b le m .  The b o u n d a r i e s  o f  t h e  c o m p u t a t i o n a l  domain

i n c l u d e  bo th  p h y s i c a l  and a r t i f i c i a l  b o u n d a r i e s .  P h y s i c a l  b o u n d a r i e s

a r e  n o r m a l l y  w a l l s  and i t  i s  g e n e r a l l y ,  a l t h o u g h  not  a l w a y s ,  p o s s i b l e  t o  

s p e c i f y  c o n d i t i o n s  a t  t h e s e  b o u n d a r i e s  in  a s t r a i g h t f o r w a r d  manner .  

A r t i f i c i a l  b o u n d a r i e s  e x i s t  due t o  t h e  n e c e s s i t y  o f  ha v in g  a f i n i t e  

c o m p u t a t i o n a l  domain and t h e  s p e c i f i c a t i o n  o f  c o n d i t i o n s  a t  t h e s e

b o u n d a r i e s  i s  more d i f f i c u l t  and open t o  q u e s t i o n .

The bou nd ary  c o n d i t i o n s  a r e  a l s o  i m p o r t a n t  i n s o f a r  as  t h e  s t a b i l i t y  

and c o n v e r g e n c e  p r o p e r t i e s  of  t h e  nu me r i ca l  scheme.  Imprope r  s p e c i f i c a ­

t i o n  o f  t h e  boundary  c o n d i t i o n s  can l e a d  t o  i n s t a b i l i t y  o r  s low c o n v e r ­

gence o f  t h e  c o m p u t a t i o n s .

89
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8 . 2  I n i t i a l  C o n d i t i o n s

The i n i t i a l  c o n d i t i o n s  used in  ea ch  o f  t h e  f o u r  problems v a r i e d  

d e p e n d in g  on t h e  scheme used  and a r e  d e s c r i b e d  in  t h e  f o l l o w i n g  

s e c t i o n s .

8 . 2 . 1  Problem One

The i n i t i a l  c o n d i t i o n  used  in  scheme one was o b t a i n e d  f rom t h e  

complex v e l o c i t y  p o t e n t i a l .  I t  i s  shown i n  t e x t s  o f  i d e a l  f l u i d  f low 

t h a t  t h e  p o t e n t i a l  and s t r e a m  f u n c t i o n  t o g e t h e r  form an a n a l y t i c  

f u n c t i o n  which i s  c a l l e d  t h e  complex p o t e n t i a l  a s  f o l l o w s

F ( c )  = 0 + i *

= A c ( z )  (8 . 1 )

where  A i s  a c o n s t a n t .  The d e r i v a t i v e  o f  t h e  complex p o t e n t i a l  i s  t h e n

F ' ( ? ) = dF /d z

= u -  i v  (8 . 2 )

The r i g h t - h a n d  s i d e  o f  Eq. ( 8 . 2 )  i s  c a l l e d  t h e  complex v e l o c i t y  and i s  

t h e  complex c o n j u g a t e  of  t h e  v e l o c i t y  v e c t o r  u + i v .  For  problem one ,

t h e  complex v e l o c i t y  i s  g iv en  by

F' ( c )  = A *  [ ( C -  l ) / ( ? + 1 ) ]  *5

= D = u + i v  ( 8 . 3 )

In o r d e r  t o  have  u go t o  u^ a s  5 goes  t o  i n f i n i t y ,  i t  i s  n e c e s s a r y  t o

have
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A = u / it 
00

E q u a t io n  ( 8 . 3 )  t h e n  becomes

u + i v  = [ ( ?  -  l ) / ( s  + 1 ) ]  *5 ( 8 . 4 )

The v a l u e  o f  u in  t h i s  c a s e  i s  s p e c i f i e d  a c c o r d i n g  t o  t h e  p r e s s u r e  a too

t h e  e x i t  o f  t h e  channe l  s i n c e  t h e r e  i s  no " i n f i n i t y . "  I s e n t r o p i c  f low 

i s  assumed and t h e  speed  o f  sound and t h e  Mach No. a t  t h e  e x i t  a r e  

o b t a i n e d  from t h e  e x i t  p r e s s u r e .  The v e l o c i t y  a t  t h e  e x i t  i s  t h e n  t a k e n  

t o  be u . The p r e s s u r e  i s  o b t a i n e d  by assu min g  t h e  f low t o  be
o o

i s e n t h a l p i c  and u s i n g  t h e  i n i t i a l  u and v components  in  Eq.  ( 4 . 3 )  t o  g e t  

t h e  sp eed  o f  sound which i s  th e n  r e l a t e d  t o  t h e  p r e s s u r e  by t h e  

i s e n t r o p i c  r e l a t i o n

The i n i t i a l  c o n d i t i o n  used in scheme two i s  a co n v e rg ed  s o l u t i o n  

from a p r e v i o u s  run o f  scheme o n e .  F i r s t ,  t h e  s o l u t i o n  i s  scanned  a l o n g  

l i n e s  o f  c o n s t a n t  n t o  d e t e r m i n e  t h e  shock l o c a t i o n .  The shock i s  

i n i t i a l l y  p l a c e d  a t  t h e  m i d p o i n t  be tween t h e  u p s t r e a m  s u p e r s o n i c  and 

downstream s u b s o n i c  p o i n t s .  In o r d e r  t o  av o id  k in k s  in  t h e  i n i t i a l  

sh ap e  of  t h e  s h o c k ,  which r e s u l t  when t h e  e c o o r d i n a t e  v a l u e  o f  t h e  

m i d p o i n t  s h i f t s ,  t h e  shock sh ap e  i s  t h e n  smoothed by a s i m p l e  i t e r a t i v e  

r o u t i n e  which keeps  t h e  shock between t h e  s u p e r s o n i c  and s u b s o n i c  

p o i n t s .

Once t h e  i n i t i a l  shock shape  has been d e t e r m i n e d ,  a new shock 

f i t t e d  g r i d  i s  i n t r o d u c e d  and t h e  o l d  s o l u t i o n  i s  i n t e r p o l a t e d  o n t o  t h e  

new g r i d .  The d i s t r i b u t i o n  o f  p o i n t s  a lo n g  t h e  l i n e s  o f  c o n s t a n t  n i s  

done by t h e  f o l l o w i n g  se cond  d e g r e e  p o l y n o m i a l :
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e = e Q + ( e j  -  e Q) ( a j  X + a 2X2 )

where  and ^  a r e  c a l c u l a t e d  t o  s a t i s f y

X = 0 a t  e = e 0

X = IM-1 a t  e = e j

X = IS a t  e = e s

IS i s  t h e  i n t e g e r  v a lu e  o f  t h e  shock p o i n t  and i s  t h e  e l o c a t i o n

o f  t h e  s h o c k .

The i n t e r p o l a t i o n  from t h e  o ld  g r i d  o n to  t h e  new one i s  done by a 

f i r s t  o r d e r  l i n e a r  i n t e r p o l a t i o n .  The v a l u e s  of  t h e  f l o w f i e l d  u ,  v ,  and 

P a t  t h e  u p s t r e a m  shock p o i n t  a r e  d e t e r m i n e d  by a l i n e a r  e x t r a p o l a t i o n  

f rom t h e  two p r e v i o u s  u ps t r eam p o i n t s  on t h e  o ld  g r i d .  The Ra nk in e-  

Hugonio t  jump r e l a t i o n s  a r e  used t o  o b t a i n  u ,  v ,  P and t h e  e n t r o p y  S on 

t h e  downst ream shock p o i n t s .  S in ce  scheme two u s e s  t h e  e n t r o p y  as t h e  

e n e r g y  v a r i a b l e  and s i n c e  t h i s  i s  no t  one of  t h e  v a r i a b l e s  used in 

scheme on e ,  t h e  e n t r o p y  a t  each p o i n t  i s  o b t a i n e d  f rom t h e  p r e s s u r e  and 

t h e  speed o f  sound u s i n g  Eqs.  ( 4 . 4 )  and ( 5 . 3 ) .  The n o r m a l i z a t i o n  f o r  

t h e  e n t r o p y  s e t s  t h e  e n t r o p y  of t h e  incoming  f low equa l  t o  z e r o  and so a 

c a l c u l a t e d  v a l u e  o f  t h e  e n t r o p y  g r e a t e r  t h a n  z e r o  a t  a p o i n t  i n d i c a t e s  

t h a t  t h e  f l u i d  has pa s s e d  t h r o u g h  a shock o r  some o t h e r  d i s s i p a t i v e  

mechanism.  A c a l c u l a t e d  e n t r o p y  o f  l e s s  t h a n  z e ro  i s  e r r o n e o u s  and i s  

i n s t e a d  s e t  t o  z e r o .

The i n i t i a l  c o n d i t i o n s  used in  scheme t h r e e  a r e  o b t a i n e d  from t h e  

s p e c i f i e d  Mach number a t  t h e  e n t r a n c e  and e x i t  o f  t h e  chann e l  and t h e  

a s s u m p t i o n  t h a t  t h e  v component  of  v e l o c i t y  i s  z e ro  a t  t h e s e  l o c a t i o n s .
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Then u s i n g  t h e  a s s u m p t i o n  t h a t  t h e  f low i s  i s e n t h a l p i c  t h e  sp eed  o f  

so und ,  t h e  p r e s s u r e ,  d e n s i t y  and t h e  u component o f  v e l o c i t y  i s  o b t a i n e d  

a t  t h e  e n t r a n c e  and e x i t .  The p o i n t s  between t h e  e n t r a n c e  ( I  = 1) and 

t h e  e x i t  ( I  = IM) a r e  t h e n  d e t e r m i n e d  by a l i n e a r  i n t e r p o l a t i o n  based  on 

t h e  I c o o r d i n a t e .

The N a v i e r - S t o k e s  code (scheme f o u r )  was used in  a " f l a t e  p l a t e "  

o p t i o n  which assumed t h e  u p p e r  c o m p u t a t i o n a l  boundary  i s  a f r e e  s t r e a m  

boundary  i n s t e a d  o f  as a w a l l  as  t h e  f i r s t  t h r e e  codes  assumed.  The 

c o d e ,  t h e r e f o r e ,  i n i t i a l i z e d  a l l  f low  q u a n t i t i e s  t o  t h e  s p e c i f i e d  f r e e  

s t r e a m  v a l u e s .

8 . 2 . 2  Problem Two

In scheme o n e ,  t h e  complex v e l o c i t y  i s  used as in S e c .  8 . 2 . 1  and i t  

i s  found t h a t  t h e  v e l o c i t y  i s  g iven  by [29 ]

u + i v  = u (1 -  1 / z 2 ) ( 8 . 6 )oo

and t h e  p r e s s u r e  i s  g iv en  by Eq.  ( 8 . 5 )

The i n i t i a l  c o n d i t i o n s  in scheme two were o b t a i n e d  u s in g  t h e  same 

p r o c e d u r e  as i n  problem one .

The i n i t i a l  c o n d i t i o n s  in  scheme t h r e e  were  o b t a i n e d  u s i n g  t h e  same 

p r o c e d u r e  as i n  problem o n e .  However,  s i n c e  t h e  i n f l o w  and o u t f l o w  Mach 

numbers a r e  t h e  same,  t h e  i n i t i a l  c o n d i t i o n  f o r  t h i s  p roblem i s  one of  

un i fo rm  f lo w .
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8 . 2 . 3  Problem T hr ee

For  scheme o n e ,  i t  can be shown t h a t  t h e  v e l o c i t y  i s  g i v e n  by

u + i v  = u / [ n ( d z / d s ) ]  ( 8 . 7 )oo

where  dz /d ?  i s  g iv en  by

dz /d c  = n ( z 2 -  l ) / ( ? 2 -  4)

and n i s  g iv en  by Eq. ( 2 . 8 ) .  A ga in ,  t h e  p r e s s u r e  i s  found  from t h e

a s s u m p t i o n  t h a t  t h e  f lo w  i s  i s e n t h a l p i c  and i s e n t r o p i c  as  i n  proble ms

one and two .

The i n i t i a l  c o n d i t i o n s  used  in  schemes two and t h r e e  a r e  t h e  same

as  t h o s e  used in  p ro b lems  one and two.

8 . 2 . 4  Problem Four

The i n i t i a l  c o n d i t i o n  used  f o r  t h e  a i r f o i l  p roblem was d e v e l o p e d  by

(1)  f i r s t  s e t t i n g  s u r f a c e  where  t h e  v e l o c i t y  was s e t  eq u a l  t o  t h e  

component  o f  t h e  u n i f o r m  f r e e  s t r e a m  u t a n g e n t  t o  t h e  w a l l  and t h e n ,co

(2)  u s i n g  a s i m p l e  l a p l a c i a n  o p e r a t o r  t o  smooth t h e  f l o w f i e l d  p r i o r  t o  

b e g i n n i n g  w i t h  t h e  a c t u a l  f lo w  s o l v e r .  The r e a s o n  f o r  u s i n g  t h i s  

p r o c e d u r e  was t o  m in im iz e  t r a n s i e n t s  which co u ld  c a u s e  i n s t a b i l i t y  i n  

t h e  i n i t i a l  s o l u t i o n  and which would be due t o  i n i t i a l  s h a r p  g r a d i e n t s  

t h a t  would e x i s t  such  as a t  t h e  l e a d i n g  edge  where t h e  v e l o c i t y  would be 

z e r o  a t  t h e  w a l l  and f r e e  s t r e a m  one p o i n t  o f f  t h e  w a l l .
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8 . 3  Wall Boundary C o n d i t i o n s

The c o n d i t i o n  o f  no f low t h r o u g h  t h e  w a l l  was a p p l i e d  a t  a l l  wal l  

b o u n d a r i e s .  For  t h e  i n v i s c i d  c a l c u l a t i o n s ,  t h i s  i s  t h e  b a s i c  c o n d i t i o n  

w h e reas  f o r  t h e  v i s c o u s  c a l c u l a t i o n s ,  t h e  a d d i t i o n a l  c o n d i t i o n  o f  z e ro  

v e l o c i t y  t a n g e n t  t o  t h e  w a l l  o r  t h e  s o - c a l l e d  "no s l i p "  boundary

c o n d i t i o n  must a l s o  be im posed .  The f o l l o w i n g  s e c t i o n s  d e s c r i b e d  in  

d e t a i l  how t h e s e  c o n d i t i o n s  were implemented  i n  each scheme.

8 . 3 . 1  Scheme One

R e f e r r i n g  t o  Eqs.  ( 4 . 2 1 ) ,  t h e  no p e n e t r a t i o n  boundary  c o n d i t i o n

i m p l i e s  t h a t  V = V = Vt  = 0 .  The two g o v e r n i n g  e q u a t i o n s  re d u c e  t o  
£ L

Pt  + .5  [x+ P* + x" PI + si+ P++ n" P"
t  5 5 n n

+ — 1—  (x+ U* -  x" i f  + n + v+ -  n" V")]  = Pc ( 8 . 8 a )  
a / —  C C n n s

Ut  + .5  [ x + U* + x "  IT + (x+ P* -  x '  P” )3 = Us ( 8 . 8 b )

.5 [ n + V+ + n "  V" + (fi+ P+ -  a "  P " ) ]  = Vc ( 8 . 8 c )  
n n y n n s

E q u a t i o n  ( 8 . 8 b )  can  be used  as  i t  i s ,  b u t  b e f o r e  Eq.  ( 8 . 8 a )  can be u s e d ,

i t  must  be m o d i f i e d  t o  e l i m i n a t e  t h e  t e r m s  n + P+ and n + V+ a t  t h e
n n

lo w er  w a l l  and t h e  t e r m s  n ~  P" and n "  V" a t  t h e  u p p e r  wal l  s i n c e
n n

t h e y  r e q u i r e  i n f o r m a t i o n  f rom o u t s i d e  t h e  c o m p u t a t i o n a l  domain .  This  i s  

done by combin in g  Eqs .  ( 8 . 8 a )  and ( 8 . 8 c )  t o  g e t
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Pt  + . 5  [ x + P* + x “ P" + 2 n + P+ 
t  5 5 n

- 2 —  (x+ u + -  x" u ;  + 2 n + V+ ) ]  = P + - 1 —  V 
a / T  n s a / - j -  s

which a p p l i e s  a t  t h e  uppe r  w a l l  and

P+ + .5  [ x + P* + x"  Pi  + 2 a '  P" 
t  5 C n

+ (x+ u+ -  x '  u+ -  x '  u; -  2sT V " ) ]  = P -  — X—  V
a /  J c ? c n s s

which  a p p l i e s  a t  t h e  lower  w a l l .  The g o v e rn in g  e q u a t i o n s  can t h e r e f o r e  

be used a t  t h e  w a l l s  and t h e  t h r e e  e x p l i c i t  scheme used  as in  t h e  

i n t e r i o r  p o i n t s .

8 . 3 . 2  Scheme Two

The same c o n c e p t  as j u s t  d e s c r i b e d  f o r  scheme one i s  a l s o  a p p l i e d  

in  t h i s  c a s e .  The r e s u l t i n g  e q u a t i o n s  a r e  s l i g h t l y  d i f f e r e n t  and w i l l  

no t  be g i v e n .

8 . 3 . 3  Scheme Three

S i n c e  scheme t h r e e  s o l v e s  t h e  g o v e rn in g  e q u a t i o n s  i m p l i c i t l y ,  t h e

i m p l e m e n t a t i o n  o f  t h e  scheme a t  t h e  b o u n d a r i e s  poses  d i f f i c u l t i e s  and

e x p l i c i t  boundary  c o n d i t i o n s  a r e  used i n s t e a d .  The v e l o c i t y  V and

d e n s i t y  a t  t h e  w a l l  a r e  f i r s t  found by e x t r a p o l a t i o n  from t h e  i n s i d e .  

