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Dynamic Output Feedback Invariants of Full
Relative Degree Nonlinear SISO Systems

W. Steven Gray!

Abstract—The goal of this paper is to explicitly describe
invariants of a plant described by a Chen-Fliess series under
a class of dynamic output feedback laws using earlier work
by the authors on feedback transformation groups. The main
result requires the rather strong assumption that the plant
has a generating series with both finite Lie rank and full
relative degree. In which case, there is no loss of generality in
working with state space realizations of the plant. An additional
genericness assumption regarding the normal form of the plant
is also required, but as shown by the examples, this condition is
often available in typical problems. All of the analysis presented
is restricted to the single-input, single-output case.

Index Terms— Nonlinear systems, dynamic output feedback,
Chen-Fliess series

AMS Subject Classifications— 93C10, 93B52, 93B25

I. INTRODUCTION

The study of feedback invariants has a long history in
control theory beginning with the work of Brockett, Hammer
and Krishnaprasad in the case of linear systems [3], [4],
[14] and Brockett, Jakubczyk, Respondek, and many others
in the context of nonlinear state space systems [2], [16],
[17], [20]. More recently in [7], [11], the authors have been
interested in identifying invariants under dynamic output
feedback of nonlinear systems described in terms of Chen—
Fliess functional expansions or Fliess operators [6]. The
basic idea was to employ various combinatorial algebras
of formal power series induced by system interconnections
[8] to identify a transformation group that describes the
action of such feedback on a given system. The approach
has been incremental in that first a general output feedback
transformation group was developed with a corresponding
right action which describes the result of applying such
feedback to any possible plant. Then an algorithm was
given to identify a class of invariant subseries contained
by the generating series of a plant. Various conditions were
presented under which this invariant series was maximal, but
in general the results given by this algorithm are known to be
conservative. Now in [11] a somewhat implicit description
was given of an output feedback invariant series given a
specific plant and an arbitrary Fliess operator in the feedback
path. This is the starting point for the present work, where
the goal is to provide a completely explicit description of
such an invariant series under certain assumptions.

The first step towards this goal is to simply describe
the relevant subgroup of the output feedback transformation
group. Then the main result describes under what conditions
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the algorithm given in [7] applies to the problem at hand.
This will require the rather strong assumption that the plant
has a generating series with both finite Lie rank and full
relative degree. In which case, there is no loss of generality
in working with state space realizations of the plant. An
additional genericness assumption regarding the normal form
of the plant is also required, but as shown by the examples,
this condition is often available in typical problems. All of
the analysis presented is restricted to the single-input, single-
output case. Finally, it should be stated that a much larger
feedback transformation group has also been studied by one
of the authors in [10], but most of the results presented there
do not provide any interesting specificity here.

The paper is organized as follows. First some preliminaries
are introduced for readers not familiar with Fliess operators
and their associated interconnection algebras. Then a short
summary of dynamic output feedback invariants for linear
time-invariant (LTI) systems is given. This provides some
motivation and a basis for comparison against the nonlinear
case. The main results are presented in Section IV and then
applied to four examples in the subsequent section. The main
conclusion and some suggestions for future work are given
in the final section.

II. PRELIMINARIES

A finite nonempty set of noncommuting symbols X =
{zo,z1,..., 2} is called an alphabet. Each element of X
is called a letter, and any finite sequence of letters from X,
N = Ti - T, is called a word over X. The length of n,
||, is the number of letters in 7. Let ||, denote the number
of times the letter x; € X appears in the word 7. The set of
all words including the empty word, (J, is designated by X*,
and X := X* — {(}. The set X* forms a monoid under
catenation. The set n.X* is comprised of all words with the
prefix 1. Any mapping ¢ : X* — R’ is called a formal
power series. The value of ¢ at n € X* is written as (¢, )
and called the coefficient of 1 in c. If (¢,)) = 0 then c is
said to be proper. The support of ¢, supp(c), is the set of all
words having nonzero coefficients. Typically, c is represented
as the formal sum ¢ = 3° . (c,n)n. The collection of all
formal power series over X is denoted by R*((X)). It forms
an associative R-algebra under the catenation product and
an associative and commutative R-algebra under the shuffle
product, that is, the bilinear product defined in terms of the
shuffle product of two words

