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Narrow-Band Emission in Thomson Sources Operating in the High-Field Regime

Balša Terzić,1,2,* Kirsten Deitrick,2 Alicia S. Hofler,1 and Geoffrey A. Krafft1,2
1Jefferson Lab, Newport News, Virginia 23606, USA

2Center for Accelerator Science, Old Dominion University, Norfolk, Virginia 23539, USA
(Received 24 June 2013; published 21 February 2014)

We present a novel and quite general analysis of the interaction of a high-field chirped laser pulse and a
relativistic electron, in which exquisite control of the spectral brilliance of the up-shifted Thomson-
scattered photon is shown to be possible. Normally, when Thomson scattering occurs at high field
strengths, there is ponderomotive line broadening in the scattered radiation. This effect makes the
bandwidth too large for some applications and reduces the spectral brilliance. We show that such
broadening can be corrected and eliminated by suitable frequency modulation of the incident laser pulse.
Furthermore, we suggest a practical realization of this compensation idea in terms of a chirped-beam-driven
free electron laser oscillator configuration and show that significant compensation can occur, even with the
imperfect matching to be expected in these conditions.

DOI: 10.1103/PhysRevLett.112.074801 PACS numbers: 29.20.Ej, 07.85.Fv, 29.25.Bx, 29.27.-a

Sources of electromagnetic radiation relying upon
Thomson scattering are increasingly being applied in
fundamental physics research [1], and compact accelera-
tor-based sources specifically designed for potential user
facilities have been built [2]. One remarkable feature of the
radiation emerging from such sources, compared to brems-
strahlung sources, is the narrow-band nature of the radi-
ation produced. For example, applications to x-ray structure
determination [3], dark-field imaging [4,5], phase contrast
imaging [6], and computed tomography [7] have been
demonstrated experimentally and take full advantage of the
narrow bandwidth of the Thomson source.
Given that narrow bandwidth is desired, it is important to

know and understand the sources of bandwidth of the
scattered radiation and the limitations imposed on the
performance of Thomson sources. For applications where
the normalized vector potential of the incident laser pulse is
much less than 1 (the low-field regime), the linewidth of the
radiation from a scattering event reproduces the linewidth
of the incident laser pulse. Unfortunately, when the
normalized vector potential increases, as is desired for
stronger sources, a detuning redshift arises during the
scattering events that tends to spread out the spectrum
[8–10]. Physically, the scattering electron slows down, by a
varying amount, as the incident pulse is traversed.
In a recent paper, Ghebregziabher, Shadwick, and

Umstadter (GSU) observed that frequency modulation
(FM), or “chirping,” of the scattering laser pulse can
compensate for such ponderomotive line broadening and
suggested a form for thismodulation [11].Motivated by their
observation, we present the exact analytic solution for
optimal FM, recovering the low-field linewidth even in the
high-field regime. The narrowing of the scattered pulse is
Fourier limited only by the duration of the incident pulse.
The essence of laser pulse chirping is analogous to free

electron laser (FEL) undulator tapering [12–16]. In

tapering, as deceleration occurs due to the FEL emission,
the field strength is adjusted to preserve the same FEL
emission frequency. To apply this idea to Thomson sources,
the field strength dependence of the frequency shift must be
countered by modulating the incident laser pulse. We show
below how such modulation is straightforwardly accom-
plished in FEL oscillator lasers using the natural energy
phase space curvature implicit in a bunch placed on the
crest of a rf accelerating wave (Fig. 1).
In this Letter, we derive a prescription for calculating the

choice of the FM that compensates the frequency spreading
and recovers the initial spectral width. Even at high field
strength, one can by proper choice of FM reduce the
spectral width to the Fourier limit provided by the laser
pulse width. Strictly speaking, the calculations in this Letter
apply to Compton scattering only in the Thomson limit [1],
i.e., when electron recoil may be neglected. This approxi-
mation is valid for Compton sources of x-rays originating
from electron beams up to 100 MeV beam energy.
We report on calculations completed using the formalism

