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ABSTRACT

A n um er ica l  s i m u l a t i o n  o f  v o r t e x  breakdown u s i n g  th e  t i m e - d e p e n d e n t  

N a v i e r - S t o k e s  e q u a t i o n s  was pe r fo r m e d .  U n l i k e  p r e v i o u s  s t u d i e s ,  the  

n um e r ic a l  a l g o r i t h m ,  f o r m u l a t e d  in  terms o f  th e  v e l o c i t y  and v o r t i c i t y ,  

was n o t  r e s t r i c t e d  t o  a x i s y m m e t r i c  f l o w s .  P r o t o t y p e  v o r t i c e s  were  

p a r a m e t e r i z e d  in  terms o f  t h e i r  Reynolds  number and Rossby number.  Two 

c a s e s  were  s t u d i e d  e x t e n s i v e l y .  In one c a s e ,  a v o r t e x  was imbedded in a 

u ni fo rm  f r e e  s t r e a m .  In t h e  o t h e r  c a s e ,  th e  a x i a l  v e l o c i t y  o f  th e  f r e e  

s t r e a m  was d e c e l e r a t e d  i n  th e  s t r e a m w i s e  d i r e c t i o n .  For bo th  c a s e s  

breakdown o c c u r r e d  when t h e  Rossby number was be low  a c r i t i c a l  v a l u e .  

V o r t e x  l i n e s ,  p a r t i c l e  t r a c e s  and v e l o c i t y  v e c t o r  p r o j e c t i o n s  o f  the  

r e s u l t i n g  s o l u t i o n s  have been d e v e l o p e d .  Contour  p l o t s  o f  v o r t i c i t y ,  

v e l o c i t y  and p r e s s u r e  a r e  p r e s e n t e d ,  and t h e  s t r e a m w i s e  v a r i a t i o n  o f  the  

r a t e s  o f  change  o f  e n e r g y  and e n s t r o p h y  were  e x a m in e d .  The 

c o m p u t a t i o n a l  r e s u l t s  have  been compared w i t h  o b s e r v a t i o n s ,  in  terms o f  

f l o w  s t r u c t u r e s  and v o r t e x  breakdown.  P r e v i o u s  n u m e r ic a l  i n v e s t i g a t i o n s  

have  a l s o  been d i s c u s s e d .
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6^ c e n t r a l  d i f f e r e n c e  t ime o p e r a t o r

(Ax,Ay,Az)  d i s c r e t i z a t i o n  i n t e r v a l s

e s t r e t c h i n g  parameter f o r  g r i d  i n  y  and z d i r e c t i o n s

( £ , £ , £ )  t r a n s f o r m e d  v o r t i c i t y  in  ( x , y , z )  sy s t em  o f  c o o r d i n a t e s ,x

x ’ y ’ z

r e s p e c t i v e l y

(0 x , 0 y , 0 2 ) d e f i n e d  a s  r'e s Pe c v e l y

( X  , X  , K  ) d e f i n e d  a s  ( A t / A x , A t / A y , A t / A z ) , r e s p e c t i v e l yA y

( p x ,p y ,P z ) s p a t i a l  a v e r a g i n g  o p e r a t o r s

t im e  a v e r a g e  o p e r a t o r  

v k i n e m a t i c  v i s c o s i t y

p d e n s i t y

a  s t r e t c h i n g  parameter  f o r  g r i d  in  x d i r e c t i o n

t d e f i n e d  a s  t  , i ,  -  t
n+ -72 n

■z '  d e f i n e d  a s  t n+1 -  \ + l / z

(^,4>.C) v a r i a b l e s  r e l a t e d  to t h e  g r a d i e n t  o f  v o r t i c i t y

X a s c a l a r  q u a n t i t y  used in  t h e  H e lm h o lt z  p r o j e c t i o n

(to ,aj , to ) v o r t i c i t y  components in  ( x , y , z )  s y s t e m  o f  c o o r d i n a t e s
r e s p e c t i v e l y  

r a t e  o f  r o t a t i o n  taken in  t h e  l i m i t  a s  r->o

I X
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Chapter 1

INTRODUCTION

V o r t i c e s  and v o r t i c a l  m ot io ns  have p l a y e d  an i m p o r t a n t  r o l e  in  t h e  

d e v e lo p m e n t  o f  t h e o r e t i c a l  f l u i d  m e c h a n i c s .  For  i n s t a n c e ,  the  H e l m h o l t z  

Theorems o f  V o r t i c i t y  and g e n e r a l i z a t i o n s  by K e l v i n ,  Crocco and o t h e r s  

e s t a b l i s h e d  f l o w  p r o p e r t i e s  i n v o l v i n g  the  k i n e m a t i c s  o f  v o r t e x  l i n e s  and  

t h e  dynamics o f  v o r t i c i t y .  The th e o r y  o f  l i f t i n g  s u r f a c e s ,  d e v e l o p e d  by 

P r a n d t l ,  Kutta and J o u k o w s k i ,  i s  based on t h e  c o n c e p t  o f  a bound  

v o r t e x .  R e c e n t l y ,  t h e  r e c o g n i t i o n  o f  l a r g e  s c a l e  c o h e r e n t  v o r t i c a l  

s t r u c t u r e s  in  t u r b u l e n t  f l o w s  has r e s u l t e d  i n  renewed i n t e r e s t  in t h e  

s t u d y  o f  v o r t i c e s .

Al th ou gh no g e n e r a l  d e f i n i t i o n  o f  a v o r t e x  e x i s t s ,  i t  can be  

t h o u g h t  o f  a s  a c o l l e c t i o n  o f  f l u i d  p a r t i c l e s  r o t a t i n g  around a common 

a x i s .  M a t h e m a t i c a l l y ,  v o r t i c i t y  i s  d e f i n e d  a s  t h e  c u r l  o f  t h e  v e l o c i t y  

v e c t o r  and i s  e q u i v a l e n t  to  t w i c e  the  a n g u l a r  v e l o c i t y  o f  a f l u i d  

p a r t i c l e .  In a d d i t i o n ,  i t  i s  n o t  n e c e s s a r y  f o r  a v o r t i c i t y  f i e l d  t o  

r e p r e s e n t  a v o r t e x ,  an example  b e in g  a p a r a l l e l  s h e a r  f l o w .

The most  common d e v e lo p m e n t  o f  a v o r t e x  o c c u r s  when a boundary  

l a y e r  s e p a r a t e s  from a s u r f a c e  and r o l l s  up i n t o  a wake v o r t e x .  T i p  

v o r t i c e s  f a l l  i n t o  t h i s  c l a s s .  Tip  v o r t i c e s  a r e  g e n e r a t e d  when a f l u i d  

f l o w s  a g a i n s t  a f i n i t e  p l a t e  or sharp edged body a t  a nonzero  a n g l e  o f  

a t t a c k .  Th ese  v o r t i c e s  a r e  o f t e n  h i g h l y  s t a b l e  s t r u c t u r e s  and a r e  

c h a r a c t e r i z e d  by a s t r o n g  a x i a l  f l o w .  Other  e x a m p le s  o f  v o r t i c e s  w i t h
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an a x i a l  v e l o c i t y  component i n c l u d e  t o r n a d o s  and w a t e r s p o u t s ,  i n t a k e  

v o r t i c e s  and s w i r l i n g  f l o w s  in p i p e s  and t u b e s .

The p r e s e n c e  o f  t i p  v o r t i c e s  i n  t h e  wake o f  l a r g e  a i r c r a f t  

c o n s t i t u t e  a ha za rd  i n  a r e a s  o f  d e n s e  a i r  t r a f f i c .  Thes e  v o r t i c e s  can  

c a u s e  s e v e r e  r o l l i n g  o f  s m a l l e r  a i r c r a f t  t h a t  e n t e r  them. They a r e  

d i s s i p a t e d  e i t h e r  by v i s c o u s  d i s s i p a t i o n ,  a s i n u s o i d a l  ty p e  i n s t a b i l i t y  

o r ,  i n f r e q u e n t l y ,  by a c o r e  b u r s t i n g  mechanism.

L ea d in g  e d g e  v o r t i c e s  shed from a d e l t a  wing in d u ce  a v e l o c i t y  

f i e l d  t h a t  r e s u l t s  i n  i n c r e a s e d  l i f t  and s t a b i l i t y  o f  th e  wing  [ 1 ] .  

However,  under  c e r t a i n  c o n d i t i o n s  r e l a t e d  t o  t h e  a n g l e  o f  a t t a c k  o f  t h e  

w i n g ,  t h e s e  v o r t i c e s  can undergo a sudden and d r a s t i c  change  i n  

s t r u c t u r e  known a s  v o r t e x  breakdown. T h i s  breakdown can a l t e r  s e v e r e l y  

the  ae ro d y n a m ic  c h a r a c t e r i s t i c s  o f  the  w i n g .

S w i r l i n g  f l o w s  have been used t o  s t a b i l i z e  h igh i n t e n s i t y  

co mbu st io n  p r o c e s s e s  [ 2 ] .  Here a r e c i r c u l a t i o n  zone a c t s  t o  s t a b i l i z e  

com b u st io n  by r e c i r c u l a t i n g  hot  g a s e s  to  t h e  r o o t  o f  the  f l a m e .  In

a d d i t i o n ,  c o m b u s t i o n  l e n g t h s  a r e  re d u c e d  due to the  h igh l e v e l s  o f

e n t r a i n m e n t  i n d u c e d  by the  r e c i r c u l a t i o n  z o n e .

The a b i l i t y  to  c o n t r o l  t h e s e  v o r t i c a l  s t r u c t u r e s  i s  an i m p o r t a n t  

and a c t i v e  ar e a  o f  r e s e a r c h .  For e x a m p le ,  i t  i s  d e s i r a b l e  t o  d e l a y  t h e  

breakdown p r o c e s s  o v e r  a d e l t a  wing and a c c e l e r a t e  the  p r o c e s s  i n

r e g a r d s  to  t r a i l i n g  wing t i p  v o r t i c e s .  In combu st io n  a p p l i c a t i o n s ,  t h e  

i n t e r n a l  s t r u c t u r e  o f  the  r e c i r c u l a t i o n  (breakdown)  r e g i o n  i s  o f  

c r i t i c a l  i m p o r t a n c e .  U n f o r t u n a t e l y ,  a c o m p r e h e n s iv e  t h e o r y  t o  d e s c r i b e  

the  breakdown p r o c e s s  and the p a r a m e t e r s  a f f e c t i n g  i t  i s  l a c k i n g
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p r e s e n t l y ,  a l t h o u g h  s e v e r a l  have been p r o p o s e d .  A r e v i e w  o f  t h e s e  

t h e o r i e s  and s u p p o r t i n g  nu mer ica l  and e x p e r i m e n t a l  work f o l l o w s .

V o r t e x  breakdown was f i r s t  o b s e r v e d  e x p e r i m e n t a l l y  by Peckham and  

A t k i n s o n  [ 3 ] .  They o b s e r v e d  t h a t  v o r t i c e s  shed from a d e l t a  w in g  a t  

high a n g l e s  o f  a t t a c k  ap peared  t o  " b e l l  ou t"  and d i s s i p a t e  s e v e r a l  c o r e  

d i a m e t e r s  downstream from the  t r a i l i n g  e d g e  o f  a wi ng .  S i n c e  t h e n ,  

v o r t e x  breakdown has been o b s e r v e d  in  s w i r l i n g  f l o w s  in s t r a i g h t  p i p e s ,  

n o z z l e s ,  d i f f u s e r s  and c om bu st ion  c h a m b e r s ,  [ 2 , 4 ]  and t o r n a d o s  [ 5 ] ,  

Seven t y p e s  o f  breakdown have been i d e n t i f i e d  e x p e r i m e n t a l l y ,  [ 6 ]  

r a n g i n g  from a mild " s p i r a l "  t y p e  to  a s t r o n g  "bubble" t y p e  breakd own.  

O b s e r v a t i o n s  in  the e a r l y  1 9 6 0 ' s  s pu rred c o n s i d e r a b l e  e f f o r t  t o  d e v e l o p  

a t h e o r e t i c a l  e x p l a n a t i o n  o f  t h e  v o r t e x  breakdown phenomena. Three  

s c h o o l s  o f  t h o u g h t  can be i d e n t i f i e d ,  a l l  o f  whic h  may be d i v i d e d  i n t o  

t h r e e  s e p a r a t e  group s:  1) The c o n c e p t  o f  a c r i t i c a l  s t a t e  [ 7 , 8 , 9 ] ;  

2) A nal ogy  t o  boundary l a y e r  s e p a r a t i o n  [ 1 0 , 1 1 ]  and,  3)  Hydrodynamic  

i n s t a b i l i t y  [ 1 2 , 1 3 , 1 4 ] .

S q u i r e  [ 7 ]  a p p e a r s  t o  be t h e  f i r s t  t o  have performed a t h e o r e t i c a l  

a n a l y s i s  o f  v o r t e x  breakdown.  He s u g g e s t e d  t h a t  i f  s t a n d i n g  w a v e s  were  

a b l e  t o  e x i s t  on a v o r t e x  c o r e  th en  sm a l l  d i s t u r b a n c e s ,  p r e s e n t  

do wn stream ,  c o u l d  p r o p o g a t e  up stream  and c a u s e  breakdown.  T h i s  i s  

a n a l o g o u s  t o  the  e a r l i e r  work o f  T a y l o r  [ 1 5 ]  on the  s t a b i l i t y  o f  

c i r c u l a r  C o u e t t e  f l o w .  T he r e ,  a l i n e a r  s t a b i l i t y  a n a l y s i s  was pe rf or m ed  

to  a s c e r t a i n  the  a b i l i t y  o f  the  b a s e  f l o w  t o  s u p p o r t  a x i s y m m e t r i c  

s t a n d i n g  wave d i s t u r b a n c e s .  Two o f  t h e  c a s e s  s t u d i e d  by S q u i r e  assume d  

t h a t  t h e  v o r t e x  f lo w  was i n v i s c i d  and a x i s y m m e t r i c .  The assumed form o f  

the  up s tream  v e l o c i t y  d i s t r i b u t i o n  r e s u l t e d  in  a l i n e a r  d i s t u r b a n c e  

e q u a t i o n  whi ch he then s o l v e d  t o  d e t e r m i n e  a c o n d i t i o n  under w h ic h  an
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i n v i s c i d ,  a x i s y m m e t r i c ,  s t e a d y  p e r t u r b a t i o n  t o  t h e  f l o w  c o u l d  e x i s t .  

T h i s  c o n d i t i o n ,  w hi ch  was n e c e s s a r y  f o r  t h e  e x i s t e n c e  o f  a s t a n d i n g  

w ave ,  was ta k e n  t o  mark the  t r a n s i t i o n  between s u b c r i t i c a l  and  

s u p e r c r i t i c a l  s t a t e s .  In S q u i r e ' s  f i r s t  c a s e ,  t h e  a x i a l  v e l o c i t y ,  U, 

was c o n s i d e r e d  t o  be a c o n s t a n t .  The d i m e n s i o n l e s s  s w ir l  v e l o c i t y  V was  

t ake n p i e c e w i s e  a s  t h a t  o f  s o l i d  body r o t a t i o n  i n s i d e  a c o r e  o f  u n i t  

r a d i u s  (V=VQr )  and c o n n e c t e d  with  a p o t e n t i a l  v o r t e x  o u t s i d e  (V=V0 / r ) .  

A c o n s t a n t ,  V0 , was used to  c o n t r o l  t h e  s w i r l .  He found t h a t  f o r  

s t a n d i n g  wav es  t o  e x i s t  a sw ir l  p a r a m e t e r ,  "k", which was th e  r a t i o  o f  

t h e  maximum s w i r l  s pe ed t o  the  a x i a l  s p e e d  (Vmax/ U ) ,  had t o  be g r e a t e r  

t h a n ,  or eq u al  t o  1 . 2 0 .  When k=1.20  t h e  wave  i s  i n f i n i t e l y  l o n g ,  b u t  i t  

has a f i n i t e  w a v e l e n g t h  f o r  k > 1 .2 0 .

In t h e  s e c o n d  c a s e  U was a l s o  take n t o  be a c o n s t a n t ,  b u t  t h e  s w i r l

- r 2v e l o c i t y  was assume d t o  be V = (VQ/ r ) ( l - e  ) w i t h  V0 a n o n d i m e n s i o n a l  

p a r a m e t e r .  Again  S q u i r e  found t h a t  t h e r e  was a c o n d i t i o n  on t h e  s w i r l  

param eter  k f o r  t h e  e x i s t e n c e  o f  a s t a n d i n g  wave .  This  c o n d i t i o n  was  

k=Vma x / > 1 *0 w h ere  we n o t e  t h a t  Vmax= 0 . 6 3 8  V0 .

Benjamin [ 8 ]  examined t h i s  phenomena from a d i f f e r e n t  p o i n t  o f  

v i e w .  He c o n s i d e r e d  v o r t e x  breakdown t o  be a f i n i t e  t r a n s i t i o n  b e tw een  

two d y n a m i c a l l y  c o n j u g a t e  s t a t e s  o f  f l o w ,  s i m i l a r  t o  the  o c c u r r e n c e  o f  a 

h y d r a u l i c  jump i n  open channel  f l o w .  T h e s e  a r e  a s u b c r i t i c a l  f l o w ,  

which i s  d e f i n e d  a s  t h e  s t a t e  t h a t  i s  a b l e  t o  s u p p o r t  s t a n d i n g  w a v e s ,  

and the c o n j u g a t e  s u p e r c r i t i c a l  f l o w  whi ch i s  u n a b le  to  s u p p o r t  s t a n d i n g  

w a v e s .  S u b c r i t i c a l  f l o w s  g e n e r a l l y  have  h i g h e r  s w i r l  v e l o c i t i e s  than  

the  c o n j u g a t e  s u p e r c r i t i c a l  f l o w .  In t h i s  c o n t e x t ,  the work o f  S q u i r e  

g i v e s  a c o n d i t i o n  marking th e  i n t e r f a c e  b e t w e e n  t h e s e  two s t a t e s .  As in  

the  work o f  S q u i r e ,  a u n i v e r s a l  c h a r a c t e r i s t i c  parameter  was d e f i n e d

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



5

which d e l i n e a t e s  t h e  c r i t i c a l  r e g i o n s  o f  t h e  f l o w .  T h i s  p a r a m e t e r ,  

d e n o t e d  by N, i s  t h e  r a t i o  o f  a b s o l u t e  phase  v e l o c i t i e s  o f  l o n g

w a v e l e n g t h  wa ves  which p r o p a g a t e  a l o n g  th e  v o r t e x  i n  t h e  a x i a l  

d i r e c t i o n ,  i . e . ,  N=(C++ C _ ) / ( C +- C _ ) .  Here C+ and C_ a r e  t h e  ph ase  

v e l o c i t i e s  o f  t h e  waves which p r o p a g a t e  w i t h  and a g a i n s t  t h e  f l o w

r e s p e c t i v e l y .  For N>1 the  f l o w  c o n d i t i o n s  ar e  s u p e r c r i t i c a l  and f o r

N<1, s u b c r i t i c a l .

Benjamin a p p l i e d  t h i s  t h e o r y  t o  a s p e c i f i c  v o r t e x  f l o w ,  d e f i n e d  by 

a c o n s t a n t  a x i a l  v e l o c i t y ,  U, and V=VQr ,  0 < r< l  and V=VQ/ r ,  l< r< R .  I f  

R-*=°, t h i s  i s  j u s t  the  combined v o r t e x  s t u d i e d  by S q u i r e  [ 7 ] .  Benjamin  

found t h a t  t h e  c r i t i c a l  c o n d i t i o n  was  t h e  same form a s  S q u i r e ' s .  The 

p r e c i s e  v a l u e  o f  t h e  c o n s t a n t  d ep en d s  on the  v a l u e  o f  R b u t  l i e s  be tw een  

1 . 9 2  when R=1 and 1 . 2 0  when R a p p r o a c h e s  i n f i n i t y .  Thus Be nj am in ,

a l t h o u g h  s t a r t i n g  from a d i f f e r e n t  p e r s p e c t i v e ,  a r r i v e d  a t  the  same 

c r i t i c a l  c o n d i t i o n  f o r  a combined v o r t e x  a s  d id  S q u i r e .

A r e c e n t  paper  by I t o ,  S u e m a t s u ,  and Hayase [ 1 6 ]  exam ine d bo th  

s t a t i o n a r y  and u n s t e a d y  v o r t e x  breakdown i n  an i n v i s c i d ,  i n c o m p r e s s i b l e  

f l u i d .  They c o n s i d e r e d  the  s t a b i l i t y  o f  a columnar v o r t e x  s u b j e c t e d  t o  

sm al l  a m p l i t u d e  d i s t u r b a n c e s .  The d i s t u r b a n c e s  c o n s i d e r e d  were  

a x i s y m m e t r i c  a s  w e l l  a s  asym me tr ic  and e i t h e r  s t e a d y  or u n s t e a d y .  T h e i r  

a n a l y s i s  pr od u ced  a c r i t e r i o n  f o r  breakdown from t h e  r e q u i r e m e n t  f o r  

e x i s t e n c e  o f  s o l u t i o n s  to t h e i r  d i s t u r b a n c e  e q u a t i o n s .  A c o m p a r is o n  o f  

t h e s e  r e s u l t s  w i t h  t h o s e  o f  Benjamin [ 8 ] ,  f o r  the  c a s e  o f  a f i n i t e  

r a d i u s  p i p e  c o n t a i n i n g  a r i g i d - b o d y  r o t a t i o n ,  gave  th e  same c r i t e r i o n  

f o r  breakdown.  The i m p o r t a n t  a s p e c t  o f  the  work o f  I t o  e t  a l .  l i e s  in  

t h e i r  i n t e r p r e t i v e  c r i t e r i o n .  T h e i r  n o n d i m e n s i o n a l i z a t i o n  l e a d s  t o  t h e  

Rossby number a s  t h e  c o n t r o l l i n g  p a r a m e t e r .  For ex a m p le ,  in  t h e  c a s e  o f
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s w i r l i n g  p i p e  f l o w  c o n s i s t i n g  o f  s o l i d  body r o t a t i o n ,  t h e  r e l e v a n t  

s c a l e s  a r e  t h e  a x i a l  v e l o c i t y  U, p i p e  r a d i u s  r Q and c o n s t a n t  a n g u l a r  

v e l o c i t y  o f  t h e  f l o w ,  Q. Thus t h e  d i m e n s i o n l e s s  c o n t r o l l i n g  p aram ete r

i s :  R =U /r  Q.o o

T s a i  and Widnal l  [ 1 7 ]  examined a group v e l o c i t y  c r i t e r i o n  whic h can 

be c o n s i d e r e d  a s  a v a r i a t i o n  o f  t h e  pha se  v e l o c i t y  c r i t e r i o n  o f  Benjamin  

[ 8 ] .  T h e i r  a n a l y s e s  o f  s w i r l i n g  p i p e  f l o w  i s  more c o n s i s t e n t  w i t h  th e  

v iew  t h a t  breakdown o c c u r s  due t o  a wave t r a p p i n g  mechanism [ 1 8 ] ,  They  

assumed t h a t  th e  r a d i a l  and a x i a l  v e l o c i t y  d i s t r i b u t i o n s  c o u l d  bo th  be 

f i t  t o  e x p o n e n t i a l  p r o f i l e s  [ 1 9 ] ,  They us ed  a l e a s t  s q u a r e s  f i t  g i v e n  

by Garg and L e i b o v i c h  to c a l c u l a t e  t h e  d i s p e r s i o n  r e l a t i o n  from l i n e a r  

p a r a l l e l  s t a b i l i t y  t h e o r y .  The group v e l o c i t y  a s s o c i a t e d  w i t h  v a r i o u s  

f l o w  p r o f i l e s  was then c a l c u l a t e d .  The r e s u l t s  showed t h a t  up str eam  o f  

breakdown t h e  group v e l o c i t y  o f  b o t h  sym m etr ic  and a s y m m e t r i c  modes was  

d i r e c t e d  down stream.  Even though t h e i r  c r i t i c a l i t y  c o n d i t i o n  o f  z e r o  

group v e l o c i t y  proved to be an a c c u r a t e  g u i d e  for  the  v a r i o u s  t y p e s  o f  

breakdown,  t h e y  were una ble  to  e s t a b l i s h  a r e l a t i o n s h i p  be tw e e n  v o r t e x  

breakdown and wave t r a p p i n g .

B o s s e l  [ 9 ]  co n c lu d ed  t h a t  breakdown was n o t  a n a l o g o u s  t o  the  

h y d r a u l i c  jump, r a t h e r  i t  was a r e g u l a r  f e a t u r e  o f  t h e  N a v i e r - S t o k e s  

e q u a t i o n s  f o r  t h e  g iv e n  f l o w f i e l d .  T h i s  f l o w f i e l d  i s  c o n s i d e r e d  to  be 

s u p e r c r i t i c a l  w i t h  r i g i d  i n i t i a l  r o t a t i o n  and some a x i a l  d e c e l e r a t i o n  

n ea r  t h e  a x i s .  B o s s e l  d i v i d e d  t h e  f l o w f i e l d  i n t o  two d i s t i n c t  r e g i o n s :  

(1)  An i n n e r  r e g i o n ,  which c o u l d  c o n t a i n  a s t a g n a t i o n  p o i n t ,  and was  

a p p r o x i m a t e d  by t h e  e q u a t i o n s  f o r  an i n v i s c i d  r o t a t i n g  f l o w ;  and ( 2 ) ,  a 

v i s c o u s  q u a s i - c y l i n d r i c a l  r e g i o n  w h ic h  surrounds  t h e  i n n e r  r e g i o n .  

B o s s e l  as sum ed  t h e  o u t e r  s o l u t i o n  was known which produced c o n d i t i o n s  a t
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the  boundary o f  the  i n v i s c i d  r e g i o n  t h a t  w i l l  r e s u l t  in  breakdown.  For  

a r i g i d  r o t a t i o n  t h e  i n v i s c i d  e q u a t i o n  f o r  t h e  s tr eam  f u n c t i o n  becomes  

l i n e a r  and s o l u t i o n s  were o b t a i n e d  by s u p e r p o s i t i o n .  R e s u l t s  w h ic h  

r e s e m b l e  t h e  c o n f i g u r a t i o n  o f  a v o r t e x  breakdown were  o b t a i n e d .

Hal l  [ 1 1 ]  c o n s i d e r e d  v o r t e x  breakdown t o  be a n a l a g o u s  t o  t h e  

s e p a r a t i o n  o f  a two d im e n s io n a l  boundary l a y e r .  He assumed t h a t  a 

f a i l u r e  o f  t h e  q u a s i - c y l i n d r i c a l  a p p r o x i m a t i o n  through l a r g e  a x i a l  

g r a d i e n t s  s i g n a l e d  an impending v o r t e x  breakdown.  A nu m e r ic a l  

e x p e r i m e n t  was  performed t o  t e s t  the  t h e o r y  u s i n g  e x p e r i m e n t a l  d a t a  

o b t a i n e d  by K i r k p a t r i c k  [ 2 0 ] .  A r e t a r d a t i o n  o f  t h e  f l o w  a l o n g  the  a x i s  

was f o u n d .  At t h i s  p o i n t ,  c o m p u t a t i o n s  f a i l e d  due to  the i n a b i l i t y  o f  

t h e  i t e r a t i o n  scheme t o  c o v e r a g e .  Hal l  c o n s i d e r e d  t h i s  to r e p r e s e n t  t h e  

f a i l u r e  o f  t h e  q u a s i - c y l i n d r i c a l  a p p r o x i m a t i o n .  In a d d i t i o n ,  s t r e a m  

tube  d i v e r g e n c e ,  p r e s s u r e  g r a d i e n t ,  and s w i r l  magni tude  were v a r i e d  

p a r a m e t r i c a l l y  and e f f e c t e d  th e  f a i l u r e  o f  the  q u a s i - c y l i n d r i c a l  

a p p r o x i m a t i o n  i n  a manner c o n s i s t e n t  w i t h  t h e i r  a f f e c t  on v o r t e x  

breakdown.  Ha l l  a l s o  found t h a t  the  e f f e c t  due  t o  a change  in R e y n o ld s  

number was s m a l l .

L i n e a r  hydrodynamic s t a b i l i t y  t h e o r y  i n v e s t i g a t e s  o n l y  t h e  

a m p l i f i c a t i o n  or dec ay  o f  i n f i n i t e s i m a l l y  s m a l l  d i s t u r b a n c e s  imposed on 

t h e  ba se  f l o w .  Breakdown i s  then assumed t o  be a n a l o g o u s  to  l a m i n a r -  

t u r b u l e n t  t r a n s i t i o n .  Of c o u r s e ,  a s  p o i n t e d  o u t  by L e i b o v i c h  [ 2 1 ] ,  

breakdown ca n o c c u r  w i t h  l i t t l e  s i g n  o f  i n s t a b i l i t y  and c o n v e r s e l y  a 

v o r t e x  f l o w  may become u n s t a b l e  and n o t  un de rgo breakdown.  In th e  c a s e  

o f  z e r o  a x i a l  v e l o c i t y  the R a y l e i g h  [ 2 2 ]  c r i t e r i o n  ( t h a t  the  sq u a re  o f  

the  c i r c u l a t i o n  s h o u ld  nowhere d e c r e a s e  a s  r  i n c r e a s e s )  p r o v i d e s  a 

n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  f l o w  s t a b i l i t y .
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T ha t  v o r t e x  breakdown may be a r e s u l t  o f  an hydrodynamic  

i n s t a b i l i t y  was f i r s t  pr opo se d  by Ludwig [ 1 2 ] .  He found a s t a b i l i t y  

boundary w i t h  r e s p e c t  t o  s p i r a l  d i s t u r b a n c e s  f o r  an i n v i s c i d  r o t a t i n g  

f l o w  i n  an a n n u l u s .  I t  was p r o p o s e d  t h a t  t h i s  i n s t a b i l i t y  c o u ld  be 

a m p l i f i e d  and i n d u c e  an asymmetry in  the  c o r e .  Ludw ig's  i d e a  has n o t  

be en w i d e l y  a c c e p t e d  due t o  t h e  d i f f i c u l t y  o f  r e l a t i n g  t h e  geom etr y  o f  

h i s  a n a l y s e s  t o  v o r t e x  breakdown.

Howard and Gupta [ 1 3 ]  have shown t h a t  t h e  s t a b i l i t y  o f  t h e  qu a s i

c y l i n d r i c a l  a p p r o x i m a t i o n  s g u a r a n t e e d  i f  the  "R ic har dso n number" 

-1 -2
c r i t e r i o n  r ( 5ur / 5 r ) VQ [ a ( r V Q) / S r ] <  1 / 4  i s  s a t i s f i e d .  T h i s  i m p l i e s  

t h a t  t h e  r o l e  o f  s w i r l  i s  p u r e l y  s t a b i l i z i n g  f o r  a x i s y m m e t r i c  

d i s t u r b a n c e s .  In p r a c t i c e ,  n e a r l y  a l l  ap p roach  f l o w s  tu rn  o u t  t o  be 

s t a b l e  t o  a x i s y m m e t r i c  d i s t u r b a n c e s  [ 2 1 ] .

P e d l e y  [ 2 3 ]  c o n s i d e r e d  t h e  s t a b i l i t y  o f  an a l m o s t  f u l l y  d e v e l o p e d  

v i s c o u s  f l o w  in  a r o t a t i n g  p i p e .  He found t h a t  the  f l o w  became u n s t a b l e  

t o  a s y m m e t r i c  d i s t u r b a n c e s  f o r  s u f f i c i e n t l y  sm al l  v a l u e s  o f  t h e  Rossby  

number ( d e f i n e d  in terms o f  t h e  r a t e  o f  r o t a t i o n  o f  the  p i p e ,  the p i pe  

r a d i u s  and the  a x i a l  v e l o c i t y  o f  t h e  f l u i d )  a t  a c r i t i c a l  Reynolds  

number o f  8 2 . 9 .

L e s s e n ,  S i ngh  and P a i l l e t  [ 1 4 ]  d e f i n e d  a p a r a m e te r ,  q ,  i n v o l v i n g

t h e  r a t i o  o f  the  magnitu de  o f  the  maximum s w i r l  to  t h a t  o f  t h e  maximum

a x i a l  v e l o c i t y .  T h i s  p ara meter  c o m p l e t e l y  d e te rm in ed  t h e  i n v i s c i d

s t a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  f l o w  d e f i n e d  by t h e  e q u a t i o n s  

_ 2 _ 2
V0= ( q / r ) ( l - e ”r  ) ,  U = e - r  . Thus a wake or  j e t - l i k e  a x i a l  v e l o c i t y  

p r o f i l e  d o e s  n o t  a f f e c t  s t a b i l i t y .  They found t h a t  the  f l o w  was s t a b l e  

to  a l l  d i s t u r b a n c e s  f o r  q > 1 .5  and u n s t a b l e  t o  n o n a x i s y m m e t r i c
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d i s t u r b a n c e s  f o r  s m a l l e r  v a l u e s  o f  q .  Thus ,  from t h e  p o i n t  o f  v i ew  o f  

s t a b i l i t y ,  t h e  r o l e  o f  s w i r l  i s  s t a b i l i z i n g  w i t h  r e s p e c t  t o  a x i s y m m e t r i c  

d i s t u r b a n c e s ,  and d e s t a b i l i z i n g  w i t h  r e s p e c t  to  a s y m m e t r i c  d i s t u r b a n c e s  

o v e r  a r a n g e  o f  q.

A f t e r  t h e  i n i t i a l  o b s e r v a t i o n s  o f  v o r t e x  breakdown by Peckham and 

A t k i n s o n  [ 3 ] ,  e x p e r i m e n t a l i s t s  began s t u d y i n g  v o r t e x  breakdown i n  a more 

c o n t r o l l a b l e  s e t t i n g .  Harvey [ 2 4 ]  per formed e x p e r i m e n t s  i n  a l o n g  t u b e ,  

i m p a r t i n g  a s w i r l  v e l o c i t y  on t h e  f l u i d  a s  i t  e n t e r e d .  T h i s  was done  

u s i n g  a s e t  o f  a d j u s t a b l e  va nes  mounted in  the  i n l e t  s e c t i o n .  Harvey  

c o n c l u d e d  t h a t  fo r  low s w i r l  v e l o c i t i e s  the  c l a s s i c a l  v o r t e x  was  

o b t a i n e d  b u t  a s  the s w i r l  was i n c r e a s e d  a breakdown b u b b le  fo rm ed.  He 

a l s o  c o n c l u d e d  t h a t  the  breakdown was due t o  a c r i t i c a l  s t a t e  phenomena 

and n o t  a hydrodynamic i n s t a b i l i t y  s i n c e  t h e  f lo w  r e v e r t e d  t o  a normal  

s w i r l i n g  f l o w  downstream o f  t h e  breakdown b u b b l e .  I n s t a b i l i t i e s  u s u a l l y  

r e s u l t  i n  i n c r e a s i n g l y  l a r g e  a m p l i t u d e  v e l o c i t y  f l u c t u a t i o n s  e n d i n g  i n  a 

t u r b u l e n t  f l o w .

