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Abstract
The performance of superconducting resonators, particularly cavities for particle accelerators
and micro cavities and thin film resonators for quantum computations and photon detectors, has
been improved substantially by recent material treatments and technological advances. As a
result, the niobium cavities have reached the quality factors Q∼ 1011 at 1–2GHz and 1.5 K and
the breakdown radio-frequency (rf) fields H close to the dc superheating field of the Meissner
state. These advances raise the questions of whether the state-of-the-art cavities are close to the
fundamental limits, what these limits actually are, and to what extent the Q and H limits can be
pushed by the materials nano structuring and impurity management. These issues are also
relevant for many applications using high-Q thin film resonators, including single-photon
detectors and quantum circuits. This topical review outlines basic physical mechanisms of the rf
nonlinear surface impedance controlled by quasiparticles, dielectric losses and trapped vortices,
as well as the dynamic field limit of the Meissner state. Sections cover methods of engineering
an optimum quasiparticle density of states and superfluid density to reduce rf losses and kinetic
inductance by pairbreaking mechanisms related to magnetic impurities, rf currents, and
proximity-coupled metallic layers at the surface. A section focuses on mechanisms of residual
surface resistance, which dominates rf losses at ultra low temperatures. Microwave losses of
trapped vortices and their reduction by optimizing the concentration of impurities and pinning
potential are also discussed.

Keywords: tunings, microwave, superconducting, resonators, quality factor

(Some figures may appear in colour only in the online journal)

1. Introduction

Low-dissipative superconducting resonators are instrumental
in many applications, particularly quantum computations [1],

Original Content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

single photon detectors [2–5], quantum memories [6] and
cavities for particle accelerators [7–9]. They employ fully
gapped s-wave superconductors with extremely low elec-
tromagnetic losses at temperatures T≪ Tc and microwave
or radio frequencies (rfs) ℏω≪∆, where ∆= 1.76kBTc is
the superconducting gap and Tc is the critical temperature
[10–14]. The losses can be further reduced by encapsulating
Josephson junctions in resonant cavities to eliminate radiation
losses characteristic of thin film structures [5]. RF losses are
quantified by the quality factor Q proportional to the ratio of

1361-6668/23/063002+29$33.00 Printed in the UK 1 © 2023 The Author(s). Published by IOP Publishing Ltd

OPEN ACCESS 

IOP Publishing 

® 
CrossMark 

https://doi.org/10.1088/1361-6668/acc214
https://orcid.org/0000-0003-0759-8941
mailto:gurevich@odu.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6668/acc214&domain=pdf&date_stamp=2023-4-28
https://creativecommons.org/licenses/by/4.0/


Supercond. Sci. Technol. 36 (2023) 063002 Topical Review

electromagnetic energy in the cavity to the power dissipated in
the cavity wall [15]:

Q=
ωµ0
´
V |H(r)|2dV¸

ARs|H(r)|2dA
, (1)

where H(r,ω)e−iωt is the magnetic field in the cavity mode
with the circular eigenfrequency ω = 2πν and Rs is the sur-
face resistance. Generally, Rs[H(r),r] varies along the sur-
face due to trapped vortices, materials and topographic defects
and the dependence of Rs on the rf field amplitude Ha(r)
for a particular resonant mode. Since ω ∼ c/L is inversely
proportional to the cavity size L, it is convenient to present
equation (1) in the form Q(Ba) = Z0/⟨Rs⟩, where Ba = µ0Ha,
Z0 = cµ0α, c is the speed of light, ⟨. . .⟩ means averaging
of Rs over the cavity surface, and α∼ 1 is a geometrical
factor [7]. The scale of Z0 is set by the vacuum impedance
µ0c= 377Ω.

The best Nb cavities can achieve extremely high quality
factors Q∼ 1010–1011 corresponding to Rs ∼ 5 nΩ and sus-
tain accelerating fields up to 50 MVm−1 at T = 1.5–2K and
ν= 1.3–2GHz [16, 17]. The peak fields Ba ≃ 200 mT at the
equatorial surface of these cavities approach the thermody-
namic critical field Bc ≈ 200 mT of Nb at 2 K [7–9]. At Ba ≃
Bc the screening rf current density flowing at the inner cavity
surface is close to the depairing current density Jc ≃ Bc/µ0λ—
the maximum dc current density a superconductor can carry
in the Meissner state [18–21], where λ is the London penet-
ration depth. Thus, the breakdown fields of the best Nb cav-
ities have nearly reached the dc superheating field Bs ≃ Bc
[22–27]. The Q factors can be increased by material treat-
ments, such as high temperature (600 ◦C–800 ◦C) anneal-
ing followed by low temperature (100 ◦C–120 ◦C) baking
which not only increase Q(Ba) and the breakdown field but
also reduce deterioration of Q at high fields [28–32]. High
temperature treatments combined with the infusion of nitro-
gen, titanium or oxygen can produce an anomalous increase
of Q(Ba) with Ba [33–41] and Q≃ (3–4)× 1011 at 1.5 K and
≃5× 1010 at 2 K and 1.3GHz [32]. These advances raise ques-
tions about the fundamental limits of rf losses and the break-
down fields in high-Q resonators and the extent to which these
limits can be pushed by surface nano-structuring and impurity
management. In high-power rf applications, superconductors
with high Tc and Bc (for example, Nb3Sn) can only be used
in the form of thin film [42] or multilayer [43, 44] coatings of
Nb cavities. Thin film superconducting resonators have been
widely used in single-photon detectors, quantum memory and
quantum computations [1–6].

The fact that microwave losses can be optimized by impur-
ity management can be understood from the BCS theory,
according to which a superconductor with no impurities and
an ideal surface does not have the lowest surface resistance
[10, 11]. For instance, Rs of a type-II superconductor with a
large Ginzburg–Landau (GL) parameter κ= λ/ξ≫ 1 at T≪
Tc and ℏω≪ kBT has the form [44]

Rs =
µ2
0ω

2λ3∆

ρskBT
ln

[
C1kBT
ℏω

]
exp

[
− ∆

kBT

]
+Ri. (2)

The first term in the rhs of equation (2) is the BCS surface res-
istance RBCS(T) caused by absorption of low-energy (ℏω≪
kBT) microwave photons by a small density of quasiparticles
resulting from thermal dissociation of Cooper pairs [5, 10, 11,
44]. Here ∆ is a superconducting gap, ρs = 1/σs is the res-
istivity in the normal state, ξ is the coherence length,C1 ≈ 9/4
and kB and ℏ are the Boltzmann and Planck constants, respect-
ively. The residual surface resistance Ri in equation (2) which
remains finite or decreases much slower than exp(−∆/kBT)
at T→ 0 has been observed in many superconductors [13, 14]
but it is not accounted for in the BCS model.

As follows from equation (2), RBCS can be tuned by
the materials disorder. For a spherical Fermi surface, ∆ is
independent of the mean free path on nonmagnetic impur-
ities li [18], so the dependence of RBCS on li is determ-
ined by the factor λ3/ρs. Here ρs = pF/n0e2li and λ≃
λ0(1+ ξ0/li)1/2 [18], where λ0 = (m/n0e2µ0)

1/2 and ξ0 =
ℏvF/π∆ are the London penetration depth and the coher-
ence length in a clean material at T = 0, respectively, pF
is the Fermi momentum, n0 is the carrier density, and e is
the electron charge. Hence, λ3/ρs ∝ li(1+ ξ0/li)3/2 is min-
imum at li = 0.5ξ0, which translates to the optimum li ≈ 20
nm for Nb. Microscopic calculations [12] have shown that
RBCS(l) does have a minimum at li ∼ ξ0 and remains finite
in the clean limit li ≫ ξ0 analogous to the anomalous skin
effect in metals [10]. It turns out that Rs can be further
reduced by surface nanostructuring and magnetic impurities
[45, 46].

The surface resistance is determined by multiple compet-
ing mechanisms so the material treatments which reduce Rs
in a certain region of T, ω and H can in turn increase Rs
outside that region. For instance, equation (2) suggests that
s-wave superconductors with no nodes in the quasiparticle
gap and the highest Tc would have the lowest RBCS(T) at
T≪ Tc. Yet the accelerating cavities are built of Nb with its
modest Tc = 9.2 K as compared to Tc = 18.2 K of Nb3Sn
or Tc ≈ 40 K of MgB2 or Tc up to 55 K of iron pnictides
[47]. This is because materials with Tc higher than TNb

c =
9.2 K are type-II superconductors with the lower critical
field Bc1 smaller than Bc1 ≃ 170–180 mT of Nb which has
the highest Bc1 among all superconductors [47–49]. This
makes Nb best protected against penetration of vortices which
can greatly increase Rs at Ba > Bc1. Alloying a supercon-
ductor with impurities to reduce Rs at the optimum li ≃
ξ0/2 changes λ≃ λ0(1+ ξ0/li)1/2 →

√
3λ0 and ξ ≃

√
liξ0 →

ξ0/
√
2, which decreases Bc1 = (ϕ0/4πλ2)[ln(λ/ξ)+ 1/2] by

more than 50% and reduces the superheating field Bs at which
the Meissner state becomes unstable [22–27]. This illustrates
how a lower Rs at weak fields is achieved at the expense of
larger Rs at strong fields.

Reducing microwave losses in the vortex-free Meissner
state requires optimization of the quasiparticle Rs, while
widening the field region of the Miessner state. This could

2
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be achieved by thin film or multilayer coating Nb resonat-
ors with high-Tc but low Bc1 superconductors [43]. Here,
the properties of such materials in the normal state become
important. For instance, Nb3Sn has high Tc and low Rs in
weak rf fields [50–52], but its thermal conductivity is some
3 orders of magnitude lower than that of clean Nb at 2 K
[53]. Thus, despite its better performance at low fields, Nb3Sn
is more prone to penetration of vortices and rf overheating
which degradesQ(Ba) at higher fields (even a fewmicron thick
Nb3Sn film on the inner surface of the Nb cavity can double
the thermal impedance of the cavity wall [9]). Another source
of rf losses comes from second phase precipitates and weakly
coupled grain boundaries in polycrystalline superconductors
with short coherence lengths, such as Nb3Sn [54–56] and iron
pnictides [57].

At very low temperatures the residual resistance Ri
becomes the dominant source of dissipation. This can res-
ult from subgap states at the quasiparticle energies |ϵ|<∆
revealed by tunneling measurements [58, 59]. The subgap
states have been attributed to multiple mechanisms, but none
of them has been unambiguously established as a prime source
of Ri. Besides the subgap states, Ri has also been attrib-
uted to two-level states (TLSs) in surface oxides [5, 60, 61],
grain boundaries [54–57] and non-superconducting second
phase precipitates [7, 8]. A significant contribution to Ri can
come from trapped vortices [62–70] which appear during the
cooldown of a superconductor through Tc in stray magnetic
fields. This is also essential for thin films in quantum circuits
[1, 71–73] in which vortices can be generated by very weak
perpendicular stray fields as Bc1 is greatly reduced by demag-
netizing effects [74, 75]. Spontaneous vortex-antivortex pairs
and vortex loops can appear upon cooling with a finite temper-
ature ramp rate [76, 77] or be produced by thermal fluctuations
[78]. Because of the extremely small RBCS(T) the losses in
high-Q resonators can be dominated by a small number of
trapped vortices oscillating under rf field. Trapped vortices can
bundle together, forming hotspots which have been revealed
both in Nb cavities [28, 79, 80] and thin film structures
[81, 82]. Reducing Ri at low rf fields involves effective pin-
ning of trapped vortices without degradation of quasiparticle
and TLS surface resistance [71–73].

This paper gives an overview of basic physical mechan-
isms which can control both the quasiparticle and residual
surface resistance, including subgap states, TLS, nonlinear
current pairbreaking, trapped vortices and a dynamic super-
heating field which determines the field limit of a nonequilib-
rium Meissner state. Reducing Rs by engineering an optimum
quasiparticle density of states (DOSs) using pairbreaking
mechanisms, such as magnetic impurities, rf currents and
proximity-coupled metallic overlayers are discussed. Further-
more, mitigation of microwave losses by surface nanostruc-
turing, impurity management and optimization of pinning of
trapped vortices are considered. This review primarily focuses
on superconducting parameters which can be tuned to enhance
the performance of high-Q resonators while not addressing
specific atomic mechanisms by which these parameters are
affected by material treatments.

2. Complex conductivity of superconductors

The electromagnetic response of a superconductor in a weak
field is described by the following relation for the Fourier com-
ponents of the current density J(k,ω) induced by the magnetic
vector potential A(k,ω) (in the gauge divA= 0) [10, 18]

J(k,ω) =−K(k,ω)A(k,ω), (3)

where B=∇×A, and the complex electromagnetic kernel
K(k,ω) depends on the circular frequency ω = 2πν and the
wave vector k of the rf field. The real part of K describes
the Meissner effect caused by the superconducting condens-
ate, so that K(0,0) = 1/µ0λ

2 in the static local limit. The ima-
ginary part of K describes dissipative processes caused by
quasiparticles driven by the rf field. The BCS theory gives
general formulas for K(k,ω,T, li) which also depends on the
mean free path li due to scattering of electrons on impurities
[10, 83]. Although the BCS model captures the fundamentals
of electrodynamics of superconductors, it can hardly be used
for quantitative calculations of K(k,ω,T, li) for Nb or Pb or
Nb3Sn in which the electron–phonon coupling is not weak
[84]. Superconductors with strong electron–phonon interac-
tion are described by the Eliashberg theory [84] in which
K(k,ω,T, li) was obtained in [11]. Microwave conductivity of
different superconductors described by the Eliashberg theory
was calculated in [85–88].

The power P dissipated per unit surface area of a supercon-
ductor is determined by the real part of the surface impedance
Z(ω) = Rs+ iX:

P=
Rs
2
H2
a, (4)

whereHa is the amplitude of the rf fieldH(t) = Ha cosωt at the
surface. The surface resistance Rs can be expressed in terms
of K(k,ω,T, li) by integral relations [10–12, 88] which depend
on the way the electrons are scattered by the surface (specu-
lar or diffusive). Using these results, Z(ω,T) can be calculated
numerically for arbitrary T, ω and li for a particular mater-
ial like Nb [86, 87]. The situation simplifies at low temperat-
ures kBT≪∆ and frequencies much lower than the gap fre-
quency ν≪ νg =∆/πℏ at which high-Q resonators operate.
For instance, νg(GHz) = 74Tc (K)= 680GHz for Nb is much
larger than the rf frequency domain 0.1–5GHz in which the
absorption of single photons cannot break the Cooper pairs.
In this case, the superconducting condensate follows nearly
instantaneously to the driving rf field, while the dissipative
current of thermally-activated quasiparticles can have much
longer relaxation times determined by inelastic scattering on
phonons [83].

