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trapolation systematic errors of the PDF are considered. In addition to the x dependence

of the PDF, we compute their first two moments and compare them with the pertinent

phenomenological determinations.
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1 Introduction

Parton distribution functions (PDF) [1] describe the structure of hadrons in terms of the

momentum and spins of the quarks and gluons. Deep inelastic scattering (DIS) experiments

have allowed for a phenomenological determination of the PDFs, but a direct calculation

using Quantum Chromodynamics (QCD) remains out of reach. The theoretical definition

of PDFs requires calculation of hadronic matrix elements with separations on the light

cone. A calculation on a Euclidean lattice is therefore not possible. Previously, the Mellin

moments of PDFs and Distribution Amplitudes (DA) of baryons and mesons have been

calculated with Lattice QCD [2–7], but the reduced rotational symmetry of the lattice only

allowed access to the lowest few moments. Unfortunately more moments than are available

are required for an accurate reconstruction of the x dependence of the nucleon PDF [8].

The signal-to-noise ratio and the power divergent mixings are two pressing bottlenecks in

this approach.
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To avoid the difficulties stemming from the light cone coordinates, it has been proposed

to calculate the nucleon matrix elements with purely space-like separations. A momentum

space formulation, proposed by X. Ji [9], calculates the parton quasi-distribution function

(quasi-PDF), q̃(y, p2
3), which describes the parton distribution of the third component of

the hadron momentum p3 rather than that of the “plus” light-cone component p+. In

the limit p3 → ∞, the quasi-PDF can be factorized into the light-cone PDF, f(x, µ2).

This technique has been explored extensively in numerical lattice calculations, for several

different quasi-PDFs, as well as for the pion quasi-distribution amplitude (DA) [10–24].

Other approaches to obtaining PDFs and meson Distribution Amplitudes from the lattice

include those of references [25–28].

Some of the main difficulties with the quasi-PDF method arise from the high momenta

necessary for the calculation. One issue is that the signal-to-noise ratio of correlation func-

tions decreases exponentially with the momentum which requires increasing computational

costs to achieve a precise matrix element extraction. Another issue is that the momenta

must be large enough for the perturbative matching formulae to apply and still must be

small enough to be free of lattice artifacts. Recent work suggests that non-perturbative

effects may dominate the evolution of the quasi-PDF up to rather large momenta.

A series of papers by one of the authors (AR) discusses the nonperturbative p2
3-

evolution of quasi-PDFs and quasi-DAs [29, 30] based on the formalism of virtuality dis-

tribution functions. Using the approach in [29, 30], a connection was established between

the quasi-PDF and “straight-link” transverse momentum dependent distributions (TMDs)

F(x, k2
T ), whose Fourier transform has been calculated on the lattice in [31]. Using sim-

ple assumptions about TMDs, models were built for the non-perturbative evolution of

quasi-PDFs. It was made clear that the convolution nature of the quasi-PDFs leads to a

complicated pattern of p2
3-evolution, which consequently enforces the use of large values

of momenta, namely, p3 & 3 GeV to ensure a controlled approach to the PDF limit. The

derived curves agree qualitatively with the patterns of p3-evolution produced by lattice

calculations.

The structure of quasi-PDFs was further studied in ref. [32]. It was shown that, when

a hadron is moving, the parton k3 momentum may be treated as coming from two sources.

The hadron’s motion as a whole yields the xp3 part, which is governed by the dependence

of the TMD F(x, κ2) on its first argument, x. The residual part k3 − xp3 is controlled by

the way that the TMD depends on its second argument, κ2, which dictates the shape of

the primordial rest-frame momentum distribution.

A position space formulation was proposed by one of the authors in [32]. The suggestion

was to perform the calculation of the Ioffe time pseudo-distribution function (pseudo-ITD),

M(ν, z2), where the Ioffe time, ν, is dimensionless and describes the amount of time the DIS

probe interacts with the nucleon, in units of the inverse hadron mass. The related pseudo-

PDF (or parton pseudo-distribution function) P(x, z2) can be determined from its Fourier

transform. The pseudo-PDF and the pseudo-ITD are Lorentz invariant generalizations of

the PDF and of the Ioffe time distribution function (ITD) to space-like field separations.