The p r e s s u r e  a t  t h e  wal l  i s  nex t  found by e x t r a p o l a t i o n  from t h e  

i n t e r i o r  u s i n g  t h e  momentum e q u a t i o n  in  t h e  n d i r e c t i o n

f ^ =  p  (u2 + v2 ) / [ R ( n 2 + n 2 ) ‘ 5 ]  ( 8 . 9 )
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where  R i s  t h e  r a d i u s  o f  c u r v a t u r e  and i s  g iven  by

f ’ = dy /dx (8 . 10)

The d e n s i t y  a t  t h e  w a l l  i s  now r e c a l c u l a t e d  by u s i n g  t h e  a s su m p t i o n  t h a t

which i s  n o t  v a l i d  i f  t h e r e  a r e  e n t r o p y  g r a d i e n t s  normal t o  t h e  wa l l  b u t  

which may be r e g a r d e d  as  a p p r o x i m a t e l y  t r u e .  Using t h i s  a s s u m p t i o n ,  t h e  

d e n s i t y  g r a d i e n t  a lo n g  n 0 i s  g iv en  by

8 . 3 . 4  Scheme Four

As s t a t e d  e a r l i e r ,  f o r  t h e  v i s c o u s  c a l c u l a t i o n s ,  bo th  t h e  u and v 

components  o f  v e l o c i t y  a r e  t a k e n  t o  be ze ro  t o  s a t i s f y  t h e  n o - s l i p  

boundary  c o n d i t i o n .  The d e n s i t y  a t  t h e  w a l l  i s  ne x t  o b t a i n e d  by a z e r o  

o r d e r  e x t r a p o l a t i o n  from t h e  p o i n t  above  i t .  Nex t ,  t h e  sp eed  of  sound 

one p o i n t  o f f  t h e  w a l l  i s  found by u s i n g  t h e  e n e r g y  e q u a t i o n  as f o l l o w s .  

The d e n s i t y  a t  t h e  same l o c a t i o n  i s  t h e n  used in  c o n j u n c t i o n  w i th  t h e  

spe ed  of  sound t o  g e t  t h e  p r e s s u r e  a t  t h e  w a l l .  The p r e s s u r e  a t  t h e  

w a l l  d i v i d e d  by (y -  1) i s  t h e n  t h e  t o t a l  e n e r g y  which c o m p le te s  t h e  

p r o c e d u r e .
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8 . 4  S u b so n ic  In f l o w  Boundary

T hi s  s e c t i o n  and t h e  f o l l o w i n g  two i n v o l v e  " a r t i f i c i a l "  b o u n d a r i e s  

i n  t h e  s e n s e  t h a t  t h e y  e x i s t  i n  t h e  c o m p u t a t i o n a l  domain bu t  n o t  i n  t h e  

p h y s i c a l  domain .  S i n c e  boundary  c o n d i t i o n s  must  be imposed t o  make t h e  

pr oblem s o l v a b l e  and s i n c e  t h e s e  c o n d i t i o n s  must  r e f l e c t  t h e  a c t u a l  

p h y s i c a l  s i t u a t i o n ,  t h e  c o r r e c t  s p e c i f i c a t i o n  o f  t h e s e  c o n d i t i o n s  i s  

f a i r l y  i m p o r t a n t .  Much o f  what  has  been done up u n t i l  t h e  p r e s e n t  t i m e  

i n v o l v e s  making some s i m p l i f y i n g  a s s u m p t i o n s  and f r e q u e n t l y  

c h a r a c t e r i s t i c  t h e o r y  i s  u s e d .  At t h e  u p s t r e a m  b o u n d a r y ,  t h e  f low i s  

s u b s o n i c  and e n t e r i n g  t h e  c o m p u t a t i o n a l  domain .  I f  t h e  f lo w  i s  assumed 

t o  be i n v i s c i d  so t h a t  t h e  F u l e r  e q u a t i o n s  a p p l y ,  t h e  g o v e r n i n g  

e q u a t i o n s  in  p r i m i t i v e  v a r i a b l e  form a r e

Q.' t  +
A Qx + B Qy = 0 ( 8 . 1 3 )

where

P

( 8 . 1 4 a )

P

u p  0 0
_ 0 u 0 1 /p

0 0 u 0
0 yP 0 u

( 8 .1 4 b )

0

v 0 P 0
v 0 0
0 v 1 /p
0 yP v

( 8 . 1 4 c )
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The e i g e n v a l u e s  of  A a r e  u ,  u ,  u + a and u -  a .  The e i g e n v a l u e s  o f  B 

a r e  v, v,  v + a and v -  a .  The d i r e c t i o n s  u + a and v + a a r e  r e f e r r e d  

t o  a s  b i c h a r a c t e r i s i t i c s  and a r e  t h e  i n t e r s e c t i o n s  o f  t h e  c h a r a c t e r i s t i c  

monge conge  w i t h  t h e  p l a n e s  x = c o n s t a n t  and y  = c o n s t a n t .

I t  i s  wel l  known t h a t  f o r  p u r e l y  o n e - d i m e n s i o n a l  u n s t e a d y  i s e n ­

t r o p i c  f l o w ,  t h e  e q u a t i o n s  o f  gas  dynamics p o s s e s s  Riemann i n v a r i a n t s  

which a r e  c o n s t a n t  a l o n g  c h a r a c t e r i s t i c s .  These  f u n c t i o n s  a r e

R+ = u + 2 a / ( y  -  1) a l o n g  d x / d t  = u + a ( 8 . 1 5 a )

R" = u -  2 a / (y -  1) a l o n g  d x / d t  = u -  a ( 8 . 1 5 b )

At a s u b s o n i c  i n f l o w  b o u n d a r y ,  t h e  R+ v a l u e  i s  c o n s t a n t  a l o n g  t h e

c h a r a c t e r i s t i c  e n t e r i n g  f rom o u t s i d e  o f  t h e  c o m p u t a t i o n a l  domain and can 

t h e r e f o r e  be s p e c i f i e d  and used  in  c o n j u n c t i o n  w i t h  R" f rom i n s i d e  t h e  

domain t o  g e t  new v a l u e s  o f  u and a .  E q u a t i o n  ( 4 . 1 3 )  does  n o t  p o s s e s s  

Riemann i n v a r i a n t s  bu t  a c c o r d i n g  t o  t h e  t h e o r y  o f  K r e i s s ,  t h e  number o f  

c o n d i t i o n s  which must  be s p e c i f i e d  a t  an i n f l o w  ( o r  an o u t f l o w )  boundary  

in  o r d e r  t o  have a n u m e r i c a l l y  s t a b l e  bounda ry  c o n d i t i o n  must  a g r e e  w i t h  

t h e  number o f  c h a r a c t e r i s t i c  l i n e s  t h a t  a p p ro a c h  t h e  bound ary  f rom t h e  

o u t s i d e  [ 5 2 ] .  I f  t h e  f l ow  i s  assumed t o  be a t  l e a s t  l o c a l l y  o n e ­

d i m e n s i o n a l ,  t h i s  would mean t h a t  t h e r e  must  be t h r e e  q u a n t i t i e s  

s p e c i f i e d  f rom t h e  o u t s i d e  and one e x t r a p o l a t e d  f rom t h e  i n s i d e  a t  t h e  

i n f l o w  bound ary  and t h e  r e v e r s e  a t  t h e  o u t f l o w  b o u n d a ry .

8 . 4 . 1  Schemes One and Two

The c o n d i t i o n s  which were assumed f o r  p rob lems one t h r o u g h  t h r e e  

were t h a t  t h e  c o n t r a v a r i e n t  component  o f  v e l o c i t y  V i s  z e r o  and t h a t  t h e  

f low i s  i s e n t r o p i c  and i s e n t h a l p i c  a t  t h e  i n f l o w  b o u n d a ry .  The f i r s t

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



100

as s u m p t i o n  i s  an a p p r o x i m a t i o n  t o  t h e  a c t u a l  p h y s i c a l  s i t u a t i o n  and i s  

n o t  e x a c t l y  c o r r e c t  w h i l e  t h e  thermodynamic  a s s u m p t i o n s  a r e  c o r r e c t  in

t h e  s t e a d y  s t a t e .  S i n c e  V and Vt  a r e  assumed z e r o ,  t h e  g o v e r n i n g

e q u a t i o n s  a r e

pt ♦ .5 [»+ P* + i -  p;  + n+ ?* ♦ a- p; * - 1 -  ( /  u; - x - i g ]  * ps
ay J

ut  ♦ .5  [x*  » ; . r . ;  + a C E  (x+ f* -  x -  px- ) ]  = Us

u vx xE ♦ S Q L  (a- p; - a- pp = vs

S i n c e  t h e  f low i s  s u b s o n i c ,  i t  i s  no t  p o s s i b l e  t o  use  t h e s e  e q u a t i o n s  

s i n c e  P and U r e q u i r e  i n f o r m a t i o n  from o u t s i d e  t h e  domain .  But t h e  two

e q u a t i o n s  f o r  Pt  and Ut  can be combined t o  e l i m i n a t e  t h e s e  t e r m s  t o  g e t

p t  -  - b  u t  ♦ » -  p ;  +  - s  p ;  *  o '  p p  +  - b  < u s  - u x >  ■= p €

a /  J (8 j 6)

I t  i s  p o s s i b l e  t o  r e l a t e  Pt  t o  Ut  by t h e  1-D e n e rg y  e q u a t i o n

a 2 / ( t  -  1) + .5  (u2 + v2 ) = hQ = c o n s t  ( 8 . 1 7 )

I t  i s  no t  n e c e s s a r y  b u t  i f  i t  i s  a l s o  assumed t h a t  v = 0 ,  t h e n

a = U / J ’5 ( 8 . 1 8 )

and s i n c e  t h e  f l ow  i s  i s e n t r o p i c

a 2 = Y p b U / i r
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which l e a d s  t o  t h e  e q u a t i o n

Pt  = -  y U Ut / ( a 2 J ) ( 8 .1 9 )

which can th e n  be s u b s t i t u t e d  back i n t o  Eq. ( 8 . 1 8 )  t o  g e t  a s i n g l e  

e q u a t i o n  f o r  Ut  a s  f o l l o w s

Pt  can t h e n  be o b t a i n e d  u s i n g  Eq.  ( 8 . 1 9 ) .

8 . 4 . 2  Scheme Three

The i n f l o w  boundary  c o n d i t i o n  used in t h i s  scheme i s  d e s c r i b e d  by 

von La va n te  in  [ 4 7 ]  and w i l l  o n ly  be b r i e f l y  d i s c u s s e d  h e r e .  The 

a s s u m p t i o n  i s  made t h a t  t h e  f low i s  l o c a l l y  o n e - d i m e n s i o n a l  so t h a t  t h e  

g o v e r n i n g  e q u a t i o n s  can be w r i t t e n  in  t h e  c h a r a c t e r i s t i c  form

U.t

Us -  T  U" -  a J - 5 [ P s -  f  P '  -  .5 (n+ P+ + n "  Py )] 

[1 + U/a J * 5]

(8 . 20)

where W i s  t h e  c h a r a c t e r i s t i c  v a r i a b l e  g iven  a s

W =
VI,

W.

2

1 Wx = 1 + u(Y -  l ) / 2  S01D 

w2 = l  -  u (Y -  D /2  s q 1d
( 8 . 21 )

A o x 2

SQ1 = [ ( u ( Y -  l ) / 2  y ) 2 + a 2 / Y] * 5
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The c h a r a c t e r i s t i c  v a r i a b l e  Wj p r o p a g a t e s  a l o n g  t h e  c h a r a c t e r i s t i c  d x / d t  

= u + a and i s  t h e r e f o r e  s p e c i f i e d  whereas  t h e  v a r i a b l e  W2 p r o p a g a t e s  

a l o n g  t h e  backward c h a r a c t e r i s t i c  d x / d t  = u -  a and i s  t a k e n  from t h e  

i n s i d e  o f  t h e  c o m p u t a t i o n a l  domain.  E q u a t i o n s  ( 8 . 2 1 )  a r e  t h e n  s o l v e d  

s i m u l t a n e o u s l y  on t h e  boundary  t o  g e t  t h e  Mach number a t  t h e  i n f l o w  

which i s

M2 = 1 / { ( T -  l ) 2 [ l / ( W j  -  W2 )2 -  1 / 4 ]}  ( 8 . 2 2 )

The Mach number i s  t h e n  used t o  c a l c u l a t e  p ,  u ,  v and p from t h e  

i s e n t r o p i c  r e l a t i o n s h i p s  and t h e  e n e r g y  Eq. ( 8 . 1 7 ) .  The p r o c e d u r e  i s  

v e ry  s i m i l a r ,  a t  l e a s t  in  p r i n c i p l e ,  t o  a " t im e s p l i t "  i n f l o w  boundary  

c o n d i t i o n  i n t r o d u c e d  by Tong [ 5 5 ]  and a v o i d s  t h e  n e c e s s i t y  f o r  assuming  

t h a t  v = 0 a t  t h e  i n f l o w  boundary  as was t h e  c a s e  in  schemes one and 

two.  F u r t h e r m o r e ,  i t  has  been found t h a t  t h e  p r o c e d u r e  g i v e s  good 

r e s u l t s  even when t h e  u ps t r eam  boundary  i s  c l o s e  t o  a l e a d i n g  ed g e .

8 . 4 . 3  Scheme Four

The c o n d i t i o n  used  in  t h i s  s i t u a t i o n  f i r s t  assumes t h e  v component 

i s  z e ro  so t h e  f low i s  t a k e n  t o  be l o c a l l y  o n e - d i m e n s i o n a l .  The 

p r e s s u r e  a t  t h e  i n f l o w  boundary  i s  t h e n  found from t h e  e n e r g y  e q u a t i o n  

u s i n g  t h e  known v a l u e s  o f  t h e  t o t a l  e n e r g y  and t h e  u and v components o f  

v e l o c i t y  a t  t h e  ne x t  p o i n t  downst ream.  The p r e s s u r e  i s  t h e n  used t o  g e t  

t h e  d e n s i t y  assuming  t h e  f low i s  a l s o  i s e n t r o p i c .  F i n a l l y ,  t h e  u 

component  o f  v e l o c i t y  i s  found u s i n g  t h e  i s e n t h a l p i c  en e rgy  Eq. ( 8 . 1 7 ) .  

T hi s  p r o c e d u r e  s h o u ld  t h u s  a l l o w  p r e s s u r e  waves which a r e  t r a v e l i n g  

u p s t r e a m  t o  e s c a p e  w i t h o u t  r e f l e c t i o n .  However,  t h e  a s su m p t i o n  t h a t  v = 

0 a t  t h e  boun da ry  i s  n o t  s t r i c t l y  c o r r e c t  and may i n t r o d u c e  e r r o r s .
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8 . 5  Ou t f low  Boundary C o n d i t i o n

At t h e  o u t f l o w  b o u n d a r y ,  t h e r e  a r e  t h r e e  c h a r a c t e r i s t i c s  from 

i n s i d e  t h e  c o m p u t a t i o n a l  domain and one f rom o u t s i d e  and he nce  a c c o r d i n g  

t o  t h e  t h e o r y  o f  K r e i s s ,  one c o n d i t i o n  may be s p e c i f i e d  a t  t h e  o u t f l o w  

b o u n d a r y .  Th is  c o n d i t i o n  i s  u s u a l l y  t a k e n  t o  be t h e  p r e s s u r e  s i n c e  t h i s  

d e t e r m i n e  t h e  f l ow  t h r o u g h  t h e  channel  a t  t h e  s t e a d y  s t a t e .  For  

ex a m p le ,  i n  a De Laval  n o z z e l ,  t h e  b a c k p r e s s u r e  c o m p l e t e l y  d e t e r m i n e s  

t h e  f lo w  i n s i d e  t h e  n o z z e l  and t h e  c o n d i t i o n s  a t  t h e  t h r o a t .  However,  

i f  t h e  p r e s s u r e  i s  s p e c i f i e d  as  c o n s t a n t  a t  t h e  o u t f l o w  b o u n d a r y ,  t h e n  

d u r i n g  t h e  c o n v e r g e n c e  from t h e  i n i t i a l  c o n d i t i o n  t o  t h e  f i n a l  s t e a d y  

s t a t e  s o l u t i o n ,  p r e s s u r e  waves which may d e v e l o p  i n s i d e  t h e  

c o m p u t a t i o n a l  domain a r e  r e f l e c t e d  a t  t h e  o u t f l o w  boun da ry  i n s t e a d  o f  

p a s s i n g  t h r o u g h  and t h i s  w i l l  s low c o n v e r g e n c e .

The ap p r o a c h  used  i n  t h e  f i r s t  t h r e e  schemes was i n t r o d u c e d  by Rudy 

and S t r i k w e r d a  [ 5 4 ]  and was b ase d  on e a r l i e r  work by E n q u i s t  and Hajda  

[5 5 ]  and Heds trom on n o n r e f l e c t i v e  boundary  c o n d i t i o n s .  The i d e a  i s  t o  

a p p l y  t h e  f o l l o w i n g  e q u a t i o n  a t  t h e  o u t f l o w  bou ndary

f f - p  c f £ . «  < p - p e ) ( 8 . 2 3 )

where a  i s  some c o n s t a n t  and pe i s  t h e  s p e c i f i e d  p r e s s u r e  a t  t h e  

b o u n d a r y .  In t h e  s t e a d y  s t a t e ,  t h e  p r e s s u r e  p s h o u l d  be eq ua l  t o  pe . 

The nu m e r ic a l  a p p r o x i m a t i o n  t o  Eq.  ( 8 . 2 3 )  i s

n+1 r n j . , n n , n+1 nv-, . , . ,
p  = [ p  +  a  A t  p e  +  p  a (u -  U ) ] / ( l  + a  A t )

where  un+* i s  e x t r a p o l a t e d  f rom t h e  i n s i d e  t o  t h e  b o u n d a r y .  Thi s  

p r o c e d u r e  has been found  t o  work we l l  bu t  has  t h e  d i s a d v a n t a g e  t h a t  t h e  

p a r a m e t e r  a must  be c h o s e n .  As a a p p r o a c h e s  z e r o ,  t h e  i n f l u e n c e  o f  t h e
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s p e c i f i e d  back p r e s s u r e  i s  a l s o  r e l a x e d  and a p p r o a c h e s  z e r o .  As a  i s  

i n c r e a s e d ,  t h e  o u t f l o w  bound ary  becomes i n c r e a s i n g l y  r e f l e c t i v e  and p i s  

m a i n t a i n e d  c l o s e  t o  t h e  s p e c i f i e d  pe . Rudy and S t r i k w e r d a  recommend 

t h a t  a  be chos en  t o  o p t i m i z e  t h e  co n v e r g e n c e  t o  t h e  s t e a d y  and show 

t h a t  a  has  a s i g n i f i c a n t  e f f e c t  on t h e  number o f  i t e r a t i o n s  r e q u i r e d  

f o r  a t y p i c a l  t e s t  c a s e  t o  c o n v e r g e .  F i g u r e  8 .1  shows t h e  r e s u l t s  o f  

a p p l y i n g  t h i s  boundary  c o n d i t i o n  t o  problem one .