(zin) w (€)= zi(n w (2;8)) + 25 ((2in) w ),

where z;,z; € X, n,{ € X* and with n 0 =0wn=rn
[6].
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A. Fliess Operators

One can formally associate with any series ¢ € R*((X))
a causal m-input, f-output operator, F,, in the following
manner. Let p > 1 and ¢y < t; be given. For a Lebesgue
measurable function u : [to,t1] — R™, define ||ull, =
max{|lu;ll, : 1 < i < m}, where |ju;||, is the usual
Ly-norm for a measurable real-valued function, u;, defined
on [to,t1]. Let Ly [to, 1] denote the set of all measurable
functions defined on [to,?;] having a finite | - ||, norm
and BY'(R)[to,t1] = {u € L'fto,t1] = [ull, < R}
Assume Clto,t1] is the subset of continuous functions in
L™[to,t1]. Define inductively for each n € X* the map
E, : L7"[to, t1] = Clto, t1] by setting Eyu] = 1 and letting

By alu](t to) = / ws(7) Enlu] (r, o)

to

where z; € X, 7 € X¥, and wugp 1. The input-output
operator corresponding to c is the Fliess operator

Fou)(t) = ) (e,n) Eylul(t, to)

nex*

[6]. If there exists constants K, M > 0 such that
(e, m)| < KM p|t, vp € X7,

then F. constitutes a well defined mapping from By (R)[to,
to+T] into BS(S)[to, to+1T] for sufficiently small R,T > 0,
where the numbers p,q € [1,00] are conjugate exponents,
i.e., 1/p+1/q = 1[12]. The set of all such locally convergent
generating series is denoted by RY ~((X)). A Fliess operator
Fl. is realizable on a ball B} (R)[to,to +T| whenever there
exists a system of n ordinary differential equations and a set
of ¢ output functions,

2(t) = go(2(t)) + Zgi(z(t)) ui(t), 2(to) =z (la)

yi(t) = h;(2(1), j=1,....4,

where each analytic vector field g; is written in terms of local
coordinates on a neighborhood W of z, every real-valued
function h; is analytic on WV, and (1a) has a solution z well
defined on [to, to 4 T for any input u € B (R)[to,to + T
satisfying y; (t) = Fe,;[u](t) = h;(2(t)), j = 1,...,L It is
easily verified that for any n = 2;, ---x;, € X*

(Cjan) = Lgn hj(ZO) = Lgil

where Ly, h; denotes the Lie derivative of the output h; with
respect to the vector field g;. A given operator F,. can be
shown to be realizable if and only if its generating series
¢ € R - ((X)) has finite Lie rank [6], [15].

(1b)

-+ Ly, hj(20),

B. Algebras Induced by System Interconnections

Given Fliess operators F, and F,;, where c¢,d €
RY - {(X)), the parallel and product connections satisfy
F,.+F; = Fopq and F . Fy; = F__, 4, respectively [6].
When Fliess operators F, and F,; with ¢ € R} - ((X)) and
d € R}’ ((X)) are interconnected in a cascade fashion, the
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Fig. 1. Feedback interconnection of Fliess operators Fi. and Fy

composite system F. o Fy; has the Fliess operator representa-
tion Fi.q, where the composition product of ¢ and d is given
by

cod= Y (e.n)va(n)(1) @)

nex*

[5]. Here 1 denotes the monomial 10, and 14 is the con-
tinuous (in the ultrametric sense) algebra homomorphism
from R{(X)) to the set of vector space endomorphisms on
R{(X)), End(R({X))), uniquely specified by ¥4(x;n) =
Ya(@;)ova(n) with a(zi)(e) = zo(die), i =0,1,...,m
for any e € R((X)), and where d; is the i-th component
series of d (dy := 1). By definition 4(0) is the identity
map on R{(X)).