In the most transparent case of λ≫ ξ, the rf magnetic and
electric fields are confined in the layer of thickness ≃λ at the
surface, where λ is the static London penetration depth. Dis-
sipation comes from a small ‘normal’ component of the cur-
rent density Jn oscillating in-phase with the driving electric
field. Both in-phase and out-of phase components of J(r, t)
can be calculated from the Maxwell equations combined with

3
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equation (3), which generally gives a nonlocal integral rela-
tion between J(r,ω) and A(r,ω) in the coordinate space
[10]. In the limit of λ≫ ξ, the relation between J(r,ω) and
A(r,ω) simplifies to the local ‘ohmic’ form with a frequency-
dependent complex conductivity σ(ω) = σ1(ω)− iσ2(ω):

J(rω) = (σ1 − iσ2)E(r,ω). (5)

The reactive part σ2 responsible for the Meissner effect is
given by

σ2 = 1/ωµ0λ
2. (6)

The surface impedance is calculated using the standard for-
mula of the electromagnetic theory [15] in the limit of weak
Ohmic dissipation, σ1 ≪ σ2:

Z=

[
iµ0ω

σ1 − iσ2

]1/2

≃ µ0ωσ1

2σ2
2

√
σ2

µ0ω
+ i

√
µ0ω

σ2
. (7)

Substituting here equation (6) yields

2Rs = µ2
0ω

2λ3σ1(ω), Xs = µ0ωλ. (8)

The dissipative conductivity σ1(ω) evaluated from theMattis–
Bardeen theory [10, 11] at ℏω≪∆, T≪ Tc and li < ξ0 takes
the form [5, 44]:

σ1 =
4σn∆
ℏω

sinh

[
ℏω
2kBT

]
K0

[
ℏω
2kBT

]
e−∆/kBT, (9)

where K0(x) is a modified Bessel function. At ν = 1−
2GHz and T= 1− 2 K, we have ℏω/2kBT∼ 10−2 so
equation (9) can be expanded in ℏω/2kBT≪ 1 using K0(x)≃
ln(2/x)− γE at x≪ 1, where γE = 0.577 is the Euler
constant. Hence, σ1 ≃ (2σn∆/kBT) ln(C1kBT/ℏω)e−∆/kBT,
whereC1 = 4e−γE ≈ 9/4. This σ1 combined with equation (8)
yield the BCS surface resistance in equation (2).

In type-I superconductors such as Al, Sn, Ta or Pb the elec-
tromagnetic response becomes nonlocal and the screening cur-
rent density does not decay exponentially over the London
penetration depth λ. In the extreme Pippard limit ξ0 ≫ λ, the
effective field penetration depth λ̃≃ 0.65(λ2ξ0)

1/3 can exceed
λ [18]. For instance, in clean Al with ξ0 = 1500 nm and λ= 16
nm we get λ̃≈ 47 nm, whereas Sn with ξ0 = 230 nm and
λ= 34 nm has λ̃≈ 42 nm. Calculations of the surface imped-
ance of Al and Sn films using the full Mattis–Bardeen electro-
magnetic kernel K(k,ω) [10] has shown that the nonlocality
makes Rs dependent on the film thickness d up to d∼ ξ0 [89].

2.1. Subgap states

In the BCS model, the quasiparticle DOSs N(ϵ) vanishes at
energies |ϵ|<∆, even if weak scattering on nonmagnetic
impurities present [18, 83, 90]. It is the feature of N(ϵ)
which ensures the exponentially small RBCS(T) and Ri = 0
in equation (2). Yet, many tunneling measurements of N(ϵ)
[58, 59] have shown that N(ϵ) differs from the idealized DOS
which diverges at ϵ=∆ and vanishes at ϵ <∆, as shown in

Figure 1. N(ϵ) in the BCS model (black) and N(ϵ) described by
equation (10) for Γ/∆= 0.2 (red).

figure 1. In the observed N(ϵ) the gap singularities at ϵ=∆
are smeared out and subgap states with a finite N(ϵ) appear at
ϵ <∆. Such DOS has often been described by the phenomen-
ological Dynes model [58] in which

N(ϵ) = Re
Nn(ϵ− iΓ)√
(ϵ− iΓ)2 −∆2

. (10)

Here the damping parameter Γ quantifies a finite lifetime of
quasiparticles∼ℏ/Γ, resulting in a finite DOS N(0)≃ ΓNn/∆
at the Fermi level. Tunneling conductance measurements on
Nb [91, 92] and Nb3Sn [93] have indeed revealed a finite N(ϵ)
at ϵ <∆ (a review of tunneling measurements of N(ϵ) and
applications of equation (10) are given in [59]). The phys-
ics of subgap states is not fully understood (see e.g. reviews
[59, 94] and the references therein). Many mechanisms of
subgap states have been suggested in the literature, including
inelastic scattering of quasiparticles on phonons [95], Cou-
lomb correlations [96], anisotropy of the Fermi surface [97],
inhomogeneities of the BCS pairing constant [98], magnetic
impurities [90], spatial correlations in impurity scattering [90,
99], diffusive surface scattering [100] or quasiparticles trapped
by inhomogeneities of ∆(r) [101]. The phenomenological
equation (10) captures the observed broadening of the DOS
peaks at ϵ≈∆ but it can hardly describe the low-energy tails in
N(ϵ) due to, for example, energy-dependent electron–phonon
relaxation times [102]. Details of exponential or power-law
energy tails in N(ϵ) at |ϵ| ≪∆ can be essential for the beha-
vior of Ri(T) at ultra low temperatures [101]. Yet, the widely
used equation (10) in which all microscopic mechanisms are
included in a single parameter Γ is rather useful to address
qualitative effects of the DOS broadening on Rs.

The broadening of the DOS gap peaks reduces Tc and∆ in
a way similar to the pairbreaking effect of magnetic impurities

4

4 

3.5 

3 

2.5 
C: z - 2 ,......._ 

w 
-----z 

1.5 

0.5 

I 

---------------~---------------

0.5 1 
£ff)._ 

1.5 2 



Supercond. Sci. Technol. 36 (2023) 063002 Topical Review

[90]. For instance, Tc decreases with Γ and vanishes at Γc =
∆0/2, where ∆0 is the gap at T = 0 and Γ = 0 [45, 103]. For
weak DOS broadening Γ≪ kBTc0, we have [45, 103]

Tc = Tc0 −
πΓ

4
, (11)

∆≃∆0 −Γ− π2ΓT2

6∆2
0

, T≪ Tc. (12)

A finite DOS at ε= 0 in the Dynes model yields a quadratic
temperature dependence of∆(T) instead of the BCS behavior
of ∆(T)≃∆0 −

√
2π kBT∆0 exp(−∆0/kBT) at T≪ Tc [83].

The DOS broadening increases themagnetic penetration depth
λ at T≪ Tc in the dirty limit as following [45, 103]:

1
λ2

=
2µ0∆

ℏρn
tan−1 ∆

Γ
, (13)

This reproduces the BCS result λ2 = ℏρn/πµ0∆ at T= Γ = 0
[83]. The dependence of λ on the mean free path li at T= Γ =
0 is given by [11]:

1
λ2

=
1
aλ2

0

[
π

2
− cos−1(a)√

1− a2

]
, a< 1 (14)

1
λ2

=
1
aλ2

0

[
π

2
− cosh−1(a)√

a2 − 1

]
, a> 1 (15)

where λ0 = (m/µ0n0e2)1/2 and the parameter a= πξ0/2li
quantifies scattering on impurities, so that a≪ 1 and a≫ 1
correspond to the clean and the dirty limits, respectively. As li
decreases, λ(li) increases from λ0 in the clean limit li ≫ ξ0 to
λ≃ λ0(ξ0/li)1/2 in the dirty limit, li < ξ. In turn, the coher-
ence length ξ(li) decreases from ξ0 at li ≫ ξ0 to ξ ≃

√
liξ0

if li ≪ ξ0 [18]. In the BCS model, weak scattering of elec-
trons on nonmagnetic impurities does not affect ∆(T), Tc and
Bc(T) of a superconductor with a spherical Fermi surface [18,
90]. This is no longer the case for strong impurity scattering
and anisotropic Fermi surface [90]. Strong electron–phonon
coupling gives rise to a power-law temperature dependence of
λ(T) at T≪ Tc due to the contribution of low-energy phonons
[104].

2.2. Residual surface resistance

The observed temperature dependence of Rs(T) on s-wave
superconductors follows equation (2) with∆= c1kBTc, where
c1 is slightly higher than the BCS prediction c1 = 1.76 due
to the effects of strong electron–phonon coupling [84]. Many
extrinsic mechanisms of the residual surface resistance have
been pointed out in the literature, including lossy oxides or
metallic hydrides in Nb [7, 8], trapped vortices [62–70], grain
boundaries [105–107], or TLSs [5, 108, 109]. The effect of
metallic hydrides has been well documented for Nb cavities
[110, 111] and films [112–114]. Formation of metallic hydride
precipitates from over-saturated solid solutions of H intersti-
tials is characteristic of Nb [115]. In films, Ri can be increased

by the surface roughness and absorption of noble gases [112–
114]. These intrinsic factors can be mitigated by high temper-
ature (600 ◦C–800 ◦C) annealing [8] of by pushing trapped
vortices out by temperature gradients [64, 80, 116, 117].

A residual resistance produced by the subgap states can
be obtained by incorporating the Dynes DOS into the BCS
expression for Rs(T) [44, 45]:

Rs = R1 sinh

(
ℏω
2kBT

)ˆ ∞

−∞

[n(ℏω+ ϵ)n(ϵ)+m(ℏω+ ϵ)m(ϵ)]dϵ
cosh(ϵ/2kBT)cosh[(ϵ+ ℏω)/2kBT]

,

(16)

n(ϵ) = Re
(ϵ− iΓ)√

(ϵ− iΓ)2 −∆2
, m(ϵ) = Re

∆√
(ϵ− iΓ)2 −∆2

,

(17)

where R1 = µ2
0ωλ

3/4ℏρs and n(ϵ) and m(ϵ) are real parts
of retarded normal and anomalous quasiclassical Green’s
functions [83]. Equation (16) with Γ = 0 reproduces RBCS(T)
in equation (2). Complex conductivity in the Dynes model and
arbitrary mean free path was calculated in [103]. In addition
to the BCS partRBCS ∝ exp(−∆/kBT), equation (16) accounts
for a residual Ri(T) that is not exponentially small at T≪ Tc
[45]:

Ri(T) =
µ2
0ω

2λ3Γ2

2ρn(∆2 +Γ2)

[
1+

4π2k2BT
2∆2

3(∆2 +Γ2)2

]
, kBT< Γ

(18)

where ∆(Γ) is given by equation (12). According to
equation (18), gettingRi ≃ 4 nΩ at 1.5GHz for Nbwith λ= 40
nm and ρs = 1 nΩ·m requires Γ≃ 0.03∆. The finite Ri at
T = 0 results from the Dynes model assumption that Γ is inde-
pendent of ε and T. In the case of a power law Ns(ϵ) at ϵ≪∆
(see, e.g. [94, 101]), one could expect a power law Rs ∝ Tn

at ultralow temperatures. Shown in figure 2 is the Arrhenius
plot of Rs(T) calculated from equations (16) and (17) for dif-
ferent ratios of Γ/∆0. At higher temperatures lnRs(T) fol-
lows the BCS linear dependence on∆/kBT and levels off as T
decreases. The latter is indicative of a residual resistance res-
ulting from the broadening of the DOS gap peaks. One can
see that at low temperatures Rs(T,Γ) increases as Γ increases
but at higher T this trend reverses and Rs(T,Γ) decreases as Γ
increases.

The non-monotonic dependence of Rs on Γ, shown in
figure 2, can be understood by noticing that Ri in equation (18)
increases with Γ. In turn, the reduction Rs with Γ at higher
T comes from the reduction of the logarithmic factor in
equation (2). In the BCS model with Γ = 0 the factor
ln(C1kBT/ℏω) in RBCS occurs because the square root singu-
larities in the DOS at ϵ=∆ and ϵ=∆± ℏω merge at ω→ 0
and produce a pole in the integrand of equation (16). However,
if Γ> 0, the gap singularities in n(ϵ) and m(ϵ) broaden into
peaks of width ∼Γ cutting off the divergence in equation (16)
at ω= 0. At Γ> ℏω but Γ≪ kBT integration of these peaks
in equation (16) at ϵ≃∆ yields a logarithmic term similar to
that in equation (2) but with the energy cutoff Γ instead of ℏω.

5
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Figure 2. Arrhenius plot for Rs(T) calculated from equation (16)
for Nb with ∆= 17.5 K at 1.5GHz and different ratios of Γ/∆.
Reprinted figure with permission from [45], Copyright (2019) by
the American Physical Society.

The smearing of the DOS gap peaks can be qualitatively taken
into account by the following replacement in equation (2):

ln
kBT
ℏω

→ ln
kBT
Γ
. (19)

Hence, broadening the peaks in the DOS reduces Rs(T) at
temperatures at which Ri is negligible. At 2 K and 1GHz
we have kBT/ℏω ∼ 102, so even weak broadening with Γ =
0.02∆ causes a two-fold reduction ofRs. Broadening the peaks
in the DOS can be used to reduce the rf losses by pairbreaking
mechanisms, as discussed below.

3. Reduction of Rs by pairbreaking mechanisms

In this section, we discuss theways bywhichRs can be reduced
by tuning the DOS by pairbreaking mechanisms related to
magnetic impurities, proximity-coupled metallic overlayers
and rf current. The latter results in a microwave suppression
of Rs(Ba) and its non-monotonic dependence on the rf field
amplitude.

3.1. Magnetic impurities

It is unclear how the Dynes parameter Γ could be tuned, but
Rs can be reduced by magnetic impurities, the concentration
of which can be varied by material treatments [45, 118, 119].
The spin-flip scattering on magnetic impurities reduces Tc,
smears the gap singularities in the DOS and decreases the qua-
siparticle gap [21]:

ϵg =
(
∆̃2/3 −Γ2/3

p

)3/2
. (20)

Figure 3. Minimum in the surface resistance Rs(Γp) as a function
of the spin-flip pairbreaking parameter Γp calculated from
equations (16) and (22) at ℏω = 0.005∆ and kBT/∆= 0.1,
0.12, 0.15. Inset shows N(ϵ) calculated at Γp/∆= 0.001,
0.02, 0.05. Reprinted figure with permission from [45], Copyright
(2019) by the American Physical Society.

Here Γp = ℏ/2τs, where the spin-flip scattering time τ s is
inversely proportional to the volume density of magnetic
impurities [21, 90]. If the Dynes broadening of the DOS is
disregarded and only the effect of magnetic impurities is taken
into account, the quasiparticle gap ϵg in equation (20) is smal-
ler than the order parameter ∆̃ [21]:

∆̃ = ∆0 −
π

4
Γp, Γp ≪∆. (21)

Here ∆0 is the order parameter in the absence of magnetic
impurities. The broadening of the DOS peaks increases with
Γp as shown in the inset of figure 3.

