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PHYSICAL REVIEW B, VOLUME 63, 184435

Coherent-path model for nuclear resonant scattering of gamma radiation
from nuclei excited by synchrotron radiation

Gilbert R. Hoy! Jos Odeurd,and Romain Coussemént
Physics Department, Old Dominion University, Norfolk, Virginia 23529-0116
2Katholieke Universiteit Leuven, Instituut voor Kern-en Stralingsfysica, Celestijnenlaan 200 D,
B-3001 Leuven, Belgium
(Received 23 October 1996; published 24 April 2p01

Previous theoretical descriptions of nuclear resonant scattering of synchrotron radiation have been based on
the semiclassical optical model or on several quantum mechanical models. These models are fine but do not
give a clear physical picture of all the processes. The theory presented here gives a clear physical picture of all
the relevant aspects of nuclear resonant scattering. The model treats the nuclear resonant sample as a one-
dimensional chain of “effective” nuclei. However, the model is deceptive. It only appears to be one dimen-
sional. It actually treats the sample as a series of “effective” planes. The analysis uses the time-dependent
quantum mechanical techniques due to Heitler. A closed form solution, for the time-dependent forward-
scattered intensity, is found. The only parameter in the theoN/tlee number of “effective” nucleiplane$
in the model. It is shown that the prominent experimental features, the “speed-up” and “dynamical beat”
effects, are primarily due to @ phase change of reemitted radiation, compared to the incident radiation, that
occurs when radiation is absorbed and reemitted without recoil by a single “effective” nugkeus. The
model also predicts results for the incoherent processes.

DOI: 10.1103/PhysRevB.63.184435 PACS nunider76.80+y, 78.90:+t, 42.25.Bs

[. INTRODUCTION will be done in three dimensions first. These equations are
equivalent to the familiar multiple scattering equatidns.
Since 1985, when the first unambiguous observation of\rguments will be given to show why the analysis is per-
nuclear-resonant excitation of nuclei using synchrotrorformed assuming forward scattering. The problem of mul-
radiatiort was achieved, there has been significant progresiPle scattering does not, in general, give an easily interpret-
made in this field. A revieof this subject area contains a able analytic solution for the radiated intensity. It turns out

summary of early experimental results. as well as many re that an analytical expression for the forward-radiated inten-
y y exp ’ y sity can be found with our approach. This analytic solution is

erences to the original important papers in the field. _ found because a recursion relation exists between the ampli-
Theoretical studies of such nuclear-resonant scattering,des, in the frequency domain, for the absorption and emis-
have resulted in a series of papers. A classical opticadion of radiation. This leads to an exact calculation of all
model? as well as more fundamental models, has been deamplitudes. The Fourier transform of the amplitude for emis-
veloped. The fundamental approach presents the idea of saion of radiation gives the amplitude, in the time domain, for
delocalized excitation spread out over all resonant nuclei, theach frequency component. This permits the construction of
so-called nuclear “exciton.” This idea was introduced by the plane-wave packet, representing the forward-scattered ra-
Hannon and Tramméll” and by Kagan and Afanas'dy!!  diation, by weighting each plane-wave frequency component
Hannon and Trammell developed the dynamical theory oftccording to its calculated amplitude. From this result the
gamma-ray optics utilizing multiple scattering equations andntensity of radiation reaching a detector can be calculated

5 . _analytically. The solution of the problem is exact, in the
Gerdad” followed the approach by Hannon and Trammell in context of the model, and is expressed as a finite series. Each

their development of a computer progrdoNUss which oy in the series corresponds to particular “path” the radia-
permits the evaluation of time-differential spectra of nuclear+jon takes in reaching the detector. Each path corresponds to
resonant scattering of synchrotron radiation. The program definite number of multiple forward-scattering events. The
package can be used to interpret either Bragg or forwardumber of terms in the series, i.e., the number of paths, de-
scattering. In the work of Kagan and Afanas’ev the radiationpends orlN, the sample “thickness” in the model. The new
field in the crystal is described by the usual setaéassical) solution is quite different in character from all previous so-
Maxwell equationgan extension of the Laue theory of x-ray lutions, although it agrees with them quantitatively. Our ap-
scattering®. Solutions for the radiated intensity as a func- proach leads to a physical understanding of how the various
tion of time are obtained for scattering in the forward or in multiple scattering processes relate to the observed forward-
Bragg directions. radiated intensity.

In this paper nuclear-resonant scattering of synchrotron Our model can also treat incoherent processes. In any
radiation will be treated according to time-dependent quanmultiple scattering path one must consider the cases where a
tum mechanics in the frequency domain using Fourier transsequence of scattering events occurs without recoil, i.e., co-
formations. The first step in the analysis is to obtain the seherent events, but then terminates in a final scattering pro-
of coupled equations relating all possible amplitudes. Thicess that is incoherent. This last event in the path produces
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the detected “particle” which can be a gamma _ Vig

ray, emitted with recoil, or a conversion electron. Therefore (w—w+ie)A(w)=2 Ag(@) 2=+ din, (4)
the coherence of the first steps in the path will q

influence the observation of the incoherent intensity. Such

paths can be easily treated using the methods de\"BIODWnereV|q is the matrix element inducing a transition from

here. .
The details of the calculation are contained in Appendixeslt:terothﬂcztdatii tgf;g Itgwtzfr::]l . it;i:ﬁeoég ° . lzzdpgn’;‘il(%)'s

A and B. The principal result for the recoil-free case is given, . )

in Eq. (27). Quantum-beat effects are contained in EGE) to insure that all amplitudes,(t) are zero fort<0. The

and (31). Incoherent processes are described by E32) advantgge of the sgt of eqpatlons, E4) is that it is coupled_

and(33). Two examples of incoherent processes are treate€t Of linear, not differential, equations. In the next section

Processes with recoil are described by E@) and (35)  this general formalism will be applied to the study of the

and those involving the conversion-electron channel ardénteraction of synchrotron radiation with nuclei embedded in

also described by Eqgs(34) and (35 after a slight @ lattice.

modification.

II. MATHEMATICAL BACKGROUND Il ANALYSIS

. . . . . A. Fundamental equations
The general method used in this paper is discussed in q

Heitler!* Harris!® and Hoy'® Reference 16 treats the  As the initial condition we will take all absorber nuclei
radioactive-source case. The method applies time-dependeifit the lattice in the ground state and only synchrotron
quantum mechanics in the frequency domain to obtain a s¢@diation present. This state will be a linear superposition
of coupled equations. The Hamiltonian of the system is di-of states such aG,)®10,0......0,4,0,.....,®[{0x })®|[0]),
vided into two partsHy, is the part that describes the evolu- where |Gg) represents the state in which all nuclei in
tion of the nuclear states and the free radiation field in théhe lattice are in the ground statg0,}) represents the
absence of coupling between the nuclear states and the rabsence of photons other then those of the synchrotron
diation field. The eigenstates Bify correspond in this case to radiation (SR} and |[[0]) represents the state with no
nuclear states of an ensemble of nuclei, and the states of tlgenversion electrons|0,0......%,0,....) is the state of a
free radiation field are taken here as plane waves. Any exSR photon having wave vectdr. The polarization of the
cited nuclear state can be located at any one of the nucle@R photons has been omitted. It will be shown later how
positions in the mediumV denotes the part of the Hamil- the polarization can be included. The state vector of the
tonian responsible for inducing transitions between thecomplete system can be written as a linear combination
nuclear levels. of all possible states. To keep the analysis as simple as
The actual state of the system is then expressed as possible, absorption and emissions with recoil will be
omitted temporarily. It will become clear, later, how
processes with recoil can be incorporated into the model.