Sarpk aya  [ 2 5 ]  d e s c r i b e d  e x p e r i m e n t s  in  s w i r l i n g  f l o w s  in  a 

d i v e r g i n g  c y l i n d r i c a l  t u b e .  He o b s e r v e d  th r e e  t y p e s  o f  breakdown;  

d o u b l e  h e l i x ,  s p i r a l ,  and a x i s y m m e t r i c .  The t y p e  o f  breakdown t h a t  

o c c u r r e d  depended on a c o m b i n a t i o n  o f  Rey no ld s  number ( b a s e d  on t u b e  

d i a m e t e r  and mean a x i a l  v e l o c i t y )  and c i r c u l a t i o n .  For  1000<Re<2000 t h e  

s p i r a l  o r  d o u b l e  h e l i x  breakdown was  o b s e r v e d .  A x i s y m m e t r i c  breakdown  

was f oun d t o  d e v e l o p  from t h e  d o u b l e  h e l i x  or s p i r a l  f o r m ,  or  a s  an 

a x i s y m m e t r i c  s w e l l i n g  o f  th e  c o r e .  For high R e y n o ld s  numbers and  

c i r c u l a t i o n  th e  a x i s y m m e t r i c  t y p e  breakdown o c c u r r e d  a s  a s w e l l i n g  o f  

the  v o r t e x  c o r e .  He a l s o  n o t e d  t h a t  th e  a x i s y m m e t r i c  breakdown  

r e s p o n d e d  t o  chang es  i n  upst ream and downstream f l o w  c o n d i t i o n s  in  a
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manner a n a l a g o u s  t o  h y d r a u l i c  jump i n  an open ch an n e l  f l o w .  In a l a t e r  

p a p e r ,  Sarpka ya  [ 2 6 ]  co nc lu de d t h a t  B e n j a m i n ' s  f i n i t e  t r a n s i t i o n  c o n c e p t  

was in  c o m p l e t e  ag reem ent  w i t h  e x p e r i m e n t a l  r e s u l t s  in  th e  r e g i o n  wh ere  

a x i s y m m e t r i c  breakdown o c c u r r e d  ( h i g h  s w i r l  and Re) .  The s p i r a l  

breakdown a p p e a r e d  t o  be a c o n s e q u e n c e  o f  th e  i n s t a b i l i t y  o f  the  f l o w  

due t o  a s y m m e t r i c  d i s t u r b a n c e s .  He c o n c l u d e d  t h a t  t h e  o v e r a l l  mechanism  

f o r  v o r t e x  breakdown might  encompass  f i n i t e  t r a n s i t i o n  and hydrodynamic  

i n s t a b i l i t y  t h e o r i e s ,  each a p p l i c a b l e  in  a s p e c i f i c  r e g i o n .

F a l e r  and L e i b o v i c h  [ 2 7 ]  have mapped t h e  i n t e r n a l  s t r u c t u r e  o f  an  

a x i s y m m e t r i c  t y p e  v o r t e x  breakdown u s i n g  a l a s e r - D o p p l e r  ane m om ete r .  

They found t h a t  the  i n t e r i o r  o f  t h e  b u b b l e ,  which  c o n t a i n e d  a two c e l l e d  

s t r u c t u r e ,  was dominated by low f r e q u e n c y  p e r i o d i c  v e l o c i t y  f l u c t u a 

t i o n s .  The ma gn itud e  o f  t h e s e  f l u c t u a t i o n s  was g r e a t e s t  in the  r e a r  

p o r t i o n  o f  t h e  b u b b l e .  In a d d i t i o n ,  f o u r  s t a g n a t i o n  p o i n t s  e x i s t e d  on 

t he  a x i s .

The a f f e c t  o f  an a d v e r s e  p r e s s u r e  g r a d i e n t  on v o r t e x  breakdown has  

been exa m in ed  by Sarpkaya [ 2 8 ]  and more r e c e n t l y  by D e l r a y  e t  a l .  

[ 2 9 ] .  D e l r a y  found e x p e r i m e n t a l  l i m i t s  f o r  v o r t e x  breakdown a s  a 

f u n c t i o n  o f  a d v e r s e  p r e s s u r e  g r a d i e n t  and v o r t e x  s t r e n g t h .  P r e s s u r e  

m ea sur em ent s  showed c o n s i d e r a b l e  p r e s s u r e  i n c r e a s e  w i t h i n  t h e  c o r e  f o r  

smal l  v a r i a t i o n s  o u t s i d e  the  c o r e .  In g e n e r a l ,  a s  the  a d v e r s e  p r e s s u r e  

g r a d i e n t  i n c r e a s e d ,  the  s w i r l  r e q u i r e d  t o  i n d u c e  v o r t e x  breakdown  

d e c r e a s e d .

Num er ic a l  s o l u t i o n s  f o r  v o r t e x  b u r s t i n g  have been r e p o r t e d  by a t  

l e a s t  s e v e n  p r e v i o u s  i n v e s t i g a t o r s  [ 3 0 , 3 1 , 3 2 , 3 3 , 3 4 , 3 5 , 3 6 ] ,  In a l l  

c a s e s ,  t h e  f l o w s  were assumed t o  be  i n c o m p r e s s i b l e  and were r e s t r i c t e d
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t o  s t u d i e s  o f  l a m i n a r ,  a x i s y m m e t r i c  s y s t e m s .  The s o l u t i o n s  by Kraus  

e t  a l .  and Hafez e t  a l .  were t im e d e p e n d e n t  w h i l e  t h e  o t h e r s  were s t e a d y  

s t a t e  s o l u t i o n s .

Kopecky and Torrance  [ 3 1 ]  c o n s i d e r e d  a x i s y m m e t r i c  s w i r l i n g  f l o w  

through a c y l i n d r i c a l  t u b e .  The f l u i d  e n t e r e d  t h e  tu be  w i t h  an  

e x p o n e n t i a l  s w i r l  v e l o c i t y .  T h i s  d i s t r i b u t i o n  behaved a s  a s o l i d  body 

ne ar  t h e  a x i s  and a s  a p o t e n t i a l  v o r t e x  away from the  a x i s ,  r e p r e s e n t i n g  

a s o l u t i o n  t o  t h e  N a v i e r - S t o k e s  e q u a t i o n s  f o r  t h e  l i m i t i n g  c a s e  o f  

R eyno ld s  number ap p roac h in g  i n f i n i t y .  A p a r a m e t r i c  s t u d y  was performed  

w i t h  R e y n o ld s  numbers (based on tube  r a d i u s  and c o n s t a n t  a x i a l  v e l o c i t y )  

r a n g in g  from 50 t o  500 and s w i r l  r a t i o s  from 0 . 4  to  10 .  The d e v e l o p m e n t  

o f  a r e c i r c u l a t i o n  zone  was d e m o n s t r a t e d  a s  t h e  s w i r l  was i n c r e a s e d  f o r  

f i x e d  Rey n o ld s  number and c o r e  d i a m e t e r .  S i m i l a r  r e s u l t s  were  o b t a i n e d  

when t h e  c o r e  d i a m e t e r  and s w i r l  were  f i x e d  w h i l e  t h e  Reyn old s  number 

was i n c r e a s e d .  In a l l  c a s e s  the  breakdown a p p e a r e d  t o  form a t  the  i n l e t  

s t a t i o n .  With a g r i d  s p a c in g  o f  0 . 2 5  in  t h e  s t r e a m w i s e  d i r e c t i o n  th e  

major p o r t i o n  o f  the  breakdown was c o n t a i n e d  w i t h i n  a b o u t  fo u r  g r i d  

p o i n t s .  Whi le  t h i s  g r i d  seems e x c e s s i v e l y  c o a r s e ,  Kopecky and T orrance  

r e p o r t e d  t h a t  d o u b l i n g  the number o f  g r i d  p o i n t s  in  the  s t r e a m w i s e  

d i r e c t i o n  produced s i m i l a r  r e s u l t s .

Grabowski  and Berger  [ 3 3 ]  s o l v e d  t h e  s t e a d y  a x i s y m m e t r i c  N a v i e r -  

S t o k e s  e q u a t i o n s  f o r  a f r e e  v o r t e x  a p p r o x i m a t e d  by a two par am eter  

f a m i l y  o f  assumed i n f l o w  d i s t r i b u t i o n s .  The i n f l o w s  were  th e  po ly n o m ia l  

p r o f i l e s  g i v e n  by Mager [ 3 7 ]  in  h i s  i n t e g r a l  a n a l y s i s ,  imbedded in  an 

i r r o t a t i o n a l  f l o w .  The e q u a t i o n s  o f  mot io n were  w r i t t e n  in  terms o f  

s t r e t c h e d  c o o r d i n a t e s  in the  r a d i a l  and a x i a l  d i r e c t i o n s .  At i n f l o w ,  a 

p a r a m e t e r ,  a l p h a ,  c o u l d  be v a r i e d  t o  a l l o w  f o r  j e t  l i k e  or  wake l i k e
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a x i a l  p r o f i l e s .  An " a r t i f i c i a l  c o m p r e s s i b i l i t y "  t e c h n i q u e  was u s e d  t o  

s o l v e  th e  e q u a t i o n s  o f  m ot io n.  S o l u t i o n s  were  o b t a i n e d  which e x h i b i t e d  

many o f  th e  c h a r a c t e r i s t i c s  o f  v o r t e x  breakdown f o r  Reynolds  numbers up 

t o  2 0 0 .  T h e s e  s o l u t i o n s  were  o b t a i n e d  w i t h  upst ream c o n d i t i o n s  t h a t  

were ,  in  many c a s e s ,  s u b c r i t i c a l .  T h e i r  r e s u l t s  app ear  to  r e f u t e  t h e  

f i n i t e  t r a n s i t i o n  t h e o r y  o f  Benjamin [ 8 ]  which r e q u i r e d  t h e  f l o w  

upstream o f  breakdown t o  be s u p e r c r i t i c a l .

Narin  [ 3 2 ]  i n v e s t i g a t e d  t h e  o c c u r r e n c e  o f  v o r t e x  breakdown f o r  

th r e e  d i f f e r e n t  f l o w  c o n f i g u r a t i o n s :  ( 1 )  a s t r a i g h t  tu b e ,  (2)  a s t e p  

t u b e ,  and (3 )  c o n f i n e d  j e t  m i x i n g .  T h i s  a p p e a r s  t o  be t h e  o n l y  work  

i n v e s t i g a t i n g  t h e  breakdown o f  a c o n f i n e d  j e t ,  which  c o n s i s t s  o f  a 

s w i r l i n g  j e t  d i s c h a r g i n g  i n t o  a c o a x i a l  n o n r o t a t i n g  s u r r o u n d i n g  

s t r e a m .  For t h i s  c o n f i g u r a t i o n ,  the  r e s u l t i n g  f l o w  f i e l d  depended on 

the  r a d i u s  o f  t h e  e n c l o s i n g  t u b e ,  j e t  v e l o c i t y  and s w i r l  r a t i o ,  and on 

the  v e l o c i t y  o f  th e  sur roun di ng  s t r e a m .  In g e n e r a l ,  i n c r e a s i n g  R e y n o l d s  

number and s w i r l  r a t i o  enhanced t h e  s e v e r i t y  o f  th e  v o r t e x  breakdown.

Benay [ 3 5 ]  has a l s o  s i m u l a t e d  v o r t e x  breakdown by a n u m e r i c a l  

s o l u t i o n  o f  t h e  la m in ar  a x i s y m m e t r i c  N a v i e r - S t o k e s  e q u a t i o n s .  At  

i n f l o w ,  an e x p o n e n t i a l  c i r c u m f e r e n t i a l  v e l o c i t y  d i s t r i b u t i o n  was imp ose d  

i n  a p a r a m e t r i c  s t u d y  t o  d e t e r m in e  t h e  e f f e c t  o f  v o r t e x  c o r e  r a d i u s ,  

Reynolds  number (b a s e d  on tube r a d i u s  and f r e e  s t r e a m  a x i a l  v e l o c i t y ) ,  

and t a n g e n t i a l  and a x i a l  v e l o c i t y  on v o r t e x  breakdown.  In g e n e r a l ,  an 

i n c r e a s e  i n  t h e  Reynol ds  number or  s w i r l  r a t i o  r e s u l t e d  in  a more  

pronounced r e c i r c u l a t i o n  zone .

E x c e l l e n t  r e v i e w  a r t i c l e s  su mmar iz ing  v o r t e x  breakdown r e s e a r c h  

have been p u b l i s h e d  by Hall  [ 3 8 ]  and L e i b o v i c h  [ 2 1 , 3 9 ] .  S i n c e  r e l e v a n t
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num er ic a l  work o n l y  began i n  th e  mid 1 9 7 0 ' s ,  o n l y  L e i b o v i c h ' s  s u r v e y  

i n c l u d e s  t h o s e  i n v e s t i g a t i o n s .  He n o t e d  t h a t  t h e  nu m e r ic a l  s o l u t i o n s  do 

n o t  show a two c e l l e d  s t r u c t u r e  w i t h i n  th e  breakdown bu b b le  a s  r e v e a l e d  

in  p h y s i c a l  e x p e r i m e n t s  by F a l e r  and L e i b o v i c h  [ 2 7 ] .  In a d d i t i o n ,  F a l e r  

and L e i b o v i c h  measured four  s t a g n a t i o n  p o i n t s  a l o n g  t h e  a x i s ,  w h erea s  

n u m er ic a l  e x p e r i m e n t s  have shown o n l y  two.  However,  t h i s  s t r u c t u r e  was  

l a t e r  c l a i m e d  t o  have been computed by Kraus ,  S h i ,  and Hartwich [ 3 4 ]  by 

s t u d y i n g  t h e  f l o w  in  a time d e p e n d e n t  manner.  An e x a m i n a t i o n  o f  t h e i r  

computed s t r e a m l i n e s  r e v e a l s  t h a t  t h e  b u b b l e  has l i f t e d  o f f  t h e  a x i s  f o r  

some o f  t h e  t ime l e v e l s  shown. A t  t h e s e  t im e l e v e l s  no s t a g n a t i o n  

p o i n t s  a r e  p r e s e n t  a l o n g  the  a x i s .  L e i b o v i c h  i s  a l s o  c r i t i c a l  o f  th e  

f a c t  t h a t  t h e  nu m er ic a l  s o l u t i o n s  " c o n t a i n  s t r o n g  a x i a l  g r a d i e n t s  r i g h t  

up t o  t h e  i n i t i a l  a x i a l  s t a t i o n . "  He s u g g e s t s  t h a t  the  bubb le  may p a s s  

through t h e  i n i t i a l  s t a t i o n s  i f  t h e  i n l e t  boundary c o n d i t i o n s  were  

r e l a x e d .  In a d d i t i o n ,  a x i s y m m e t r i c  n u m er ic a l  s o l u t i o n s  show b u b b l e s  

t h a t  i n c r e a s e  in  s i z e  a s  s w i r l  i s  i n c r e a s e d ,  a r e s u l t  t h a t  i s  n o t  

c o n s i s t e n t  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n s .  F u r t h e r m o r e ,  a x i s y m m e t r i c  

n u m eri ca l  s i m u l a t i o n s  are  un ab le  t o  p r e d i c t  s p i r a l  t y p e  br ea kdo wns ,  

which a r e  a common o c c u r r e n c e  in  e x p e r i m e n t s  [ 6 , 2 5 ] ,  Thus ,  L e i b o v i c h  

has c o n c l u d e d  t h a t  "the  a ss um pt io n o f  s t e a d y  a x i s y m m e t r i c  mot ion may n o t  

be a d e q u a t e  t o  compute a l l  the  d e t a i l e d  s t r u c t u r e  o f  v o r t e x  breakdown."

The p u r p o s e  o f  t h i s  work was t o  s t u d y  n u m e r i c a l l y  the  s p a t i a l  and  

temporal  e v o l u t i o n  o f  a c l a s s  o f  v o r t i c a l  s t r u c t u r e s .  Wing t i p  v o r t i c e s  

a r e  o f  s p e c i f i c  i n t e r e s t ,  b u t  the  i n f l u e n c e  o f  wing geometry  on t h e  t i p  

v o r t i c e s  was  beyond the  sc ope  o f  t h i s  a n a l y s i s .  A nu mer ica l  s o l u t i o n  

has been c h o s e n  b e c a u s e  c l o s e d  form a n a l y t i c  s o l u t i o n s  o f  th e  e q u a t i o n s  

o f  mot ion  a r e  u n l i k e l y  to be found w i t h o u t  a ss u m in g  o v e r l y  r e s t r i c t i v e ,
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s i m p l i f i e d  f l o w  f i e l d s .  An e x p e r i m e n t a l  ap pr oa ch  was a l s o  deemed  

i m p r a c t i c a l  b e c a u s e  o f  t h e  d i f f i c u l t y  i n  making a c c u r a t e  m eas ur em ent s  in  

r e g i o n s  where  t h e  v e l o c i t y  g r a d i e n t s  a r e  e x t r e m e ,  which i s  o f t e n  t h e  

s i t u a t i o n  d u r i n g  v o r t e x  breakdown. T h u s ,  t h e  u n s t e a d y ,  t h r e e -  

d i m e n s i o n a l ,  l a m i n a r  N a v i e r - S t o k e s  e q u a t i o n s  have been i n t e g r a t e d  

n u m e r i c a l l y  t o  s t u d y  t h e  pa ram ete rs  a f f e c t i n g  th e  e v o l u t i o n  and p o s s i b l e  

breakdown o f  an i s o l a t e d  wing t i p  v o r t e x .

A u th o r s  o f  t h e  n u m er ic a l  s t u d i e s  c i t e d  p r e v i o u s l y  r e p o r t  breakdown  

a t  or  i m m e d i a t e l y  downstream o f  t h e  i n f l o w  bou nd ar y.  I t  w i l l  be shown 

t h a t  t h e s e  p r e v i o u s  c o m p u ta t io n a l  r e s u l t s  can be r e - e v a l u a t e d  i n  terms  

o f  a s i n g l e  p a r a m e t e r  which i d e n t i f i e s  t h e  c a u s e  o f  th e  breakdown a t  

i n f l o w .  In Chap.  2 ,  through an e x a m i n a t i o n  o f  s e v e r a l  p r e v i o u s  s t u d i e s  

c o n c e n t r a t i n g  on s t a n d i n g  wave a n a l y s e s ,  i t  i s  shown t h a t  t h e  

c o n t r o l l i n g  p a r a m e t e r  i s  the  Rossby number.  A means o f  a v o i d i n g  the  

problem o f  breakdown a t  i n f l o w  i s  s u g g e s t e d ,  and th e  nu merica l  a n a l y s e s  

i s  then pe r fo rm ed w i t h  th e  Rossby number and Re ynolds  number a s  the  

n o n d im e n s io n a l  p a r a m e t e r s .  I t  i s  i m p o r t a n t  to  emph as ize  the  f a c t  t h a t  

the  a l g o r i t h m  was  n o t  r e s t r i c t e d  by an a x i s y m m e tr y  r e q u i r e m e n t .  T h i s  

a l l o w e d  f o r  t h e  e x i s t e n c e  o f  a s y m m e t r i c  d i s t u r b a n c e s  wh ich may be  

im p o r t a n t  i n  t h e  breakdown p r o c e s s .  P r e v i o u s  num er ica l  s i m u l a t i o n s  have  

p r e c l u d e d  t h i s  p o s s i b i l i t y .  The n u m e r ic a l  a l g o r i t h m  which has been us ed  

i s  an i m p l e m e n t a t i o n  o f  t h e  " v e l o c i t y - v o r t i c i t y "  f o r m u l a t i o n  o f  G a t s k i ,  

Grosch and Rose [ 3 9 ] .  The p r e s s u r e ,  a l t h o u g h  n o t  a v a r i a b l e  i n  t h e  

f o r m u l a t i o n ,  was  computed.

Contour  p l o t s  o f  p r e s s u r e ,  B e r n o u l l i ' s  c o n s t a n t ,  a x i a l  v e l o c i t y  and 

v o r t i c i t y  a r e  d i s p l a y e d  a s  a p a r t  o f  t h i s  i n v e s t i g a t i o n .  P a r t i c l e  

t r a c e s ,  v o r t e x  l i n e s  and v e l o c i t y  v e c t o r  p l o t s  have been o b t a i n e d  u s i n g
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th e  PL0T3D, a t h r e e - d i m e n s i o n a l  c o l o r  g r a p h i c s  program im plemented on an  

I r i s  w o r k s t a t i o n  a t  NASA L ang le y  R esea rch  C e n t e r .  In a d d i t i o n ,  the  

r a t e s  o f  c h a n g e  o f  e n e r g y  and e n s t r o p h y  were  computed and p l o t t e d  a s  a 

f u n c t i o n  o f  a x i a l  l o c a t i o n .  C o n c l u s i o n s  have been drawn which may be 

u s e f u l  in  t h e  i n t e r p r e t a t i o n ,  a s  w e l l  a s  th e  m o d i f i c a t i o n  and c o n t r o l ,  

o f  wing t i p  v o r t i c e s .  F i n a l l y ,  the  i n t e r n a l  s t r u c t u r e  o f  the  v o r t e x  

breakdown b u b b l e  i s  d i s c u s s e d .
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Chapter 2

THE ROSSBY NUMBER -  BREAKDOWN CRITERION

The Rossby number i s  an i m p o r t a n t  c o n t r o l  par am ete r  in  the  s t u d y  o f  

l a r g e  s c a l e  a t m o s p h e r i c  and o c e a n i c  m o t i o n s .  I t  i s  a measure o f  t h e  

r e l a t i v e  im p o r ta n c e  o f  th e  C o r i o l i s  and i n e r t i a l  f o r c e s  on th e  f l u i d  

m o t i o n .  The C o r i o l i s  f o r c e  i s  due  t o  the  r o t a t i o n  o f  f l u i d  and i s  

d i r e c t e d  p e r p e n d i c u l a r  t o  t h e  a x i s  o f  r o t a t i o n .  In the s t u d y  o f  

g e o p h y s i c a l  f l u i d  d y n a m ic s ,  f l u i d  r o t a t i o n  i s  g e n e r a l l y  c o n s i d e r e d  t o  be  

o f  t h e  r i g i d  body t y p e .  However,  t h e  C o r i o l i s  f o r c e s  can be i m p o r t a n t  

f o r  a v a r i e t y  o f  c i r c u m f e r e n t i a l  v e l o c i t y  d i s t r i b u t i o n s  a s s o c i a t e d  w i t h  

o t h e r  f l o w s ,  such a s  t h o s e  o c c u r r i n g  i n  wing  t i p  and l e a d i n g  e d g e  

v o r t i c e s .  When s i g n i f i c a n t ,  t h e  C o r i o l i s  a c c e l e r a t i o n  r e p r e s e n t s  a 

r e s t o r i n g  f o r c e ,  p r o v i d i n g  a mechanism f o r  t h e  c r e a t i o n  o f  waves ( i n  t h e  

a b s e n c e  o f  s u f f i c i e n t  dam pin g) .  I t  t e n d s  t o  r e s t o r e  f l u i d  p a r t i c l e s  

d i s p l a c e d  l a t e r a l l y  from t h e i r  e q u i l i b r i u m  p o s i t i o n s .  However,  t h e  

r e s t o r i n g  f o r c e  can c a u s e  the  f l u i d  p a r t i c l e s  t o  o v e r s h o o t  t h e i r  

o r i g i n a l  l o c a t i o n s ,  s e t t i n g  up an o s c i l l a t o r y  m o t i o n .  Under some 

c o n d i t i o n s  the  f l u i d  can s u s t a i n  t h e s e  o s c i l l a t i o n s ,  and in  the c a s e  o f  

v o r t e x  f l o w s ,  t h e s e  w a v e l i k e  f l u c t u a t i o n s  can then p ro p a g a t e  a l o n g  t h e  

a x i s  o f  the  v o r t e x .  Waves o f  t h i s  ty p e  a r e  known a s  i n e r t i a l  waves  

[ 4 0 ] .  The i n t e n t  o f  t h i s  c h a p t e r  i s  t o  show how t h e  v o r t e x  breakdown  

phenomenon can be c h a r a c t e r i z e d  in  terms o f  th e  a b i l i t y  o f  a b a s e  f l o w  

t o  s u p p o r t  t h e s e  w a v e s .  T h i s  e f f e c t  can be d e s c r i b e d ,  in terms o f  t h e

16
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Rossby number, and can be j u s t i f i e d  by u s i n g  t h e  t h e o r e t i c a l ,  e x p e r i 

mental  and c o m p u t a t i o n a l  l i t e r a t u r e  d i s c u s s e d  in  t h e  i n t r o d u c t i o n .

Throughout  t h e  r em a in d er  o f  t h i s  c h a p t e r  a c y l i n d r i c a l  p o l a r  

c o o r d i n a t e  s y s t e m ,  ( r ,  0 ,  x ) ,  w i t h  c o r r e s p o n d i n g  v e l o c i t y  compone nts ,  w 

i n  the  r a d i a l  ( r )  d i r e c t i o n ,  v in  the  c i r c u m f e r e n t i a l  (9 )  d i r e c t i o n ,  and 

u in  the a x i a l  ( x )  d i r e c t i o n  a r e  employe d.

The Rossby number can be d e v e lo p e d  n a t u r a l l y  from th e  v o r t i c i t y  

t r a n s p o r t  e q u a t i o n  and i s  d e f i n e d  a s  the  r a t i o  o f  t h e  i n e r t i a l  f o r c e s  t o  

t h e  C o r i o l i s  f o r c e s  a s

Ro = ( 2 . 1 )
r ft

ic

where  u i s  a r e p r e s e n t a t i v e  v e l o c i t y  m a g n i t u d e ,  r  a c h a r a c t e r i s t i c

l e n g t h ,  and Q, a c h a r a c t e r i s t i c  r a t e  o f  r o t a t i o n  o f  the f l o w .  For the
★

f l o w s  c o n s i d e r e d  in  t h i s  s t u d y ,  r i s  taken t o  be t h e  v o r t e x  c o r e  

d i a m e t e r ,  d e f i n e d  a s  t h e  r a d i u s  o f  maximum s w i r l  v e l o c i t y .  The 

r e f e r e n c e  v e l o c i t y  u i s  taken a s  the  a x i a l  v e l o c i t y  a t  the  c o r e  r a d i u s
ic

(r ) .  Wing t i p  v o r t i c e s  a r e  c h a r a c t e r i z e d  by a s o l i d  body ty p e  r o t a t i o n  

n e a r  th e  a x i s ,  and t h i s  i s  taken t o  be t h e  c h a r a c t e r i s t i c  r a t e  o f  

r o t a t i o n ,  ft.

As d i s c u s s e d  e a r l i e r ,  S q u i r e  [ 7 ] ,  Benjamin [ 8 ]  and I t o  e t  a l .  [ 1 6 ]  

were  a b l e  to  d e r i v e  a c r i t e r i o n  f o r  the  e x i s t e n c e  o f  s t a n d i n g  waves on a 

v o r t i c a l  b a se  f l o w .  S q u i r e  [ 7 ]  and Benjamin [ 8 ]  f o r m u l a t e d  t h i s  

c r i t e r i o n  in  term s o f  c h a r a c t e r i s t i c  c i r c u m f e r e n t i a l  and a x i a l  

v e l o c i t i e s .  Here i t  w i l l  be shown t h a t  t h e i r  c r i t e r i a  can be 

r e i n t e r p r e t e d  in terms o f  a Rossby number.
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The m o s t  i m p o r t a n t  c a s e  c o n s i d e r e d  by S q u i r e ,  in terms o f  a model  

f o r  v o r t e x  breakd own,  was an e x p o n e n t i a l  form f o r  the  c i r c u m f e r e n t i a l  

v e l o c i t y  p r o f i l e ,  g i v e n  by:

Vn 2
v = - p -  (1 -  e  ) ( 2 . 2 )

w i t h  V0 u s e d  a s  a s c a l i n g  p aram eter .  The a x i a l  v e l o c i t y  was c o n s i d e r e d  

to  be a c o n s t a n t ,  i .  e .  u = U. R e c a l l  from t h e  i n t r o d u c t i o n  t h a t  th e  

e x i s t e n c e  o f  n e u t r a l l y  s t a b l e  s t a n d i n g  w a v e s  o c c u r r e d  when

Vm/U = 1 . 0  ( 2 . 3 )

where Vm i s  t h e  maximum s w i r l  v e l o c i t y .  In a d d i t i o n ,  i t  s h o u l d  be n o t e d  

t h a t  the  maximum s w i r l  v e l o c i t y  u s i n g  S q u i r e ' s  v e l o c i t y  p r o f i l e  i s  

Vm = 0 . 6 3 8  V0 , a t  r*  = 1 . 1 2 .

C o n s i s t e n t  w i t h  our p r e v i o u s  d e f i n i t i o n s ,  t h e  r e f e r e n c e  l e n g t h ,  r * ,  

i s  g i v e n  a s :

r*= 1 . 1 2 .  ( 2 . 4 )

The r e f e r e n c e  v e l o c i t y  i s  the  c o n s t a n t  a x i a l  v e l o c i t y ,  U. The c h a r a c 

t e r i s t i c  r a t e  o f  r o t a t i o n ,  Q, i s  g i v e n  a s :

Q = l im ( v / r )  = V .  ( 2 . 5 )
r-K)

Hence the  Ross by number i s  then g i v e n  a s :

Ro = 0 . 5 7 .  ( 2 . 6 )
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The combined v o r t e x  c o n s i d e r e d  by Benjamin [ 8 ]  i s  g i v e n  by

0 < r< l

l<r<R ( 2 . 7 )

u = U a l l  r

where  VQ i s  a c o n s t a n t .

The c r i t i c a l  c o n d i t i o n ,  f o r  R=1 and R -*■ »  i s  g iv e n  a s

V0 /U = 1 . 9 2  

V0 /U = 1 . 2 0

f o r  R = 1
(2 . 8 )

The c a s e  R->°°, c o r r e s p o n d s  t o  t h e  combined v o r t e x  s t u d i e d  by S q u i r e  

[ 7 ] ,  The c a s e  R=1 c o r r e s p o n d s  t o  a s o l i d  body r o t a t i o n  w i t h i n  a tube  

and was a l s o  s t u d i e d  by I t o  e t  a l .  [ 1 6 ] ,  The c h a r a c t e r i s t i c  r a d i u s  i s  

ta k e n  t o  be th e  d i s t a n c e  a t  wh ic h  t h e  s o l i d  body r o t a t i o n  and i r r o t a -

VQ. T h e s e  r e s u l t s  can be e x p r e s s e d  i n  terms o f  a Rossby number a s

From t h e  a b o v e  a n a l y s e s ,  i t  a p p e a r s  t h a t  a c r i t e r i o n  ba sed on t h e  Rossby  

number can be used to  d e l i n e a t e  t h e  c r i t i c a l  r e g i o n s  o f  t h e  v o r t e x  f l o w  

b u t  t h e  c r i t i c a l  v a l u e  depends  upon t h e  type  o f  v o r t e x  f l o w .  T h i s  

c r i t e r i o n  was then used a s  a b a s i s  f o r  e xa m in in g  a v a r i e t y  o f  v o r t e x  

f l o w s .  P r e v i o u s  co m p u ta t io n a l  and e x p e r i m e n t a l  work has been examined  

f o r  b o t h  c o n f i n e d  and u n c o n f i n e d  f l o w s  t o  d e te r m in e  t h e  r an ge  o f  

a p p l i c a b i l i t y  o f  t h i s  Rossby number p a r a m e t e r .

t i o n a l  f l o w  a r e  matched.  Thus ,  r i s  eq u a l  to  u n i t y  and Q  i s  e q u a l  t o

Ro = 0 . 5 2 f o r  R = 1
( 2 . 9 )

Ro = 0 . 8 3 f o r  R ■> ®
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The c o m p u ta t io n a l  s t u d i e s  o f  Kopecky and To rran ce  [ 3 1 ] ,  Grabowski  

and B e r g e r  [ 3 3 ] ,  Benay [ 3 5 ]  and Hafez e t  a l .  [ 3 6 ]  have  been  

r e i n t e r p r e t e d  in  terms o f  t h e  Rossby number. The c i r c u m f e r e n t i a l  

v e l o c i t y  p r o f i l e s  used by Kopecky and Torrance  and Benay a r e  o f  

e x p o n e n t i a l  form,  s i m i l a r  t o  Eq. ( 2 . 2 ) .  Grabowski and B e r g e r  [ 3 3 ]  and 

H a f e z  e t  a l .  [ 3 6 ]  e x p r e s s  t h e  c i r c u m f e r e n t i a l  v e l o c i t y  in  terms o f  a 

p o l y n o m i a l .  Both p r o f i l e  t y p e s  a s y m p t o t e  to  s o l i d  body r o t a t i o n  near  

t h e  a x i s .  The e x p o n e n t i a l  p r o f i l e  a s y m p t o t e s  t o  an i r r o t a t i o n a l  f l o w  in  

t h e  f a r  f i e l d .  The p o lyno m ia l  p r o f i l e  i s  e x a c t l y  i r r o t a t i o n a l  o u t s i d e  a 

s p e c i f i c  c o r e  r a d i u s .

The c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e  o f  Grabowski and B erg er  [ 3 3 ]  

and Hafez  e t  a l .  [ 3 6 ] ,  in n o n d i m e n s i o n a l  form, i s  e x p r e s s e d  a s

v = Vr(2 -  r 2 ) 0<r<l
( 2 . 1 0 )

v = V/r  l<r<R

The a x i a l  v e l o c i t y  p r o f i l e  i s  g i v e n  a s

u = a + ( l - a ) r ( 6 - 8 r + 3 r 2 ) 0 < r < l
(2 . 1 1 )

u = 1 l<r<R

whe re  a i s  an a d j u s t a b l e  p a r a m e te r  t o  a l l o w  f o r  j e t - l i k e  or w a k e - l i k e

p r o f i l e s .  The c i r c u m f e r e n t i a l  v e l o c i t y  i s  a maximum a t  r  = / 2 / 3 ,  and i s

e q u a l  t o  1 . 0 8 8  V. The c h a r a c t e r i s t i c  r a t e  o f  r o t a t i o n ,  Q, i s  g i v e n  a s

£2 = l im  ( v / r )  = 2 V U / 6  ( 2 . 1 2 )
00

r+o
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where  6 i s  th e  d i m e n s i o n a l  c o r e  r a d i u s  a t  t h e  i n f l o w  pl a n e  and Uro t h e  

d im e n s i o n a l  f r e e  s t ream  a x i a l  v e l o c i t y .  The r a d i u s  o f  maximum s w i r l  

v e l o c i t y  i s  g i v e n  a s

r *  = / 2 ? 3  6 .  ( 2 . 1 3 )

The c h a r a c t e r i s t i c  a x i a l  v e l o c i t y  becomes

u = {a + ( 1 - a )  ( 1 -  / 2 / 3 ) } ( 2 . 1 4 )

For th e  c a s e  o f  a = l , i . e .  u = Um , the  Rossby number becomes

Ro = .  612/V ( 2 . 1 5 )

where V i s  a p aram eter  d e s c r i b i n g  t h e  c i r c u m f e r e n t i a l  v e l o c i t y  

p r o f i l e .  The Re yn ol ds  number,  ba sed on th e  f r e e  s t r e a m  a x i a l  v e l o c i t y ,

U , and the  c h a r a c t e r i s t i c  r a d i u s ,  r  , becomesco

Re = J U l  U 5 / v ( 2 . 1 6 )CO

where 6 / v  i s  the  form o f  th e  Re ynolds  number employed by Grabowski  

and B erger  [ 3 3 ]  and H afe z  e t  a l . [ 3 6 ] .