The microwave conductivity and the factors n(ϵ) =
Recoshθ and m(ϵ) = Resinhθ in equation (16) were calcu-
lated in [45, 118, 119] by solving the Usadel equation which
takes into account the magnetic pairbreaking [83, 90]:

ϵsinhθ+ iΓp coshθ sinhθ = ∆̃coshθ. (22)

The effect of magnetic impurities on Rs was calculated in
[45]. The results are shown in figure 3, where Rs(Γp) is plotted
as a function of Γp at different temperatures. There is a min-
imum in Rs(Γp) resulting from interplay of the DOS broad-
ening which reduces Rs as Γp increases, and the reduction
of the quasiparticle gap ϵg which increases Rs with Γp. The
position of the minimum in Rs(Γp) shifts to larger Γp as T
increases. Thus, incorporation of a small density of magnetic
impurities in a superconductor can noticeably (by ∼ 30%–
40%) decrease the surface resistance at low temperatures. The
conditions for the minimum in Rs(Γp) can be evaluated using
the Abrikosov–Gor’kov theory of weak magnetic scattering
in which Tc vanishes at Γp = ℏ/2τs =∆0/2 [90]. The latter
implies that magnetic impurities suppress superconductivity
if the spin flip mean free path ls = vFτs becomes of the order
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Figure 4. A metallic (N) layer of thickness d (red) coupled by the
proximity effect to the bulk superconducting (S) substrate (blue).
The black layer between N and S depicts a resistive interface barrier.

of the size of the Cooper pair, ξ0 = ℏvF/π∆0. The values of
Γp ≃ (0.01–0.02)∆ in figure 3 correspond to ls ∼ 102ξ0 if no
bound quasiparticle states on magnetic impurities occur [90].
Magnetic impurities associated with oxygen vacancies in the
native surface oxide of Nb have been revealed by tunneling
measurements [91].

3.2. Proximity-coupled normal layer at the surface

Another tunable pairbreaking mechanism of reducing Rs
involves a thin metallic (N) layer coupled to the bulk super-
conductor (S) by the proximity effect as shown in figure 4.
Such an N layer models a generic surface oxide structure of
superconducting materials, particularly a 1–2 nm thick metal-
lic NbO suboxide sandwiched between the dielectric NbO2—
Nb2O5 oxides at the surface and the bulk Nb. This model was
investigated in [45, 46] in which the Usadel equations were
solved to calculate a position-dependent quasiparticle dens-
ity of states Nn(ϵ,x) across a thin N layer coupled to the bulk
superconductor, and their effect on the surface resistance. The
DOS profile in the N layer can be inferred from scannong tun-
nely spectroscopy [120, 121].

The DOS profile and Rs are controlled by the parameters α
and β which quantify the thickness of N layer and a resistive
N–S interface barrier, respectively:

α=
dNn
ξsNs

, β =
4e2

ℏ
RBNn∆d. (23)

Here d is the thickness of N layer, ξs = (Ds/2∆)1/2 is the
coherence length in the bulk superconductor with nonmag-
netic impurities, Ds is the electron diffusivity proportional to
the conductivity σn,s = 2e2Nn,sDn,s in the normal state, Ns and
Nn are the respective DOS at the Fermi surface in the normal
state, the subscripts n and s label the parameters of the N layer
and the S substrate, respectively, and RB is a contact resist-
ance between N and S. The properties of the structure shown
in figure 4 can be tuned by material treatments which change
the thickness and conductivity of the N layer and the inter-
face resistance RB. For instance, RB(T) can either increase or
decrease with T depending on the heat treatment which can
change RB by several orders of magnitude, as was shown for
theYBCO-Ag interface [122, 123]. Complexities of the Schot-
tky barrier between different materials are not fully understood
[124], but the dependence of Rs(T) on the interface resistance
can be used to optimize Rs.

The thickness of the N layer and the interface resistance
which control the strength of proximity coupling of the N layer
with the S substrate, strongly affect the DOS profile at the sur-
face. Shown in figure 5 are the DOS in the N layer much thin-
ner than the proximity length ξn = (ℏDn/2∆)1/2 and the DOS
at the S side of the N–S interface calculated in [45] for dif-
ferent values of β at Γ = 0. For strong coupling β≪ 1, the
DOS in the N layer has a sharp peak at ϵ≃∆ and drops to
zero below the minigap energy ϵ0 <∆ characteristic of N–S
proximity-coupled structures [125, 126]. If β≪ 1 the prox-
imity effect makes the N layer superconducting with ϵ0 ≈∆.
As RB increases, the minigap in the N layer decreases and the
DOS approaches Nn for a decoupled N layer at β→∞. Here
ϵ0(β) at Γ = 0 is determined by the equation [45]:

β =
∆

ϵ0

(
∆− ϵ0
∆+ ϵ0

)1/2

. (24)

Hence, ε0 decreases as β increases: ϵ0 ≃ (1− 2β2)∆ at β≪ 1
and ϵ0 =∆/β, at β≫ 1. In a weakly-coupled N layer (β≫
1) the minigap ϵ0 =∆/β expressed in terms of RB using
equation (23) is independent of superconducting parameters:

ϵ0 =
ℏ

4e2NndRB
, β≫ 1. (25)

The account of the Dynes parameter Γ smoothens the peaks
in Nn(ϵ) and Ns(ϵ) shown in figure 5 and produces low-energy
tails in Nn(ϵ) extending to the region 0< ϵ < ϵ0 of ‘mini sub-
gap’ states in the N layer [45]. Here, a thin metallic layer can
significantly affect Nn(ϵ) and Ns(ϵ), resulting in a variety of
temperature dependencies of Rs(T).

Shown in figure 6 are the Arrhenius plots of lnRs(T) as
functions of ∆/kBT calculated in [45] for a thin N layer
with α= 0.05, ℏω < Γ and different values of β varying from
β= 0.1 (weak resistive barrier) to β= 30 (strong resistive bar-
rier). In the limits of β≪ 1 and β≫ 1 the qualitative beha-
viors of lnRs(T) are similar to those shown in figure 2: as T
decreases, the slope of lnRs(T) changes from the bulk ∆ at
high T to zero at low T, the residual resistance at β≫ 1 being
much larger than at β≪ 1. The latter reflects higher rf losses in
the normal layer as the proximity-induced superconductivity
in the N layer weakens with the increase in RB. As a result, Ri
at β≫ 1 is dominated by the N layer fully decoupled from the
S substrate, whereas at β≪ 1, the N layer is strongly coupled
with the S substrate and the structure shown in figure 4 behaves
as a single superconductor with an effective Γ. At interme-
diate values of β= 2–4, a change in the slope of lnRs(T)
occurs around∆/kB ≃ 8–10 due to switching from a thermally
activated resistance controlled by the bulk gap ∆ at high T
to Rs(T) controlled by the smaller minigap ε0 in the thin N
layer. As the temperature decreases further, Rs(T) approaches
a temperature-independent residual resistance.

The surface resistance can be reduced by tuning the para-
meters of the N layer. For example, figure 7 shows Rs(T,Γ,β)
for a thin dirty N layer at two temperatures and different val-
ues of Γ. The minimum in Rs(β) results from the interplay
of two effects. The first one causing the increase of Rs with

7
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Figure 5. Densities of states at (a) N side and (b) S side of the interface calculated for α= 0.05, Γ = 0.05∆, kBΘ= 11∆ and
β = 0.1, 1, 10, where Θ is the Debye temperature. Inset in (b) shows N(ϵ) at ϵ≪∆. Reprinted figure with permission from [45],
Copyright (2019) by the American Physical Society.

Figure 6. Arrhenius plots calculated for α= 0.05 (which
corresponds to d≃ 1 nm for Nb), λ= 4ξs, kBΘ= 11∆, Dn = Ds/3,
β = 0.1, 2, 4, 30, and Γ = 0.01∆. Here R1 = µ2

0ω
2ξsλ

2/2ρs and Θ
is the Debye temperature. Reprinted figure with permission from
[45], Copyright (2019) by the American Physical Society.

β results from decreasing the proximity-induced minigap ε0
in the N layer as the interface resistance RB increases. The
second effect causing the initial decrease of Rs with β results
from the change in the DOS around the N layer, as shown in
figure 5. Here, a moderate broadening of the DOS peaks due
to the combined effect of finite quasiparticle lifetime ℏ/Γ and
the metallic layer reduces Rs in a way similar to equation (19).
Moreover, in the case of ∆/kBT= 4 shown in figure 7(a), the
minimum in Rs at Γ = 0.01∆ with the N layer is below Rs0,
suggesting that one can engineer an optimal DOS to reduce Rs
below its value for an ideal surface.

3.3. Nonlinear electromagnetic response

The pairbreaking effect of current on the DOS was addressed
theoretically in the sixties [19–21, 127] and then observed
by tunneling measurements [128]. Shown in figure 8(a) is

the DOS in the clean limit li ≫ ξ0 and Γ = 0 calculated in
[27]. Here, the current turns the DOS singularity at ϵ=∆ into
a finite peak and reduces the quasiparticle gap ϵg at which
N(ϵg) = 0. The gap ϵg(J) is smaller than ∆ and decreases
with the current density J, whereas ∆2 proportional to the
superfluid density is independent of J at J< Jg and T = 0,
where Jg = en0∆0/pF is the critical current density at which
ϵg vanishes [19–21]. In a clean superconductor, the gap ϵg
is anisotropic and depends on the angle between J and the
momentum of a quasiparticle.

In the current-carrying state impurities round the cusps
in N(ϵ) as shown in figure 8(b). Here, the quasiparticle gap
decreases as J increases but remains finite as J reaches the
depairing current density Jc. Thus, impurities preserve the
gapped state all the way to the pairbreaking limit, unlike the
case shown in figure 8(a). There is a critical concentration of
impurities above which the gap ϵg at J= Jc opens, so that a
superconductor at J= Jc is in the gapless state if a= πξ0/l<
ac and in a gapped state at a= πξ0/l> ac. The critical value
of ac = 0.36 corresponds to the mean free path smaller than
lc = πξ0/ac ≈ 8.72ξ0 [27]. The dependence of ϵg on the mean
free path at a> 0.36 is shown in figure 8(c). The critical gap
ϵg(a) at J= Jc increases monotonically with a and approaches
ϵg(∞) = 0.323∆0 at li ≪ ξ0. Scattering of quasiparticles on
impurities makes ϵg isotropic and independent of the direction
of J.

The dependencies of ϵg and ∆ on J in the dirty limit are
given by [21]

ϵ2/3g =∆2/3 −
(
J
J0

)4/3

∆
2/3
0 (26)

∆(J) =

(
1− π J2

4J20

)
∆0, J≪ J0, (27)

where J0 = ϕ0/
√
2πµ0λ

2ξ ∼ Jc. The current-induced DOS
broadening makes the surface resistance dependent on J in
a way similar to the dependence of Rs on other pairbreak-
ing parameters considered above. At T≪ Tc and ℏω≪∆, the
exponentially small density of quasiparticles affects neither
Tc nor the dynamics of the superconducting condensate, but

8

4 
0.12 

5 (a) 3.5 0.1 (b) 

;3 = 10 
0.08 

4 ✓ N side 3 0.06 S side ;3 = 0.1 
'-,. 2.5 

0.04 

C: "' 0.02 z 3 z 
;::a_ ;::a_ 2 0 
$ ;3 = 1 '-,. $ 0 0.2 0.4 0.6 0.8 1 
z z 

2 1.5 ;3= 0.1-----., 

;3 = 1 
0.5 

0 0 
0 0.5 Ell:!. 1.5 0 0.5 Ell!,,. 1.5 

100 

r = o.01~ (a) 

10-1 

30 
..... 

c:::: 
--- 10-2 
0:::(/) 

10-3 

0.1 

10-4 
5 10 15 20 

~/k 8 T 



Supercond. Sci. Technol. 36 (2023) 063002 Topical Review

Figure 7. Minima in Rs(β) as a function of the interface barrier parameters β calculated at ∆/kBT= 4, 8, 12, 20, Γ = 0.01, 0.02, 0.03,
λ= 4ξS, Dn = 0.1Ds, α= 0.05, and kBΘ= 11∆. Here Rs(T,β,Γ) are normalized to their respective values Rs0(T,Γ) for each Γ in the
absence of the N layer and Θ is the Debye temperature. Reprinted figure with permission from [45], Copyright (2019) by the American
Physical Society.

the rf superflow causes temporal oscillations of the DOS and
ϵg(t), resulting in a field dependence of Rs(Ba). Usually, Rs
is expected to increase with the rf field due to current pair-
breaking, electron overheating, penetration of vortices, etc [14,
129]. Yet, a significant reduction of Rs by the rf field has been
observed in alloyed Nb cavities [33–41] in which the decrease
of Rs by≃20%–60% at 2 K extends to the fields Ba ≃ 90–100
mT at which the density of screening currents at the surface
reaches ≃50% of the pairbreaking limit, Jc ≃ Bc/µ0λ. The
reduction of Rs by a microwave field is not unique to Nb: sim-
ilar effects have been observed in thin films [130–132]. Partic-
ularly, a reduction of Rs(B0)with the dc field B0 superimposed
onto a low-amplitude rf field in Pb, Sn, Tl, and Al has been
known since the fifties [133–139].

The microwave suppression of Rs can be understood as
follows [44]. The rf field B(t) = Ba cosωt causes temporal
oscillations of the DOS between the singular N(ϵ) at B(t) = 0
to a broadened N(ϵ,Ba) at the peak field B(t) = Ba, as shown
in figure 8. Thus, the peak in the DOS ⟨N(ϵ)⟩ averaged over the
rf period is smeared out within the energy range ϵg < ϵ <∆0.
In the dirty limit equation (26) yields the width of the averaged
gap peak δϵ=∆0 − ϵg ∼ (Ba/Bc)4/3∆0 at Ba ≪ Bc. As a res-
ult, the current-induced broadening of the DOS can be roughly
accounted for by replacing the materials-related broadening
parameters Γ or Γp with the current-induced broadening δε
in equation (19). This yields a logarithmic decrease of Rs
with Ba:

Rs(Ba)∼
µ2
0ω

2λ3∆

ρnkBT
ln

[
CTB4/3

a

TcB
4/3
c

]
e−∆/kBT, (28)

where C∼ 1. This qualitative picture gives an insight into a
mechanism of microwave reduction of Rs(Ba) in the region
of the parameters (Γ/∆)3/4Bc ≪ Ba ≪ Bc and max(Γ,ℏω)≪
kBT relevant to the experiments [33–40]. The behavior of
Rs(Ba) is affected by material treatments, yet the qualitative
equation (28) describes well Q(Ba) observed on Ti-doped Nb
cavities [35]. The effect of current-induced DOS broadening
on Rs was pointed out by Garfunkel [140] who calculated

Rs(H) was biased by a strong parallel dc field H in the BCS
clean limit.