In scheme f o u r ,  t h e  p r e s s u r e  was s im p ly  h e l d  c o n s t a n t  a t  t h e

o u t f l o w  bo unda ry  w h i l e  t h e  d e n s i t y  and t h e  u and v components  o f

v e l o c i t y  were  s e t  eq ua l  t o  t h e  n e x t  u p s t re a m  p o i n t .  T h i s  i s  an e n t i r e l y

r e f l e c t i v e  boundary  c o n d i t i o n  bu t  was used  i n  t h e  f l a t  p l a t e  o p t i o n  

b e c a u s e  t h e  f low assumed t o  be m a in ly  a l l  boundary  l a y e r  and hence

p a r a b o l i c .  Th is  a s s u m p t i o n  was n o t  t r u e  in  t h e  c a s e s  modeled bu t  i s  t h e  

p h y s i c a l  c o n d i t i o n  imposed i s  c o r r e c t  in  t h e  s t e a d y  s t a t e .

8 .6  F a r  F i e l d  Boundary C o n d i t i o n

The f a r  f i e l d  r e f e r s  t o  t h e  f low f i e l d  a t  a d i s t a n c e  away from t h e  

body which i s  s i g n i f i c a n t l y  g r e a t e r  t h a n  t h e  l e n g t h  s c a l e  o f  t h e  body .  

For  examp le ,  i t  i s  common p r a c t i c e  t o  pu t  t h e  o u t e r  boundary  f o r  two-  

d i m e n s i o n a l  t r a n s o n i c  c a l c u l a t i o n s  ab o u t  a i r f o i l s  a t  l e a s t  t e n  chord  

l e n g t h s  away from t h e  a i r f o i l .  The r ea so n  f o r  t h i s  i s  t h a t  one would 

l i k e  t o  s p e c i f y  c o n d i t i o n s  i n  t h e  f r e e  s t r e a m  where t h e  f low i s  

u n a f f e c t e d  by t h e  body bu t  t h i s  on l y  o c c u r s  a t  an i n f i n i t e  d i s t a n c e  away 

f rom t h e  body .  S in c e  i t  i s  i m p o s s i b l e  t o  c o n s t r u c t  g r i d s  which go o ut  

t o  i n f i n i t y ,  i t  i s  n e c e s s a r y  t o  s p e c i f y  boundary  c o n d i t i o n s  in  t h e  f a r  

f i e l d  where t h e r e  a r e  s t i l l  p e r t u r b a t i o n s  ab o u t  t h e  f r e e  s t r e a m  

c o n d i t i o n s .
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F i g .  8 . 1  Mach N u m b e r  a t  O u t f l o w  B o u n d a r y .
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In problems one and tw o ,  t h e  u p p e r  bounda ry  was t r e a t e d  as  a s o l i d  

w a l l  i n  a l l  o f  t h e  schemes e x c e p t  scheme f o u r .  S in c e  t h i s  scheme s o l v e s  

t h e  v i s c o u s  e q u a t i o n s ,  i t  was deemed d e s i r a b l e  t o  avo id  t r e a t i n g  t h e  

u p p e r  boundary  as  a w a l l  s i n c e  do i ng  so would n e c e s s i t a t e  g r i d  

c l u s t e r i n g  a t  t h e  t o p  and lo we r  b o u n d a r i e s  due t o  t h e  e x i s t e n c e  o f

bounda ry  l a y e r  growth on both  s u r f a c e s .  T h e r e f o r e ,  t h i s  bounda ry  was 

t r e a t e d  in  e x a c t l y  t h e  same manner  a s  t h e  o u t f l o w  bounda ry  was t r e a t e d .  

The p r e s s u r e  was h e ld  c o n s t a n t  a t  t h e  f r e e  s t r e a m  p r e s s u r e  and t h e  

r e m a i n i n g  v a r i a b l e s  were  e x t r a p o l a t e d  f rom i n s i d e  t h e  c o m p u t a t i o n a l  

domain .  Th is  a ppr oach  may n o t  p roduc e  t h e  b e s t  c o n v e r g e n c e ,  b u t  t h e

r e s u l t s  a p p e a r  r e a s o n a b l e  a t  t h e  t o p  b o u n d a r y .  A t te mp ts  were made t o  

d e v e l o p  c h a r a c t e r i s t i c  b a se d  n o n r e f l e c t i v e  boundary  c o n d i t i o n s  f o r  t h e  

t o p  boundary  f o r  schemes on e ,  two and t h r e e  which would p e r m i t  t h i s  

boundary  t o  be r e l a t i v e l y  c l o s e  t o  t h e  lo wer  boundary  and a l l o w  f o r  a 

b e t t e r  compar i so n  be tween  t h e s e  schemes and scheme f o u r  b u t  t h e s e  

e f f o r t s  were n o t  s u c c e s s f u l .  I n s t e a d ,  t h e  u p p e r  boundary  was

p r o g r e s s i v e l y  moved away from t h e  lo wer  wa l l  u n t i l  t h e  p e r t u r b a t i o n s  a t

t h e  u p p e r  boundary  were  r educed  t o  an a c c e p t a b l e  l e v e l .

For  problem f o u r ,  t h e  o u t e r  bound ary  c o n d i t i o n  which was used  was 

d e v e l o p e d  by Thomas and S a l a s  [ 5 6 ] .  The app ro ach  assumes t h a t  w a v e l i k e  

t r a n s i e n t s  in t h e  p h y s i c a l  domain a r r i v e  a t  t h e  o u t e r  boun da ry  in  a 

d i r e c t i o n  m a in ly  normal t o  t h e  bounda ry  as shown in  F i g .  8 . 2 .  The 

f l o w f i e l d  a t  t h e  o u t e r  bounda ry  can be t h o u g h t  t o  c o n s i s t  o f  a u n i f o rm  

f l o w  p l u s  smal l  p e r t u r b a t i o n s  due t o  t h e s e  t r a n s i e n t  waves which in  t im e  

s h o u l d  decay  t o  t h e  f i n a l  d e v i a t i o n s  from t h e  un i fo rm  f l o w .  T h e r e f o r e ,  

t h e  g r a d i e n t s  a l o n g  t h e  o u t e r  boun da ry  a r e  assumed small  in  co m par i s on  

t o  t h e  g r a d i e n t s  normal t o  t h e  boun da ry  t h e  f o l l o w i n g  c h a r a c t e r i s t i c  

r e l a t i o n s  a r e  presumed v a l i d

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



107

e x t e r i o r  d o m a i n

i n t e r i o r  d o m a i n

W a v e l i k e  t r a n s i e n t  
a p p r o a c h i n g  b o u n d a r y

F i g .  8 . 2  F a r  F i e l d  B o u n d a r y  C o n d i t i o n .
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d S / d t  = 0 a l o n g  d n / d t  = U ( 8 . 2 1 a )

d V / d t  = 0 a l o n g  d n / d t  = U ( 8 .2 1 b )

dU + = °  a l o n g  d n / d t  = U + a J ,B ( 8 . 2 1 c )

where  S i s  t h e  e n t r o p y  and U and V a r e  t h e  c o n t r a v a r i e n t  v e l o c i t i e s  in

t h e  5 and n d i r e c t i o n s  r e s p e c t i v e l y .  S in ce  t h e  f l o w f i e l d  a t  t h e

o u t e r  boundary  i s  i s e n t r o p i c  f o r  i n v i s c i d  f lo w  and n e a r l y  so even f o r

v i s c o u s  f l o w ,  Eq.  ( 8 . 2 4 )  i n p l i e s  t h e  e x i s t e n c e  o f  Riemann i n v a r i a n t s  a t  

t h e  o u t e r  bou nd ary  and t h e  e q u i v a l e n t  o f  Eq. ( 8 . 1 5 )  in  a d i r e c t i o n  

normal t o  t h e  o u t e r  b ounda ry  i s

R* = 1/ .  n + 2 a / ( y  -  1) 

a l o n g  d n / d t  = 1/ • n + a ( 8 . 2 5 )

where

1/ . n = V / [ J  ( x f  + y ^ ) * 5]

The i n v a r i a n t  R" ,  which r e a c h e s  t h e  boundar y  from o u t s i d e  t h e  computa­

t i o n a l  dom ain ,  i s  s p e c i f i e d  f rom t h e  f r e e  s t r e a m  v a l u e s  o f  u and a 

a p p l i e d  a t  t h e  o u t e r  boundary  and t h e  v a l u e s  o f  R+ i s  t a k e n  f rom i n s i d e  

t h e  c o m p u t a t i o n a l  domain .  The e q u a t i o n s  f o r  R+ and R" a r e  t h e n  s o l v e d  

s i m u l t a n e o u s l y  t o  g e t  t h e  new v a l u e s  o f  V and a on t h e  b o u n d a r y .

Depending  on t h e  s i g n  o f  V, t h e  v a l u e s  o f  t h e  re m a in in g  v a r i a b l e s  U, p ,  

and p a r e  t h e n  e i t h e r  t a k e n  f rom i n s i d e  o r  o u t s i d e  t h e  c o m p u t a t i o n a l  

dom ain .  I f  V i s  n e g a t i v e ,  t h e  f low a t  t h e  boundary  i s  in  and t h e  f r e e  

s t r e a m  v a l u e s  o f  u ,  p ,  and p a r e  u s e d .  I f  V i s  p o s i t i v e ,  t h e  f low  a t
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t h e  boundary  i s  ou t  and U, p ,  and p a r e  e x t r a p o l a t e d  from t h e  i n s i d e  

o f  t h e  domain .  T h i s  p r o c e d u r e  has  been found t o  g i v e  good r e s u l t s  in 

t h e  c o m p u t a t i o n s  p e r for m ed as a p a r t  o f  t h i s  i n v e s t i g a t i o n .  However,  

Roe has q u e s t i o n e d  t h e  p r a c t i c e  of  assuming  l o c a l l y  o n e - d i m e n s i o n a l  f low 

a t  remote  b o u n d a r i e s  and c l a i m s  t h a t  i t  does  n o t  r e s u l t  i n  t h e  mono tonic  

de cay  o f  t h e  p r e s s u r e  and t h e  r a d i a l  component  t o  t h e  e x p e c t e d  f r e e  

s t r e a m  v a l u e s  [ 5 7 ] .  More work w i l l  u n d o u b t e d l y  be done on t h e  t r e a t m e n t  

o f  f a r  f i e l d  b o u n d a r i e s  in  t h e  f u t u r e  in  view o f  t h e  im p o r t a n c e  o f  t h e  

t o p i c .
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C h a p te r  9 

RESULTS AND DISCUSSION 

9 . 1  Problem One

9 . 1 . 1  I n v i s c i d  R e s u l t s

The t h r e e  i n v i s c i d  codes  were  run u s i n g  v a r i o u s  v a l u e s  o f  n f o r  t h e  

lo wer  and u p p e r  b o u n d a r i e s ,  r e f e r r e d  t o  as n Q and n j  r e s p e c t i v e l y .  The 

low er  bounda ry  ti was v a r i e d  t o  s t u d y  t h e  e f f e c t  o f  c h a n g i n g  t h e  

geomet ry  from a channe l  w i t h  a g r adua l  o n e - s i d e d  e x p a n s i o n  t o  a channel  

w i t h  a o n e - s i d e d  sudden  e x p a n s i o n  ( r e a r w ar d  f a c i n g  s t e p ) .  I t  was found 

t h a t  a v a l u e  n Q = 2 prod uced  a shock a t  t h e  e x p a n s io n  c o r n e r  n e a r  

£ = -1 and t h e  f l ow  was a t t a c h e d .  As n 0 was r e d u c e d ,  t h e  f low would 

e v e n t u a l l y  s e p a r a t e  ( u s u a l l y  b e f o r e  n Q = 1) and as n Q was f u r t h e r  

reduced  t h e  r e c i r c u l a t i o n  zone would grow in  s i z e .  The e f f e c t  o f  moving 

t h e  up per  boundary  was a l s o  s t u d i e d ;  i t  was found e a r l y  i n  t h e  

i n v e s t i g a t i o n  t h a t  t h e  p o s i t i o n  o f  s t r o n g l y  a f f e c t e d  t h e  f lo w  i n  t h e  

e n t r a n c e  r e g i o n  o f  t h e  channel  ahead o f  t h e  e x p a n s i o n  c o r n e r .  Thi s  i s  

b e c a u s e  t h e  r a t i o  o f  t h e  e n t r a n c e  a r e a  t o  t h e  e x i t  a r e a  i s  i n c r e a s e d  and 

a p p r o a c h e s  1 . 0  as i s  i n c r e a s e d  and t h e  r e s u l t  can be s e e n  i n  F i g .  9 .1

which shows t h e  Mach number d i s t r i b u t i o n  a c r o s s  t h e  i n f l o w  boundary  

f o r  rij = 20 ,  40 ,  and 100 u s i n g  scheme on e .  As n j  i s  i n c r e a s e d ,  t h e  

i n f l o w  Mach numbers a r e  redu ced  as would be e x p e c t e d .

110
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The t h r e e  i n v i s c i d  co des  were run on 81x41 g r i d s  o f  which an

e x a n p l e  ( w i t h  n Q = 2 and = 20) i s  shown in F i g .  9 . 2 .  In a d d i t i o n ,

t h e  shock f i t t i n g  was a l s o  r e p e a t e d  u s i n g  161x81 g r i d s  t o  d e t e r m i n e  t h e  

e f f e c t  o f  r e f i n i n g  t h e  g r i d  by a f a c t o r  o f  tw o.  In g e n e r a l ,  scheme one 

was run f o r  3000 i t e r a t i o n s  in  each  c a s e ,  which u s u a l l y  r e s u l t e d  in  a 

r e s i d u a l  d r o p ,  me asured  by t h e  n o m  3 tP» between two and t h r e e  

o r d e r s  o f  m a g n i t u d e .  The s low r a t e  o f  c o n v e r g e n c e  i s  due t o  t h e  CFL < 1 

l i m i t a t i o n  and t h e  f a c t  t h a t  no c o n v e r g e n c e  a c c e l e r a t i o n  methods  o t h e r  

t h a n  l o c a l  t i m e  s t e p p i n g  were  u s e d .

The shock f i t t i n g  runs  were  done in  c o n t i n u o u s  s e q u e n c e s  w i t h  n 0 

i n i t i a l l y  equa l  t o  2 and t h e n  g r a d u a l l y  r e d u c i n g  n 0 in  a s t e p - l i k e  

m anne r .  Thu s ,  t h e  l o w e r  wa l l  was f i r s t  b r o u g h t  t o  n Q o f  1 . 8  and t h i s

p o s i t i o n  h e l d  c o n s t a n t  u n t i l  t h e  shock  movement was re d u c e d  t o  an

a c c e p t a b l e  l e v e l .  T h i s  p r o c e d u r e  was r e p e a t e d  by r e d u c i n g  n Q in  s t e p s  

o f  0 . 2  and u s u a l l y  a t  l e a s t  2000 t o  3000 i t e r a t i o n s  were r e q u i r e d  on t h e  

c o a r s e  g r i d  t o  s t e a d y  t h e  s h o c k ,  w h i l e  on t h e  f i n e  g r i d  4000 t o  5000 

i t e r a t i o n s  were r e q u i r e d .

The i m p l i c i t  f l u x - v e c t o r  s p l i t t i n g  scheme was run f o r  2000 

i t e r a t i o n s  in  most  c a s e s  and t h e  r e s i d u a l  d r o p ,  measured  by t h e  norm o f  

3 t P,  was u s u a l l y  a t  l e a s t  t h r e e  o r d e r s  o f  m a g n i t u d e .  In some c a s e s ,  a 

c o n s t a n t  g l o b a l  t i m e  s t e p  was u s e d ,  w h i l e  in  o t h e r  c a s e s  a c o n s t a n t  

l o c a l  maximum CFL g e n e r a l l y  be tween  t h r e e  and s i x  was u s e d .  I t  was 

found  t h a t  t h e  l a t e r  a p p ro a c h  gave t h e  b e s t  c o n v e r g e n c e  r e s u l t s  and was 

t h e r e f o r e  us ed  f o r  mos t  o f  t h e  l a t e r  r u n s .

The Mach number on t h e  u p s t r e a m  s i d e  o f  t h e  shock f o o t  i s  shown in 

F i g s .  9 . 3 ,  9 . 4  and 9 . 5  f o r  p o s i t i o n s  o f  20 ,  40 and 100 r e s p e c t i v e l y .
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In F i g .  9 . 3 ,  i t  i s  a p p a r e n t  t h a t  scheme one p ro d u c e s  s i g n i f i c a n t l y  

h i g h e r  Mach numbers as  n 0 i s  r educed  t h a n  t h e  o t h e r  two schemes .  Th is  

i s  b e l i e v e d  due t o  t h e  n o n c o n s e r v a t i v e  f o r m u l a t i o n  o f  scheme o n e .  There 

i s  f a i r l y  good agreement  be tween  t h e  c o a r s e  and t h e  f i n e  g r i d  s o l u t i o n s  

o b t a i n e d  u s i n g  scheme two.  The Mach numbers o b t a i n e d  u s i n g  t h e  f l u x  

v e c t o r  s p l i t t i n g  scheme were c o n s i s t e n t l y  lo we r  t h a n  t h o s e  o b t a i n e d  

u s i n g  schemes one and tw o ,  p e r h a p s  due t o  g r e a t e r  d i s s i p a t i o n  a t  t h e  

shock in  scheme t h r e e .  The l o w e s t  n Q f o r  which s o l u t i o n s  were  o b t a i n e d  

was 0 . 4  f o r  schemes one and two and 0 . 1  f o r  scheme t h r e e .  I t  was o n l y  

p o s s i b l e  t o  g e t  a s o l u t i o n  a t  n Q = 0 .1  f o r  scheme t h r e e  by ch a n g in g  t h e  

g r i d  in  s t e p s  t o  g r a d u a l l y  r e d u c e  n 0 , w h i l e  a t  t h e  same t im e  i n c r e a s i n g  

c l u s t e r  p o i n t s  a t  t h e  e x p a n s i o n  c o r n e r .  I t  can be seen  t h a t  t h e  Mach 

number a t  t h e  shock f o o t  r e a c h e s  a maximum f o r  schemes two and t h r e e  a t  

n Q = 1 . 2 ,  and as n Q i s  f u r t h e r  r e d u c e d ,  t h e  Mach number g r a d u a l l y  

becomes lower  and t h e  r e s u l t s  u s i n g  scheme t h r e e  s u g g e s t  i t  would go t o  

a l i m i t  o f  1 . a t  n Q = 0 .