In a s i m i l a r  manner,  e x p r e s s i o n s  f o r  t h e  Rossby number and R e y n o l d s  

number can be e x t r a c t e d  from t h e  works o f  Kopecky & Torrance  [ 3 1 ]  and  

Benay [ 3 5 ] .  Us ing  th e  n o t a t i o n  employed by t h e s e  a u t h o r s ,  the  f o l l o w i n g  

r e s u l t s  ar e  o b t a i n e d  f o r  u = c o n s t a n t

ro = --------------------- ( 2 . 1 7 )
1 . 1 2  / “ b r

0

Re = ----------— ----------  ( 2 . 1 8 )
/ T  (U r  / v ) .

00 0
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The r e s u l t s  o f  the  p r e v i o u s  works a r e  summarized in F i g .  1 . 1  i n  

terms o f  t h e  Rossby and R eyn ol d s  numbers.  Open s ym bo ls  de n o te  breakdown 

and c l o s e d  symbols  d e n o t e  no breakdown. T ha t  f i g u r e  and F i g .  1 . 2  have  

e m pl oy ed  an a x i a l  v e l o c i t y  c r i t e r i o n  t o  d e f i n e  breakdown. For c o n f i n e d  

f l o w s  and nu m er ic a l  s o l u t i o n s ,  v o r t e x  breakdown i s  d e f i n e d  a s  a f l o w  

wh ic h p r o d u c e s  s t a g n a t i o n  o f  the  a x i a l  v e l o c i t y  component .  For  

u n c o n f i n e d  f l o w s ,  breakdown i s  c o n s i d e r e d  to  be  a r a p i d  ex p a n s io n  o f  th e  

v o r t e x  c o r e  accompa ni ed  by a sudden d e c e l e r a t i o n  o f  th e  a x i a l  

v e l o c i t y .  A l i m i t  l i n e  e x i s t s  t h a t  s e p a r a t e s  r e g i o n s  o f  v o r t e x  

breakdown from r e g i o n s  t h a t  e x p e r i e n c e  no breakdown.

The c o m p u t a t i o n a l  r e s u l t s  show a R e y n o ld s  number dependence  in  t h e

low R e y n o ld s  number r a n g e .  From F i g .  2 . 1 ,  i t  can be seen t h a t  f o r  

R e y n o ld s  numbers ab o v e  1 0 0 ,  v i s c o u s  e f f e c t s  a p p e a r  to  be n e g l i g i b l e  and  

i n v i s c i d  t h e o r y  can be e x p e c t e d  to  g i v e  good r e s u l t s .  The dash ed  l i n e  

r e p r e s e n t s  th e  i n v i s c i d  s t a n d i n g  wave t h e o r y  d e v e l o p e d  by Squ ire  [ 7 ]  f o r  

an e x p o n e n t i a l l y  v a r y i n g  c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e .

The e x p e r i m e n t a l  r e s u l t s  a p p e a r in g  in F i g .  2 . 1  a r e  a l l  a t  h i g h e r

R e y n o l d s  numbers than t h e  numer ica l  s i m u l a t i o n s .  Garg and L e i b o v i c h  

[ 1 9 ]  and Uchida e t  a l .  [ 4 1 ]  made LDV mea su rem ent s  j u s t  upstream o f  

breakdown in  a tu be  and vane  a p p a r a t u s .  In t h e  c a s e  o f  Garg and 

L e i b o v i c h ,  a l e a s t  s q u a r e s  f i t  o f  the  d a t a  was used to  o b t a i n  

e x p o n e n t i a l  p r o f i l e s  f o r  bo th  the  c i r c u m f e r e n t i a l  and a x i a l  v e l o c i t y  

d i s t r i b u t i o n s .  The se  r e s u l t s  were e a s i l y  t r a n s l a t e d  to the  Rossby  

number and R e y n o ld s  number p r e v i o u s l y  d e f i n e d .  The bubble form o f  

breakdown o c c u r r e d  a t  a lo w er  Rossby number ( ~ 0 . 5 7 )  than the  s p i r a l  

form ( ~  0 . 6 3 ) .  From the  a v a i l a b l e  d a t a ,  i t  a p p e a r s  t h a t  the  Rossby
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number a t  i n f l o w ,  in  the  c a s e  o f  the  bubble form o f  breakdown, was 

a l r e a d y  below the l e v e l  o f  t h e  Rossby number a t  whi ch t h e  s p i r a l  form o f  

breakdown o c c u r r e d .  The Rossb y number f o r  t h e  Uchida e t  a l .  work,  

o b t a i n e d  from p l o t s  o f  the  a x i a l  and c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e s ,  

e q u a l e d  0 . 6 4  for  the  b u b b le  form o f  breakdown. Note  t h e  e x c e l l e n t  

a g r e e m e n t  between t h e s e  c o n f i n e d  e x p e r i m e n t a l  f l o w s  and the  i n v i s c i d  

s t a n d i n g  wave a n a l y s e s  o f  S q u i r e .

S i ng h and Uberoi  [ 4 2 ]  measur ed the  v e l o c i t y  d i s t r i b u t i o n  o f  a wing  

t i p  v o r t e x  a t  s e v e r a l  a x i a l  s t a t i o n s  a l o n g  the  v o r t e x  c o r e .  A laminar  

f l o w  wing was used t o  g e n e r a t e  t h e  v o r t e x .  T h e i r  measurements  

p r o v i d e d  enough i n f o r m a t i o n  t o  o b t a i n  an e s t i m a t e  o f  t h e  Rossby number,  

( ~  0 . 6 0 )  and Reynolds  number,  ( ~  13000)  j u s t  upstream o f  a r e g i o n  in 

w h ic h  th e  a x i a l  v e l o c i t y  d e c r e a s e s  r a p i d l y  to 0 . 3  Uro ,  s u g g e s t i n g  v o r t e x  

break do wn.

Based on F i g .  2 . 1  the  c r i t i c a l  Rossby number f o r  t h e  sym metr i c  form 

o f  breakdown f o r  t h e  t r a i l i n g  wing t i p  c l a s s  o f  v o r t i c e s  i s  

a p p r o x i m a t e l y  0 . 6 0 .  The c o m p u t a t i o n a l  r e s u l t s  i n d i c a t e  t h a t  fo r  

R e y n o ld s  numbers be low 10 0 ,  t h e  v a l u e  o f  the  c r i t i c a l  Rossby number i s  

d e c r e a s e d ,  und oub ted ly  due t o  th e  i n c r e a s e d  damping e f f e c t s  o f  v i s c o s i t y  

on t h e  wave m o t i o n s .

F i g u r e  2 . 2  d i s p l a y s  t h e  Rossby number-Reynolds  number r e l a t i o n s h i p  

f o r  l e a d i n g  edge  v o r t i c e s .  The e x p e r i m e n t a l  da ta  were  o b t a i n e d  from 

r e p o r t s  by Owen and Peake [ 4 3 ] ,  Anders [4 4 ]  and Verhaagen and K ru i sh r in k  

[ 4 5 ] ,  Once a g a i n ,  open sy m b o ls  d e n o t e  no breakdown and c l o s e d  symbols  

d e n o t e  breakdown.
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Anders  [ 4 4 ]  made LDV measur ement s  o f  a l e a d i n g  edge  v o r t e x  o v e r  a 

d e l t a  wing  a t  two d i f f e r e n t  a n g l e s  o f  a t t a c k ;  1 9 . 3 °  and 2 8 . 9 ° .  The 

v o r t e x  pr odu ced by the  wing a t  t h e  l e s s e r  a n g l e  o f  a t t a c k  d i d  n o t  break  

down. The v o r t e x  produced a t  the  a n g l e  o f  a t t a c k  o f  2 8 . 9 °  d e g r e e s  broke  

down a b o v e  t h e  d e l t a  wing .  The Ross by  number i s  computed a t  t h e  same 

d i s t a n c e  from the  apex  o f  the  wing f o r  b o th  c a s e s .

B l o w i n g  can s t a b i l i z e  a l e a d i n g  ed g e  v o r t e x  and t h u s  chan ge  the  

breakdown c r i t e r i o n .  Owen and Peake [ 4 3 ]  i n t r o d u c e d  core  b l o w i n g  i n t o  

v o r t i c e s  shed from d e l t a  w in g s  a t  h i g h  a n g l e s  o f  a t t a c k  t o  s t u d y  i t s  

e f f e c t  on v o r t e x  breakdown.  The s y m b o ls  in  F i g .  2 . 2  r e p r e s e n t i n g  t h e s e  

da ta  a r e  v a r i a t i o n s  based on a b l o w i n g  c o e f f i c i e n t  p a r a m e t e r ,  C^, a t

f i x e d  s t r e a m w i s e  l o c a t i o n s  z / c = 3  and z / c = 4 ,  where  c i s  the  chord l e n g t h  

o f  the  d e l t a  w i n g .  Owen and Peake  s t a t e  t h a t  breakdown o c c u r s  

f o r  the  c a s e  C = 0 . 0 ,  w h i l e  f o r  t h e  c a s e s  C = 0 . 0 5  and C = 0 . 1 2  t h e\ i  fJ.

f l o w  i s  s t a b i l i z e d  and no breakdown o c c u r s .

A l t h o u g h  the  data  a r e  s p a r s e  and t h e  e v a l u a t i o n  o f  t h e  Rossby  

number a p p r o x i m a t e ,  one may c o n c l u d e  t h a t  v o r t e x  breakdown f o r  l e a d i n g  

ed g e  v o r t i c e s  o c c u r s  a t  a h i g h e r  Rossby number than f o r  t r a i l i n g  wing  

t i p  v o r t i c e s .  T h i s  may be due t o  the  f a c t  t h a t  the s w i r l  v e l o c i t y  

p r o f i l e s  a r e  o f  a d i f f e r e n t  t y p e .  Far  dow nstream,  the  f l o w  o u t s i d e  the  

co r e  o f  a t r a i l i n g  wing t i p  v o r t e x  i s  n e a r l y  i r r o t a t i o n a l . For a

l e a d i n g  e d g e  v o r t e x ,  the  f l o w  a t  t h e  ed g e  o f  the  co r e  i s  r o t a t i o n a l  and

n e a r l y  i n v i s c i d .  In a d d i t i o n ,  th e  l e a d i n g  ed g e  v o r t e x  c o n t a i n s  a narrow

v i s c o u s  s u b c o r e  where th e  r a d i a l  g r a d i e n t s  o f  the  c i r c u m f e r e n t i a l  

v e l o c i t y  a r e  e x t r e m e l y  l a r g e .  In c o n t r a s t ,  a s i g n i f i c a n t  r e g i o n  o f  

f l u i d  n ea r  t h e  c e n t e r  o f  a wing t i p  v o r t e x  t e n d s  t o  r o t a t e  l i k e  a r i g i d  

body.
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No s t a n d i n g  wave a n a l y s e s  o f  v e l o c i t y  p r o f i l e s  a p p l i c a b l e  to

l e a d i n g  e d g e  v o r t i c e s  were  found d u r in g  t h i s  i n v e s t i g a t i o n .  Th at  

a n a l y s i s  c o u l d  p r e d i c t  an a n a l y t i c  Rossby number breakdown c r i t e r i o n  f o r  

l e a d i n g  e d g e  v o r t i c e s  and would b r i d g e  the two c a s e s .  However,  b as ed  on

e x p e r i m e n t a l  r e s u l t s ,  the  c r i t i c a l  Rossby number s h o u l d  be  near  u n i t y .

In summary, the  t h e o r e t i c a l  a n a l y s e s  o f  S q u i r e  [ 7 ] ,  Benjamin [ 8 ]

and I t o  e t  a l .  [ 1 6 ]  have been r e i n t e r p r e t e d  to  e n a b l e  t h e  i d e n t i f i c a t i o n

o f  a c r i t e r i o n  t h a t  p r e d i c t s  th e  e x i s t e n c e  o f  a x i s y m m e t r i c  s t a n d i n g  

waves  b a s e d  on a Rossby number.  An e x p o n e n t i a l  r e p r e s e n t a t i o n  o f  the  

c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e ,  wh ic h  most c l o s e l y  m o d e l s  e x p e r i m e n t a l  

f l o w s ,  y i e l d s  a c r i t i c a l  Rossby number o f  0 . 5 7 .  T h i s  v a l u e  i s  shown a s  

a dashed l i n e  on F i g .  2 .  The e x p e r i m e n t a l  data  o f  Garg and L e i b o v i c h  

[ 1 9 ] ,  i n t e r p r e t e d  in  terms o f  a Rossby number, shows t h a t  t h e  s p i r a l  

form o f  breakdown o c c u r s  when t h e  l o c a l  Rossby number f a l l s  to

a p p r o x i m a t e l y  0 . 6 3 .  From the  a v a i l a b l e  d a t a ,  the  l o c a l  Rossby number 

was i n i t i a l l y  be low  0 . 6 3  f o r  the  c a s e s  i n v o l v i n g  t h e  b u b b le  form o f  

breakdown.  Numerica l  e x p e r i m e n t s  r e v e a l  t h a t  the  c r i t i c a l  v a l u e  o f  the  

Rossby number f o r  th e  b u bb le  form o f  breakdown becomes  i n d e p e n d e n t  o f  

R e y n o ld s  number above  R e yn o ld s  numbers o f  100 .  At  l o w e r  v a l u e s  o f  the

R e yn o ld s  number,  a l ow er  Rossby number i s  r e q u i r e d  t o  i n i t i a t e

breakdown.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3

NUMERICAL FORMULATION

The g o v e r n i n g  e q u a t i o n s  d e s c r i b i n g  i n c o m p r e s s i b l e ,  i s o t h e r m a l  f l o w  

o f  a Ne wtonian f l u i d  a r e  g i ve n  by:

V-u = 0 ( 3 . 1 )

Du - 1  2 -  ,
_ _  = _ _  VP + vV u ( 3 . 2 )
Dt p

s u b j e c t  t o  u = g on boundary B. ( 3 . 3 )

H e r e ,  Eqs .  ( 3 . 1 )  and ( 3 . 2 )  r e p r e s e n t  t h e  c o n t i n u i t y  e q u a t i o n  and  

the  N a v i e r - S t o k e s  e q u a t i o n ' s  r e s p e c t i v e l y ,  ea ch  v a l i d  over  a domain D. 

E q u a t i o n  ( 3 . 3 )  i s  a s t a t e m e n t  o f  s p e c i f i e d  v e l o c i t y  boundary c o n d i t i o n  

to  be s a t i s f i e d  on t h e  boundary,  B, o f  t h e  domain.  Higher o r d e r  

e q u a t i o n s  i n v o l v i n g  t h e  v o r t i c i t y ,  to, a r e  g i v e n  by:

V*u = 0

Vxu = to ( 3 . 4 )

^  = w»Vu +  vV2  w ( 3 . 5 )

= 0 ( 3 . 6 )

w i t h  a c o r r e s p o n d i n g  boundary c o n d i t i o n :

w = V x u .  ( 3 . 7 )

on B.

28
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E q u a t i o n  ( 3 . 4 )  r e p r e s e n t s  th e  d e f i n i t i o n  o f  v o r t i c i t y ,  Eq. ( 3 . 5 )  the  

v o r t i c i t y  t r a n s p o r t  e q u a t i o n  and Eq. ( 3 . 6 )  the  s o l e n o i d a l  c o n d i t i o n  on 

t h e  v o r t i c i t y  v e c t o r .  E qu at io n ( 3 . 6 )  i s  an i d e n t i t y  o b t a i n e d  by t a k in g  

the  d i v e r g e n c e  o f  each s i d e  o f  Eq. ( 3 . 4 ) .  The num er ic a l  scheme used to  

s o l v e  t h e s e  e q u a t i o n s  r e p r e s e n t s  an i m p le m e n ta t i o n  o f  a method d e s c r i b e d  

by G a t s k i ,  Grosch and Rose [ 3 9 ] .  The scheme i s  se con d o r d e r  a c c u r a t e  in  

t im e  an d  s p a c e  for  the  v o r t i c i t y  and v e l o c i t y  v a r i a b l e s ,  and i s  

i n d e p e n d e n t  o f  th e  l o c a l  c e l l  R e y n o ld s  number. A major  a d v a n t a g e  o f  

t h i s  f o r m u l a t i o n  i s  t h a t  boundary c o n d i t i o n s  f o r  t h e  p r e s s u r e  a r e  no t  

needed t o  a d v a n c e  the s o l u t i o n  i n  t i m e .  (The d i f f i c u l t y  i n  s p e c i f y i n g  

t h e  p r e s s u r e  boundary c o n d i t i o n s  a c c u r a t e l y  has been d i s c u s s e d  by 

O r s z a g ,  e t a l .  [ 4 6 ] . )

S e v e r a l  major a s p e c t s  o f  t h i s  a l g o r i t h m  can be i d e n t i f i e d .  

E q u a t i o n s  ( 3 . 1 )  and ( 3 . 4 )  form t h e  b a s i s  f o r  t h e  s o l u t i o n  t o  the  

v e l o c i t y  v e c t o r  f i e l d  when g i v e n  t h e  v o r t i c i t y  v e c t o r  f i e l d  a t  any time  

l e v e l  n ,  a l o n g  w i t h  the v e l o c i t y  boundary c o n d i t i o n s .  E q u a t io n  ( 3 . 5 )  i s  

u t i l i z e d  t o  ad vanc e  the  v o r t i c i t y  f i e l d  from t ime l e v e l  n t o  t im e l e v e l  

n+1.  H e r e ,  the  boundary c o n d i t i o n ,  Eq. ( 3 . 7 ) ,  i s  needed  t o  produce  a 

un iq u e  s o l u t i o n  t o  the  h i g h e r  o r d e r  sy st em  o f  e q u a t i o n s  whi ch  ar e  

s o l u t i o n s  t o  Eq. ( 3 . 1 )  and Eq. ( 3 . 2 )  s u b j e c t  to the  boundary c o n d i t i o n  

p r e s c r i b e d  by Eq. ( 3 . 3 ) .  The s o l u t i o n  o f  Eq. ( 3 . 6 )  i s  u se d  p e r i o d i c a l l y  

d u r in g  t h e  t im e e v o l u t i o n  o f  th e  f l o w  f i e l d  to  e n s u r e  t h a t  t h e  v o r t i c i t y  

v e c t o r  r e m a i n s  d i v e r g e n c e  f r e e .  Tha t  i s ,  t h e  d i v e r g e n c e  f r e e  

r e q u i r e m e n t  i s  t e s t e d  a t  each t im e  l e v e l  and i f  i t  f a i l s  to  mee t  i t s  

t o l e r a n c e ,  Eq. ( 3 . 6 )  i s  em pl oy ed.

For  r e f e r e n c e  p u r p o s e s ,  a b r i e f  d e s c r i p t i o n  o f  t h e  c o m p u t a t i o n a l  

s e q u e n c e  f o l l o w s .  The p h y s i c a l  domain i s  f i r s t  d i v i d e d  i n t o  a
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c o m p u t a t io n a l  r e g i o n  o f  r e c t a n g u l a r  c e l l s  IMAX x JMAX x KMAX. A t y p i c a l  

c e l l  i s  s k e t c h e d  in  F i g u r e  3 . 1 .  V e l o c i t i e s ,  d e f i n e d  a t  the  c e n t e r s  o f  

f a c e s ,  a r e  t h e  a v e r a g e  o f  box v a r i a b l e s  d e f i n e d  a t  the  v e r t i c e s  o f  

c e l l s .  The numbering scheme ( 1 - 8 )  f o r  t h e  box v a r i a b l e s  i s  shown in  

F ig u r e  3 . 1 .  V o r t i c i t y  i s  a l s o  d e f i n e d  a t  t h e  c e n t e r  o f  e a c h  c e l l  

f a c e .  The v e l o c i t y  and v o r t i c i t y  v a r i a b l e s  t h u s  r e p r e s e n t  a v e r a g e  

v a l u e s  ov e r  a c e l l  f a c e .

B e g i n n i n g  w i t h  an assumed v o r t i c i t y  d i s t r i b u t i o n ,  th e  v e l o c i t i e s ,  

u t i l i z i n g  Eqs .  ( 3 . 1 )  and ( 3 . 4 )  a r e  computed a t  t ime l e v e l  n.  The

v o r t i c i t y  i s  t h e n  advanced to l e v e l  n+1 u s i n g  t h e  v e l o c i t i e s  a t  t ime  

l e v e l  n and v o r t i c i t y  boundary c o n d i t i o n s  d e t e r m i n e d  by the  v e l o c i t y  

components on e a c h  boundary.  T h i s  v o r t i c i t y  i s  s u b s e q u e n t l y  p r o j e c t e d  

i n t o  a new v e c t o r  s p a c e  s a t i s f y i n g  the  r e q u i r e m e n t  t h a t  the  d i v e r g e n c e  

o f  v o r t i c i t y  be z e r o .  N e x t ,  v e l o c i t i e s  a r e  u pd ate d t o  t i me l e v e l  n+1 

us in g  th e  d i v e r g e n c e  f r e e  v o r t i c i t y  a t  n+1 and a p p r o p r i a t e  v e l o c i t y

boundary c o n d i t i o n s .  The v o r t i c i t y  i s  th en  recomputed a t  l e v e l  n+1

us in g  t h e  u p d a t e d  v e l o c i t y  f i e l d .  R e p e t i t i o n  o f  the  ab ov e  p r o c e s s

y i e l d s  a s e c o n d  o r d e r  a c c u r a t e  s o l u t i o n  a t  any s u b s e q u e n t  t ime [ 3 9 ] .

N u m e r i c a l l y ,  i t  i s  r e q u i r e d  t h a t  one  component  o f  the  v e l o c i t y  

v e c t o r  be s p e c i f i e d  on ea ch  boundary c e l l  f a c e .  A l l  t h r e e  components  o f  

the v o r t i c i t y  v e c t o r  a r e  s p e c i f i e d  on each boundary c e l l  f a c e .

3 . 1  V e l o c i t y  E q u a t i o n s

Assuming t h e  v o r t i c i t y  a t  t im e l e v e l  n i s  known, the  v e l o c i t y

components a t  l e v e l  n can be computed t h r o u g h  a numerica l  s o l u t i o n  o f  

Eqs. ( 3 . 1 )  and ( 3 . 4 )  where  oo s a t i s f i e s  t h e  c o m p a t i b i l i t y  c o n d i t i o n ,  Eq.  

( 3 . 6 ) .  F i x  and Rose [ 4 7 ]  have shown t h a t  t h i s  c o m p a t i b i l i t y  c o n d i t i o n
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i , j +1/2 »k

i +1/2 , j ,k

0) .

Fig. 3.1 Representative computational c e l l  showing the location of 
the velocity and v o r t ic i ty  variables.
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i s  a n e c e s s a r y  c o n d i t i o n  f o r  t h e  o v e r d e t e r m i n e d  s y s t e m ,  Eq. ( 3 . 1 )  and  

Eq. ( 3 . 4 )  t o  have a s o l u t i o n .

A f i n i t e  volume a p p r o x i m a t i o n  t o  t h e  c o n t i n u i t y  e q u a t i o n  i s  

o b t a i n e d  by a p p l y i n g  the  d i v e r g e n c e  th eor em  t o  the  i n t e g r a l  form o f  th e  

c o n t i n u i t y  e q u a t i o n .  That  ap proach r e s u l t s  in  t h e  r e q u i r e m e n t :

The i n t e g r a l  on the  r i g h t  hand s i d e  r e p r e s e n t s  th e  n e t  f l u x  o f  mass  

i n t o  any a r b i t r a r y  f i x e d  volume.  I t  i s  c o n v e n i e n t  to  d e f i n e  an  o p e r a t o r

Us in g  t h e  t r a p e z o i d a l  r u l e ,  t h e  c o n t i n u i t y  r e q u i r e m e n t  can be e x p r e s s e d  

a s

The d i s c r e t i z e d  form o f  the  d e f i n i t i o n  o f  v o r t i c i t y  r e s u l t s  from an 

a p p l i c a t i o n  o f  S t o k e s  theorem.  C o n s i d e r  a t w o - s i d e d  s u r f a c e  in  t h r e e  

d i m e n s i o n s  ha v in g  a c l o s e d  s u r f a c e  C a s  i t s  boundary.  The c i r c u l a t i o n  

o f  t h e  v e l o c i t y  u around C i s  equal  t o  t h e  f l u x  o f  the c u r l  o f  u o v e r  S ,

/v»udV = /u»ndcr ( 3 . 8 )

( 3 . 9 )

Vh *u = E 6,-u. i  = 1 , 2 , 3 ( 3 . 1 0 )

(where  6 .  i s  the  s t a n d a rd  d i f f e r e n c e  o p e r a t o r ,  6 u = (u

so  t h a t Vh *u = V*u + o ( h 2 ) ( 3 . 1 1 )

/  (Vxu)*ndS = /  u*dC 
s J c

( 3 . 1 2 )
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where n i s  a u n i t  normal t o  the  s u r f a c e  S .  We can d e f i n e  a s e c o n d

o p e r a t o r  x u a s

Vh X U = ~|XP 4 U’dC ( 3 . 1 3 )

U si ng  the  t r a p e z o i d a l  r u l e ,  th e  d i s c r e t e  form o f  the  c u r l  o p e r a t o r  i s  

g i v e n  a s

(V. x u) = 6 . u .  -  6 . u .  ( 3 . 1 4 )
n  k  * J  J  *

so  t h a t  x u = V x u + 0 ( h 2 ) ( 3 . 1 5 )

The p r e c e d i n g  a p p r o x i m a t i o n s  a r e  v a l i d  over  the  e n t i r e  

c o m p u t a t i o n a l  d o m ain .  A d d i t i o n a l  e q u a t i o n s  a r e  needed f o r  boundary  

c e l l s .  Fo r  t h e  n u m er ic a l  s o l u t i o n ,  a D i r i c h l e t  c o n d i t i o n  m us t  be 

a p p l i e d  t o  an y one component  o f  v e l o c i t y  on a l l  b o u n d a r i e s .  T h i s  

c o n d i t i o n  i s  e x p r e s s e d  a s
Ak

f B  u*n dS = 0 ( 3 . 1 6 )

The n u m e r i c a l  problem r e q u i r e s  the  s o l u t i o n  o f  Eq. ( 3 . 1 0 )  on e a c h  

c e l l ,  Eq. ( 3 . 1 4 )  on e a c h  c e l l  f a c e ,  and Eq. ( 3 . 1 6 )  on a l l  boundary c e l l  

f a c e s .  T h i s  can be s o l v e d  by an i t e r a t i v e  scheme due t o  Kaczmarz  

[ 4 8 ] ,  The r e s u l t i n g  s o l u t i o n  r e p r e s e n t s  a l e a s t  squ ares  a p p r o x i m a t i o n  

t o  the  s y s t e m  Ax = F ,  where A i s  an nxm m a t r i x  and x and F a r e  m and n 

d i m e n s i o n a l  v e c t o r s  r e s p e c t i v e l y .  When a p p l y i n g  t h i s  scheme t o  t h e

s y s t e m  o f  e q u a t i o n s  g i v e n  by Eq. ( 3 . 1 0 )  and ( 3 . 1 4 ) ,  each e q u a t i o n  i s

r e l a x e d  i n d e p e n d e n t l y .  T h e r e f o r e ,  n = 1 ,  and m i s  equal  t o  the  number

o f  unknowns i n  a c e l l .  The scheme i s  d e r i v e d  in t h e  f o l l o w i n g  

par ag raph .
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I f  R i s  a r e s i d u a l  and (k )  i s  a c o u n t e r ,  then we can w r i t e :

A j U ^ -  f .. = R . . ^  and u^k+ 1^= u ^ ^ +  v^k \  where v i s  a c o r r e c t i o n  term.  

( k+1) -  - ( k + 1 )
R.. = A.j »u -  wher e  i  r e p r e s e n t s  t h e  s p e c i f i c  e q u a t i o n  to be

r e l a x e d .

Ri (l<+1) = A,  ( 5<k) ♦ ; ( k ) ) -  F,

= Rf <k) * V (k)

c h o o s e  R. = o

0 = R . (k)  + A. v ( k ) ; d e f i n e  v (k )  = aT w( k ) .

Then A. Ai w(k )  = - R . M

w(k)  = a/ ) * 1 R;.k)

v (k) = -aT (A. ^ ) " 1 Rjk)

- ( k + 1 )  = - ( k )  }- l  R(k )  ( 3 a ? )

An a c c e l e r a t i o n  p a ra m ete r  y  has been i n t r o d u c e d  in  Eq. ( 3 . 1 7 ) .  

E x p r e s s i o n s  f o r  (AA^) ap p ea r  b e lo w  f o r  e a c h  o f  t h e  r e q u i r e d  e q u a t i o n s .

_  _ j  i
c o n t i n u i t y  (A A ) = ---------- *— ( 3. 18)

8 ( l + c t  +p )

-  -T - 1 1x v o r t i c i t y  (A A ) = ------------------------------------------------------------( 3 . 1 9 )
4 ( 1 + k )

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



35

_  _ t  i
y - v o r t i c i t y  (A A ) =  * -  ( 3 . 2 0 )

4 ( l + p  )

-  -T _1 1
z - v o r t i c i t y  (A A ) =  * -  ( 3 . 2 1 )

4 ( l + a  )

where  k = Ay/Az ( 3 . 2 2 )

P = Ax/Ay ( 3 . 2 3 )

and a = Ax/Az ( 3 . 2 4 )

For a D i r i c h l e t  t y p e  boundary c o n d i t i o n

- -T(A A1 ) = 1 / 4 .  ( 3 . 2 5 )

To im p lem en t  th e  Neumann c o n d i t i o n ,  5 u / a x  = 0 on a c e l l  f a c e ,  t h e

c o n t i n u i t y  e q u a t i o n  can be used t o  w r i t e

d v / d y  +  d w / d z  = 0 .  Then

_ _ t  -1  2
(A A 1 ) = . 2 5 / ( 1 + k ) ( 3 . 2 6 )

In summary, a p r o j e c t i o n  method due t o  Kaczmarz has been  

implemented to  s o l v e  t h e  o v e r d e t e r m i n e d  s y s t e m  g iv e n  by Eqs.  ( 3 . 1 ) ,  

( 3 . 3 )  and ( 3 . 4 ) .  Tanabe [4 9 ]  has shown t h a t  th e  method w i l l  c o n v e r g e  

f o r  any sys t em  o f  l i n e a r  e q u a t i o n s  w i t h  n o n z e r o  rows even i f  t h e  s y s t e m  

i s  s i n g u l a r .

3 . 2  V o r t i c i t y  E q u a t i o n s

The d i s c r e t i z e d  form o f  th e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n  i s  

o b t a i n e d  by e x p r e s s i n g  th e  v o r t i c i t y  w i t h i n  a c e l l  in  terms o f  a s e t  o f  

b a s i s  f u n c t i o n s .  These  f u n c t i o n s  a r e  i n t e g r a t e d  ov er  t i m e  and s p a c e  

r e s u l t i n g  i n  e x p r e s s i o n s  v a l i d  on c e l l  f a c e s .  A p p r o p r i a t e  c o m b i n a t i o n s  

o f  t h e s e  e x p r e s s i o n s  r e s u l t  in th e  d i s c r e t i z e d  form o f  the  e q u a t i o n s  f o r
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t he  t r a n s p o r t  o f  the  v o r t i c i t y .  T h i s  p roc ed u re  i s  d e t a i l e d  by M c l n v i l l e  

[ 5 0 ] .

The b a s i s  s e t  employed by G a t s k i ,  Grosch,  and Rose  [ 5 1 ]  f o r  t h e  

t w o - d i m e n s i o n a l  f o r m u l a t i o n  i s  a s o l u t i o n  t o  the one d i m e n s i o n a l  form o f  

t h e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n .  Th ese  s o l u t i o n s  a r e  o f  t h e  form

u (x , t ; o c )  = e x p  [ a x - p ( a ) t ]  ( 3 . 2 7 )

wh ere  p (a )  = a ( u  -  av) ( 3 . 2 8 )

The t h r e e - d i m e n s i o n a l  form o f  t h e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n

c o n t a i n s  t h e  v o r t e x  s t r e t c h i n g  term wVu which r e q u i r e s  s p e c i a l

c o n s i d e r a t i o n .  The b a s i s  s e t  no l o n g e r  r e p r e s e n t s  s o l u t i o n s  t o  t h e  

t h r e e  d i m e n s i o n a l  t r a n s p o r t  e q u a t i o n .  Thus ,  G a t s k i ,  Grosc h and Rose 

[ 3 9 ]  em p lo ye d  th e  t r a n s f o r m a t i o n

[ B * ( t - t ) ] _
(o = e n n C ( 3 . 2 9 )

where  co i s  t h e  v o r t i c i t y  and C i s  a tr a n sf o r m e d  v o r t i c i t y .  M a tr ix  [Bn] 

i s  a 3x3 a r r a y  whic h r e l a t e s  e a c h  component  o f  w t o  t h e  t h r e e  components  

o f  C. When a p p l i e d  t o  t h e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n ,  t h i s

t r a n s f o r m a t i o n  e l i m i n a t e s  the  v o r t e x  s t r e t c h i n g  term.  The r e s u l t i n g  

t r a n s f o r m e d  e q u a t i o n  i s

+ u-VC = W 2 I  ( 3 . 3 0 )o t

D e t a i l s  o f  t h e  t r a n s f o r m a t i o n  a p p e a r  in  Appendix A. T h i s  form o f  the  

t r a n s p o r t  e q u a t i o n  has s o l u t i o n s  o f  the  t y p e  ( 3 . 2 7 )  and i s  t h e  e q u a t i o n  

t o  be d i s c r e t i z e d .  Note t h a t  a t  t im e  l e v e l  n the  t r a n s f o r m e d  v o r t i c i t y
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e q u a l s  t h e  p h y s i c a l  v o r t i c i t y .  H en ce ,  "true" v o r t i c i t y  and  

"transformed" v o r t i c i t y  are  e q u a t e d  a t  t h e  b e g i n n i n g  o f  e a c h  t ime s t e p .

The d i s c r e t i z e d  form o f  t h e  t r a n s p o r t  e q u a t i o n  has been d e r i v e d  in  

G a t s k i ,  Grosch and Rose [ 3 9 ] .  I t  t a k e s  t h e  form,

{6 .  + [ ( p u ) 6  + ( (i v)  6 + ( p w ) 6 ] } c n 
t  x x  y  y  z z

= v (6 * + 6 c|> + 6 c) (3.31)
x y  z

whe re ,

( p  -  h q 6 ) < t >  = 6 C  
x x x  x x

(liy ” hy qy V  *  = V  ( 3 ' 32  a , b , c )

( p z -  h2 q2 az ) 5 = 6 z c

2
u C = p C -  h p 6 <

t  X X X X

Pt c = Py C -  hy Py6y4» ( 3 . 3 3  a , b , c )

Pz « z !

_ ac .  ac „ ar A
♦ “ ■ S x - 1 + a 3 T j  + ax k <3 - 34)

_ ae  .  a c 2 A ac .