_ —i(E\tR Besides the initial state given above, the complete system
|\P(t)>_z| a(e”EM]ey(0)), @ can be found in a variety of other states, which will be
defined below.
where | ¢(0)) is an eigenstate ofi,. Solving the Schro The nucleus labeledn at positionr,, can be excited
dinger equation leads to a set of coupled differential equatwith some probability amplitudeto one of its excited
tions relating the expansion coefficiertgt). states|e},) with energy%w;, due to the SR pulse, while

all other nuclei remain in the ground state and no photons
q or conversion electrons are present. This state will be
in 93 (0= wg)t i denoted  [e})®|G(m))@[{0c})@[{0k })®|[0])  where
K dt =2 84D @i 0)|V]pg(0)) +i% 5 (1), |{0,}) stands for the absence of the SR phokonAnother
2 possible state is the one where all nuclei are in the
ground state with no conversion electrons present and only a
wherew, — wq=(E;—E)/%. non-SR-photon present. This state will be denol&g)

The Kronecker delta and the delta function are used t®|{0,})®|0,0,....,0,4:,0,....)®|[0]). The ensemble of these
insure that at timé¢=0 the system is the state whdren.  states forms a continuum because all possiemust, in
Next introducing the Fourier transform general, be considered. Finally one has the state with all

nuclei in the ground state, no photons and only a conversion
electron is present. This state is denotH8,)®[{0})
a(t)=— i fm dwA(w)el@ =, &) ®{0x })@[1pm). |15m) denotes the state of the conversion
27 | o electron(from nucleusm) having momentunp and energy
fiw,. The polarization of the conversion electron has been
Eq. (2) can be rewritten in the frequency domain. The resultomitted.
is The general state vector of the system is then

184435-2
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@ {0 ) @|1pm). )

The second series in E¢b) is the usual so-called exciton _ Vi

state mentioned above. The prime on the first summation  (w—wj+i&)Bpy;(w)=A>, Te'k'r"‘
. . k

symbol of Eq.(5) means that the sum dnis restricted by

the properties of the synchrotron-radiation source. The coef- Vi

ficients{ay(t),bm (t),C (t),dy m(t)} have to be determined +2 Cp(w) T'e'k fm

by solving the Schrdinger equation using time-dependent k'

guantum mechanics. This will give a system of coupled dif- VA

ferential equations, i.e., Eq2) specialized to this particular +> Dm,pfpe'(p'rmm), (7)

problem. The Hamiltonian of the system is the sunmHgf, P

describing the nuclei in the lattice and the radiation field

without any coupling, and/ which causes the transitions VE

between nuclear levels. Thistakes account of the absorp- (w—wk,—{-is)Ckr(w):E Bm,j(w) ﬂe—ik“rm, (8

tion of the SR photons by the nuclei as well as the emission m h

and absorption by the nuclei of non-SR-photons, i.e., mul-

tiple scattering processes. According to standard expressions V*

for emission and absorptihthe matrix element describing (w—wy+i8)D (@) =By i(0) e P Tmlt) (g

absorption of a photon with wave vectoby a nucleus at, P P m h '

contains the phase factet* 'm, while the remaining factor

will be denoteadV, ;. For emission at, one has the factors where, as already mentioned, ; corresponds to absorption

e Km andV’kij . andV’k"j corresponds to emission of a photon in jltle tran-

As already mentioned, the introduction of the Fouriersition, and a similar notation is used for the conversion elec-
transform of these coefficients yields a system of lineatron. Equation(9) represents the emission of a conversion
coupled equations. In the Fourier domain the amplitudes wilklectron by the nucleus locatedrat. In Eq.(7) the prime on
now be a function ofw [see Eq(4)]. At time t=0 the syn- the summation symbol representing the sumkonas been
chrotron radiation is present and all absorber nuclei are in themitted. This will be done for all subsequent summations on
ground state. We assign this condition an amplitdgéw) k.
=A, i.e., a constant, having the dimensions of seconds. The An understanding of the structure of these equations can
frequency dependence of the synchrotron radiation is takehe obtained by considering Eq4) and (8). In Eq. (7) we
as constant because the synchrotron radiation pulse is essé¢rave the amplitude for finding theth nucleus in itsjth
tially a delta function in time for the cases we treat héfe. excited stateB,,;. This can occur several ways. First there
digression on this point will be made at the end of Appendixcan be excitation of that nucleus by the SR pulse which is
B.) The amplitude corresponding to excitation of thth  accounted for by the first term on the right-hand side of Eq.
absorber nucleus located g, to one of its excited states (7). Second, excitation of that nucleus can occur due to ra-
fiw; and no photons or conversion electrons present igliation coming from deexcitation of one of the other reso-
Bm,j(w). At this stage of the analysis just one excited state isiant nuclei, the second term on the right-hand side. Finally,
considered. This means that quantum beats are not yet coaxcitation of that nucleus can occur by absorption of its own
sidered. It will become clear, later, how quantum beats caiconversion electron, the last term on the right-hand side. No-
be included in the model. Also we 1€, (w) correspond to tice the phase factors that must be introduced to specify the
the amplitude when all absorber nuclei are in the groundocation at which each of these processes occurs. Equation
state, there are no conversion electrons, and a non-SR-pul§® expresses the amplitude for finding a non-SR photon
photon is present. Finally we define the amplitualg () present,C,,. The term on the right-hand side of E()
as corresponding to the presence of a conversion electrazorresponds to having one of the resonant nuclei emit such a
from the mth nucleus, all absorber nuclei in their ground photon. Since each nucleus can do this we must sum over all
state and no photons are present. The coupled equations me@sonant nuclei. Again one must keep track of where that

lating these amplitudes can then be shown to be emission took place by introducing the appropriate phase
factor.
Solving for Dy, p(w) from Eq. (9) and substituting into
Al(w)=A, (6) Eq. (7) gives

184435-3
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K gik-rm

(w—wj—l-is)Bmyj(w):A;

Virio o
£ ol Wt i
k/

Vpl?
ﬁz(w wptie)’

+Bm,2

(10

By converting the sum op in the last term of the right-

hand side of Eq.(10) into an integral* and expressing
|Vpl2/1%(w— w,+ie) in terms of a principal part and a delta

function, one finds it equals

|Vpl?
Bm,ij hi(a)—wp—l—ie)
of [ 20
i2m h)3h2 wo—ap"

-V T
_Bmvi'<2wﬁ>§ﬁ7f”|vp|2p2

X 6(w—wp)dp d, (11

PHYSICAL REVIEW &3 184435

(w w1+|2ﬁ> Bm,j(®)