The r e s u l t s  a t  = 40 a r e  shown in  F i g .  9 . 4 .  The r e s u l t s  u s i n g  

scheme on e ,  a g a i n ,  show t h a t  as  n Q i s  r e d u c e d ,  t h e  Mach number a t  t h e  

shock  f o o t  i n c r e a s e s .  The r e s u l t s  from t h e  shock f i t t i n g  scheme two 

show two d i f f e r e n t  t e n d e n c i e s  on t h e  c o a r s e  and f i n e  g r i d s .  On t h e  

c o a r s e  g r i d ,  t h e  t r e n d  i s  s i m i l a r  t o  scheme one ,  whereas  on t h e  f i n e  

g r i d  t h e  r e s u l t s  a r e  s i m i l a r  t o  t h o s e  o f  scheme t h r e e .  The anomalous 

r e s u l t s  u s i n g  scheme one were checked  by doi n g  t h i s  s e r i e s  o f  runs  ov e r  

a g a i n  w i t h  4000 i t e r a t i o n s  b e i n g  t a k e n  when n Q i s  reduced  ea c h  0 . 2 .  The 

r e s u l t s  were wel l  co nve rged  and do no t  a p p e a r  t o  be in  e r r o r .  The 

i n c r e a s e  in  t h e  Mach number i s  p a r t i a l l y  e x p l a i n e d  by t h e  shock p o s i t i o n  

as  w i l l  be d i s c u s s e d  l a t e r .  4 a a i n ,  t h e  r e s u l t s  u s i n g  scheme t h r e e
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show t h e  l o w e s t  Mach numbers and a r e  s i m i l a r  t o  t h o s e  o b t a i n e d  a t

= 20 .  The lo w e s t  n Q f o r  which a s o l u t i o n  was o b t a i n e d  was 0 . 1  u s i n g

scheme t h r e e  and t h i s  was a g a i n  a c h i e v e d  by ch a n g in g  t h e  g r i d  t o  

p r o g r e s s i v e l y  c l u s t e r  t h e  g r i d  a b o u t  t h e  e x p a n s i o n  c o r n e r .  The t r e n d s  

show t h e  Mach number ahead  o f  t h e  shock d e c r e a s i n g  t o  a l i m i t  o f  one as 

n Q a p p r o a c h e s  t h e  l i m i t  z e ro  which s u g g e s t s  t h a t  t h e  shock would 

e v e n t u a l l y  v a n i s h .  The r e s u l t s  o b t a i n e d  u s i n g  scheme t h r e e  f o r  

n j  = 40 a g r e e  c l o s e l y  w i t h  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e  same scheme f o r  

n j  = 2 0 .

From F i g .  9 . 5 ,  i t  i s  seen  t h a t  t h e  Mach number a t  t h e  shock i s

a lways  l e s s  w i t h  = 100 t h a n  each c o r r e s p o n d i n g  c a s e  a t  ri j  = 40.

Th is  i s  due t o  t h e  l ow er  v e l o c i t i e s  in  t h e  f l ow  f i e l d  ahead o f  t h e

s h o c k .  The f i n e  g r i d  shock f i t t i n g  r e s u l t s  show t h e  Mach number t o  be

g r a d u a l l y  i n c r e a s i n g ;  w h e r e a s ,  f o r  t h e  f l u x  v e c t o r  s p l i t t i n g ,  t h e

maximum v a l u e  o f  M o c c u r s  a t  1 . 2  and t h e n  d e c r e a s e s .  No r e l i a b l e

r e s u l t s  were o b t a i n e d  f o r  n v a l u e s  lower  t h a n  0 . 4  b e c a u s e  t h e  r e s o l u -o

t i o n  o f  t h e  g r i d s  a t  t h e  c o r n e r  a t  £ = -1 was i n a d e q u a t e .

F i g u r e s  9 . 6 ,  9 . 7  and 9 . 8  show t h e  shock l o c a t i o n  £ s i n  te rm s  of

t h e  c c o o r d i n a t e  a l o n g  t h e  lo w er  w a l l .  A v a l u e  of  f; equa l  t o  -1

c o r r e s p o n d s  t o  t h e  l o c a t i o n  o f  t h e  u ppe r  c o r n e r  as shown in F i g .  2 . 1 .  

The r e s u l t s  o b t a i n e d  u s i n g  scheme 1 a r e  i d e n t i c a l  a t  n j  = 20 and

n j  = 40 and a r e  n o t  a p p r e c i a b l y  d i f f e r e n t  a t  m  = 100.  The shock

f i t t i n g  r e s u l t s  and t h e  f l u x  v e c t o r  s p l i t t i n g  r e s u l t s  a t  = 20 show 

g e n e r a l  a g re e m e n t  w i th  ^  = 40 on t h e  c o a r s e  g r i d  show t h e  shock moving 

p r o g r e s s i v e l y  to w a rd s  5 = - . 5  as n 0 i s  r e d u c e d .  T h is  p a r t i a l l y  e x p l a i n s  

t h e  Mach numbers a t  t h e  shock t h e  p o s i t i o n  5 = - . 5  i s  c o n s i d e r a b l y  

f u r t h e r  a round t h e  e x p a n s i o n  c o r n e r  t h a n  t h e  f i n e  g r i d  r e s u l t s  which
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means t h a t  t h e  f low  has  a c c e l e r a t e d  more and i s  moving a t  h i g h e r

v e l o c i t i e s .  The f l u x  v e c t o r  s p l i t t i n g  r e s u l t s  a t  a l l  t h r e e  v a l u e s  of

n j  a g r e e  f a i r l y  c l o s e l y .  In p a r t i c u l a r ,  i t  i s  n o t e w o r t h y  t h a t  t h e  shock

p o s i t i o n  a t  n = .1 i s  a p p r o a c h i n g  £ = - 1 .  The shock f i t t i n g  scheme

two f o r  n j  = 100 a l s o  shows £ go in g  t o  a l i m i t  o f  -1  a s  n 0 i s  r e d u c e d .

I t  t h u s  a p p e a r s  t h a t  t h i s  i s  t h e  p r o p e r  l i m i t i n g  p o s i t i o n  o f  t h e  s h o c k ,  

b u t  t h i s  i s  n o t  a c h i e v e d  i n  a l l  o f  t h e  c a s e  computed .

The maximum e n t r o p y  in  t h e  f low on t h e  downstream s i d e  o f  t h e  shock

i s  shown in  F i g .  9 . 9  and t h e  v o r t i c i t y  in  t h e  f low downst ream o f  t h e

shock i s  shown i n  F i g .  9 . 1 0  bo th  f o r  c a s e s  when rij = 20 .  I t  can be

se e n  t h a t  t h e r e  i s  a f a i r l y  c o n s i s t e n t  t r e n d  f o r  t h e  e n t r o p y  t o  i n c r e a s e

and t h e  v o r t i c i t y  t o  d e c r e a s e  toward  l a r g e r  n e g a t i v e  v a l u e s  as  n Q i s

r e d u c e d .  Th is  r e s u l t  must  be i n t e r p r e t e d  w i t h  c a u t i o n .  As s t a t e d

e a r l i e r ,  i t  may be t h e  v o r t i c i t y  i n  t h e  i n i t i a l  u n s t e a d y  t r a n s i e n t  f low 

which l e a d s  t o  s e p a r a t i o n .  T h e o r e t i c a l l y ,  none o f  t h e  e n t r o p y  and

v o r t i c i t y  p r od uc e  in  t h e  f low in  t h e  s t e a d y  s t a t e  a c t u a l l y  e n t e r s  t h e  

s e p a r a t i o n  z o n e s ,  when t h e y  o c c u r .  N e v e r t h e l e s s ,  i t  i s  i n d i c a t i v e  of  

t h e  c o n d i t i o n s  which may have l e d  t o  s e p a r a t i o n .

In F i g .  9 . 1 1 ,  t h e  minimum v a l u e  o f  t h e  Mach number m u l t i p l i e d  by

t h e  d i r e c t i o n  o f  t h e  f low a lo n g  t h e  lo w er  w a l l  i s  p l o t t e d  a g a i n s t  f o r

n j  = 20 .  Th is  i n d i c a t e s  t h e  a p p r o x i m a t e  v a l u e  o f  n 0 a t  which t h e  f low

s e p a r a t e s  f o r  each  scheme.  I t  can be seen  t h a t  scheme one p r o d u c e s

s e p a r a t i o n  a t  a h i g h e r  v a l u e  o f  n 0 (nQ = 1 . 6 8 ) t h a n  scheme two

(nQ = 1 .5 2 )  and t h a t  scheme t h r e e  r e q u i r e s  n 0 eq ua l  t o  a p p r o x i m a t e l y

1 . 1 2  b e f o r e  s e p a r a t i o n  o c c u r s .  Thus scheme t h r e e  a p p e a r s  t o  be t h e

l e a s t  s u s c e p t i b l e  t o  s e p a r a t i o n  as compared w i t h  schemes one and two.
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The r e a t t a c h e n e n t  5 l o c a t i o n s  f o r  t h e  same s e t  o f  c a s e s  i s  shown i n

F i g .  9 . 1 2 .  There  a p p e a r s  t o  be g e n e r a l  ag reem en t  in t h a t  as  n 0 i s

r e d u c e d ,  t h e  s e p a r a t i o n  b u b b l e s  grow in  l e n g t h  and r e a t t a c h  f u r t h e r

downs t ream.  S i m i l a r  r e s u l t s  f o r  t h e  c a s e  when n j  = 100 a r e  shown in

F i g s .  9 . 1 3  and 9 . 1 4 .  I t  can be se en  t h a t ,  in  g e n e r a l ,  h a v in g  t h e  u p p e r  

boundary  f u r t h e r  away r e d u c e s  t h e  n 0 a t  which t h e  lower  wa l l  must  be 

b e f o r e  s e p a r a t i o n  o c c u r s  and t h e  £ a t  which r e a t t a c h m e n t  o c c u r s  i s  l e s s ,  

which means t h a t  t h e  s e p a r a t i o n  b u b b le s  a r e  no t  as  l o n g .

A c o m pa r i s on  o f  t h e  r e s u l t  u s i n g  schemes o n e ,  two and t h r e e  w i th  

= 20 and n Q = 2 . 0  i s  shown in  F i g s .  9 . 1 5  and 9 . 1 6 .  F i g u r e s  9 . 1 5 a -  

9 . 1 5 c  show Mach c o n t o u r s  and i t  can be seen t h a t  t h e  r e s u l t s  a r e  a l l  

s i m i l a r .  The Mach numbers m u l t i p l i e d  by t h e  s i g n  o f  U a l o n g  t h e  lower  

w a l l  a r e  shown in  F i g .  9 . 1 6  and a g a i n  t h e  c l o s e  agr ee m ent  i s  e v i d e n t .  

The shock l o c a t i o n  i s  n e a r l y  i d e n t i c a l  in  a l l  t h r e e  c a s e s  w h i l e  t h e

maximum computed Mach number r each ed  a t  t h e  u p s t r e a m  s i d e  o f  t h e  shock 

i s  h i g h e r  u s i n g  shemes one and two t h a n  t h r e e .  A s i m i l a r  c o m pa r i son  f o r

t h e  c a s e  w i t h  = 20 and n 0 = 1*2 i s  shown in  F i g s .  9 . 1 7  and 9 . 1 8 .

Again g e n e r a l  a g re e m e n t  i s  e v i d e n t  a l t h o u g h  t h e  Mach c o n t o u r s  o f  t h e  

f l u x  v e c t o r  s p l i t t i n g  r e s u l t s  a p p e a r  s m o o t h e r .  A co mp ar i so n  o f  t h e  Mach 

number m u l t i p l i e d  by t h e  s i g n  o f  U i s  shown in  F i g .  9 . 1 8 .  The f l u x  

v e c t o r  s p l i t t i n g  r e s u l t s ,  w h i l e  c l o s e  t o  s e p a r a t i o n ,  have n o t  s e p a r a t e d  

whe re as  t h e  r e s u l t s  o f  bo th  scheme one and two h a v e .  I t  i s  a l s o  

a p p a r e n t  t h a t  t h e  jump in  v e l o c i t y  u s i n g  t h e  u n f i t t e d  scheme one i s  now 

much g r e a t e r  t h a n  e i t h e r  scheme two o r  t h r e e .  A t h i r d  such compar i son  

w i t h  n 0 = 0 . 4  i s  shown in  F i g s .  9 . 1 9  and 9 . 2 0 .  F i g u r e s  9 .1 9 b  and 9 .1 9 c  

show Mach c o n t o u r s  g e n e r a t e d  from t h e  r e s u l t s  o f  scheme two on t h e

c o a r s e  and f i n e  g r i d s  r e s p e c t i v e l y .  The c o n t o u r s  shown in  F i g .  9 .1 9 a
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u s i n g  scheme one and F i g .  9 . 1 9 c  u s i n g  scheme two on t h e  f i n e  g r i d  b o t h  

show a s u p e r s o n i c  zone e x t e n d i n g  a c r o s s  t h e  channel  j u s t  downstream of  

t h e  e x p a n s io n  c o r n e r  which  s u g g e s t s  t h a t  t h e  f low i s  chocked in  t h e  

c h a n n e l  and t h e n  expands  s u p e r s o n i c a l l y  as  in a c o n v e r g i n g - d i v e r g i n g  

n o z z l e .  The com par i son  o f  "M" v s .  5 in F i g .  9 . 2 0  shows t h a t  t h e  f l u x  

v e c t o r  s p l i t t i n g  r e s u l t s  show t h e  l e a s t  s e p a r a t i o n  whereas  t h e  r e s u l t s  

from scheme one a r e  t h e  most  s e p a r a t e d .

The e n t r o p y  produced  by f low t h r o u g h  t h e  shock i s  shown in  F i g s .  

9 . 2 1 a - 9 . 2 1 c .  These  r e s u l t s  were o b t a i n e d  u s i n g  scheme two w i t h  t h e  

u p p e r  boundary  = 20 .  In F i g .  9 . 2 1 a ,  t h e  lower  boundary  i s  a t  2 . 0  

and t h e  maximum v a lu e  o f  t h e  e n t r o p y  i s  0 .0 8 7 8  j u s t  downstream from t h e  

shock a lo n g  t h e  w a l l .  In F i g .  9 . 2 1 b ,  t h e  lower  wa l l  n 0 i s  a t  1 . 6  and 

t h e  maximum v a l u e  o f  S i s  0 .12 6  and t h e  e n t r o p y  g r a d i e n t s  a r e  somewhat 

l a r g e r  t h a n  i n  F i g .  9 . 2 1 a .  In F i g .  9 . 2 1 c ,  t h e  lower  wal l  n Q i s  a t  1 . 2  

and t h e  maximum v a lu e  o f  S i s  0 . 1 4 5 .  I t  can be seen  t h a t  t h e r e  i s  a 

r e c i r c u l a t i o n  r e g i o n  and t h e  e n t r o p y  g r a d i e n t s  a r e  a g a i n  g r e a t e r  th a n  in 

t h e  p r e v i o u s  two c a s e s  w i t h  most  o f  t h e  e n t r o p y  b e in g  produced  very  

c l o s e  t o  t h e  lo wer  b o u n d a ry .  These  r e s u l t s  c o r r e l a t e  w i t h  F i g .  9 . 1 0 ,  

which shows t h e  v o r t i c i t y  l e v e l  i n c r e a s i n g  as n 0 i s  re du ced  and w i th  

C r o c c o ' s  th e o re m  which s t a t e s  t h e  v o r t i c i t y  w i l l  e x i t s  i n  a f low i f  

g r a d i e n t s  o f  e n t r o p y  a n d / o r  e n t h a l p y  a l s o  e x i s t  [ 6 0 ] ,

F i g u r e s  9 . 2 2  t h r o u g h  9 . 2 5  show t h e  r e s u l t s  o f  t h e  f l u x  s p l i t t i n g  

scheme t h r e e  w i t h  t h e  u p p e r  boundary  a t  40 and t h e  low er  boundary be in g  

r ed u c e d  from 0 . 4  t o  0 . 2  t o  0 . 1 .  In F i g s .  9 .2 2 a  and 9 . 2 2 b ,  t h e  Hach 

c o n t o u r s  and s o n i c  l i n e  a r e  shown f o r  n Q = 0 . 4  and t h e  l a r g e  s e p a r a t e d  

zone downst ream of  t h e  s t e p  and t h e  shock a t  t h e  e x p a n s i o n  c o r n e r  a r e  

e v i d e n t .  The Mach c o n t o u r s  f o r  n Q = 0 . 2  in  F i g .  9 . 2 3 a  and t h e
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c o r r e s p o n d i n g  s o n i c  l i n e  p l o t  i n  F i g .  9 .2 3b  show a much s m a l l e r  

s u p e r s o n i c  zone a t  t h e  c o r n e r  and a s l i g h t l y  l a r g e r  s u p e r s o n i c  zone 

which i s  a p p a r e n t l y  no t  t e r m i n a t e d  by a shock j u s t  s l i g h t l y  downst ream 

and above  i t .  In F i g .  9 . 2 4 a ,  t h e  Mach c o n t o u r s  f o r  n 0= 0 . 1  a r e  shown 

and t h e  c o r r e s p o n d i n g  s o n i c  zones a r e  g iven  in  F i g .  9 . 2 4 b .  I t  can be

s e e n  t h a t  t h e  s u p e r s o n i c  zone  a t  t h e  c o r n e r  has n e a r l y  d i s a p p e a r e d  and 

t h e  s u p e r s o n i c  b u b b le  o u t  in  t h e  f low  f i e l d  has grown. The e n t r o p y  

c o n t o u r s  shown in  F i g .  9 . 2 4 c  and t h e  s t r e a m  f u n c t i o n  p l o t  i n  F i g .  9 .24d  

show c l e a r l y  t h e  s e p a r a t i o n  r e g i o n  w i t h  t h e  e n t r o p y  now a s s o c i a t e d  w i t h  

t h e  r o t a t i n g  v o r t e x .  F i g u r e  9 .2 5  shows t h e  p o r t i o n  o f  t h e  g r i d  a round 

t h e  e x p a n s i o n  c o r n e r  and t h e  r e s o l u t i o n  which i s  a c h i e v e d  a t  t h e  c o r n e r  

by t h e  s p e c i a l  c l u s t e r i n g .