+ a T j  + a T k ( 3 *35)

-  9C1 -  dC2 -  9S  -

c = a T  1 + a T  5  + ~ a ?  k ( 3 ‘ 36 )
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and q ( 0 A) = c o t h  (0^) -  e"1 ; JL = 1 , 2 , 3  ( 3 . 3 7 )

p ( V  = q ( V / 0 Jl ( 3 . 3 7 a )

UnAXj

ei  = ^ z T  1 *■ =  1 »2 ' 3 ( 3 - 38)

The f i n i t e  d i f f e r e n c e  o p e r a t o r s  6 and n a r e  d e f i n e d  a s  f o l l o w s .

s n _ s "

6 S n . ,  ---------- t l k l i A  ( 3 . 3 9 )
X 1 , j , k  Ax

s n+ ty2 s n“ V2

6 S n . . , 3 . 4 0 )
t  i , j , k  At

s n + s n
, s" H V 2 . j . k  ,--V2 , j , k  (341)

X 1 j  J  j  K u

sntV2+ Sn-V2

The a l g o r i t h m  g o v e r n i n g  the t im e a d v a n c e  o f  v o r t i c i t y  from t ime

l e v e l  n t o  l e v e l  n+1 u t i l i z e s  the v o r t i c i t y  a t  t ime l e v e l  n + l /2  which i s

g i v e n  by

8 ( t  -  t  )
- n + V 2 = e  n+V2 (3>43)

By d e f i n i t i o n

I  n + 1 / 2 = ( ^  + T6t )C n ( 3 . 4 4 )
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Thus

( 3 . 4 5 )

Now c o n s i d e r  th e  v o r t i c i t y  a t  t i m e  l e v e l  n+ J/2 c e n t e r e d  around l e v e l  

n+1.

By e q u a t i n g  Eqs .  ( 3 . 4 5 )  and ( 3 . 4 8 )  t h e  c o n d i t i o n  t h a t  the  v o r t i c i t y  a t  

t im e l e v e l  n+tyi? be c o n t i n u o u s  i s  im p o se d .  T h i s  r e s u l t s  in  a r e l a t i o n 

s h i p  b e t w e e n  t h e  v o r t i c i t y  a t  t i m e  l e v e l  n+1 and l e v e l  n .  T h i s  

c o n d i t i o n  i s  g i v e n  a s:

E q u a t i o n  ( 3 . 4 9 )  g ov ern s  t h e  a d v a n c e  o f  v o r t i c i t y  from t ime l e v e l  n 

to l e v e l  n+ 1.  I f  i t  i s  assumed t h a t  the  v o r t i c i t y  f i e l d  i s  known a t  

t ime l e v e l  n ,  then the  r i g h t  hand s i d e  o f  Eq. ( 3 . 4 9 )  can be c a l c u l a t e d  

e x p l i c i t l y .  The t ime a v e r a g e  on th e  r i g h t  hand s i d e  i s  expanded by 

u s i n g  E q s .  ( 3 . 3 3  a , b , c ) .  The t im e  d i f f e r e n c e  i s  expanded by u s i n g  the

to = e  C ( 3 . 4 6 )

By d e f i n i t i o n

( 3 . 4 7 )

Thus

-  n + l /2 n+1 n+1 n + l /2
to = e ( p  -  t ' 6  )C

-  n+1
( 3 . 4 8 )

t  t

;  n+1
e ( 3 . 4 9 )

where
T ^ + 1  t n+ V2

( 3 . 5 0 )

and ( 3 . 5 1 )
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t r a n s p o r t  e q u a t i o n  ( Eq. ( 3 . 3 1 ) ) .  The se  e x p a n s i o n s  remove t h e  n+ V2

t ime l e v e l  from t h e  r i g h t  hand s i d e  o f  Eq. ( 3 . 4 9 ) .  The expa nde d forms  

o f  Eq. ( 3 . 4 9 )  u s i n g  Eq. ( 3 . 3 1 )  and Eq. ( 3 . 3 3 a )  ( 3 . 3 3 b )  or  ( 3 . 3 3 c )

r e s p e c t i v e l y ,  become:

B - z ' B  x
(p  -  )C n+ = e  n e  n [ p  C n -  x [ p  u6  + p v6 £n + p w6 c n ] 

t t  x x x y y z z

+ v x ( 6  <() + 6 + 6 C) -  h^ p 6 <|> n ] ( 3 . 5 2 )
x y z  x x x

B x '  B x _
(p  ~ x"6 )C n = e n e  n [ | i  Cn -  x [ p  u 6  C*1 + p v6 C11 + p w 6  

t  t  y  x x y y z z

+ v t ( 6 x 1  + 6y 4> + 6z 5) -  h^y PySycj/1] ( 3 . 5 3 )

( p t - x ' 6 t )C n+1 = e n+1 e n [ p 2Cn-  x  [ y 6 x Cn + Fy v6y c" + ^zw6z ^

+ vx (6 I  + 6 i> + 6 I )  -  h2 p 6 \  n ] ( 3 . 5 4 )
x y  z z z z

The o n l y  unknowns on the  r i g h t  hand s i d e  in  t h e s e  e q u a t i o n s  a r e  the  

d i f f u s i o n  te r m s § x <|>, 5 J ? ,  and 6^1.  E x p l i c i t  e x p r e s s i o n s  f o r  t h e s e

term s a r e  o b t a i n e d  from a s e t  o f  e q u a t i o n s ,  d e r i v e d  from t h e  i d e n t i t y

I  " p C n -  x6^C n where C n ^ i s  known from the  p r e v i o u s  t ime

s t e p .  T h i s  i d e n t i t y  i s  expanded u s i n g  Eq. ( 3 . 3 1 )  and Eqs .  ( 3 . 3 3  a , b , c ) .  

The t h r e e  r e s u l t i n g  s e t s  o f  e q u a t i o n s  become

C*1 ^  = P £n + x ( p  u6 ?n+p v6 Cn+P w6 Cn ) - ( h  ^p + v x ) 6  ()rvx6 (|r-vx6 £ ( 3 . 5 5 )
x x x y y z z  x x x y  z
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^  = p cn + x ( p  u6 C %  v6 Cn+(i w6 Cn ) ~ v x 6  <f>—( p + v t )6  ĉ -vt6 £ ( 3 . 5 6 )  
y x x y y z z  x y ry y z

C "  P  Cn + x ( n  u 6  c n + p  v 6  £n + p  w 6  c n ) - V T 6  <|>-vi;6 < | ^ ( h ^ p  + v t ) 6  5  ( 3 . 5 7 )
z x x y y z z  x y  z z z

Note  t h a t  t h e  i  component o f  t h e  a b o v e  e q u a t i o n s  r e p r e s e n t s  one " s e t , "

c o n s i s t i n g  o f  3 s c a l a r  e q u a t i o n s  w i t h  unknowns 6 ^ ,  6 ^  and < 5 ^ .

S i m i l a r l y  f o r  t h e  j  and k com pon ent s .

The d e t a i l s  o f  t h e  s o l u t i o n  o f  t h e s e  e q u a t i o n s  f o r  6 6 (p, 6 £
x y  z

by u t i l i z i n g  Eqs .  ( 3 . 3 2  a , b , c ) ,  a p p e a r s  i n  Appendix  B. The a d v a n ce  t o  

t im e l e v e l  n+1 i s  i m p l i c i t .  E q u a t i o n s  ( 3 . 5 2 ) ,  ( 3 . 5 3 )  and ( 3 . 5 4 )  a r e  

r ed uc ed  t o  a t r i d i a g o n a l  syst em  whic h can be s o l v e d  u s i n g  e i t h e r

a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  (ADI) or  s u c c e s s i v e  o v e r  r e l a x a t i o n  (SOR) 

m et h o d s .  The r e d u c t i o n  o f  the e q u a t i o n s  t o  t r i d i a g o n a l  form has be en  

d e v e l o p e d  in  Appendix  B.

To im p le m e n t  an ADI s o l u t i o n ,  a Thomas a l g o r i t h m  [ 5 2 ]  i s  f i r s t  

a p p l i e d  a l o n g  e a c h  l i n e  o f  c o n s t a n t  jk f o r  t h e  x d i r e c t i o n  sw e e p .  T h i s  

g i v e s  t h e  t h r e e  components  o f  v o r t i c i t y  a t  t h e  c e n t e r s  o f  the  x = c o n s t a n t  

c e l l  f a c e s .  E x p l i c i t  in  t h i s  sweep a r e  t h e  t h r e e  components  o f

v o r t i c i t y  o c c u r r i n g  on the  y = c o n s t a n t  and t h e  z = c o n s t a n t  f a c e s .  For t h e  

f i r s t  i t e r a t i o n  th roug h x d i r e c t i o n  s w e e p s ,  t h e  v a l u e s  o f  the  v o r t i c i t y  

components  a r e  a t  t ime l e v e l  n.  The Thomas a l g o r i t h m  i s  then a p p l i e d  i n  

the  y d i r e c t i o n  and z d i r e c t i o n ,  r e s u l t i n g  i n  t h e  updated components o f  

v o r t i c i t y  on t h e  y = c o n s t a n t  and z = c o n s t a n t  f a c e s  r e s p e c t i v e l y .  In 

g e n e r a l ,  i t  i s  found t h a t  s u f f i c i e n t  r e f i n e m e n t  o f  the  s o l u t i o n  i s  

a c h i e v e d  by c y c l i n g  through  each sweep d i r e c t i o n  t h r e e  t i m e s .
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R e c a l l  t h a t  th e  v e l o c i t y  c o e f f i c i e n t s  o f  th e  a d v e c t i o n  te rm s a r e  

l a g g e d  by one  t ime l e v e l  d u r i n g  t h e s e  c y c l e s .  To a c h i e v e  s e c o n d  o r d e r  

a c c u r a c y  i n  t im e i t  i s  n e c e s s a r y  t o  up da te  t h e s e  v e l o c i t i e s  t o  t h e  

c u r r e n t  t i m e  l e v e l  o f  the  v o r t i c i t y ,  and then recompute th e  v o r t i c i t y  

u s i n g  t h e s e  updated v e l o c i t i e s .  I t  i s  a l s o  n e c e s s a r y  t o  r e c o m p u te  t h e  

r i g h t  hand s i d e  o f  Eq. ( 3 . 4 9 )  a f t e r  r e c y c l i n g  through t h e  v e l o c i t y  

e q u a t i o n s  and b e f o r e  re c o m p u t in g  t h e  v o r t i c i t y .  T h i s  r e q u i r e m e n t  

r e s u l t s  from t h e  f a c t  t h a t  t h e  n+1 t ime l e v e l  o f  t h e  e x p o n e n t i a l  

t r a n s f o r m a t i o n  a p p e a r s  in Eq. ( 3 . 4 9 ) .  Repeated a p p l i c a t i o n  o f  t h e  ab ov e  

p r o c e d u r e  y i e l d s  i n  t h e  v o r t i c i t y  and v e l o c i t y  f i e l d s  a t  l a t e r  t i m e s .

A l t e r n a t e l y ,  t h e  i m p l i c i t  s y s t e m  may be s o l v e d  u s i n g  a SOR t y p e  

i t e r a t i o n  scheme i n s t e a d  o f  a p p l y i n g  t h e  Thomas a l g o r i t h m  a l o n g  l i n e s .  

The a d v a n t a g e  o f  t h i s  ap p roa ch  i s  t h a t  when o n l y  a few c y c l e s  a r e  

r e q u i r e d ,  t h e  SOR i t e r a t i o n  w i l l  be f a s t e r  c o m p u t a t i o n a l l y .  In 

a d d i t i o n ,  a r e s i d u a l  can be i d e n t i f i e d  and used as  a c r i t e r i o n  f o r

c o n v e r g e n c e .  The r e s i d u a l  i s  d e f i n e d  a s  th e  d i f f e r e n c e  between t h e  l e f t  

s i d e  and r i g h t  s i d e  o f  ea ch  i n d i v i d u a l  e q u a t i o n  o f  t h e  t r i d i a g o n a l

s y s t e m .  The o t h e r  a s p e c t s  o f  t h e  s o l u t i o n  pr o c e d u r e  a r e  i d e n t i c a l  w i t h  

the  method em p lo y in g  the Thomas a l g o r i t h m .  In a l l  the  s u b s e q u e n t  

c o m p u t a t i o n s ,  the  t im e s t e p s  w ere  k e p t  sm al l  enough to e n s u r e  t h a t  the  

CFL s t a b i l i t y  c r i t e r i o n  [ 5 3 ]  was n o t  v i o l a t e d .

3 . 3  H e l m h o l t z  P r o j e c t i o n

In g e n e r a l ,  t h e  v o r t i c i t y  r e s u l t i n g  from the  f i n i t e  d i f f e r e n c e  

s o l u t i o n  t o  the  v o r t i c i t y  t r a n s p o r t  e q u a t i o n s  does  n o t  s a t i s f y  the  

r e q u i r e m e n t  t h a t  th e  v o r t i c i t y  v e c t o r  be d i v e r g e n c e  f r e e .  T h i s  i s  due

t o  th e  f a c t  t h a t  the  d i v e r g e n c e  f r e e  c o n d i t i o n  i s  a v e c t o r  i d e n t i t y  and
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i s  n o t  p a r t  o f  th e  N a v i e r - S t o k e s  e q u a t i o n s .  Hence,  the  d i v e r g e n c e  f r e e  

c o n d i t i o n  i s  n o t  r e q u i r e d  in t h e  d e r i v a t i o n  o f  the  v o r t i c i t y  t r a n s p o r t  

e q u a t i o n .  T hu s ,  an i n i t i a l l y  d i v e r g e n c e  f r e e  f i e l d  may d r i f t  from t h e  

r e q u i r e m e n t  due to r o u n d o f f  e r r o r  or  d i s c r e t i z a t i o n  e r r o r .

A p r e v i o u s l y  d i s c u s s e d  r e q u i r e m e n t  f o r  the  numerica l  s o l u t i o n  o f

t h e  v e l o c i t y  f i e l d  was the c o m p a t i b i l i t y  c o n d i t i o n  v»o)=0 .  I f  t h e  v e c t o r  

r e s u l t i n g  from th e  t ime advance  o f  t h e  t r a n s p o r t  e q u a t i o n  d o e s  n o t  

s a t i s f y  t h i s  c o n d i t i o n ,  i t  must  be p r o j e c t e d  on to  the  v e c t o r  s p a c e  o f  

d i v e r g e n c e  f r e e  v o r t i c i t y .  A w e l l  known p r o p e r t y  o f  any v e c t o r  f i e l d  i s  

t h e  f a c t  t h a t  i t  can be decomposed i n t o  an i r r o t a t i o n a l  f i e l d  and a 

d i v e r g e n c e  f r e e  f i e l d  a c c o r d i n g  t o  t h e  H e lm h o lt z  p r o j e c t i o n :

a) = Vx + V x c ( 3 . 5 8 )

i r r o t a t i o n a l  d i v e r g e n c e  f r e e

Here ,  x r e p r e s e n t s  a s c a l a r  f u n c t i o n  and c , a v e c t o r  f u n c t i o n .  To

e x t r a c t  t h e  d i v e r g e n c e  f r e e  p a r t  o f  t h e  v e c t o r ,  co, ta ke  th e  d i v e r g e n c e  

o f  Eq. ( 3 . 5 8 )  t o  g e t :

V * w = V 2 x ( 3 . 5 9 )

E qua t ion ( 3 . 6 1 )  can be used to  s o l v e  f o r  x » s u b j e c t  t o  t h e  boundary

5 y
c o n d i t i o n  ^  = 0 on B. This  boundary c o n d i t i o n  i s  u t i l i z e d  t o  e n s u r e  

t h a t  t h e  component  o f  v o r t i c i t y  normal t o  th e  boundary i s  n o t  a l t e r e d .  

The d i v e r g e n c e  f r e e  component ,  V x c ,  o f  the  o r i g i n a l  v e c t o r ,  w, i s  

g iv e n  by

v x c = a) -  Vx ( 3 . 6 0 )
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An a l t e r n a t e  ap pr oa ch t o  e n f o r c i n g  t h e  s o l e n o i d a l  c o n d i t i o n  on t h e  

v o r t i c i t y  v e c t o r  can a l s o  be d e r i v e d .  E qua t ion ( 3 . 5 9 )  can be r e d u c e d  to  

t h e  f o l l o w i n g  s e t  o f  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n s :

t  + + (3-61>

<3 - 6 2 >

( 3 . 6 3 )

r  = | |  ( 3 . 6 4 )

where ~  = 0 on t h e  bo und ary.  The unknowns in  t h i s  s y s t e m  a r e  the  

s c a l a r  q u a n t i t i e s  p,  q,  r  and x .  The d i v e r g e n c e  f r e e  compon ents  o f  the  

o r i g i n a l  v e c t o r  a r e  then g i v e n  by:

(V x c ) j  = Uj ■ p ( 3 . 6 5 )

(V x c ) 2 = u>2 -  q ( 3 . 6 6 )

(V x c ) 3 = -  r .  ( 3 . 6 7 )

The d i s c r e t i z a t i o n  o f  e q u a t i o n s  ( 3 . 6 1 )  to  ( 3 . 6 4 )  i s  d e s c r i b e d  by 

Rose [ 5 4 ] .  The f i n i t e  d i f f e r e n c e  forms a r e :

6 p + 6 q + 6 r = V*u) ( 3 . 6 8 )
a y z

FXP = § x X ( 3 . 6 9 )

Py q = 6y X ( 3 . 7 0 )

M-z r = 6z x ( 3 . 7 1 )
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The a v e r a g i n g  and d i f f e r e n c e  o p e r a t o r s  a r e  i d e n t i c a l  t o  t h o s e  d e f i n e d  

p r e v i o u s l y  f o r  t h e  d i s c r e t i z a t i o n  o f  th e  t r a n s p o r t  e q u a t i o n .

These e q u a t i o n s  have been s o l v e d  u s i n g  t h e  Kaczmarz [ 4 8 ]  i t e r a t i o n  

scheme which was d i s c u s s e d  in  r e f e r e n c e  t o  t h e  s o l u t i o n  o f  t h e  v e l o c i t y  

f i e l d .  R e c a l l  t h a t  t h e  Kaczmarz scheme r e q u i r e s  t h e  e v a l u a t i o n  o f  the  

e x p r e s s i o n  A^(A a | )  *R_. f o r  ea ch  o f  the  d i s c r e t i z e d  e q u a t i o n s ,  th e  

s u b s c r i p t  i  d e n o t i n g  a s p e c i f i c  e q u a t i o n .  The e x p r e s s i o n s  f o r  A., and 

Rj a r e  g i ve n  be l ow f o r  Eqs .  ( 3 . 6 8 )  to ( 3 . 7 1 )  a s  Eqs .  ( 3 . 7 4  a , b )  to ( 3 . 8 0  

a , b )  r e s p e c t i v e l y .

I_  l i  I_  l i  -L  ik
A x ’ A x ’ A y ’ A y ’ Az ’ Az ( 3 . 7 4 a )

Ri  = I x  (p i+ V 2 '  P i - V  + h  (q^ V 2 '  " j-V a 1

Az k+ V2 r k- V2
) -  ( V*o)) . ( 3 . 7 4 b )

2 " 2 ’ 2 ’ A x ’ Ax
( 3 . 7 5 a )

3 " 2 *  2 ’ A y ’ Ay
( 3 . 7 6 a )
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R3 ■ 2 (V V 2+ V V  "Sy (xjtV2 ' Xj - 1/2) (3-76b)

V i i - i i - s 1 (3-77a>

*4 ■? (W  Vlfc1 "E (VM>" w , ’ <3-77b)

A  =  (I I -I  - I  -Ax ^  1 ^ )  (3 7g j
5 2* 2* 2* 2* 8 * 8 * 8 *  8

r 5 = I  (xi+V2 + Xi - V  ■ 7 ( xj +  V2 + xj -  v 2’

'  (pi+1/2 " pi-  V2 1 + ■T (V  V2'  qj-1/2’ (3-78b)

A = ( — — -  — -  — -  -^1 —  -  ) (3 7 9a)
6 V2* 2 s 2* 2 s 8 * 8 * 8 ’ 8 ’ 1 * '

R6 = 7  ( * i + V 2 + X i - l / 2 > -  7  ( *k + V2 + W 2’

r ~  (pi+l/2" pi- l /2 ) + ^ ~  (rk+l/2" rk-W (3-79b)

Each o f  the  abo ve  e q u a t i o n s  i s  r e l a x e d  i n d e p e n d e n t l y  o v e r  a l l  i n t e r i o r  

and bou nda ry  c e l l s  u s in g  the  Kaczmarz i t e r a t i o n  scheme r e p e a t e d  b e l o w .

u . (k+1) = rc.(k)  -  y  ~A. (A.A^) 1 R . (k)  ( 3 . 8 0 )
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The v e c t o r  n  i s  composed o f  c o m b in a t io n s  o f  t h e  v a r i a b l e s  p , q , r ,  and 

X de pe nd in g  on the  e q u a t i o n  b e i n g  r e l a x e d .  For  i n s t a n c e ,  when i = l ,  

whi ch  c o r r e s p o n d s  t o  Eq. ( 3 . 6 8 )  t h e  v e c t o r  it, i s  g i v e n  by

‘ 1 = (p1+ l/2 , pi -  l/2 , ^  V2 , V  l/2 . r k+ 1/2 , r k - 1/2 , > (3 ' 81)

The boundary c o n d i t i o n s  a r e  handled in  a s i m i l a r  manner.  I t  i s  

r e q u i r e d  t h a t  the  normal component o f  v o r t i c i t y  on a boundary remain  

unchanged a f t e r  t h e  H e l m h o l t z  p r o j e c t i o n .  Th us ,  on c o n s t a n t  x boundary
Qy ^y

f a c e s  - ^  = 0 ,  on c o n s t a n t  y  boundary f a c e s ,  = 0 ,  and on c o n s t a n t  z

9  Yboundary f a c e ,  = 0 .  H e n c e ,  t h e  boundary c o n d i t i o n s  a r e

p = 0 on i = l ,  and imax ( 3 . 8 2 )

q = 0 on j = l ,  and jmax ( 3 . 8 3 )

r  = 0 on k = l ,  amd kmax ( 3 . 8 4 )

T h e se  v a l u e s  a r e  r e s e t  a f t e r  e a c h  i t e r a t i o n  t hr oug h t h e  Kaczmarz u p d a te ,  

s i n c e  in g e n e r a l ,  the  boundary v a l u e s  o f  p ,q  and r change  a f t e r  the  

r e l a x a t i o n  o f  Eqs .  ( 3 . 6 8 )  t o  ( 3 . 7 3 ) .

An a l t e r n a t e  method,  m e nt io ne d i n i t i a l l y ,  i s  t o  s o l v e  the  P o i s s o n  

e q u a t i o n  f o r  x» and then compute Vx. T h is  can be done u s i n g  an SOR 

i t e r a t i o n  scheme.  The d i v e r g e n c e  o f  v o r t i c i t y  i s  g i v e n  a t  the  c e n t e r  o f  

a c e l l ,  so t h a t  x s h o u ld  b e  computed a t  c e l l  c e n t e r s  w h i l e  Vx should  be 

computed a t  c e l l  f a c e s .  To f a c i l i t a t e  c o d i n g ,  i t  i s  d e s i r a b l e  t o  

e x p r e s s  the P o i s s o n  e q u a t i o n  i n  terms o f  th e  o r t h o g o n a l ,  c u r v i l i n e a r  

c o o r d i n a t e s

x = x U )
y = y (q) 
z = z (C)
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The t r a n s f o r m e d  P o i s s o n  e q u a t i o n  t a k e s  t h e  form

a a a  Q u it  9 ( j ) a  9 o ) a

V  %  + ” y  V  + 5 Z  * «  = 5X -5 T  + "y TKT + «z a T  (3 ' 88 )

where
0<5<1,  0 < n < l ,  0<C<1

The c o m p u t a t i o n a l  p l ane  c o n s i s t s  o f  r e c t a n g u l a r  c e l l s  w i t h  u n i f o rm  

s p a c i n g  in  e a c h  c o o r d i n a t e  d i r e c t i o n .  T h i s  a l l o w s  one t o  u s e  s i m p l e  

un w eig h ted  f i n i t e  d i f f e r e n c e  e x p r e s s i o n s .  Equa t ion ( 3 . 8 5 )  i s  

d i s c r e t i z e d  u s i n g  c e n t r a l  d i f f e r e n c e s  f o r  both  f i r s t  and s e c o n d  o r d e r  

d e r i v a t i v e s .  The d i s c r e t i z e d  form can be  s o l v e d  u s i n g  an SOR scheme  

f o r  th e  v a r i a b l e  x • I t  i s  then n e c e s s a r y  t o  compute Vx a s  f o l l o w s .

■ 5 x If 5 + *y 1$ i + 5z M  k" ( 3 -861

In t h e  d i s c r e t i z e d  form, the  f i r s t  o r d e r  d e r i v a t i v e s  a r e  r e p r e s e n t e d  by

c e n t r a l  d i f f e r e n c e s .  On b o u n d a r i e s ,  &x/9n = 0 , so  Eq. ( 3 . 8 6 )  i s

computed f o r  i n t e r i o r  c e l l s  o n l y .  I f  t h e  d i v e r g e n c e  f r e e  com pon ents  a r e

r e p r e s e n t e d  by then

w' 2 = u>2 “ dx /dx  ( 3 . 8 7 )

w*2 = w2 ~ a x / 3 y  ( 3 . 8 7 b )

u 12 = <̂ 3 ~ 9 x / ^ z  ( 3 . 8 7 c )

3 . 4  P r e s s u r e  E q u a t i o n s

One a d v a n t a g e  o f  the v o r t i c i t y - v e l o c i t y  f o r m u l a t i o n  i s  t h a t  the  

p r e s s u r e  d o e s  n o t  appear e x p l i c i t l y  in  the  e q u a t i o n s  o f  m o t i o n .  

T h e r e f o r e ,  t h e  v e l o c i t y  and v o r t i c i t y  a r e  o b t a i n e d  i n d e p e n d e n t  from t h e
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p r e s s u r e  f i e l d .  In Appendix  C, i t  i s  shown t h a t  p r e s s u r e  s a t i s f i e s  a 

P o i s s o n  e q u a t i o n ,  whose r i g h t  hand o r  f u n c t i o n  s i d e  i s  an e x p r e s s i o n  

c o n t a i n i n g  the  v e l o c i t y  g r a d i e n t s .  The n u m e r i c a l  s o l u t i o n  o f  t h i s  

e q u a t i o n  i s  a n a l a g o u s  t o  the  s o l u t i o n  o f  t h e  P o i s s o n  e q u a t i o n ,  Eq.  

( 3 . 5 9 ) .

Neumann c o n d i t i o n s ,  r e s u l t i n g  from t h e  momentum e q u a t i o n s ,  were  

s p e c i f i e d  on a l l  b o u n d a r i e s .  A s p e c i a l  r e q u i r e m e n t  o f  t h e s e  boundary  

c o n d i t i o n s ,  due  to  an a p p l i c a t i o n  o f  G r e e n ' s  t h eo re m ,  i s  d i s c u s s e d  

be low .

The i n t e g r a l  form o f  the  P o i s s o n  e q u a t i o n  f o r  p r e s s u r e  can be  

d e v e l o p e d  from t h e  momentum e q u a t i o n s  and w r i t t e n  a s :

where the  s o u r c e  term S i s  g i v e n  a s

_ _ ? r 5 v  S U + 9 w S U . 9 W ^ V  _ 9 u 9 v  9 u 5 w  QVdWn ^  RQ,
5 ■ p Lax ay ax az ay az ax ay ” ax az ~ ay a z J i j

Through an a p p l i c a t i o n  o f  G reen' s  the orem ,  a r e l a t i o n s h i p  between the

so u r c e  term and t h e  boundary f l u x  i s  g i v e n  a s :

Here ,  n i s  ta k e n  a s  p o s i t i v e  when d i r e c t e d  outward from the  boundary  

a.  In g e n e r a l ,  t h e  f i n i t e  d i f f e r e n c e  e q u i v a l e n t  o f  Eq. ( 3 . 9 0 )  w i l l  n o t  

be s a t i s f i e d  i d e n t i c a l l y .  As a r e s u l t ,  t h e  nu m e r ic a l  s o l u t i o n  o f  t h e  

P o i s s o n  e q u a t i o n  f o r  p r e s s u r e  need n o t  c o n v e r g e .

A c o n v e r g e n c e  r e q u i r e m e n t  can be d e v e l o p e d  f o r  t h e  P o i s s o n  e q u a t i o n  

by im po s in g  an e r r o r  c o n d i t i o n ,  E, d e f i n e d  a s

/  / p  dV = /  Sdv ( 3 . 8 8 )

( 3 . 9 0 )

E = /  SdV -  /  9 a  
1 J an

( 3 . 9 1 )
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The s t r a t e g y  i s  t o  d i s t r i b u t e  t h i s  e r r o r  ov e r  the  boundary f l u x  terms  

bP/Bn,  which r e p r e s e n t  the  boundary c o n d i t i o n s .  In t h i s  s e n s e ,  the  

f i n i t e  d i f f e r e n c e  a n a l o g  o f  Eq. ( 3 . 9 0 )  i s  s a t i s f i e d .
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Chapter 4

SPECIFICATION OF THE PROBLEM -  
BOUNDARY CONDITIONS

M a t h e m a t i c a l l y ,  th e  N a v i e r - S t o k e s  e q u a t i o n s  a r e  a s e t  o f  t h r e e

e l l i p t i c ,  s e c o n d  o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  T h i s  means t h a t  

e i t h e r  a D i r i c h l e t  or  Neumann c o n d i t i o n  must  be s p e c i f i e d  on a l l  c l o s e d  

b o u n d a r i e s .  I t  i s  t h e s e  boundary c o n d i t i o n s  t h a t  d i s t i n g u i s h  a l l  the  

d i f f e r e n t  f l o w  p a t t e r n s  o c c u r r i n g  in n a t u r e .  T h e r e f o r e ,  i t  i s  e x t r e m e l y  

i m p o r t a n t  t h a t  t h e s e  c o n d i t i o n s  be ch o se n  p r o p e r l y .

The p ur po se  o f  the  p r e s e n t  s t udy  was t o  model the  e v o l u t i o n  o f  a 

c l a s s  o f  v o r t i c e s  s i m i l a r  to  t h o s e  shed from t h e  wing t i p s  o f  

a i r c r a f t .  A l t h o u g h  t h e s e  v o r t i c e s  g e n e r a l l y  o c c u r  i n  p a i r s ,  on ly  a

s i n g l e  v o r t e x  was c o n s i d e r e d .  O b s e r v a t i o n s  r e v e a l  t h a t  t h e s e  v o r t i c e s  

a r e  r o u g h ly  a x i s y m m e t r i c  w i t h  an a p p r e c i a b l e  a x i a l  v e l o c i t y  ( e i t h e r  a 

d e f e c t  o r  an e x c e s s  v e l o c i t y  r e l a t i v e  t o  t h e  f r e e  s t r e a m ,  de pen din g  on 

the  wing l o a d i n g  [ 5 5 ] ) .  In a d d i t i o n ,  f a r  downstream o f  t h e  wing the  

f l o w  o u t s i d e  o f  t h e  c o r e  i s  n e a r l y  i r r o t a t i o n a l .

Ex pe r im ent al  measurem ent s  o f  a t r a i l i n g  wing t i p  v o r t e x  [ 4 2 ]  and 

v o r t i c e s  produced i n  a tube  and vane a p p a r a t u s  [ 2 7 ]  r e v e a l e d  t h a t  the  

c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e  i s  w e l l  r e p r e s e n t e d  by the  two-

d i m e n s io n a l  B u r g e r s  v o r t e x .  The a x i a l  v e l o c i t y  a p p e a r s  t o  decay

e x p o n e n t i a l l y  in  t h e  r a d i a l  d i r e c t i o n  ( from t h e  v o r t e x  c e n t e r l i n e ) ,  

r e a c h i n g  a c o n s t a n t  v a l u e  a t  l a r g e  r a d i u s .  Th ese  o b s e r v a t i o n s  can be 

r e p r e s e n t e d  by t h e  f o l l o w i n g  d im e n s io n a l  form f o r  th e  s w i r l  and a x i a l  

v e l o c i t y  p r o f i l e s .
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2
- a r

v = ( K / r ) ( l - e  
e

2v
( 4 . 1 )

2

u = U + U e
00 0

- a r
T v

( 4 . 2 )

H e r e ,  K i s  a c o n s t a n t ,  which  i s  p r o p o r t i o n a l  to  t h e  c i r c u l a t i o n ,  "a" i s  

an a d j u s t a b l e  c o n s t a n t  a s s o c i a t e d  w i t h  the  v o r t e x  c o r e  d i a m e t e r  and v i s  

th e  k i n e m a t i c  v i s c o s i t y .  U i s  t h e  f r e e  s tream a x i a l  v e l o c i t y  and Un i soo U

an a x i a l  v e l o c i t y  e x c e s s  (or  d e f i c i t )  o c c u r r i n g  a t  the  v o r t e x  c e n t e r -  

l i n e .  P r o f i l e s  s i m i l a r  to  t h e s e  were employed in nu m er ic a l  s t u d i e s  o f  

v o r t e x  breakdown by Kopecky and T o r r a n c e  [ 3 1 ]  and Benay [ 3 5 ] .

In t h e  ab o v e  e q u a t i o n s ,  l e n g t h  was n o n d i m e n s i o n a l i z e d  by r ' ,  where

q u a n t i t y  r ^ i s  the  d i s t a n c e  in  w hi ch t h e  a x i a l  v o r t i c i t y  e - f o l d s  o n c e .

r '  = / 2 v / a ( 4 . 3 )

"ic
and v e l o c i t i e s  were n o n d i m e n s i o n a l i z e d  by the  a x i a l  v e l o c i t y ,  U , 

o c c u r r i n g  a t  t h e  r a d iu s  o f  maximum s w i r l  v e l o c i t y ,  r . F o r m a l l y ,  the

In f a c t ,  t h e  r a d i u s  o f  maximum s w i r l  v e l o c i t y  i s  n e a r l y  e q u a l  t o  r * .

Through an i t e r a t i v e  p r o c e s s  one  o b t a i n s  the  r e l a t i o n

r = 1 . 1 2  r ' ( 4 . 4 )

The n o n d i m e n s i o n a l  forms o f  Eqs.  ( 4 . 1 )  and ( 4 . 2 )  become

2
( 4 . 5 )

2
1 + 6e

- r
u ( 4 . 6 )

1 + 0 . 2 8 5 6
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where t h e  Rossby number i s  g i v e n  a s  Ro = U / r  Q  and 6 = U /U . H ere ,
o ®

Q i s  d e f i n e d  a s  th e  s o l i d  body r o t a t i o n  r a t e  o b t a i n e d  from

O = l i m  ( V / r )  = a K / 2 v .  ( 4 . 7 )
r->o

The a x i a l  com pon ent  o f  v o r t i c i t y ,  f o r  th e  v e l o c i t y  d i s t r i b u t i o n  g i v e n  by 

Eqs.  ( 4 . 1 )  and ( 4 . 2 ) ,  i s  g i v e n  a s

- a r 2

wx = ^  e  . ( 4 . 8 )

By d e f i n i n g  Q a s  the  r e f e r e n c e  v o r t i c i t y ,  t h e  a b o v e  e q u a t i o n  can be 

w r i t t e n  i n  n o n d im e n s io n a l  form a s

- r 2cox = 2 e  ( 4 . 9 )

The c i r c u m f e r e n t i a l  v o r t i c i t y  component  i s  g i v e n  a s

2
- a r

a r  ,, "Zv"
we = v Uo e ( 4 . 1 0 )

whi ch  in  n o n d i m e n s i o n a l  form becomes:

2 . 2 4 6  - r 2
= ---------------------   Ro r e  ( 4 . 1 1 )

1 . 0  + 0 . 2 8 5 6

These  e x p r e s s i o n s  r e p r e s e n t  the  form o f  t h e  v o r t e x  employed i n  th e  

p r e s e n t  s t u d y  from which t h e  i n i t i a l  and boundary c o n d i t i o n s  were  

d e r i v e d .  The i n i t i a l  and boundary c o n d i t i o n s  a t  i n f l o w  a r e  d i s c u s s e d  

f i r s t ,  f o l l o w e d  by the  o u t f l o w  c o n d i t i o n s  and c o n d i t i o n s  a t  l a r g e  

r a d i u s .