A theory of nonlinear surface resistance Rs(Ba) in strong
microwave fields must take into account both the temporal
DOS oscillations and nonequilibrium effects [83, 141–144].
Many previous works have focused on nonequilibrium states
caused by absorption of high-frequency photons at weak fields
Ba ≪ (ω/∆)3/4Bc and ℏω > kBT for which the effect of rf
current on N(ϵ) is weak [145–147]. In this case σ1(Ba) can
decrease with Ba as the quasiparticle population spreads to
higher energies ϵ > kBT [132]. This mechanism is similar
to that of stimulated superconductivity [148, 149] and can
explain the reduction of σ1 with Ba observed in Al films
at 5.3GHz at 350 mK [132]. However, this approach is not
applicable to low-frequency and high-amplitude rf fields with
ℏω≪ kBT and Ba > (ω/∆)3/4Bc for which Rs(Ba) is determ-
ined by the time-dependent DOS and a nonequilibrium dis-
tribution function f(ϵ, t) driven by an oscillating superflow.
A nonlinear surface resistance Rs(Ba) in the dirty limit and
λ≫ ξ and ℏω≪ kBT was calculated in [150] by solving the
time-dependent Usadel equations, taking into account tem-
poral oscillations of N(ϵ, t), ϵg(t) and f(ϵ, t) under strong
rf field. Here Rs is obtained from the relation H2

aRs/2=´∞
0 ⟨J(A(x, t)E(x, t)⟩dx, where J[A(x, t)] is the current dens-

ity calculated for exact solutions of the Usadel equations,
⟨. . .⟩ denotes averaging over rf period and E(x, t) =−Ȧ=
Baωλe−x/λ sinωt. This theory, in which Rs(Ba) can decrease
with Ba even for the equilibrium Fermi distribution of quasi-
particles, captures the field dependence of Rs(Ba) observed on
Nb cavities [33–41].

Strong rf fields can drive quasiparticles out of thermody-
namic equilibrium making f(ϵ, t) different from the Fermi–
Dirac distribution f0(ϵ) = (eϵ/kBT+ 1)−1. Generally, f(ϵ, t) is
determined by kinetic equations taking into account the cur-
rent pairbreaking and scattering of quasiparticles on phonons
and impurities [83]. The deviation from equilibrium depends
upon the rate 1/τϵ with which the rf power absorbed by
quasiparticles is transferred to the crystal lattice. The time
τε is determined by inelastic scattering of quasiparticles on
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Figure 8. Effect of Meissner current on the normalized density of
states ν(ϵ) = N(ϵ)/Nn at different ratios H/Hs for: (a) clean limit at
a= 0, (b) dirty limit at a= 3.6. The red lines show ν(ϵ) at the
superheating field. Dependence of the quasiparticle gap on the mean
free path (c). Reprinted figure with permission from [27], Copyright
(2012) by the American Physical Society.

phonons and recombination of quasiparticles into Cooper pairs
[102]. If ωτϵ ≪ 1, quasiparticles adiabatically follow the tem-
poral DOS oscillations so f(ϵ, t)→ f0(ϵ), but the density of
quasiparticles n(t) = 2

´∞
0 f0(ϵ)N[ϵ,J(t)]dϵ varies in response

to the instant changes of N[ϵ,J(t)] shown in figure 8. If ωτϵ ≫

1, quasiparticles do not have enough time to equilibrate so
their density does not change much during rapid oscillations
of N(ϵ, t). Due to slow power transfer between electrons and
phonons at ωτϵ ≫ 1, quasiparticles become hotter than the lat-
tice, at it has been established in thin film electronic applica-
tions, for example, superconducting bolometers [151].

The rf periods∼0.1–1 ns are typically much longer than the
electron–electron scattering time τ ee and the condensate relax-
ation time τ∆ ∼ ℏ/∆. In this case, the quasiparticle energy
relaxation time τε is limited by inelastic electron–phonon col-
lisions for which τϵ(T) at T≈ Tc is given by [83]:

τϵ =
8ℏ

7πζ(3)γkBTF

(
cs
vF

)2(TF

T

)3

. (29)

Here γ is the electron–phonon coupling constant, cs is the
speed of longitudinal sound, TF = ϵF/kB is the Fermi temper-
ature and ζ(3)≈ 1.2. The time τϵ(T) increases rapidly as T
decreases. For Nb3Snwith cs/vF ≃ 10−3, TF ∼ 105 K, Tc = 17
K and γ ≃ 1.5 [152], equation (29) yields τϵ ∼ 10 ps at Tc
and τϵ ∼ 6 ns at 2 K. Hence Nb3Sn at 1GHz is in a quasi-
equilibrium state near Tc but can be in a non-equilibrium state
at 2 K. For Al with cs ≃ 5.1 km s−1, vF ≃ 2030 km s−1, TF =
1.36× 105 K, Tc = 1.2 K and γ= 0.43, [84, 153], one obtains
τϵ ∼ 0.4µs at Tc. Generally, τε depends on energy ε, which
becomes essential at low temperatures [102]. The electron–
phonon relaxation time τε can be reduced by nonmagnetic and
magnetic impurities [154–156] or by a thin proximity coupled
metallic suboxide layer which reduces the minigap at the sur-
face and allows more effective energy transfer from the quasi-
particles to phonons. These effects can expand the temperature
range of the quasi-equilibrium state.

The nonlinear conductivity controlled by the nonequilib-
rium kinetics of quasiparticles in strong electromagnetic fields
is beyond the scope of this review. Here, we focus on the field
dependence ofRs due to the temporal current broadening of the
DOS affected by the Dynes parameter Γ, magnetic impurities
or a proximity coupled N layer at quasi-equilibrium, ωτϵ < 1.
Interplay of the current and material broadening of the DOS
can produce a multitude of field dependencies of Rs(Ba) [45,
46, 157–160]. Unlike the Dynes parameter in the bulk, tuning
the layer thickness d and conductivity σn of the metallic sub-
oxide, the contact resistance RB and the bulk conductivity σs
by material treatments can be used to optimize Rs(Ba).

Shown in figure 9 are examples of Rs(Ba) curves calcu-
lated in [46] for different thicknesses of the N layer and two
interface barrier parameters β= 0.1 and β= 1 being around
the minimum of Rs in figure 7. The dashed line shows the
microwave suppression of Rs(Ba) caused by the current broad-
ening of the DOS for an ideal surface with d= 0 [44]. For
β= 0.1, the dip in Rs(Ba) gets less pronounced as the N layer
thickness increases, Rs(Ba) increasing with field at α> 0.1.
This is consistent with weakening the induced superconduct-
ivity and reduction of the minigap in the N layer as it becomes
thicker. Yet the crossover of Rs(Ba,α) curves at low fields in
figure 9(a) implies that removing the N layer increases Rs(Ba),
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Figure 9. Rs(H0) as a function of the field amplitude H0 calculated at different N layer thicknesses: α= 0.02,0.05,0.1,0.2, β = 0.1,1.0,
Γn/∆= Γs/∆= 0.005, Γp = 0, kBΘ= 11∆, Dn = 0.5Ds, λ= 10ξs, ω/∆= 0.001, and T/∆= 0.11, where Θ is the Debye temperature.
The dashed line shows Rs(H0) calculated for d= 0, Γ/∆= 0.005. All Rs(H0) curves are normalized to the ideal BCS surface resistance
RMB at Γ = 0. Reprinted figure with permission from [46], Copyright (2019) by the American Physical Society.

in agreement with figure 7. This crossover disappears at a lar-
ger contact resistance as shown in figure 9(b).

Figure 10 shows how the field dependence of Rs(Ba)
changes as the conductivity ratio σn/σs is varied at a fixed
thickness of the N layer for three values of the interface bar-
rier parameter β [45]. Given that RB and σn/σs can be changed
significantly by heat treatments [122–124] and alloying with
nonmagnetic impurities, the results shown in figures 9 and 10
may account for the variability of the Q-factors of Nb cavities.

3.4. Tuning Rs by alloying

Reduction of microwave losses by optimizing the DOS using
pairbreaking effects may shed light on the mechanisms behind
the improvement of the rf performance of Nb cavities after
a low-temperature baking (by 100 ◦C–200 ◦C for 2 h) [28–
32], medium temperature baking at 290 ◦C–390 ◦C for 3 h
[32], high-temperature (800 ◦C) annealing [7] and infusion
of Nb with impurities. The latter has caused much interest
since the discovery of microwave reduction of Rs(Ba) after
alloying the Nb cavities with nitrogen, titanium, oxygen and
other impurities [33–41]. Alloying with nonmagnetic impur-
ities could reduce the high-field rf losses since the quasi-
particle gap ϵg which ensures an exponentially small Rs does
not close up to Ba = Bs. This may also pertain to the bak-
ing effect, which reduces the high-field Q-slope by diffus-
ive redistribution of impurities, particularly interstitial oxy-
gen or hydrogen in a thin ∼20 nm layer at the surface
[28–32]. The length L= (Dt)1/2 over which impurities dif-
fuse from the oxide surface layer to the bulk during the
time t gives L≃ 17 nm for the interstitial oxygen at 120
◦C and t= 48 h taking the diffusivity D from [161]. Uncov-
ering the mechanisms by which material treatments affect
superconducting properties requires compositional analysis
of the Nb surface using multiple tools such as transmission

electron microscopy (TEM), Auger electron spectroscopy
(AES), x-ray photoelectron spectroscopy (XPS), electron
energy loss spectroscopy (EELS) and atom probe microscopy
[8, 162–169] combined with STS and Q(Ba) measurements
to reveal the effects of different treatments on the DOS
and Rs.

There are several scenarios by which the infusion of impur-
ities over a few µm from the surface could contribute to the
field-induced reduction of Rs(Ba). 1. Impurities mostly reduce
the DOS broadening in the entire layer of rf field penetra-
tion ≃2λ∼ 100 nm, which reveals the microwave reduction
of Rs(Ba) of the BCS model [44, 150]. 2. The impurity infu-
sion primarily modifies the surface oxides, for instance, by
shrinking the metallic suboxide layer [44]. 3. The appearance
of magnetic impurities and TLSs in the oxide layer and N–S
interface [5, 108, 109, 170]. To determine which of these scen-
arios is more relevant, the Rs measurements are to be com-
bined with scanning tunneling spectroscopy (STS) to meas-
ure the DOS at the surface and link it with the behavior of
Rs(Ba). This has been implemented by several groups, starting
with the pioneering work [33] which showed that Ti infusion
significantly reduces the lateral distribution of local values
of ∆. The effect of N-doping on the DOS at the Nb sur-
face was addressed in [120, 121]. In particular, the analysis of
STS spectra in [121] using the model of [45] gave an insight
into the effect of N infusion on the properties of the metallic
suboxide.

The results of [121] summarized in figure 11 indicate that
the effect of the nitrogen infusion gives rise to the following:
1. Slightly reduces the average superconducting gap ∆̄ while
significantly reducing the spatial inhomogeneities of ∆ and
the Dynes parameter Γ. 2. Reduces the thickness of metallic
suboxide from ≈2 nm down to ≈1.2 nm. 3. Reduces spatial
inhomogeneities of the Nb suboxide thickness and the inter-
face contact resistance parameter β close to the optimal values
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Figure 10. Rs(H0) as a function of the rf amplitude H0 calculated
for Dn/Ds = 0.1,1,5,10,20, α= 0.05, β = 0.1,1,7, Γn = Γs =
0.005∆, Γp = 0, kBΘ/∆= 11, λ= 10ξs, ℏω/∆= 0.001, and
kBT/∆= 0.11, where Θ is the Debye temperature. Reprinted figure
with permission from [46], Copyright (2019) by the American
Physical Society.

0.3–0.4 corresponding to a minimum Rs shown in figure 7. It
seems that these effects of the nitrogen doping bring the DOS
toward its optimum which minimizes Rs, while reducing the
effect of such extrinsic factors as the lateral inhomogeneity of
superconducting parameters characteristic of the surface of Nb
resonators.

Material mechanisms which cause the modifications of the
oxide structure in Nb require further investigations. It was
found that heat treatment in a temperature range sufficient to

dissociate the natural surface oxide not only causes a signi-
ficant reduction of the residual resistance down to Ri ≃ 1 nΩ
but also reduces the thermally-activated BCS part of Rs [32].
This observation seems consistent with the theoretical results
of [45] which show that both Ri and RBCS can be reduced if dn
and RB are reduced from their respective values on the right
side of the minimum in figure 9. Furthermore, recent TEM
investigations indicate that nitrogen doping passivates the Nb
surface by introducing a compressive strain close to the Nb/air
interface, which impedes the diffusion of oxygen and hydro-
gen atoms and reduces the surface oxide thickness [169]. This
conclusion seems consistent with the analysis of STM data
shown in figure 11.

4. Dielectric losses and kinetic inductance

This section focuses on two contributions to the electromag-
netic response not related to quasiparticles. The first one gives
rise to a microwave suppression of the residual surface resist-
ance due to two level states (TLS), and the second one pertains
to tuning the kinetic inductance of N-S bilayers and nanowires
by the proximity effect.

4.1. TLSs

Microwave losses in amorphous dielectrics at low temperat-
ures can be dominated by the presence of TLS in the material
[60, 61]. These defects exist in a glassy state in which light
atoms or trapped electrons or dangling atomic bonds can tun-
nel between two neighboring positions in a disordered atomic
structure. Such TLS can occur in amorphous oxide layers on
the surface of Al and Nb as well as at interfaces between
a superconducting film and a dielectric substrate. TLS have
attracted much attention as a source of noise and decoher-
ence in superconducting quantum devices at low temperatures.
Here, TLS can not only contribute to the residual surface res-
istance but also result in decreasing Ri(E) with the rf electric
field E [108, 109, 170, 171]:

RTLS
i (E) = RTLS

i0
tanh(ℏω/2kBT)
[1+(E/Ec)2]q

, (30)

where q is close to 1/2 in the standard tunneling model [60,
61], although the q values well below 1/2 have also been
observed [170]. The factor RTLS

i0 is proportional to the TLS
density of states and depends on the resonator geometry,
E/Ec = ωR

√
τ1τ2, where ωR = 2d0E/ℏ is the Rabi frequency,

d0 ≃ ea0 is a dipole moment proportional to the tunneling
distance a0, and τ1(T) and τ2(T) are the TLS energy relax-
ation and dephasing times, respectively. One can see that
RTLS
i (E) decreases with E at E> Ec = ℏ√τ1τ2/2d0 as the TLS

becomes saturated by the microwave field.
TLS losses in superconducting films can depend strongly

on the dielectric substrate, for instance, the losses in Nb on
SiO2 are significantly higher than in Nb on Al2O3 [61]. Of
particular interest are intrinsic TLS losses coming from the
native oxides in Nb or Al separated from the losses in external
dielectric components [172–174]. Fitting Ri(Ba) measured on
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Figure 11. Typical tunneling spectra (dots) acquired on Nb and N-doped Nb surfaces. The red lines are the fits with the model of [45].
(c), (d) Histogram comparison of the fit parameters ∆0 and Γ/∆0 respectively. (e), (f) Histogram comparison of the fit parameters α and β
respectively. For Nb samples, the number of spectra analyzed is N= 1440 (red) and for N-doped samples N= 576 (blue). Spectra were
taken 32.6 nm away from each other at T = 1.5 K. Reprinted figure with permission from [121], Copyright (2020) by the American Physical
Society.