A s i m i l a r  p r o c e d u r e  was done u s i n g  t h e  same scheme bu t  w i t h  t h e  

up pe r  boun da ry  i n s t e a d  a t  = 20 .  The r e s u l t s  a t  n Q = 0 .1  a r e  shown 

i n  F i g s .  9 . 2 6  and 9 . 2 7 .  F i g u r e  9 .26a  shows t h e  Mach c o n t o u r s  and i t  i s  

a p p a r e n t  t h a t  a shock has formed which e x t e n d s  a c r o s s  t h e  channel  

downstream o f  t h e  e x p a n s i o n  c o r n e r  as  was n o t ed  e a r l i e r .  The re  i s  a 

l a r g e  s u p e r s o n i c  zone  as i s  shown in  F i g .  9 . 2 6 b ,  which i s  t e r m i n a t e d  by 

t h e  s h o c k .  The f lo w  has s e p a r a t e d  from t h e  c o r n e r  and t h e r e  i s  e n t r o p y  

t r a p p e d  i n s i d e  t h e  r e c i r c u l a t i o n  r e g i o n  as shown in F i g .  9 . 2 6 c .  F i g u r e  

9 . 2 7  shows t h e  Mach numbers m u l t i p l i e d  by t h e  s i g n  o f  t h e  c o n t r a v a r i e n t  

v e l o c i t y  in  t h e  s t r e a m w i s e  d i r e c t i o n .  The l o c a t i o n  o f  t h e  shock a t  t h e  

e x p a n s i o n  c o r n e r  and a t  t h e  t o p  wall  a r e  c l e a r l y  e v i d e n t .  I t  i s  a l s o  

a p p a r e n t  t h a t  t h e  shock a t  t h e  e x p a n s i o n  c o r n e r  i s  s t i l l  f a i r l y  s t r o n g  

and may no t  be g o i ng  t o  z e r o  a s  n Q a p p r o a c h e s  0 .
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9 . 1 . 2  V iscou s  R e s u l t s

The N a v i e r - S t o k e s  scheme f o u r  has  run on t h e  r e a rw a rd  f a c i n g  s t e p  

u n d e r  a v a r i e t y  o f  c o n d i t i o n s .  The p u rp o s e  o f  t h e  runs  was t o  d e t e r m i n e  

how t h e  v i s c o u s  r e s u l t s  m ight  d i f f e r  from t h e  i n v i s c i d  r e s u l t s .  No 

a t t e m p t  was made t o  d u p l i c a t e  a l l  o f  t h e  v a r i o u s  p o s i t i o n s  o f  t h e  lower  

w a l l  n 0 and t h e  up p e r  w a l l  due t o  t h e  t i m e  and c o m p u t a t i o n a l  expen se  

t h a t  would be n e c e s s a r y  t o  do t h i s  and a l s o  b e c a u s e ,  as w i l l  be s e e n ,  

t h e  r e s u l t s  t h a t  were o b t a i n e d  were so d i f f e r e n t  from t h e  i n v i s c i d  

r e s u l t s  t h a t  t h i s  was f e l t  by t h e  w r i t e r  t o  be u n n e c e s s a r y .

The f i r s t  s e t  o f  runs  v/as done u s i n g  a Reynolds  number o f  10 ,00 0

w i t h  t h e  u p p e r  boundary  a t  = 40 and t h e  lower  boundary  a t  n Q = 2 .  A

g r i d  s i z e  o f  81x61 was used and t h e  f i r s t  p o i n t  o f f  t h e  w a l l  was a t  

ri = 0 . 0 1 .  A c o n s t a n t  g l o b a l  t im e  s t e p  o f  0 . 2  was used a t  t h e  s o l u t i o n  

was run f o r  3000 i t e r a t i o n s  and p l o t s  o b t a i n e d  a t  1500 ,  200 0 ,  2500 and 

3000 i t e r a t i o n s .  F i g u r e  9 . 2 8  shows t h e  r e s u l t s  a t  1500 i t e r a t i o n s .

From t h e  Mach c o n t o u r s  i n  F i g .  9 . 2 8 a ,  i t  i s  e v i d e n t  t h a t  t h e  boundary

l a y e r  which b e g i n s  u p s t r e a m  of  t h e  c o r n e r  s e p a r a t e s  a t  t h e  c o r n e r  and 

t h a t  t h e r e  i s  no shock t h e r e .  The s o l u t i o n  t h r o u g h o u t  t h e  f low  f i e l d  i s  

f a i r l y  smooth and t h e  f r e e s t r e a m  up p e r  boundary  c o n d i t i o n  does  n o t  

a p p e a r  t o  be c a u s i n g  any f low a b b e r a t i o n s .  F i g u r e  9 . 2 8 b  shows t h e  

p r e s s u r e  c o n t o u r s  and t h e  p r e s e n c e  o f  a t  l e a s t  one v o r t e x  i s  a p p a r e n t  

from t h e  c i r c u l a r  p a t t e r n  w i t h  a low p r e s s u r e  c e n t e r .  F i g u r e  9 . 2 8 c  

shows t h e  v e l o c i t y  v e c t o r s  and t h i s  l a r g e  v o r t e x  i s  a p p a r e n t  a l o n g  w i t h  

two o t h e r  s m a l l e r  v o r t i c i e s  u p s t r e a m .  The wal l  s h e a r  s t r e s s  p l o t  in 

F i g .  9 .2 8d  p r o v i d e s  f u r t h e r  e v i d e n c e  o f  f low  r e v e r s a l  a l o n g  t h e  lower  

w a l l  be tween  a p p r o x i m a t e l y  i  = - 4 . 6  and £ = -1 and a l s o  in  t h e  v i c i n i t y  

o f  10 <5 < 17.
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The r e s u l t s  o f  2000 i t e r a t i o n s  a r e  shown in  F i g s .  9 . 2 9 a  t h r o u g h

9 . 2 9 d .  A compar i son  be tween  F i g s .  9 .2 8 a  and 9 .2 9 a  shows t h a t  t h e  f low 

f i e l d  has changed g r e a t l y  in  t h a t  t h e  e x t e n t  o f  t h e  s e p a r a t i o n  zone ha s  

grown and t h e r e  now a p p e a r s  t o  be more d i s r u p t i o n  o f  t h e  f low f i e l d  

above  t h e  s e p a r a t e d  r e g i o n .  The p r e s s u r e  c o n t o u r s  in  F i g .  9 .2 9b  an t h e  

v e l o c i t y  v e c t o r  p l o t  i n  F i g .  9 . 2 9 c  show t h e  p r e s e n c e  o f  two l a r g e

v o r t i c i e s  downstream o f  t h e  c o r n e r .  The wa l l  s h e a r  s t r e s s  p l o t  in  F i g .  

9 .29d  shows a t h i r d  r e v e r s e  f low r e g i o n  in  t h e  r e g i o n  o f  - 5 c£ < - 1 ahead 

o f  t h e  s t e p .

T he r  r e s u l t s  a t  2500 i t e r a t i o n s  a r e  shown in  F i g s .  9 . 3 0 a  th ro u g h

9.3 0d  and i t  i s  a p p a r e n t  t h a t  t h e  l o c a t i o n  o f  t h e  v o r t i c e s  has a g a i n

changed  which i n d i c a t e s  t h a t  e i t h e r  t h e  f low has no t  re a c h e d  a f i n a l  

s t e a d y  s t a t e  o r  t h e  f low may be u n s t e a d y .  The w r i t e r  c o n s i d e r s  t h e  

l a t e r  p o s s i b i l i t y  t o  be t h e  more l i k e l y .  One l a r g e  v o r t e x  i s  p r e s e n t  

j u s t  downstream from t h e  c o r n e r  and t h e  w r i t e r  b e l i e v e s  i t  i s  p o s s i b l e  

t h a t  t h i s  may be t h e  smal l  v o r t e x  which was j u s t  b e g i n n i n g  t o  form a t  

2000 i t e r a t i o n s  and has  now moved f u r t h e r  downstream and grown.  At t h e  

same t i m e ,  t h e  two l a r g e  v o r t i c e s  t h a t  were p r e s e n t  a t  2000 i t e r a t i o n s

have been swept  ou t  o f  t h e  c o m p u t a t i o n a l  r e g i o n .  A ga in ,  from t h e  wal l

s h e a r  s t r e s s  p l o t  in F i g .  9 .3 0d  i t  i s  a p p a r e n t  t h a t  a s m a l l e r  r e v e r s e  

f low  r e g i o n  a p p e a r s  t o  e x i s t  i n s i d e  t h e  boundary  l a y e r  ahead  o f  t h e  

s t e p .  Th is  r e g i o n  has no t  changed l o c a t i o n  s i g n i f i c a n t l y  from t h e  

p r e v i o u s  two i t e r a t i o n s  and i t  may be a permanent  f e a t u r e  t h a t  has  

e s t a b l i s h e d  i t s e l f  and may be g i v i n g  r i s e  p e r i o d i c a l l y  t o  shed v o r t i c e s  

which a r e  t h e n  swept  downst ream.

The r e s u l t s  a t  3000 i t e r a t i o n s  a r e  shown in F i g s .  9 . 3 1 a  t h r o u g h

9.31d  and a g a i n  t h e  f low f i e l d  a p p e a r s  t o  have c h a n g e d .  Al though t h e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



150

( a )  Mach C o n t o u r s

( b )  P r e s s u r e  C o n t o u r s

F i g .  9 . 2 9  R e s u l t s  -  S c h e m e  4 ( 2 0 0 0  i t e r a t i o n s ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



151

( c )  V e l o c i t y  V e c t o r s

100

toco
3

( d )  W a l l  S h e a r  S t r e s s

F i g .  9 . 2 9  ( c o n t i n u e d ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



152

Mach c o n t o u r s  i n  F i g .  9 . 3 1 a  do r e s e m b le  t h e  Mach c o n t o u r s  i n  F i g .  9 . 3 0 a ,  

t h e  p r e s s u r e  c o n t o u r s  i n  F i g .  9 .3 1 b  now show a f a i r l y  s t r o n g  a d v e r s e  

p r e s s u r e  g r a d i e n t  ahead  o f  t h e  c o r n e r  which was b e g i n n i n g  t o  become 

a p p a r e n t  i n  F i g .  9 . 3 0 b .  F i g u r e  9 . 3 1 b  shows t h e  p r e s e n c e  o f  f o u r  

c i r c u l a r  sh a p e d  p r e s s u r e  r e g i o n s  o f  a l t e r n a t i n g  h ig h  and low p r e s s u r e .  

The v e l o c i t y  v e c t o r  p l o t s  in F i g .  9 . 3 1 c  show two c l o c k w i s e  r o t a t i n g

v o r t i c i e s  which  a p p e a r  t o  c o r r e s p o n d  i n  l o c a t i o n  t o  t h e  two low p r e s s u r e  

r e g i o n s  i n  F i g .  9 . 3 1 b .  The h igh  p r e s s u r e  r e g i o n s  a p p e a r  t o  c o r r e s p o n d  

t o  t h e  r e g i o n s  where  t h e  f l o w  v e l o c i t i e s  a r e  low j u s t  downstream o f  t h e  

s t e p  and in  be tween  t h e  two v o r t i c i e s .  The w a l l  s h e a r  s t r e s s  p l o t  in 

F i g .  9 .3 1 d  a g a i n  shows a small  r e c i r c u l a t i o n  zone ahead  o f  t h e  s t e p  

which must  l i e  i n s i d e  o f  t h e  boundary l a y e r .

Two ru ns  were a l s o  done  a t  a Reynolds  number o f  100 ,000  and t h e  

r e s u l t s  a r e  compared in F i g s .  9 . 3 2  and 9 . 3 3 .  The f i r s t  run was done 

u s i n g  an 81x61 g r i d  w i t h  a f r e e s t r e a m  Mach number o f  0 .8 6 5  u s i n g  a 

n o n d im e n s io n a l  t i m e  s t e p  o f  0 . 0 2 .  The f low was assumed t o  be l a m i n a r  

and t h e  t u r b u l e n t  t e r m s  were  t u r n e d  o f f .  The Mach c o n t o u r ,  p r e s s u r e

c o n t o u r ,  w a l l  s h e a r  s t r e s s ,  and v e l o c i t y  v e c t o r s  a f t e r  2000 i t e r a t i o n s  

a r e  shown i n  F i g s .  9 . 3 2 a - 9 . 3 2 d  r e s p e c t i v e l y .  I t  can be se en  t h a t  t h e

r e s u l t s  a r e  no t  a p p r e c i a b l y  d i f f e r e n t  th a n  t h e  r e s u l t s  a t  t h e  lower  

Reynolds  number shown p r e v i o u s l y .  Ther  a r e  numerous r e c i r c u l a t i o n  

v o r t i c i e s  p r e s e n t  i n  t h e  f l ow  as can be seen  f rom t h e  v e l o c i t y  v e c t o r  

p l o t  and t h e r e  a r e  no sh o c k s  i n  t h e  f l o w .  The second s e t  o f  r e s u l t s  was 

o b t a i n e d  u s i n g  t h e  same Reynolds  number and t i m e  s t e p  b u t  a 161x61 g r i d  

and t h e  f l o w  was assumed t o  be t u r b u l e n t .  The r e s u l t s  a f t e r  2000

i t e r a t i o n s  a r e  shown in F i g s .  9 . 3 3 a - 3 3 d .  From t h e  Mach and p r e s s u r e  

c o n t o u r s  and t h e  w a l l  s h e a r  s t r e s s  p l o t ,  i t  i s  a p p a r e n t  t h a t  a s t r o n g
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shock  now e x i s t s  a c r o s s  t h e  channel  s i m i l a r  t o  some o f  t h e  i n v i s c i d  

c a s e s .  F u r t h e r m o r e ,  t h e  v e l o c i t y  v e c t o r  p l o t s  show onl y  a s i n g l e

r e c i r c u l a t i o n  v o r t e x  which i s  a l s o  s i m i l a r  t o  t h e  i n v i s c i d  c a s e s .  I t  

t h u s  a p p e a r s  t h a t  p u t t i n g  t h e  t u r b u l e n c e  model i n t o  us e  r e s u l t s  in a 

f lo w  p a t t e r n  t h a t  s t r o n g l y  r e s e m b l e s  some o f  t h e  i n v i s c i d  r e s u l t s .

9 . 2  Problem Two

9 . 2 . 1  I n v i s c i d  R e s u l t s

The se cond c o n f i g u r a t i o n ,  a "bump" i n s i d e  a c h a n n e l ,  was t r e a t e d  in  

a manner  s i m i l a r  t o  t h e  r e a r w a rd  f a c i n g  s t e p .  The t h r e e  i n v i s c i d  

schemes were  a l l  run on 81x41 g r i d s  and t h e  shock f i t t i n g  scheme two was 

a l s o  run on a f i n e  g r i d  161x81 f o r  c o m p a r i s o n .  The N a v i e r - S t o k e s  code  

was run on an 81x61 g r i d  and t h e  r e s u l t s  from u s i n g  t h i s  code i s

d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  In a l l  c a s e s ,  t h e  u p p e r  w a l l  was s e t  

a t  1 2 .0  and t h e  l e f t  and r i g h t  b o u n d a r i e s  were  s e t  a t  e, = - 1 0 . 0  and 

+ 1 0 .0  r e s p e c t i v e l y .  The lo wer  wa l l  n 0 was v a r i e d  from a maximum o f  1 .0  

t o  a minimum o f  0 . 2  i n  t h e  i n v i s c i d  c a s e s .  The back p r e s s u r e  boundary

c o n d i t i o n  was t h a t  t h e  non d im en s i o n a l  p r e s s u r e  p '  i s  0 . 5 .

F i g u r e  9 . 3 4  shows t h e  Mach number on t h e  u p s t r e a m  s i d e  o f  t h e  shock 

f o o t  f o r  t h e  v a r i o u s  c a s e s  which were r u n .  The shock c a p t u r i n g  r e s u l t s  

f rom scheme one a g a i n  show t h a t  as t h e  lower  v/al l  n 0 i s  re duce d  and t h e  

e x p a n s i o n  becomes g r e a t e r  t h a t  t h e  Mach number ahead  o f  t h e  shock 

i n c r e a s e s  much f a s t e r  t h a n  t h e  o t h e r  schemes which i s  a r e s u l t  o f  t h e  

n o n c o n s e r v a t i v e  n a t u r e  of  t h e  scheme.  The shock f i t t i n g  r e s u l t s  on bo th  

t h e  c o a r s e  and f i n e  g r i d s  a g r e e  f a i r l y  c l o s e l y  w i t h  t h e  Mach number 

i n c r e a s i n g  t o  a b o u t  2 . 2  as t h e  lo wer  w a l l  n 0 i s  r e d u c e d .  The f l u x  

v e c t o r  s p l i t t i n g  scheme t h r e e  r e s u l t s  show lower  Mach numbers t h a n  t h e
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two p r e v i o u s  schemes and t h i s  i s  c o n s i s t e n t  w i th  t h e  r e s u l t s  o f  p roblem 

on e .  The maximum Mach number a c h i e v e d  w i t h  scheme t h r e e  i s  1 . 9 2  a t  n 0 

equa l  t o  0 . 6 .

F i g u r e  9 .3 5  shows t h e  shock l o c a t i o n s  f o r  t h e  f o u r  s e t s  o f  r e s u l t s .