The s p e c i f i c a t i o n  o f  t h e  v e l o c i t y  v e c t o r ,  Eq. ( 3 . 3 ) ,  or  i t s  

g r a d i e n t  on a l l  c l o s e d  b o u n d a r i e s  i s  r e q u i r e d  t o  s o l v e  the  p r i m i t i v e  

v a r i a b l e  form o f  th e  N a v i e r - S t o k e s  e q u a t i o n s ,  Eq. ( 3 . 2 ) .  The num er ic a l  

s o l u t i o n  o f  th e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n ,  Eq. ( 3 . 5 ) ,  r e q u i r e s  the
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s p e c i f i c a t i o n  o f  t h r e e  components  o f  v o r t i c i t y  on t h e  b o u n d a r i e s .  The 

n u m e r ic a l  s o l u t i o n  o f  t h e  " v e l o c i t y  e q u a t i o n s " ,  Eqs .  ( 3 . 1 )  and ( 3 . 4 ) ,  

r e q u i r e s  t h e  s p e c i f i c a t i o n  o f  a s i n g l e  component  o f  t h e  v e l o c i t y  v e c t o r  

(o r  g r a d i e n t )  on the  b o u n d a r i e s .  The g e n e r a l  p r o c e d u r e  i s  to s p e c i f y  

the  p r i m i t i v e  v a r i a b l e s  on a boundary and t r a n s l a t e  t h i s  s p e c i f i c a t i o n  

t o  a f i n i t e  d i f f e r e n c e  form c o n s i s t e n t  w i t h  the  a b o v e  r e q u i r e m e n t s  o f  

the  a l g o r i t h m .

A l t h o u g h  q u a s i - c y l i n d r i c a l  v o r t i c e s  a r e  b e s t  d e s c r i b e d  in  a 

c y l i n d r i c a l  c o o r d i n a t e  s y s t e m ,  t h e  a l g o r i t h m ,  a s  c o n s t r u c t e d  a t  t h i s  

p o i n t ,  was w r i t t e n  in  terms o f  C a r t e s i a n  c o o r d i n a t e s .  T h e r e f o r e ,

r e f e r e n c e s  t o  both  c o o r d i n a t e  s y s t e m s  a r e  r e q u i r e d  i n  o r d e r  to  i n t e r p r e t  

th e  i n f l u e n c e  o f  t h e  boundary c o n d i t i o n s  on t h e  s o l u t i o n .  In the  

f o l l o w i n g  d i s c u s s i o n  i t  i s  assumed t h a t  t h e  i n i t i a l  v o r t i c a l  

d i s t r i b u t i o n  was c y l i n d r i c a l  ( i . e . ,  no v a r i a t i o n s  in  t h e  a x i a l  d i r e c t i o n  

and no r a d i a l  v e l o c i t i e s ) .  The v o r t e x  was a l i g n e d  a l o n g  the  x a x i s  and  

the  r o t a t i o n  was su ch t h a t  t h e  a x i a l  component  o f  v o r t i c i t y  was

p o s i t i v e .

At  i n f l o w ,  th e  s p e c i f i e d  p r i m i t i v e  v a r i a b l e s  were:  the  a x i a l

v e l o c i t y  component ,  u ,  the  y  d e r i v a t i v e  o f  the  w, and the  z d e r i v a t i v e  

o f  t h e  v components o f  v e l o c i t y ,  ( i .  e .  Th ese  c o n d i t i o n s

must be i n t e r p r e t e d  w i t h  r e s p e c t  t o  the  a l g o r i t h m .  The a x i a l  v e l o c i t y

c om po ne nt ,  u,  was h e l d  f i x e d  a t  i n f l o w  when s o l v i n g  the  " v e l o c i t y

e q u a t i o n s . "  This  a l l o w e d  f o r  d i r e c t  s p e c i f i c a t i o n  o f  w a k e - l i k e  or  j e t 

l i k e  p r o f i l e s .  The v and w components  o f  v e l o c i t y  w ere  s p e c i f i e d  t o  the  

e x t e n t  t h a t  t h e y  took  on the  v a l u e s  d e t e r m in e d  by the  component  o f  

v o r t i c i t y  normal t o  t h e  i n f l o w  b ou n d ar y.  T h i s  l e d  t o  t h e  s p e c i f i c a t i o n  

o f  9w/Sy  and a v / S z  a s  t h e  a d d i t i o n a l  p r i m i t i v e  v a r i a b l e  boundary
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c o n d i t i o n s ,  s i n c e  t h e s e  d e r i v a t i v e s  can be  combined t o  g iv e  the  a x i a l  

compon ent  o f  v o r t i c i t y .  Note f u r t h e r  t h a t  the  a x i a l  component  o f  

v o r t i c i t y  can be  o r i e n t e d  i n  t h e  same d i r e c t i o n  in  b o t h  c y l i n d r i c a l  and  

C a r t e s i a n  c o o r d i n a t e  s y s t e m s .  T h e r e f o r e ,  t h e  s p e c i f i c a t i o n  o f  w in  t h e
X

C a r t e s i a n  c o o r d i n a t e  s y s t e m  ( o f  the  a l g o r i t h m )  can be i n t e r p r e t e d  a s

s p e c i f y i n g  t h e  v o r t i c i t y  d i s t r i b u t i o n  o f  B u r g e r s '  v o r t e x ,  s i n c e  Bw/3y

and a v / d z  were  o b t a i n e d  a n a l y t i c a l l y  from Eq. ( 4 . 5 ) .

The " v o r t i c i t y  s o l v e r "  r e q u i r e d  t h e  s p e c i f i c a t i o n  o f  two a d d i t i o n a l

boundary c o n d i t i o n s .  These  were  ch o se n  a s  w and w .
y  ^

In n o n d im e n s io n a l  form,  w and u>z can be w r i t t e n :

S i n c e  u i s  an a n a l y t i c  boundary c o n d i t i o n  a t  i n f l o w ,  the d e r i v a t i v e s  

Bu/Bz an d 3u/By were known. I t  was n e c e s s a r y  t o  c a l c u l a t e  th e  d e r i v 

a t i v e s  aw/Bx and Bv/Bx n u m e r i c a l l y  s i n c e  t h e y  c o u l d  n o t  be d e r i v e d  from  

t h e  a n a l y t i c  boundary c o n d i t i o n s .  F i r s t  o r d e r  forward d i f f e r e n c e s  w ere  

used t o  compute t h e s e  d e r i v a t i v e s .  The r e s u l t i n g  boundary c o n d i t i o n s  

were  as su m ed  t o  be a t  t ime l e v e l  n ( p r e s e n t  t i m e ) .

A d i f f e r e n t  s t r a t e g y  had t o  be us ed  t o  s p e c i f y  the  o u t f l o w  bou nda ry  

c o n d i t i o n s  s i n c e  th e  s o l u t i o n  here  was unknown and h i g h l y  d e p e n d e n t  on 

t h e  f l o w  u p s t r e a m .  With r e s p e c t  to  the  " v e l o c i t y  s o l v e r " ,  the c o n d i t i o n

was c h o s e n .  T h i s  i s  a s t a t e m e n t  r e g a r d i n g  t h e  d i v e r g e n c e  o f  t h e  

v e l o c i t y  i n  t h e  p la n e  p e r p e n d i c u l a r  to  t h e  v o r t e x  a x i s .  The c o n s t a n t

( 4 . 1 2 )

( 4 . 1 3 )

Bv/By + Bw/Bz = c o n s t a n t ( 4 . 1 4 )
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e q u a l s  z e r o  f o r  a s t e a d y  f low in  t h e  l i m i t  a s  the  Rossby number 

a p p r o a c h e s  z e r o  [ 4 0 ] ,

F l u x  c o n d i t i o n s  were  chosen f o r  t h e  v o r t i c i t y  boundary c o n d i t i o n s  

a t  o u t f l o w .  H e r e ,  t h e  e f f e c t s  o f  v i s c o s i t y  were  n e g l e c t e d  and t h e  

D i r i c h l e t  t y p e  boundary c o n d i t i o n s  were  o b t a i n e d  as sum ing  a t ime a d v a n c e  

o f

] j f  = u'Vu.  ( 4 . 1 5 )

The v e l o c i t i e s  and v o r t i c i t i e s  on t h e  r i g h t  hand s i d e  o f  Eq. ( 4 . 1 5 )  w e r e  

taken a t  t ime l e v e l  n .  The time d e r i v a t i v e  was d i s c r e t i z e d  u s i n g  f i r s t  

o rde r  forward d i f f e r e n c e s .  The r e s u l t i n g  d i s c r e t i z e d  e q u a t i o n  was th e n  

s o l v e d  f o r  t h e  v o r t i c i t y  v e c t o r  a t  t ime l e v e l  n+1.

At the  l a r g e  r a d i u s  b o u n d a r ie s  g i v e n  by p l a n e s  o f  c o n s t a n t  j  and k ,  

the a x i a l  component  o f  v e l o c i t y  was s p e c i f i e d .  T h i s  was done so  t h a t  

the  e f f e c t s  o f  an e x t e r n a l  p r e s s u r e  g r a d i e n t ,  a n a l a g o u s  t o  t h e  

e x p e r i m e n t a l  i n v e s t i g a t i o n s ,  could  be m o d e l e d .

At t h e s e  b o u n d a r i e s  the  t h r e e  co m pone nts  o f  v o r t i c i t y  w ere  

s p e c i f i e d  u s i n g  t h e  C a r t e s i a n  c o o r d i n a t e  e q u i v a l e n t s  o f  Eqs.  ( 4 . 9 )  and  

( 4 . 1 1 ) .  For a u n i f o r m  i n f l o w  p r o f i l e ,  Eq. ( 4 . 1 1 )  shows the  and  

w2 components  o f  v o r t i c i t y  a r e  z e r o .  By e v a l u a t i n g  Eq. ( 4 . 1 1 )  a t  l a r g e  

r a d i u s ,  one can s e e  t h a t  t h e  a x i a l  component  a p p r o a c h e s  z e r o  a s y m p t o t 

i c a l l y .  T h e r e f o r e ,  the  r a d i a l  b o u n d a r i e s  we re  p l a c e d  a t  a r a d i u s  w h ic h  

was l a r g e  enough t o  e n s u r e  t h a t  v o r t i c i t y  d i d  n o t ,  through c o n v e c t i o n  o r  

d i f f u s i o n ,  c o n t a m i n a t e  the  boundary c o n d i t i o n s .

To sum mar ize ,  t h e  s p e c i f i c a t i o n  o f  t h e  boundary c o n d i t i o n s  f o r  b o t h  

the " v e l o c i t y  s o l v e r "  and the  " v o r t i c i t y  s o l v e r "  a r e  r e p r e s e n t e d  i n  

Table  4 . 1 .
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T a b l e  4 . 1

Summary o f  V e l o c i t y  and V o r t i c i t y  Boundary C o n d i t i o n s

V e l o c i t y  S o l v e r

S u r f a c e S p e c i f i c a t i o n

( a )  i n f l o w u =g ive n

( b )  o u t f l o w a v / a y  + aw/az  = 0

( c )  r a d i a l  b o u n d a r i e s u = g i v e n .

V o r t i c i t y  S o l v e r

S u r f a c e S p e c i f i c a t i o n

( a )  i n f l o w

Wy = 1 . 1 2  Ro ( a u / a z  - aw/ax)

wz = 1 . 1 2  Ro ( a v / a x  - a u / a y )

(b )  o u t f l o w
Dto -  -  
- -- -  =  U * V u )
Dt

( c )  r a d i a l  b o u n d a r i e s to = g i ve n
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The d i s c r e t i z e d  form o f  th e  g o v e r n i n g  e q u a t i o n s  were  s o l v e d  o v e r  a 

4 8 x 2 8 x 2 8  g r i d  (47 c e l l s  in the  x - d i r e c t i o n ,  27 c e l l s  in  t h e  y - d i r e c t i o n ,  

27 c e l l s  i n  t h e  z - d i r e c t i o n )  on a Cyber 2 0 5 .  Course g r i d  ( 5 2 x 2 0 x 2 0 )  

s o l u t i o n s  were  computed on a CDC 8 3 0  a t  Old Dominion U n i v e r s i t y  t o  h e l p  

i d e n t i f y  r e l e v a n t  parameter  r a n g e s .  S i n c e  the  d i f f e r e n c e  scheme i s  

c o m p a c t ,  g r i d  c l u s t e r i n g  i s  e a s i l y  p e r f o r m e d .  Grid p o i n t s  a r e  u s u a l l y  

c l u s t e r e d  i n  r e g i o n s  where l a r g e  g r a d i e n t s  o c c u r .  In s t u d i e s  o f  v o r t e x  

breakd ow n,  t h i s  i n c l u d e s  the  r e g i o n  im m e d i a t e l y  ups tream o f  t h e  

breakdown and the  v o r t e x  c o r e  r e g i o n .  Im m edi at e ly  u p s t r e a m  o f  

breakd own,  l a r g e  g r a d i e n t s  o f  t h e  a x i a l  v e l o c i t y  o c c u r  a s  t h e  f l u i d  

a p p r o a c h e s  t h e  s t a g n a t i o n  p o i n t .  Large  g r a d i e n t s  o f  t h e  c i r c u m f e r e n t i a l  

v e l o c i t y  a r e  p r e s e n t  w i t h i n  the  c o r e .

R e f i n e m e n t  o f  the  mesh i n  t h e  a x i a l  d i r e c t i o n  was a c c o m p l i s h e d  

u s i n g  t h e  t r a n s f o r m a t i o n :

where  p i s  a s t r e t c h i n g  parameter  and h i s  t h e  l e n g t h  o f  th e  domain in
A

th e  x d i r e c t i o n .  More p o i n t s  a r e  c l u s t e r e d  near x=0 a s  o->1 ,  l<o<°°.  

The c o o r d i n a t e  x v a r i e s  u n i f o r m l y  from 0 ( c o r r e s p o n d i n g  t o  t h e  x=0 g r i d  

p o i n t )  t o  1 ( c o r r e s p o n d i n g  t o  t h e  x=h g r i d  p o i n t ) .
X

To c l u s t e r  p o i n t s  near  th e  v o r t e x  c e n t e r l i n e  (y and z c o o r d i n a t e s )  

th e  f o l l o w i n g  t r a n s f o r m a t i o n  was u s e d :

x ( 4 . 1 6 )
x - l

( a + D  [ < * * )  + i ]
a - l

r. . s i n h [ e ( y - B ) ]
v=v II + _________ -_____

c s i n h  (eB)
( 4 . 1 7 )
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where

1 + ( e e—1) (y / h  )
B = —  An [----------------------- -— - — ] ,  0<e<“ ( 4 . 1 8 )

1 + ( e " £- l ) ( y  / h  ) 
c  y

and e t s  a s t r e t c h i n g  p a r a m e t e r .  I n c r e a s i n g  e c l u s t e r s  more p o i n t s  near  

y = y c . I f  e = 0 ,  a u n i f o r m l y  sp aced g r i d  r e s u l t s .  The domain l e n g t h  i s  

g i v e n  by hy . The c o o r d i n a t e  y  v a r i e s  u n i f o r m l y  from 0 ( c o r r e s p o n d i n g  to  

t h e  y = 0 . 0  g r i d p o i n t )  t o  1 ( c o r r e s p o n d i n g  t o  t h e  y=hy g r i d p o i n t ) .

The ab o v e  t r a n s f o r m a t i o n s  can be foun d in  Anderson,  T a n n e h i l l  and  

P l e t c h e r  [ 5 2 ] .  The v a l u e s  o f  th e  g r i d  p a r a m e t e r s  f o r  t h e  s o l u t i o n s  

g e n e r a t e d  i n  t h i s  work were  g i v e n  a s :

hx = 1 6 . 0 ,  a  = 1 . 1 5  x d i r e c t i o n  g r i d

y = 5 . 0 ,  h = 1 0 . 0 ,  e = 4 . 5  y  d i r e c t i o n  g r i d
c y

zc = 5 . 0 ,  hz = 1 0 . 0 ,  e = 4 . 5  z d i r e c t i o n  g r i d

T h e se  r e s u l t e d  in t h e  f o l l o w i n g  minimum c e l l  l e n g t h s :

Ax = 0 . 1 3 0 3  

Ay = 0 . 1 7 7 8  

Az = 0 . 1 7 7 8 .

The d i s t r i b u t i o n  o f  t h e  c e l l s  w i t h i n  t h e  domain and t h e  o r i e n t a t i o n  

o f  a t y p i c a l  v o r t e x  i s  shown in  F i g .  4 . 1 .
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Chapter 5

RESULTS AND DISCUSSION

R e s u l t s  o f  two t e s t  c a s e s  a r e  p r e s e n t e d .  In th e  f i r s t  c a s e ,  

( R o = 0 . 6 2 5 ,  R e = 2 2 5 ) ,  the  v o r t e x  was imbedded in  a un i f orm  e x t e r n a l  f l o w  

w i t h  no e x t e r n a l  p r e s s u r e  g r a d i e n t .  The f l o w  produced by t h i s  Rossb y,  

R e yno ld s  number c a s e ,  a l o n g  w i t h  numerous o t h e r  c a s e s ,  p r e d i c t e d  an 

a x i s y m m e t r i c  breakdown whic h o c c u r r e d  a t  t h e  i n f l o w  bou nda ry .  That  

r e s u l t  was  s i m i l a r  to th e  r e s u l t s  o b t a i n e d  by p r e v i o u s  i n v e s t i g a t o r s  

[ 3 1 , 3 3 , 3 5 , 3 6 ] .  The q u e s t i o n s  which a r i s e  from breakdown near  i n f l o w  

have been d i s c u s s e d  e a r l i e r  in  t h i s  work.  In o r d e r  t o  a l l e v i a t e  t h i s  

pr o b le m ,  a d i f f e r e n t  ty pe  f l o w  was computed,  ( R o = 0 . 8 ,  R e = 2 2 5 ) ,  in  which  

th e  v o r t e x  was imbedded in  a d e c e l e r a t i n g  f r e e  s t r e a m .  T h i s ,  in  

e s s e n c e ,  modeled  t h e  e f f e c t s  o f  an a d v e r s e  p r e s s u r e  g r a d i e n t  on the  

s t r e a m w i s e  d e v e l o p m e n t  o f  th e  v o r t e x .  The r e s u l t i n g  breakdown o c c u r r e d  

away from t h e  i n f l o w  boundary.  In a d d i t i o n ,  a m u l t i p l e  c e l l e d  breakdown 

r e g i o n  was  o b s e r v e d ,  in a c c o r d  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n s  [ 2 7 ] .  In 

b o t h  c a s e s ,  th e  p a r a m e t e r ,  6 ,  d e f i n e d  in  Eq. ( 4 . 6 ) ,  e q u a l e d  0 . 0 .  Thus ,  

a u n i f o r m  a x i a l  v e l o c i t y  p r o f i l e  was s p e c i f i e d  a t  i n f l o w .  In the  

f o l l o w i n g  d i s c u s s i o n ,  d e t a i l e d  r e s u l t s  o f  th e  ab ove  two t e s t  c a s e s  a r e  

d i s p l a y e d  i n  t h e  form o f  l i n e  and c o n t o u r  p l o t s .  S e v e r a l  o t h e r  t e s t  

c a s e s  t h a t  were  run w i t h o u t  g r a p h i c  o u t p u t  a r e  d i s c u s s e d .  F i n a l l y ,  th e  

r e s u l t s  o f  t e s t s  performed t o  a s c e r t a i n  t h e  e f f e c t s  o f  domain l e n g t h  and 

g r i d  s i z e  on th e  temporal e v o l u t i o n  o f  t h e  s o l u t i o n  a r e  d i s c u s s e d .
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5 . 1  Case 1 -  Uniform F r e e  Stream A xia l  V e l o c i t y

Based on p r e v i o u s  numerica l  s t u d i e s ,  breakdown o f  t r a i l i n g  wing t i p  

v o r t i c e s  o c c u r r e d  a t  Rossby numbers o f  a p p r o x i m a t e l y  0 . 6  or l e s s  when 

th e  Rey n o ld s  number was g r e a t e r  than 1 0 0 .  This  b e h a v i o r  i s  shown 

c l e a r l y  in  F i g .  2 . 1 .  The i n i t i a l  n u m e r i c a l  s i m u l a t i o n  in  t h e  p r e s e n t  

s t u d y  was c o m p l e t e d  i n  an a t t e m p t  t o  v e r i f y  t h e s e  r e s u l t s  and t o  

d e t e r m i n e  t h e  e f f e c t s  o f  a s y m m e t r i e s  on t h e  s o l u t i o n .  The t e s t  was  

performed a t  a Rossby number o f  0 . 6 2 5 ,  which  was chos en  b e c a u s e  i t  was  

n ea r  t h e  d e l i m i t i n g  l i n e  f o r  v o r t e x  breakdown d i s p l a y e d  in  F i g .  2 . 1 .  

Flows computed by p r e v i o u s  i n v e s t i g a t o r s  a t  Rossby numbers c o n s i d e r a b l y  

b e lo w  the  d e l i m i t i n g  l i n e  in F i g .  2 . 1  a p p e a r  to  become d i s t o r t e d  and 

n o n - p h y s i c a l  n ea r  the  i n f l o w  b ou n d ary.  A Reynolds  number o f  225 was  

c h o s e n  t o  m in im iz e  t h e  a p p a r e n t  damping e f f e c t s  o f  v i s c o s i t y  a t  v e r y  low 

R eyn ol d s  numbers.  The r e s u l t s  o f  t h i s  s i m u l a t i o n  ar e  d i s p l a y e d  in  F i g s .

5 . 1  t o  5 . 1 5  f o r  t h e  t ime l e v e l  t = 1 2 6 . 8 .  U n l e s s  o t h e r w i s e  n o t e d ,  the  

c o n t o u r  p l o t s  a r e  in  the  x - y  p l a n e  a l o n g  the  c e n t e r l i n e  o f  t h e  v o r t e x .  

S o l i d  c o n t o u r  l i n e s  d e n o t e  p o s i t i v e  v a l u e s  ( o r  z e r o )  and da sh ed  l i n e s  

d e n o t e  c o n t o u r s  w i t h  n e g a t i v e  v a l u e s .  In a l l  p l o t s ,  t h e  c o n t o u r  l e v e l s  

a r e  e v e n l y  s p a c e d .  P l o t s  o f  p a r t i c l e  t r a c e s ,  v o r t e x  l i n e s  and v e l o c i t y  

v e c t o r s  a r e  a l s o  d i s p l a y e d .  They were  o b t a i n e d  u s i n g  PL0T3D, a t h r e e -  

d i m e n s i o n a l  c o l o r  g r a p h i c s  program im p lem en ted  on an I r i s  c o l o r  g r a p h i c s  

w o r k s t a t i o n .  The se  p l o t s  are  p r o j e c t i o n s  o f  t h r e e - d i m e n s i o n a l  v e c t o r  

f i e l d s  o n t o  a t w o - d i m e n s i o n a l  s u r f a c e .

V e l o c i t y  v e c t o r s ,  p r o j e c t e d  on to  t h e  mid p la n e  ( z = 5 ) ,  a r e  d i s p l a y e d  

i n  F i g .  5 . 1 .  Observe  t h a t  the  i n t e r n a l  s t r u c t u r e  o f  th e  breakdown  

r e g i o n  i s  s e e n  t o  c o n s i s t  o f  a s i n g l e  c e l l ,  n e a r l y  sym metr i c  a b o u t  the  

v o r t e x  c e n t e r l i n e .  F l u i d  i s  e n t r a i n e d  th r o u g h  the  top h a l f  o f  t h e  r e a r
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o f  t h e  breakdown r e g i o n .  The f l u i d  a p p e a r s  t o  e x i t  t h e  b u b b l e  from the  

lo w e r  h a l f .  In a d d i t i o n ,  two s t a g n a t i o n  p o i n t s  a l o n g  t h e  a x i s  can be  

d i s t i n g u i s h e d .

F i g u r e  5 . 2  r e p r e s e n t s  p a r t i c l e  t r a c e s .  Nine w h i t e  c o l o r e d  t r a c e s  

were  s t a r t e d  a t  th e  i n f l o w  p l a n e .  Th ese  t r a c e s  were  a l l  s t a r t e d  from a 

r a d i a l  p o s i t i o n  w i t h i n  t h e  r o t a t i o n a l  p o r t i o n  o f  the  c o r e .  In a d d i t i o n ,  

a t r a c e  was s t a r t e d  w i t h i n  t h e  breakdown r e g i o n  i t s e l f ,  and i s  

r e p r e s e n t e d  by th e  red  l i n e .  A t h i r d  t r a c e  was s t a r t e d  a t  th e  i n f l o w  

p l a n e  b u t  o u t s i d e  the  c o r e  i n  th e  i r r o t a t i o n a l  r e g i o n  o f  t h e  f l o w .  That  

t r a c e  i s  b l u e .  P a r t i c l e  t r a c e s  s a t i s f y  t h e  e q u a t i o n s  8 x / d t = u ( x , t ) . I f  

a p a r t i c l e  p a s s e s  thro ugh th e  p o i n t  ( x , y , z )  a t  t ime t=0 t h e  s o l u t i o n  i s  

o f  t h e  form x = x ( x , y , z , t )  w hi ch  t r a c e s  o u t  t h e  p a t h l i n e  a s  t  i n c r e a s e s .

The PL0T3D g r a p h i c s  pa ckage  i s  l i m i t e d  t o  i n s t a n t a n e o u s  p a r t i c l e  t r a c e s ,

i . e . ,  t h e  v e l o c i t y  com ponents  must  be t im e  i n d e p e n d e n t .  T h e r e f o r e ,  in  

t h i s  s e n s e ,  t h e  t r a c e s  can be c o n s i d e r e d  a s  s t r e a m l i n e s ,  p a t h l i n e s  or  

s t r e a k l i n e s  b e c a u s e  i n  a s t e a d y  f l o w  t h e y  a l l  c o i n c i d e .  The t a n g e n t s  t o  

t h e s e  t r a c e s  a r e  e v e r y w h e r e  p a r a l l e l  t o  t h e  v e l o c i t y  v e c t o r .

The w h i t e  t r a c e s  shown in  F i g .  5 . 2  can be seen t o  ap p r o a c h  th e

breakdown r e g i o n  and d i v e r g e  -  n e v e r  e n t e r i n g  the  c e l l  i t s e l f .  These  

t r a c e s  a l s o  r e v e a l  t h a t  t h e  d i a m e t e r  o f  th e  v o r t e x  c o r e  ha s  i n c r e a s e d  

b e h i n d  th e  breakdown r e g i o n .  The red  t r a c e ,  r e l e a s e d  from w i t h i n  th e  

b u b b l e ,  i s  s e e n  t o  s p i r a l  a b o u t  w i t h i n  a s i n g l e  c e l l .  I t  e v e n t u a l l y  

e x i t s  th e  r e g i o n  from b e h i n d ,  c l o s e r  to  t h e  a x i s  r a d i u s  t h a n  th e  w h i t e  

t r a c e s .  The b l u e  t r a c e  s p i r a l s  around the  o u t s i d e  o f  th e  v o r t e x  c o r e  in  

t h e  i r r o t a t i o n a l  r e g i o n  and i s  e s s e n t i a l l y  u n a f f e c t e d  by t h e  breakdown.

Contours  o f  th e  a x i a l  v e l o c i t y  a r e  d i s p l a y e d  in F i g .  5 . 3 .  T h is

p l o t  c l e a r l y  r e v e a l s  a breakdown r e g i o n  which o c c u r s  i n  c l o s e  p r o x i m i t y
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t o  t h e  i n f l o w  b o un da ry .  The r e c i r c u l a t i o n  r e g i o n  i s  bounded by th e  a r e a  

w i t h i n  th e  i n n e r m o s t  s o l i d  c o n t o u r  l i n e  ( t h e  0 . 0  l e v e l  c o n t o u r ) .  The 

breakdown b u b b l e  a p p e a r s  symm etr ic  a b o u t  t h e  v o r t e x  c e n t e r l i n e .

F i g u r e  5 . 4  r e p r e s e n t s  th e  w ( a x i a l )  component  o f  v o r t i c i t y .  ForA

t h i s  f i g u r e  and a l l  s u c c e e d i n g  v o r t i c i t y  c o n t o u r  f i g u r e s  ( i n c l u d i n g  u)y , 

and c»2 c o n t o u r s ) ,  th e  v o r t i c i t y  has been s c a l e d  by th e  Rossby number.  

For e x a m p l e ,  wx = 1 . 1 2  R o ( d w / 9 y - a v / a z ) .  An i n t e r e s t i n g  f e a t u r e  o f  t h i s  

f l o w  i s  t h e  i n t e n s i f i c a t i o n  o f  t h e  a x i a l  component  o f  v o r t i c i t y  

o c c u r r i n g  j u s t  a f t  o f  th e  breakdown r e g i o n .  Here ,  th e  a x i a l  v o r t i c i t y  

has i n c r e a s e d  by a p p r o x i m a t e l y  25% o v e r  th e  maximum v a l u e  a t  i n f l o w .  

Th is  i s  due t o  v o r t e x  s t r e t c h i n g  wh ich r e s u l t s  from a r a p id  a c c e l e r a t i o n  

o f  th e  a x i a l  v e l o c i t y  component .  W ith in  t h e  breakdown r e g i o n  i t s e l f ,  

the  a x i a l  compone nt  o f  v o r t i c i t y  i s  s m a l l .  T h i s  i n d i c a t e s  t h a t  w i t h i n  

th e  breakdown r e g i o n  the  r a d i a l  g r a d i e n t s  o f  t h e  c i r c u m f e r e n t i a l  

v e l o c i t i e s  a r e  s m a l l .  Downstream o f  t h e  breakdown r e g i o n  th e  c o n t o u r  

l i n e s  become p a r a l l e l ,  r e v e a l i n g  a r e t u r n  t o  a q u a s i - c y l i n d r i c a l  f l o w .  

In the  a b s e n c e  o f  breakdown, th e  v o r t i c i t y  c o n t o u r  l i n e s  o v e r  th e  e n t i r e  

r e g i o n  would a p p e a r  n e a r l y  p a r a l l e l .

C o n to u r s  o f  u)y  and w., v o r t i c i t y  a r e  d i s p l a y e d  i n  F i g s .  5 . 5  and 5 . 6 ,  

r e s p e c t i v e l y .  The 0 . 0  l e v e l  c o n t o u r s  a r e  n o t  d i s p l a y e d ,  b e c a u s e  o u t s i d e  

the  c o r e  o f  t h e  v o r t e x ,  l a r g e  r e g i o n s  e x i s t  where  t h e  v o r t i c i t y  f i e l d  i s  

nea r  z e r o .  T h e r e f o r e ,  p l o t t i n g  z e r o  l e v e l  c o n t o u r s  r e s u l t s  in a l a r g e  

number o f  u n d e s i r a b l e  and c o n f u s i n g  l i n e s  in  the  f a r  f i e l d .  The p l o t  

r e p r e s e n t e d  by F i g .  5 . 5  i s  i n  th e  x - z  p l a n e  s i n c e  th e  component  o f  

v o r t i c i t y  in  t h e  x - y  p l a n e  i s  n e a r l y  z e r o .  The and co2 components  a r e  

due e n t i r e l y  t o  p e r t u r b a t i o n s  o f  the  b a s e  f l o w  s i n c e  the  i n i t i a l  ( t = 0 )  

d i s t r i b u t i o n  p o s s e s s e d  o n l y  an a x i a l  compo nen t  o f  v o r t i c i t y .
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F1g. 5.3 Contours of constant axial v e lo c i ty .  Contour leve ls  rangeContourvelociaxial tyof constantContours
from -0 .1  (dashed) to 0.9 in in terva ls  of 0 .1 .

Fig. 5.4 Contours o f  constant axial v o r t ic i ty ,  u>x. Contour lev e ls  
range from 0.25 to 2 .5  in in tervals  o f  0.25.
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Fig. 5.5 Contours of constant u> v o r t ic i ty .  Contour lev e ls  range from 
-1 .25  to 1.25 in intervals  o f  0 .25 .

Fig. 5.6 Contours of constant <j2 v o r t ic i ty .  Contour levels  range from 
-1 .25  to 1.25 in intervals  o f  0 .25 .
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V o rtex  l i n e s  a r e  shown in  F i g .  5 . 7 .  Th ese  a r e  l i n e s  whose  t a n g e n t  

i s  e v e r y w h e r e  p a r a l l e l  t o  the  v o r t i c i t y  v e c t o r .  The l i n e s  a r e  t h r e e -  

d i m e n s i o n a l  and were  o b t a i n e d  u s i n g  t h e  I r i s  c o l o r  g r a p h i c s  w o r k - s t a t i o n  

and PL0T3D. As was th e  c a s e  w i t h  t h e  p a r t i c l e  t r a c e s ,  th e  v o r t e x  l i n e s  

must  be c o n s i d e r e d  t o  be t ime i n d e p e n d e n t .  The r a d i a l  l o c a t i o n s  o f  the  

l i n e s  a t  t h e  i n f l o w  p l a n e  c o r r e s p o n d  t o  t h e  r a d i a l  l o c a t i o n s  o f  t h e  

w h i t e  p a r t i c l e  t r a c e s  in  F i g .  5 . 2 .  No te  t h a t  t h e  magnitude  o f  the  

v o r t i c i t y  c a n n o t  be i n f e r r e d  from t h e s e  l i n e s .  At i n f l o w ,  th e  l i n e s  a r e  

o r i e n t e d  in  t h e  x d i r e c t i o n ,  r e v e a l i n g  t h a t  o n l y  t h e  a x i a l  component  o f  

v o r t i c i t y  e x i s t s .  Upon e n t e r i n g  the  breakdown r e g i o n  the  l i n e s  become  

o r i e n t e d  n e a r l y  p e r p e n d i c u l a r  t o  the  v o r t e x  a x i s .  Th is  s i g n i f i e s  a 

t r a n s f e r  o f  v o r t i c i t y  t o  the a> , and wz co m p o n e n ts ,  and i s  c o n t r o l l e d  

by the  v o r t e x  s t r e t c h i n g  and bend in g  terms in  t h e  v o r t i c i t y  t r a n s p o r t  

e q u a t i o n .  A f t  o f  the  breakdown r e g i o n ,  t h e  v o r t e x  l i n e s  a r e  o r i e n t e d  

p r i m a r i l y  in  t h e  a x i a l  d i r e c t i o n ,  i n d i c a t i n g  a t r a n s f e r  o f  v o r t i c i t y  

back t o  t h e  a x i a l  component.