Nb cavities at 1.5–2 K and 1.3GHz with equation (30) gave
Ec ≈ 0.2MVm−1 [109], much higher than the parallel electric
field at the equatorial cavity surface E≃ ωBaλ≃ 3× (10−2–
1) Vm−1 at Ba = 0.1–10 mT. The decrease of Ri(Ba) with Ba
observed in [109] was attributed to TLS on the inner cavity sur-
faces near the orifices, where the perpendicular rf electric field
can reach a few MVm−1. Yet, a much lower Ec ≃ 56 Vm−1

was observed on a 150 nm thick Nb stripline resonator grown
on a Si substrate and coated with aluminum oxide [108].

TLS in AlOx or Nb2O5 oxides have been commonly associ-
ated with dangling atomic bonds and oxygen vacancies [173,
174], although the true atomic origin of TLS has not been fully
understood [61]. TLS may also result from common envir-
onmental impurities, such as nitrogen, carbon or hydrogen,
which get dissolved in the material during the film growth and
deposition [8]. For instance, the formation of metallic hydride
precipitates in Nb and their contribution to rf losses is well-
known [8, 110–114]. If the hydrogen bound to the oxygen
vacancy in Nb2O5 does behave as TLS [175], one may expect
Ri to increase after neutron or proton irradiation [176] which
produces hydrogen irradiation defects and lattice disorder. In
any case, the manifestations of TLS and quasiparticle contri-
butions to the surface resistance are quite different. At GHz
frequencies and T = 1–2 K the TLS residual resistance RTLS

i ∝
tanh(ℏω/2kBT) increases with ω and becomes independent of
T at mK temperatures. This distinguishes the TLS microwave
reduction of RTLS

i (Ba) from that of the quasiparticle surface
resistance Rs ∝ exp(−∆/kBT) which decreases exponentially
as T decreases.

4.2. Tuning the kinetic inductance by the proximity effect

In addition to the reduction of dissipative conductivity σ1, the
proximity effect can be used to tune the inductive conductiv-
ity σ2 and either increase or decrease the kinetic inductance
Lk which defines the energy LkI2/2 of flowing supercurrent I.
Here, large Lk is desirable in transmons [1] and kinetic induct-
ance photon detectors [2–5], whereas small Lk can be useful
to reduce the readout or reset times τr = Lk/R0 in quantum
memories, qubits and photon detectors, where R0 is the res-
istance of the readout circuit. The influence of the proximity
effect on Lk is most transparent for thin-film S-N bilayers or
nanowires, which have been used in single photon detectors
[177–179].

Consider an N-S bilayer shown in figure 4 with the thick-
nesses dn and ds smaller than the respective coherence lengths
ξn and ξs. This corresponds to the Cooper limit [180, 181]
in which the superconducting order parameters ψN,S are uni-
form through the N and S layers, although ψN can be different
from ψS due to the decoupling effect of RB. Such N-S bilayers
have been studied in the literature (see e.g., a review [182] and
the references therein). In the case of RB = 0 and Γ≪ kBTc
the critical temperature of the bilayer decreases exponentially
with the N layer thickness [180]:

Tc = Tc0 exp(−dnNn/γsdsNs) , (31)

where Tc0 = 1.13Θexp(−1/γs) is the critical temperature of
the S layer, γs is the BCS pairing constant and Θ is the
Debye temperature. At RB = 0 a dirty N-S bilayer has a
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uniform superconducting order parameter determined by the
Usadel equation (22) with Γp = 0, ϵ→ ϵ+ iΓ̃ and the com-
posite parameters [183]:

∆̃ =
dsNs∆s+ dnNn∆n

dsNs+ dnNn
, Γ̃ =

dsNsΓs+ dnNnΓn
dsNs+ dnNn

. (32)

The pairing potential ∆s is nonzero in the S layer and van-
ishes (∆n = 0) in the N layer [181, 182]. The composite ∆̃ is
determined by the BCS gap equation with the effective coup-
ling constant

γ̃ =
dsNsγs+ dnNnγn
dsNs+ dnNn

. (33)

Equations (32) and (33) describe both the N-S bilayer with
γn =∆n = 0 and a bilayer of two different superconductors S
and S

′
for which the index n refers to the S

′
layer with nonzero

γn and ∆n. For the N-S bilayer with Γ̃≪ kBTc, equation (33)
yields equation (31) because Tc = 1.13Θexp(−1/γ̃) and γn =
0. Unlike the dissipative conductivity σ1, the effect of weak
Dynes broadening of the DOS on σ2 and Lk is negligible [183].

The current I flowing along a strongly coupled
bilayer of width w≪ λ2

s/ds in response to the vec-
tor potential A is a sum of phase-locked currents in
both films: I=−µ0w

(
dn/λ2

n+ ds/λ2
s

)
A, where λ−2

s,n =

(πµ0σs,n∆̃/ℏ) tanh(∆̃/2kBT) in the dirty limit [183]. The
kinetic inductance per unit length Lk =−A/I is then:

Lk =
ℏcoth(∆̃/2kBT)
πw∆̃(dsσs+ dnσn)

(34)

For a single S film, equation (34) yields Lk0 = µ0λ
2
s/wds [5].

Deposition of the N layer can either decrease or increase Lk.
Shown in figure 12 is Lk(dn) calculated from equation (34) for
different diffusivity ratios Dn/Ds = σnNs/σsNn at γs = 0.5,
T≪ Tc and ∆̃(dn) = 1.74kBTc(dn), where Tc(dn) is given by
equation (31). If Dn < Ds/γs the kinetic inductance monoton-
ically increases with dn due to suppression of Tc by the prox-
imity effect. For a more conductive N layer with Dn > Ds/γs
the dependence of Lk on dn becomes nonmonotonic due to the
interplay of two effects: 1. The decrease of Lk with dn due to
the additional inertia of Cooper pairs induced in the N layer
(the term dnσn in the denominator of equation (34)). 2. The
increase of Lk with dn due to the proximity effect reduction
of Tc(dn). If Dn ≫ Ds the optimum thickness d̃n and the min-
imum inductance L̃k at dn = d̃n are given by:

d̃n ≃ ds
γsNs
Nn

, L̃k ≃
3Lk0Ds

γsDn
≪ Lk0. (35)

Deposition of highly conductive Ag or Cu films onto a super-
conducting film can significantly decrease Lk. For instance,
a thin Cu film of thickness dn = d̃n on top of a NbN film
could decrease Lk at J≪ Jd by some two orders of magnitude
because σNbN/σAg ∼ 10−2 − 10−3. The effect of the mean free
path and subgap states on Lk was investigated in [160]. Increas-
ing the contact resistance weakens the S-N proximity coup-
ling and reduces the contribution of the N layer to the kinetic
inductance, so that Lk → Lk0 at β≫ 1. Both σ2(J) and Lk(J)

Figure 12. The kinetic inductance of an N-S bilayer as a function of
the N layer thickness calculated from equation (34) at γs = 0.5,
T≪ Tc(dn) and different diffusivity ratios Dn/Ds = 1,10,50.

increase with J due to current pairbreaking [5, 157, 160, 184,
185], which manifests itself in a nonlinear Meissner effect and
intermodulation [129, 186–188]. Nonlinear screening of a dc
parallel field and the breakdown of superconductivity in N-S
bilayers has been investigated in [189–192].

The kinetic inductance can increase greatly in polycrys-
talline films with weak-linked grain boundaries, particularly
granular Al films which have been used in transmons and
photon detectors [193–195]. Weakly-coupled grain bound-
aries characteristic of polycrystalline Nb3Sn [54–56] can
increase Lk and amplify the nonlinear Meissner effect in
Nb3Sn coplanar thin film resonators [196]. Here, a polycrys-
talline film can be regarded as a network of weakly-coupled
planar Josephson junctions, each of which adds a nonlinear
kinetic inductance LJ = ϕ0/2π Ic cosχ inversely proportional
to the tunneling Josephson critical current Ic and dependent on
the superconducting phase difference χ on the junction [197].

5. Dynamic superheating field

The Meissner state becomes unstable as the applied magnetic
fieldH exceeds a dc superheating fieldHs(T) at which a trans-
ition to a dissipative state occurs. In type-II superconduct-
ors with κ > 1/

√
2, the superheating field lies between the

lower critical field Hc1(T) = (ϕ0/4πµ0λ
2)[lnκ+ c(κ)] and

the upper critical field Hc2(T) = ϕ0/2πµ0ξ
2. Here c(κ)≈

1/2+(1+ ln2)/(2κ−
√
2+ 2) which approximates the GL

calculations better than 1% [198] decreases from c≈ 1.35
at κ= 2−1/2 to c→ 1/2 at κ≫ 1. At Hc1 < H< Hc2 a
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Figure 13. An illustration of how penetration of vortices at H> Hs prevents the breakdown of superconductivity by Meissner current. Left:
screening Meissner currents at H slightly below Hs. Right: counterflow produced by penetrating vortices against the screening currents at H
slightly above Hs. Vortex cores are shown using red dots.

superconductor is in a metastable state because the Bean–
Livingston barrier prevents penetration of vortices through an
ideal surface [22]. Clean Nb is a marginal type-II supercon-
ductor with κ≈ 0.85, Bc1(0)≈ (lnκ+ c)Bc/κ

√
2≈ 180 mT

and the thermodynamic critical field Bc(0)≈ 204 mT [48,
49, 84], where Bc(T) = ϕ0/23/2πλξ at T≈ Tc and Bc(0) =
(µ0Ns)1/2∆0. In the BCS model, electron scattering on non-
magnetic impurities increases Hc2, does not affect Hc and
decreases Hc1 [18]. In the case of an anisotropic Fermi sur-
face, impurity scattering decreases Tc and Hc [90].

The GL calculations of Hs at T≈ Tc [24, 25] have
shown that Hs(κ) decreases monotonically with κ from Hs =
2−1/4κ−1/2Hc at κ≪ 1 to Hs ≈ 1.2Hc at κ≈ 1 and to Hs =
(
√
5/3)Hc at κ≫ 1. The superheating field at T≪ Tc has usu-

ally been evaluated by extrapolating the GL results to low tem-
peratures, where the GL theory is invalid. Microscopic cal-
culations of Hs(T) in the entire range 0< T< Tc have only
been done for κ→∞ in which case Hs = 0.84Hc at T = 0
exceeds the GL extrapolationHs = 0.745Hc [23]. Calculations
of Hs(T) using the Eilenberger equations in the clean limit
revealed a maximum in Hs(T) at low T [26], indicating that
Hs(T) at low T can hardly be extrapolated from the GL res-
ults near Tc. Furthermore, the effect of impurities on Hs(T) at
T≪ Tc is different from the GL results at T≈ Tc, particularly
in the clean limit in which the Meissner currents do not affect
λ until the superfluid velocity vs = J/nse reaches the critical
value, vs = vc =∆0/pF [19–21]. If κ≫ 1 and T = 0 the gap
ϵg closes at the field Hg(2/3)1/2Hc ≈ 0.816Hc < Hs [19, 27].

The effect of nonmagnetic and magnetic impurities on
Hs(T) calculated from the Eilenberger equations at κ≫ 1 and
0< T< Tc was addressed in [27]. The results show that non-
magnetic impurities do not affect Hs near Tc where Hs =
0.745Hc. At low temperatures Hs(a) has a small maximum
as a function of the impurity parameter a= πξ0/li, the max-
imum in Hs(a) washes out as T decreases. The effect of non-
magnetic impurities on Hs at κ≫ 1 is weak: Hs varies from
0.84Hc in the clean limit (a= 0) to Hs ≃ 0.812Hc in the dirty
limit (a= 20). In contrast, pairbreaking magnetic impurities
diminish Tc andHs [27]. The effect of subgap states onHs was
calculated in [157, 159, 160]. The full temperature dependence
of the dc depairing current density Jc(T, li)was calculated both

from the Eilenberger equations for arbitrary mean free path
[199] and from the Eliashberg equations [200].

An important question is whether the dc superheating
field is the true field limit of the Meissner state under
strong microwaves [201]. The answer depends on the rela-
tion between the time formation of the vortex core τ v and
the rf period: if ντv ≫ 1 vortices do not have enough time
to form, then the dynamic superheating field Hd may exceed
the static Hs. The core formation time τ v can be evaluated as
τv ∼ ξ/vd ≃ (vF/π vd)ℏ/∆, where vd is the terminal velocity
of a vortex penetrating through the surface at H= Hs. Meas-
urements of vd in Pb [202] and Nb-C [203] gave vd ∼ 10–20
km s−1. Taking ξ ∼ 40 nm for Nb yields τv ∼ (2–4)× 10−12

s and ντv ∼ 10−2–10−3 at GHz frequencies. In this case, pen-
etration of vortices occurs nearly instantaneously once H(t)
exceedsHs. It is the penetration of vorticeswhich preserves the
superconducting state at H(t)> Hs, as illustrated in figure 13.
At H< Hs the Meissner state is metastable, but at H(t)>
Hs the screening current density J(0) at the surface exceeds
Jc so to prevent the breakdown of superconductivity, vor-
tices penetrate and produce a current counterflow which keeps
J(0) below Jc. Here, a delay with penetration of vortices at
ντv ≪ 1 and H> Hs would destroy superconductivity, but not
extend the field region of the Meissner state. Measurements
on Pb, In, InBi and SnIn at 90–300MHz gave a breakdown
fieldHb(T)≈ Hs(T) [201]. Pulse rf measurements on Nb gave
Hb(T)≈ Hs(T) at all T [204, 205]. However, for Nb3Sn, it was
found that Hb(T)≈ Hs(T) only near Tc but becomes smaller
than Hs(T) at T≪ Tc [204, 205].

The breakdown of the Meissner state at the static super-
heating fieldHs at ντv ≪ 1 implies that nonequilibrium quasi-
particles, for which the electron–phonon relaxation time τϵ(T)
can exceed the rf period at T≪ Tc, do not play a significant
role. This may happen in a dirty superconductor in which the
quasiparticle gap ϵg remains finite atHa = Hs (see figure 8(c)).
Here, the density of thermally-activated quasiparticles nqp ∝
exp(−ϵg/kBT) at Ha = Hs and kBT≪ ϵg is much smaller than
the superfluid density ns, so their slow relaxation has a neg-
ligible effect on the breakdown of superconducting condens-
ate and Hd → Hs. However, in a clean superconductor with
li > 8.7ξ0 the gap ϵg closes at Ha < Hs so the breakdown
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Figure 14. Left: time dependence of ψ(t) = ∆(t)/∆0 calculated at J= Ja sinωt, ℏω = 0.1∆0, τ = τE∆0/ℏ= 10, Ja = Jc and the dynamic
depairing current Jd = 1.35Jc at which ψ(t) vanishes abruptly. The inset shows ψ(t) calculated at τ = 100 and Ja =

√
2Jc. Right:

dependencies of Jd(ω,τ) on τ and ω. Here, Jd levels off at
√
2Jc at ΩτE ≫ 1, where Ω is the rf frequency. Reprinted figure with permission

from [185], Copyright (2020) by the American Physical Society.

of superconductivity is affected by slow relaxation of qua-
siparticles with nqp(Bs)∼ ns, and the dynamic superheating
field Hd can be different from Hs.