Vi -
=AY —ekmi > S By (o)
k ﬁ kK" m’

Vier 12 1
hZ

iK' (r="m’)
(a)—a)kr-f-is)e - (14
The second series of the right-hand side of Befl) can be
divided in two parts: one withm’#m and the other with
m’=m. Then Eq.(14) can be rewritten as

(a) w+|27h)B (o)

Vi ik
— ety (o)

:Ag

|Vk’ 1|

X B
% w— wk,-l—ls 2/ mE#:m m'’ J(w)
Ve 1 »

(rm=rm’)
hz (U_(Uk/+i8 € o (15)

Considering the second term on the right-hand side of Eq.
(15), the sum onk’ can be converted into an integral, as

done before. This results again in a principal value term and
a delta-function term. The principal value term corresponds

where P stands for the principal value of the integral. The again to a frequency shift when brought to the left-hand side.

presence of the volum¥ inherent in Eq.(11) and in the

The delta function term corresponds to the usual radiative

others, resulting from the conversion of a sum into an intewidth* y5, where
gral in three dimensions, is only apparent because the matrix

elements such d¥,|? contairt® 1/V.
When the expression in EL1) is taken to the left-hand

side of Eq.(10), the principal value term corresponds to a

shift in the frequency that can be incorporated inta The

Y _——V f f f Vi |?28(w— wy ) k' 2dk’ dQ
R (2 )3ﬁ | k’| ( k’) .

second term of Eq(11) gives a width due to the interaction Collecting terms on the left-hand side of EG5) using Eq.

of a nucleus with its conversion electron. This widgh is
defined by

2wV
V=Gt | | | VP apdp 0. a2

Rewriting Eqg.(10) gives

|k m

(w wJ+I ) Bm,j(w)= AE
> ckf(m%eik'*m
k/
(13

Solving Eq.(8) for Cy/(w) and substituting into Eq(13)
gives

(16) gives
r
(a) w]+|2h) Bm,j()

k’ et > D B (@)

k" m'#m

_AE

Vi 12 1

ik - (rm—rm)
—¢' ,
%2 w—wtle

17

where I' is the total width, equal to the sum of the
conversion-electron and radiative widths.

The SR photons have a well-defined direction of propa-
gation. We call this direction the axis. If one considers
scattering in directions other than forward, one must account
for the difference in the optical paths from all nuclei in the
sample. In perfect crystals one will have at least two “co-
herent” channels opérif the incident direction of the syn-
chrotron radiation beam relative to the crystal satisfies the
Bragg condition. In polycrystalline material emission in cer-
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tain preferential directions, similar to Debye-Scherrer patbeen establishédthat specific features, the “speed-up,”

terns in x-ray diffraction, may exist. “dynamical-beat,” and “quantum-beats” effects, occur in
Although nuclear-resonant Bragg scattering of SR fromforward scattering(These effects will be described belgw.

perfect crystals has been observed, the powder pattern peaksthe following we will give an argument that indicates why

from polycrystalline samples have not been observed. Thus €, (w) is particularly important for scattering in the forward

is clear that for polycrystalline material only the forward direction.

scattering exhibits significant special features. It has already Putting Eq.(17) into Eq. (8) gives

c 1 1
k’(w)_(w—wkr-}—is) r
W— W; +IE
V V: |Vk” | Ik” m rm,) . V*/ H
K K bitk=k) ) i —ik'.r,, K
A X T 2 2 B ()2 e no|o 19

This is the fundamental expression describing multiple scatehain of “effective” nuclei (or planes, see belgwWe say
tering in the frequency domain. The positions of all resonant‘effective” nuclei (plane$ because the assumption, that a
nuclei appear in this expression. The first double sum deene-dimensional chaifor stack of plangscan represent a
scribes the interaction of the nuclei with the SR, the seconéhree-dimensional solid, is an extreme one. In fact it is not at
double sum describes the interaction of nuclei with eachy| obvious that such a model would lead, as it Hase
other through emission and absorption of gamma radiatiorpe|ow), to calculated results that agree with experiment and
i.e., multiple scattering. _ _ with previous calculated results. The model is deceptive. In
The first series on the right-hand side of EEB) contains  f5¢¢ instead of thinking of a chain of effective nuclei, one
may think of a stack ofN effective planes. The reasons for
S,= >, elk=k)rm, (19)  this are given in the Conclusions section. The agreement
m with previous theories only becomes apparent when the ac-
For a perfect lattice this sum equals the total number otual numerical calculations are compared. This is because the
(resonant nuclei in the lattice whek—k’ is equal to a re- form of our final equations is completely different from those
ciprocal lattice vector or whek~k’. Whenk' is arbitrary  derived by others(A detailed humerical comparison of the
S, is zero!’ For a polycrystalline material reciprocal lattice coherent-path model with the other theories, for the radioac-
vectors cannot be defined. So one exp&ti be negligible tive source case, is found in Ref. 16.
in this case unlesk~k’. This means that one has scattering As has been mentioned, the direction of the incoming
primarily in the forward direction when using polycrystalline photons is taken as theaxis. Equation13) specialized for
samples. Similarly the second series on the right-hand side ehe forward direction gives
Eq. (18) contains

_ i(K"—K")-rpm
S % € ' (20 (a) wJ+I ) Bm,j(w)= AE e'kzm
Again we suppose th&, is small unlesk’~k”. An itera- Vv
tion technique can be applied to Ed8) with the aid of Egs. + 2 Crr() KT ik 2y
(13) and(17), showing thatC,,(w) is negligible except for f

the forward direction. In the next section the solution will be 21)
given for the scattering in the forward direction.

B. Scattering in the forward direction Equation(8) becomes

It might be expected that, when considering a real sample,
the multiple scattering path mathematical approach might be
possible by restricting the scattering to the forward direction. _ iK'z
However, Dr. Stan Ruby has, for several years, been working Cuw(w)= o—optie % Bm,j(w) — e m. (22
on such a calculation treating the whole three-dimensional
lattice. This approach has turned out to be extremely diffi-
cult. In our model the lattice is treated as a one-dimensionaSubstituting from Eq(22) into Eq. (21) gives

*

184435-5
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e synchrotron-excited nucleuplane, gets absorbed and re-
(w—wﬁ" Z_)Bm,j(w) emitted by only one other nucleyplane before reaching
the detector. For simplicity we say the radiation hopped on
Vii the other nucleugplane. [A hop corresponds to radiation
=A; T'Je'kZm“‘Z E B from one nucleugplane being absorbed and reemitted by
Kom another nucleugplane.] The weighting of this term, the
|Vk’,j|2 oz binomial coefficient, corresponds to the number of ways of
XTG moom m (23 selecting one object fromN—1) objects. Notice that each
“hop” gives a phase shift of 180fthe minus sign inside the
In Appendix A it is shown howB,, ;(w) can be found using square brackets of E¢24)] with respect to the no-hop pro-
an iteration procedure. Ond&, ;(w) is found,Cy,(w) can  cesses. Thus one-hop processes have amplitudes that are
be calculated from Eq(22). The Fourier transform of 180° out of phase with respect to the amplitude for no-hop
Cy (w) givescy (t) from which the photon’s wave packet processes. The two-hop processes have amplitudes that are in

can be constructed. This is also done in Appendix A. phase with the no-hop-process amplitudes. Each term in the
The wave packet describing the forward-scattered photosum corresponds to a particular hopping sequence, or path,
is given by Eq.(B15) from Appendix B: the gamma radiation takes in reaching the detector.
Vo v The counting rate at a detector corresponding to the wave
Yot =— L [2mc Vi, (wj) ooy T packet given by Eq(24) is
" c? Aw, h? , )
- I(z,t")=c|y;|°. (25
- _ ,yR n N t!n
X | N+ 2 —_— )— (249 Expressing the squares of the absolute value of the matrix
=\ 2R n+1/n!

elements of Eq(24) in terms of the radiative widthg [Eq.