The scheme one shock l o c a t i o n  i s  c o n s i s t e n t l y  g r e a t e r  t h a n  1 . 4  and

r e a c h e s  a maximum of  1 . 61  a t  n 0 = 0 . 2 .  I t  s h o u ld  be no t ed  t h a t  s i n c e

t h e  g r i d  i s  f i x e d  in c a s e s  one and t h r e e ,  t h e  shock l o c a t i o n  s h i f t s  o f

i n c r e m e n t  o f  one g r i d  p o i n t  and c a n n o t  a c h i e v e  i n t e r m e d i a r y  v a l u e s .  The

shock f i t t i n g  scheme two r e s u l t s  show t h a t  t h e  shock l o c a t i o n  s t a r t s  ou t

a t  t h e  same l o c a t i o n  as  scheme one but  t h a t  as  t h e  lo w er  w a l l  n i so

r e d u c e d ,  t h e  5 i s  g r a d u a l l y  r educed  t o  a b o u t  0 . 7  a t  a lo we r  w a l l  n 0 o f  

0 . 2 .  The r e s u l t s  o f  scheme t h r e e  a r e  s i m i l a r  a t  n Q equa l  t o  0 . 2 ,  t h e  

£ i s  0 . 5 3 .

F i g u r e s  9 . 3 6  and 9 .3 7  show t h e  e n t r o p y  and v o r t i c i t y  downstream o f

t h e  shock a d j a c e n t  t o  t h e  w a l l .  In F i g .  9 . 3 6 ,  i t  can be s e e n  t h a t  a s

t h e  lo wer  w a l l  i s  reduced  t h e  e n t r o p y  produced  by f l ow  t h r o u g h  t h e  shock 

t e n d s  t o  i n c r e a s e  in  a l l  c a s e s .  The shock c a p t u r e d  s o l u t i o n s  o f  scheme

one show l e s s  e n t r o p y  t h a n  t h e  r e s u l t s  o f  t h e  shock f i t t i n g  scheme o r

t h e  f l u x  v e c t o r  s p l i t t i n g  scheme t h r e e .  The r e s u l t s  o f  schemes two on 

b o th  t h e  c o a r s e  and f i n e  g r i d s  and scheme t h r e e  a g r e e  f a i r l y  c l o s e l y .  

In F i g .  9 . 3 7 ,  i t  can be seen  t h a t  in  a l l  c a s e s  t h e  v o r t i c i t y  i s  

i n c r e a s e d  as t h e  lower  w al l  n Q i s  r e d u c e d .  However,  t h e  a c t u a l  l e v e l s  

o f  v o r t i c i t y  var y  d epe nd in g  on t h e  scheme. The f l u x  v e c t o r  s p l i t t i n g  

scheme t h r e e  shows t h e  l e a s t  t h e  amount of  v o r t i c i t y  p r e s e n t  i n  t h e  

f lo w ;  however ,  t h i s  may be due t o  t h e  f a c t  t h a t  t h e  f u n c t i o n  v a l u e s  in  

scheme t h r e e  a r e  c e l l  volume a v e r a g e  i n s t e a d  o f  p o i n t  v a l u e s  and t h i s  i s  

r e f l e c t e d  i n  t h e  way t h e  v a l u e s  a r e  r e p o r t e d  o u t .
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The minimum Mach numbers m u l t i p l i e d  by t h e  s i g n  o f  t h e  

c o n t r a v a r i e n t  v e l o c i t y  component  a l o n g  t h e  lower  wal l  f o r  t h e  v a r i o u s  

c a s e s  a r e  shown i n  F i g .  9 . 3 8 .  The r e s u l t s  a l l  i n d i c a t e  t h a t  as n Q i s  

r e d u c e d ,  t h e  v a l u e  o f  M d e c r e a s e s  and t h a t  t h e  shock f i t t i n g  r e s u l t s  on 

t h e  c o a r s e  g r i d  were  t h e  f i r s t  t o  s e p a r a t e  which i s  no t  t h e  same as 

problem one when t h e  scheme one r e s u l t s  were t h e  f i r s t  t o  s e p a r a t e .  In 

g e n e r a l ,  however ,  t h e  r e s u l t s  in  F i g .  9 . 3 8  show a f a i r l y  h igh  d e g r e e  of  

c o n s i s t e n c y .  The i  l o c a t i o n  o f  t h e  f low  r e a t t a c h m e n t  shown i n  F i g .  9 .3 9  

i n d i c a t e  t h a t  t h e  r e s u l t s  o f  scheme one g e n e r a l l y  show a s m a l l e r  

s e p a r a t i o n  zone  t h a n  e i t h e r  shock f i t t i n g  scheme two o r  t h e  i m p l i c i t  

shock f i t t i n g  scheme t h r e e .

A compar i so n  o f  t h e  r e s u l t s  o f  t h e  t h r e e  schemes f o r  t h e  c a s e  w i t h  

t h e  lower  w a l l  n 0 eq u a l  t o  1 . 0  i s  shown in  F i g s .  9 . 4 0 a - 9 . 4 0 d .  From t h e  

Mach number c o n t o u r s  which a r e  shown, i t  can be seen t h a t  t h e  r e s u l t s

a r e  a l l  s i m i l a r .  The f i n e  g r i d  shock f i t t i n g  r e s u l t s  a r e  no t  as wel l

c onve rg ed  as t h e  c o a r s e  g r i d  r e s u l t s  s i n c e  bo th  runs were f o r  1000 

i t e r a t i o n s  and t h e  f i n e  g r i d  c a s e  would need p r o b a b l y  2000 i t e r a t i o n s  

(which would t a k e  8 t i m e s  as lo ng  s i n c e  t h e r e  a r e  rou gh ly  f o u r  t i m e s  as 

many p o i n t s  as  t h e  c o a r s e  g r i d )  t o  ge t  t o  t h e  same l e v e l  o f  c o n v e r g e n c e .

A s i m i l a r  compa r i so n  i s  shown in  F i g s .  9 . 4 1 - 9 . 4 1 d .  The Mach 

c o n t o u r s  produced  by scheme one a r e  ve ry  s i m i l a r  t o  t h o s e  produced  by 

scheme two a n d ,  in f a c t ,  i f  t h e  two p l o t s  a r e  o v e r l a i d ,  t h e  c o n t o u r s  a r e  

se en  t o  be n e a r l y  i d e n t i c a l  t h r o u g h o u t  t h e  f low  f i e l d  e x c e p t  c l o s e  t o  

t h e  s h oc k .  The f l u x  v e c t o r  s p l i t t i n g  Mach c o n t o u r s  show a s m a l l e r  s o n i c  

r e g i o n  bu t  o v e r a l l  a r e  s i m i l a r  t o  t h e  r e s u l t s  o f  schemes one and two.  A 

compar i s on  o f  t h e  Mach number m u l t i p l i e d  by t h e  s ig n  of  t h e  c o n t r a ­

v a r i e n t  U shows t h a t  t h e  jump t h r o u g h  t h e  shock i s  s i g n i f i c a n t l y  l e s s

w i t h  scheme t h r e e  t h a n  w i th  schemes one and two.
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The n e x t  s e t  o f  r e s u l t s  which a r e  shown i n  F i g s .  9 . 4 2 - 9 . 4 3  c o n p a r e

t h e  c o a r s e  g r i d  shock f i t t i n g  r e s u l t s  t o  t h e  f l u x  v e c t o r  s p l i t t i n g

r e s u l t s  f o r  t h e  c a s e  when n i s  0 . 2  which i s  t h e  most  s e v e r e  c a s e  whicho

was r u n .  The Mach, e n t r o p y ,  and s t r e a m  f u n c t i o n  p l o t s  f o r  t h e  shock 

f i t t i n g  r e s u l t s  a r e  shown in  F i g s .  9 . 4 2 a - 9 . 4 2 d  r e s p e c t i v e l y ,  and t h e  

same p l o t s  f o r  t h e  f l u x  v e c t o r  s p l i t t i n g  r e s u l t s  a r e  shown in  F i g s .

9 . 4 3 a - 9 . 4 3 d  r e s p e c t i v e l y .  A compa r i son  o f  t h e  Mach c o n t o u r s  show t h a t  

t h e  f l u x  v e c t o r  s p l i t t i n g  r e s u l t s  shows a s m a l l e r  s o n i c  r e g i o n  and t h a t ,  

in  g e n e r a l ,  t h e  c o n t o u r s  a r e  s m o o t h e r .  A com par i son  o f  t h e  e n t r o p y  

c o n t o u r s  shows t h a t  t h e  shock f i t t i n g  scheme i s  p a r t i c u l a r l y  good a t  

p r e s e r v i n g  t h e  c o r r e c t  e n t r o p y  jump th r o u g h  t h e  shock w i t h  z e ro  e n t r o p y  

in  t h e  f low which has no t  been p a s s e d  t h r o u g h  t h e  s h o c k .  The v o r t i c i t y  

c o n t o u r s  show t h a t  t h e  shock f i t t i n g  scheme r e s u l t s  i n  some v o r t i c i t y  

b e i n g  p r e s e n t  i n  t h e  f l o w f i e l d  above t h e  shock where i t  s h o u l d  no t  be 

and t h i s  i s  p o s s i b l y  due t o  l a c k  o f  g r i d  smooth ness  in  t h i s  r e g i o n .  The 

v o r t i c i t y  p l o t  F i g .  9 .43 d  shows h igh  g r a d i e n t s  o f  v o r t i c i t y  n e a r  t h e

lo wer  boundary  which may be due t o  some e r r o r  i n  t h e  way t h e s e  v a l u e s  

were  computed a l t h o u g h  t h i s  has been checked  and i s  f e l t  no t  t o  be t h e  

c a s e .  The com par i son  o f  t h e  Mach number a l o n g  t h e  lower  boun da ry  

m u l t i p l i e d  by t h e  c o n t r a v i a n t  U in  F i g s .  9 .4 2 b  and 9 .4 3 b  shows a g a i n

t h a t  t h e  f l u x  s p l i t  r e s u l t s  have  a s m a l l e r  jump in  M t h r o u g h  t h e  shock

t h a n  t h e  shock f i t t i n g  r e s u l t s .

9 . 2 . 2  Vis cous  R e s u l t s

The N a v i e r - S t o k e s  code  was run f o r  2000 i t e r a t i o n  a t  a Reynolds  

number o f  1 0 , 00 0  and t h e  r e s u l t s  a r e  shown in  F i g s .  9 . 4 4  and 9 . 4 5 .  The 

f l o w  was assumed t o  be l a m i n a r  and c a l c u l a t e d  w i t h o u t  t h e  t u r b u l e n c e
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( c )  E n t r o p y  C o n t o u r s

( d )  V o r t i c i t y  C o n t o u r s
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F i g .
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mo del .  In F i g .  9 . 4 4 a ,  t h e  Mach and p r e s s u r e  c o n t o u r s  a f t e r  1500 

i t e r a t i o n s  a r e  p r e s e n t e d .  The lo wer  w a l l  n Q i s  e q u a l  t o  1 . 0  and i t  can 

be s een  t h a t  t h e  f l o w  has s e p a r a t e d  downst ream o f  t h e  s t e p  w i t h  a t  l e a s t  

one  v o r t e x  p r e s e n t .  The r e s u l t s  a t  2000 i t e r a t i o n s  i n  F i g .  9 . 4 5  a l s o  

show t h e  f l ow  t o  be s e p a r a t e d  b u t  t h e  Mach and p r e s s u r e  c o n t o u r s  a r e  

d i f f e r e n t  from t h o s e  a t  1500 i t e r a t i o n s  i n d i c a t i n g  t h a t  t h e  f l ow  i s  

u n s t e a d y .  An e x a m i n a t i o n  o f  t h e  c o n v e r g e n c e  h i s t o r y  r e v e a l s  t h a t  a f t e r  

1500 i t e r a t i o n s ,  t h e  c o m p u t a t i o n s  do no t  c o n v e rg e  any f u r t h e r ,  which i s  

a f u r t h e r  i n d i c a t i o n  t h a t  t h e  f low i s  u n s t e a d y .  The v i s c o u s  r e s u l t s  a r e  

t h u s  v e r y  d i f f e r e n t  from t h e  i n v i s c i d  r e s u l t s  and show t h a t  t h e  i n v i s c i d  

s e p a r a t i o n  phenomenon i s  n o t  a good p r e d i c t o r  as  t o  when v i s c o u s  

s e p a r a t i o n  w i l l  o c c u r  and t h a t  v i s c o u s  c a l c u l a t i o n s  a r e  n e e d e d .

9 . 3  Problem Three

The p rob lem  o f  f low  p a s t  a c i r c u l a r  a r c  ( o c c a s i o n a l l y  r e f e r r e d  t o  

as " N i ' s  bump") was s o l v e d  u s i n g  t h e  shock  c a p t u r i n g  scheme 1 and t h e  

f l u x  v e c t o r  s p l i t t i n g  scheme 3 .  An e f f o r t  t o  do shock f i t t i n g  was made 

u s i n g  two d i f f e r e n t  a p p r o a c h e s  bu t  b o th  y i e l d e d  u n s a t i s f a c t o r y  r e s u l t s .  

The r e a s o n s  f o r  t h i s  a r e  d i s c u s s e d  in  t h i s  s e c t i o n  and a p o s s i b l e  

s o l u t i o n  i s  d e s c r i b e d .  The d i f f i c u l t i e s  a r e  t h e  r e s u l t  o f  t h e  f a c t  t h a t  

u n l i k e  t h e  p r e v i o u s  two c o n f i g u r a t i o n s ,  t h i s  c o n f i g u r a t i o n  has s h a r p  

s t a g n a t i o n  c o r n e r s  where  t h e  f low v e l o c i t y  goes t o  z e r o .  I t  i s ,  

t h e r e f o r e ,  d e s i r a b l e  t o  c l u s t e r  g r i d  p o i n t s  n e a r  t h e  c o r n e r s  in  o r d e r  t o  

c a p t u r e  t h e  h ig h  f l ow  f i e l d  g r a d i e n t s  t h a t  e x i s t  i n  t h e s e  r e g i o n s .  

S i n c e  t h e  shock f i t t i n g ,  which  was a t t e m p t e d ,  moves t h e  g r i d  as  t h e  

shock  moves,  s p e c i a l  a t t e n t i o n  must be g i v e n  t o  i n s u r e  t h a t  t h e  shock 

movement does  no t  move t h e  c l u s t e r e d  g r i d  away from t h e s e  c o r n e r s .
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F i g u r e s  9 .4 6 a  shows t h e  f i r s t  g r i d  which was used  t o  s o l v e  t h e  

problem u s i n g  scheme o n e .  The g r i d  was d e v e l o p e d  u s i n g  b i l i n e a r  

i n t e r p o l a t i o n  and t h e  e l l i p t i c  smoo th i ng  d e s c r i b e d  i n  Chap.  2 .  The g r i d  

a c h i e v e s  good c l u s t e r i n g  a t  t h e  s t a g n a t i o n  c o r n e r s  and o v e r  t h e  bump 

th r o u g h  t h e  t h i r d  o r d e r  po ly nomia l  d i s t r i b u t i o n  which was u s e d .  The 

no n d im e n s i o n a l  back p r e s s u r e  p / p 0 f o r  t h i s  c a s e  was 0 . 7 4 .  The scheme 

was run f o r  1000 i t e r a t i o n s  and t h e  r e s u l t i n g  Mach c o n t o u r s  a r e  shown in  

F i g .  9 . 4 6 b .  I t  can be see n  t h a t  t h e  f low  i s  t r a n s o n i c  w i t h  a shock 

p r e s e n t  o v e r  t h e  bump. U n f o r t u n a t e l y ,  t h e r e  a r e  some w i g g l e s  p r e s e n t  in  

t h e  f l ow  f i e l d  em an a t i n g  from t h e  c o r n e r s  which a r e  a p p a r e n t l y  due t o  

t h e  g r i d  c l u s t e r i n g  which l e a d s  t o  h i gh  g r a d i e n t s  i n  t h e  m e t r i c  t e r m s .

The w r i t e r  was n o t  a b l e  t o  do t h e  shock f i t t i n g  on t h i s  g r i d  s i n c e  

i t  was g e n e r a t e d  u s i n g  a l g e b r a i c  and e l l i p t i c  methods i n s t e a d  o f  

conf or ma l  mapping and scheme two r e l i e s  on t h e  e x i s t e n c e  o f  a conformal  

mapping t o  g e t  t h e  new t r a n s f o r m a t i o n  m e t r i c s  and x^ each  t i m e  t h e  

g r i d  was moved.  In p r i n c i p a l ,  i t  i s  p o s s i b l e  t o  do t h i s  by i n t e r p o l a t ­

in g  t h e  m e t r i c s  f rom t h e  o r i g i n a l  g r i d  ( s i n c e  t h e y  a r e  known) t o  t h e  new 

shock f i t t e d  g r i d  once t h e  shock p o s i t i o n  i s  known and t h e  w r i t e r  t r i e d  

t h i s  ap p ro a c h  b ut  i t  was n o t  s u c c e s s f u l .

The w r i t e r  t h e n  l e a r n e d  t h a t  a con fo rm al  t r a n s f o r m a t i o n  e x i s t s  f o r  

t h i s  c o n f i g u r a t i o n ,  t h e r e f o r e ,  i t  oug ht  t o  be p o s s i b l e  t o  us e  t h e  same 

shock  f i t t i n g  program on t h i s  c a s e .  The t r a n s f o r m a t i o n  was t h e n  used t o  

d e v e l o p  t h e  81x41 g r i d  shown in  F i g .  9 . 4 7 a ,  which can be seen  c l u s t e r s  

t h e  g r i d  p o i n t s  o v e r  t h e  bump bu t  n o t  in  t h e  c o r n e r s .  Scheme one was

t h e n  run f o r  2000 i t e r a t i o n s  on t h i s  c a s e  and t h e  r e s u l t i n g  Mach

c o n t o u r s  a r e  shown in  F i g .  9 . 4 7 b .  Although t h e  back  p r e s s u r e  i s  t h e

same as in t h e  p r e v i o u s  r u n ,  t h e  shock on t o p  o f  t h e  bump i s  much
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w e a k e r .  A p l o t  o f  t h e  Mach number a l o n g  t h e  lower  w a l l  i s  shown i n  F i g .  