developed in Ref. [9], which derives far-field spectral
distribution of photons Thomson scattered by a single
electron. The incident laser pulse is described by a plane
wave. This treatment is fully relativistic and includes the
classical electron motion without approximation. We
assume a linearly polarized incident plane wave described
by a single component for the normalized vector potential
~AðξÞ ¼ eAðξÞ=mc ¼ aðξÞ cos½2πξfðξÞ=λ�, where aðξÞ
describes the envelope of the oscillation, ξ ¼ zþ ct is
the coordinate giving distance along the laser pulse, fðξÞ
specifies the laser FM, and λ is a convenient normalizing
wavelength for the incident plane wave. In previous
literature fðξÞ ¼ 1, but following Ref. [11] we allow the
possibility of laser chirping and let f vary throughout the
pulse. Without loss of generality and for convenience of
presentation, we require fð0Þ ¼ 1 for the peak amplitude
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centered at ξ ¼ 0. Under this convention, the calculated
spectrum in the forward direction has a maximum near the
frequency ωmax ≈ 2πcð1þ βÞ2γ2=fλ½1þ a2ð0Þ=2�g, where
β and γ are the usual relativistic factors for the scattering
electron. We follow the practice in Ref. [9] and normalize
frequencies by ω0 ¼ ð1þ βÞ2γ22πc=λ. We report calcu-
lated spectra normalized by ðd2E=dωdΩÞn ¼ ð1þ
βÞ2γreEbeam=c where re is the classical electron radius
and Ebeam is the total relativistic energy in a single electron.
These spectra include both positive and negative frequency
contributions in a single positive frequency spectrum. This
normalization reflects the main beam energy dependence of
the spectrum.
Because the longitudinal velocity of the electron changes

and there is relativistic redshifting during the laser pulse as
the electron traverses it, the emitted spectrum of scattered
radiation for a constant wavelength incident laser pulse is
spread out beyond the spectral width of the incident pulse.
Within each harmonic nh in the emitted spectrum of
scattered radiation, subsidiary peaks are featured whose
number Nτ is proportional to the field strength squared and
the temporal duration of the pulse T. We use Eq. (31) of
Ref. [8] and a stationary phase argument [8,17] to derive
the exact relationship

Nτ ¼ ð2nh − 1Þ c
λ
T
Z

∞

0

a2ðξ̄Þdξ̄; (1)

where ξ̄≡ ξ=ð ffiffiffi
2

p
σÞ, with σ the pulse length. For a

Gaussian envelope aðξÞ ¼ a0 exp½−ξ2=ð2σ2Þ� and
nh ¼ 1, Nτ ¼

ffiffiffiffiffiffi
2π

p
cTa2ð0Þ=4λ, which agrees well with

the empirical formula Nτ ≈ 0.24T½fs�a2ð0Þ from Ref. [18].
While their empirical formula applies only to pulses with
Gaussian envelopes at λ ¼ 800 nm, ours is exact and valid
for arbitrary envelope functions and wavelengths.
Our calculations were motivated by the suggestion in

Ref. [11]. FM corresponding to their proposed ωðtÞ ¼
2ω0f1þ ½aðtÞ= ffiffiffi

2
p

a0�2g=3 [found in the text below their
Eq. (4)] is

fðξÞ ¼ 2

3

�
1þ a2ðξÞ

2a2ð0Þ
�
: (2)

As understood and discussed subsequently, this substitu-
tion is strictly valid only when ½ξfðξÞ�0 ¼ fðξÞþ
ξf0ðξÞ ≈ fðξÞ, that is, when the FM occurs slowly enough.
We also calculated the spectral distributions resulting from

fðξÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2ðξÞ=2
1þ a2ð0Þ=2

s
: (3)