When two Fliess operators F;. and F; are interconnected to
form a feedback system as shown in Figure 1, the generating
series for the closed-loop system is denoted by the feedback
product c¢Qd. It can be computed explicitly using the Hopf
algebra of coordinate functions associated with the underly-
ing output feedback group [8]. Specifically, in the SISO case,
where X = {zo,21} and m = ¢ = 1, define the set of unital
Fliess operators %5 = {I + F. : ¢ € Rpc((X))}, where
I denotes the identity map. It is convenient to introduce the
symbol § as the (fictitious) generating series for the identity
map. That is, F5 := I such that I + F. := Fs, . = F,
with ¢s := d + c. The set of all such generating series for
Fs will be denoted by Ry ((Xs)). The central idea is that
(Z5,0,1) forms a group of operators under the composition

choFda:(I+FC)O(I+Fd):FCSOd6’

where csods ;= d+c®d, cOd := d+cdds, and 6 denotes
the mixed composition product. That is, the product

csds= 3" (o) dalm)(1),

nex*

where ¢ is analogous to v in (2) except here ¢q(z;)(e) =
xie + xo(d; we) with dg := 0. The coordinate maps for the
corresponding Hopf algebra H have the form

ap :R{X)) = R:cw— (c,n),
where n € X*. The commutative product is defined as
W ay & ag — apag,

where the unit 1 is defined to map every c to zero. If the
degree of ay is defined as deg(a,) = 2|nl,, +[nl,, +1, then
H is graded and connected with H = n>0 Hn, where
H,, is the set of all elements of degree n and Hy = R1.
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The coproduct A is defined so that the formal power series
product ¢ ® d for the group % satisfies

Aay(c,d) = ap(c@d) = (c@d,n).

Of primary importance is the following lemma which de-
scribes how the group inverse cgl := 60 + ¢! is computed.

Lemma 1: [8] The Hopf algebra (H, i, A) has an an-
tipode S satisfying a,(c™') = (Sa,)(c) for all n € X* and
c € R({X)).

With this concept, the generating series for the feedback
connection, ¢c@Qd, can be computed explicitly.

Theorem 1: [8] For any ¢,d € R{(X)) it follows that

cQd = c5(—doc);.

It is shown in [7] that the feedback product can be viewed in
terms of the group (R{(Xs)),0,d) acting as a right transfor-
mation group on the set R({X)) via the mixed composition
product.! This group contains all possible dynamic output
feedback laws for all possible plants, but it also contains a
bit more since, for example, 6 + 21 € R{(X;)) even though
there does not exist ¢,d € R((X)) such that z; = —d o c.
Therefore, a series being invariant under the right transfor-
mation group (R{(Xs)),0,0) is a sufficient condition for
being invariant under dynamic output feedback. Of particular
importance is the following invariance theorem, which uses
the fact that every ¢ € R((X)) can be decomposed into its
natural and forced components, that is, ¢ = ¢y + cp, where
en =Y psole, af)zl and cp = c —cn.

Theorem 2: [7] Every nonzero series ¢ € R{(X)) which
is not equivalent to ¢y can be decomposed into the form
¢ = ¢; + & where supp(c;) Nsupp(c) = 0,

7’171

r1—1 ro—1
¢ = cnN, +xy' xien, Fxyt T T riry® T Tien, + -,

en, € R[Xp] (a polynomial in xq), r, > 1, deg(cn,) <
r¢+1 — 1, and ¢; is a nonzero invariant series under the right
transformation group (R{(Xj)),0,0). That is, cdes = ¢; +
¢y (e) with supp(c;) Nsupp(c,(e)) = @ for all e € R{(X)).

The proof of the theorem is constructive. It boils down to
identifying pairs (cn,,7¢4+1), £ > 0 to extract the invariant
¢; from c via the following algorithm:

Step 1: Set £ = 0.