Calculation of a dynamic superheating field Hd(T,ω) or a
dynamic depairing current density Jd(T,ω) requires solving
equations of nonequilibrium superconductivity which account
for the effects of rf current pairbreaking on the DOS and
∆(t) and the energy relaxation due to inelastic scattering
of quasiparticles on phonons [83]. In the case of slow tem-
poral and spatial variations of the order parameter ψ(r, t) =
∆(r, t)eiχ(r,t) and J(r, t) at T≈ Tc, these equations can be
reduced to the time-dependent Ginzburg–Landau (TDGL)
equations for a dirty gapped superconductor [83, 143]:

τGL√
1+(2τϵ∆/ℏ)2

(
∂

∂t
+ 2ieφ+

2τ 2ϵ
ℏ2

∂∆2

∂t

)
ψ

=

(
1− ∆2

∆2
0

)
ψ+ ξ2s (∇− 2ieA)2ψ, (36)

J=− πσs
4eℏkBTc

∆2(∇χ+ 2eA)−σs

(
∇φ+

∂A
∂t

)
, (37)

Here ξs = [πℏDs/8kB(Tc−T)]1/2, τGL = πℏ/8kB(Tc−T),
φ(r, t) is the electric potential, ∆2

0 = 8π2k2BTc(Tc−T)/7ζ(3),
and σs = 2e2DsNs. Equations (36) and (37) were derived from
the kinetic BCS theory, assuming that A(r, t) and ∆(r, t) vary
slowly over ξs(0), the diffusion length Lϵ = (Dsτϵ)

1/2 and τε
[83, 143].

The dynamic depairing current density Jd(T,ω) was calcu-
lated in [185] by solving both the TDGL equations and a full
set of nonequilibrium equations for a dirty superconductor at
T≈ Tc [143]. Both approaches give qualitatively similar res-
ults, as illustrated in figure 14. The left panel of figure 14
shows how Jd is defined: the simulations start from an initial
superconducting state until the steady state oscillations of∆(t)
set in at Ja < Jd. Once Ja is increased to Jd,∆(t) drops to zero
after a transient period. The dependencies of Jd(ω,τϵ) on ω
and the electron–phonon relaxation time τε are shown in the

right panels. One can see that Jd(ω) increases withω and levels
off at Jd(ω)→

√
2Jc at ωτϵ ≫ 1, which can be understood as

follows.
Near Tc, the relaxation time constant τ̃ =

τGL

√
1+(2∆0τϵ/ℏ)2 of ∆(t) in equation (36) depends on

both the GL time τGL and the electron–phonon time τε. At
high frequencies, ωτ̃ ≫ 1, the order parameter cannot follow
rapid oscillations of the magnetic drive A(t) so ∆(t) under-
goes small-amplitude temporal oscillations around a mean
value ∆̄, as one can see in figure 14. Here ∆̄ is determined
by equation (36) in which the pairbreaking term 4e2A2(t)∝
J2a sin

2ωt is replaced with its value ⟨J2a sin2ωt⟩= J2a/2 aver-
aged over the rf period. As a result, the pairbreaking term
at ωτ̃ ≫ 1 is reduced by half as compared to low frequen-
cies ωτ̃ ≪ 1 at which ∆(t) follows J(t) adiabatically and the
superconductivity breakdown occurs once the peak value of
J(t) exceeds Jc. Thus, the dynamic depairing current density
Jd at ωτ̃ ≫ 1 is a factor

√
2 larger than the static Jc. The res-

ulting enhancement of Hd →
√
2Hs at ωτ̃ ≫ 1 was obtained

in [185] by solving both the TDGL equations and a full set of
dynamic equations for ∆(t) and the kinetic equation for the
nonequilibrium distribution function derived in [143]. In the
dirty limit at κ≫ 1 the dynamic superheating field is related
to Jd by Hd = Jdλ, where the field dependence of λ due to
the nonlinear Meissner effect can be neglected. Calculations
of Hd(T,ω, li) at a finite κ, particular in the clean limit at low
temperatures, have not yet been done.

6. Surface nanostructuring

There is a strong interest in the development of superconduct-
ing resonant structures, with the breakdown magnetic field Hb

exceeding the current state-of-the-art for Nb cavities [16, 17].
This task requires superconductors with Hs and Tc larger than
HNb
s and TNbc to provide lower Rs and higher breakdown fields

in the Meissner state. Many such materials exist [47, 49], but
all of them have Hc1 lower than HNb

c1 , which makes them more
vulnerable to penetration of vortices and high rf losses atHa >
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Figure 15. Top: SIS multilayer coating of a Nb substrate. Bottom:
propagating vortex loop (a) turning into the vortex-antivortex pair
(b) in the S layer with a surface defect (black dot) which lowers the
field threshold of vortex penetration. Meissner current flows
perpendicular to the screen. Reproduced from [44]. © IOP
Publishing Ltd. All rights reserved.

Hc1. To address the low-Hc1 problem of high-Hc materials, it
has been proposed to coat the surface of Nb resonators with
multilayers of thin superconductors (S) separated by dielectric
(I) layers [43]. Here, the S layer material hasHs higher than the
superheating fieldHs0 of Nb, whereas the thickness of S layers
d is smaller than λ of the coating material and the thickness of
I layers can be a few nm to suppress the Josephson coupling
between S layers, as shown in figure 15. Such SIS structures
can withstand rf fields limited by a higher superheating field of
the S-layer: for instance, using Nb3Sn with Bc = 530 mT [49]
could potentially double the breakdown field as compared to
Nb. In turn, the field onset of penetration of a parallel vortex in
the S layer with d≪ λ is increased because of a larger parallel
Hc1 = (2ϕ0/πµ0d2)[ln(d/ξ)− 0.07] in thin films [206, 207].
Here,Hc1 at d≪ λ depends weakly on the material properties,
so getting Bc1 > 200 mT requires ds < 100 nm at ξs = 5 nm.
Geometrical enhancement of Hc1 has been observed on films
of different materials in uniform parallel fields [208–214].

The maximum field Hm screened by the S layers of total
thickness ds ≫ λ is limited by the superheating field of the S
coating material [43], for example, Bs ≃ 0.84Bc = 454 mT for
Nb3Sn at T≪ Tc. At H= Hs the Meissner current in the top
S layer becomes unstable and the magnetic barrier for pen-
etration of vortices vanishes [22–25]. However, there is an
optimum layer thickness dm at which Hm exceeds the super-
heating fields of both the S-layer and the Nb substrate, as has
been shown by numerical simulations of a parallel vortex in
the Londonmodel [215–217], numerical simulations of theGL
equations [217], and by analytical calculations of the depair-
ing instability of Meissner currents [218]. The latter approach
yields:

dm = λ ln
(
µ+

√
µ2 + k

)
, (38)

Hm =

[
H2
s +

(
1− λ2

0

λ2

)
H2
s0

]1/2

, (39)

where µ= Hsλ/(λ+λ0)Hs0, and k= (λ−λ0)/(λ+λ0)>
0, and the subscript 0 labels the substrate properties. The
optimum thickness is due to a counterflow induced by the sub-
strate in the S-layer which canwithstand higher fields ifλ > λ0

[44, 215, 218].
As follows from equations (38) and (39), Hm can also

be enhanced by alloying the surface, where λ is increased
due to a shorter mean free path [218]. For instance, a dirty
Nb layer with li ≃ 2 nm has λ≃ λ0(ξ0/li)1/2 ≃ 180 nm and
ξ = (liξ0)1/2 ≃ 9 nm. Taking Bs ≈ 0.84Bc for κ= λ0/li = 20
in equations (38) and (39), yields dm = 0.44λ= 79 nm and
Bm = µ0Hm = 1.44Bc = 288mT, some 20% higher than Bs0 =
240 mT of pure Nb. If λ2

0 ≪ λ2, equation (39) gives Bm =√
B2
s +B2

s0 = 1.465Bc = 293 mT. Therefore, the maximum
screening fields can be increased by depositing thin alloyed
Nb layers at the surface of clean Nb, which may also bring the
benefits of the field-induced reduction of Rs(Ba). Evidence of
enhanced vortex penetration field by a dirty Nb/Al2O3 bilayer
deposited onto the Nb cavity was observed in [219].

Equations (38) and (39), obtained from the London theory
are in good agreement with self-consistent numerical calcula-
tions ofHs(d) from coupled Usadel andMaxwell equations for
dirty SIS multilayers [159]. Shown in figure 16 are examples
of Hs(d) as functions of the overlayer thickness d calculated
in [159] for dirty Nb, Nb3Sn, NbN, and NbTiN deposited on
the Nb substrate. Here, Hs(d) first increases with ds due to the
counterflow effect [215, 218], reaches a cusp-like maximum
and then decreases down to the superheating field of the S
overlayer at d≫ λ. For cases a, c and d, the multilayers do
not give a significant gain in the superheating field relative to
Hs0 ≈ 1.2Hc0 at κ≈ 1 [24, 25] for the clean Nb. This reflects
the fact that the layer materials shown in figure 16 except for
Nb3Sn have Hc not much higher than Hc0 of Nb, and the cal-
culations of [159] were done in the diffusive limit li < ξ0 and
κ≫ 1 in whichHs0 ≃ 0.8Hc0 is about 35% smaller thanHs0 at
κ≈ 1. However, Nb3Sn represented by figure 16(b) provides
a significant gain in Hm ≈ 2.25Hc0 relative to Nb, consistent
with the proposal of [43].
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Figure 16. dc superheating fields as functions of the overlayer thickness d for Nb coated with different coating materials in the dirty limit
and κ≫ 1. The solid curves are calculated by solving the coupled Maxwell–Usadel equations at T→ 0. The dashed curves show the
London approximation in which the peak values dm and Hm are given by equations (38) and (39): (a) dirty Nb–Nb structure with
(r∆,rH,rσ) = (1,1,0.25). (b) Nb3Sn–Nb structure with (r∆,rH,rσ) = (2,2.7,0.1). (c) NbN–Nb structure wiih (r∆,rH,rσ) =
(1.7,1.15,0.03). (d) NbTiN-Nb structure with (r∆,rH,rσ) = (1.8,1.15,0.02). Here r∆ =∆i(0)/∆0(0), rH = Hi

c(0)/Hc0(0), rσ = σis/σs0,
where ∆i(0), Hi

c(0), σ
i
s are the respective parameters of the ith coating material at T = 0, and the index 0 labels the parameters of Nb.

Reproduced from [159]. © IOP Publishing Ltd. All rights reserved.

Besides the deposition of a dirty film on the surface of a
cleaner superconductor, Hm can also be increased by form-
ing a dirty layer with a gradually decreasing concentration
of nonmagnetic impurities as was shown in [220] by solv-
ing the Usadel equations with an inhomogeneous diffusiv-
ity D(z) = D∞ +D1 exp(−z/Li), where Li is the thickness of
the dirty layer. Yet increasing Hm by producing a smooth
profile of impurity concentration or direct deposition of an
alloyed or a high-Bc layer onto a non-ideal S surface without
a dielectric interlayer [216] does not necessarily widen the
field region of the Meissner state. In the absence of I layer
penetration of vortices at H= Hm is impeded by the force
F=−∇ε(x) caused by the gradient of the vortex energy
ε(x) = ϕ2

0 lnκ(x)/4πµ0λ
2(x). For a smooth concentration pro-

file, the maximum pinning force Fp ∼ ϕ0(Hc10 −Hc1)/Li is
much smaller than the pinning force Fm ≃ Hc10/ξ0 for the S-I
interface if Li ≫ ξ and κ≫ 1. For a high-Hc or alloyed layer
deposited directly onto Nb, the idealized sharp energy barrier

due to a stepwise change in λ(x) and ξ(x) in the London model
[216, 221] is, in fact, weakened by the proximity effect and
inter diffusion of atomic components during film deposition
at high temperatures, which broaden the vortex entry energy
barrier and significantly reduce the pinning force.

In a SIS multilayer, the I layers assure the necessary sta-
bility margin with respect to proliferation of vortex semi-
loops penetrating at surface defects. If these expanding vor-
tex semi-loops are not stopped, they trigger thermomag-
netic flux jumps [222–228], particularly at T≪ Tc, where
the specific heat is small. At Hc1 < Ha < Hs the Meissner
state remains metastable due to the Bean-Livingstron barrier
[22]. Many magneto-optical imaging investigations of type-
II superconductors [229–232] have revealed premature local
penetration of vortices at grain boundaries and other mater-
ials and topographic defects at the surface [54–57]. In turn,
TDGL and nonlinear electrodynamic simulations have shown
that surface defects can reduce the penetration field [233–235]
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and cause flux jets [236, 237] being precursors of themomag-
netic avalanches.

Materials and topographic defects at the surface [7, 8, 238]
reduce the local penetration field from Hs to a lower value Hi

which can be close to Hc1. Figure 15 illustrates how the mul-
tilayer not only increases Hs but also blocks proliferation of
vortices: a vortex semi-loop penetrating at a small defect in
the first S layer cannot propagate further into the next S layer
and then into the superconducting substrate where it can trig-
ger a thermomagnetic avalanche. AsH(t) reachesHi at a weak
spot, the vortex semi-loop expands under the Lorentz force of
the Meissner current until it hits the I layer, where most of the
dissipative vortex core disappears in a loss-free flux channel
connecting two short vortices of opposite polarity. This vortex-
antivortex pair expands during the positive rf cycle and con-
tracts and annihilates asH(t) changes sign. The disappearance
of most of the dissipative vortex core in the I interlayer does
not happen in the case of direct deposition of a dirty or high-
Hc layer onto the S substrate. Thus, the SIS multilayer reduces
the vortex dissipation as compared to a thick Nb3Sn film with
d≫ λ [44]. TDGL simulations of penetration of straight vor-
tices into a SIS multilayer have been performed in [235].

Confinement of the rf power in a thin S layer inhibits
expansion of multiple vortex loops in the bulk and blocks
dendritic thermomagnetic avalanches that are particularly pro-
nounced in Nb3Sn, NbN or pnictides which have low σs and
the thermal conductivity k [222, 239]. Yet, a thin Nb3Sn layer
with d∼ 100 nm only slightly increases the thermal imped-
ance of the cavity wall, G= α−1

K + d/ks+ di/ki+ dNb/kNb,
where αK is the Kapitza interface thermal conductance. For
dNb = 3 mm, kNb ≃ 20 WmK−1, αK = 2 kW (m2K)−1, the
Nb3Sn multilayer with d= 100 nm, ks ≃ 10−2 WmK−1, and
Al2O3 dielectric layers with di = 4 nm and ki = 0.3 WmK−1

increases G by ≃5% [9]. A thicker Nb3Sn film with d≃ 2–
3µm doubles G and reduces the field of thermal quench, in
addition to the smaller Bc1 of bulk Nb3Sn with λ> 65 nm [51]
as compared to BNbc1 ≃ 170–180 mT.