9 . 4 7 c  and i t  can be se en  t h a t  t h e r e  i s  a f a i r l y  weak shock a t  a p p r o x i ­

m a t e l y  £ = 1 . 0 .  I t  i s  a l s o  e v i d e n t  t h a t  t r u e  s t a g n a t i o n  c o n d i t i o n s  a r e  

n o t  a c h i e v e d  a t  t h e  c o r n e r s  o f  t h e  bump as t h e y  s h o u l d  b e .  I t  was 

t h r o u g n t  t h a t  a h i g h e r  g r i d  r e s o l u t i o n  might  a l l e v i a t e  t h e s e  pr obl em s so 

t h e  w r i t e r  t h e n  ran  t h e  same c a s e  u s i n g  a 161x41 g r i d .  The r e s u l t i n g  

riach c o n t o u r s  a r e  shown i n  F i g .  9 . 4 8 a  and t h e  Mach number a l o n g  t h e  wa l l  

i s  shown in  F i g .  9 . 4 8 b .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  s o l u t i o n  

n e a r  t h e  lo we r  boun da ry  has  h igh g r a d i e n t s  i n  t h e  Mach numbers and t h a t  

t h e  v e l o c i t i e s  n e a r  t h e  lo w er  bounda ry  a r e  lower  t h a n  in  t h e  f l o w f i e l d  

j u s t  o f f  t h e  w a l l .  T h is  i s  b e l i e v e d  t o  be due t o  t h e  f a c t  t h a t  t h e r e  i s  

a d i s c o n t i n u i t y  i n  t h e  m e t r i c  te rm s  a t  t h e  c o r n e r s  wich r e s u l t s  from t h e  

way t h e  g r i d  h as  been g e n e r a t e d .

In o r d e r  t o  o b t a i n  a shock c a p t u r e d  s o l u t i o n  which migh t  f a c i l i t a t e  

shock  f i t t i n g  b e t t e r  t h a n  t h e  p r e v i o u s  c a s e ,  i t  was d e c i d e d  t o  move t h e  

u p p e r  bound ary  f u r t h e r  away and t o  i n c r e a s e  t h e  back p r e s s u r e  t o  a 

n o n d i m e n s i o n a l  p / p 0 o f  0 . 5 4 .  Scheme one was run on a 81x41 g r i d  and t h e  

r e s u l t i n g  Mach c o n t o u r s  a r e  shown in  F i g .  9 .4 9 a  and t h e  v o r t i c i t y  

c o n t o u r s  i n  F i g .  9 . 4 9 b .  The Mach c o n t o u r s  show a s t r o n g  shock on t h e  

le e w a rd  s i d e  o f  t h e  bump. The v o r t i c i t y  c o n t o u r s  in  F i g .  9 .4 9 b  show 

h ig h  v o r t i c i t y  a l o n g  t h e  shock and a l s o  a t  t h e  c o r n e r  on t h e  u p s t r e a m  

s i d e  o f  t h e  bump. The v o r t i c i t y  u p s t r e a m  o f  t h e  shock i s  no t  p h y s i c a l l y  

c o r r e c t  and i n d i c a t e s  a g a i n  t h a t  t h e  scheme does n o t  do we l l  in  such  

r e g i o n s .  The shock  f i t t i n g  scheme two was t r i e d  on t h i s  c a s e  b u t  w i t h  

l i t t l e  s u c c e s s .  The shock  would become u n s t a b l e  a f t e r  t h e  code had run 

f o r  l e s s  t h a n  100 i t e r a t i o n s  and t h e  code would e n c o u n t e r  e x e c u t i o n  

e r r o r s  and s t o p .
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The g r i d  was n e x t  r e f i n e d  t o  a 161x41 g r i d  and t h e  shock c a p t u r i n g  

scheme one t r i e d  a g a i n .  The r e s u l t i n g  Mach and e n t r o p y  c o n t o u r s  a r e  

shown in  F i g s .  9 . 5 0 a  and 9 .5 0 b  r e s p e c t i v e l y .  I t  was found  t h a t  r e f i n i n g

t h e  g r i d  a g a i n  r e s u l t e d  i n  a po or  s o l u t i o n  n e a r  t h e  l o w e r  bo undary  due

t o  t h e  d i c o n t i n u i t y  in  t h e  g r i d  m e t r i c s  a t  t h e  c o r n e r s .  The e n t r o p y  

c o n t o u r s  in  F i g .  9 .5 0 b  show t h a t  t h e r e  i s  an e n t r o p y  l a y e r  produc ed  

which  s t a r t s  a t  t h e  f r o n t  c o r n e r .  Th is  i s  an u n p h y s i c a l  r e s u l t  and t h e  

po o r  q u a l i t y  o f  t h e  s o l u t i o n  made i t  n o t  f e a s i b l e  t o  go on t o  t h e  shock 

f i t t i n g .

The f l u x  v e c t o r  s p l i t t i n g  scheme t h r e e  was run on t h e  81x41 g r i d

and t h e  r e s u l t i n g  Mach c o n t o u r s  a r e  shown i n  F i g .  9 . 5 1 .  The Mach

c o n t o u r s  a p p e a r  smooth and t h e r e  i s  no problem a t  t h e  b o u n d a r i e s .  The 

w r i t e r  f e e l s  t h a t  t h i s  i s  a much b e t t e r  s o l u t i o n  and a l t h o u g h  t h e  shock 

i s  no t  r e s o l v e d  as  w e l l  as  i t  m ight  b e ,  t h e  c a s e  u s i n g  shock f i t t i n g ;  

t h e  s o l u t i o n  was o b t a i n e d  w i t h o u t  any s p e c i a l  t r e a t m e n t  which would have 

been  n e c e s s a r y  t o  g e t  a shock f i t t e d  s o l u t i o n .

9 . 4  Problem Four

The g r i d  f o r  t h e  NACA 0012 a i r f o i l  was p ro duced  by t h e  e l l i p t i c  

p r o c e d u r e  d e s c r i b e d  i n  Chap.  2 .  The g r i d  c o v e r e d  o n l y  t h e  t o p  h a l f  o f  

t h e  a i r f o i l  and used 91x33 p o i n t s  i n  t h e  i  and n c o o r d i n a t e d  d i r e c t i o n s .  

The o u t e r  bo un da ry  was p l a c e d  t e n  c h o r d s  away f rom t h e  a i r f o i l  s u r f a c e  

and t h e  downst ream bou nd ary  was t e n  c h o r d s  l e n g t h s  away.  T he re  a r e  73 

p o i n t s  a l o n g  t h e  t o p  s u r f a c e  o f  t h e  a i r f o i l .  The g r i d  i s  shown i n  F ig .  

9 . 5 2  in  t h r e e  p e r s p e c t i v e s  r a n g i n g  from f a r  away t o  c l o s e  t o  t h e  l e a d i n g  

e d g e .  I t  can be s e e n  t h a t  t h e  r e s o l u t i o n  n e a r  t h e  l e a d i n g  and t r a i l i n g  

ed g es  i s  r e a s o n a b l y  d e n s e  and t h a t  t h e  o r t h o g o n a l i t y  o f  t h e  g r i d  a t  t h e  

a i r f o i l  s u r f a c e  i s  good .
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Scheme one was s p e c i a l l y  m o d i f i e d  t o  run t h i s  p a r t i c u l a r  c a s e  and 

t h e  f r e e s t r e a m  Mach number used  was 0 . 8 ,  as t h i s  i s  a good t r a n s o n i c  

t e s t  c a s e .  The scheme was a l l o w e d  t o  run f o r  3000 i t e r a t i o n s  which  

r e s u l t e d  a drop  in  t h e  r e s i d u a l  o f  a bout  2 . 5  o r d e r  o f  m a g n i t u d e .  The 

Mach c o n t o u r s  a r e  shwon i n  F i g .  9 . 5 3 .  Al though t h e  s o l u t i o n  may a p p e a r  

t o  be r e a s o n a b l e ,  t h e r e  a r e  a g a i n  k i n k s  in  t h e  c o n t o u r s  n e a r  t h e  

t r a i l i n g  edge  which may be due t o  l a c k  o f  g r i d  s m o o t h n e s s .  A l s o ,  t h e  

shock l o c a t i o n  and s t r e n g t h  a r e  no t  c o r r e c t .  S t e g e r  has  computed t h i s

c a s e  and g i v e s  t h e  shock l o c a t i o n  in  t e r m s  o f  x/L where  L i s  t h e  c ho rd

as  b e in g  0 . 6  and t h e  Mach number j u s t  b e f o r e  t h e  shock as 1 .  The 

r e s u l t s  which were computed u s i n g  scheme one show t h e  shock a t  0 . 7 3  o f  

t h e  cho rd  and t h e  Mach number as  1 . 4 0 5 .  The s o l u t i o n  i s ,  t h e r e f o r e ,  n o t  

c o r r e c t  and e i t h e r  shock f i t t i n g  o r  t h e  f l u x  v e c t o r  s p l i t t i n g  code  i s  

n e c e s s a r y  f o r  b e t t e r  r e s u l t s .

The w r i t e r  m o d i f i e d  scheme two t o  do t h i s  c a s e ,  bu t  i t  was no t  

s t a b l e  and t h e  g r i d  d e v e lo p e d  e x t r e m e  skewness  as a r e s u l t  use  o f  a 

f i f t h  o r d e r  po lyn om ia l  f u n c t i o n  t o  d i s t r i b u t e  t h e  g r i d  p o i n t s  w i t h  t h e

shock moving .  The w r i t e r  f e e l s  t h a t  a shock f i t t i n g  scheme which has

t h e  g r i d  s t a t i o n a r y  and s im ply  e x t r a p o l a t e s  t o  t h e  shock f rom t h e  f low 

f i e l d  would work much b e t t e r  t h a n  t h e  e x i s t i n g  shock f i t t i n g  scheme 

which a t t e m p t s  t o  a d a p t  t h e  g r i d  t o  t h e  moving s h o c k .  Such a scheme i s  

be in g  d e v e lo p e d  by t h e  w r i t e r  b u t  a t  t h e  t i m e  o f  t h i s  w r i t i n g ,  i t  has  

no t  y e t  been co m p le te d  o r  t e s t e d .
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C h a p te r  10 

CONCLUSIONS

T hi s  s t u d y  was o r i g i n a l l y  i n i t i a t e d  as an i n v e s t i g a t i o n  i n t o  t h e  

i n v i s c i d  s e p a r a t i o n  phenomenon.  S in ce  t h a t  t i m e ,  t h e r e  have  been 

s e v e r a l  s t u d i e s  on t h i s  t o p i c  p u b l i s h e d  and ,  as y e t ,  r e s e a c h e r s  do not  

seem t o  a g r e e  on t h e  s i g n i f i c a n c e  o f  t h e s e  i n v i s c i d  r e s u l t s .  The

q u e s t i o n s  c o n c e r n i n g  i n v i s c i d  s e p a r a t i o n  a p p e a r  t o  b e lo n g  t o  t h r e e  

s e p a r a t e  b u t  r e l a t e d  c a t e g o r i e s  which can be s t a t e d  a s :

1 .  When a r e  n u m e r i c a l l y  computed s o l u t i o n s  which e x h i b i t  f low

s e p a r a t i o n  v a l i d  s o l u t i o n s  t o  t h e  g o v e r n in g  e q u a t i o n s  and a r e  t h e y  

u n i q u e ?

2 .  In t h e  c a s e  o f  computed s o l u t i o n s  where c l o s e d  r e c i r c u l a t i o n  r e g i o n s  

a r e  p r e s e n t ,  what  i s  t h e  s o u r c e  o f  t h e  v o r t i c i t y  i n s i d e  t h e  e d d i e s ?

3 .  What i s  t h e  p h y s i c a l  r e l e v a n c e  of  an i n v i s c i d  s e p a r a t e d  f low  t o  t h e

v i s c o u s  c a s e ?

The f i r s t  q u e s t i o n  has  been i n v e s t i g a t e d  by v a r i o u s  r e s e a r c h e r s

e i t h e r  by g r i d  r e f i n e m e n t  p r o c e d u r e s  o r  by c a r e f u l  c o n t r o l  o f  p a r a m e t e r s  

such  as t h e  amount o f  a r t i f i c i a l  d i s s i p a t i o n  which i s  added t o  a scheme 

t o  p r o v i d e  s t a b i l i t y  [ 1 5 ,  17 ,  18,  20 ,  2 2 ] .  In g e n e r a l ,  i t  a p p e a r s  t h a t

w h i l e  i n  some c a s e s  t h e  computed i n v i s c i d  s o l u t i o n s  a r e  v a l i d  and

r e a s o n a b l e ,  i t  i s  a l s o  p o s s i b l e  t o  prod uce  i n v i s c i d  s e p a r a t i o n  i f

e x c e s s i v e  a r t i f i c i a l  d i s s i p a t i o n  i s  p r e s e n t  o r  i f  very  c o a r s e  g r i d s  a r e
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u s e d .  The q u e s t i o n  o f  u n i q u e n e s s  has no t  been a d e q u a t e l y  ex am in ed ,  

a l t h o u g h  i t  i s  known t h a t  i n  some c a s e s  nonu niq ue  s o l u t i o n s  t o  t h e  E u l e r  

e q u a t i o n s  do o c c u r .  S i n c e  num e r i c a l  s o l u t i o n s  a r e  by n a t u r e  a p p r o x i m a t e  

s o l u t i o n s  and t h e r e  e x i s t s  few r i g o r o u s  p r o o f s  t h a t  t h e  s o l u t i o n s  

o b t a i n e d  by any g iv en  num e r ic a l  method a r e  i n  f a c t  t h e  c o r r e c t  

a p p r o x i m a t i o n s  t o  t h e  problem ( i n c l u d i n g  boun da ry  c o n d i t i o n s )  be in g  

s o l v e d ,  i t  i s  p o s s i b l e  t h a t  t h i s  i s s u e  w i l l  n e v e r  be c o m p l e t e l y  

r e s o l v e d .

The re  does n o t ,  as  y e t ,  a p p e a r  t o  be any c l e a r  answer  t o  t h e  second 

q u e s t i o n .  The most  common e x p l a n a t i o n  f o r  t h e  p r e s e n c e  o f  v o r t i c i t y  i s  

t h a t  f lo w  t h r o u g h  curv ed  shock waves r e s u l t s  in  e n t r o p y  g r a d i e n t s  and 

t h u s  by C r o c c o ' s  t h e o r e m ,  v o r t i c i t y .  A l s o ,  s i n c e  i n  n e a r l y  a l l  c a s e s  

r e p o r t e d ,  t h e  i n v i s c i d  s e p a r a t e d  zone a r e  " c a p t u r e d "  d u r i n g  t h e  

i t e r a t i o n s  p r o c e d u r e  by t h e  n um er ic a l  a l g o r i t h m  and t h e  i n i t i a l  assumed 

f lo w  f i e l d  i s  f r e e  o f  such s e p a r a t e d  z o n e s ,  i t  can be a rg u e d  t h a t  t h e  

u n s t e a d y  t r a n s i e n t  f low l e a d s  t o  e n t r o p y  and v o r t i c i t y  in  t h e  p a r t  o f  

t h e  f low  f i e l d  t h a t  i s  e v e n t u a l l y  " p i n c h e d - o f f "  and t r a p p e d  i n s i d e  t h e  

e d d y .  I t  s h o u ld  a l s o  be n o te d  t h a t  w h i l e  in  t h e o r y ,  t h e r e  e x i s t s  a 

d i v i d i n g  s t r e a m  l i n e  be tween t h e  t r a p p e d  eddy and t h e  o u t s i d e  f low  f i e l d  

and once for m ed,  v o r t i c i t y  and e n t r o p y  c a n n o t  e n t e r  t h e  e d d y ,  in  a c t u a l  

nu m e r i c a l  c o m p u t a t i o n s  t h e  f lo w  i n s i d e  t h e  eddy i s  c o u p le d  t o  t h e  f low 

o u t s i d e  t h e  a r t i f i c i a l  v i s c o s i t y  and t h e  boundary  be tween  t h e  two zones  

(which i s  smeared)  may a l l o w  t h e  t o t a l  amount o f  e n t r o p y  and v o r t i c i t y  

i n s i d e  t h e  c h a n g e .

The t h i r d  q u e s t i o n  may be t h e  mos t  i m p o r t a n t  o f  a l l ,  s i n c e  u s u a l l y  

t h e  p u rp o s e  o f  d o in g  an i n v i s c i d  c o m p u t a t i o n  i s  t o  p r o v i d e  some i n s i g h t  

a s  t o  how an a c t u a l  v i s c o u s  f low would behave  w i t h o u t  t h e  e x p e n s e  of
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a c t u a l l y  do in g  v i s c o u s  c a l c u l a t i o n s .  S in ce  r e a l  f l u i d s  c o n t a i n  

v i s c o s i t y ,  t h e  f i r s t  two q u e s t i o n s ,  w h i l e  o f  t h e o r e t i c a l  i n t e r e s t ,  do 

no t  p e r t a i n  t o  t h e  n u m e r ic a l  s i m u l a t i o n  o f  v i s c o u s  f l o w s .

T h i s  i n v e s t i g a t i o n  had many d i f f e r e n t  a s p e c t s  t o  i t ,  b u t  t h e  

p r im a r y  e f f o r t  i n v o l v e d  an a t t e m p t  t o  s o l v e  t h e  t r a n s o n i c  f low p a s t  

v a r i o u s  tw o - d i m e n s i o n a l  c o n f i g u r a t i o n s  u s i n g  v a r i o u s  nu m er ic a l  

p r o c e d u r e s .  The f o u r  c o n f i g u r a t i o n s  which were  chosen  i n c l u d e d  a 

r e a r w a rd  f a c i n g  s t e p ,  a "bump" in  a c h a n n e l ,  a c i r c u l a r  a r c  a i r f o i l ,  and 

a NACA 0012 a i r f o i l .  For  t h e  f i r s t  two c o n f i g u r a t i o n s ,  t h e  p o s i t i o n  o f  

t h e  lower  boundary  was v a r i e d  t o  s tu d y  t h e  e f f e c t  o f  f low s e p a r a t i o n  a 

t h e  c u r v a t u r e  in  t h e  e x p a n s i o n  r e g i o n  i n c r e a s e d .  The l a s t  two 

c o n f i g u r a t i o n s  were used t o  d e t e r m i n e  how t h e  nu m er ic a l  schemes c ou ld  

h a n d l e  somewhat more c o m p l i c a t e d  g e o m e t r i e s .