1 -2
F i g u r e  5 . 8  i s  a l i n e  p l o t  o f  th e  i n t e g r a l  /  w dV a s  a f u n c t i o n

_2
o f  a x i a l  l o c a t i o n ,  where  w / 2  i s  d e f i n e d  a s  the  e n s t r o p h y .  The 

i n t e g r a t i o n  was c a r r i e d  o u t  o v e r  c o n t r o l  vo lum es  d e f i n e d  by 0 « y < 1 0 ,  

0< z< 10 ,  Ax. The r e s u l t i n g  numer ica l  v a l u e s  were  then d i v i d e d  by the  

volume o v e r  whi ch t h e  i n t e g r a t i o n  was p e r f o r m e d .  When the  e n s t r o p h y  i s  

i n t e g r a t e d  o v e r  a volume o f  f l u i d  i t  i s  an a p p r o p r i a t e  measure o f  th e  

t o t a l  amount  o f  v o r t i c i t y  w i t h i n  t h e  f l u i d  [ 4 0 ] .  The e n s t r o p h y  i s  

maximum w i t h i n  the  breakdown r e g i o n  a t  t h e  a x i a l  l o c a t i o n  x»3 .  The 

e n s t r o p h y  d e c r e a s e s  and remains n e a r l y  c o n s t a n t  downstream o f  the  

b u b b l e .
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F i g u r e  5 . 9  i s  a l i n e  p l o t  o f  t h e  vo lume i n t e g r a l  o f  the  m a t e r i a l  

d e r i v a t i v e  o f  e n s t r o p h y  a s  a f u n c t i o n  o f  a x i a l  l o c a t i o n .  The i n t e g r a l
d j  *2

i s  g i v e n  a s  ^  ^  w dv which p r o v i d e s  a measure  o f  t h e  r a t e  o f  change

o f  t h e  t o t a l  amount  o f  v o r t i c i t y  in  a s p e c i f i c  volume o f  f l u i d ,  V. 

Here ,  V i s  e n c l o s e d  by a s u r f a c e  B moving  w i t h  the  f l u i d .  The p l o t  

d i s p l a y s  a x i a l  v a r i a t i o n  o f  t o t a l  e n s t r o p h y ,  a l o n g  w i t h  th e  r a t e  o f  

change  p r o v i d e d  by s t r e t c h i n g ,  v i s c o s i t y  and the  f l u x  o f  e n s t r o p h y  

a c r o s s  the  b o u n d a r i e s  o f  t h e  c o n t r o l  v o l u m e .  The meaning o f  t h e s e  t erm s  

can be e x p l a i n e d  by e x p an di ng  th e  t im e  r a t e  o f  change  o f  e n s t r o p h y  

i n t e g r a l  i n  te rm s  o f  volume i n t e g r a l s  c o n t a i n i n g  E u l e r i a n  d e r i v a t i v e s .  

The r e s u l t ,  d e r i v e d  in  Appendix D, can be w r i t t e n  a s :

2
. . 5 u .  dun , 3((o-to.)

d t  J 7  wi “ i dV = i  u i “ j  a3T dv '  v -f ( bxT} dv + 2 v f  - W —  n j  dS ( 5 a )
j  j j

By ex a m in in g  t h e  r i g h t  hand s i d e  o f  Eq. ( 5 . 1 )  i t  can be se e n  t h a t  the  

t o t a l  amount o f  v o r t i c i t y  in  a m a t e r i a l  vo lume can change  a s  a r e s u l t  o f  

v o r t e x  s t r e t c h i n g  and v i s c o u s  e f f e c t s .  The f i r s t  term on t h e  r i g h t ,  t h e  

s t r e t c h i n g  term ,  i s  p o s i t i v e  i f  t h e  f l u i d  e l e m e n t  i s  e x t e n d e d  in  the  

d i r e c t i o n  o f  t h e  l o c a l  v o r t e x  l i n e s .  The s e c o n d  term r e v e a l s  t h a t  the  

e f f e c t  o f  v i s c o s i t y ,  n e g l e c t i n g  d i f f u s i v e  t r a n s p o r t  a c r o s s  t h e

b o u n d a r i e s ,  i s  t o  d e c r e a s e  the  t o t a l  e n s t r o p h y  o f  the  f l u i d .  In

g e n e r a l ,  i t  i s  p o s s i b l e  f o r  the e n t i r e  r i g h t  hand s i d e  o f  Eq. ( 5 . 1 )  t o  

be p o s i t i v e ,  l e a d i n g  t o  an i n c r e a s e  in  t h e  e n s t r o p h y ,  or t o t a l  amount o f  

v o r t i c i t y ,  in  t h e  f l u i d .

The volume i n t e g r a l s  on the  r i g h t - h a n d  s i d e  o f  Eq. ( 5 . 1 ) ,  whic h  a r e  

p l o t t e d  in  F i g .  5 . 9 ,  were  e v a l u a t e d  u s i n g  t r a p e z o i d a l  r u l e  i n t e g r a 

t i o n .  The i n t e g r a t i o n s  were per form ed o v e r  vo lumes d e f i n e d  by
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0<y<10,  0 < z < 1 0 ,  Ax. The p l o t t e d  v a l u e s  r e p r e s e n t  volume a v e r a g e s ,  i . e . ,  

t h e  numer ica l  v a l u e s  r e s u l t i n g  from t h e  t r a p e z o i d a l  r u l e  i n t e g r a t i o n  

were  d i v i d e d  by t h e  volume over  which the  i n t e g r a t i o n  was p e r f o r m e d .

From a Lag ra ng ia n p o i n t  o f  view th e  r a t e  o f  chan ge  o f  e n s t r o p h y  o f  a

m a t e r i a l  volume i s  due to  both temporal c h a n g e s  and c ha ng es  due t o

s p a t i a l  movement o f  the  vo lume.  In a s t e a d y  f l o w ,  t h e  temporal  c h a n g e s  

a r e  n o n - e x i s t e n t .  S i n c e  the  breakdown i s  an u n s tea d y  phenomena,

temporal  c h a n g e s  may be  s i g n i f i c a n t  a l t h o u g h  i t  i s  u n l i k e l y  t h a t  t h e y  

a r e  dominant .  Whenever the  r a t e  o f  change  o f  e n s t r o p h y  i s  n e g a t i v e ,  t h e  

t o t a l  amount o f  v o r t i c i t y  c o n t a i n e d  in a m a t e r i a l  volume p a s s i n g  th r o u g h  

t h a t  l o c a t i o n  i s  d e c r e a s i n g .  By e x a m in in g  F i g .  5 . 9  i t  i s  a p p a r e n t  t h a t  

t h e  d i s t r i b u t i o n  o f  e n s t r o p h y  w i t h i n  t h e  f l u i d  i s  c o n t r o l l e d ,  f o r  t h e  

most  p a r t ,  by v o r t e x  s t r e t c h i n g .  V i s c o u s  e f f e c t s  a p p e a r  to be i m p o r t a n t  

o n l y  w i t h i n  t h e  breakdown r e g i o n .  The d i f f u s i o n  o f  e n s t r o p h y  i n t o ,  or  

o u t  o f ,  a m a t e r i a l  volume i s  n e g l i g i b l e .  The maximum and minimum v a l u e s  

o f  the  t o t a l  r a t e  o f  change o f  e n s t r o p h y  o c c u r  a t  a x i a l  l o c a t i o n s  

c o r r e s p o n d i n g  t o  t h e  s t a g n a t i o n  p o i n t s .  T h e se  p o i n t s  a p p r o x i m a t e l y  

d e f i n e  the  f r o n t  and r e a r  o f  the  b u b b l e .
* 2

A c o n t o u r  o f  t h e  p r e s s u r e  f i e l d ,  n o n - d i m e n s i o n a l i z e d  by pU ,  i s  

shown in F i g .  5 . 1 0 .  B e g in n in g  a t  th e  i n f l o w  boundary and ne ar  t h e  

c e n t e r l i n e ,  t h e  f l u i d  e n c o u n t e r s  an a d v e r s e  p r e s s u r e  g r a d i e n t  w i t h  a 

c o r r e s p o n d i n g  d e c r e a s e  in  the  a x i a l  v e l o c i t y .  W ithi n  the  breakdown  

r e g i o n  i t s e l f ,  t h e  p r e s s u r e  remains n e a r l y  c o n s t a n t .  The f l u i d  i s  

a c c e l e r a t e d  beyond t h e  breakdown r e g i o n ,  and t h i s  i s  m a n i f e s t  in  t h e  

form o f  a weak f a v o r a b l e  p r e s s u r e  g r a d i e n t .  Downstream, the  p r e s s u r e  

c o n t o u r s  a r e  n e a r l y  p a r a l l e l .  S i n c e  t h e  v o r t e x  was imbedded in  a f r e e
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s t r e a m  w i t h  a c o n s t a n t  a x i a l  v e l o c i t y ,  t h e  p r e s s u r e  a l o n g  t h e  r a d i a l

b o u n d a r i e s  i s  n e a r l y  c o n s t a n t .

The r e l a t i o n s h i p  b e tw een  t h e  c e n t e r l i n e  a x i a l  v e l o c i t y  and the

c e n t e r l i n e  p r e s s u r e  i s  shown in  F i g .  5 . 1 1 .  E x c e p t  f o r  a s h o r t  d i s t a n c e

w i t h i n  t h e  breakdown r e g i o n ,  i n c r e a s i n g  a x i a l  v e l o c i t i e s  c o r r e sp o n d  to

f a v o r a b l e  p r e s s u r e  g r a d i e n t s  and v i c e  v e r s a .

F i g u r e  5 . 1 2  i s  a c o n t o u r  p l o t  o f  the d i m e n s i o n l e s s  t o t a l  p r e s s u r e ,  

2 2
q / 2  + p .  In a s t e a d y  i n v i s c i d  f l o w ,  q / 2  + p r e m a i n s  c o n s t a n t  a l o n g  a

s t r e a m l i n e .  T h e r e f o r e ,  t h e  a b o v e  c o n t o u r s  can be t h o u g h t  o f  a s

a p p r o x i m a t i n g  s t r e a m l i n e s .  Along a s t r e a m l i n e ,  w h e r e v e r  t h e  dynamic  
2

p r e s s u r e  (q / 2 )  i s  h i g h ,  t h e  s t a t i c  p r e s s u r e  (p)  i s  low and v i c e  v e r s a .

The r a t e  o f  change  o f  e n e r g y  i s  p l o t t e d  i n  F i g .  5 . 1 3 .  The r a t e  o f  

c han ge  o f  t o t a l  e n e r g y  i s  g i v e n  a s  the  sum o f  t h e  r a t e s  o f  change o f  

i n t e r n a l  and k i n e t i c  e n e r g y .  The r a t e  o f  chang e  o f  k i n e t i c  e ne rgy  i s  

g i v e n  a s  t h e  sum o f  th e  r a t e s  o f  chang e  due to  b o t h  p r e s s u r e  and v i s c o u s  

f o r c e s .  For an i s o t h e r m a l ,  i n c o m p r e s s i b l e  f l u i d  in  a Lagrangian  

framework,  t h e  r a t e  o f  ch an ge  o f  t o t a l  e n e r g y  o f  a s p e c i f i c  m a t e r i a l  

volume i s  g i v e n  a s :

u a2 u
k  /  (E ♦  4  -  - I  £  £ L .  dV ♦  v / Uj dV ♦  a v J e j j e j j  dV ( 5 . 2 )

l  3 0

The i n t e r p r e t a t i o n  o f  t h e  a b o v e  m a t e r i a l  d e r i v a t i v e  i s  a n a l a g o u s  to  the  

i n t e r p r e t a t i o n  g i v e n  e a r l i e r  f o r  t h e  e n s t r o p h y  e q u a t i o n .  The r a t e  o f  

c han ge  o f  i n t e r n a l  e n e r g y  i s  due s o l e l y  to the  d i s s i p a t i o n  o f  mechani ca l  

e n e r g y  th roug h v i s c o u s  e f f e c t s .  H ere ,  the  sh ap e  o f  t h e  f l u i d  e l e m e n t  i s  

d i s t o r t e d .  T h i s  i s  an i r r e v e r s i b l e  l o s s  o f  e n e r g y ,  m a n i f e s t e d  in th e  

form o f  h e a t .  T h i s  i s  a c c o u n t e d  f o r  the  t h i r d  term on th e  r i g h t  hand
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s i d e  o f  Eq. ( 5 . 2 ) .  The e f f e c t  o f  t h e  f i r s t  and secon d terms ( p r e s s u r e  

and v i s c o u s  s t r e s s e s ,  r e s p e c t i v e l y )  i s  to  c h a n g e  th e  k i n e t i c  e n e r g y  o f  a 

f l u i d  e l e m e n t .  The p r e s s u r e  f o r c e s  a r e  r e v e r s i b l e  cha ng es  in e n e r g y .

The k i n e t i c  e n e r g y  per u n i t  volume i s  p l o t t e d  a s  a f u n c t i o n  o f  

a x i a l  d i s t a n c e  i n  F i g .  5 . 1 4 .  F o l l o w i n g  a s l i g h t  d e c r e a s e  n ea r  i n f l o w ,  

k i n e t i c  e n e r g y  rem ain ed  c o n s t a n t  in  t h e  a x i a l  d i r e c t i o n .

F i g u r e s  5 . 1 5  a - d  r e p r e s e n t  v e l o c i t y  p r o f i l e s  a t  fo u r  d i f f e r e n t  

a x i a l  l o c a t i o n s .  Ax ia l  ( x ) ,  t r a n s v e r s e  (y )  and sp a n w is e  ( z )  v e l o c i t i e s  

a r e  p l o t t e d  a s  a f u n c t i o n  o f  t h e  t r a n s v e r s e  c o o r d i n a t e  ( w i t h  a 

t r a n s l a t i o n  o f  t h e  o r i g i n  to  the  v o r t e x  c e n t e r l i n e ;  y = 5 . 0 ,  z = 5 . 0 ) .  

S i n c e  t h e  s p a n w i s e  l o c a t i o n  o f  the  d a ta  p o i n t s  was a lo n g  t h e  v o r t e x  

c e n t e r l i n e ,  t h e  v e l o c i t y  components in  a C a r t e s i a n  sy st em  can be  

t r a n s fo r m e d  e a s i l y  t o  th e  c o r r e s p o n d i n g  co m po ne nt s  in a c y l i n d r i c a l  

s y s t e m .  The a x i a l  l o c a t i o n  o f  the  p r o f i l e s  in  F i g .  5 . 15a  i s  s l i g h t l y  

upstream o f  breakdown ( x = 0 . 2 7 ) .  F i g u r e  5 . 1 5 b  r e p r e s e n t s  p r o f i l e s  from  

w i t h i n  the  breakdown r e g i o n  ( x = 2 . 5 2 ) .  F i g u r e  5 . 1 5 c  r e p r e s e n t s  p r o f i l e s  

near  t h e  a f t  s t a g n a t i o n  p o i n t  ( x = 3 . 8 5 ) .  The p r o f i l e s  p l o t t e d  i n  F i g .  

5 . 15d a r e  a t  an  a x i a l  l o c a t i o n  downstream o f  t h e  breakdown r e g i o n  

( x = 9 . 5 2 ) .  Upstream o f  breakdown,  the  s p a n w i s e  ( s w i r l )  v e l o c i t y  

r e p r e s e n t s  t h e  t w o - d i m e n s i o n a l  Burgers  v o r t e x  t o  a good a p p r o x i m a t i o n .  

The f l o w  i s  no l o n g e r  q u a s i - c y l i n d r i c a l , s i n c e  n o n - z e r o  t r a n s v e r s e  

( r a d i a l )  v e l o c i t i e s  app ear  near the  c e n t e r l i n e .  These  v e l o c i t i e s  a r e  

due to  the  d i v e r g e n c e  o f  the  f l o w f i e l d  away from the  a x i s  a s  t h e  

s t a g n a t i o n  p o i n t  i s  ap p r o a c h e d .  The a x i a l  v e l o c i t y  shows a p p r o x i m a t e l y  

a 2 0 %  d e f i c i t  n e a r  t h e  a x i s .  At an a x i a l  l o c a t i o n  w i t h i n  th e  breakdown  

r e g i o n ,  de cay  o f  t h e  sp a n w is e  ( s w i r l )  v e l o c i t y  a t  l a r g e  r a d i i  ( o u t s i d e  

the  r e c i r c u l a t i o n  zone )  i s  i n v e r s e l y  p r o p o r t i o n a l  to  the  r a d i u s .  W it h in
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t h e  r e c i r c u l a t i o n  z o n e ,  a s h o r t  a n n u l a r  r e g i o n  i s  o b s e r v e d  i n  which th e  

s p a n w is e  ( s w i r l )  v e l o c i t y  i s  c o n s t a n t .  The t r a n s v e r s e  ( r a d i a l )  

v e l o c i t i e s  a r e  ne ar  z e r o  f o r  a l l  t r a n s v e r s e  ( r a d i a l )  l o c a t i o n s .

In F i g .  5 . 1 5 c ,  the t r a n s v e r s e  ( r a d i a l )  v e l o c i t i e s  have become

s i g n i f i c a n t ,  and a r e  n e a r l y  th e  same ma gn itu de  a s  the  t r a n s v e r s e  

( r a d i a l )  v e l o c i t i e s  in F i g .  5 . 1 5 a ,  b u t  a r e  o f  o p p o s i t e  s i g n .  T h i s  

s i g n i f i e s  t h a t  t h e  a x i a l  l o c a t i o n  i s  ne ar  th e  a f t  p o r t i o n  o f  the  b u b b l e ,  

s i n c e  t h e  s t r e a m l i n e s  ar e  c o n v e r g i n g .

I t  i s  r e v e a l e d  in F i g .  5 .1 5 d  t h a t  the  f l o w  downstream o f  the

breakdown i s  q u a s i - c y l i n d r i c a l , w i t h  a smal l  a x i a l  v e l o c i t y  d e f i c i t .  I t  

i s  a p p a r e n t  t h a t  t h e  v o r t e x  c o r e  d i a m e t e r ,  d e f i n e d  by t h e  r a d i u s  o f  

maximum s w i r l  v e l o c i t y ,  i s  g r e a t e r  downstream o f  t h e  breakdown r e g i o n  

than u p s t r e a m .

The minimum a x i a l  v e l o c i t y  v a r i e s  w i t h  t ime a s  shown (on a s e m i - l o g  

p l o t )  in  F i g .  5 . 1 6 .  Note t h a t  the  a x i a l  v e l o c i t y  d e c a y s  e x p o n e n t i a l l y

t o  a p p r o x i m a t e l y  30 p e r c e n t  o f  i t s  o r i g i n a l  m a g n i t u d e  ( o v e r  a t ime

p e r i o d  o f  60 u n i t s ) .  An e x p o n e n t i a l  d ecay  o f  t h e  v e l o c i t y  f i e l d  i s  

i n d i c a t i v e  o f  a v i s c o u s  t im e s c a l e .  By d i m e n s i o n a l  a n a l y s e s ,  the  

v i s c o u s  t i m e  s c a l e  f o r  the f l o w  i s  g i v e n  a s  t  = 1 . 1 2  Re,  which f o r  t h i s  

c a s e ,  e q u a l s  a p p r o x i m a t e l y  100 t ime u n i t s .

5 . 2  Case  2 -  D e c e l e r a t i o n  o f  t h e  F r e e  Stream  
A xia l  V e l o c i t y

The breakdown j u s t  d e s c r i b e d  was v e r y  s i m i l a r  t o  breakdowns  

computed in  s e v e r a l  p r e v i o u s  i n v e s t i g a t i o n s .  In an a t t e m p t  t o  a l l e v i a t e  

t h e  problem o f  th e  n o n - p h y s i c a l  r e s u l t s  and breakdown o c c u r r i n g  near the  

i n f l o w  b o u n d a r y ,  an a d d i t i o n a l  v o r t e x  f l o w  was com pu te d.  Here,  the  

v o r t e x  was imbedded in  a d e c e l e r a t i n g  f r e e  s t r e a m .  The pu rp ose  o f  t h i s
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c a s e  was t o  f o r c e  t h e  l o c a l  Rossby number t o  d e c r e a s e  a s  the  f l o w

e v o l v e d  in  t h e  a x i a l  d i r e c t i o n .  The Rossby number a t  i n f l o w  was 0 . 8  and  

t h e  Re y n o ld s  number was 2 2 5 .  The f r e e  s t r e a m  a x i a l  v e l o c i t y  was  

l i n e a r l y  d e c e l e r a t e d  from 1 . 0  to  0 . 5 5  o v e r  the  range  x = 1 .4 3  to  x = 1 6 . 0 ,  

th u s  d u / d x = 0 . 0 3 .  The r e s u l t s  a r e  p l o t t e d  in  F i g s .  5 . 1 7  to  5 . 3 2 .  The

data  in  F i g s .  5 . 1 8  t o  5 . 3 2  i s  a t  t im e l e v e l  t = 8 1 . 2 8 .  F iv e  d i f f e r e n t

t ime l e v e l s  a r e  r e p r e s e n t e d  in  F i g .  5 . 1 7 .

V e l o c i t y  v e c t o r s ,  r e p r e s e n t i n g  t im e  l e v e l s  t = 8 1 . 2 8 ,  8 5 . 2 7 ,  8 7 . 4 5 ,  

8 9 . 6 3  and 9 1 . 8 2  a r e  d i s p l a y e d  in  F i g .  5 . 1 7  a - e ,  r e s p e c t i v e l y .  The

g e n e r a l  a p p e a r a n c e  o f  the  bubble i s  one o f  a sym m etry .  At t ime t = 8 1 . 2 8  

t h e  i n t e r n a l  s t r u c t u r e  o f  the  breakdown c o n t a i n s  two major c e l l s ,  or  

v o r t e x  r i n g s ,  r o t a t i n g  in  o p p o s i t e  d i r e c t i o n s  a b o u t  t h e i r  r e s p e c t i v e  

a x i s .  The a f t  v o r t e x  r i n g  i s  i n c l i n e d  t o  t h e  x - a x i s .  F l u i d  e n t e r s  the  

bubble  from n e a r  th e  downstream e n d ,  t hr oug h the  s i d e  o f  the  b u b b l e ,  and 

e x i t s  th e  b u b b l e  a t  t h e  same a x i a l  l o c a t i o n  b u t  on t h e  o p p o s i t e  s i d e .  

The i n c l i n a t i o n  o f  the  a f t  v o r t e x  r i n g  a l s o  a p p e a r s  t o  be r e l a t e d  t o  th e  

e xc h an ge  o f  f l u i d  in  the  b u b b le .  The m o s t  forward s e c t i o n  o f  th e  r i n g  

c o r r e s p o n d s  t o  t h e  l o c a t i o n  o f  f l u i d  i n f l u x ,  w h e r e a s  the  a f t  s e c t i o n  o f  

t h e  r i n g  c o r r e s p o n d s  to  the  l o c a t i o n  where  f l u i d  i s  e m p t i e d .  In 

a d d i t i o n ,  th e  v e l o c i t i e s  ar e  c o n s i d e r a b l y  g r e a t e r  in t h e  a f t  p o r t i o n  o f  

t h e  bubb le  than i n  t h e  forward p o r t i o n .  The l e n g t h  t o  d ia m e te r  r a t i o  o f  

t he  bu bb le  i s  a p p r o x i m a t e l y  1 . 7 5 .  The maximum d i a m e t e r  o f  the  bu bb le  

o c c u r s  a p p r o x i m a t e l y  0 .7L u n i t s  downstream from t h e  f r o n t  s t a g n a t i o n  

p o i n t  (where  L i s  the  l e n g t h  o f  the  b u b b l e ) .

The v e l o c i t y  v e c t o r s  f o r  the  s u b s e q u e n t  t im e  l e v e l s  i n d i c a t e  t h a t  

the  f l o w  w i t h i n  t h e  bu bb le  i s  u n s t e a d y .  In a d d i t i o n  to  r o t a t i n g  a b o u t  

t h e  x - a x i s ,  t h e  i n d i v i d u a l  c e l l s  w i t h i n  t h e  b u b b le  t end to merge and
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s e p a r a t e ,  and cha ng e  in  s t r e n g t h  and l o c a t i o n .  The l o c a t i o n  a t  whic h  

f l u i d  e n t e r s  t h e  bu bb le  a p p e a r s  to  have s h i f t e d  tow ards  the  back f o r  t h e  

t ime l e v e l s  t = 8 9 . 6 3  and t = 9 1 . 8 2 .  In a d d i t i o n ,  a t  t h e s e  t ime l e v e l s ,  the  

forward r e c i r c u l a t i o n  r e g i o n  has l o s t  c o n s i d e r a b l e  c o h e r e n c e .

P a r t i c l e  t r a c e s  a r e  d i s p l a y e d  in  F i g .  5 . 1 8 .  In t h i s  f i g u r e ,  and 

f o r  a l l  r e m a i n i n g  f i g u r e s ,  the t ime l e v e l  r e p r e s e n t e d  i s  t = 8 1 . 2 8 .  An 

e x a m i n a t i o n  o f  t h e  d i f f e r e n t  c o n t o u r  p l o t s  a t  o t h e r  t ime l e v e l s  shows  

t h i s  t ime l e v e l  t o  be r e p r e s e n t a t i v e  o f  t h e  s o l u t i o n .  The n i n e  w h i t e  

t r a c e s  were  s t a r t e d  a t  t h e  i n f l o w  p l a n e  from a r a d i a l  p o s i t i o n  w i t h i n  

the  r o t a t i o n a l  r e g i o n  o f  t h e  v o r t e x .  A s i n g l e  b l u e  t r a c e  was s t a r t e d  a t  

t h e  i n f l o w  p l a n e ,  b u t  from a r a d i a l  p o s i t i o n  i n  t h e  i r r o t a t i o n a l  r e g i o n  

o f  the f l o w .  The red  t r a c e  was s t a r t e d  from a p o s i t i o n  w i t h i n  b u b b l e  in  

t he  forward c e l l .  The y e l l o w  t r a c e  was s t a r t e d  from w i t h i n  the  " t a i l "  

r e g i o n  o f  t h e  breakdown.  The w h i t e  t r a c e s  seem t o  d e f i n e  the  g e n e r a l  

shape  o f  the  b u b b l e .  One o f  t h e s e  t r a c e s  e n t e r s  th e  forward c e l l ,  

s p i r a l s  a b o u t ,  th e n  e x i t s .  T h is  seems t o  i n d i c a t e  t h a t  most  o f  t h e  

f l u i d  a p p r o a c h i n g  t h e  bu bb le  from t h e  f r o n t  i s  d e f l e c t e d  around i t .  The 

red t r a c e  r e v e a l s  t h a t  the  f l u i d  p a r t i c l e s  in  t h e  forward c e l l  remain  in  

th e  forward c e l l  u n t i l  t h e y  a r e  f o r c e d  o u t  o f  t h e  b u b b l e .  The red  t r a c e  

l e a v e s  t h e  breakdown r e g i o n  from t h e  s i d e  in  th e  forward h a l f  o f  t h e  

b u b b l e .  The y e l l o w  t r a c e  r e v e a l s  t h a t  f l u i d  e n t e r s  the  breakdown r e g i o n  

from the  a f t  s e c t i o n  o f  the  b u b b l e .  The s p i r a l  t r a c e d  o u t  by t h i s  l i n e  

( a s  i t  e n t e r s  t h e  bu bb le )  i s  in t h e  o p p o s i t e  d i r e c t i o n  to  t h e  s p i r a l  

t r a c e d  o u t  by t h e  b l u e  l i n e .  The y e l l o w  l i n e  s p i r a l s  a b o u t  in  t h e  r e a r  

c e l l  b e f o r e  e x i t i n g  t h e  bubble  from the  o u t e r  e d g e .  Note  t h a t  t h e  red  

t r a c e  n e v e r  e n t e r s  the  a f t  c e l l  and the  y e l l o w  t r a c e  never  e n t e r s  t h e  

forward c e l l .  T h i s  i n d i c a t e s  t h a t  t h e  e x c h a n g e  o f  f l u i d  between t h e
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f orwa rd  and a f t  s e c t i o n  o f  t h e  bubble  i s  m i n i m a l .  The b lue  t r a c e  

s p i r a l s  a b o u t  t h e  breakdown e s s e n t i a l l y  u n a f f e c t e d .

F i g u r e  5 . 1 9  i s  a c o n t o u r  p l o t  o f  t h e  a x i a l  component  o f  v e l o c i t y .

The breakdown r e g i o n  i s  l o c a t e d  near  t h e  c e n t e r  o f  t h e  c o m p u ta t io n a l

d om ain .  The r e c i r c u l a t i o n  r e g i o n  i s  d e f i n e d  by t h e  o u t e r  0 . 0  l e v e l  

c o n t o u r  l i n e .  I m m e d i a t e l y  w i t h i n  t h i s  r e g i o n  a r e  n e g a t i v e  v a l u e d

c o n t o u r  l i n e s .  I n t e r i o r  t o  t h e s e  n e g a t i v e  v a l u e d  c o n t o u r  l i n e s  a r e

a d d i t i o n a l  p o s i t i v e  v a l u e d  c o n t o u r  l i n e s .  Thus ,  a l o n g  t h e  c e n t e r l i n e  o f  

t h e  bu b b le  t h e r e  e x i s t s  a r e g i o n  in which no f l o w  r e v e r s a l  o c c u r s .  The 

c o n t o u r  l i n e s  i n t e r s e c t i n g  the  top and bottom o f  th e  domain i n d i c a t e  a 

d e c e l e r a t i n g  e x t e r n a l  f l o w  (which was im po sed by the  boundary

co n d i  t i o n s ) .

A c o n t o u r  p l o t  o f  t h e  a x i a l  component  o f  v o r t i c i t y  ( s c a l e d  by the  

Rossby number) i s  shown in  F i g .  5 . 2 0 .  The v o r t i c i t y  d e c r e a s e s

c o n t i n u o u s l y  a s  t h e  s t a g n a t i o n  p o i n t  i s  a p p r o a c h e d .  In the  forward  

p o r t i o n  o f  the  breakdown r e g i o n ,  the  a x i a l  co m po ne nt  o f  v o r t i c i t y  i s  

n e a r l y  z e r o .  T h i s  i n d i c a t e s  t h a t  the  r a d i a l  g r a d i e n t s  o f  the s w i r l

v e l o c i t y  a r e  s m a l l .  In c o n t r a s t ,  the  a f t  s e c t i o n  o f  the  breakdown

r e g i o n  i s  c h a r a c t e r i z e d  by h i gh l e v e l s  o f  w v o r t i c i t y  a l o n g  the a x i s .
A

F u r t h e r m o r e ,  the  r a d i a l  g r a d i e n t s  o f  oj v o r t i c i t y  i n  t h i s  r e g i o n  a r e
A

h i g h .  Note  t h a t  the  v o r t i c i t y  i s  n e g a t i v e  in  t h e  r e g i o n  o f  the bu bb le  

c o r r e s p o n d i n g  t o  t h e  a p p r o x i m a t e  l o c a t i o n  o f  t h e  a f t  v o r t e x  r i n g .

F i g u r e s  5 . 2 1  and 5 . 2 2  a r e  co nt our  p l o t s  o f  t h e  and components  

v o r t i c i t y  r e s p e c t i v e l y .  The 0 . 0  l e v e l  c o n t o u r s  a r e  n o t  d i s p l a y e d ,  a s  

was t h e  c a s e  in  F i g s .  5 . 5  and 5 . 6 .  These  co m po ne nt s  a r e  due e n t i r e l y  to  

p e r t u r b a t i o n s  o f  t h e  b a s e  f l o w  s i n c e  a t  t ime t = 0 . 0  t h e  o n l y  n o n - z e r o  

v o r t i c i t y  component  was w . The a s y m m e t r i c ,  two c e l l e d  s t r u c t u r e  o f  the
A
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F i g .  5 . 1 9  C on tou rs  o f  c o n s t a n t  a x i a l  v e l o c i t y .  Contour  l e v e l s  range  

from - 0 . 3  t o  0 . 9  i n  i n t e r v a l s  o f  0 . 1 .

F i g .  5 . 2 0  Con to ur s  o f  c o n s t a n t  a x i a l  v o r t i c i t y ,  Contour  l e v e l s  

r an ge  from - . 0 . 2 5  t o  2 . 5  i n  i n t e r v a l s  o f  0 . 2 5 .
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F i g .  5 . 2 1  C o n to u r s  o f  c o n s t a n t  u> v o r t i c i t y .  Contour  l e v e l s  r a n g e  

from - 1 . 5 0  t o  1 . 5 0  i n  i n t e r v a l s  o f  0 . 2 5 .

F i g .  5 . 2 2  C o n t o u r s  o f  c o n s t a n t  u>z  v o r t i c i t y .  Contour  l e v e l s  rang e  
from - 1 . 5 0  to  1 . 5 0  i n  i n t e r v a l s  o f  0 . 2 5 .
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bu b b le  i s  r e v e a l e d  i n  t h e s e  c o n t o u r s .  In a d d i t i o n ,  p o i n t s  on t h e  a x e s  

o f  the  two v o r t e x  r i n g s  can be i d e n t i f i e d .  S i n c e  th e  v o r t i c i t y  o f  t h e  

two r i n g s  i s  o f  o p p o s i t e  s i g n ,  t h e y  r o t a t e  in  o p p o s i t e  d i r e c t i o n s  a b o u t  

t h e i r  r e s p e c t i v e  a x e s .  The maximum v o r t i c i t y  l e v e l s  in  t h e s e  two r i n g s  

i s  a p p r o x i m a t e l y  e q u a l .  A p o s s i b l e  t h i r d  v o r t e x  r i n g  can be s e e n  in  th e  

o u t e r  r e g i o n  o f  t h e  forward p o r t i o n  o f  t h e  b u b b l e .  T h i s  r i n g  r o t a t e s  in  

t h e  same d i r e c t i o n  a s  th e  a f t  most  v o r t e x  r i n g .

V o r te x  l i n e s  a r e  shown in  F i g .  5 . 2 3 .  The r a d i a l  l o c a t i o n s  o f  t h e s e  

l i n e s  a t  t h e  i n f l o w  plane  c o r r e s p o n d  to  t h e  l o c a t i o n s  o f  t h e  w h i t e  

p a r t i c l e  t r a c e s  a t  i n f l o w .  In t h e  a p p r o a c h  f l o w  the  v o r t e x  l i n e s  a r e  

o r i e n t e d  in  t h e  x - d i r e c t i o n .  The t r a n s f e r  o f  v o r t i c i t y  from t h e  x to  

the  y  and z  components  t a k e s  p l a c e  a s  the  f i r s t  s t a g n a t i o n  p o i n t  i s  

a p p r o a c h e d .  D i f f e r e n t  o r i e n t a t i o n s  o f  t h e  v o r t i c i t y  v e c t o r  a r e  

o b s e r v a b l e  w i t h i n  the  b u b b l e .  Near t h e  c e n t e r l i n e  o f  th e  b u b b l e ,  th e  

v o r t i c i t y  v e c t o r  i s  o r i e n t e d  p r i m a r i l y  in  t h e  a x i a l  d i r e c t i o n .  Near the  

o u t e r  r e g i o n s ,  t h e  o r i e n t a t i o n  i s  m o s t l y  in  the  c i r c u m f e r e n t i a l  

d i r e c t i o n .  Downstream o f  the  breakdown,  th e  v o r t i c i t y  v e c t o r  i s  

o r i e n t e d  in  t h e  a x i a l  d i r e c t i o n ,  b u t  w i t h  a su p e r im p o se d  sm al l  

u n d u l a t i o n .