Step 2: Write c in the canonical form

—1 »r
c=cy+azy o tageat,

where r > 1, ¢, are proper series with 1(ck) =0
for all £ > 1, and ¢; # 0.
Step 3: Define cn, = S r_p(en, 28)xk and 7oy = 7.
Step 4: Redefine ¢ = 27 (c;) and set £ = £ + 1.
Step 5: If |c|m1 =0setcy, =c¢ cn, =0, k> ¢ and
stop. Otherwise, return to Step 2.
The algorithm will only terminate when c is input-limited,
that is, when max, cqupp(c) |7, is finite. There is no claim
that the series c¢; is maximal in the sense that its support
contains the support of any other series which is also
invariant under R((X5)). On the other hand, as will be

IThe same composition symbol will be used for the group product on
R((Xs)) and series composition cod on R((X)). The distinction between
c and ¢s = § 4 ¢ will always make it clear which product is at play.
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addressed later in the paper, it may be too conservative if
c is fixed (i.e, the plant is given) and only group elements
of the form (—d o ¢)s, d € R((X)) are admissible.

C. Relative Degree

The standard definition of relative degree for any input-
affine state space realization (1) of y = F.[u] with ¢ €
Rrc{({(X)) is given in [15]. But the concept can also be
defined solely in terms of formal power series concepts.
The starting point is the notion of a linear word when
X = {xzg,z1}, namely, any word in the language . =
{neX*:n=uxlzi12y°, n1,no > 0}.

Definition 1: [9] Given ¢ € R{(X)), let > 1 be the
largest integer such that supp(cr) C 2§, ' X*. Then ¢ has
relative degree r if the linear word xg_lml € supp(c),
otherwise it is not well defined.

Observe that ¢ having relative degree r is equivalent to
saying that

1

c=cny +cFp :cNJrKa?S_ller:vS_ e

for some K # 0 and some proper ¢ € R{(X)) with
21 € supp(e). It is shown in [9], [10] that this definition is
equivalent to the standard definition when F, is realizable.

III. DYNAMIC OUTPUT FEEDBACK INVARIANTS FOR
LINEAR TIME-INVARIANT SYSTEMS
Consider a SISO LTI system u(t) +— y(t) with an
irreducible transfer function
b b b . n—r—1 n—r
y(S):}L(S):K 0+ 1S+ +0p_r_158 + s
ap+a1s--+ - ap_18""1 + 8"

where K # 0 and 1 < r < n. In a calculation originating
with the work of Kalman [18] and carried out explicitly by
Hammer [14], one can divide b(s) into a(s) so that a(s) =
b(s)p(s) + r(s) with (r(s),b(s)) being a coprime pair of
polynomials

p(s) =po+pis+- - +p_1s '+

n—r—2 n—r—1

r(s)=ro+ris+- -+ rn_r_2s 4+ Prr_18
and deg(r(s)) < deg(b(s)).? In which case,
K K r(s) 1 )1
=——\1+757= )
) p(s) ( b(s) p(s)

p(s) + 5(s)

so that h(s) can be viewed as the feedback interconnection
shown in Figure 2. At least three interpretations of (3) are
possible as described next: a factorization point of view, an
interpretation in terms of state space realizations, and a power
series perspective.

If dynamic output feedback u(s) = v(s) — g(s)y(s) is
applied for some strictly proper g(s) then it is immediate
from (3) that the closed-loop system is

U has) = R
vle) e

b

p(s) + [ 5 + Kg(s)]

2The relative degree r and the remainder r(s) will always be distin-
guished by the argument ‘(s)’.
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u— K |—>

Fig. 2. LTI system h(s) viewed as a feedback connection

implying that the polynomial p(s) is invariant under this
feedback class (henceforth, abbreviated as dynamic output
feedback). In particular, it can happen that the all pole system
K/p(s) is not equal to K/s" and thus does not have a
Brunovsky type state space realization. In the special case
where h(s) is minimum phase and 1/p(s) is stable, equa-
tion (3) is a right coprime factorization h(s) = Kn(s)d~1(s)
since the Bezout equation

it [ ] i [ 7 L] -
o a0

p(s) b(s) p(s)
———
n(s) d(s)

has the stable solution 7(s) = —r(s)/b(s) and d(s) = 1.
Thus, the controller Kg(s) = d~1(s)i(s) = —r(s)/b(s)
yields the stable closed-loop system h.;(s) = K/p(s) [13].