Experiments on MgB2, Nb3Sn, NbN, NbTiN and dirty Nb
as overlayers have shown an increase of the dc field onset of
penetration of vortices on Nb surfaces coated with different
SIS structures [208–214, 240–243]. However, the Q factors
of SIS multilayers under high-amplitude rf fields Ha ∼ Hc

have not yet been measured. Low-field measurements of Q on
NbN/MgO multilayers [242] have shown that they can have
lower Rs than bulk Nb. Recently Nb3Sn/Al2O3 multilayers
have been developed with a low-field Rs on par with RNbs at
T > 4K [243]. The challengewith themeasurements ofRs(Ba)
at high fields on materials withHc > HNb

c is the lack of experi-
mental techniques capable of applying a strong parallel rf field
Ha ∼ Hc to a thin film or a multilayer without dissipative pen-
etration of vortices. Recently, Hall probe setups to measure a
dc penetration field which quantifies the field onset of strong
vortex dissipation in high-Hc film coatings were developed
[239, 244]. The local nonlinear response of the Nb surface has
been probedwith a near-fieldmagnetic microwavemicroscope
[245]. Yet the quadrupole resonator [246] is currently the only
available technique tomeasure the nonlinear surface resistance

of large (7–8 cm in diameter) thin film multilayers at GHz
frequencies.

7. Trapped vortices

Vortices are detrimental to high-Q structures in which even
a small number of trapped vortices can dominate rf losses
at T≪ Tc. Vortices can be trapped by material defects dur-
ing the cooldown of a superconductor through Tc in a stray
magnetic field. The field onset of penetration of perpendicu-
lar vortices in thin films H⊥

c1 = (1−N)Hc1 is greatly reduced
by the demagnetizing factor N→ 1 [74, 75]. Trapped vortices
can limit Q at T≪ Tc in thin film quantum circuits operat-
ing at mK temperatures [71–73] or resonant Nb cavities at
T < 1.5 K and can give false signals in the search for mag-
netic monopoles [247]. Trapped magnetic flux can contrib-
ute to rf losses in different ways. In polycrystals with weakly
coupled grain boundaries or granular films, Josephson vortices
can penetrate along a network of weak links and give rise to
losses at rf field amplitude Ha much smaller than Hc1 [248–
251]. Vortices can also be generated by thermoelectric cur-
rents in the case of direct deposition of a higher Tc film on
top of a lower Tc substrate or in Nb coatings of Cu cavities.
Here, temperature gradients arising upon cooling the sample
produce magnetic flux when the temperature is reduced below
the higher Tc of a bimetallic structure [252, 253]. This mech-
anism is suppressed in SIS multilayers in which I interlayers
effectively decouple superconducting films with different Tc.
Rf losses in cavities made of thin film type-I superconduct-
ors such as Al, result from trapped flux in the intermediate
state [254].

The rest of this review focuses on rf losses of Abrikosov
vortices with normal cores [18]. Such vortices trapped
by a random pinning potential of material defects can
bundle together, forming localized hotspots, which have been
revealed by temperature mapping of Nb cavities [28, 79, 80]
and thin film structures [81, 82], as well as by magnetic
mapping [255–257]. Unlike hotspots caused by lossy material
defects, vortex hotspots can be moved or fragmented by tem-
perature gradients produced by external heaters [116] or scan-
ning laser [80, 117, 258, 259] or electron [260, 261] beams.
Low-field rf losses of pinned vortices have been thoroughly
investigated in the literature [74, 80, 262–266]. The nonlin-
ear quasi-static electromagnetic response of vortices has been
evaluated qualitatively for both strong pinning [265, 267] and
weak collective pinning [268]. Yet, the rf response of a perpen-
dicular vortex in a film has distinctive features evident from
figure 17 which shows examples of a vortex trapped by ran-
domly distributed material defects in the bulk (a), pinning cen-
ters segregated at the surface (b) and clusters of pins (c). Here
sparse vortices in high-Q resonators are driven by the Lorentz
force of the surfaceMeissner current, which causes their bend-
ing distortions to extend over an elastic skin depth Lω > λ
[80]. As a result, a vibrating vortex segment interacts with only
a few pins, while the rest of the vortex does not move. In this
case, the rf response of the vortex becomes dependent on its
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Figure 17. A trapped vortex driven by the rf surface current for
different distributions of pinning centers shown by black dots:
(a) bulk collective pinning (b) surface pinning (c) cluster pinning.
Reprinted figure with permission from [270], Copyright (2021) by
the American Physical Society.

position in a particular configuration of pinning centers, res-
ulting in strong mesoscopic fluctuations of local Ri. Except
for short vortices in thin films, the widely used Gittleman
and Rosenblum model [262] is not applicable to the cases
shown in figure 17 which require numerical simulations of a
vibrating elastic vortex interacting with a few pinning centers
[269–272].

The vortex trapped in a film is driven by the Meissner cur-
rent density J(0)∼ H/λ which can be much higher than the
depinning current density Jp. For Nb at Ba = 0.1Bc ≃ 20 mT,
we have J(0)∼ 0.1Jd ∼ 8× 1011 A m−2, some 2–3 orders of
magnitude higher than typical depinning Jp [265]. In this case,
the tip of the vortex moves with a large velocity v mainly
determined by the balance of the Lorentz force FL = ϕ0J and
the viscous drag force,Fd = η(v)v, where the vortex drag coef-
ficient η can depend on v. Here v≃ ϕ0J/η(v) can exceed the
pairbreaking superfluid velocity of the condensate vc =∆/pF
at J< Jc [20], where vc ≃ 1 km s−1 for Nb. Vortices mov-
ing faster than the terminal velocity of the superflow which
drives them have been observed on Pb and Nb–C films in
which v can exceed vc by 1–2 orders of magnitude [202, 203].
Such high velocities may result from the Larkin–Ovchinnikov
(LO) mechanism in which η(v) decreases with v as the mov-
ing vortex core becomes depleted of nonequilibrium quasi-
particles lagging behind [273]. The LO theory predicts a non-
monotonic velocity dependence of the drag force Fd = η(v)v

which cannot balance the Lorentz force if v exceeds a crit-
ical value v0. The LO instability has been observed by dc
transport measurements on many superconductors [274–279]
with typical values of v0 ∼ 0.1–1 km s−1 near Tc. At low T,
the LO instability is masked by heating effects which are
reduced if sparse trapped vortices are driven by the Meiss-
ner rf current. The velocity-dependent η(v) and instability
of the flux flow can also result from overheating of mov-
ing vortices [266, 270, 280, 281] or stretching of the vor-
tex core along the direction of motion revealed by the TDGL
simulations [202, 282, 283].

Addressing the variety of the observed field dependencies
of Ri(Ba) associated with trapped vortices [62–70] requires
numerical simulations of a driven elastic curvilinear vortex
in the case of mesoscopic pinning and a velocity-dependent
η(v). This was done in [270–272], where the vortex losses
for pinning configurations shown in figure 17 were calcu-
lated by solving the dynamic equation for the coordinates
u= [ux(x, t),uz(x, t)] of the vortex moving in the yz plane:

M
∂2u
∂t2

+ η(v)
∂u
∂t

= ε
∂2u
∂x2

−∇U(x,u)+ ŷ
ϕ0Ha

λ
e−x/λ sinωt,

(40)

where M is the vortex mass per unit length and ε= ϕ2
0(lnκ+

0.5)/4πµ0λ
2 is the vortex line energy at κ≫ 1 [74, 284].

Equation (40) represents a balance of local forces acting on a
curvilinear vortex: the inertial and drag forces in the left hand
side are balanced by the elastic, pinning and Lorentz forces
in the right hand side. For the most efficient core pinning [74,
265, 284],U(x,u) can be represented by a sum of pinning cen-
ters modeled by the Lorentzian potential wells of width of the
core radius ≈ξ [270, 285]:

U(x,u) =−
N∑
n=1

Un

1+ [(x− xn)2 + |u− rn|2]/ξ2
. (41)

Here xn,rn = (yn,zn) are the coordinates of the nth pinning
center and Un is determined by the gain in the condensation
energy of the vortex core at the pin [74, 265, 284]. The amp-
litude Un defines the elementary pinning energy up = πξUn

and the dimensionless pinning parameter ζn = 2κ2up/πεξ. For
a dielectric precipitate of radius r0 < ξ, we have up ∼ B2

cr
3
0/µ0

and ζn ∼ (r0/ξ)3κ2 [265]. For a single impurity with a scatter-
ing cross-section σi, we have up ∼ B2

cσiξ/µ0 [286] and ζn ∼
σiκ

2/ξ2. In both cases ζn can be larger than 1 if κ≫ 1.
The viscous drag coefficient η(v) can depend on v at high

vortex velocities. For instance, the LO model gives [273]:

η =
η0

1+ v2/v20
, (42)

v20 =
D
√

14ζ(3)
πτϵ(T)

(
1− T

Tc

)1/2

. (43)

Here η0 = ϕ2
0/2πξ

2ρs is the Bardeen–Stephen drag coefficient
[18], D is the electron diffusivity, and the quasiparticle energy
relaxation time τε is given by equation (29). A similar depend-
ence of η(v) on v can also result from overheating of a moving
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vortex [266, 270, 280, 281]. The LO model predicts a non-
monotonic velocity dependence of the drag force Fd = η(v)v
which can balance the Lorentz force FL = ϕ0J only if v< v0
and FL < η0v0/2. Jumps in the voltage-current characterist-
ics caused by the LO instability have been observed in many
superconductors [274–279] with v0 ∼ 0.1–1 km s−1 near Tc.
These experiments have shown that as T decreases, v0(T) first
increases near Tc and then decreases at lower temperatures
[278], consistent with equations (29) and (43). No direct meas-
urements of v0(T) at low temperatures T≪ Tc have been
made.

The vortex mass Ms ≃ 2pF/ℏπ3 in equation (40) results
from quasiparticles trapped in the vortex core [287], but other
mechanisms producing M≫Ms have been suggested [288–
290]. For instance, M∼ 102Ms was observed in Nb near Tc
[291]. At GHz frequencies, the effect of the vortex mass on the
overdamped vortex dynamics is negligible but becomes essen-
tial if the LO instability occurs. Another key characteristic of
the vortex, shown in figure 17, is a complex penetration length
Lω of bending distortions induced by the surface rf Meissner
current [44, 80]:

Lω =

√
ε

kL + iηω
, (44)

where kL ∼ ϕ0Jp/ξ is the Labusch pinning spring con-
stant [265]. At ωη≪ kL equation (44) reduces to the Camp-
bell penetration depth [265] or the Larkin pinning length Lc ∼
ξ (Jd/Jc)1/2 in the collective pinning theory [284]. Atωη≫ kL
equation (44) yields the elastic skin depth Lω → (ε/ηω)1/2.
For Nb3Sn, Lω ≃ 5.15λ= 572 nm at 1GHz, and Lω ≃ 52λ=
5.7µm at 10MHz so the rf bending distortions of the vortex
can extend well beyond the field penetration depth.

The nonlinear dynamics and rf dissipation of a trapped vor-
tex was addressed by numerical simulations of two coupled
nonlinear partial differential equations (40) for both uz(x, t)
and uy(x, t) [270, 271]. In [269] the equation for uz was dis-
regarded. The power of rf losses P= RiH2

a/2 per unit area
from all trapped vortices is expressed in terms of the residual
resistance,

Ri =
ρnB0

λBc2
ri. (45)

Here the dc inductance B0 defines a mean areal density of
trapped vortices nv = B0/ϕ0, and the dimensionless surface
resistance ri = 2p(β,γ)/β2 is proportional to the normalized
power p= P/P0 per vortex which depends on the reduced rf
field amplitude β = Ba/Bc1 and frequency γ = ω/ω0, where

P0 =
λω0ε

2π
, ω0 =

2πBc1ρn
Bc2λ2µ0

. (46)

These definitions of γ and β adopted from [270, 271] should
not be confused with the parameters β and γ used in the pre-
vious sections.

7.1. Weak rf fields

At weak rf fields, the vortex velocities are small v≪ v0, so
η = η0 is independent of v and the effect of vortex mass at GHz
frequencies is negligible. As shown in figure 18, the dimen-
sionless surface resistance ri calculated in [270] for pinning
centers is distributed randomly over the film thickness (see
figure 17(a)). The global surface resistance r̄ obtained by aver-
aging ri(β,k) for different random pin configurations with the
same volume pin density is shown in figure 18(b). The vor-
tex moving in a particular kth pinning landscape produces a
unique ri(β,k) which can vary rather non-systematically with
the rf field, reflecting many metastable positions of the cur-
vilinear vortex in a random pinning potential. Figure 18(b)
shows the result of averaging over ten different random pin dis-
tributions with the same ni = 1.67λ−3. The low-field ri(β,k)
fluctuate strongly but converge to the same value at high fields.
Here ri(β,k) at low fields is strongly affected by pinning,
whereas ri(β,k) at higher fields is mostly limited by the vortex
drag and the effect of mesoscopic pinning fluctuations weak-
ens. The averaged r̄i(β) shown in figure 18(b) first increases
with β and levels off at β > 0.2 as the low-field r̄i(β), which
mostly results from pinning hysteretic losses, crosses over to
a drag-dominated r̄i(β). A similar low-field dependence of
Ri(H) has been observed in Nb cavities [268, 269].

7.2. Microwave reduction of Ri(Ba) at high fields

The LO decrease of η(v) with v can radically change the non-
linear dynamics of a trapped vortex and Ri(Ba) at high fields
and frequencies [270, 271]. Taking the LO effect into account
raises the following questions: 1. What happens if the tip of
the vortex moves faster than v0 while the rest of the vortex
does not? 2. How is the LO instability affected by pinning?
3. How does the decrease of η(v) with v manifest itself in the
dependencies of Ri on Ba, ω and the pinning strength? For a
vortex segment pinned by a single strong pin, these issues were
addressed in [271], and the effect of artificial pinning centers
in films under a dc magnetic field and transport current was
investigated in [292, 293]. The effect of LO instability is quan-
tified by the control parameter α (not to be confused with α
given by equation (23)) [270, 271]:

α= (λω/2π v0)
2. (47)

For v0 = 0.1–1 km s−1, equation (47) yields α= 4× (1–
10−2) at λ= 100 nm and 2GHz. The increase of α with ω
indicates that manifestations of the LO mechanism become
more pronounced at higher frequencies.