1 -2A l i n e  p l o t  o f  t h e  i n t e g r a l  o f  u  a s  a f u n c t i o n  o f  a x i a l  l o c a t i o n  

a p p e a r s  i n  F i g .  5 . 2 4 .  This  f i g u r e  shows t h a t  the  e n s t r o p h y  p e r  u n i t  

volume o f  f l u i d  rem ain s  n e a r l y  c o n s t a n t  in  th e  s t r e a m w i s e  d i r e c t i o n  

u n t i l  t h e  breakdown r e g i o n  i s  e n c o u n t e r e d .  Here ,  l a r g e  g a i n s  in  

e n s t r o p h y  a r e  r e a l i z e d .  Downstream o f  t h e  breakdown r e g i o n ,  the  

e n s t r o p h y  l e v e l  r e t u r n s  to the  l e v e l s  p r e s e n t  upstream o f  bre akdown.

The volume i n t e g r a l  o f  the  m a t e r i a l  d e r i v a t i v e  o f  e n s t r o p h y  i s  

p l o t t e d  in  F i g .  5 . 2 5 .  The d i s t r i b u t i o n  o f  e n s t r o p h y  w i t h i n  t h e

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



93

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



RA
TE

 
OF

 
C

H
A

N
G

E
 

OF
 

E
N

ST
R

O
PH

Y
 

E
N

S
T

R
O

P
H

Y

94

. 2 0

. 0 5

. 0 0
1 6.012.08.04 . 0.O

A X I A L  D I S T A N C E

. 5 . 2 4  V a r i a t i o n  o f  i n t e g r a t e d  e n s t r o p h y  w i t h  a x i a l  l o c a t i o n .

. 0 3

 S T R E T C H IN G
 V IS C O S I T Y
 B O U N D A R Y  FL U X
 T O T A L

.02

.01

/  "
. 0 0

-.0 1

- .02

- . 0 3
1 6.01 2.08.04.0.0

AXIAL D I S T A N C E

F i g .  5 . 2 5  V a r i a t i o n  o f  I n t e g r a t e d  m a t e r i a l  d e r i v a t i v e  o f  e n s t r o p h y  
w i t h  a x i a l  l o c a t i o n .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



95

breakdown r e g i o n  i s  a f f e c t e d  s i g n i f i c a n t l y  by b o t h  v o r t e x  s t r e t c h i n g  and  

v i s c o u s  a c t i o n .  The e f f e c t  o f  v i s c o s i t y  i s  t o  o f f s e t  the  g a i n s  i n  

e n s t r o p h y  due t o  s t r e t c h i n g .  The e n s t r o p h y  c h a n g e s  due to d i f f u s i o n  

a c r o s s  the  b o u n d a r i e s  o f  a s p e c i f i c  m a t e r i a l  volume a r e  i n s i g n i f i c a n t .  

The a x i a l  l o c a t i o n  a t  which the e n s t r o p h y  i s  a maximum a g r e e s  w i t h  t h e  

l o c a t i o n  in  where  the  r a t e  o f  change o f  e n s t r o p h y  i s  z e r o .

Contour  l i n e s  o f  p r e s s u r e  a r e  shown i n  F i g .  5 . 2 6 .  The minimum 

p r e s s u r e  a t  any a x i a l  l o c a t i o n  o c c u r s  a l o n g  t h e  c e n t e r l i n e  o f  t h e  

v o r t e x ,  w i t h  the  a b s o l u t e  minimum o c c u r r i n g  a t  i n f l o w .  A s t r o n g  a d v e r s e  

g r a d i e n t  i s  e n c o u n t e r e d  by the f l u i d  a s  i t  a p p r o a c h e s  the breakdown  

r e g i o n .  Within  t h e  forward p a r t  o f  t h e  breakdown r e g i o n ,  the  p r e s s u r e  

i s  n e a r l y  c o n s t a n t .  A l o c a l  minimum o c c u r s  in  the  a f t  p o r t i o n  o f  t h e  

b u b b l e .  T h i s  p o i n t  c o r r e s p o n d s  t o  t h e  l o c a t i o n  o f  minimum a x i a l  

v e l o c i t y .  The p r e s s u r e  d i s t r i b u t i o n  i s  a s y m m e t r i c .  T h is  may c o r r e s p o n d  

t o  the  o r i e n t a t i o n  o f  t h e  a f t  v o r t e x  r i n g .

The p r e s s u r e  and a x i a l  v e l o c i t y  a l o n g  the  v o r t e x  c e n t e r l i n e  a r e  

p l o t t e d  in  F i g .  5 . 2 7 .  A s t r o n g  a d v e r s e  p r e s s u r e  g r a d i e n t  e x t e n d s  from 

the  i n f l o w  boundary t o  the  a x i a l  l o c a t i o n  x = 3 . 2 ,  c o r r e s p o n d i n g  to  t h e  

f i r s t  s t a g n a t i o n  p o i n t .  From x= 3 .2  t o  x = 7 . 2  a d e c r e a s e  in  p r e s s u r e  i s  

accompanied by an i n c r e a s e  in the  a x i a l  v e l o c i t y .  The a x i a l  v e l o c i t y  

then d e c e l e r a t e s  r a p i d l y  even though t h e  p r e s s u r e  c o n t i n u e s  t o  

d e c r e a s e .  Downstream o f  the  breakdown r e g i o n ,  t h e  c e n t e r l i n e  a x i a l  

v e l o c i t y  i s  a c c e l e r a t e d  toward i t s  f r e e  s t r e a m  v a l u e .  S t a g n a t i o n  p o i n t s  

a r e  o b s e r v e d  a t  a x i a l  l o c a t i o n s  x = 3 . 0 ,  5 . 5 ,  8 . 3 .  and 1 2 . 3 .

S i n c e  t h e  e x t e r n a l  f l o w  was d e c e l e r a t e d  in  t h e  a x i a l  d i r e c t i o n ,  i t  

was e x p e c t e d  t h a t  a c o r r e s p o n d i n g  a d v e r s e  p r e s s u r e  g r a d i e n t  would  

e x i s t .  For c l a r i t y ,  the  p r e s s u r e  v a r i a t i o n  a l o n g  t h e  top c o m p u ta t io n a l
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boundary ( y = 1 0 . 0 ,  z = 5 . 0 )  i s  p l o t t e d  a s  a f u n c t i o n  o f  a x i a l  l o c a t i o n  in  

F i g .  5 . 2 8  u s i n g  a m a g n i f i e d  s c a l e .  A r a p i d  change  in  the  s l o p e  i s  

a p p a r e n t  a t  x = 1 . 5 .  T h i s  c o r r e s p o n d s  t o  t h e  ap p r o x im a te  a x i a l  l o c a t i o n  

in which t h e  imposed d e c e l e r a t i o n  o f  t h e  f r e e  stream a x i a l  v e l o c i t y  

b e g i n s .  The p r e s s u r e  then i n c r e a s e s  l i n e a r l y  u n t i l  the a x i a l  l o c a t i o n  

c o r r e s p o n d i n g  t o  the  o n s e t  o f  breakdown i s  r e a c h e d .  Downstream from

t h i s  l o c a t i o n  t h e  p r e s s u r e  d e c r e a s e s  and th en  i n c r e a s e s .  T h i s  i s  due  t o

the  c u r v a t u r e  o f  the  s t r e a m l i n e s  ( d i s p l a y e d  i n  F i g .  5 . 2 9 ) .  E x p e r im e n t a l  

w a l l  p r e s s u r e  d i s t r i b u t i o n s  measured by Sarpkaya [ 2 5 ]  in a tu be  and vane  

a p p a r a t u s  be haved in  a s i m i l a r  manner.  Note  t h a t  the  maximum v a l u e s  o f

dp/dx  a l o n g  t h e  c o m p u t a t i o n a l  boundary a r e  much s m a l l e r  in m a g n it u d e

than the  v a l u e s  o f  d p /d x  o c c u r r i n g  w i t h i n  t h e  v o r t e x  c o r e .

2
F i g u r e  5 . 2 9  i s  a c o n t o u r  p l o t  o f  t h e  t o t a l  p r e s s u r e ,  q / 2  + p .  As 

p r e v i o u s l y  m e n t i o n e d ,  where v i s c o u s  f o r c e s  a r e  i n s i g n i f i c a n t  and t h e  

f l ow  i s  s t e a d y ,  t h e s e  l i n e s  can be c o n s i d e r e d  a s  s t r e a m l i n e s .  In t h i s  

s e n s e ,  the  a f t  r e c i r c u l a t i o n  c e l l  i s  c l e a r l y  v i s i b l e .

The volume i n t e g r a l  o f  the m a t e r i a l  d e r i v a t i v e  o f  e n e r g y  i s  p l o t t e d  

in  F i g .  5 . 3 0 .  The i n t e r p r e t a t i o n  o f  t h e  v a r i o u s  l i n e s  f o l l o w s  from t h e  

d e s c r i p t i o n  o f  5 . 1 3 .  Note  t h a t  t h e  r a t e  o f  change  o f  e n e r g y  due  t o  

p r e s s u r e  work f o l l o w s  t h e  t o t a l  r a t e  o f  change  o f  e n e r g y  a l m o s t  

e x a c t l y .  T h e se  l i n e s  appe ar  on top o f  on e  a n o t h e r  in F i g .  5 . 3 0 .  As i s  

r e q u i r e d ,  t h e  r a t e  o f  change o f  i n t e r n a l  e n e r g y  i s  p o s i t i v e  t h r o u g h o u t  

t h e  f l o w .  The ma gni tu de  o f  t h i s  change  i s  sm al l  when compared t o  the  

r a t e  o f  chan ge  o f  k i n e t i c  en ergy  t h r o u g h o u t  most  o f  the r e g i o n .  The 

p l o t  shows t h a t  t h e  r a t e  o f  change o f  k i n e t i c  e n e r g y  i s  due p r i m a r i l y  t o  

d i f f e r e n t i a l  p r e s s u r e  f o r c e s  a c t i n g  on a m a t e r i a l  volume. The v i s c o u s  

f o r c e s  r e s p o n s i b l e  f o r  ch an gin g  the  k i n e t i c  e n e r g y  a r e  s m a l l .
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The i n t e g r a l  o f  the  volume a v e r a g e d  k i n e t i c  e n e r g y  has been  

computed and p l o t t e d  a s  a f u n c t i o n  o f  a x i a l  l o c a t i o n  in F i g .  5 . 3 1 .  The 

k i n e t i c  e n e r g y  i s  o b s e r v e d  t o  d e c r e a s e  by a p p r o x i m a t e l y  50% be tw een t h e  

i n f l o w  p l a n e  and t h e  a x i a l  l o c a t i o n ,  x = 8 . 0 .  Downstream o f  t h i s  p o i n t ,  

t h e  k i n e t i c  e n e r g y  i n c r e a s e s  s l i g h t l y  and then remains  c o n s t a n t .

A x i a l ,  t r a n s v e r s e  ( r a d i a l ) ,  and s p a n w i s e  ( s w i r l )  v e l o c i t y  p r o f i l e s  

a t  f o u r  d i f f e r e n t  a x i a l  l o c a t i o n s  a r e  p l o t t e d  in  F i g .  5 . 3 2  a - d  f o r  t ime  

l e v e l  t = 8 1 . 2 8 .  The a x i a l  l o c a t i o n  o f  the  p r o f i l e s  in F i g .  5 . 3 2 a  i s  

u pstream o f  breakdown ( x= 0 . 4 1 ) .  The p r o f i l e s  in  F i g s .  5 . 3 2 b  and 5 . 3 2 c  

r e p r e s e n t  a x i a l  l o c a t i o n s  w i t h i n  t h e  breakdown r e g i o n  ( x = 5 . 4 6  and  

x = 7 . 3 6 ,  r e s p e c t i v e l y ) .  P r o f i l e s  from downstream o f  the  breakdown r e g i o n  

a r e  p l o t t e d  in  F i g .  5 .3 2 d  ( x = 1 3 . 9 2 ) .  For  r e f e r e n c e  p u r p o s e s ,  the  f i r s t  

s t a g n a t i o n  p o i n t  i s  l o c a t e d  a t  x = 3 . 0 .  Upstream o f  breakdown,  the  

sp a n w is e  ( s w i r l )  v e l o c i t y  p r o f i l e  a p p r o x i m a t e s  the t w o - d i m e n s i o n a l  

B ur ge rs  v o r t e x .  The r a d i a l  v e l o c i t y  i s  sm a l l  and the a x i a l  v e l o c i t y  

p r o f i l e  n e a r l y  u n i f o r m .  Within  th e  breakdown r e g i o n ,  a s  r e v e a l e d  i n  

F i g s .  5 .3 2 b  and 5 . 3 2 c ,  the f l o w  i s  no l o n g e r  sym m etr ic .  T r a n s v e r s e  

( r a d i a l )  v e l o c i t i e s  a r e  s i g n i f i c a n t  and t h e  sp an w is e  ( s w i r l )  v e l o c i t y  

p r o f i l e s  no l o n g e r  ap p rox im ate  B ur ge rs  v o r t e x .  At  both a x i a l  l o c a t i o n s  

w i t h i n  the  breakd ow n,  the  a x i a l  v e l o c i t y  p r o f i l e s  have a l o c a l  maximum 

and two l o c a l  minima.  The p r o f i l e s  in  F i g .  5 . 3 2 d ,  downstream o f  the  

breakdown r e g i o n ,  r e v e a l  a l a r g e  a x i a l  v e l o c i t y  d e f i c i t  n ea r  th e  v o r t e x  

c e n t e r l i n e .  The s p a n w i s e  ( s w i r l )  v e l o c i t y  p r o f i l e s  r e v e a l  a s o l i d  body

l i k e  r o t a t i o n  n e a r  the  c e n t e r l i n e .  At  t h e  edge  o f  the  c o r e ,  t h e  maximum 

s p a n w i s e  ( s w i r l )  v e l o c i t i e s  a r e  c o n s i d e r a b l y  l e s s  than v a l u e s  o c c u r r i n g  

upstream o f  t h e  breakdown r e g i o n .
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A comp ar iso n o f  t h i s  computed breakdown s t r u c t u r e  ( a t  t = 8 1 . 2 8 )  w i t h  

mean s t r e a m l i n e  and a x i a l  v e l o c i t y  p r o f i l e s  c o n s t r u c t e d  by F a l e r  and  

L e i b o v i c h  [ 2 7 ]  u s i n g  e x p e r i m e n t a l l y  measured  data i s  shown in  F i g .  

5 . 3 3 .  The p r o f i l e s  g i v e n  by F a l e r  and L e i b o v i c h  a r e  f o r  t h e  upper  h a l f  

o f  the  bu b b le  o n l y .  A l thou gh  the  R e y n o l d s  number f o r  t h e  e x p e r i m e n t a l  

c a s e  was o f  o r d e r  1 0 0 0 ,  t h e  o v e r a l l  q u a l i t a t i v e  a g r e e m e n t  r e g a r d i n g  t h e  

s t r u c t u r e  o f  t h e  b u b b l e  i s  e x c e l l e n t .

5 . 3  Other  C a s e s

S e v e r a l  a d d i t i o n a l  t e s t  c a s e s  w e r e  computed t o  d e t e r m i n e  t h e  e f f e c t  

o f  a j e t - l i k e  a x i a l  v e l o c i t y  p r o f i l e  on v o r t e x  breakdown.  The r e s u l t s ,  

a l t h o u g h  n o t  a v a i l a b l e  in  the  form o f  l i n e  and c o n t o u r  p l o t s ,  w i l l  be  

d i s c u s s e d  f o r  the  p u r p o s e s  o f  c o m p a r i s o n .

S e v e r a l  a d d i t i o n a l  c a s e s  were  computed in  which the  v o r t e x  was  

imbedded in  a u ni form  e x t e r n a l  f l o w .  For  two o f  t h e s e  c a s e s  t h e  Rossby  

number a t  i n f l o w  was 0 . 8 0  and th e  R e y n o l d s  number, 2 2 5 .  The a x i a l  

v e l o c i t y  p r o f i l e  a t  i n f l o w  was g i v e n  by Eq. ( 4 . 6 ) .  For t h e  two t e s t  

c a s e s ,  6 , was ch o se n  a s  1 . 0  and 0 . 5 ,  r e s p e c t i v e l y .

The p ur po se  o f  t h e s e  two c o m p u t a t i o n s  was to d e t e r m i n e  t h e  e f f e c t  

o f  v i s c o u s  d i f f u s i o n  on the  f l o w ,  a s  measured by t h e  l o c a l  Rossby  

number.  In bo th  c a s e s ,  the  l o c a l  Rossby number i n c r e a s e d  in  the  

s t r e a m w i s e  d i r e c t i o n  a s  the  f lo w  e v o l v e d .  T h i s  was b e c a u s e  t h e  r a t e  o f  

d e c r e a s e  o f  the  s o l i d  body r o t a t i o n  o f  t h e  v o r t e x  (n ear  the  c e n t e r l i n e )  

was g r e a t e r  than t h e  r a t e  o f  d e c r e a s e  o f  the  a x i a l  v e l o c i t y  component
k

( a t  the  r a d i u s  o f  maximum sw ir l  v e l o c i t y ) .  The r a d i u s ,  r  , i n c r e a s e d  

s l i g h t l y  in  the  s t r e a m w i s e  d i r e c t i o n .  Breakdown did n o t  o c c u r ,  s i n c e  a t

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



104

6

5

4

3

2

0 2 6 84 10 12 14

1 cm/s
6

5

4

3

S  12

F i g .  5 . 3 3  Comparison o f  t h e  n u m e r ic a l  s o l u t i o n  ( a )  a t  t = 8 1 . 2 8  w i t h  
a , b , c .  e x p e r i m e n t a l l y  d e t e r m i n e d  mean s t r e a m l i n e  p a t t e r n  (b)  and
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L e i b o v i c h  ( 1 9 7 8 ) .
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i n f l o w  t h e  Rossby number was ab o v e  c r i t i c a l  v a l u e  a n d ,  a s  the  f lo w

e v o l v e d ,  i t  remained s u p e r c r i t i c a l  e v e r y w h e r e .

Two a d d i t i o n a l  t e s t  c a s e s  were computed w i t h  t h e  p a r a m e t e r ,  c ,

b e i n g  c h o s e n  a s  1 . 0  and 0 . 5 ,  r e s p e c t i v e l y .  The R e y n o l d s  number was 225 

and t h e  Rossby number a t  i n f l o w ,  0 . 6 2 5 .  The p ur po se  o f  t h e  t e s t s  was to  

d e t e r m i n e  i f  the  j e t - l i k e  a x i a l  v e l o c i t y  p r o f i l e  would  d e l a y  the  o n s e t  

o f  v o r t e x  breakdown. The c o m p u t a t i o n s  were  n o t  c a r r i e d  o u t  to  

c o m p l e t i o n  b e c a u s e  i t  became a p p a r e n t  t h a t  breakdown would  o c c u r  near  

t h e  i n f l o w  boundary.  T h i s  was a n a l a g o u s  t o  the  r e s u l t s  t h a t  were  

o b t a i n e d  f o r  t h e  c a s e  R o = 0 .6 2 5 ,  Re=225 and 6 = 0 . 0 ,  d i s c u s s e d  in  d e t a i l  

p r e v i o u s l y .

T e s t s  t o  a s c e r t a i n  t h e  e f f e c t  o f  g r i d  s i z e  and domain l e n g t h  on the  

t ime e v o l u t i o n  o f  the s o l u t i o n  were  p er for m ed.  In a l l  c a s e s  the  Rossby  

number and Re y n o ld s  number were m a i n t a i n e d  a t  v a l u e s  o f  0 . 5  and 22 5 ,  

r e s p e c t i v e l y .  The v o r t e x  was imbedded i n  a un i fo rm  f r e e  s t r e a m .  The 

i n f l o w  a x i a l  v e l o c i t y  p r o f i l e  was un i fo r m .  The s o l u t i o n  was computed 

o v e r  t h r e e  d i f f e r e n t  domain l e n g t h s ;  1 6 . 0 ,  2 4 . 0 ,  and 3 2 . 0

( x - d i r e c t i o n ) . The s t r e t c h i n g  c o e f f i c i e n t ,  a ,  p r e s e n t  a s  a parameter  in  

Eq. ( 4 . 1 6 ) ,  was equal  t o  1 . 1 5  f o r  the  c a s e s  h = 1 6 . 0  and h = 2 4 . 0 .  For
X X

the  c a s e  hx =32 i t  was s e t  equa l  to  1 . 2 5 .  T h i s  r e s u l t e d  in  minimum c e l l

s i z e s  o f  0 . 1 3 ,  0 . 1 9 5  and 0 . 4 6  f o r  th e  domain l e n g t h s  1 6 . 0 ,  2 4 . 0 ,  and

3 2 . 0 ,  r e s p e c t i v e l y .  The s t r e t c h i n g  parameter  e ,  ( p r e s e n t  in  Eqs .  ( 4 . 1 7 )  

and ( 4 . 1 8 )  f o r  the  y and z  d i r e c t i o n  g r i d s )  was s e t  e q u a l  to  4 . 5 .  The 

domain i n  t h e  y  and z d i r e c t i o n  was g i v e n  by 0<y<10 and 0 < z< 10 .  In 

e a ch  c a s e ,  the  minimum a x i a l  v e l o c i t y  was p l o t t e d  a s  a f u n c t i o n  o f  

t i m e .  The r e s u l t s  were p l o t t e d  in  F i g .  5 . 3 4 .  The r e s u l t s  showed t h a t
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t he  e f f e c t  o f  i n c r e a s e d  domain l e n g t h  and c e l l  s i z e  had a minimal  e f f e c t  

on th e  t i m e  e v o l u t i o n  o f  t h e  s o l u t i o n .

I t  has  been s u g g e s t e d  t h a t  v o r t e x  breakdown i s  a c o n s e q u e n c e  o f

i n e r t i a l  wave  d i s t u r b a n c e  on t h e  s w i r l i n g  f l o w .  The a z i m u t h a l  modes

( e x c l u d i n g  n=0 ) o f  t h e s e  d i s t u r b a n c e s  c o rr esp o n d  t o  t h e  a sy m m e tr ic  

i n t e r n a l  s t r u c t u r e  o f  the b u b b l e .  Any f l o w  v a r i a b l e  can be d e s c r i b e d  

by F o u r i e r  s e r i e s  in  the  a z i m u t h a l  (0)  d i r e c t i o n  i n  t h e  form:

X Cn ( x , r , t )  e  i n 9  
n

I t  i s  o f  i n t e r e s t  to  examine t h e  F o u r i e r  c o e f f i c i e n t s  o f  the  r a d i a l  

v e l o c i t y  component  in  f r o n t  o f  and w i t h i n  the  breakdown r e g i o n .  In 

o r d e r  t o  compute t h e  c o e f f i c i e n t s ,  t h e  o r i g i n a l  data  were  i n t e r p o l a t e d  

t o  pr odu ce  da ta  a t  s p e c i f i e d  c y l i n d r i c a l  ( r , 0 , x )  l o c a t i o n s .  The F o u r i e r  

c o e f f i c i e n t s  (Cn ) were then e a s i l y  computed u s in g  F a s t  F o u r i e r  Transform  

t e c h n i q u e s .  For t h e s e  c a l c u l a t i o n s ,  A0 was taken a s  ten  d e g r e e s  ( n / 1 8 )  

which r e s u l t e d  in  36 s p a c i a l  l o c a t i o n s  a l o n g  a g i v e n  r a d i u s .  The 

c o e f f i c i e n t s  were  t a b u l a t e d  in  m a g n i t u d e ,  phase  a n g l e  form f o r  t h e  modes  

n = 0 , l , 2 , 3 .  These  r e s u l t s ,  f o r  c o m b i n a t i o n s  o f  ( x , r , t ) ,  a p p e a r  in  T a b l e s  

5 . 1  and 5 . 2 .  The magni tud es  o f  t h e  c o e f f i c i e n t s  f o r  a l l  h i g h e r  mode

numbers w e r e  i n s i g n i f i c a n t ,  th us  t h e y  were  n o t  t a b u l a t e d .

A b r i e f  i n v e s t i g a t i o n  i n t o  t h e  upstream p r o p a g a t i o n  o f  w a v e l i k e  

d i s t u r b a n c e s  was per fo rm ed.  The p u r p o s e  o f  the t e s t s  was t o  d e t e r m i n e  

i f  a p p r o p r i a t e l y  d e f i n e d  w a v e l i k e  d i s t u r b a n c e s  i n t r o d u c e d  a t  t h e  o u t f l o w  

boundary would  p r o p a g a te  u p s t r e a m .  D i s t u r b a n c e s  o f  th e  form

_ 2
a v / 9 y / 8 w / 5 z  = e  r  A s i n ( 2 i t  f * t )  ( 5 . 3 )
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Table 5 .1

Complex F o u r i e r  C o e f f i c i e n t s  f o r  t h e  Radia l  V e l o c i t y  Component

( x , r ) n=0 n=l n=2 n=3

( 0 . 5 6 , 0 . 5 ) ( 0 . 0 3 , 0 . 0 ) ( 0 . 0 1 , 3 . 1 1 ) ( 0 . 0 0 , - 1 . 8 2 ) ( 0 . 0 0 , - 3 . 0 9 )

( 0 . 5 6 , 1 . 0 ) ( 0 . 0 4 , 0 . 0 ) ( 0 . 0 1 , 3 . 0 9 ) ( 0 . 0 0 , - 1 . 9 6 ) ( 0 . 0 0 , - 0 . 4 1 )

( 0 . 5 6 , 1 . 5 ) ( 0 . 0 4 , 0 . 0 ) ( 0 . 0 1 , 3 . 1 4 ) ( 0 . 0 0 , - 1 . 9 4 ) (0 . 0 0 , - 0 . 6 8 )

( 0 . 5 6 , 2 . 0 ) ( 0 . 0 3 , 0 . 0 ) ( 0 . 0 0 , 3 . 0 4 ) ( 0 . 0 0 , - 1 . 4 7 ) ( 0 . 0 0 , - 0 . 8 3 )

( 0 . 5 6 , 2 . 5 ) ( 0 . 0 3 , 0 . 0 ) ( 0 . 0 0 , 2 . 9 5 ) ( 0 . 0 0 , - 1 . 0 3 ) ( 0 . 0 0 , - 0 . 8 9 )

( 4 . 1 5 , 0 . 5 ) ( 0 . 0 0 , 3 . 1 4 ) ( 0 . 0 0 , 2 . 9 4 ) ( 0 . 0 0 , - 0 . 9 8 ) ( 0 . 0 0 , 0 . 8 8 )

( 4 . 1 5 , 1 . 0 ) ( 0 . 0 8 , 0 . 0 ) ( 0 . 0 0 , - 0 . 7 8 ) ( 0 . 0 0 , - 0 . 4 3 ) ( 0 . 0 0 , - 2 . 2 2 )

( 4 . 1 5 , 1 . 5 ) ( 0 . 2 3 , 0 . 0 ) ( 0 . 0 1 , - 2 . 2 9 ) ( 0 . 0 1 , 3 . 0 5 ) ( 0 . 0 0 , - 0 . 9 0 )

( 4 . 1 5 , 2 . 0 ) ( 0 . 2 4 , 0 . 0 ) ( 0 . 0 1 , - 2 . 7 7 ) ( 0 . 0 0 , - 0 . 9 1 ) ( 0 . 0 0 , - 1 . 4 7 )

( 4 . 1 5 , 2 . 5 ) ( 0 . 1 8 , 0 . 0 ) ( 0 . 0 1 , - 2 . 7 6 ) ( 0 . 0 0 , 0 . 6 6 ) ( 0 . 0 1 , - 1 . 9 4 )

( 6 . 9 5 , 0 . 5 ) ( 0 . 0 0 , 0 . 0 ) ( 0 . 0 2 , - 2 . 9 2 ) ( 0 . 0 0 , - 0 . 6 7 ) ( 0 . 0 0 , 2 . 7 8 )

( 6 . 9 5 , 1 . 0 ) ( 0 . 1 0 , 0 . 0 ) ( 0 . 0 4 , 2 . 5 1 ) ( 0 . 0 2 , - 2 . 4 0 ) ( 0 . 0 1 , - 1 . 1 9 )

( 6 . 9 5 , 1 . 5 ) ( 0 . 1 7 , 0 . 0 ) ( 0 . 0 3 , 1 . 2 5 ) ( 0 . 0 2 , - 2 . 8 3 ) ( 0 . 0 , - 1 . 8 7 )

( 6 . 9 5 , 2 . 0 ) ( 0 . 1 6 , 0 . 0 ) ( 0 . 0 2 , 1 . 1 3 ) ( 0 . 0 1 , - 2 . 6 0 ) ( 0 . 0 0 , - 0 . 9 2 )

( 6 . 9 5 , 2 . 5 ) ( 0 . 1 6 , 0 . 0 ) ( 0 . 0 1 , 1 . 3 5 ) ( 0 . 0 0 , 2 . 5 2 ) ( 0 . 0 0 , - 0 . 7 2 )

( 8 . 6 2 , 0 . 5 ) ( 0 . 0 5 , 0 . 0 ) ( 0 . 0 5 , - 0 . 4 6 ) ( 0 . 0 0 , - 0 . 7 5 ) ( 0 . 0 0 , - 1 . 2 6 )

( 8 . 6 2 , 1 . 0 ) ( 0 . 0 3 , 3 . 1 4 ) ( 0 . 0 2 , - 1 . 1 7 ) ( 0 . 0 0 , 0 . 0 7 ) ( 0 . 0 0 , 2 . 7 4 )

( 8 . 6 2 , 1 . 5 ) ( 0 . 1 0 , 3 . 1 4 ) ( 0 . 0 2 , - 2 . 0 6 ) ( 0 . 0 0 , 2 . 5 0 ) ( 0 . 0 0 , - 2 . 3 8 )

( 8 . 6 2 , 2 . 0 ) ( 0 . 1 4 , 3 . 1 4 ) ( 0 . 0 3 , - 2 . 2 7 ) ( 0 . 0 0 , 3 . 1 2 ) ( 0 . 0 0 , - 2 . 1 8 )

( 8 . 6 2 , 2 . 5 ) ( 0 . 1 2 , 3 . 1 4 ) ( 0 . 0 3 , - 2 . 0 6 ) ( 0 . 0 0 , 0 . 0 1 ) ( 0 . 0 0 , - 3 . 0 0 )

( 1 2 . 4 0 , 0 . 5 ) ( 0 . 0 1 , 3 . 1 4 ) ( 0 . 0 7 , - 1 . 4 5 ) (0 . 0 0 , 2 . 1 0 ) ( 0 . 0 0 , - 0 . 5 7 )

( 1 2 . 4 0 , 1 . 0 ) ( 0 . 0 1 , 3 . 1 4 ) ( 0 . 0 4 , - 1 . 5 6 ) ( 0 . 0 0 , 1 . 8 3 ) ( 0 . 0 0 , - 0 . 0 2 )

( 1 2 . 4 0 , 1 . 5 ) ( 0 . 0 2 , 3 . 1 4 ) ( 0 . 0 3 , - 1 . 6 7 ) ( 0 . 0 0 , 1 . 5 7 ) ( 0 . 0 0 , 1 . 7 7 )

( 1 2 . 4 0 , 2 . 0 ) ( 0 . 0 2 , 3 . 1 4 ) ( 0 . 0 2 , - 1 . 7 1 ) ( 0 . 0 0 , 1 . 8 1 ) ( 0 . 0 0 , 2 . 4 5 )

( 1 2 . 4 0 , 2 . 5 ) ( 0 . 0 1 , 3 . 1 4 ) ( 0 . 0 2 , - 1 . 7 9 ) ( 0 . 0 0 , 1 . 7 1 ) ( 0 . 0 0 , - 2 . 1 7 )

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



109

Table 5 .2

Complex F o u r i e r  C o e f f i c i e n t s  f o r  t h e  Radia l  V e l o c i t y  Component

I x . r ) ' ri=0 n=l n=2 n=3

( 0 . 5 6 , 0 . 5 ) ( 0 . 0 4 0 . 0 ) ( 0 . 0 1 , 3 , 0 8 ) ( 0 . 0 0 2 . 2 9 ) (0 . 0 0 - 2 . 3 9 )

( 0 . 5 6 , 1 . 0 ) ( 0 . 0 5 0 . 0 ) ( 0 . 0 1 3 . 0 9 ) ( 0 . 0 0 2 . 4 2 ) ( 0 . 0 0 - 0 . 4 5 )

( 0 . 5 6 , 1 . 5 ) ( 0 . 0 5 0 . 0 ) ( 0 . 0 0 3 . 0 4 ) ( 0 . 0 0 2 . 5 7 ) ( 0 . 0 0 - 0 . 7 9 )

( 0 . 5 6 , 3 . 0 ) ( 0 . 0 4 0 . 0 ) ( 0 . 0 0 2 . 9 3 ) ( 0 . 0 0 2 . 7 9 ) ( 0 . 0 0 - 0 . 9 2 )

( 0 . 5 6 , 2 . 5 ) ( 0 . 0 4 0 . 0 ) (0 . 0 0 2 . 8 2 ) ( 0 . 0 0 3 . 0 9 ) ( 0 . 0 0 - 0 . 9 2 )

( 4 . 1 5 , 0 . 5 ) ( 0 . 0 2 0 . 0 ) ( 0 . 0 2 - 2 . 2 7 ) ( 0 . 0 0 - 2 . 5 0 ) ( 0 . 0 0 1 . 5 5 )

( 4 . 1 5 , 1 . 0 ) ( 0 . 0 2 0 . 0 ) (0 . 0 1 - 2 . 6 0 ) (0 . 0 0 - 1 . 9 4 ) (0 . 0 0 0 . 7 1 )

( 4 . 1 5 , 1 . 5 ) ( 0 . 1 9 0 . 0 ) ( 0 . 0 1 - 2 . 1 1 ) ( 0 . 0 0 - 1 . 3 4 ) ( 0 . 0 0 0 . 8 7 )

( 4 . 1 5 , 2 . 0 ) ( 0 . 2 7 0 . 0 ) (0 . 0 2 - 2 . 2 9 ) (0 . 0 0 - 0 . 3 3 ) (0 . 0 0 0 . 2 9 )

( 4 . 1 5 , 2 . 5 ) ( 0 . 2 3 0 . 0 ) ( 0 . 0 1 - 2 . 2 8 ) ( 0 . 0 0 0 . 3 9 ) ( 0 . 0 0 - 2 . 5 4 )

( 6 . 9 5 , 0 . 5 ) ( 0 . 0 1 0 . 0 ) ( 0 . 0 5 2 . 7 8 ) ( 0 . 0 1 - 1 . 5 0 ) ( 0 . 0 1 2 . 2 6 )

( 6 . 9 5 , 1 . 0 ) ( 0 . 0 1 0 . 0 ) ( 0 . 0 5 - 2 . 5 8 ) ( 0 . 0 1 - 0 . 5 4 ) ( 0 . 0 1 = 2 . 9 0 )

( 6 . 9 5 , 1 . 5 ) ( 0 . 0 0 0 . 0 ) ( 0 . 0 5 - 1 . 3 2 ) ( 0 . 0 1 0 . 8 5 ) ( 0 . 0 0 - 1 . 9 7 )

( 6 . 9 5 , 2 . 0 ) ( 0 . 0 3 0 . 0 ) ( 0 . 0 5 - 0 . 5 7 ) ( 0 . 0 2 1 . 7 7 ) ( 0 . 0 1 - 2 . 5 6 )

( 6 . 9 5 , 2 . 5 ) ( 0 . 1 3 0 . 0 ) ( 0 . 0 1 0 . 6 1 ) (0 . 0 1 2 . 9 1 ) ( 0 . 0 0 - 1 . 2 7 )

( 8 . 6 2 , 0 . 5 ) ( 0 . 0 2 3 . 1 4 ) ( 0 . 0 7 0 . 5 2 ) ( 0 . 0 6 0 . 0 5 ) ( 0 . 0 2 1 . 7 4 )

( 8 . 6 2 , 1 . 0 ) ( 0 . 0 7 0 . 0 ) ( 0 . 0 8 1 . 2 0 ) ( 0 . 0 1 - 0 . 6 7 ) (0 . 0 1 1 . 7 4 )

( 8 . 6 2 , 1 . 5 ) ( 0 . 0 7 0 . 0 ) ( 0 . 0 5 1 . 4 6 ) ( 0 . 0 1 - 2 . 4 3 ) ( 0 . 0 1 2 . 6 0 )

( 8 . 6 2 , 2 . 0 ) ( 0 . 0 2 0 . 0 ) ( 0 . 0 4 2 . 8 6 ) (0 . 0 1 - 0 . 0 0 ) (0 . 0 1 - 2 . 8 5 )

( 8 . 6 2 , 2 . 5 ) ( 0 . 0 1 3 . 1 4 ) ( 0 . 0 6 - 3 . 0 0 ) ( 0 . 0 3 - 0 . 1 3 ) ( 0 . 0 1 3 . 0 3 )

( 1 2 . 4 0 , 0 . 5 ) ( 0 . 0 2 3 . 1 4 ) (0 . 1 0 - 1 . 7 6 ) ( 0 . 0 0 1 . 9 6 ) (0 . 0 0 1 . 2 6 )

( 1 2 . 4 0 , 1 . 0 ) ( 0 . 0 6 3 . 1 4 ) ( 0 . 0 5 - 1 . 9 7 ) ( 0 . 0 0 1 . 8 7 ) ( 0 . 0 0 1 . 6 4 )

( 1 2 . 4 0 , 1 . 5 ) ( 0 . 1 0 3 . 1 4 ) ( 0 . 0 3 - 2 . 3 5 ) (0 . 0 0 2 . 8 6 ) (0 . 0 0 1 . 8 9 )

( 1 2 . 4 0 , 2 . 0 ) ( 0 . 1 1 3 . 1 4 ) ( 0 . 0 2 - 2 . 5 7 ) ( 0 . 0 0 0 . 9 5 ) ( 0 . 0 0 2 . 7 4 )

( 1 2 . 4 0 , 2 . 5 ) ( 0 . 0 9 3 . 1 4 ) (0 . 0 1 - 2 . 4 2 ) (0 . 0 0 0 . 4 8 ) (0 . 0 0 - 2 . 7 0 )

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



110

were i n t r o d u c e d  where  th e  a m p l i t u d e  A = 0. 03  and th e  f r e q u e n c y  f = 4 . 0 .  