To derive a state space interpretation of (3), let (A1,b1, ¢1)
and (Agz,ba,c2) be minimal realizations of 1/p(s) and
r(s)/b(s), respectively. Then a realization of h(s) follows
directly from the feedback structure in (3) to be

[ AL | —hie Kb, _
Z_|:b201 4, ]z—i—{ 0 }w 2(0) = 2o

y:[cl‘()}z‘

If both realizations are assumed to be in controller canonical
form, then this realization becomes

21 = 22 (48.)
2.:2 = Z3 (4b)
Erl = 2 (4c)
2. = P+ Rn+ Ku (4d)
n=25§+Qn (4e)
y = 21, (40)
where § = [21- - 2], 1 = [zr41 - 20)s P = —[po - pr-1],
R=—[rg - Tn_r_1], S = en_reF(r), and
0 1 0 0
0 1 0 0
Q= : : : " :
0 0 0 1
—bp b1 —by - by,

(Here e;(j) € R’ has a one in the i-th position and zero
elsewhere. The notation is simplified to e; if ¢« = j.) This is
the Brynes-Isidori normal form which appears in the context
of feedback linearization [15]. If » < n — 1 then 7 = @n,

765

1(0) = 1o are the zero dynamics of the system. Setting u =
v —w in (4d), where

Qﬁ + en—ry, ﬁ(O) =To

p— R =

- Knu

it follows that 7(t) = n(t), t > 0 since both the zero
dynamics and the feedback system y +— w are driven in
precisely the same way by the output y. In which case, the
closed-loop system becomes

7
w

2':1 = 22
22 = Z3
Zr_1 = 2y
2, = PE+ Kv

1= S&+Qn, n(0) =m0
0= en_ry+Qn, 7(0) =m0
Yy =z.

The dynamics of ¢ are the invariant dynamics of the system
under dynamic output feedback. As expected, Kg(s) :=
Kw(s)/y(s) = —r(s)/b(s), and the output y is zero pre-
cisely when £(0) = 0 and v(t) = 0, ¢ > 0 implying that
u(t) = u*(t) := (R/K)e?n(0).

From a power series point of view, one can write (3) as

K & r(s) 1 b
o= J S (1 1)
51 2= \ 700 709
K 1 1
KL o() L),
p(s) b(s) p*(s) b(s)) p3(s)
The infinite series is well defined as a formal power series
because the strict properness of 7(s)/(b(s)p(s)) implies the
series is locally finite, and hence summable [1]. It is clear

that the first 7 + 1 terms of this series expansion will always
coincide with the first 7 + 1 terms of

— = hTS_T + hr+15_r_1 4+ 4 h2TS—2T + O(S—Qr—l).

Furthermore, these specific terms are invariant under dy-
namic output feedback, and therefore the polynomial
pn(z) := hpx” +hy12" 4 - -4 hop2? is invariant in this
sense. In fact, this polynomial is maximal in that there is no
higher degree polynomial having this invariance property.

Example 1: Consider the case where » = 3 so that
K/p(s) = K/(po + p15 + p2s® + s3). A simple calculation
gives pp,(7) = hax® + hyx* + hsz® + hea®, where

hy = K (5a)
hy = —Kps (5b)
hs = K(p5 — p1) (5¢)
he = K (2p1p2 — p3 — po). (5d)

O
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IV. DYNAMIC OUTPUT FEEDBACK INVARIANTS OF A
GIVEN PLANT

In this section, the problem of determining a dynamic out-
put feedback invariant series for a given plant is considered.
It is shown first that the underlying transformation group for
this problem is an additive subgroup of (R{{X5s)),0,9).