Shown in figure 19 is ri(β) calculated for random bulk pin-
ning in a film of thickness l= 10λ at ζn = 0.8, ni = 0.25λ−3,
and different values of α [270]. At the lowest frequency
γ= 0.01 andα= 1, the elastic skin depth Lω = λ/

√
2πγ ≈ 4λ

is about half of the vortex length. In this case, the surface res-
istance decreases with the rf field due to the LO decrease of the
vortex viscosity with v. A similar descending field dependence
of Ri(Ba) caused by the LO effect was obtained for a vortex
pinned by a single defect [271], the results being independent
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Figure 18. The dimensionless surface resistance ri(β) as a function of the normalized field β = Ba/Bc1 in a film of thickness at d= 10λ,
ν= 0.04, the pin density ni = 1.67λ−3, κ= 10 and ζn = 1: (a) ten different random distribution of pins with the same density; (b) averaged
r̄i(β). Reprinted figure with permission from [270], Copyright (2021) by the American Physical Society.

Figure 19. ri(β) as a function of β = Ba/Bc1 calculated for a film of thickness l= 10λ, κ= 2 in the case of bulk pinning with ζn = 0.8,
ni = 0.25λ−3, α= 1,10 and: (a) γ= 0.01, (c) γ0 = 1. Reprinted figure with permission from [270], Copyright (2021) by the American
Physical Society.

of the elementary pinning force if the pin is spaced more than
Lω from the surface.

At higher frequencies, the behavior of ri(β) changes, as
shown in figure 19(c). Here ri(β) becomes nonmonotonic, the
peaks in ri(β) shifting to lower fields as the LO parameter α
increases. At the peak of ri(β) at β = βm, the maximum velo-
city of the vortex tip vm becomes of the order of v0, but no
LO vortex jumps occur because of the restoring effect of the
vortex line tension. The increase of ri(β) with β at β < βm is
mostly due to the increase of Lω ∼ [ϵ/η(v)ω]1/2 caused by the
decreasing η(v). At β > βm the elastic skin depth Lω becomes
of the order of the vortex length and ri(β) decreases with β
due to the decrease of η(v) with v [270, 271]. The peak velo-
city vm of the vortex tip increases with Ba and can significantly
exceed v0 at high fields.

As β exceeds βm, the dynamics of the vortex tip change
from nearly harmonic oscillations at β < βm to highly anhar-
monic relaxation-type oscillations at β > βm, the amplitude of
oscillations increases greatly at β > βm [270]. Bending distor-
tions along the vortex are mostly confined within the elastic
skin depth Lω which increases with v due to LO reduction of
η(v) and eventually becomes larger than l at vm > v0. The non-
linear dynamics of the vortex at β > βm becomes dependent on

the vortex mass, the peaks in ri(β) shifting to higher β as the
ω increases [270, 271].

The LO velocity dependence of η(v) can produce the resid-
ual surface resistance which decreases with the rf field amp-
litude. Such field-induced reduction of Ri(Ba) results from the
interplay of vortex elasticity and the LO decrease of the vis-
cous drag with the vortex velocity. The decrease ofRi(Ba)with
Ba can contribute to the negative Q(Ba) slopes observed on
alloyed Nb cavities [33–41]. Unlike the decrease of RTLS

i (Ba)
or the quasiparticle surface resistance with the rf field, the vor-
tex contribution to Ri(Ba) scales with the density of trapped
magnetic flux. The field-induced reduction of Ri(Ba) produced
by trapped vortices becomes more pronounced at higher fre-
quencies, which appears to be consistent with the experiment
[39] on N-doped Nb cavities. As was shown in [271], the LO
mechanism can account for Rs(Ba)∝ B−2

a observed on Nb
cavities [28] which cannot be explained by the weaker field
dependence of RTLS

i (Ba).

7.3. Tuning Ri by impurities

The significance of vortex losses in high-Q resonators brings
to focus approaches for decreasing Ri by material treatments.
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Figure 20. Field dependence of ri(β) on β = Ba/Bc10 for a film of
thickness l= 10λ0 at κ0 = 2, ζn0 = 0.04, γ0 = 0.004, ni = 0.5λ−3

0
and different mean free paths. Reproduced from [272].

The vortex losses at low fields can be reduced by increas-
ing the volume density and strength of pinning centers. Con-
sider first a reduction of Ri by alloying a superconductor with
nonmagnetic impurities without changing the pinning defect
structure. This was addressed in [270–272] by incorporat-
ing the dependencies of λ= gλ0, ξ = ξ0/g, and the pinning
parameter ζn = 2κ2up/πεξ = ζn0g5 on the mean free path li
into equations (40) and (41). Here, the conventional factor
g= (1+ ξ0/li)1/2 interpolates the dependencies of supercon-
ducting properties on the mean free path [18], ζn is evaluated
for small dielectric inclusions for which up ∼ B2

cr
3
0/µ0 is inde-

pendent of li, and the index 0 labels the parameters of a clean
material. The vortex viscosity η and the LO parameter α at
li < ξ0 can be evaluated as η ≃ η0g2li/ξ0 and α≃ α0g2ξ0/li
using equation (43) withD= livF/3 and τε being independent
of li (see also [294]). Hence, alloying the material with li < ξ0
results in the following:

• Enhances the pinning parameter ζn ∼ ζn0(ξ0/li)5/2 as the
vortex core diameter ξ ∼ (liξ0)1/2 and the line tension ε∼
ε0li/ξ0 decrease. This increases the elementary pinning
forces and allows a softer vortex to better accommodate the
pins.

• Weakly affects the Bardeen–Stephen vortex drag coefficient
η0 which becomes independent of li at li ≪ ξ0.

• Facilitates manifestations of the velocity dependence of η(v)
in the residual resistance Ri(Ba) as the LO parameter α∼
α0(ξ0/li)2 increases.

The field dependence of ri(Ba) calculated in [272] for
bulk pinning in a film with different mean free paths and the
Bardeen–Stephen η0 is shown in figure 20. The overall beha-
vior of ri(Ba) is similar to that shown in figure 18(b): the dip
in ri(Ba) at low field occurs if the sheet Meissner current Ba
is smaller than the rf depinning field Bp ∼ µ0JpLω. At Ba < Bp
the vortex undergoes small-amplitude oscillations impeded by
pinning which reduces rf losses. At Ba > Bp the surface resist-
ance increases significantly as the net Lorentz force exceeds
the pinning force, and the amplitude of vortex oscillations

is primarily determined by the balance of Lorentz and vis-
cous drag forces. The transition from the pinning-dominated
to viscous drag dominated regimes shifts to higher fields as
pinning becomes more effective upon alloying the mater-
ial. Yet alloying increases ri(Ba) at higher fields, although ri
drops a bit as li is decreased from 0.1ξ0 to 0.05ξ0. The latter
reflects a nonmonotonic dependence of Ri of a freely mov-
ing vortex segment on li: Ri ∝ l−1/2

i at Lω > λ and Ri ∝ l1/2i at
Lω < λ [80].

Figure 21 shows the effect of the mean free path on the
microwave reduction of Ri(Ba) caused by the LO velocity
dependence of η(v) for a vortex pinned by a single defect
spaced by l= 3λ0 from the surface [271]. One can see that
the decrease of Ri(Ba) with Ba becomes stronger and shifts
to lower fields upon alloying the material. This reflects the
increase of the LO control parameter α∝ (ωξ0/li)2 as ω
increases and li decreases. A maximum in Ri(Ba) in figure 21
appears at high frequencies at which Lω becomes smaller than
l, similar to the evolution of Ri(Ba,ω) shown in figure 19. The
descending dependence of Ri(Ba) at high fields can be masked
by overheating [270].

7.4. Pinning optimization

Low-field rf losses of trapped vortices can be reduced by mak-
ing pinning more effective using designer pinning structures
which have been very effective in increasing Jp in supercon-
ductors for dc magnets [295, 296]. However, the artificial pin-
ning centers in high-Q resonators can only be used in the form
of dielectric precipitates or nano pores because metallic pins
(for example, α-Ti ribbons in NbTi [295]) can produce high
rf losses. Consider an upper limit of Jp for strong pinning by
small dielectric precipitates or pores of radius r0 ≃ ξ which
chop vortex lines into short segments of length ℓ < λ. If the
ends of each vortex segment are fixed by the strong pins, Jp
is determined by the pin breaking mechanism [297, 298] in
which vortices bow out under the action of the Lorentz force
and escape as the tips of two antiparallel vortex segments at the
pin reconnect at the critical current density Jp ∼ ε/ϕ0ℓ which
increases with the pin density np = ℓ−3 [74]. However, too
many dielectric pins would block the current-carrying cross
section so Jp(ℓ) is determined by the interplay of pinning and
current blocking [298]:

Jp ≃
ϕ0

2πµ0λ2ℓ
ln
ℓ

2ξ

(
1− 4π r30

3pcℓ3

)
. (48)

Here the factor in the parenthesis accounts for the reduction of
the current-carrying cross section by dielectric pins and pc is
the percolation threshold which varies from pc = 1/2 in two
dimensions to pc ≃ 2/3 in the 3D isotropic limit [300]. The
interplay of pinning and current blocking yields a maximum of
Jp(ℓ) at ℓm ≃ (16π/3pc)1/3r0 ≃ 3r0, an optimal volume frac-
tion of pins pm ≃ 9%–12% and the maximum Jpm ≃ (0.2–
0.3)Jd, where the spread of numerical values comes from
the shapes of pins and the effect of crystalline anisotropy
[298]. The maximum in Jp at p∼ 10% was also revealed
by TDGL numerical simulations of vortices interacting with
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Figure 21. The surface resistance ri(β) calculated for a vortex pinned by a strong pin located at l= 3λ0 for different values of li/ξ0:
(a) γ0 = 0.004, α0 = 0.1, (c) γ0 = 0.4, α0 = 1000. Reprinted figure with permission from [271], Copyright (2020) by the American
Physical Society.

metallic pinning centers [299]. The optimized pinning with
Jp ≃ 0.2Jd allows a superconductor with sparse trapped vor-
tices to withstand without significant losses the applied rf field
Bm ≃ µ0Jpmλ≃ 0.2Bc. Yet, even such idealized pinning struc-
tures can only provide rf breakdown fields much smaller than
Bb ≃ Bc observed on Nb cavities [16, 17]. Thus, pinning can
only reduce the residual surface resistance at Ba ≪ Bc.

The reduction of Ri by increasing the volume fraction of
dielectric pins can come at the expense of higher dielec-
tric and quasiparticle rf losses because dielectric precipitates
increase the composite magnetic penetration depth λ̄. This
follows from the effective medium theory [301] which gives
the conductivity σ̄ = (1− p/pc)σ [300, 301] of a compos-
ite comprised of dielectric spherical precipitates of radius r0
and the volume fraction p= 4π r30/3ℓ

3 embedded in a mat-
rix with conductivity σ. At T≪ Tc, we have σ1 ≪ σ2 so
σ→ iσ2 = i/µ0ωλ

2 and σ̄ = (1− p/pc)σ = i/µ0ωλ̄
2. Hence,

λ̄(p) increases with p and diverges at the percolation threshold
p= pc:

λ̄=
λ√

1− p/pc
. (49)

According to equations (2) and (49), the surface resistance
R̄BCS ∝ λ̄3 increases with p. For a small fraction of dielectric
pins p≪ pc, we have λ̄= λ(1+ 3p/4) and

R̄BCS =
(
1+ 3π r30/ℓ

3
)
RBCS. (50)

At the optimum pin spacing ℓ≃ 3r0 the composite surface res-
istance R̄BCS is increased by about 30% relative to RBCS. Vor-
tex trapping depends strongly on the sample geometry and is
most pronounced in thin films in which the perpendicular Bc1
is greatly reduced. Vortex losses in thin film coplanar resonat-
ors were eliminated by producing an array of microscopic pin-
holes of radius r0 > ξ which fully absorb the dissipative vortex
and block vortex motion [71–73]. Such columnar pins result
in a very high depinning current density Jp ∼ Jc [302, 303]. At
the same time, the pinholes can increase the TLS losses at the
edges [73].

8. Conclusions and outlook

Decreasing microwave losses in high-Q superconducting
structures involves dealing with interconnected mechanisms,
tuning one of them to increase Q can cause others to decrease
Q. For example, reducing the residual surface resistance which
controls the limits ofQ at ultra low temperatures requires min-
imizing the broadening of the DOS peaks and TLS losses.
By contrast, reducing RBCS(T) at intermediate temperatures
requires engineering an optimum DOS broadening by tun-
ing the concentration of magnetic impurities or properties
of a proximity coupled metallic suboxide at the surface. In
turn, the proximity effect can be used to either significantly
increase or decrease the kinetic inductance Lk of thin film res-
onators, although increasing Lk by using granular Al films
would also increase TLS losses in oxide inter-grain contacts.
Thus, a universal optimization of rf properties of supercon-
ductors is hardly possible as different applications operating
in their respective ranges of temperatures, frequencies and rf
fields require different superconducting materials and their
treatments. For instance, accelerator cavities operating at 2 K
mostly use Nb as the best compromise for the many conflicting
requirements outlined above.

Reducing TLS losses is a challenging problem as the atomic
origin and microscopic mechanisms of TLS are not fully
understood, although O vacancies and O–H vacancy com-
plexes in Nb and Al oxides seem to be viable candidates. TLS
losses may be decreased by material treatments which reduce
the density of excess O vacancies, make the oxide layer thinner
and less amorphous and reduce segregation of O vacancies at
grain boundaries [173–175]. In this regard, the mid-T baking
of Nb cavities, which reduced the residual resistance below 1
nΩ [32], may offer a new path for optimization of Nb resonat-
ors in quantum circuits. Furthermore, TLS losses in thin film
resonators in transmons operating at very low fields H≪ Hc

can be reduced by using type-I superconductors with less com-
plex surface oxide structures than Al or Nb. For instance,
the use of tantalum thin film resonators with Tc ≈ 4.3 K and
Bc ≈ 83 mT [49] can increase the Q factor by 2–4 times as
compared to Nb or Al resonators [304, 305].
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The detrimental effect of trapped vortices can be mitigated
by optimizing pinning to reduce vortex losses at Ha ≪ Hc.
The field region of the Meissner state can be extended by SIS
multilayers which also reduce vortex losses, although the I
interlayers may increase TLS losses. On the other hand, strong
pinning increases the number of vortices trapped during the
cooldown through Tc since it prevents vortices from escap-
ing the film as the temperature decreases and Hc1(T) becomes
larger than H. Another way of reducing the losses of trapped
vortices would be to get rid of them by better magnetic shield-
ing combined with cooling the films in temperature gradients
to push the maximum number of trapped vortices out by using
scanning laser [80, 117, 258, 259] or electron [260, 261] beams
before they get stuck on pinning centers.

In addition to their important applications, high-Q super-
conducting resonators can be used to probe the fundamental
limits of dissipation and dynamic superheating fields in super-
conductors at low temperatures. These issues involve out-
standing theoretical problems related to the mechanisms of
subgap states and the nonlinear response of nonequilibrium
superconductors in strong rf fields. Furthermore, high-Q res-
onators can be testbeds for probing extreme nonlinear dynam-
ics of vortices driven by strong rf Meissner currents, particu-
larly the terminal velocity and nonequilibrium processes in the
rapidly moving vortex core, which are masked by heating to a
much lesser extent than in dc transport experiments.
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