From Fig. 2(a), it is evident that the calculated spectrum for
Eq. (3) represents a significant improvement over the
nonmodulated case. Because all harmonics improved, we
concluded that a prescription exists to compensate all
harmonics. Next, we investigated optimal configurations
for fðξÞ using genetic optimization [19–23]. The optimi-
zation simultaneously maximized the height and mini-
mized the width of the fundamental peak in the spectrum
for a two-parameter family of functions of the form
fGAðξ̄;b; cÞ ¼ c=½1 − ð1 − cÞ exp ð−bξ̄2Þ�. The best result
has b ¼ 0.859 and c ¼ 0.907. The spectrum of the optimal
fGA as well as the exact FM derived below is also shown in
Fig. 2(a). Genetic optimization performs quite well, as the
spectrum of the optimal fGA is very close to that of the
exact FM.
We investigated the dependence of the optimal param-

eters of fGA on the field strength in the incident laser pulse
and observed that c scaled directly as a2ð0Þ=4. Convinced
that such simple scaling indicates an underlying physics
cause for narrow-band emission, we derived the following
analytical condition that leads to minimal emission
bandwidth.
For incident laser pulses of the given form and when fðξÞ

is not slowly varying, one must define local values of the
pulse frequency and wave number as

ωðξÞ ¼ ∂Φ=∂t ¼ cdΦ=dξ; kðξÞ ¼ ∂Φ=∂z ¼ dΦ=dξ;

FIG. 1. Thomson scattering for a chirped laser pulse. Chirping the electron bunch before it passes through an oscillator FEL produces a
chirped laser pulse. Thomson scattering occurs as the laser pulse collides with an electron. Narrow-band emission of the resulting
backscattered radiation is recovered through frequency chirping.
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where Φ is the incident wave phase. Lorentz transforming
these quantities into the beam frame (frame with zero
average beam velocity) yields ω0 ¼ ð1þ β�Þγ�ω and
k0 ¼ ð1þ β�Þγ�k, where γ�ðξÞ ¼ γ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2ðξÞ=2

p
and

β�ðξÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1=γ2Þf1þ a2ðξÞ=2g

p
are local values

within the pulse. To minimize the spectral width in the
lab frame, one should arrange the frequency in the beam
frame to emit radiation Doppler shifted back to a constant
frequency in the lab frame. Thus, for all ξ values we require
locally

ð1þ β�Þ2γ�2dΦ=dξ ¼ C ¼ ð1þ βÞ2γ2dΦ=dξðξ ¼ −∞Þ;
for some constantC. This exact case is found by integration

d
dξ

½ξfðξÞ� ¼ f1þ a2ðξÞ=2gfðξ ¼ −∞Þ;

as both β and β� are close to 1 for relativistic scattering. The
solution with the boundary condition fð0Þ ¼ 1 is

fðξÞ ¼ 1

1þ a2ð0Þ=2
�
1þ

R ξ
0 a

2ðξ0Þdξ0
2ξ

�
: (4)

Clearly, this function falls from 1 to the constant value
fð�∞Þ ¼ f1þ a2ð0Þ=2g−1. This characteristic, that f
falls off to the same value at ξ ¼ �∞, is shared by any
single-peaked symmetrical model for the amplitude func-
tion, as is clear from the general formula in Eq. (4). We can
now explain the scaling in the optimization. The optimal
fGA closely traces the exact FM around ξ ¼ 0, while its
purely exponential tails are unable to match the exact 1=ξ
behavior.
Applying this pulse-chirping prescription leads to

narrow-band emission, as shown in Fig. 2(a). The non-
FM case clearly shows ponderomotive broadening at high
field strength that is corrected away using the exact FM
prescription. Notice a nontrivial conclusion of this calcu-
lation: our prescription works across all the harmonics
shown, whereas Ref. [11] presents information on the
fundamental line only. Additionally, because Eq. (4) is
energy independent, compensation occurs for all electrons
in a bunch of electrons with varying energy. In this case, the
linewidth is spread in the usual way by the energy spread [1].
In Fig. 2(b) we compare the spectral peak in the high-

field case with the spectrum obtained simply from the
Fourier transform of the Gaussian amplitude or envelope
function aðξÞ, suitably shifted to the peak frequency of the
first curve. Observe that the corrected width is identical to
that generated by the Gaussian (and is Fourier limited by
the duration of the scattered pulse). One cannot expect to
obtain a peak narrower than the Fourier-limited linewidth.
The scattered photons in the high-field case have a line-
width much narrower than that of the Fourier spectrum of
the incident frequency-modulated laser pulse.
With the use of this more accurate method defining the

frequency and wave number, it is now possible to generate
a scattered distribution closer to the one reported in
Ref. [11]. Integrating

d
dξ

½ξfGSUðξÞ� ¼
2

3

�
1þ a2ðξÞ

2a2ð0Þ
�

for a Gaussian envelope yields the analogous fGSU with the
correct boundary conditions

fGSUðξÞ ¼
2

3

�
1þ

ffiffiffi
π

p
σ

4ξ
erfðξ=σÞ

�
: (5)