Definition 2: For any fixed ¢ € R{(X)), define

Oc = {es € R{(X5)) s e5 = (doc)s, d € R(X )}

Theorem 3: For any series ¢ € R{(X)), the triple
(O, +, ) defines an additive group, where

e5+ €5 = (doc)s + (d 0 )5 == ((d+d) 0 0)s

for any es = (doc¢)s, e = (d' oc)s € O..
Proof: The claim follows directly from the left linearity of
the composition product on the R-vector space R({X)). ®

Theorem 4: The additive group (R((X)), +, 0) acts on the
set R((X)) as a right transformation group, where the action
is given by the output feedback product. That is, cQ0 = ¢
and

(C@dl)@dz = C@(d1 + dg)

Proof: The first identity is trivial. For the second, two
algebraic facts are needed. First, as described in Lemma 1,
the composition inverse is defined in terms of a Hopf algebra
antipode, S, using the group (R((Xj)),0,d). Such an S
is always an antihomomorphism for both the algebra and
the coalgebra structures on H, for example, S(ajas) =
S(az)S(a1), Vai,as € H. Therefore, it follows directly that
(cs 0ds)™t = d5 ' ocs'. Second, it is easily checked that
the following associativity property holds

co(ddes) = (cod)des
keeping in mind that
FC(Fd685) = Fc(Fd(I+F€)) :Fcod(I+Fe)~

Proceeding with the calculation, it follows by definition of
the output feedback product and the fact that (R{{X)), o, d)
is known to act as a right transformation on R((X)) via the
product ¢ 6dy that

(cQd;)@Qds
= (c3(—dyoc);")Qdy
= (co(~dioc)5")d(=dyo(cd(~dioc);));"
=co [(—dl o c)g1 o(—dyo(cd(—djo c)gl))gl] .

Now apply the first fact stated above, the definition of the
group product on R{(X5)), and the second fact in this order
to get

(¢Qdy)Qdy = ¢5 [(—d 0 (¢35 (~dy 0 ¢)51))s0
(=dyo 0)6}71
—=¢d [(—d1 oc)+ (—dyo(cd(—djo C)gl)) 5
(=dyo 0)5}5_1
=5 [(—d1 oc)+ ((—dyoc)o(—djo 6)5_1) )
(=dy o c)g}gl
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Finally, just simplify the result using properties already stated
so that

(cQdy)Qdy = ¢ & [(—dy o)+ (—dy o) 3((—di 0 )5 o

Next, the main result of the paper is given. Consider a
SISO input-affine analytic nonlinear system (1) (so m
¢ = 1) having full relative degree and corresponding normal
form

2.'1 = Z9
ég = Z3
Zn—1 = Zn
Zn = p(2) + k(2)u
y=z

about zy. (Note z has been redefined in the new coordinate
system.) This will be abbreviated as (p, &, o). Let ko (zn) :
k(21,05---,%n—1,0,%n) denote a real analytic function on
some open interval containing z, . This function will be
called generic in the event that D'rq(2,,,0) # 0,7 > 0, where
D is the differential operator ko(0/0zy,). This can coincide
with a standard notion of genericness depending on the
origin of the model. For example, if the set of Taylor series
coefficients of k¢ is a random sequence in the product space
RY = II?2,X;, where X = R, one can define a product
measure on R“ via any continuous probability measure on
RR. In which case, the probability that D'rq(z,,0) = 0 for one
or more ¢ is zero. On the another hand, if ¢ is a polynomial
in z,, then it is not generic.

Theorem 5: Suppose a SISO analytic nonlinear system (1)
has relative degree » = n, and its corresponding normal form
is (p, K, z0) with kg being generic. Then y = F_[u], where
the maximum invariant subseries of the generating series
¢ € Rpe((X)) under dynamic output feedback contains the
subseries

o0
1 iy, n—1 i
> (eap ah)ag Tl ©)
i=1
with (¢,zp'a%) # 0, i > 0. Furthermore, this subseries is

realized by the reduced normal form (0, ko(2y), 20).
Proof: A straightforward calculation using the assumptions
of full relative degree and that k¢ is generic gives

( rt) = L;lLZ(;lh(zo) = D" hg(2n0) #0, i >1.

