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Abstract. In this talk, we present the ﬁrst chiral extrapolation of a resonant scattering amplitude obtained from lattice QCD.
Finite-volume spectra, determined by the Hadron Spectrum Collaboration at mπ = 236 MeV [1], for the isotriplet ππ channel are
analyzed using the Lüscher method to determine the inﬁnite-volume scattering amplitude. Unitarized Chiral Perturbation Theory is
then used to extrapolate the scattering amplitude to the physical light quark masses. The viability of this procedure is demonstrated
by its agreement with the experimentally determined scattering phase shift up to
 GeV. Finally, we
 center-of-mass energies of 1.2
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INTRODUCTION
A major goal of nuclear physics is a deep understanding of the non-perturbative nature of Quantum Chromodynamics
(QCD). One manifestation of this non-perturbative nature is the spectrum of hadronic resonances. Perhaps the most
well known and understood hadronic resonance is the ρ meson. Because it is a resonance, all properties of the ρ must
be deduced from the behavior of the hadronic system that produces the ρ, namely the (I, J) = (1, 1) ππ system. In this
talk we review a recent determination of the ππ scattering amplitude presented in Ref. [2]. This determination was
accomplished by using eﬀective ﬁeld theory (EFT) to extrapolate the lattice QCD results presented in Ref. [1] by the
Hadron Spectrum Collaboration using quark masses that correspond to mπ = 236 MeV.
Lattice QCD, with which one can compute correlation functions directly from QCD in a discrete and ﬁnite
spacetime, has proven to be a great tool for understanding many aspects of QCD. Yet few-body systems continue
to present great diﬃculties in large part due to the ﬁnite-volume nature of the calculation. Neither resonances nor
asymptotic states exist in a ﬁnite-volume. Nevertheless, one can access information regarding asymptotic states from
ﬁnite-volume eﬀects (we point the reader to Ref. [3] for a recent review). The non-perturbative mapping between
ﬁnite-volume energy levels and inﬁnite-volume scattering observables was ﬁrst derived in Refs. [4, 5] by Martin
Lüscher. Since then, many generalizations have extended the applicability of this “Lüscher method” for all two-body
systems [6, 7, 8, 9, 10, 11, 12].
Generalizing the methodology presented by Lüscher for systems where three particles or more can simultaneously go on-shell has proven to be challenging. 1 Even if a quantization condition describing few-body systems in a
ﬁnite volume were known, its application would require a formidable eﬀort. To understand this, it helps to consider
the aforementioned example of the ρ-resonance. In nature, this is a state that lies above the ππ and 4π thresholds and
these two channels can couple. In a ﬁnite volume, this would lead to a mixing between these channels, and as a result,
there would no longer be a one-to-one mapping between the spectrum and ππ scattering. For two-body systems, this
mixing between diﬀerent scattering channels is a well-understood phenomenon [9, 10, 11, 12], and it is a challenge
that, at least in practice, has been surmounted by the Hadron Spectrum Collaboration [18, 19, 1].
1 In spite of this there has been a great deal of progress in the literature [13, 14, 15, 16, 17], which gives hope that the quantization condition for
generic systems composed of at most three-particles will be derived in the near future.
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FIGURE 1. On the left: Shown is the chiral extrapolation of at Ω (with points from Refs. [45, 1]). On the right: The
(I, J) = (1, 1) ππ scattering phase shift obtained from a ﬁt using the SU(2) UχPT scattering amplitude (red curve) to
the discrete points obtained in Ref. [1].
For the time-being, it is advantageous to perform lattice QCD calculations of resonances using unphysically
heavy quark-masses, moving the few-body thresholds to higher energies. This, in part, led the Hadron Spectrum
Collaboration to calculate the (I, J) = (1, 1) ππ spectrum using at mπ = 236 MeV. This assures that the 4π, 6π, and
KK thresholds lie well above the ρ-resonance, allowing one to use the Lüsher method to extract the ππ scattering
amplitude and subsequently the ρ pole. Performing lattice QCD calculations at unphysically heavy quark masses
introduces the need for an extrapolation towards the physical point before a comparison with experiment can be made.
In this work, we use Unitarized Chiral Perturbation Theory (UχPT) [20, 21, 22, 23, 24].
The ρ-resonance has been extensively studied using N f = 2 + 1 [1, 25, 26, 27, 28] and N f = 2 [29, 30, 31, 32,
33, 34] dynamical quarks, 2 and UχPT has been be previously advocated as a tool to extrapolate LQCD results [36,
37, 38, 39, 40, 41, 42, 43, 44]. Our work represents the ﬁrst extrapolation of a resonant scattering amplitude. We
demonstrate that the use of these methods in this channel are suﬃcient for an accurate post-diction of experimental
ππ elastic scattering up to center-of-mass energies of 1.2 GeV.