Unlike the quasi-PDF, the pseudo-PDF has canonical support in −1 ≤ x ≤ 1 for all values

of z2 even when the PDF limit has not yet been reached. In a super renormalizable theory,
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the pseudo-PDF will approach the PDF in the z2 → 0 limit. In renormalizable theories,

the pseudo-PDF will have a logarithmic divergence at small z2 which corresponds to the

DGLAP evolution of the PDF. The pseudo-PDF and the pseudo-ITD can be factorized into

the PDF and perturbatively calculable kernels, similar to experimental cross sections. This

fact means that the pseudo-PDF and pseudo-ITD fall into the category of “Good Lattice

Cross Sections” as described in [33]. The first lattice implementation of this technique

was performed in [34, 35] to compute the iso-vector quark pseudo-PDF in the quenched

approximation. Other Good Lattice Cross Sections have been calculated to extract the

pion DA [36, 37] and the pion PDF [38]. We refer the reader to [39–42] for detailed reviews

of these topics.

Possible difficulties with these approaches were raised in [43, 44]. In [43], the authors

observed that the power divergent mixing of moments of the PDF calculated in Euclidean

space would cause a divergence of the moments of the quasi-PDF. Due to this issue, they

argued the PDF could not be extracted from the quasi-PDF. This claim was refuted in [45],

where the authors showed that the non-local operator can be matched to the PDF without

the presence of power divergent mixings. In [43, 44], the authors noted that the Fourier

transformation of the logarithmic z2 dependence, generated by the DGLAP evolution of the

PDF, will create contributions to the qPDF in the region of |y| > 1 which do not vanish in

the limit p3 →∞. This effect is unavoidable in the quasi-PDF formalism since the Fourier

transform must be performed before matching to the MS PDF. It is this contribution which

generates the divergent moments of the quasi-PDF. In [46], the origin of this contribution

was described in terms of the “primordial transverse momentum distribution”. It was

argued that the non-perturbative part of the |y| > 1 contributions vanishes in the p3 →∞
limit, while the non-vanishing perturbatively calculable contributions are canceled after

implementation of the matching procedure. As a result, the moments of extracted PDFs

are finite.

It should be noted that in the pseudo-PDF formalism the z2-dependence of M(ν, z2)

is not subject to a Fourier transform, and the issue is completely avoided. As was shown

in [32], pseudo-PDFs P(x, z2) have the canonical support [−1, 1] for the momentum fraction

x. The unphysical region of |x| > 1 is avoided and the moments of the pseudo-PDF are

finite. Finally in [47], it was demonstrated using lattice data that the finite moments

of the PDF can be extracted from the non-local matrix element for the reduced pseudo-

ITD, refuting the claim in [44] that the pseudo-PDF moments would be power divergent.

In the OPE, the power divergent mixings of the moments are explicitly canceled by the

corresponding Wilson coefficients. This feature of the OPE has been known for some

time [48], and this method of extracting moments from non-local operators is referred

to as “OPE without OPE” [49]. This cancellation of divergences is unsurprising. The

reduced pseudo-ITD is by design a renormalization group invariant quantity. There can

be no difference between this object calculated with lattice regularization or dimensional

regularization in the continuum. Since all of the moments are finite, a matching relationship

between the pseudo-ITD and the MS ITD can be derived from these Wilson coefficients.

In this paper, we show the first calculation of the Ioffe time pseudo-distribution function

with dynamical fermion ensembles. The other aspect new to pseudo-ITD analysis is that we
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Figure 17. The nucleon valence distribution obtained from the ensemble a127m415 fit to the form

used by the JAM collaboration in eq. (4.4). The χ2/d.o.f. for the fit with all the data is 2.5(1.5). The

uncertainty band is obtained from the fits to the jackknife samples of the data. The resulting fits are

compared to phenomenologically determined PDF moments from the NLO global fit CJ15nlo [69],

and the NNLO global fits MSTW2008nnlo68cl nf4 [72] and NNPDF31 nnlo pch as 0118 mc 164 [73]

all evolved to 2 GeV.
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Figure 18. The nucleon valence distribution obtained from the ensemble a127m415L fit to the form

used by the JAM collaboration in eq. (4.4). The χ2/d.o.f. for the fit with all the data is 2.1(6). The

uncertainty band is obtained from the fits to the jackknife samples of the data. The resulting fits are

compared to phenomenologically determined PDF moments from the NLO global fit CJ15nlo [69],

and the NNLO global fits MSTW2008nnlo68cl nf4 [72] and NNPDF31 nnlo pch as 0118 mc 164 [73]

all evolved to 2 GeV.

been significantly reduced or even canceled in the ratios for the reduced matrix elements.