From this result it is also clear that the reduced normal
form realizes the series (6). Now applying the algorithm in
Theorem 2, it follows directly that c; is equivalent to (6)
in this case. Since c¢; is known to be invariant under the
output feedback group (R{{Xjs)),0,d), it is automatically
invariant under the additive subgroup (R{{X)), +,0). Hence,
the claim is proved. |

It should be plainly stated that no claim is being made
that subseries (6) is maximal in any sense. But to date no

c,apt
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counterexample has been discovered to the contrary under
the stated conditions, which admittedly are strong. So the
question remains open.

V. EXAMPLES

Four examples are presented next. The first two examples
satisfy the assumptions stated in Theorem 5. The second
two examples do not and thus illustrate some consequences
of this fact.

Example 2: The following system is considered in [15,
p- 151]:

0 e*?
= z+23 |+ | e2 |u
Z1 — %29 0

Yy = z3.

The system has full relative degree = 3 about any point z
satisfying 1+ 2z5 # 0. At the point z = 0, for example, the
generating series is

c=—xir) — 3x0x1 dadr? — 3axiriroxy — 89001‘1—

4,2
dagar? — 2adriwory — 24aird — 19230 w02 —

8raxiror) — 281:03:1
1169:011
14x0m1x0x1x0x1 — 105x0x1x0x1
1242227 —
— 476x3x] —
22:cox1xozlx0$1 — 370m0x1x0x1
6202317 —

Gx%xlxgxlxoxl — 264$0$1]}0$1

60zhxS — 4203w wow? —

22z8x%x0x1 22x0x1:rga:§
64zirirori—

28x2r3 w01y — 96x5x3 — 7225w w00 —

4022 com 40z it —
2
242x0xlmox1

12x323 20z, — 12220 2322 —

19Ox0x1x0x1xox1

2,222

932371007 Ty — 620231202 — T2000 Tt~

44x2axxor womy — 4481303002 — 2762203 w02t —
124z2a wox, — 6682328 —

A candidate for the maximum invariant series can be easily
identified without any theory by simply selecting feedback
systems Fy; at random in Figure 1 and comparing c against
cQd. Tt quickly becomes apparent from such an experiment
that the terms underlined above are invariant, so that one may
conjecture that the maximum invariant series under dynamic
output feedback is

—xgr) —3xie?—8xled 2822 —124xk20 —

The coefficients 1, 3, 8, 28, 124, 668, . . . comprise the integer
sequence A000776 in [19]. The normal form about zy = 0
is determined to be

6682725 —

1= 22
Zo = 23
Z3 = p(22, 23) + K(22, 23)u
Y=z,

where
1 — 4(2’2 +Zg) — ].)
1-— 4(2’2 + Zg) .

p(22,23) = 23(

K(z2,23) = —

767

oo (L (VT ).

The reduced normal is therefore

21 = Z9
2:’2 = Z3
1
z3 = —v1 —4zzexp <2 (\/1 —4z3 — 1))
Yy =2z.

Is it easily checked that the integer sequence A000776 is
generated by D'k((0), i > 0, so Theorem 5 applies and
its conclusion is consistent with what was observed in the
experiment. 0

Example 3: The following system is found in [15, p. 156]:

23 + 2223 0
z = 21 + 14+ 2 u
22 + 2122 —Z3

Yy=2z.

The system has relative degree r = 3 about any point z
satisfying (1+21)(14 22)(14+223) — 2123 # 0. At the point
z = 0 the generating series is

2 2.2 2.3 .5 4.2 3
c=xor1 + 3xjr] + Txir] + rox1 + 2x92] + THT1T0T1+

wiriadey + 1502x] + 132502 + Sajarizoxr+

18xgx? + 3wdwialey 4+ 9xdrizoa? + adaivow: +

2,2
3adriziay + 9xdaiafat +

3x0x1m0x1m0m1+

3xdatrie, + 3lagad + 67xdx? + 2525w woxi+

5rorirory + 110z5z] + 1ajzzizi+

xgxlzoxlxom + 55x0:z:1x0x1 3x0z1x0x1+
23300301950301 + Tadadvory + 1adz xda+
xoxlxoxlxoml + 55x0x1x0x1 + 33:01‘13303:13:(2)331—1—
23m3x1x0x1x0x% + 7x8x1zoxf:p0x1 + 7z§x%x§z1+
23x%x%x8x§ + Tadzizoriz071 + T23T T 1+
63x0x1 + -