In Eq. (24), z locates the position of the detectdr,=t  (A5) of Appendix Al, one finds
—z/c, L is the normalizing length which appears when the

sums on the discrete variables are transformed into integrals, o 777/5; It s Nt - ye\"[ N 7 2
andAw,, is the effective bandwidth of the SR puldewill H(zt)= 2ﬁ2Awpe N+ ngl 24 | \n+1)n1
disappear from the expressions describing physical pro- (26)

cesses, as will be shown later. Furthermgrabels the par-

ticular frequency emitted\ is the effective number of reso- Application of Eq.(26) to each physical situation requires
nant nuclei(planes in the model,yy is the radiative width of  that specific modifications be made to the equation. This will
the transition,I" is the total width and the factdd overn  be done in the next sections.

+ 1 is the binomial coefficient. We will show in Sec. IVA 1

below how to determiné\ for an actual sample. With the IV. DISCUSSION
approximations made in the calculation, the positions of the
effective resonant nucléplaneg do not appear in the solu- A. Coherent processes

tion. In what follows one may think of “effective” nuclei or
“effective” planes interchangeably. For each “path” to the
detector one simply needs to keep track of the number of Consider the case in which the nuclei have only one
180° phase shifts encounteré&ke below. excited-state level. This means that there is only one reso-
Equation(24) will now be investigated in detail. The fac- nant frequency and that, for the moment, quantum beats are
tors in front of the exponential represent a product of twonot considered. If one is considering a recoil-free process,
transition matrix elements; namely, the matrix element forthen yg in Eq. (26) must be multiplied by the recoil-free
excitation of a nucleus by the synchrotron radiativf, ;, fraction f. Again each term in the sum, contained in the
and the matrix element for emission of radiation by an ex-Square brackets of E¢26), corresponds to a particular hop-
cited nucleus,V* (w;). The first term inside the brackets PiNg sequence or “path” the radiation takes to reach the
corresponds to the “path” where one nucleus absorbs radigdétector. If we consider only the recoil-free processes, i.e.,
tion and reemits radiation directly to the detector. Since therd1® Massbauer effect in which radiation is absorbed and re-

are assumed to be an effective number of nugkines, N emitted by the nuclei without recoil, it is impossible to de-
participating in the medium, this process occhrsimes as termine which path was taken for each count recorded in the

shown in Eq.(24). The second term in the square brackets,dete‘?tor- Therefore each path of this recoil-free type must be
involving the summation, corresponds to the situation inconsidered as coherent Wlth all other paths. So we must sum
which synchrotron radiation excites one nucléplane and ~ OVer all paths before squaring to obtain the result. The result
then the subsequently emitted radiation is absorbed and ré& then

emitted several times by other nuc{planes until a particu-

lar nucleus(plang radiates to the detector. These are mul- , mf2yi s
tiple scattering processes. To be specific, consider the first (2:1)= ZﬁZ—Awpe
term in the summation. This is the= 1 term. It corresponds

to the path in which the radiation, emitted from the (27)

1. Speedup and dynamical beats

N—-1 2
~fyr ( N )t’”
N+§1( 2% ) n+1/nr
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There are several parameters in E2y); the recoil-free frac- 10

tion (f), the radiative width {g), and the effective number '
of resonant nuclefplanes)in the sampléN). This numbeilN 0.9 4
is associated with the thickness of the resonant medium since
it is related to the length of the one-dimensional chain of 0.8 -
effective nuclei, or alternatively the number of stacked effec-
tive planes.N is the only unspecified parameter in the ex- 0.7 7
pression for the intensity. When E7) or similar expres- g 0.6 |
sions, such as Eq31), (33), and(35) (see below), are used 2
for fitting data,N is the only free parameter. Two methods T 05 -
can be used to determine the value df The empirical £
method, for determining\, is to perform an experiment us- § 0.4 7
ing a sample of a certain thickness. It is then a simple matter < 03 )
to determine the valuBl that fits the data. The theory scales '
linearly with thickness, s&l can then be determined for any 0.2 i
sample thickness of the same material. The theoretical
method for determiningN for a specific sample is based on 0.1 =
the comparison of the results of this coherent-path model .
with those from the semi-classical optical model. It has been 00 5 6
found® that for the coherent forward scattering, the 0.004
. . . B T

coherent-path model and the semi-classical optical model
give identical results even though the equations themselves 2

. ! . . : @ 0.003 s
are quite different. Noting this observation, one can deter- g
mine the relationship betwee\ in the coherent-path model, E
and g in the semiclassical optical model. To do this we con-  § 0.002 )
sider the thin absorber limit. In the semiclassical optical &
model, when the source and absorber are in resonance, this & %901 - \ — 1
amounts to expanding thd, Bessel function. In the \ / S>>,
coherent-path model the thin “absorber” limit is necessarily 0.000 ; " s n " s

set by puttingN=1. Comparing the results gives time (in natural Ifetime units)

_ Br > FIG. 1. The time-dependent forward scattering intensity for
N= 2fygr’ (28) three different values of the sample thickness, i.e., effective number
of resonant nucleN=5 (solid line), 20 (shorter dashed line), and
where the actual thickness paramegeis equal toNyf opd. 45 (longer dashed line), is shown. Time is measured in units of the
HereN, is the number of resonant nuclei/&nﬁis the recoil- natural lifetime. Notice the “speedup” effect and, in the lower