For comparison, exact FM for the Gaussian envelope is

fðξÞ ¼ 1

1þ a20=2

�
1þ

ffiffiffi
π

p
σa20
4ξ

erfðξ=σÞ
�
: (6)

FM obtained using the empirical prescription of Ref. [11]
and given here in Eqs. (2) and (5) does not satisfy the
asymptotic behavior of limað0Þ→0fðξÞ ¼ 1 because they do
not even depend on að0Þ. Therefore, Eq. (5) should not be

(a)

(b)

FIG. 2. (a) Normalized spectra of scattered radiation for the
case without FM (green line), FM from Eq. (3) (black line), FM
from optimal fGA(ξ; b, c) (blue line), and the exact FM from
Eq. (4) (red line). The shapes of the spectra—both nonmodulated
and modulated—are independent on the scattering electron’s
energy. (b) Complete correction of spectral width is demonstrated
by this comparison of the case with no FM (green line), the
Fourier transform of the amplitude function (blue line), and the
case with exact FM (red line). In both panels, a Gaussian
envelope is used with a0 ¼ 0.587 and electron’s γ ¼ 100 as in
Fig. 2 of Ref. [9].
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directly compared to the exact FM in Eq. (6), which
satisfies this asymptotic behavior. A cursory inspection
shows that the empirical FM in Eq. (5) is equivalent to the
exact FM in Eq. (6) for að0Þ ¼ 1 and explains why the
authors of Ref. [11] observed a substantial narrowing of
the spectra for their case of að0Þ ¼ 0.865 ≈ 1.
In Fig. 3 we show scattered spectral distributions

calculated with fðξÞ ¼ 1, the modified GSU model in

Eq. (5), and the fully corrected result using Eq. (6), now on
a linear scale as in the previous publication [24]. We
observe that pulse chirping increases the peak spectral
energy density by a factor of 2.4 in going from an
unmodulated model to the Eq. (5) model and another
factor of 2.5 in applying the exact FM prescription.
Alternatively, Eq. (4) follows from a stationary phase

analysis of [8,9,17]

Dx ¼
Z

∞

−∞
dξ

γð1þ βÞ
~AðξÞ exp

�
iω

�
ξ

cγ2ð1þ βÞ2 þ
1

cγ2ð1þ βÞ2
Z

ξ

−∞
~A2ðξ0Þdξ0

��

≈
1

2

Z
∞

−∞
dξ

γð1þ βÞ aðξÞ exp
�−2πiξfðξÞ

λ
þ iω

�
ξ

cγ2ð1þ βÞ2 þ
1

cγ2ð1þ βÞ2
Z

ξ

−∞
~A2ðξ0Þdξ0

��
(7)

where d2E=dωdΩ ¼ reEbeamω
2jDxj2=ð4π2c3γÞ ¼ ðd2E=

dωdΩÞnðω=ω0Þ2jð1þ βÞγDx=λj2 in the forward direction.
The dominant contribution to Dx comes from replacing
~A2ðξÞ by its average value a2ðξÞ=2 in the phase integral.
Applying Eq. (4) guarantees that the phase in the integral is
constant on average and only slightly modulated as a
function of ξ. Therefore, the maximum value of the
amplitude of Dx is well approximated by

jDxjmax ≈
1

2γð1þ βÞ
Z

∞

−∞
aðξÞdξ;

as observed in the exact FM case.
The fact that the f function falls from a maximum in the

middle of the pulse, suggests an immediate practical
realization of the frequency chirping. Suppose an FEL
oscillator is constructed where the driving beam bunches are
long enough that the rf-curvature-related energy spread is

substantial (see Fig. 1). The frequency of the resulting laser
pulse emitted by the oscillator FEL will also be chirped,