This feature is almost certainly true for the low ν region where the normalization explicitly

fixes the value to 1. This hope if is further supported by the fact that the results from

both lattice spacings are statistically consistent with each other in this region. With the

two available lattice spacings an extrapolation may not be reliable, however, the primary

goal of this exercise is not the extrapolation in itself but to understand the regions of p and

z which show signs of larger discretization errors. As will be argued, the large momentum
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Figure 19. The nucleon valence distribution obtained from the ensemble a094m390 fit to the form

used by the JAM collaboration in eq. (4.4). The χ2/d.o.f. for the fit with all the data is 2.0(5). The

uncertainty band is obtained from the fits to the jackknife samples of the data. The resulting fits are

compared to phenomenologically determined PDF moments from the NLO global fit CJ15nlo [69],

and the NNLO global fits MSTW2008nnlo68cl nf4 [72] and NNPDF31 nnlo pch as 0118 mc 164 [73]

all evolved to 2 GeV.

discretization errors, proportional to O(ap), are more significant than the low separation

discretization errors, proportional to O(a/z).

In order to study the discretization effects, the real component of the reduced pseudo-

ITD calculated on ensembles a094m400 and a127m440, which are of approximately the

same spatial extent, are fit to a polynomial expansion

M(ν) = 1 + aν2 + bν4 + cν6 + dν8 . (4.6)

For this fit, data with the same Ioffe time are averaged and the z2 dependence is neglected.

Due to the discretization of the allowed nucleon momentum p, the evolved reduced pseudo-

ITD M(ν) is calculated for a different set of ν on configurations with different lattice

lengths L, and therefore some ν are in common between both ensembles but far from all

of them. The results of these fits as well as the extrapolation to the continuum limit are

shown in figure 20. The discretization effects are assumed to have the form

M(ν, a)Latt = M(ν)Cont + cn(ν)an , (4.7)

where n = 1, 2. Without more lattice spacings, particularly finer lattice spacings, these

extrapolations should be considered with reservations. They are more of an attempt to

quantify how significant the discretization effects can be especially for large values of the

Ioffe time ν (originating from the region of large momenta). Consequently, no attempt to

determine a continuum limit extrapolated PDF from these data will be made.

The discrepancy between the two lattice spacings is small at low ν, but becomes

significant at large values of ν. The low ν source of discretization errors would come from

effects proportional to powers of a/z, but their size are restricted by the normalization of

the reduced pseudo-ITD. On the other hand, large ν discretization errors are proportional
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Figure 20. On the left is the reduced pseudo-ITD calculated from two lattice spacings and ex-

trapolated to the continuum assuming either O(a) or O(a2) errors. On the right is the coefficient

of the discretization errors from eq. (4.7) shown for either O(a) or O(a2) errors. The size of the

discretization errors is small at low ν due to the normalization of the ITD.

to powers of ap which are not constrained in any way. The size of the coefficient ca(ν) is

shown in figure 20 for errors proportional to O(a) and O(a2).

The discretization errors appear to raise the lattice results at these fairly coarse lattice

spacing. For obtaining results in the critical large Ioffe time region, finer lattice spacings

are required, in order to both reduce discretization effects and also to produce more data

in this region due to finer resolution in momentum. It should be noted that lattice spacing

errors at large Ioffe time would be dominated by O(ap) effects rather than short distance

effects that scale as O
(
a
z

)
. Therefore, careful study of the continuum extrapolation of this

large Ioffe time region should be performed.

4.4 Finite volume effects

Another potential pitfall in the study of PDFs in numerical Lattice QCD arises from the

non local operators used in these studies. Numerical Lattice QCD requires a finite volume

to be used, whose effect on local matrix elements typically is exponentially suppressed as

MInf = MLatt + CLe
−mL , (4.8)

where L is the length of the lattice and m is the mass of the lightest particle of the

theory with the appropriate quantum numbers. This effect can be thought of as coming

from a particle traveling from the operator across the boundary and back to the operator.

Generally, the lightest such particle, in QCD simulations with dynamical quarks, is a pion

and lattices are designed to make mπL to be sufficiently large so that these effects are

small. This picture for local matrix elements is modified by the finite size of the operator.

In the case of a non local operator of size z, the lightest particle does not have to travel

the full distance L to return to the operator, but instead it must travel a distance L− z,

MInf = MLatt + CL(ν)e−m(L−z) . (4.9)
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Figure 21. The real components of the reduced pseudo-ITD from the ensembles a127m415 and

a127m415L with volumes of approximately 3 fm and 4.5 fm respectively. There appear to be slight

finite volume effects whose difference is plotted on the right.