Three t e s t  c a s e s  were  i n v e s t i g a t e d .  In two c a s e s  t h e  v o r t e x  was

imbedded i n  a uni f orm f r e e  s t r e a m .  In one  o f  t h e s e  c a s e s  t h e  Rossby

number was 0 . 5  and in  th e  o t h e r  c a s e  t h e  Rossby number was 0 . 8 .  In t h e  

t h i r d  c a s e  t h e  Rossby number a t  i n f l o w  was 0 . 8  and t h e  v o r t e x  was

imbedded i n  a d e c e l e r a t i n g  f l o w .  In e a c h  c a s e  the  s o l u t i o n  o b t a i n e d  

w i t h  f o r c i n g  a t  t h e  o u t f l o w  boundary was  s u b t r a c t e d  from a b a s e  f l o w  

s o l u t i o n .  T h i s  b a s e  f l o w  was th e  s o l u t i o n  t h a t  r e s u l t e d  from i d e n t i c a l  

i n f l o w  and i n i t i a l  c o n d i t i o n s ,  b u t  w i t h o u t  f o r c i n g  a t  o u t f l o w .  For t h e  

s p e c i f i c  f o r c i n g  f r e q u e n c y  and f o r c i n g  a m p l i t u d e  c o m b in a t i o n  a p p l i e d ,  no 

d i s t u r b a n c e s  w ere  s e e n  to  p r o p a g a t e  upst ream  ( f o r  t im e  t < 8 ) .  A 

d i s c u s s i o n  o f  t h e  m o t i v a t i o n  f o r  t h e s e  t e s t s  f o l l o w s .

The t h e o r i e s  o f  S q u ir e  [ 7 ]  and Benjamin [ 8 ]  p e r t a i n  t o  s t a t i o n a r y  

d i s t u r b a n c e s  p r e s e n t  on columnar v o r t i c e s .  Randall  and L e i b o v i c h  [ 1 8 ]  

have shown t h a t  f o r  upstream p r o p a g a t i o n  t o  be p o s s i b l e ,  t h e  b a s e

v o r t i c a l  f l o w  must  change  in th e  a x i a l  d i r e c t i o n .  T h is  would  be th e  

c a s e  i f  an a d v e r s e  p r e s s u r e  g r a d i e n t  w ere  e n c o u n t e r e d .  T h i s  p r e s s u r e  

g r a d i e n t  c o u l d  be s e l f - i n d u c e d  ( t h r o u g h  v i s c o u s  d i f f u s i o n )  or  e x t e r n a l l y  

impo sed.  Thus th e  m o t i v a t i o n  f o r  t h e  t h r e e  p r e v i o u s l y  m e n t i o n e d

t e s t s .  That  t h e  d i s t u r b a n c e s  d i d  n o t  p r o p a g a t e  upstream in t h e  c a s e s

where t h e  v o r t e x  was imbedded in  a u n i f o r m  f r e e  s t ream  was e x p e c t e d .

These s o l u t i o n s  were  a l l o w e d  to  d e v e l o p  f o r  8 t ime u n i t s ,  th u s  th e

v o r t i c e s  r em a in ed  n e a r l y  c y l i n d r i c a l  (no  v a r i a t i o n s  were  p r e s e n t  in  th e  

a x i a l  d i r e c t i o n ) .  In th e  t h i r d  c a s e  i t  was e x p e c t e d  t h a t  some ty p e  o f  

d i s t u r b a n c e  w ou ld  have p ropagated  u p s t r e a m  to  the  c r i t i c a l  s t a t i o n .  

P o s s i b l y  th e  f o r c i n g  f r e q u e n c y / a m p l i t u d e  c o m b in a t io n  t h a t  was imposed  

r e s u l t e d  in  w a v e s  t h a t  were damped i m m e d i a t e l y .
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Chapter 6

CONCLUSIONS

Numerica l  s o l u t i o n s  o f  th e  f u l l y  t h r e e - d i m e n s i o n a l  N a v i e r - S t o k e s  

e q u a t i o n s  were  o b t a i n e d  f o r  v o r t e x  breakdown.  The nu m e r ic a l  a l g o r i t h m  

was an i m p l e m e n t a t i o n  o f  t h e  v e l o c i t y - v o r t i c i t y  f o r m u l a t i o n  d e v e l o p e d  by 

G a t s k i ,  Grosch and Rose  [ 3 9 ] .  In t h i s  f o r m u l a t i o n ,  bo th  the  v e l o c i t y  

and v o r t i c i t y  v e c t o r s  a r e  s econ d  o rd er  a c c u r a t e  i n  s p a c e  and t im e .  The 

s o l u t i o n s  were  p r e s e n t e d  f o r  u n c o n f i n e d  v o r t i c e s  o f  th e  l e a d i n g  e d g e

t y p e  and were  p a r a m e t e r i z e d  by the Rossby number and the  Reyno lds

number.  Breakdown was p r e d i c t a b l e  u s i n g  th e  l o c a l  Rossby number a s  th e  

c r i t i c a l  p a r a m e t e r .

The p r e s e n t  a n a l y s i s  s u p p o r t s  S q u i r e ' s  [ 7 ]  e a r l i e r  c o n j e c t u r e  t h a t  

the  p h y s i c a l  mechanism r e s p o n s i b l e  f o r  breakdown i s  th e  growth o f  

w a v e l i k e  d i s t u r b a n c e s  a l o n g  the  v o r t e x  c o r e .  The C o r i o l i s  a c c e l e r a t i o n  

p r o d u c e s  a r e s t o r i n g  f o r c e  which i s  r e s p o n s i b l e  f o r  th e  c r e a t i o n  o f  th e  

d i s t u r b a n c e  w a v e s .  T h i s  e f f e c t  was d e s c r i b e d  in  terms o f  the  Rossby  

number by e x a m i n i n g  t h e  t h e o r e t i c a l ,  c o m p u t a t i o n a l  and e x p e r i m e n t a l

r e s u l t s  a v a i l a b l e  i n  t h e  l i t e r a t u r e .  The r e s u l t i n g  c o r r e l a t i o n s  showed 

t h a t  when t h e  Rossby number o f  the b a s e  v o r t i c a l  f l o w  d e c r e a s e d  t o

a p p r o x i m a t e l y  0 . 6 ,  breakdown o c c u r r e d .

The Rossby number c r i t e r i o n  may f i n d  p r a c t i c a l  a p p l i c a t i o n s  in t h e  

f i e l d  o f  a e r o n a u t i c s .  For i n s t a n c e ,  i t  would  be  a d v a n t a g e o u s  i f  v o r t e x  

breakdown c o u l d  be i n d u c e d  in the  c a s e  o f  t r a i l i n g  wing t i p  v o r t i c e s

m
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g e n e r a t e d  by commercia l  a i r c r a f t .  R e t a r d i n g  v o r t e x  breakdown i s  

d e s i r a b l e  in  t h e  c a s e  o f  l e a d i n g  e d g e  v o r t i c e s  g e n e r a t e d  by d e l t a  wi ng  

t y p e  m i l i t a r y  a i r c r a f t .  In a p p l i c a t i o n s  su ch a s  s w i r l  c o m b u s t o r s ,  th e  

i n t e r n a l  s t r u c t u r e  o f  the  breakdown r e g i o n  i s  o f  i m p o r t a n c e .  The s i z e ,  

sh ape  and s t a b i l i t y  o f  t h e  r e c i r c u l a t i o n  zone  a r e  c r i t i c a l  t o  f la m e  

s t a b i l i t y  and p e r f o r m a n c e .  Opt imal r a t e s  o f  e n t r a i n m e n t  and m i x i n g  

c o u l d  be  p r e d i c t e d  through  a nu m er ic a l  s i m u l a t i o n  o f  the  p r o c e s s .

D e t a i l e d  r e s u l t s  o f  v o r t e x  breakdown were  o b t a i n e d  f o r  two 

n u m e r i c a l  s i m u l a t i o n s .  In t h e  f i r s t  c a s e ,  ( R o = 0 . 6 2 5 ,  Re=225) t h e  v o r t e x  

was imbedded in  a u n i fo r m  f r e e  s t r e a m .  In t h e  second c a s e ,  ( R o = 0 . 8 ,  

Re=225)  t h e  v o r t e x  was imbedded in  a d e c e l e r a t i n g  f r e e  s t r e a m .  The 

i n t e r n a l  s t r u c t u r e  o f  t h e  r e s u l t i n g  s o l u t i o n s  d i f f e r e d  d r a m a t i c a l l y .

The s t r u c t u r e  r e s u l t i n g  from th e  f i r s t  c a s e  c o n s i s t e d  o f  a s i n g l e ,  

s t e a d y ,  n e a r l y  sym metr i c  t o r o i d a l  r e c i r c u l a t i o n  z o n e .  The l e n g t h  o f  th e  

b u b b le  was d e f i n e d  by t h e  two e x i s t i n g  s t a g n a t i o n  p o i n t s .  The s t r u c t u r e  

in  t h e  s e c o n d ,  d e c e l e r a t i n g  c a s e  c o n t a i n e d  m u l t i p l e  i n t e r n a l  c e l l s ,  or  

"ring" v o r t i c e s .  In a d d i t i o n ,  the  f l o w  w i t h i n  t h e  bubble  was u n s t e a d y ,  

a s y m m e t r i c  and dom in ate d i n  the  a f t  p o r t i o n  by l a r g e  a m p l i t u d e  v e l o c i t y  

f l u c t u a t i o n s .

The d i s c r e p a n c y  between t h e  r e s u l t s  o f  t h e  f i r s t  c a s e  and the  

e x p e r i m e n t a l  r e s u l t s  may be a t t r i b u t e d  to  t h e  p r o x i m i t y  o f  t h e  n u m e r i c a l  

breakdown to  t h e  i n f l o w  bounda ry .  In t h a t  c a s e ,  the  f i x e d  boundary  

c o n d i t i o n s  a t  i n f l o w  a c t  a s  an a r t i f i c a l  c r i t i c a l  b a r r i e r  t o  t h e  

p r o p a g a t i o n  o f  w a v e s .  At the  i n f l o w  b o u n d a r y ,  the  a m p l i t u d e  o f  a 

s t a n d i n g  wave grows t o  th e  e x t e n t  t h a t  s t a g n a t i o n  p o i n t s  and r e v e r s e d  

f l o w  a p p e a r  a l o n g  t h e  a x i s .  In t h e  d e c e l e r a t i n g  c a s e ,  the  c r i t i c a l  

c o n d i t i o n  a r i s e s  from the  Rossby number e f f e c t  in  a manner a n a l a g o u s  t o
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e x p e r i m e n t a l  f i n d i n g s .  The s o l u t i o n  i s  n o t  c o n t a m i n a t e d  by t h e  i n f l o w  

boundary l a y e r  or  by an a r t i f i c a l  c r i t i c a l  c o n d i t i o n .  In a d d i t i o n ,  t h e  

u n s t e a d y  f e a t u r e s  o f  t h i s  c a s e  may be due to  d i s t u r b a n c e s  o r i g i n a t i n g  

downstream s i n c e  th e  f l o w  was imbedded in the  d e c e l e r a t i n g  s t r e a m .  The 

b u b b le  in the  f i r s t  c a s e  was imbedded in a u n i f o r m  f r e e  s t r e a m ,  th u s  i t  

i s  e x p e c t e d  t h a t  downstream d i s t u r b a n c e s  s h o u l d  be damped i m m e d i a t e l y .  

T h i s  would a c c o u n t  f o r  t h e  n e a r l y  s te a d y  f e a t u r e s  o f  t h a t  f l o w .  T h i s  

c o u l d  n o t  be c o n f i r m e d  by th e  t e s t s  which emplo yed f o r c i n g  a t  th e  

o u t f l o w  b o u n d a r i e s .

For the  c a s e  R o = 0 . 8 ,  Re=225 the  r a d i a l  v e l o c i t y  component was 

expanded in a complex  F o u r i e r  s e r i e s  in the  c i r c u m f e r e n t i a l  d i r e c t i o n .  

An e x a m in a t io n  o f  the  r e s u l t i n g  F o u r i e r  c o e f f i c i e n t s  c n ( x , r , t )  has shown 

t h a t  the  n=0 mode i s  t h e  domin ant  mode a t  a l o c a t i o n  s l i g h t l y  up stream  

o f  the  f i r s t  s t a g n a t i o n  p o i n t  f o r  a l l  t im e l e v e l s .  At  t im e l e v e l  

t = 8 1 . 2 8 ,  the  ma gn itu de  o f  t h e  n=l  mode in  c e r t a i n  a r e a s  w i t h i n  the  

breakdown r e g i o n  i s  s i g n i f i c a n t .  At  the  l a t e r  t im e l e v e l  t = 9 1 . 8 2 ,  the  

magnit ude  o f  th e  n=l  modes w i t h i n  the  breakdown r e g i o n  has i n c r e a s e d .  

T h i s  i n d i c a t e s  t h a t  t h e  a sy m m e tr ic  s t r u c t u r a l  f e a t u r e s  o f  the  b u b b l e ,  

due p r i m a r i l y  to n= l  mode d i s t u r b a n c e s ,  have been enha nc ed w i t h  t i m e .

In c o n c l u s i o n ,  t h e o r e t i c a l  r e s u l t s ,  i n t e r p r e t e d  in  terms o f  a 

Rossby number, g i v e  c o n d i t i o n s  f a v o r a b l e  f o r  t h e  o c c u r r e n c e  o f  

breakdown.  By c o n s i d e r i n g  the  f l o w  to  be t h r e e - d i m e n s i o n a l ,  u n s t e a d y  

and a s y m m e t r i c ,  the  a u t h o r  b e l i e v e s  th e  f i r s t  c o r r e c t  nu m er ic a l  

r e p r e s e n t a t i o n  o f  the  i n t e r n a l  s t r u c t u r e  o f  t h e  "bubble" t y p e  breakdown  

was computed.
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APPENDIX A

EXPONENTIAL TRANSFORMATION

G a t s k i ,  Grosch and Rose [ 3 9 ]  employ  an e x p o n e n t i a l  t r a n s f o r m a t i o n  

o f  the  form

i  _ Q [B ( t - t  ) ]  i
to = e  n n C ( A1 ;

where  [B n ]  i s  a c o n s t a n t  m a t r i x ,  t o  e l i m i n a t e  the  e x p l i c i t  a p p e a r a n c e  o f  

t h e  v o r t e x  s t r e t c h i n g  term from t h e  v o r t i c i t y  t r a n s p o r t  e q u a t i o n .  The 

p r o c e d u r e  i s  o u t l i n e d  b e lo w .

The v o r t i c i t y  t r a n s p o r t  e q u a t i o n  i s  w r i t t e n  in  the  form

I f  ♦  U J , r J U \ r  V J . . J  <A2)

B ( t - t  ) .
l e t  u , .  = B ,  a c o n s t a n t  a t  t ime l e v e l  n.  I n t r o d u c e  a)1 = e n n C1 

J n

i n t o  t h e  a b o v e  e q u a t i o n .  T h is  r e s u l t s  in  th e  f o l l o w i n g  t r a n s f o r m e d

e q u a t i o n .

[ B ( t - t  ) ]  [B ( t - t  ) ] . r i  [B ( t - t  ) ]  .
B„e  " n 5' *  e  " n ^  + e  " " “j  . j

[B ( t - t  ) ]  . [B ( t - t  ) ]  •
- B e  CJ = ve n n c , • • (A3)

n j  j

I t  i s  a p p a r e n t  t h a t  the  v o r t e x  s t r e t c h i n g  term i s  e l i m i n a t e d

t hr oug h t h e  t im e d e r i v a t i v e .  The r e s u l t i n g  e q u a t i o n  a p p e a r s  b e l o w .

I f + -  A j  (A4)
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APPENDIX B

REDUCTION OF X-SWEEP VORTICITY EQUATIONS TO 
TRIDIAGONAL FORM

The r e d u c t i o n  o f  the x - s w e e p  v o r t i c i t y  e q u a t i o n s  t o  t r i d i a g o n a l  

form i s  shown b e l o w .  For the  s a k e  o f  c l a r i t y  o n l y  a p p r o p r i a t e  i n d i c e s  

a r e  e x p r e s s e d .  The d e r i v a t i o n  o f  t h e  y  and z sweeps  a r e  a n a l o g o u s ,  w i t h  

o n l y  t h e  f i n a l  r e s u l t s  b e in g  e x p r e s s e d .

The 3-D a d v e c t i o n  d i f f u s i o n  e q u a t i o n  f o r  the  t r a n s f o r m e d  v o r t i c i t y  

and th e  n e c e s s a r y  a v e r a g i n g  c o n d i t i o n s  a p p e a r s  be l ow a s  E q s .  ( B l )  to  

( B 1 4 ) .  Note  t h a t  the  ( u , v , w )  v e l o c i t y  components  r e p r e s e n t  a v e r a g e s  a t  

c e l l  c e n t e r s .

+ u§x C + v6yC + w6z C = v ( 6 x"<i> + + 6^.1) ( B l )

(B2)

(B3)

(B4)

( B5)

2
n . C  = u £ -  h p 6 (J) H r  *y y  Hy  y v

(B6 )
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where Z 2 Z ( B 7 )

Ax
hx = T

h -  w  
hy

h -  Az 
2

Pv =
q (0x )

x 0 .

(B8 )

(B9)

( BIO)

( B l l )

py  = 1 “ “

q ( e j  
p z = —

onH -  Ata n a ,  x =

(B12)

(B13)

( B 1 4 ) .

The f i r s t  s t e p  i s  to e l i m i n a t e  t h e  n + ty ^t im e  l e v e l  d e p e n d e n c e  from 

e q u a t i o n  ( B l )  a s  f o l l o w s .  Combine t h e  i d e n t i t y

-  -  n -  l/2
(B15)

w i t h  Eqs .  (B5)  through  ( 7 )  to o b t a i n  t h e  f o l l o w i n g  t h r e e  v e c t o r  

e q u a t i o n s .

x 6 / c  = ii I  -  h2 p 6 $ -  I  n" 1/2 (B16)
t  X X X X

2 -  n -  Vo
x 6 C = | i C - h p 6 4 » - C  dt  y y y y

2 -  -  n - V o
" V  ’  -  hz  ?Z 6 Z5 -  5

(B 1 7 )

(B18)

When E q s .  (B16)  t o  (B18) a r e  e a c h  combined w i t h  Eq. ( B l ) ,  t h r e e

s y s t e m s  o f  e q u a t i o n s  r e s u l t ,  ea ch  o f  w h ic h  can be s o l v e d  s i m u l t a n e o u s l y

f o r  a compo ne nt  o f  the  v i s c o u s  terms 6 $ ,  6 and 6x y z

The s y s t e m s  a p p e a r  be low a s  Eq. ( B 2 0 ) .

U6XCKX
1 1

V
1 1 1

v x 1 Ky 1
v

=  X 1 1 1

1 1 K
z

1 1 1

v 6y C

w6 z C
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where

1 0 0 

0 1 0

0 0 1

n e'x
^ n-  V2

fi c' x *

?  -  ?

 1/.
I  ' Z

hx px 
Kx = + 1

( B19)

(B20)

hy Py 
Ky = - ^ + 1 (B21)

hz pz 
K = -  + 1Z VT (B22)

Take t h e  i n v e r s e  o f  th e  m a t r i x  on t h e  l e f t  s i d e  o f  Eq. ( B 1 9 ) .  T h i s  

i s  g i v e n  a s

where

12

*13

*21

“l l  a 12 a13

a21 a22 °23

a31 a32 °33

= 2 + K K K -  x y z (K + 
X

= (K K -  1)  
y  z

= -  ( k 2 -  1 )

II 1

*<

= ~ (Kz -  1 )

= (KxKz -  1 )

(B23)

(B24)  

(B25)  

(B26)  

( B 2 7 ) 

(B28)  

(B29)
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“ 23 = " {Kx " 15 {B30)

o31 = (1 -  K ) (B31)

“32 = - (Kx " 1} (B32)

“33 = (Kx Ky  " 1} {B33)

M u l t i p l y  m a t r i x  Eq. (B19)  by m a t r i x  (B 2 3 ) .  T h i s  r e s u l t s  in  the  

f o l l o w i n g  e x p r e s s i o n s  fo r  th e  v i s c o u s  t e r m s .

V  - W l V  ' ' 1/2 1 + “l2 V  -  5 1/2 )

+ “ 13

+ “̂ l l + “ l 2 + “l 3 ^ u^x^ + v^y^ + (B34)

V  = W *  ! “2 1 (>,x '  " '  V2 ’ + “2 2 ' % “  '  '  "" V2 ’

+  “ 2 3  ( P z <*> *  I  11 ^  )  }

+ "vp “̂21 + “22 + a2 3 ^ U^x^ + Vl̂ y^ + (B35)

62 1 = F ?  f“3 1 ( “x '  -  '  V2 1 + “3 2 ( V  -  ‘  V2 > 

* -  1 V 2 ) (

+ "vp “̂31 + “32 + a3 3 ^ U^x^ + V̂ y^ + (B36)
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Only Eq. (B34) i s  needed  f o r  the  d e r i v a t i o n  o f  t h e  x -swe ep  t r i d i a g i o n a l  

s y s te m .  E q u a t i o n s  (B35]  and (B36) a r e  needed  f o r  the y - s w e e p  and z -  

sweep d e r i v a t i o n s  r e s p e c t i v e l y .  P e r f o r m i n g  t h e  d i f f e r e n c e  o p e r a t i o n  

i n d i c a t e d  on t h e  l e f t  s i d e  o f  Eq. (B34) r e s u l t s  in the  f o l l o w i n g  

e x p r e s s i o n

The a p p r o p r i a t e  com b in at io n  o f  Eq. (B2) and Eq. (B39) r e s u l t s  in

(B 3 7 )

where (B38)

Le t y *  = ^2 ( 1 *  V ) (B39)

the  f o l l o w i n g  e x p r e s s i o n  f o r  <t>

(B40)

M u l t i p l y  each s i d e  o f  Eq. (B37) by y* and s u b s t i t u t e  the  r e s u l t  i n t o  Eq.

( B 4 0 ) .  The r e s u l t i n g  e x p r e s s i o n  f o r  i s  g i v e n  a s ,
i + Y2

+
2y

x

* '  n" V 2 ) l
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The e x p r e s s i o n  f o r  <j>. i ,  o b t a i n e d  i n  a s i m i l a r  manner ,  a p p e a r s
i ~  /2

below.

- 2y .

<t>.-i - v 2 J "’ V 2 )  + “12 V " '  n" V 2 )

+ <*13 ( t y i  -  c n ^ ) }

- u y
+ [ ( a n  + a 1 2  + « 1 3 ) + 1 ] 6„C

+ . 
v x ax

~~vp *“ l l  + “ l 2 + “ l 3 ^ v 6y C + w<5z ^ (B42)

Index Eq. (B42)  by i+1 and e q u a t e  f l u x e s  o f  <|> a c r o s s  a c e l l  f a c e  t o  

o b t a i n  the  f o l l o w i n g  e q u a l i t y .

C “ l l  ^  i +1 " C “ l l  ^x^

+ [ -  uR ( a ^  + a12 a 1 3 ) + 1 ]§x C
i +1

[uR ^ “ l 2  “l 3 ^  ^ ^ x ^

C a 1 2 ^ y ^  _ 5 11 ^  ) i +1

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



126

+ C a 13 ( M-z C -  C n ^  )
i +1

+ C+ a 13 -  C n ^  )

r~ r  n "  lk  “ C a C
11 ^

+ -  n - l /2
i +1 '  C “ l l

+ R ( a ^  + a 12 + a1 3 ) Cv6y C + w6z d
i +1

+ R ( a j j  + a ^2 + a j 3 ) [ v 6yC + w6z C] (B43)

where
P v \ y

(B44)

and ± Tx AxR = pv ( B45)

P e r f o r m i n g  t h e  d i s c r e t i z a t i o n s ,  r e a r r a n g i n g  and r e d e f i n i n g  y *  a s

(B46)

r e s u l t s  in  t h e  t r i d i a g o n a l  form o f  t h e  e q u a t i o n s  f o r  t h e  x sweep g i v e n  

b e lo w .

- 1
a , ,  a ,  u \

11 1 x.
N + l  T̂x ( p + p * Sx ^ | i + 1  5 i +  3 / 2

. - 1  r -  . “l l  V V
[ r .  (—  ) + s x ] | . +1i +1 x p p
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1 , a , ,  ct,li\

- X1  h x  ' - r - V - M i ' 1- /2

2v a.  
x i

\  P

1/ 2y a.I  n- V2 _ _ x ___ I
. , i+1 \  p
i+1

-  n-V2

Y ~ a i 2 “l vXv
+ - £ - ( - £  + - L - i ) i + 1  Ci + l , J > V 2

^ * x  , “ 12 “l v Y
x K p p 1

x i+1 ^ i+ 1 , j -  V?

+ Zx_ ( 4 2  + v v  

\  1 p p i  Ci J +1/2

+ ( 4 i .  4 ! 4 )
p p

i+1 ci+ l,k + V 2

+ \  “ 13 “ l wXz
Xx P " P i+1 ci+ l ,k - t y 2

v a 10 a , w \
+ ( 4 1  + - L . . Z

\  v p p
X K H j Ci . k + l / 2
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+ -  gi w\
P , “f.k-V2

where
“ l  = “ l l  + “12 + “13

and
2 vX

S  = _ _ _ _ -
X A X

The t r i d i a g o n a l  e q u a t i o n  f o r  t h e  y  sweep t a k e s  the  form

,  a99 «9V\ ,

-  V i  [ V — + - r 1  -  s y ] | j * i  h *  3 / 2

a 00 a0 vX

♦ < - * &  h-y ( - f - V >  + s y ] | a «

i ■ a99 a/'VX,,

- S  [l ,y (— " - V 1 + S y ] | j t ' j + V2

,  a 99 “oVX.,

 ̂ J hy - V ’ - M  i ^

-2y a„ 
Y 2

V
-  n-  V2 _ y  2

j + l  X 6 
j + l  J y

-  n -  l/2

J

y y  a 2  U V

a P P y

yy / a2i “2u\ ,
^  1 p " 3 j + l  v 2 J + l
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CC/i
♦ { 2 1  *X K P p '

y
c.-i + 1 /2 , j

x
X..

21 “ 2 U\ ,

a,
X  ( _  
K P

23 + g 2wXz }
P j + l

Cj + l . k +1/2

23
a^wX2

+ - T -  (t  -
j + l

c j + l , k - l /2

*y 1 p e j  Cj ,  k+V2

Yy_ ^ 3  ° 2 w* i
x ' p p ;

y
,• c j ,  k-  \

w h ere a2 a21 + a 22 + a23

2vX.
and S.. =

y  Ay

The t r i d i a g o n a l  e q u a t i o n  f o r  t h e  z - s w e e p  t a k e s  t h e  form

, _  oc,_ a^wX

” X  k+1 Ŷz + F “ ) " Sz^ | k+ 1  h +  3 / 2

x33 (X3WX.

k+1 LTz K~ T  ‘  ~ T ~{ -  v i i  [ yZ ( ) + S.
:] | k+1

(B50)

(B51)

(B52)
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a - -  a0w\
x - \ W 2 ( - j r  + + szl|k ' 'k + V2

- 1  r -  / a33 a3wXz*
< - f  -  “ T ^  -  s z ] |k « k - v 2

2yz “3 1/ 2 Y “o -  n -  V2 _ Z  3

k+1
’k+1 V

z n- V2
^k

Y  « , U \
z , 31 3 x+   ( + ---------
x z  p  p C .

k+1 i+  V2 ,k+ l

. T z  “31 “3 U\ ,  
X z  1 p  p  1 M  Cl -  V2 ,k+l

Y  a o u Xz . 31 3 x.+   ( +  )
\  P P k Ci + 1 /2 ,k

Y z  « 3 i  « 3 U X  

\ z  1 p  p  ; k Ci - V 2 , k

Y z  a 3 2  o ^ v X  

1  ' o p >\  e k+1 Cj+ V 2 ,k+1

+ Yz “32 “3v V  
K  P ~ T ” J k+i cj - V 2 ,k+i
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where

and

z , “32 . *3 vXy
P P S' + V 2 .k

k S- V2 . k
(B53)

a3 a31 + a32 + a33

2v \  

Sz = ~K z

(B54)

(B55)
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APPENDIX C

DERIVATION OF PRESSURE EQUATION

The t h r e e  s c a l a r  components  o f  t h e  N a v l e r - S t o k e s  e q u a t i o n s  a r e

g iv e n  by

au . au A au A au - i  ap . „2
+ u TT— + V •*—  + W -T— =   + vV U ( Cl )a t  ax ay az p ax '

W + “ l s + * &  + ’' & - r $ + ’,2v (C2)

(C3)

Take t h e  p a r t i a l  d e r i v a t i v e  o f  Eq. ( Cl )  w i t h  r e s p e c t  t o  x ,  Eq. (C2)

w i t h  r e s p e c t  t o  y  and Eq. (C3) w i t h  r e s p e c t  to  z  and f i n d

a ,au% . .au}2 , a2u av au . a2u
a t  ( a x ) (ax  ̂ + u ̂ 2  + a3T ay v "^ay

2 - 1 2
, , .  aw au , . .  a u _ a p , a 2,.  ̂ / r / n

ax az axaz “ p v ax ( u) ( }

2 2 2 a / av\ , au av , „ a v , , av* , „ a v , aw av
a t  ( ay } + ay a7 + u a7a7 + ( ay} v ^  + ay az

+ w ^ - = ay ( v 2v) (C5)
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Add Eqs. (C4),  (C5) and (C6) toge th e r  to f ind ,

2 2 2 a /3u , av . aw, /3u» , av, , aw, _ ,av au
a t  ’ a* + ay + a z ’ * ’ t o ’ + ’ ay’ + ’ a i ’ + 2 ' t o  ay

aw
ax

au
az

aw av , 
ay a z ; u ( a2 u a2v 2

a w

ax ax ay axaz

+ , ( 4  + ^ t  A . + A ,
axay ayaz w vaxay ayaz

- 1  v 2p + v [ | -  ( v 2 u) + | -  ( v 2v) + | -  ( v2w) ] ( C7)
p ax ay az

Im pos ing  t h e  c o n t i n u i t y  c o n d i t i o n

a l l o w s  Eq. (C7)  t o  be w r i t t e n  a s :

2 2 2 ,au ,  , /3 v ,  . ,aw, , o /a v  au . aw au . aw av, _ - l  „2 l r o ,
' a x ’ + ' a y ’ az 2‘to W  to to ay a l ’ " T  p- (C9)

Expand t h e  f i r s t  t h r e e  terms on t h e  l e f t  s i d e  o f  Eq. (C9) a s  

f o l l o w s :

(21) + (^V)2 + (H)2 = (21 + 21 + 2l)2va x ; l ay' vaz'  l ax ay az'

/ 3u c w + j ^ a w  + a v a u  + a v a w + _ 3 w a u + _aw a v , 
l ax ay ax az ay ax ay az az ax az ay (CIO)
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Imposing t h e  c o n t i n u i t y  e q u a t i o n  on Eq. (CIO) and s u b s t i t u t i n g  t h e  

r e s u l t s  i n t o  Eq. (C9) r e s u l t s  in t h e  f o l l o w i n g  e l l i p t i c  e q u a t i o n  f o r  t h e  

p r e s s u r e  f i e l d .

_2 _ _ rav au aw au aw 9v _au av _au aw av dw-i , n . ,
p “ -̂bx ay ax az ay az ax ay " ax az " ay a z J 1 ;
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