METHOD AND RESULTS
As outlined in the introduction, we need only use a single-channel version of the Lüsher method to relate the inﬁnitevolume scattering amplitude M(P) to this particular ﬁnite-volume spectrum. The quantization condition for twoparticles with arbitrary total momenta in a cubic volume can be written as [6, 7, 8],
det[F −1 (P, L) + M(P)] = 0 ,

(1)

where F(P, L) is a known function that depends on the total momentum P and the box size L, M is the inﬁnite
volume scattering amplitude, and the determinant acts in the space of partial waves. Corrections to this relation are
exponentially suppressed by the relatively large value of mπ L ≈ 4.4 [1].
To parametrize the scattering amplitude we use unitarized chiral perturbation theory (UχPT) [20, 22, 23], which
is derived from standard χPT [46, 47, 48, 49, 50, 51] by applying the Inverse Amplitude Method. There are several
reasons why one might use UχPT instead of standard χPT. UχPT satisﬁes unitarity order-by-order, and as a result
can be used to study bound states and resonances. 3 This procedure has been shown to accurately describe lowlying resonances in multiple channels with a relatively small set of parameters (see, for example, Refs. [20, 22, 23]).
Furthermore, it extends the kinematic range of applicability of standard χPT.
In the present work, we focus our attention on SU(2) χPT/UχPT, which uses the nearly exact isospin symmetry
in nature (an exact symmetry in most lattice calculations). The three ﬂavor SU(3) theory suﬀers from relatively large
systematic errors. At each order in the chiral expansion, χPT/UχPT requires a ﬁnite number of parameters that need to
be ﬁxed. At leading order (LO) in the chiral expansion, there are two “low energy coeﬃcients” (LECs) m0 , f0 . These
can be ﬁxed by the pion mass and decay constant respectively. At next-to-leading order (NLO) in the chiral expansion,
2 For a more complete review of spectroscopy eﬀorts from lattice QCD, we point the reader to Lang’s review talk presented in this same
conference [35].
3 In this sense, the amplitudes obtained via UχPT closely resemble the resulting amplitude obtained in nucleon-nucleon systems using the KSW
expansion [52, 53].
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FIGURE 2. On the left: The elastic ππ scattering phase shift shown in Fig. 1 (red), extrapolated to higher (blue) and
lower (green) values of mπ using SU(2) UχPT. The discrete blue points are from Ref. [26] while the red points are
repeated from Fig. 1. On the right: Extrapolations from mπ = 236 MeV to mπ = 140 MeV using the SU(2) (blue) and
SU(3) (red) versions of UχPT.
four additional LECs appear in the Lagrangian (1r , 2r , 3r , 4r ) [51]. The superscript r indicates the renormalized value
of an LEC. In this work, we use μ = 770 MeV as the renormalization scale. These LECs can be ﬁxed using the
scattering amplitude. In the (I, J) = (1, 1) scattering amplitude, only two linear combinations appear,
α1 ≡ −21r + 2r ,

α2 ≡ 4r .

(2)

Although the next-to-next-to-leading order scattering amplitudes are known [54], we only use the expression up
to NLO. The UχPT scattering amplitude, MUχPT , can be written in terms of the standard LO and NLO scattering
amplitudes, MLO and MNLO , [20, 22, 23],
MUχPT = MLO

1
MLO .
MLO − MNLO

(3)

Having the unitarized amplitude at our disposal, we may proceed to ﬁt the ππ spectrum to determine α1,2 . Reference [1] provided 22 energy levels (in a single volume) with which to perform the ﬁt. As a measure of the goodness
of ﬁt, we deﬁned