free fraction,o is the maximum cross section evaluated onportion of the figure, the “dynamical beat.” The intensity for each
resonance, and is the thickness of the sample. Due to the €ase is normalized to 1 at time=0.
nature of the modelN necessarily takes on integer values
only. However, the value of the right-hand side of the Eg.effect has been termed “dynamical beating.To see this
(28)is normally not an integer. Thus, one chooses the closestore clearly the lower portion of Fig. 1 shows the results on
integer value foN. It is important to observe that it is only an expanded scale. In principle, as the sample becomes even
the new solution that allows a clear physical explanation othicker, more local maxima appear in the time-dependent
the most prominent features of the nuclear-resonant forwardatensity curve. These results agree with those found earlier,
scattering process. both theoretically* and experimentally®?° The advantage
Using Eq.(27) model calculations are presented in Fig. 1 of our approach is that it gives insights into the origin of
for the case of’Fe. The calculations have been normalizedspeedup and dynamical beating effects.
to one at timet’ =0. [Actually the value of the forward scat- In order to understand the cause of these effects consider
tered intensity att’=0 is proportional to the thickness the contributions to the final result from the various coherent
squared K?).] The results in Fig. 1 show the effect of in- “paths.” Figure 2 shows fouamplituded[i.e., termsinside
creasing the thickness of the resonant medium. Notice ththe absolute value portion of E(R6) multiplied, for conve-
experimentally observed “speedup” effect where the inten-nience, by the exponential functibriThese four processes
sity radiated in the forward direction decays faster then onare, the non-hop processgke solid line), the one-hop pro-
would expect according to the lifetime of an isolated cessedthe shorter dashed line), the two-hop procegtes
nucleus. This effective lifetiméof the exciton in other theo- longer dashed line), and the three-hop proceébesdashed-
ries) decreases as the sample thickness increases. In fadpt line) for an effective number of nucldplanes)N=45.
when the sample reaches a certain thickness the decay curMetice, as mentioned above, that the one-hop-process ampli-
exhibits a local maximum at a time greater than z€fdis  tude is 180° out of phase with the amplitude for the no-hop
effect has also already been observed experimentdllyis  processes. This is the main cause of the speedup effect. No-
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FIG. 2. The amplitudes of the no-hogolid line), one-hop >
(shorter dashed line), two-hgfonger dashed line), and the three- § 0.002 |- .
hop (dashed-dot lineprocesses are shown as a function of time in £
natural lifetime units. The amplitude axis shows the relative impor- 0.001 4
tance of each contribution. The case shown is for an effective num-
ber of nucleiN=45. 0.000 ) | |
0 1 2 3 4

time (in natural lifetime units)
tice that when adding the one-hop to the no-hop amplitude
the resulting curve goes toward zero faster than the no-hop FIG. 3. Calculated results for the iron foil case when the mag-
exponential itself. Furthermore, for a sufficiently thick netic field is in the direction of the synchrotron-radiation beam.
sample the two-hop amplitude at later times is larger in magLineS 1 and 4 have the same polarization. Lines 3 and 6 also have
nitude than the one-hop amplitude. This effect leads to théhe same polarization but different from that of lines 1 and 4. In the
local maximum seen in Fig. 1 at timé approximately equal absence of an electric field g.radient at fifee nuplei there is only
to 37 (7 is the natural lifetimeland hence roughly accounts °ne beat pattern corresponding to a beat pe_nod of about 14 nsec.
for the phenomenon of dynamical beats. Of course one mug’gﬂesg _results are for the case V\_/hen the eff_ectlve number of resonant
use the total expression, summing over all amplitudes, tduclei isN=45. The lower portlpn of the figure .shows,. on an ex-
obtain the precise result. Both speedup and dynamical beagnded scale, the rather complicated structure in detail.
effects have their origin in destructive and constructive inter- . 2122021 o
ference between the amplitudes of the different cohererforward-scattering intensity: 2% Of course polarization
scattering paths. The even-numbered scattering paths give®h the incident synchrotron radiation, as well as the
positive contribution to the forward scattering amp”tude,polanzatlon of the emitted radiation must be considered.

while the odd-numbered scattering paths give a negativej corresponds to the amplitude for emitting radiation
contribution. at frequencyw;. Thus, if two or more transitions emit

In principle, it should be possible to apply the radiation in recoil-free processes at different frequencies

coherent-path model to Bragg scattering. However, g'2ving the same polarization, these amplitudes must
difficulty arises when one considers the paths than need 8¢ @dded due to their coherence before the intensity is
be summed over. For the Bragg case, the number of patﬁ‘salculated. This leads to the well-known phenomena of
over which the summation must be made becomes ver§lu@ntum beats. _

large. An analytical method needs to be developed to over- The counting rate at the detector assuming that all paths
come this difficulty. are coherent is given by

2
: (29)

2. Quantum beats and polarization effects
I(z,t')=cC

> Wizt

I

To treat quantum beats we need to consider situations in
which the nuclei emit radiation from recoil-free transitions at
two or more frequencies that have the same polarizationvhere the sum overis taken for those transitions that pro-
Under such conditions these frequencies will interfereduce radiation having the same polarization. Introducing the
producing quantum beats in the time-dependentvave packet of Eq(24) into Eq.(29) gives
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v o , emitted radiation is composed of only right and left
(zt')= 525 — >, feriejidrat circularly polarized components also. If one labels the
LA transitions from 1 to 6 according to their increasing
N-1 —fiyR|" N | t" 2 frequenciQSwi(i=1—§), t.hen line 1 e}nd line 4 will have
X | N+ n§=:1< % n+1)ﬁ , (30 one polarization while line 3 and line 6 will have the

other. Assuming no electric-field gradient at the sites of
where anf; has been inserted to account for the specificthe */Fe nuclei, the difference in each pair of frequencies
transition probability. is the same. Thus there will be only one beat frequency

In order to be specific, consider the synchrotron radiatiorcorresponding to about 14 nsec appearing in the
interacting with an iron foil which is polarized so that time-dependent intensity spectrum. As mentioned above,
the internal magnetic field is in the same direction asone needs to incorporate the transition probability for
the synchrotron beam. The synchrotron radiation iseach transition considered. In this case it is well known
almost completely linearly polarized in the plane of thethat lines 1 and 6 have relative intensities of 0.75 and lines
synchrotron ring. This polarization can be expressed iB and 4 have relative intensities of 0.25. The resulting
terms of a superposition of right and left circularly time-dependent forward scattering intensity is then given by
polarized states. For the case under discussion thEg.(31) specialized for this case

2 N—1 \n/_qyn N—-1 sins_ 4yn|2
I(t")= _TYR g_fefi(wlfi(r/m))tr E ( N ) 3fyrt"\"(—1) N ie*i(w4*i(rl2ﬁ))t’ 2 ( N ) fyat’\"(—1)
ZﬁzAwp 8 i=o \n+1 8% n! 8 “,\n+1/ 8a ni

(31)

Figure 3 gives an example of the quantum-beat effect. In Fignucleus quantum beats in the incoherent scattering of SR
3 the result is calculated for the case wiNs 45. This result  whena-iron was excited far from the resonance energy, thus
agrees precisely with that obtained usfhthe classical op- accompanied by phonon creation or annihilation. These
tical model. The time dependence of the forward-scatteredingle-nucleus quantum beats are well known from time-
intensity is complicated here because of the combination ofiependent perturbed angular correlation measurements. The
effects due to quantum bedtse factorse™'(“1~“4'in Eq.  temperature dependence of nuclear recoil and of the density
(31)] and to speedup and dynamical bedte sum oven,  of phonon states in iron has also been studiednother
which reflects the multiple scattering, as has been discussgfcoherent channel that can be studied is the delayed emis-
in the previous section sion of conversion electrons that follows the excitation. This
has been done by the Argonne t&im the case of an iron

B. Incoherent processes foil. Several other references deal with incoherent scattering
(see Refs. 29-31 A two-wave diffraction theory exist$
that deals with inelastic coherent scattering of SR in perfect