As in the previous example, the candidate maximum invari-

ant series is identified empirically to be

wiry 4+ 3xda? + Tadaed + 152327 + 31adat + 632228 + -

The coefficients 1,3,7,15,31,63,... form the integer se-
quence A000225 in [19]. The corresponding normal form
about zp = 0 is too complex to be displayed here, but its
reduced normal form is

7;’1:,22

22223

. 1 1

Z3 = 5—!—5\/14—42’3—&—2,23 u
y=2z.

A direct calculation shows that the integer sequence
A000225 is generated by D'kg(0), i > 0, so again The-
orem 5 applies, and its conclusion is consistent with the
experiment. 0
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Example 4: Reconsider the LTI system h(s) in Example 1
where n = r = 3 but now with nonlinear feedback Fj;. The
generating series for the plant F, is

2 3 4 5
¢ = hsxgry + hazgrr + hsxgrr + hexgrr + - - -,

where the first four hj are given in (5). The normal form
corresponds to (4) with » = n. The key observation is that
k(2) = ko(z3) = K is not generic, therefore Theorem 5
does not apply. A brute force calculation of the coefficients
of ¢@d for arbitrary d shows that (cQd, z§ ‘x1) = hy, k =
3,4,5,6, while all other coefficients are functions of d. So
the maximal dynamic output feedback invariant series likely
contains at least h3xdzy + hyzdzy + hsxdr + hexdzy, and
thus has three terms not predicted by Theorem 2. 0

Example 5: This final example illustrates that the intro-
duction of zero dynamics nullifies the conclusion of The-
orem 5. Consider the following system appearing in [15,
p. 167]:

23— 23 0
z2 = —29 —+ —1 u
22— 23 1
Y=z,

which has relative degree 7 = 2 < 3 when 1+ 323 # 0. So
Theorem 5 does not apply. In this case the generating series
at z =0 1is

¢ = 2021 — To21 + g1 + 61073 — WAL — 183203~

12:1:0951900:13% — 63:033%950:1:1 + ;chl + 433395?—&—

2udr1wory + Sdagrt + 36w xort + 18x3x3x0w, +

243:09513:333% + 12xgx120T1T0T1 + 6x0x§x(2)as1 — acgasl—
162522 — S8xgrizor, — 1622423 — 2adw xie, —
108z) 1 w0x] — bdajaizory — T2a3x 2527 —
36$8$1$0$11‘0$1 — 1895(2)56%303951 — 48:1:0951908:13%—
243:0561x(2)a:1x0x1 — 12x0x1m0x1x(2)a:1—

6rorizyr: + 96752 + 48xjT1 M0 + - -

The maximum invariant series is determined empirically to
be

ToT1 — x%xl + 63;03@? — 18x(2)a:§ — 12x0x1x0mf—
6xoriToT) + Sdaprt + 36xir x0T + 18252 w0m: +
24x0x1x(2)xf + 12xpz120T1 2071 + 6x0x%x3x1—|—
96xx] + 48xdriTeat 4+ - - -

which is far from what is predicted by Theorem 5. So

some generalization of this result needs to be investigated
to address this more general case. 0

768

VI. CONCLUSIONS AND FUTURE WORK

The main objective of this paper was to explicitly describe
invariants of a SISO plant described by a Chen—Fliess series
under a class of dynamic output feedback laws when the
plant has a generating series with both finite Lie rank and

full relative degree. An additional genericness assumption
regarding the normal form of the plant was also required. In
particular, it was shown that the LTI case is too specialized
for the main result to apply, and systems without full relative
degree are beyond the scope of this analysis. Future work
should explore how to generalize the main algorithm used in
this paper in order to relax these strong assumptions.
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