The case of a two current operator has been studied for a model of scalar “pions” and

“nucleons” in [74]. This operator, O(z) = J(z)J(0) has a periodic behavior under shifts of

the lattice size

O(z) = O(z + L) . (4.10)

This periodicity drives the significant finite volume effects observed in [74], particularly for

distances such as z & L/2. It is also possible that CL should be augmented by powers of

(L− z) as was found in [74]. For simplicity, in the following, these unknown powers will be

neglected. In a proper study of the finite volume effects, the functional form would need

to be determined for the Wilson line matrix element.

The Wilson line operator defining the pseudo-ITD does not have this same periodic

feature, but finite volume effects can still be significant. The two ensembles with lattice

spacing a = 0.127 fm, a127m415 and a127m415L have volumes of approximately 3 fm and

4.5 fm respectively. Just as was done when studying lattice spacing effects, the reduced

pseudo-ITD is fit to the form in eq. (4.6). In figure 21, the reduced pseudo-ITDs calculated

on both ensembles are compared. There appears only a slight sign of deviation for the

results on these two volumes from the data, but the fits to the polynomial expression show

clear deviations. The finite volume effects do appear to be small particularly at small Ioffe

time and the difference between the fit results are shown in figure 21. These differences

are largest in the large Ioffe time region, ν & 5, where the data originated from large z

and the matrix elements are the least precise. The largest z used on either of these lattices

was L/4. With these heavy pion masses, the product mπL is fairly large for a lattice

calculation. One needs to keep in mind when performing a lighter pion mass calculation

that the significance of finite volume effects should be checked.

5 Conclusions

In this work we presented a detailed and systematic analysis of the extraction of nucleon

PDFs based on the formalism of pseudo-PDFs. We have employed lattice ensembles with

Nf = 2 + 1 Wilson-clover fermions with stout smearing and tree-level tadpole improved
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Symanzik gauge action with two values of the lattice spacing namely a=0.127 fm and

a=0.094 fm. While two values of the lattice spacing are not sufficient for a stringent control

of the continuum extrapolation, they do provide us with a lot of information regarding the

size and source of discretization errors for our formalism. In future studies, more lattice

spacings should be used for a more robust extrapolation to the continuum limit as well

as studying the functional forms used to interpolate the ν dependence. Moreover, since

toy model calculations of PDFs employing formalisms that are based on spatially nonlocal

operators could potentially suffer from enhanced finite volume effects [74] we have also

addressed two different physical volumes for the case of the coarser lattice spacings. Our

studies did reveal the presence of slight finite volume effects for the values of the parameters

that we investigated. The volume dependence does appear to be larger for matrix elements

that come from large separations as expected from the toy model calculation. For a proper

study of the finite volume effects, the functional form for the Wilson line matrix element will

need to be determined. However, we believe that the functional form used in our studies is

well motivated if one assumes that finite volume effects arise from pion exchanges that wrap

around the periodic volume. Also just as with the lattice spacing analysis, the dependence

of this discrepancy on the functional form used in the interpolation of ν should be studied

in future work as well as including more volumes.

The authors of [23] stressed the necessity of controlling the contamination from ex-

cited states which becomes an increasing concern as one approaches the limit of the physical

pion mass. In this respect we discussed in detail how our method for the extraction of the

matrix element possesses a number of advantages compared to the commonly utilized se-

quential source technique. As was shown in [67], the matrix element extraction based on

the Feynman-Hellman theorem can begin at much earlier times and this is very advanta-

geous for simulations with physical pion mass. Additionally, we have also employed the

method of momentum smearing which has proven to substantially improve the overlap of

the interpolating fields with the boosted hadron ground state.

Beyond the extraction of the x-dependence of the PDF we also perform the extraction

of the lowest two moments of the PDF and we compare to the pertinent phenomenological

determinations from CJ 15, NNPDF and MSTW collaborations. Our results, lie above the

results of CJ 15 and MSTW, as expected, due to the relatively heavy masses of our pions

but agree within errors with NNPDF due to the larger error bars of the latter. As was

analyzed in detail in [39] the complementary synergies between the communities of global

fits and Lattice QCD would be very fruitful in the forthcoming years. In the latter article

different scenarios of lattice data included in the global fits analyses were presented. In all

cases, the conclusion was that a close collaboration of the two communities is necessary in

order to achieve the best possible PDF extraction.

In this work despite the relatively heavy pions we have addressed many of the pertinent

systematics of the extraction of light cone PDFs with the method of pseudo-PDFs. Our

studies have shown that the lattice community as the time goes by can have under better

control all systematics of these calculations and steady progress is being made. In our

forthcoming studies we plan to employ lattice ensembles which have pion masses at the

physical pion mass and consider also the pion PDF besides that of the nucleon.
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