The coherent-path model can also be used to study incarystals
herent processes. In general, when using polycrystalline mat- We will now discuss how the present approach can be
ter, we could term an incoherent process as any process thased to study such incoherent processes. Recall that in the
produces radiation that does not travel in the forward direcmodel there is a chain & effective nuclei or, equivalently a
tion. However, a fraction of the incoherent radiation may gostack ofN effective planes. In Ref. 12 Sturhahn and Gerdau
forward and produce a background for the coherent forwardemploy the “trick” of cutting up the crystal into thin plate-
scattered radiation. Thus, it is useful to know this back-lets in order to calculate their final results. The number of
ground even when radiation in the forward direction has tahin platelets does not appear in their solution. It is only the
be analyzed. resonant thickness of the sample that appears in the result. In
Several experiments have been performed that deal withur case the effectivd platelets arise naturally as part of the

the incoherent scattering of SR itself. The Brookhavenmodel itself and the factoN is the only parameter in our
group’? has studied the time evolution of coherent and inco-inal result. Thus, for these incoherent processes we consider
herent scattering of SR from ¥Fe foil. The phonon spec- that the actual sample can be modeled to consist pfanes
trum of a-iron”® and of a-iron and other iron compountfs located at the positions of tHéeffective nuclei. Suppose we
has been obtained by the observation of nuclear-resonafitcus our attention on the nucleus labeledn the model.
fluorescence versus the energy of incident SR. The phonohhis is the nucleus, located at,, i.e., located at theath
density of states can be deduced from these measuremenpane, which is assumed to emit the incoherent radiation.
Analogous studies have been performed on other irofhis incoherent radiation could be due to, among other pos-
compound$® The same authof$ have observed single- sibilities, internal conversion. The conversion electrons can

1. General remarks
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be detected directly, or indirectly using the resulting x rays.emit radiation and, in the process, recoil. This radiation is
Another source of incoherent radiation is emission with re-now off resonance and will not be resonantly absorbed even
coil. The analysis of this recoil process merits some extraf the radiation must pass through additional material in go-
attention.(The analysis of processes with recoil will be doneing to the detector. Now this nucleus, or plane, is located at
in the next section. z,. The problem now is to consider all coherent paths that
It will be shown below that the intensity of the radiation lead to excitation of that nucleuplane. The intensity of
corresponding to incoherent processes has a complicatedich a process that results in a final emission with recoil
time structure. First one has to consider the intensity correfrom thenth nucleus(plane (recall that the “final” nucleus
sponding to incoherent radiation coming from thé plane  in a “path” radiates radiation directly to the detectas
in the “sample.” The total incoherent intensity will then be given by the modification of E32). In order to obtain the
the sum of the individual intensities from each plane. This isdesired expression one simply needs to include all indistin-
S0 because, in this case, there is no interference between thaishable paths that lead to the excitation of ithie nucleus
incoherent radiation coming from each effective plane. How-{plane in the sample. This nucleus is then assumed to recoil
ever, in order to calculate the intensity coming from tite  as it emits radiation to the detector. For such a process one
plane, one has to consider all coherent paths that lead to thes the intensity

excitation of the effective nucleus that represents titat )

plane. The intensity that results from a final incoherent emis- .. TYR (T
sion from thenth plane is then given by a modification of la-1)n(t)= zﬁzAwp(l_f )fe
Eq. (26). One has the intensity from theth nucleus(plane
n—-1 v m 2
as n—1 fygt 1
x| 2 | i - (34
n-1 2 m=o \ M 2h m!
N e (T E n—1 _fth' m 1
line,n(t") = Cince 2| m 54 | mil - It is of course possible for all nucléplanes in our sample to

(32) do similarly. With the discussion at the beginning of this

section, it is obvious that the intensities of radiation due to

Here the constar€,; depends on the nature of the incoher- each nucleugplane can be added together to obtain the final
ent process. The total time-dependent intensity due to apecoil-process result. The time-dependent intensity due to

incoherent process is then given by processes with recoil is then given by
N N
inc tota t ):n§=:1 Line,n(t"). (33 I(lff)'mtal(t/):nzl a—fyn(t"). (35

In the following, processes with recoil and conversion-

. - ) . Notice, however, that in our discussion electronic absorption
electron processes will be discussed in more detail.

has been neglected. Depending on the specific sample and
placement of the detector relative to the sample it is possible
that the radiation from theth nucleus(plane is attenuated
The recoil of a nucleus emitting radiation can be ex-more or less than the radiation from theh nucleus(plane
pressed in terms of the normal modes of the lattice, i.e., inlue to electronic absorption.
terms of phonon creation. The vibrational states are nonlo- For forward-scattering measurements the total result from
calized, so the decay with recoil is spatially coherent. How-this recoil process must be added to the intensity from the
ever, because of the quasicontinuum of phonon states, therecoil-free processes, since radiation from the recoil pro-
is no coherent enhancement to these decay modes. In prioesses may also reach the detector. However, this contribu-
ciple there are quantum beats between processes with atidn should be small because the incoherent radiation goes
without recoil. In practical experience however, these beatito all 47 steradians. On the other hand, for radiation in the
are not observed because the interference terms, giving risenforward direction, this contribution should be dominant
to beats, vanish. This is due to the fact that the beat frequeria the time-delayed portion of the spectrum. Figure 4 shows
cies form a quasi-continuum which implies that, when aver-calculated examples of the temporal shape due to the inco-
aging, the interference terms will disappear. Even when ainerent processes alone, neglecting electronic absorption. We
isolated phonon frequency is excited due to re¢@iyy., due have considered three samples of differing thicknesses. They
to the recoil of an oversized impurity in a lattjcéhe quan-  correspond to thicknesses represented by an effective num-
tum beats between processes with and without recoil canndfer of planegnucle): N=5, 20, and 45. It is of interest to
be observed. This is due to the extremely high beat frenote that in the data analysis of the time evolution of inco-
quency in this case. The present experimental techniques derent nuclear scattering by Bergmaenal?? using the
not allow for a sufficient time resolution. semiclassical optical model, they were forced to consider the
If we denote the recoil fraction as (1f ), it is possible to  contributions resulting from dividing their sample into
express the recoil processes in the following way. First weplanes. The final fit to the data was made by assuming that
consider each effective nucle@slang in our sample sepa- the spectrum consisted of only two components. The two
rately. Again we focus our attention on theth plane components they choose were; an averaged speedup compo-
(nucleus in our sample: this is the plan@ucleus that will nent, and a component having the normal lifetime. In our

2. Processes with recoil
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1.0

contribute significantly, thus modifying the shape of the

time-dependent intensity from that shown in Fig. 4. This

surface-plane effect is familiar from ordinary conversion-

electron Mssbauer spectroscopy. The time-dependent elec-
tron emission from®Fe nuclei has been observed by

Sturhahret al?® Such experimental results can be compared
with this model’s predictions, but close collaboration is again

required in order to be aware of the needed experimental
details.