ωðξÞ ¼ ωðξ ¼ 0Þcos2ð2πξ=λrfÞ;
where λrf is the wavelength of the rf accelerating wave, and
it is assumed that the center of the electron pulse coincides
with the accelerating wave maximum. The circulating
bunches will generate a ξ-dependent frequency from the
energy dependence of the FEL emission.
With the use of our prescription for defining fðξÞ,

d
dξ

½ξfrfðξÞ� ¼ cos2ð2πξ=λrfÞ

yields

frfðξÞ ¼
1

2
þ 1

ξ

λrf
8π

sinð4πξ=λrfÞ: (8)

Notice the dependence has the correct sign to allow
compensation. Expanding the above equation around the
center of the pulse produces frfðξÞ ≈ 1–4π2ξ2=ð3λ2rfÞ, and
matching it to the quadratic dependence of the exact FM
function in Eq. (6) yields λrf0 ¼

ffiffiffi
8

p
πð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a20=2

p
=a0Þσ.

Because we cannot reproduce the optimal frequency
profile exactly by these means, we investigated whether we
could obtain peaks in the spectra of all reported harmonics
close to those in the optimal case. Indeed, we are able to
get close-to-optimal performance across all harmonics
with slight adjustments in rf frequency (compressed
bunch length in practice). Interestingly, higher harmonics
achieved optimal performance by adjusting closer to the
λrf0 value.
Finally, we investigated the robustness of the solutions.

Requiring the spectrum peaks to be degraded under 10%
leads to a restriction of the bunch length. Because the peaks
as a function of bunch length are quite broad, control of the
bunch length at the 20% level is indicated. There is already
experimental evidence [25] that controlled chirping of an
electron bunch driving an FEL oscillator is reflected in the
FEL output radiation characteristics.

FIG. 3. Narrowing the radiation spectra by exact FM. Scattered
spectral distributions calculated with no FM (green line), the GSU
FM as in Eq. (5) (blue line), and the exact FM given in Eq. (6) (red
line). A Gaussian envelope is used with a0 ¼ 0.865 as in Fig. 6 of
Ref. [11]. Note the linear scale and that only data in the first
harmonic is displayed for both panels. The top x axis denotes
photon energies for the case of Ebeam ¼ 300 MeV, λ ¼ 800 nm,
FWHM pulse duration of 90 fs, as in Fig. 6 of Ref. [11].
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The cases discussed in this Letter, corresponding to laser
parameters of interest in many sources, all yield less than
one photon per electron. More quantitatively, from Ref. [1]
we derive the domain of validity of the no-electron-recoil
approximation, i.e., when the number of emitted photons
nγ ¼ ½ðαλÞ=ð3πÞ� R∞−∞ j∂ ~AðξÞ=∂ξj2dξ < 1, to be for field

strength a0 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3λ=ð2π1=2ασÞ

p
, with α the fine structure

constant. For the cases considered here, this restriction
reduces to a0 < 2.39, which is easily satisfied in the cases
reported in this Letter (nγ ¼ 0.06 for a0 ¼ 0.587, γ ¼ 100

and nγ ¼ 0.13 for a0 ¼ 0.865, Ebeam ¼ 300 MeV case).
Therefore, the field strength is not so large that quantum
mechanical multiphoton emission processes need to be
considered.
It is our belief that because including electron recoil

in the formula for the emitted photon energy is straightfor-
ward, a calculation procedure similar to that above will
lead to chirping prescriptions including the full Compton
effect.
The calculations presented suggest the following con-

clusions. Frequency chirping of the incident laser pulse can
indeed lead to bandwidth reduction in the radiation
emerging from Thomson scattering events at high field
strength, as suggested by GSU. This somewhat counterin-
tuitive situation arises because, with proper tuning, the
double-Doppler-shifted frequency in the lab frame may be
adjusted to a constant value by compensating the frequency
shifts due to velocity changes against the FM. We have
analytically derived exact frequency compensation func-
tions that may be applied to very general longitudinal pulse
shapes and across all the lower-order harmonics, which
become more prominent in the high-field regime. We have
suggested a practical realization of this compensation idea
in terms of a chirped-beam-driven FEL oscillator configu-
ration and shown that significant compensation can occur,
even with imperfect matching.
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