The g r i d s  f o r  t h e s e  c o n f i g u r a t i o n s  were produced  u s i n g  e i t h e r  

confo rma l  mapping o r  a l g e b r a i c  and e l l i p t i c  p r o c e d u r e s .  The con forma l

mapping p r o c e d u r e  has  t h e  a d v a n t a g e  t h a t  i t  i s  f a s t  and s t r a i g h t f o r w a r d

and p ro d u c e s  g r i d  which a r e  p e r f e c t l y  o r t h o g o n a l  as wel l  as s a t i s f y  t h e  

Cauchy-Riemann e q u a t i o n s .  Also  when do ing  shock f i t t i n g ,  i t  i s

n e c e s s a r y  t o  recompute  t h e  m e t r i c  te rm s  each  t i m e  t h e  g r i d  i s  moved and 

t h i s  i s  done ve ry  e a s i l y  i f  t h e r e  e x i s t s  a s i m p le  t r a n s f o r m a t i o n  which 

can be u s e d .  The d i s a d v a n t a g e  i s  t h a t  a d i f f e r e n t  mapping must  be found  

f o r  each  c o n f i g u r a t i o n  which g r e a t l y  r e s t r i c t s  t h e  g e o m e t r i c a l  

v e r s a t i l i t y  of  t h e  me th od .  F i n a l l y ,  t h e  method can n o t  be e x t e n d e d  t o  

t h r e e - d i m e n s i o n a l  r e g i o n s  in  t h e  g e n e r a l  c a s e .  The a l g e b r a i c  and

e l l i p t i c  methods  were  used  f o r  t h e  l a s t  two problems and worked w e l l .
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The n u m e r i c a l  schemes which were  used i n c l u d e d  t h r e e  E u l e r  s o l v e r s  

and a N a v i e r - S t o k e s  s o l v e r .  The t h r e e  E u l e r  s o l v e r s  i n c l u d e d  an 

e x p l i c i t  Lambda scheme,  a shock f i t t i n g  v e r s i o n  o f  t h i s  scheme and a 

f l u x - v e c t o r  s p l i t t i n g  scheme.  The f i r s t  two schemes were  coded by t h e  

w r i t e r  and t h e  shock  f i t t i n g  v e r s i o n  i n c l u d e d  some f e a t u r e s  d e v e lo p e d  by 

t h e  w r i t e r  t o  e n a b l e  t h e  code t o  do imbedded shock f i t t i n g  f o r  t h e  

r e g i o n s  which  were  c o n s i d e r e d .  These  i n c l u d e d  t h e  u se  o f  po lyn omi a l  

f u n c t i o n s  t o  s m oo th ly  b l e n d  t h e  end o f  t h e  shock  t o  t h e  g r i d  l i n e  which 

e x t e n d e d  from t h e  end o f  t h e  shock t o  t h e  u p p e r  bounda ry  and t h e  use  o f  

l e a s t  s q u a r e s  f i t t i n g  t o  smooth t h e  shock a c c e l e r a t i o n ,  v e l o c i t y  and 

p o s i t i o n  as  i t  was b e i n g  computed in  o r d e r  t o  overcome s t a b i l i t y  

p ro b le m s which were  e n c o u n t e r e d .  Even s o ,  t h e  method was no t  s u c c e s s f u l  

i n  a l l  c a s e s .  The f i r s t  two schemes were  a l s o  v e c t o r i z e d  f o r  t h e  NASA 

L a n g le y  VPS 32 s u p e r c o m p u t e r  which g r e a t l y  i n c r e a s e s  t h e i r  e x e c u t i o n  

s p e e d .  The f l u x  v e c t o r  s p l i t t i n g  scheme proved  t o  be t h e  most  r o b u s t  

and was e a s y  t o  u s e .  G e n e r a l l y ,  t h e  c o n v e rg e n c e  r a t e  was a l s o  h i g h e r  

w i t h  t h i s  code  t h a n  w i t h  t h e  e x p l i c i t  schemes a l t h o u g h  s i n c e  i t  was no t  

v e c t o r i z e d ,  t h e  o v e r a l l  e x e c u t i o n  t i m e  t o  g e t  a co n v e rg ed  s o l u t i o n  was 

o f  t h e  same o r d e r  o f  m ag n i t u d e  as  t h e  e x p l i c i t  s ch em es .  The N a v i e r -  

S t o k e s  code  was a l s o  r o b u s t  and was v e c t o r i z e d  f o r  t h e  VPS 32.

The t h r e e  i n v i s c i d  schemes were run on c o n f i g u r a t i o n s  one and two 

u n d e r  a v a r i e t y  o f  c o n d i t i o n s  which were  i n t e n d e d  t o  examine  t h e  e f f e c t s  

o f  c h a n g i n g  t h e  p o s i t i o n  o f  t h e  lo we r  boun da ry  (on c o n f i g u r a t i o n  one t h e  

u p p e r  boundary  was a l s o  t e s t e d  in  t h r e e  p o s i t i o n s ) .  The N a v i e r - S t o k e s  

was run u n d e r  more l i m i t e d  s e t s  o f  c o n d i t i o n s  s i n c e  t h e  w r i t e r  f e l t  t h a t  

t h e  runs  which were  c o n d u c te d  were  s u f f i c i e n t  f o r  co m pa r i s on  p u r p o s e s .
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Schemes one and t h r e e  were  run on c o n f i g u r a t i o n  f o u r  and an a t t e m p t

was made t o  do t h e  shock f i t t i n g  on t h i s  c o n f i g u r a t i o n  bu t  t h i s  was

u n s u c c e s s f u l .  A new way t o  do t h e  shock f i t t i n g ,  which does  no t  move 

t h e  g r i d  w i t h  t h e  s h o c k ,  i s  c u r r e n t l y  b e i n g  d e v e l o p e d  b u t  i s  no t  

a v a i l a b l e  f o r  u s e  as  o f  t h i s  w r i t i n g .  This  method was n o t  f e l t  t o  be 

n e c e s s a r y  when t h i s  s t u d y  was i n i t i a t e d  and t h e r e f o r e  was no t  i n c l u d e d  

i n  t h e  p r o p o s a l  f o r  t h i s  r e s e a r c h .  Scheme one was run on t h e  NACA 0012 

c o n f i g u r a t i o n  f o u r ,  bu t  t h e  p o s i t i o n  and s t r e n g t h  o f  t h e  computed shock 

were n o t  c o r r e c t .  Shock f i t t i n g  has a l s o  been  t r i e d  on t h i s  c a s e  bu t  

a g a i n  was no t  s u c c e s s f u l .  However,  t h e  f l u x  v e c t o r  s p l i t t i n g  scheme has

been run on t h i s  c a s e  e x t e n s i v e l y  by von L a v a n te  and t h e  r e s u l t s  as

r e p o r t e d  by t h i s  scheme a g r e e  we l l  w i t h  o t h e r  r e p o r t e d  r e s u l t s .

The m a jo r  c o n c l u s i o n s ,  which t h e  w r i t e r  b e l i e v e s  can be made from

t h i s  i n v e s t i g a t i o n ,  a r e  summar ized be low .

1 .  Conformal  g r i d  g e n e r a t i o n  worked we l l  f o r  t h e  s i m p l e  two-

d i m e n s i o n a l  c o n f i g u r a t i o n s  which were  g e n e r a t e d  a s  t e s t  c a s e s .  I t  

i s  f a s t  and pro duced  p e r f e c t l y  o r t h o g o n a l  g r i d s .

2 .  For  c o n f i g u r a t i o n s  t h r e e  and f o u r ,  a l g e b r a i c  and e l l i p t i c  g r i d  

g e n e r a t i o n  was used  s u c c e s s f u l l y .  Th is  method has  t h e  a d v a n t a g e  

t h a t  a g r i d  can  be produced  f o r  v i r t u a l l y  any c o n f i g u r a t i o n .  The

a l g e b r a i c  method i s  f a i r l y  f a s t  bu t  must  be t u n e d  t o  g e t  good

r e s u l t s .  The e l l i p t i c  method w i l l  p r o d u ce  good o r t h o g o n a l i t y  a t  

t h e  b o u n d a r i e s  p r o v i d e d  t h e  s o u r c e  t e r m s  a r e  c a r e f u l l y

c o n t r o l l e d .  The e l l i p t i c  method r e q u i r e s  t h e  s o l u t i o n  o f  a co u p led  

s e t  o f  PDE's a n d ,  t h e r e f o r e ,  r e s u l t s  much more c om pu te r  t i m e  th a n

e i t h e r  t h e  a l g e b r a i c  o r  conformal  me th ods .
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3 .  The shock c a p t u r i n g  Lambda scheme i s  an a c c u r a t e  scheme which was 

ea sy  t o  code  and i s  ba sed  on c h a r a c t e r i s t i c  t h e o r y .  The scheme 

gave r e s u l t s  which were in  good q u a l i t a t i v e  ag reem en t  w i t h  t h e  

o t h e r  i n v i s c i d  schemes u s e d .  U n f o r t u n a t e l y ,  s i n c e  t h e  e q u a t i o n s  

a r e  s o l v e d  in  n o n c o n s e r v a t i v e  fo rm,  t h e  r e s u l t s  a t  shoc ks  were 

g e n e r a l l y  no t  c o r r e c t .  A l s o ,  t h e  scheme converged  very  s l ow ly  due 

t o  t h e  e x p l i c i t  CFL l i m i t a t i o n .

4 .  The shock f i t t i n g  scheme d eve lo pe d  by t h e  w r i t e r  overcame t h e  

d i s a d v a n t a g e  o f  t h e  p r e v i o u s  scheme by e x p l i c i t l y  s o l v i n g  t h e  

Ra nk in e -H u g o n io t  jump r e l a t i o n s  t h r o u g h  t h e  s h o c k .  An a d a p t i v e  

g r i d  which moved w i t h  t h e  shock was used t o  o b t a i n  a h igh  

r e s o l u t i o n  of  t h e  c o r r e c t  shock shape  and p o s i t i o n .  V e c t o r i z a t i o n  

o f  t h e  scheme was f a i r l y  s t r a i g h t f o r w a r d  and made t h e  c o m p u t a t i o n s  

f a i r l y  e f f i c i e n t  d e s p i t e  t h e  r e s t r i c t i v e  CFL l i m i t a t i o n .  The m a jo r  

d i s a d v a n t a g e  i s  t h a t  t h e  scheme ( a t  l e a s t  as  i t  was used  by t h e  

w r i t e r )  r e q u i r e s  a conformal  t r a n s f o r m a t i o n  t o  e x i s t  t o  e n a b l e  a 

r a p i d  e v a l u a t i o n  o f  t h e  m e t r i c  te rm s  which must  be u p d a te d  each 

t i m e  t h e  g r i d  i s  moved. For  g e n e r a l  c o n f i g u r a t i o n s  where  no such 

t r a n s f o r m a t i o n  e x i s t s ,  shock f i t t i n g  i s  s t i l l  p o s s i b l e  bu t  would be 

more d i f f i c u l t  t o  imple ment .

5 .  The f l u x  v e c t o r  s p l i t t i n g  scheme was a r o b u s t  code  and a c h i e v e d  t h e  

c o r r e c t  jump r e l a t i o n s  t h r o u g h  t h e  c a p t u r e d  shock s  w i t h o u t  t h e  use  

o f  f i t t i n g .  The scheme converged  f a s t e r  t h a n  t h e  e x p l i c i t  codes 

s i n c e  t h e  code  i s  i m p l i c i t  which a l lo w s  a much h i g h e r  CFL number t o  

be u se d .
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6 . Two c o n f i g u r a t i o n s ,  a r e a r w a rd  f a c i n g  s t e p  and a bump i n s i d e  a 

c h a n n e l ,  were  s t u d i e d  f o r  f low s e p a r a t i o n .  The i n v i s c i d  c a s e s  were 

run u s i n g  v a r i o u s  p o s i t i o n s  o f  t h e  low er  bounda ry  t o  compare when 

s e p a r a t i o n  o c c u r r e d .  I t  was found t h a t  when t h e  low er  b o u n d a r i e s  

were such  t h a t  t h e  channel  t r a n s i t i o n  were v e ry  g r a d u a l ,  no 

s e p a r a t i o n  o c c u r r e d .  However,  as  n 0 was b r o u g h t  c l o s e r  t o  z e r o ,  

f low s e p a r a t i o n  would e v e n t u a l l y  o c c u r  and i t  a p p e a r e d  t o  be 

r e l a t e d  t o  e n t r o p y  g r a d i e n t s  in  t h e  f low f i e l d  downstream o f  t h e  

shock which prod uc ed  v o r t i c i t y  i n  t h e  f l o w .

7 .  Gr id  r e f i n e m e n t  was done u s i n g  t h e  v e c t o r i z e d  s h o c k - f i t t i n g  scheme 

and t h e  r e s u l t s  d i d  no t  i n d i c a t e  t h a t  t h e  f low  was l e s s  l i k e l y  t o  

s e p a r a t e  t h a n  on t h e  c o a r s e  81x41 g r i d .

8 . As n 0 i s  r ed u ced  t o  z e r o  in  t h e  r e a r w a rd  f a c i n g  s t e p ,  i t  a p p e a r s  

form t h e  r e s u l t s  u s i n g  t h e  f l u x - v e c t o r  s p l i t t i n g  scheme t h a t  t h e  

shock a t  t h e  c o r n e r  in  t h e  i n v i s c i d  c a s e s  e v e n t u a l l y  i s  reduc ed  t o  

a n e g l i g i b l e  s i z e  and t h e  f low s imp ly  s e p a r a t e s  smoo th l y  from t h e  

c o r n e r  w i t h  a s i n g l e  r e c i r c u l a t i o n  ed dy .  Th is  i s  in  agr eeme nt  w i th  

p r e v i o u s  r e s u l t s  o b t a i n e d  by Jameson [ 6 1 ] .  Th is  was n o t ,  however,  

o b s e r v e d  w i t h  t h e  shock f i t t i n g  code  as i t  was n o t  p o s s i b l e  t o  g e t  

r e s u l t s  w i t h  lo we r  t h a n  0 . 4  s i n c e  t h e  r e s o l u t i o n  o f  t h e  sh ock-  

f i t t i n g  g r i d  was no t  a d e q u a t e  a t  t h e  c o r n e r .

9 .  The v i s c o u s  r e s u l t s  which were  o b t a i n e d  were  s i g n i f i c a n t l y  

d i f f e r e n t  from t h e  i n v i s c i d  r e s u l t s  in  t h a t  f low  s e p a r a t i o n  

o c c u r r e d  due t o  t h e  e f f e c t  o f  t h e  a d v e r s e  p r e s s u r e  g r a d i e n t s  on t h e  

bo undary  l a y e r  and t h e  f low was s t e a d y .  In t h e  i n v i s c i d  c a s e s ,  

s e p a r a t i o n  a p p e a r s  t o  be due t o  v o r t i c i t y  a t  t h e  w a l l  p rodu ced  by
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f low t h r o u g h  t h e  shock  (which  was no t  p r e s e n t  in  t h e  v i s c o u s  

c a s e s ) .  The v i s c o u s  r e s u l t s  g e n e r a l l y  showed an u n s t e a d y  s h e d d in g  

o f  v o r t i c i t i e s  f rom t h e  l e e s i d e  o f  t h e  c o r n e r  o r  t h e  bump w i t h  

m u l t i p l e  r e c i r c u l a t i o n  z o n e s ;  w h e r e a s ,  t h e  i n v i s c i d  r e s u l t s  showed 

no s e p a r a t i o n  f o r  t h e  same p o s i t i o n  o f  t h e  lo wer  b o u n d a r y .  When 

t h e  lo w er  bo undary  n 0 was r e d u c e d ,  a s i n g l e  r e c i r c u l a t i o n  zone  

formed i n  t h e  i n v i s c i d  c a s e s  which was s t e a d y  and was no t  sh e d .

10 .  Two a d d i t i o n a l  c o n f i g u r a t i o n s  were i n v e s t i g a t e d  w i t h  t h e  shock  

c a p t u r i n g  schemes and an a t t e m p t  was made t o  do shock f i t t i n g .  The 

f i r s t  was a s i m p l e  c i r c u l a r  a r c  a i r f o i l  and t h e  second was a NACA 

0012 a i r f o i l .  The shock f i t t i n g  scheme was a t t e m p t e d  on t h e  

c i r c u l a r  a i r  a i r f o i l  b u t  t h e  co n fo rm al  g r i d  which  was g e n e r a t e d  had 

a d i s c o n t i n u i t y  i n  t h e  m e t r i c  t e r m s  a t  t h e  c o r n e r  o f  t h e  a r c  w i t h  

t h e  l o w e r  b o u n d a r i e s  which r e s u l t e d  i n  t h e  p r o d u c t i o n  o f  an e n t r o p y  

l a y e r  e m a n a t i n g  from t h e  f r o n t  s t a g n a t i o n  c o r n e r  which made t h e  

shock f i t t i n g  Lambda scheme u n s t a b l e .  The f l u x  v e c t o r  s p l i t t i n g  

scheme was run s u c c e s s f u l l y  on t h i s  c o n f i g u r a t i o n .

11 .  The NACA 0012 c a s e  was run w i t h  t h e  shock c a p t u r i n g  scheme one b u t  

t h e  shock p o s i t i o n  and s t r e n g t h  were  nor  correct and shock f i t t i n g  

was t r i e d  b u t  so f a r  has n o t  been s u c c e s s f u l .  This  i s  due in  p a r t  

t o  t h e  need  t o  a d j u s t  t h e  g r i d  by a f i f t h  o r d e r  po ly nom ia l  t o  keep 

a d e q u a t e  r e s o l u t i o n  a t  t h e  l e a d i n g  and t r a i l i n g  e d g e s .  A d i f f e r e n t  

t y p e  o f  shock f i t t i n g  which ho ld s  t h e  g r i d  s t a t i o n a r y  w h i l e  t h e  

shock  i s  moved may be n e c e s s a r y  t o  a v o id  t h i s  p rob lem .
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