0.8

0.6

0.4 V. CONCLUSIONS

normalized intensity

One may very well ask how is it that this apparently
“one-dimensional” model gives results that are in such good
agreement with experiment and previous theory. In fact the
model is not really a one-dimensional theory, as noted above.
This can be seen as follows. Recall that the resonant gamma
radiation is treated as a plane wave, and the phase shift of the
forward-scattered radiation due to a single effective nucleus

time (in natural lfetime units ) is 7. In x-ray diffractior’® it is well known that a single
resonant scattering gives72 phase shift and a further/2

FIG. 4. The time-dependent intensity, due to the processes thahase shift arises when a summation is made over the whole
happen with recoilincoherent processesare shown. The calcu- plane of resonant scatterers. This result is also noted in Ref.
lated curves are for “samples” of three different thicknesfds  34. Notice that the model gives suchmaphase shift, when
One sample hadi=45 (the solid line), another hal=20 (the  scattering off a single “effective” nucleus, as seen by the
shorter dashed line), and the last INes 5 (the longer dashed line minus Sign in Eq'(26) Thus the theory more appropriate|y
Each of the curves has been normalized to one at timeD. See Corresponds to a nuclear resonant Sample representw by
the text for a discussion of these calculations. “effective” parallel planes or slices. This realization helps

. explain why the model works so well.
model the spectrum would consist bf components. Each The model gives a microscopic picture of nuclear-

component has its own speedup contribution ranging from @sonant forward scattering of synchrotron radiation from

no speedup component, due to the sample plane farthest ups)ycrystalline matter containing resonant nuclei. A closed-
stream, to a maximum speedup component resulting from thg, .y sojution is obtained consisting of finite series. The

plane farthest down-stream. The general trend of the experyymper of terms in the solution depends on the “thickness”
mental dat® appears to agree with the new model. Figure 4&

- k "(N) of the sample. Each term in the solution corresponds to a
shows some expected results for the time-dependent intensi attering sequence or path the radiation takes in reaching

due to the incoherent channel, i.e., detection of radiationhe detector. The resulting equations are easy to use and the
from recoil events. However, a deta|l_ed analysis of_ the dat‘i‘uecessary calculations are quite simple to perform.
is needed to see if the new model gives a better fit. Such a e model gives a clear physical explanation of both the
detalled_a_maly5|s requires knowledge of the exact experimenspeedup and dynamical-beat effects that have already been
tal conditions. observed experimentally. These effects arise naturally as a
consequence of summing over the interfering amplitudes
corresponding to each possible path the radiation takes on
The conversion electron or the resulting x rays can begetting to the detector. In order to simplify the language we
detected, as a function of time after the synchrotron radiatiosay that when the radiation from one nuclépkne)is ab-
pulse, in addition to the processes already discussed. Frosorbed and reradiated by another nucléulane), the radia-
the coherent-path model the resulting time-dependent intertion “hops” on that other nucleugplane). The origin of the
sity can be calculated rather easily. In fact the shape of thepeedup effect is primarily due to the 180° phase shift of the
time-dependent intensity will be similar to that of the recoil- “one-hop” amplitude as compared to the “no-hop” ampli-
process time-dependent intensity. One difference is due ttude. In the one-hop process SR radiation that has been reso-
the difference between the radiative width and thenantly absorbed by one nucle(gane)is then absorbed and
conversion-electron width. Moreover, the conversion elecreemitted, in a recoil-free fashion, by another nuclgiane)
trons, or perhaps the resulting rather low-energy x rays, cabefore the radiation reaches the detector. The “no-hop” pro-
not travel very far in the material. For these cases it is quitecess corresponds to the case when the SR radiation has sim-
important to consider the fact that the contributions fromply been resonantly absorbed and re-emitted to the detector
each “nucleus” in the “sample” may be strongly attenuated by the same nucleuglane). The resulting negative sign in
depending on the distance the conversion electron or x rathe one-hop contribution leads to a subtraction from the or-
must travel in the material before reaching the detector. Indinary exponential temporal decay, due to radiation from a
the case of conversion-electron detection only the nuclesingle decaying nucleugplane), and hence leads to the
close to the surface of the sample nearest to the detector wdpeedup effect early in the decay. Similarly, radiation that

0.2

0.0

3. Conversion-electron processes
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thick this two-hop amplitude is larger in magnitude than the\NetenschappeIijk Onderzoek Vlaanderen.
one-hop amplitude, at later times, and hence leads to the

observed dynamical beats. Of course all multihop coherent
paths must be summed over to obtain the final result. The APPENDIX A
amplitudes corresponding to the odd-numbered scattering |n this appendix it will be shown hovB,, ;(w) can be
paths, i.e., odd numbered “hops,” are 180° out of phase witheg|culated starting from Eq23) !
the amplitudes corresponding to the even-numbered scatter-
ing paths. This phenomenon is responsible for the complex y
beat pattern observed for very thick samples. (w—ijri 2—°) Bm,j(®)

The model also shows why the speedup effect is more
pronounced using a radioactive sodfcéhen when using Kj % J.|2
synchrotron radiation as the source. For the synchrotron- =A; T’elkzm—l—z Z Bm',jh—é
radiation case there is a term in the calculation in which Kom’
nuclei (planes radiate directly to the detector at their normal "
decay rate thus weighting the normal decay rate significantly. X € (Zm=Zp)
There is no such term in the radioactive-source case.

Various incoherent processes can also be analyzed usinthe last term in Eq(A1) can be divided into two parts; one
this model. Such processes include those in which the nuclgiith m’ #m, and the othem’=m. Then
recoil when emitting radiation or emit conversion electrons
instead of a gamma ray. Radiation produced, when a reso-  Ye
nant nucleus emits radiation and in the process recoils, may (w—wj+l 2—) Bm,j(®)
be recorded in the detector. This contribution should be rela-

(A1)

w—wtie’

tively small, in the forward direction, since this radiation is |Vk,,j|2 Vk'je“‘zm
emitted into the whole # solid angle, and hence can be =Bumj(0)> oo tie) ; —
observed most effectively by looking in nonforward direc- k
tions. |Vk,’j|zeik’(zm—zm,)
The understanding of the behavior of the scattered inten- +§ % B j(w) " 0w tie) " (A2)
m m

sity in a nonforward direction is important because several
experiments have already been performed to study these ig-ongjgering the first term on the right-hand side, the sum
coherent processes, as noted_above. F_urthermore_ itisto Bear k' can be converted to an integral using the
expected that additional experiments will be done in the fu'prescriptioﬁ“
ture.