χ2 ({αi }) =
δE j ({αi }) C−1
(4)
j,k δE k ({αi })




j,k

E UχPT
(αi )
j

, the indicies { j, k} run over all 22 energy levels, and C is the covariance matrix.
where δE j ({αi }) = E lat
j −
Once the LECs are determined, one has a scattering amplitude that can be applied at any value of mπ (subject to
convergence of UχPT). Before doing this, we must determine the lattice spacing. Reference [1] chose to deﬁne the
scale using the omega baryon, which has a mild dependence on mπ . More explicitly, since at mΩ was determined in
Ref. [1] one can set mΩ equal to its physical value to obtain at . Alternatively, one can use a simple mπ -dependence,
mΩ (mπ ) = mΩ,0 + α

m2π
m4
+ β 4π
2
mΩ
mΩ

(5)

and ﬁt the previously determined at mΩ for a range of values of the quark masses [45, 1]. This requires assuming that
the lattice spacing is the same for all these ensembles. One can extrapolate to obtain at as shown in the left panel of
Fig. 1. We use the result of this procedure to estimate the systematic uncertainty in our results due to the determination
of the lattice spacing.
The ﬁt resulted in the following LECs with a χ2 per degree of freedom of 1.26,


−3
α1 (770 MeV) = 14.7(4)(2)(1)
1 −0.98
 × 10
(6)
−3
1
α2 (770 MeV) = −28(6)(3) 01
11 × 10
where the ﬁrst uncertainty is statistical, the second is the systematic due to the determinations of mπ and ξ (the
anisotropy of the lattice), and the third is the systematic due to the determination of the lattice spacing. The symmetric
matrix on the right of the coeﬃcients denotes the statistical correlation between the two. See the right panel of Fig. 1
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FIGURE 3. The extrapolated resonant (I, J) = (1, 1) ππ scattering phase shift from lattice QCD and UχPT shown
alongside experimental data from Refs. [55, 56]. The dark blue band encompasses the statistical error only, while
the light blue band includes systematic errors discussed in the text. The dashed lines denote the 4π, 6π, KK, and 8π
thresholds.
for a plot of the scattering phase shift (at mπ = 236 MeV) using these extracted LECs. We note that when this amplitude
is analytically continued to the complex plane to extract the pole of the resonance we ﬁnd Eρ = 782(2) − 2i 85(2) MeV.
This is in good agreement with the poles obtained by the Hadron Spectrum Collaboration, which used a diﬀerent set
of parametrizations for the scattering amplitude.
Figure 2 shows the results of using these extracted LECs to compute the scattering phase shift at other values
of mπ . The left panel shows the theory at mπ = 140, 236, and 391 MeV. The mπ = 391 MeV theory is compared
with a prior calculation by the Hadron Spectrum Collaboration [26]. It is worth noting that although UχPT should
not be trusted for such a heavy value of the pion mass, one ﬁnds qualitatively good agreement with the lattice QCD
calculation. The right panel compares the results of extrapolating to the physical point with SU(2) vs. SU(3) UχPT.
As previously mentioned, SU(3) χPT suﬀers from relatively large systematic errors that we are not able to properly
estimate.
Finally, in Fig. 3 we present our extrapolated phase shift in comparison with experimental data [55, 56]. We
observe good agreement for points up to center of mass energy (Eππ ) of 1.2 GeV, well beyond the point at which
standard χPT would fail. Furthermore, it is important to note that our result reinforces the fact that the few-body
thresholds, namely those for the 4π, 6π, KK, and 8π states, seem to give negligible contributions. This is emphasized
by the dashed lines in the plot
 denoting the thresholds. By analytically continuing the amplitude to the complex plane,
i
7
we ﬁnd the pole at Eππ = 755(2)(1)(20
02 ) − 2 129(3)(1)(1 ) MeV.

CONCLUSION AND OUTLOOK
The study of few-body systems via lattice QCD continues to pose a challenge. This has restricted studies of resonant
amplitudes to unphysically heavy quark masses, where few-body thresholds can be safely neglected. To connect lattice
QCD determinations of the resonant isotriplet ππ scattering amplitude, we present a chiral extrapolation of the results
by the Hadron Spectrum Collaboration [1]. This demonstrates that, in practice, UχPT can be used for extrapolation
of resonant amplitudes determined from lattice QCD using moderately light quark masses.
There are two obviously desirable classes of systems to consider in the future. First are the more phenomenologically interesting isoscalar channels, where lattice QCD calculations are still at their early stages [57, 58].
The second are the study of electromagnetic processes involving resonant states, where there has been exciting
progress [59, 60, 61, 27].
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