It appears that this new model, because of its simplicity, 5 .
can be utilized in the future to treat other more complicated _772 — | dK (A3)
cases. A theoretical treatmé&hof the diffusion problem has L —
already been given using the semiclassical optical model. In
addition, time domain experimental restiti the presence WwherelL is a normalizing length which appears when sums
of diffusion have been obtained. Furthermore, single-nucleusn the discrete variable’ are transformed into integrals in
quantum beat§ excited by synchrotron radiation have also one dimension.
been observed. For these experiments it is crucial that the Again using the symbolic identit§ we have
collective coherent state is not produced in the scatterer. This
condition was established by detecting radiation at 90° from 1
the forward direction and setting the incident energy 20 meV —=P iTé(w—we),  (Ad)

. ; w—wtle w— Wy

above the nuclear-resonant energy. This experiment has
shown that it may be possible to simultaneously investigat
coherent and incoherent scattering, and in the process s
out the absorption and emission processes occurring wit

and W'.thOUt recql. Thus there are many Interesting and ing alue term corresponds to a frequency shift when brought to
forma.tlve experiments that can be done with the_advent %he left-hand side. This will be neglected. The delta function
the third generation synchrotrons when the beam-line expert, m corresponds to a radiative widjh, where
mental stations include low temperature facilities as well as

the ability to apply various external fields. The theoretical

model presented here should prove useful in understanding = Vi ()2 (A5)
such future experiments. YR™gc VK '

SvhereP represents the principal part of the involved integral,
He first series of EqA2) can be calculated. This results in a
rincipal value term and a delta function term. The principal
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As in three dimensions, the presenceloh this and in the where Aw,, is the effective band-width of the synchrotron
following expressions is only apparent, because the matrixadiation pulsek, is the central wave number in the fre-
elements such ab/k,,,-|2 contain 1L. Collecting terms on quency range of interest, and noting tNat; is not a strong

the left-hand side gives function of k. Substituting into Eq(A6) and applying Jor-
dan’s lemma to the integral resulting from the sum okéer
( i F) (@) gives
w— U)J m,j w
2h N r
> Vkl + X s Vi (|26’ m=zm) 0= 0t 55 | Bmi(w)
=A B i ' —
m’#m m’,j " h(w—w+ie) LAA“’kao’i .
=-=—_— 04m
(A6) 2mch €
where T' is the total width equal to the sum of the
conversion-electron and radiative widths. The sum dyén |Vk, i(@)]? 2 By j(w)e'(@/0)Zm=2m),
the first term on the right-hand side, can be converted into an m’<m
integral and evaluated. The result is (A8)

wherez,,>0 andz,,>z,, .

ikz, .
A Vk,-e m L A“’p ko] eikoZm, (A7) Equation (A8) is a_rgcursion relation relating the
. “2r ¢ & Bmj(w)’s. Itis not too difficult to show that
- eikozm =
ooz
W— Wit =
B (w) LAAw, Vig.i 2k
mi YT T me 4 - ' m-1-n’ '
™ +2 WR 1 2 (m 1-n )eikozmrei(a)/c)(zm—zmr)
&4 r n+ln’:1 n—-1
w—wj-i-lﬁ

(A9)
where the factorii—1—n") over (n—1) is the binomial coefficient angiz has been inserted into the equation.

APPENDIX B

In Appendix B the outgoing wave packet is calculated. From(28), Cy/(w) can be expressed in termsBf, ;(w), and
when the value 0B, ;(w) from Eq. (A9) is inserted, the following expression is obtained:

ooy FAR @ Vig.iVir j & oK'z
kr((l))_ 2mC ﬁ2 = (w—wk/+ig)
™ eikozm )
T
) 1 : (B1)
—i | |
+r121 ( ‘}/R) n+1 2 ( )e'kOZm’e|(w/C)(Zm—zm/)
: ("’ @ +'ﬁ) ) |

Next one needs to take the Fourier transfornCf(w), conveniently defined helfsee Eq(3)] as

ck,z—ir dwCy (w)e' @k =@t (B2)
2’77' —

The only pole in these integrals that contributes to the final answer is the arne @t —ie. The other poles of EdB1) give

a zero contribution in the resulting plane-wave packet describing the outgoing radiatio(B4) below]. This is a conse-
guence of the situation in which the detector is positionezhahich is beyond the positions of all the nuclei located at the
Z,'s. Using this observation, one can obtaip ,
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= e i (Zn/c)gikozm -

*
. . LAAw, Vig.iVi | '2h
k' = T &T 2 m—1 . i m-—n
2mC At @1 —iyg|" e tew(@lo) m—1-n
iKoZm' @i (0k’ 1€)(Zm=2Zm1)
+nZl< 27 ) T n+1n,21< n-1 e"om’'g! m~ Zm
Wyr — (,()J+| Zﬁ

(B3)

The next step in the calculation is to construct the resultwhere t—(z—z,)/c=t—z/c and the approximations used
ing plane-wave packet that describes the radiation emitted bybove also apply. The total result is
the nuclei according to the form

NI * . *
_ wypr(zc— —/ V. iV i
\I’j(z,t)— 5o f_wdwk’el k' (zlc t)Ck’ . (B4) \I}J.(Z,t’): LLAAw Ko (wj)efi(wjfi(FIZh))’['

n N t/n
(n+1)ﬁ’

Equation(B3) for c,, shows that there are two contributions
that need to be evaluated. They are

-3

(B9)

e iy (Zm /c)ei KoZm

LAAw, Vko " Vi |

Ckrl—_27T| 2 o~ T
wp —wj+i oo o7 wheret’ =t—z/c.
This can be transformed further, using a simple model for
(BS  the synchrotron radiation pulse. For a constant va#{jav)
and =A one has
LAAw, Vi, Vi ,
Ch 2= = 2@ —— = a(t)=iAs(t)e . (B10)
N m-1 —iy e~ @k (Zm/0)
x> > ( R) TR The sy_nchrotron pulse has a certain finite frequency width,
m=1 n=1 (w — i _) approximately equal to the inverse of the duration of the
S T pulse, 5(t) can be approximated bjw, in the interval
m—n 1—p’ [—1/2A wp,1/2A wp]. Elsewhere the function is assumed to
xS (m;_;n )eikoznrei(wkr 16)(Zm~2n1) be zero. Then
n=1

(B6)

The result forc, 4 is found by substituting its value from Eq.
(B5) into Eq. (B4)

a(t) =iAA e’ K (B11)

for t close to zero. For other timeg(t) =0.

— \/[LAA wp Vko,jV* (wj) The normalization of the SR state foclose to zero gives
Wqi(z,t)= 2 72
X Ne~iwj—it2n)(t=zc) (B7) Ko+ A2
ik ez , - > |ak|2=L " adk=1. (B12)
where e'koZmx e 19jZm/®)  essentially gives 1, and n 27 Jk—an

e 'z/2i9 <1 The result forc,, is found from Eqs(B6)

and(B7)

\/_ Ve V* (o) Substituting Eq(B11) into Eq. (B12) gives after integration

—VLLAAw, Vkg.i ;i

Vy(zt)=——a 72
% @~ (wj=i(T/2h)(t~2lc) L|A|2Aw2A=l. (B13)
2 p
Z n

N-1, (t— —)

xS (ﬂ ( N ) c @8 With A=Aw/c one has, ifA is taken as reawhich is not
i\ 2 n+1 n essentigl
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A 2mc 1 (614
LAwp Awp”
Putting Eq.(B14) into Eq.(B9) gives finally
L [2mc Vi, iV (@) o ) " =k “( N ) t'n
(7t )=— — —i(wj—i(T/2)t v
Vi(zt) == \/Awp e ' N+ ngl 57| lna1)mrl- (B15)

As already has been mentioned before, the presentcesobnly apparent becauS&(O,jV*(wJ) contains 1. Equation(B15)
corresponds to Eq24) of the main text.
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